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A COMPLICATED FAMILY OF TREES WITH w+ 1 LEVELS
SH331

SAHARON SHELAH

ABSTRACT. Our main aim is to prove that if 7" is a complete first-order theory,
which is not superstable (no knowledge on this notion is required), included in
a first-order theory T; then for any A > |T}| there are 2* models of T such that
for any two of them, the 7(T)-reducts of one is not elementarily embeddable
into the 7(7T')-reduct of the other, thus completing the investigation of the
1978 author’s book “Classification Theory and the Number of Non-Isomorphic
Models”. Note the difference with the case of unstable T": there A > |T1| + N1
suffices for the existence of 2* pairwise non-isomorphic such models.

As earlier, it suffices for every such A to find a complicated enough family
of trees with w41 levels of cardinality A. If A is regular this is done already in
Chapter VIII of the author’s book. The proof here (in sections 1 and 2) goes
by dividing into cases, each with its own combinatorics. In particular, we have
to use guessing clubs which was discovered for this aim.

In §3 we improve the combinatorics, an aim is to consider strongly N.-
saturated models of stable T (so if you do not know stability better just ignore
this). We also deal with separable reduced Abelian p-groups. We then deal
with various improvements of the earlier combinatorial results.
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§ 0. INTRODUCTION

In [She78, Ch.VIIL§2] for unsuperstable (complete first order) theory 7', it was
proved that A > |T| + 8, = I(\,T) = 2*, in fact for every T} extending T, \ >
pi=|T1| 4+ No = I(A\, 71, T) = 2*, and we have gone to considerable troubles to
prove it for all cases, in ZFC (recall that I(\,T) = I(\, T, T) where I(\,Ty,T) is
the number of 7(T")-reducts of models of T; of cardinality A\ up to isomorphism,
where T C Ti, and now both are first-order complete theories). TE(X, T1,T) is
the maximal number of such models no one elementarily embedded into another
(pedantically, the supremum); see Definition [Shei, 1.4=L1.4new]|.

Now [She78, Ch.VIIL,§2] gets results of the form [E(X, Ty, T) = 2* under some
constraints on A > |T7| but have not tried to exhaust. Later this was put in a more
general framework (see [She83] or [Shei, §2]) with several applications and more
cases for A\ > |T7|; the cases left open were:

(a) A strong limit of cofinality N

and
(8) A not strong limit, =(Ix)[x < x = XN < A < 2X] (for example A < 2%0),

Looking through [She78, Ch.VIII] you may get the impression that the general case
(A > |T1|) is obviously true, just needs a proof (as this holds in so many cases
with diverse proofs). Now in addition to the accepted wisdom (at least among
mathematicians) that such arguments are not proofs, there was until recently (i.e.
before this was done in 1988) a reasonable argument for the other side: For most of
the cases which were left open in [She78, Ch.VIII], their negations have been proved
consistent (by [She80], [She89]). However, here we prove this in all the cases.

Here we replace the properties from [Shei, §2] with stronger ones (variants of
“super unembeddable”), prove they imply the ones from [Shei, §2], look at their
interrelations and mainly prove the existence of such families of trees for the various
cardinalities. In 1.11-1.21 we have the parallel of old theorems in the present frame
see 1.1 and 1.4; in §2 new ones. Lastly, in 2.34 we draw the conclusions.

For this we prove in ZFC theorems of the form “there is a club-guessing sequence”
(continued, see [Shear, Ch.III], [She97] and more current summary in [Sheb]). Our
main theorem is 2.34: for A > p, K has the full (A, A, i, Rg)-super bigness prop-
erty (defined in 1.1, 1.4 below). As a consequence, we here shall get that for
A > p, K¢ has the full strong (A, A, p1, Rg)-bigness property (see definition in [Shei,
2.2(3)=15(3)], by 3.1(2)).

Lastly in 2.34 we sum up what we get for K}, for every A > u. The proof of 2.34
is split into cases (each being an earlier claim) using several combinatorial ideas (in
some we get stronger combinatorial results than in others).

The results are phrased such that they apply to many non-first-order classes.

