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LENGTH AND ULTRAPRODUCTS
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ABSTRACT. We shall construct, in ZFC, a sequence of boolean algebras
(Bi : i < k) such that |[],_, Length(B;)/D| < Length([],., Bi/D),
where D is a uniform ultrafilter over k. The method gives many in-
stances of this inequality upon increasing the power set of a singular
cardinal.
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0. INTRODUCTION

Let B be a boolean algebra. The length of B is a classical cardinal
invariant defined on boolean algebras and related to linearly ordered subsets
of B. The official definition reads as follows.

Definition 0.1. Length.
Let B be a boolean algebra. The length of B is defined by Length(B) =
U{|A| : A C B, A is linearly-ordered by <g}.

The subject of this paper is ultraproduct constructions of boolean alge-
bras. Let k be an infinite cardinal and let D be a uniform ultrafilter over
k.1 Given a sequence (B; : i < k) of boolean algebras one can form the
ultraproduct algebra B =[], Bi/D. A classical problem (applied here to
Length) is whether |[[,c,. Length(B;)/D| may differ from Length(B). The
question is investigated in general with respect to many cardinal invariants
of boolean algebras, see [Mon14].

It is consistent that Length(B) > |[];c, Length(B;)/D| for every x and
every uniform ultrafilter D over x. Indeed, this inequality holds if D is a
regular ultrafilter, and if V = L then every uniform ultrafilter is regular as
proved by Donder in [Don88].2 Thus the interesting question arises with
respect to strict inequalities.

Magidor and Shelah forced in [MS98] Length(B) < |[[,., Length(B;)/D|
from large cardinals in the ground model. By the above mentioned result
for regular cardinals it is clear that an inequality in this direction cannot
be established in ZFC. Moreover, it requires some large cardinals in the
ground model. The opposite direction, however, can be proved in ZFC. A
ZFC construction in which Length(B) > |[[,c, Length(B;)/D| appeared in
[She99]. In that paper, Length(B) = u™ where p is a strong limit singular
cardinal and |]],., Length(B;)/D| = p.

The construction in this paper serves as another ZFC example. It is based
on a different approach, rooted in pcf theory, and using a combinatorial
property of scales over products of regular cardinals. We indicate that the
basic idea gives many more instances of the above inequality, since it enables
one to get Length(B) = AT > X\ = |[],., Length(B;)/D| for pn < X < 2#,
where p is a strong limit singular cardinal. Of course, the additional cases
do not follow from the axioms of ZFC since 2* has to be larger than u™.

The rest of the paper contains two additional sections. In the first section
we deal with Pro, a combinatorial property that holds in ZFC at scales. The
main theorem of this section is interesting by its own, and we believe that
it has mathematical consequences apart from length of boolean algebras. In
the second section we apply Pro to boolean algebras and obtain the examples
related to length of ultraproducts.

1Uniformity means that |A| = x whenever A € D.
2A(:tually, the result of Donder holds in the core model K as well.
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Our notation is mostly standard. We suggest [Kop89] as a wonderful
monograph about boolean algebras and [Mon14] for a more concrete treat-
ment to cardinal invariants on boolean algebras. We suggest [AM10] as
a useful source for background in pcf theory and we refer to [She94| for
advanced material.
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1. PCF THEORY

The main body of this section is dedicated to pcf theory. We include
here the basic definitions and facts to be used throughout the paper. A
set of cardinals a is called progressive if it consists of regular cardinals and
|a| < min(a). Pcf theory analyzes the spectrum of cofinalities of the form
tcf([]a/J) when J is an ideal over a. By JP? we denote the ideal of bounded
subsets of a. The shorthand tcf stands for true cofinality. A central notion
in pcf theory is pcf(a), the collection of all true cofinalities for a specific a.
Assume a is a progressive set, and let pcf(a) = {\ : (3J)(tcf([[a, <s) = M)}
Occasionally we require that limj(a) = p, which means that ano € J
whenever 0 < p.

If a is progressive then pcf(a) has a last member, denoted by max pcf(a).
We call a an interval if every regular cardinal between min(a) and sup(a)
belongs to a. The following is a fundamental theorem of pcf theory:

Theorem 1.1. The no-holes theorem.
If a is a progressive interval then pcf(a) is an interval as well.

U1

Another central notion which we need is the pseudo power (abbreviated
as pp). The name indicates that this notion may serve as a parallel to the
classical notion of the power operation with respect to singular cardinals. If
a is a progressive set and x < |a| then pcf,.(a) = [J{pcf(b) : b C a and b
is unbounded in x}. If A > cf(\) = k then pp,(A) = sup{tcf([[a,J) : A =
sup(a), la| < k,J 2 JP4}. By ppt(A) we denote the first regqular cardinal
which has no representation as the true cofinality of [[ a/J for some ideal J
over a when |a| < k.

The celebrated paradox of Achilles and the tortoise comes from the school
of Parmenides.? One point is recurrent in modern treatment to this paradox,
and it is connected to the separation between infinitude and boundedness.
The paradox describes an infinite sum of intervals in which Achilles tries to
take over the tortoise and fails. The Greeks concluded that he will never
take over the tortoise, hence the paradox. However, infinitude need not
imply this conclusion. The sum of intervals in which Achilles cannot take
over the tortoise is bounded, despite its infinite description. If one takes a
broader look at the race beyond the bounded point of the sum of intervals
then Achilles takes over the tortoise.

A progressive set is a tortoise set if 0 € a implies max pcf(an9d) < 0.
The progress of Achilles is mirrored here in pcf(a N d) while max pef(and)
reflects the position of the tortoise. The Achilles and the tortoise theorem
says that if a is progressive then there is no tortoise set b C pcf(a) of size
la|T. As in the original paradox, if one takes a broader look at pcf(a) then
eventually Achilles takes over.

3See [AriCE, Book VI, 239b15-30].
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A progressive set a has the tortoise property when a is a tortoise set.
Though the size of a tortoise set within a given set of the form pcf(a) is
limited by |a|™, one can create, in advance, a tortoise set of any size. We shall
use a theorem which ensures the tortoise property (under some assumptions
on the pseudo power).

Claim 1.2. pp and the tortoise property.
Assume that:
(a) k <O =cf(u) <p<X=cf(N).
(b) ppg (1) > A.
() a<pu=a <p.
(d) (w; =i €0) is increasing and continuous with limit p.
Then there is a set a C Reg N p with min(a) > otp(a) = O,u = Ja and
A = tef([Ta, JpY) such that:
(R) If o € a then [[(cNa) <o.
(3) There is a scale f = (fo : @ € X) in the product such that Ty = {fa |
(0Na):a € A} has less than 0-many members for every 0 € a.
(1) There is a partition (a. : € € k) of a into Jy4-positive sets.

Proof.
By [She94, VII, Theorem 1.1(2)] there is a set a C Reg N u as required. We
may assume that (X) holds upon replacing a by a sub-sequence if needed.
Let f = (fa : @ € A) be a scale witnessing A = tcf([] a, J§9). The fact that
|To|l < O for every 0 € a follows from (R), thus (3) holds true. Part (J) is
clear.
Ui
The last concept that we need is a combinatorial property called Pry. The
following version comes from [She94]|. Assume that x,0 < p < A. A coloring
c: [A\]? — & satisfies Prao(\, p, &, 6) if the following holds. Given & € 6 and a
color v € &, for every collection (¢ : ¢ € &) of strictly increasing sequences
of ordinals of A\ for each ¢ € u, one can find ¢ < j < p such that for every
(1, €&
(a) If G = G2 then c(ai¢,, ajc,) = 7.
(b) If C1 # G2 then c(aug,, aje,) = e(aig, iy )-
Let us define a slightly different form of this concept.

Definition 1.3. Assume that k,0 < A. The property Pra(\, k,0) says that
for some coloring ¢ : [A\]?2 — k, if (A) then (B), where:
(A) £ <1+ 0 and v4e = Y(,€) € A for every a € A\, e € £ are pairwise
distinct.
(B) For every ¢ € k there are a < § < A such that:
(a) If ,¢ < & and € # ¢ then c(Yae, V8¢) = c(Vac, V8¢)-
(b) If € < & then c(Vae, ¥8e) = ¢

Observe that Pra(A, k, o) here is identical with Pra(\, A, k, o) in [She94].
Let us add another trait to this property.