We conclude by deriving some further results dealing with some specific cases
in §3. There, we begin by deducing the results on fE(A,Tl,T) being 2* when
A > |Th|,T C Ty are first order complete theories, T unsuperstable (in 3.1(1)).
Then we get similar results for the number of strongly N.-saturated models: the
case which requires work is T' stable not superstable A = A(T') + 8y, T = T} this
requires some knowledge of stability theory but is not used elsewhere; naturally this
requires the so-called F{to -construction from [Shear, Ch. IV]. We then deal with the
number of reduced separable abelian p-groups on A no one embeddable in another
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(not necessarily purely). We prove it by assuming A > 2% (in 3.28) for this we
need to improve the main conclusion of §2 (in 3.26).

In §1 we, in a sense, redo results from [She90, §2,VIII] and [She83] restated in
terms of super unembeddability in particular in 1.16 (so we prove somewhat more).

The results in §2 were presented in a mini course in Rutgers, fall 88; it contains
“guessing clubs in ZFC”, which because of the delay in publication was also rep-
resented and continued in [She94, Ch.III], see more [She97]; printed version exists
since the early nineties.

The results on the number of strongly X.-saturated model 3.3 improve Theorem
[She87, 2.1] and [She88, 2.1] (see explanations below in 3.4), they assume knowledge
of [She78] or [She90] but the reader can skip it as this theorem is not used later
and move to 3.26; some definitions are recalled in 3.4 below. We refer to [Shed]
for various combination facts, see history there (this will help if the book on non-
structure will materialize).

We thank Haim Horowitz and Thilo Weinert for their help with the proofs,
as well as Santiago Pinzén and the referee for meticulously adding many helpful
comments.

Convention 0.1. 1) K;, = K (defined in [Shei, 1.9(4)=Lb11(4)] for k = Ry) is
restricted (in this section) to the cases each Suc(n) is well ordered, so K is the
class of trees I with w + 1 levels expanded by a well ordering on each Sucy(n) (see
[Shei, 1.9 = Lb11(2)]), so getting a lexicographic order <{ on I, and P! for a < w
is the set of elements of level o and if 3 < o An € P!, then v = |3 is the unique
ve Pé , which is an initial segment of 7.

2) Also, #),,.(J) from [Shei, 2.1 = Lf2] and & regular for transparency.

3) Strong finitary, see Definition [Shei, 2.2 = Lf5], that is:

e a member a of &), .(J) is called strongly finitary in A, ,.(J) if there are n,
a T, x-term o(2o, ..., Tp—1) with finitely-many sub-terms using only func-
tions with finite arity are 7o,...,7,—1 € J such that .#, .(J) E“a =
o(70,-.+,Tn—1)". Recall 7, ; is the vocabulary of .Z), ,.(J).

Notation 0.2. 1) Let 5 () be the family of sets with transitive closure of cardinality
< X (so of cardinality 2<X) and we let <} be a well-ordering of J#(x).

2) We use M, N for models, 7y = 7(M) is the vocabulary of M, and T for a
theory in the vocabulary 7 = 7(T"), complete if not said otherwise.

3) For a class K of models and a cardinal A, let (), K) be the number of models
M € K up to isomorphisms. We may write ]1()\, T) for a theory T (usually of first-
order) instead of K = Modyp and I(\, Ty, T) for theories T D T (usually first-order
complete), instead of K = PC(T1,T) = {M|7p: M is a model of T3 }.

Recall,

Definition 0.3. A complete first-order theory T is called unsuperstable when there
is some ( witnessing it, which means:
(@) ¢ = (pn(x,¥n): n <w),
(b) @n(z,yn) € L(7r), ie., it is a first-order formula in the vocabulary 7 of
T, and
(c) for every A there are a model M of T', sequences a, € @) M for n € "\
and elements b, of M for n € “X such that if n € “X, and v € "\ then
M = @nlby, a,] < v =nln.
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§ 1. PROPERTIES SAYING TREES ARE COMPLICATED
See also with [Shec, §1], 1.9.

Definition 1.1. We say I € K is (u, x)-super-unembeddable into J € K if :
for every regular large enough x* (for which {I,J, u,x} € H(x*), recalling 0.2(1)),
and for simplicity <}. is a well-ordering of J#(x*) and = € S (x*) we have:

(%) there are 1, M,,, N,, (for n < w) such that:
(1) My, < Ny < Myqy < (H2(X¥), €, <;*)’
(it) M, Np= MyNpuand kK C My,

(#i1) I,J,pu,x and z belong to Mo,

(iv) n € PL ie. is of level w in I,

(v) for each n for some k,nlk € My, nl(k+1) € N,\M,,

(vi) for each v € PJ, for every large enough n < w, and

{vl: ¢ <w}nN N, CM,.