Paper Sh:1128, version 2026-04-20. See https://shelah.logic.at/papers/1128/ for possible updates.

6 SHIMON GARTI AND SAHARON SHELAH

Definition 1.4. Assume that k,0 < A\. We shall say that Prj (A, &, o) holds
if Pro(\, &, 0) holds and, in addition, there is S € [A\]* such that for every
distinct elements e,( € £ the sequence (¢(Vae;V3¢) : o, € S, # B) is
constant.

Here is a useful fact.

Observation 1.5. Let A\ be a reqular cardinal. If 6<% < X\ for every 6 € A
then in part (A) of Definition 1.3 we may assume that:

() For every a < 8 and € < ¢ one has Yo < Ya¢-
(6) If e < then Yae < Yal-

Thus we may assume that the sequences (Voe : € < §) are strictly in-
creasing, and the elements of (yg. : € < ) begin above all the elements of
(Yae : € < &) whenever o« < 3. The latter is obtained by thinning-out the
system (using the regularity of \) and the former by renaming.

Let (%) u,0, be the conjunction of the following:

)
(b) a € A= a~? <\ and o < cf(9) < 0.
(¢) A=(Ni:i€0) CRegn (0, p).
(d) J 2 J54 is a o-complete ideal over 0.
(e) tef(I[;co MisJ) = A, and & < cf(9).
) (B, : 1 € k) is pairwise distinct, B, € J* for every ¢ € k.
) i€j Ai) <Ay
Claim 1.6. Assume () 0. Then there is a scale f = (fo : @ € A) in
(ITico Mi» J) such that:
(R) If j € O then |F;| < A\j where Fj = {fa [ j:a € A}.
(3) The functiond : [\]?> — 0 is defined by d(o, B) = min{j € 0 : fa(j) #
fa(j)} and ¢ : [N? = & is defined by c(, B) = ¢ iff d(«, B) € B,.
(3) Pry(\ k,0) is witnessed by c.

Proof.

The existence of f satisfying (X) is well-known, and summarized in Claim
1.2. Part (3) gives the definition of ¢, so let us prove (J). We are given
& < 14 0 and 7v,¢ is an ordinal of A for every o € A\ e € €. These ordinals
are pairwise distinct and by Observation 1.5 they form a system of increasing
sequences separated from each other.

For every @ € A let jo, € O be the first ordinal for which the sequence
(fy(ae) | Ja 1 € < &) consists of pairwise distinct functions. Such an ordinal
exists since o < cf(0). Recall that ¢ < A = c¢f(\) and choose j. € 9, (g :
e < &) and S € [A\]} such that j, = j, and fr(ae) [ Jx = ge for every a € S.
The additional part of Pry (), k,0) is satisfied, as follows from the choice of
S and the definition of c. We are left with showing that Pra(\, k, o) holds.

For simplicity, assume that S = A. Fix ¢ € k. For each j € 0 let A; be
the set of all sequences of the form 8 = (8. : ¢ < &) € §()\;) for which the
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set S5 ={a€X:ie<E= fiae(f) = B} is unbounded in A. Let A be
the set of j € O satisfying the following proviso: (V3 € \;)(3B € A;)(Ve <
&, 8 < ). Thus A C 9 and we claim that A =0 mod J.

To see this, let B = 0— A and assume towards contradiction that B € JT.
For every j € B choose ; € A\; and a; € A so that if & € [a;,\) then
Fr(a,e(j) < Bj for some e < &. Let v = J{a; : j € B} and notice that v € A
as 0 < A = cf(A). Define g € [[;c5 \i as follows. If j € B then g(j) = 3; +1
and if j ¢ B let g(j) = 0.

Fix § € A such that both v < § and g <; f5. Notice that v5. > ¢ for
every ¢ < &. Foreverye < {let C. ={i€0: g()>f755)()}, so C. € J
for each ¢ < ¢ and hence C = |J{C: : ¢ < £} € J as J is o-complete. Fix
i € B— C, recalling that B € J*. On the one hand, g(i) < fy . (i) for
every € < & since i ¢ C. On the other hand, f,s5.)(7) < g(i) for every e < ¢
since ¢ € B, a contradiction. We conclude, therefore, that A = 0 mod J.

Fix j € AN B, (recall that B, € J*). Choose 81 = (8} : e <€) € A, and
then choose B = (B2 :e <€) € A; for which Bl < ﬁQ whenever ¢, € £.
The choice is possible since j € A. Finally, pick a € S ;5 and 8> a so
that 8 € 5, 3,, this is possible since S; 3, is unbounded in A. By the above
definitions, d(Yae,v8e) = Jj for every ¢ < & and hence ¢(Yae,v8e) = ¢ for
every € < £. Likewise, ¢(Yae,78¢) = ¢(Vac,75¢) for every e,( < £ by the
definition of S, 5 and S 5,, so we are done.

Ui

We conclude this section with a theorem of Sikorski about extending
homomorphisms in boolean algebras.* This theorem will be used several
times in our constructions.

Theorem 1.7. If By is a boolean algebra freely generated from {x : v € A}
except the inequalities mentioned in I' C {(zvo < xg) : o, B € A}, [ {xy :
v € A} = By is homomorphic and (zo < zg) € I' = f(zo) <B, f(x3) then
f has a homomorphic extension f : By — Bs.

U7

4A proof can be found in [Sik64] and in [Kop&9).
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2. LENGTH

In this section we focus on linearly ordered subsets of a boolean algebra,
and we construct a sequence of boolean algebras (B; : i < k) such that
|T];<, Length(B;)/D| < Length([[,.,. B;/D), where D is a uniform ultra-
filter over k. Ahead of the formal arguments, let us explain the philosophy
of the proof.

There is a connection between the existence of large linearly ordered sub-
sets of a boolean algebra and the structure of automorphisms of this algebra.
If A C B is linearly ordered and z,y € A then there is no automorphism
f : B — B such that f(z) = y A f(y) = . Hence large linearly ordered
subsets imply many restrictions on automorphisms and homomorphisms de-
fined over a given boolean algebra. Similarly, if we have a variety of auto-
morphisms then the size of linearly ordered subsets decreases.

If one wishes to have many homomorphisms then a free boolean algebra
(or any other algebraic structure) is the best way to ensure it. If B is a
free boolean algebra then Length(B) < R no matter how large the size of
B is. In this case there are many homomorphisms and hence only count-
able linearly ordered sets. One can control the number of homomorphisms
and the size of linearly ordered sets by imposing some constraints on the
freeness of the algebra. Our algebras will be free, but we also wish to limit
the possible homomorphisms, so we define a set of desired inequalities and
we take algebras which are freely generated except some prescribed list of
inequalities.

The purpose of these inequalities is to make sure that there are no large
linearly ordered sets in each algebra. On the other hand, we need a large
linearly ordered set in the product algebra. We define partial orders which
determine the order at each algebra, and set our inequalities. Along the
definition, many of these partial orders are satisfied at every index (this will
make sure that a D-positive set of indices will always obey these partial
orders, when D is a uniform ultrafilter), and hence in the product algebra
there will be a large linearly ordered set. On the other hand, at each specific
index we will keep a constraint on the pertinent partial order. This will make
sure that there is no very large linearly ordered set at each algebra.

More results based on the same idea can be found in [GS19], in which the
constructions apply to both Length and Depth of boolean algebras. Ahead
of the main theorem, we define a subtler version of Length.

Definition 2.1. Let B be a boolean algebra. The invariant Length™(B)
is the union of the cardinals #*, for which there exists a linearly ordered
subset A of B of size 6.

The advantage of Length™ is manifested in boolean algebra whose Length
is a limit cardinal A. If Length(B) = X and A is a limit cardinal (either
regular or singular) then there are two different scenarios. Either there is a
linearly ordered set of size A, in which case the Length is attained, or there
is a linearly ordered set of size 6 for every < A but there is no such a set of
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size A. In both cases Length(B) = )\, so the Length cannot distinguish these
two situations. However, if the Length is attained then Length®(B) = AT,
and if the Length is not attained then Length™(B) = A. Thus Length™ is
more accurate from this point of view.