Notation 1.2. We may write p instead (u, 1) and may omit it if p = Rg.

Remark 1.3.

(1) In Definition 1.1 the “and = € #(x*)” and “and z” in clause (iii) can be
omitted (and we get equivalent definition using a bigger x*). However, in
using the definition, with x it is more natural: we construct something from
a sequence of I's, we would like to show that “there are no objects such
that...” and x will be such an undesirable object in a proof by contradiction.

2) We can also omit <*. at the price of increasing x*.
X

Recall from [Shei].

Definition 1.4.

(1) K¢ has the (x, A, i, k)-super-bigness property if: there are I, € K& of
cardinality A for a < x such that for « # f, I, is (p, £)-super unembeddable
into Ig.

(2) K has the full (x, A, u, k)-super-bigness property if:
there are I, € K{ of cardinality A for a@ < x such that for a < x, 1, is

1, k)-super unembeddable into J, := , which means, assuming
beddable into J, I, which i
B<x,B#a
for simplicity that the Ig-s are pairwise disjoint (except the common root

rt =rty,) that (recalling Definition [Shei, 1.9 = Lb11(4)] of K})):
o the set of elements of J, is {s: s € Ig for some 8 < x, 8 # a},
o if sp€Ig, for £ =1,2 (and B, 02 € x \ {a}) then:

I
81 <2 89 1 < oV (B1 = PaAsi <er s2).

(3) We may omit & if k = Rg.

* * *

The next definition gives many variants of Definition 1.1 (clause (D) repeat Defi-
nition 1.1); but the reader may understand the rest of the section without it; just



Paper Sh:331, version 2026-04-21_2. See https://shelah.logic.at/papers/331/ for possible updates.

A COMPLICATED FAMILY OF TREES 5

ignore 1.5, 1.6, 1.7, 1.9(1); and from 1.9 on, ignore the superscript to “super” (we
are getting stronger results).

Definition 1.5. We say I € K¢ is (u, x)-super’-unembeddable into J € K& if one
of the following holds (and in this paper, £ is always one of those):

(A) ¢ =1 and for every regular large enough cardinal x* and x € 52 (x*) where
{I,J,p,k} € H#(x*)and f: I — M, .(J), which is strongly finitary on P}
li.e. for v € PL, f(v) is a strongly finitary member of .#), .,(.J); see 0.1(3)]
and g a function from I (really PZ) to finite sets of ordinals there is n € P!
such that,
(%) letting f(n) = o(vo,...,Vn-1), for infinitely many k¥ < w there are
M, N satisfying:
(i) M <N < (H(X"), € <),
(#5) MNpu=NnNu,and K C M,
(#it) {I,J,pu,k,2} € M,
(iv) nlk e M
(v) n(k+1) e N\ M,
(vi) for each m < n:
(a) vm € M or,
(b)  for some kp, <1g(Vm), Vi [km € M, vy (km) € N or,
(¢) Lg(vm) =w,vm & N,(Vl < w)[vm € € M],
(vii) m < n and if & = vy, (k) (where (vi)(b) holds for vy, ky,) or
a € g(n) then:

Min[(x* \ @) N M] = Min[(x* \ «) N N].

(B) ¢ =2 and for every regular large enough x* satisfying {I, J, u, k} € 52 (x*)
and z € J7(x*) there is n € P such that:
() for any finite w C x*,n < w and vy, ..., Vy—1 € J, for infinitely many
k < w there are models M, N satisfying:
(1) M <N < (H(x"), € <5),
MNpu=NnNu,and kK C M,

B+ 1) € N\M,
for each m < n one of the following occurs:
(a) vm € M,
(b) for some kp, <1g(vn), v km € M,V [(km +1) ¢ N,
(c) Lg(Vm) = w,vm & N, (V¢ < w)[vm € € M].
(vii) for each «, if @ = vy (ki) (where m < n, and v, kn, satisfy
sub-clause (b) of (vi)) or @ € w then' Min[(x* \ a) N M] =
Min[(x* \ @) N N].
(C) ¢ = 3 and for every regular large enough x*, and x € 2 (x*) such that
{I,J,u,k} € H#(x*), there is n € P! satisfying:

(¥) for any n < w,vp,...,Vn—1 € J, there are sequences (M;, N; : i <
w), (k': i < w), where k* = (k% k§, ... k% ;). such that:

1e.g. both can be undefined
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(7’) M; < N; < Mi+1 = (%(X*)’ <, <;*)a
() M;Nnp=N;Npand & C My,
(#i7) {I,J,pu,k,x} € M,
(ZU) T]r i S Mi7
(vi) for each i < w and m < n one of the following occurs:
(a) vm € M;,
(b) k:n < W, Vm rk:n € M;, l/mr(k‘fn + 1) ¢ N,
(c) lg(vm) = w; vm & N;, (V0 < w)[um ]l € M|,
(viii) for each «, if & = vy, (ki) (Where m < m, vy, satisfies (b) of (vi))
then:
Min[(x* \ @) N M] = Min[(x* \ «) N N].

(D) £ = 4 and for every regular large enough x* (for which {I, J, u, k} € 7 (x*))
and x € S (x*) we have:
(¥)  there are n, D and M, for n < w such that:
(i) Mp < Mpp1 < (H(X7), €, <;<(*)7
(ii) M,Nu=Mynpand k C My,
(#i1) {I,J,u,x} and = belongs to My,
(iv) mn €I, in fact n € PL,
(v) D is a filter on w containing the filter of all co-finite sets (usually
it is equal to it),
(vi) {n <w: for some k,nlk € My, nl(k+1) € (Mp41\My)} belongs

to D,
(vii)  for every v € P, we have
{n: for some k <w,v[k € My, v[(k+1) € Mpi1 \ My}
is ) mod D.
(D7) ¢ =4~ and the condition of (D) holds just weakening (ii) to:
(i) {n:My,Np= M, 1 Np} €D and k C M,
(D) ¢ = 47 and the condition of Definition 1.1 holds (so (u, £)-super*  -unembeddable
will mean (y, k)-super-unembeddable).
(E) ¢ =5 and for every regular large enough x* (for which {I, J, u, k} € S (x*))

and x € S (x*) we have:

(%) there are n, D, M, (for n < w) such that:
(Z> My, < Mn+1 = (%”(X*%Ea <;k<*)a
(i) wC M, € Myi1 (so k C M),
(w5i) {I,J,p, K} and = belong to My,
(iv) n €I, in fact, n € PL,
(v) D is a filter on w extending the filter of all co-finite sets (usually
it is equal to it),
(vi) {n <w: for some k,nlk € My, n[(k+1) € (Mp41\My)} belongs
to D,
(vii)  for every v € P we have {n: for some k < w, vk € M,,v|(k+
1) € Mypy1 \ My} is =0 mod D.
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(F) £ =6 and for every regular large enough x* for which {I, J, u, k} € S2(x*),
and x € J(x*) there are (M, : n < w),n such that:

(6) (1) Mp < Mppy < (H(X), €, <3+),
(4i) M,Nu=MynNpand k C My,

(¢it) {I,J,p,k,xz} € My,

(iv) n € P,

(v) nin € My,

(vi) nl(n+1) ¢ M,

(vii)  for every v € P, for some n, {v[{:{ <w}n( U Mp) C M,.

(F*) £=6" and (i) - (vi) of (F) and: o

(vii)* for every v € P we have:

Nvite | M, =ve | M|

4 n<w n<w

(F~) ¢ =6~ and the conditions in (F) hold but replace clause (v) by
()™ (Yn)Bm)[n [ n € Mp] but (Vm)(3n)[n [ n ¢ My].
(F*) ¢ = 6%, and the condition in (F) when we make both changes (use (vii)*
and (v)7).
(G™) £ =7 and for every regular large enough x* for which {I, J, u, x} € (x*)
and x € S (x*) we have:
(%)  there are M, (n < w),n such that:
(1) My < Mpp1 < (H(X), €, <}+),
(ii) M, € My4+1 and p C My,
(i5i) {I,J,p,K,2} € My,
(iv) n€ P
(v) for every k <w,nlk € |J M,,
(
(

n<w

vi) for every n for some k,nlk ¢ M,,
vii)  for every v € PJ, for some n
{u{€:€<w}ﬂ(U M,,) C M,.
m<w
(G) ¢ ="7and (i) - (iv),(vil) of (G™) and:
('U)+ 7] r ne Mn7
(vi)* nl(n+1) ¢ M,.
(G*) £=7"and (i) - (iv) of (G7) and, (v)*, (vi)* of (G), and:
(vii)* for every v € P/,
{vit:it<wtC | Mp=ve | M
m<w m<w
(GF) £ =17% and (i)-(iv) of (G)~ of 1.1 and (vii)* of (GT) and
(vi)™T for every n, for some k we have nlk € My, nl(k+1) € M1\ M, .
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7t ———— 7t

N
/\/\

7

|

e o w e <—u><—"i<7c:

FIGURE 1. Implication diagram.