Theorem 2.2. Assume that:
(N) k<0 =cf(u) < p.
Q) a<p=a <pu.
(3) ppg (1) > A = cf(N).
Then there is a sequence (B; : i < k) of boolean algebras, such that:
(a) For every i < k,Lengtht(B;) < .
(b) Length*(B) > X where B = [],_,,B;/D is the product algebra, D
being any uniform ultrafilter over k.

Proof.
Since A < ppy (u) one can find a sequence A = (); : i < 0) and an ideal T
over 6 such that:

(a) Ai = cf(\;) < p for every i < 6.

(b) limz(A) = p.

(c) tef([Ticg Ais 1) > A
We may assume that tcf(] [,y Ai, /) = A by virtue of Theorem 1.1. Without
loss of generality, A is increasing, I = Jg’d and max pcf{\; : j < i} < \; for
every ¢ < 0.

Let a = {)\; : i < 0}, and decompose a into (a; : 7 < k) such that each a;
is I-positive and ¢ < k = {j € 6 : \; € a;} is a stationary subset of 6. Define
J={bCa:{j<0:)\ €b}el} SolJisan ideal over a and J 2 Jbd.
Further, tcf([[;.Aj, 1) = tcf([[a,J) = A. Using Claim 1.2 we choose a
sequence f = (fo : @ € \) C []a, increasing and cofinal in (][] a,J), such
that |Ty| < O for every 0 € a, where Ty = {fo | (aN9): a € A}

Fix any uniform ultrafilter D over k. For a < f < X let 0,3 = min{0 €
a: fa(0) # f3(0)}. We define a binary relation <, over X\ by a <, f
iff fo(Oap) < f3(0ap). Based on <, we define a binary relation <; over
A+ 1U{-1}, for each i < &, as follows:

a<; s

(o <u BAOug €| Joy: 5 <i})V
(a=—-1ANBeEX+1)V
(aeAU{-1}AB=2))

It is routine to verify that <, is a linear order and each <; is a partial order.
Likewise, if a <, 8 then {i € kK : a <; S} € D, since it is an end-segment of
k and D is uniform.

Let B; be the boolean algebra generated freely from {z, : « € A+ 1U
{—1}} except the inequalities mentioned in I';, where I'; = {(zo < 23) :
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a <; B} U{z_1 = 0,2\ = 1}. Put another way, B; = 2z, < 23 & a <; .
Let B be the product algebra [[,_, B;/D.

It is easy to see that Length®(B) > ). For this, we point to a linearly
ordered subset of B of size A. For every o € X let co € [];.,.Bi be the
constant function with value x,, and let c¢o/D € B be its D-equivalence
class. Clearly o # 8 = co/D # cg/D, hence the set A = {co/D :a € A} C
B is of size \. Now if a <, fthen {i <k :B; Fzoa <ag} ={i <K:a<;
B} € D, being an end-segment of k. Consequently, a <, 8 = co/D <B
cg/D. Since <, is a linear order we see that A is a linearly ordered subset
of B and hence Length(B) > ), so Length™(B) > .

The other side of the coin is that Length™(B;) < A for every i < x. For
proving this, fix an ordinal ¢ € x and assume toward a contradiction that
A < Length™(B;) for some i < k. Fix a linearly ordered set {a, : a < A} C
B; which exemplifies this statement.

Each a, is an element of the boolean algebra B; and hence expressible
as 0a(ZTy(a,0)s - -+ » Ty(a,n(a)—1)); Where g, is a boolean term and v(a,f) €
A+ 1U{-1}. But A = cf()\) > Ny, and the number of boolean terms is
Rg. So without loss of generality o, = o and n(a) = n for every a € A,
where o is a fixed boolean term and n is a fixed natural number. We can
write ao = 0(Ty(a,0); - » Ty(am—1)) for every a € A, and we may assume
that (y(a,f) : £ < n) is always an increasing sequence of ordinals.

For every a € A there is a set p, C n x n such that (k,¢) € p, iff
v(a, k) <; v(a, £). Being a subset of n x n, it is a finite set. Hence for A
many ordinals we have p, = p for some fixed p C n X n. By concentrating
on these ordinals we may assume that a < 8 < A = p, = pg. This means
that y(a, k) <; v(o, ) iff v(8,k) <i v(B,¢) for every a, 5 € A.