Definition 1.6. The (x, A, j1, )-super’-bigness property and the full (x, A, i, k)-
super!-bigness property are defined in a similar way to Definition 1.4.

Fact 1.7.

(1) If I € K¢ is (u, k)-super™-unembeddable into J € K¢ then I is (u,x)-
super’-unembeddable into J when 1 < £ < m < 7,(¢,m) # (5,6),4,m €
{1,2,3,4,5,6,7} and when (¢,m) € {(3,47), (47, 4), (4,4%), (47,6), (6,6%), (4+,77),
(77, 7), (7, 70), (77, 75), (75, 7%), (67, 77),(6,7), (67, 6%), (67,6™)}.

(2) If K has the (x, A, u, k)-super™-bigness property then K& hasthe (x, A, p, 5)-
super’-bigness property for (¢,m) as above.

(3) If K& has the full (x, A, 4, k)-super™-bigness property then K has the full
(X, A, 1, k)-super’-bigness property for (¢,m) as above.

(4) All those properties has obvious monotonicity properties: we can decrease
u,k and y and increase A (if we add to I a well-ordered set in level 1,
nothing happens).

(5) The notions

“(p, K)- super4+—unembeddable” and
“(u, k)-super-unembeddable” are the same; also
“[fall] (x, A, s ﬁ)—super4+—bigness” and
“[full] (x, A, 1, k)-super bigness” are the same.

Proof. The proof follows by the definitions. 047
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We shall now observe two things:

Observation 1.8. 1) First (1.9(1)) the “full” version (see Def. 1.4,1.6) is much
stronger (increasing the x ) hence we shall later concentrate on it.

2) Second (1.9(2)), the super version (from here) implies the “strong” version
from [Shei, §2], hence, for example, implies the results on unsuperstable theories.

Claim 1.9. 1) If K has full (x, A, i, k)-super’ -bigness property, then K has the
(2Min{AXE N 1 k) -supert -bigness property.

2) If K& has the [full] (x, \, 1<%, 2<")-super’-bigness property, (x > \) then K
has the [full] strong (x, A\, u, k)-bigness property for @i for functions f which are
strongly finitary on P,,.

Remark 1.10. (1) On “strongly finitary on P,” (see Definition [Shei, 2.2=Lf5] and
0.1(3) here).

(2) On “(x, A, u<*, 2<%)-super’-bigness property, see Definition 1.4(1) with “full”,
see 1.4(2).

(3) On the “strong (x, A, i, k)-bigness property”, see [Shei, 2.2 = Lf5(1), (2), pg.
21] and for the full version, see [Shei, 2.2=Lf5(3)].
Proof. 1) Easy (and similar in essence to [Shei, 2.20=Lj11(1)]). Suppose (I, : a <
X) witnesses the full (x, A, s, )-super‘-bigness property, and (by 1.7(4)) without
loss of generality x < A. Without loss of generality the I,’s have a common root
<>, and except this are pairwise disjoint. We can find (4, : @ < 2X) such that:

Ao Cx, |Aa] < Xand [a # 8= Ay € Ag]

(use just A C A such that 2a € A < 2a+1 ¢ A)).

Now, let
I=>Y I,
i€Aq
defined naturally: the universe is the union of the universes, where each I; is a
submodel of I} when i € A,, and the lexicographic order is such that:

i<j&nel\{<>}&vel\{<>}=n<pv.

[Note: x > 2* never occurs].
2) It suffices by 1.7(1), of course, to prove for the case £ = 1, and clearly, it suffices
to show the following Subclaim. g

Subclaim 1.11. If uy = p=~* and k1 = Y {(|o|*)": a < k} and, if I € K&
18 (ul,m)-superl-unembeddable into J € K¢ then I is strongly o -unembeddable
for (u,k) into J, for functions f which are strongly finitary on Pl (see [Shei,
2.2=115(1), (4), (5)]).