Since f is an increasing sequence in (][] a, J), for every a € X there exists
Jo € a such that the elements of (fy(a¢ [ (6N Ja) : £ < n) are pairwise
distinct. Since |a] = 0 < cf(A) = A we may assume without loss of generality
that 0, = 0 for some fixed 0 € a and each o« € \.

We apply the Delta-system lemma to the collection of A finite sequences
(v(a,€) : £ < m). We can assume now that there exists m < n such that
< m = vy(a,l) =~() and if @ < 8 then y(a,n — 1) < (8, m). Recall
that ¢ € k is fixed, and choose j € (i,x) bearing in mind that a; € J*.
From Theorem 1.6, one can find o < 5 < A such that for every k, ¢ € [m,n)
it is true that 0,4 x)y(s,0) € a5. We include the root (y(a, £) : £ < m) of the
Delta-system in the first sequence, so the property Pry holds with respect
to these elements (and all the other disjoint sequences) as well.

Define S = {y(a,£),v(5,¢) : £ <n}U{—1,A}, so S is a finite subset of
A+ 1U{—1}. Observe that (S, <;) is a finite partial order with —1, A € S
and s € S = —1 <; s <; A\. Hence any partial ordering P O (S, <;) projects
onto (S, <;). In particular, there exists a function h : A+ 1U {—-1} — §
such that h r S = lds and Yo <1 => h(ﬁ/o) < h(’}/l)
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Let Bg be the (finite) boolean algebra generated freely from {x., : v € S}
except the relations in I's = {(zy < 25) : v <i 6,7,0 € S} Define a
mapping f : {z, : v € A} = Bg by f(v,) = x3(y). By Theorem 1.7 there
is a homomorphism f : B; — Byg such that f C f and hence f (xy) = xy
whenever v € S.

Define a function g : S — S by letting, for every £ < n, g(y(a, £)) = (8, ¥)
and g(v(8,¢)) = v(a,¢). Notice that g is a permutation of S,go g = idg
and g maps I'g onto itself, namely (z, < z5) € ['s = (74(,) < 7y(5)) € T's.
Indeed, if k,¢ € [m,n) then y(«, k) and (5, ¥) are <;-incomparable, so if
o =v(a,k) and 7 = y(B,¢) then z, < z; ¢ T's. If k < mor ¢ < m
then aw(a,k),y(al) = 87(%,@7(57@ by Pro(A,RNo,0). Hence (o, k) <; v(a,¥)
Finally, v(o, k) <i v(a,f) iff v(8,k) <i v(B,¢) since po, = pg = p, so
7(a7k) < 7(676) iff 7(67 k) < 7(a7€) TOgether, v, < xp iff Lg(o) < Lg(r)>
as sought.

By another application of Theorem 1.7 there exists an automorphism
g : Bs — Bg which satisfies §(z,) = x4(,). Observe that § respects boolean
terms in the following sense:

G0 (- Ty, ---)) = 0o Ty - - 1)
G-y ) = (s Ty(as)s - - o)

Back to the chosen pair of ordinals a < 8 < A, since {ay : v € A} is
<p,-linearly ordered we know that (an <B, ag) V (ag <B, aa). Without
loss of generality a, <B, ag, 50 Bi F o (..., Tya0,---) < (-, Ty@0)- - -)-
Since f : B, — Bg is homomorphic, we see that:

Bg ): (7('"71'7(0476)’-- ) < U(...,x,y(/37g),.. )

Likewise, g : Bg — Bg is homomorphic and hence we also have:

Bg ): 0‘(. <y T (B0)5 - ) < 0‘(. < Ty ) - )
This contradiction accomplishes the proof of the theorem.
U0
The above theorem deals with Length™, but we can deduce the following
result about Length:

Theorem 2.3. Assume that:
(N) k<O =cf(u) < p.
Q) a<p=a <p.
D A=u".
Then there exists a sequence of boolean algebras (B; : i < k) such that:
(a) |Bi| = A for every i < k.
(b) Length(B;) < u for every i < k.
(¢) If D is a uniform ultrafilter over k and B = ]
product algebra then Length(B) > A.
(d) [y Length(B;)/D = p, so [],., Length(B;)/D < Length(B).

B;/D is the

<K
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Proof.
Since A = u™, ppg(,u) > A and hence Theorem 2.2 applies. Let (B; : i < k)
be a sequence of boolean algebras as asserted in Theorem 2.2. For every i <
x we have Length™ (B;) < A, hence (recalling that A = u7) Length(B;) < p.
On the other hand, Length™(B) > )\ so Length(B) > \. It follows that
[l Length(B;)/D < p* = p (the equality p* = p is due to (3)), and
1 < A = Length(B) so the proof is accomplished.
L3

A detailed examination of the construction yields accurate values of Length
for B and each B; in the above theorems. This is expressed by the following
two lemmata.

Lemma 2.4. In the construction of Theorem 2.2, if X = cf(\) < u™ then
Length(B) = A.

Proof.

We have seen already that the set A = {co/D : @ € A} C B is of size A and
it is linearly ordered by <pg, so we have Length(B) > A. We claim that if
A < put then |B| = X and hence Length(B) < A as well. For this notice
that p = p and hence by induction on A € (u, u™) we have \* = \. Since
|Bi| = A for every i < k we see that A < |B| = |[[,..Bi/D| <\ =X, so
we are done.

<K

Ua.a
More generally one can prove that if A — (A\)3. then Length(B) < \ even
if A > pte.
Lemma 2.5. In the construction of Theorem 2.3, Length(B;) = p for every
1 < K.
Proof.

Fix an ordinal ¢ € k and define the following set:
A={0€a:sup{fa(0) :a €} =0}.

We may assume that A = a mod J, as this requirement can be added to the
choice of f. In particular, sup(4) = p.

Fix any 0 € A such that 0 € |J{a; : j < i}, and notice that these
elements are unbounded in p. Choose a sequence of ordinals (a. : € € 0)
so that (fa.(0) : € € 0) is an increasing sequence of ordinals in d. Recall
that [{fa [ (aN9) : @ < A} < max pcf(aNd) < 9, and 9 = cf(9).
Hence without loss of generality there is some fixed g € [[(a N ) such that
<= fo. [ (aNd) =g.

Now if e < ¢ < 9 and 9 € J{a; : j < i} then, by the choice of g, 9 is
the first point in which f, (9) # fa,(0). Moreover, fo.(9) < fa.(9) by the
choice of (fn.(0) : € € ) and hence o <; a¢. By the definition of the order
in B; we see that vo, <B, Ta, SO (o, : € € 0) implies that Length(B;) > 0.
Applying this argument to every 9 € A one concludes that Length(B;) > p,
since A is unbounded in g. On the other hand, in Theorem 2.3 we have seen
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that Length™(B;) < A\ = u™. It follows that any linearly ordered subset of
B; is of size at most u, so we are done.
L5
The case in which k < 6 = cf(u) < g and A = p* yields examples of
|T];<, Length(B;)/D| < Length(] [, ., Bi/D) in ZFC. Indeed, if 1 is a strong
limit cardinal then p” = p (actually, o < p whenever o € p is sufficient)
and scales of length u* are available in ZFC. We indicate, however, that
if A > p* and not so large (e.g., A < p™) then similar examples are at
hand. Thus if A = xy™ and x* = x then the main result of this section
provides a sequence (B; : i € k) so that x* = x = |[[,., Length(B;)/D]|
while Length(]],.,, Bi/D) = x*. Anyways, we know to build examples with
a gap of one cardinality only.

Question 2.6. Is it consistent that there is an infinite cardinal x and a
sequence of boolean algebras (B; : i € k) such that |[[,_,. Length(B;)/D| <
T < Length(] ]

1<K
i< Bi/D) for some infinite cardinal Y7

Note that if our coloring c satisfies Pra(\, i1, k,6) when p > cf(u) =60 > K
is a strong limit cardinal and pp™(u) > A = cf(A\) > p* then we will get a
positive answer to the above question (with ¥ = u™). So far, however, we
know how to get Pro(A, A, k,6) but not the apparently stronger statement

Pra(A, p, &, 0).
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