Proof. Recalling Definition 1.5(A), without loss of generality I,J are subsets of
“2¢ for some cardinal @ (see 0.1 and [Shei, 1.9(2)=Lb11(2)]), and let <* be a well-
ordering of .4, ,.(J) (respecting being a subterm, i.e. if a is a subterm of b then
a <* b). Suppose f is a function from I into .#), ,.(J), so

(x)1 for o € I, we have f(0) = 04(Vp,0, s Vo,is - )i<a, fOr some a, < K, v, € J.
Recalling that we are assuming f is strongly finitary on P! we have,

(¥)2 0 € Pl = a, <w& [0, has finitely many subterms].
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We should now find 3, ¢ as in [Shei, 2.2=Lf5(1)]. Let x be regular large enough,
= {u,r,1I,J, f) and define for o € P!,

(¥)3 g(o) = {a: the a-th element by <* is a subterm of f(p)},

which is finite (so we use “the strongly finitary” so that g(n) is finite, this is the
only use). Now we shall use Definition 1.5(A).

So let n,k, M,N be as in (A) of Definition 1.5 (for the given x, f,g we use
just one k), hence noting (x)1, (*)2 apply in particular for ¢ = 7, and clearly
Ty(Vn,05 -+ s Vnis - - -)i<ay, 18 well defined and equal to f(n). So by reordering vy ¢(¢ <
ay,) we can have:

Subfact 1.12. There are ng < ny; < no = o, such that:
(¥)a (a) for £ <ng,vye € M, and let jo = Lg(vye),
(b) for £ € [ng,n1) for a (unique) j¢, vyelje € M, vy e(je) ¢ N and

ve :=min{y : v an ordinal from M, v, ¢(j¢) < v}
= min{~y : 7 an ordinal from N, v, ¢(je) < v},

(¢) forleni,ng),vye ¢ N,Ig(vye) =w but {v,fm:m <w} C M.

Proof. The sets ug = {€ < ay: vye & N,Ig(vye) = wand {vylj: j <w} C M}
and w1 = {{ < ay: v,y € M} are disjoint. So letting us = ay \ (w1 U ug),
clearly (u1,ug9,us) is a partition of a,,, so remaining u; = [0, ngl, ue = [ng,n1},
ug = [n1,n2], where no = «, . So checking (*)4, the least trivial point is why
the two definitions of v, (for ¢ € us) are equivalent, which holds by clause (vii) of
Definition 1.5(A). 0112

Clearly k was chosen together with n, M, N and the sequence (v (r41),; : @ <
ayi(k+1)) evidently belong to N (as f € N and n[(k + 1) belongs to N).
Now,

Fact 1.13. We have:
(x)5 for each £ € [n1,ng) for some k¢ < w we have: v, ¢lke ¢ A1 := ByUB,UBs
where:
o By = {Unirs1),ilm: i < agpesr)s m < LGWyik41),i)s T < Qpirs1) f
o By ={vy jlm:j<ng,m<lg(vy;)}
o By = {(vyelje) (1) : £ € [no, 1)}

[Recall ~y, is from clause (b) of 1.12.]

Proof. Case 1: k> Ng
So for each £ € [ny,ns) if no such k; exists, so by clause (e) of 1.12, we have
{vpelm: m < w} is a subset of the set A appearing in the right side above, which
belongs to V.
[Why? The first set By in the union belongs to N as n|(k + 1) € N by the choice
of n,k, M, N. The second set By as j < ng # v, ; € M by clause (a) of 1.12, i.e.
the choice of ny and the third set By by the choice of 7; in clause (b) of 1.12.]
Now A; has cardinality < & (as ay41) < 5 ARo < k); hence A; C N and (as
k1 4+ 1 C M because k1 in 1.11 plays the role of x in Definition 1.6 recalling we are
assuming x > Ng) not only is included in it, but every w-sequence from it belongs
to N, hence v, , € N, contradicting ¢ € [n1,ng).
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Case 2: Kk =g

So ayp(k+1) < w and let £ € [ng,n2); toward contradiction assume the conclusion
in 1.13 fails for £. So one of the following possibly occurs. First, if (3*°m)v, ¢[m €
By, then for some i < o j(k41) for infinitely many m < w, vy, ¢Im = vy yr),i[m. As
lg(vy,¢) = w (remembering £ € [n1,n2)) this implies vy ¢ = Vy(e41),i, DUt vy gy,
belongs to N whereas v, ¢ does not belong to N (remembering ¢ € [n1,n2)), con-
tradiction. Second, if (3%°m)(vy¢Im € B1), similarly some j < ng,v,, = vy, ; but
J < ng < ¢, contradiction to clause (a) of 1.12. Third, if (3°°n)(v,([m € By) but
B> is finite, contradiction. So 1.13 holds indeed. 0113

Note:

Fact 1.14. We have:
(¥)6 Opi(k+1) belongs to M.

Proof. Why? It belongs to N (as f,n[(k+ 1) € N) and it belongs to a set of
cardinality p; := p<" from M (the set of 7, .-terms) and M N p<* = N N p<" by
clause (ii) of Definition 1.5(A) as in subclaim 1.11 the cardinal p<" play the role
of 12 in 15(A)] D1A14

Continuation of the proof of 1.9(2). Now recalling the definition of ¢, (in [Shei,
2.6=Lgb, pg. 23]) and of unembeddable (in [Shei, 2.2(1)=Lf{5(1)]) clearly, it is
enough to show:

(%)7 there is p such that:

(A) p € Pliy,pk) # n(k),plk = nlk,p € M and 0, = oyrt1) (50
QX = (k41 )

(B) the sequence (v, ; : i < ) is similar (i.e. realizes the same quantifier
free type in J) to (vy1(k41),i : @ < Qyp(e+1)) over the set

Ay ={vpe £ <no} U{(vyelie) (ve) - £ € [no,m1)}
U{vn,elke - £ € [n1,m2)}

(C) Let Asp = Agpi(err) and Agpn = Aaihan).n
where for p € I
o A;,={(c',0%) : 0", 0% subterms of o,
and o (..., Vi) <* 02 Uy piy .- )}
and

o Ay,,={(,0" 0% :0€{0,1},0" subterm of 5,,0° a subterm of

oy, we have that
t=0=0o'(..., Unt(ht1)yin -+ +) < a3(..., Vnjir--.), and
t = 1= they are equal}.
(*)s the sets As ,, As ,n belongs to M.

[Why? Like the proof of 1.14, remembering 1.14.

Now, the set As is a finite subset of M by clause (a) of 1.12, the choice of ky
in clause (b) of 1.12 and the choice of k; in 1.13. Also the “similarly type in J”
of (Vpi(k+1),i 1 < Qyprs1)) over Az belongs to M (in whatever reasonable way
we represent it), as the set of such similarly types over A is of cardinality < 2%
and it belongs to M, hence there is a first-order formula ¥ (z) in the vocabulary of
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(A (x), €, <3,), with parameters from M saying = € I is an immediate successor of
NIk, 00 = Oppk1), and (Vg 01 < o) is similar to (v rg1),6 0 7 < Qprg1)) Over Az
in J and 1) express what clauses of (C) from ()7 says (using the choice of g and (vii)
of 1.5 clause (A)). So there is a solution to ¢ in M (as M < N < (J(x), €, <})),
now 7[(k + 1) cannot be the <}-first in {z : ¢)(z)}, but the first is in M, hence

there is an « € M such that ¢(z) &z <;p n(k+1).]
So we have finished. 0111

Remark 1.15. In 1.11, if we weaken the conclusion “I is strongly ¢,-unembeddable...”
to “I is pr-unembeddable” (see middle of Definition [Shei, 2.1(1)=Lf{5(1)]) then we
can weaken the demand on f replacing “f is strongly finitary for n € PL” to “f(n)
is finitary for n € P17,

Claim 1.16. 1) If X is reqular > p then K has the full (A, A\, u, ) -supeﬂi -bigness
property.

2) If X is singular > x = X" and 2X > X then K& has the full (A, \, x, No)-super®-
bigness property (even the full (2X, ), x, k)-super® bigness property) getting M, s
such that (V0)[k? = k = %(M,) C M,]; so if k¥ = k we actually have the full
()\,)\,X,H)-SUP@T’B+ -bigness property (and even the full (QX,)\,X,/{)—superﬁ+ bigness
property).

24) If X is singular > x = X" and 2X > )\, then K{ has the full (A\ X\ K, K)-
supper” -bigness-property, and if k > KX° then even the full (A A Ry H)-supper7+-
bigness-property.

3) If X is strong limit singular of cofinality > k > No,k < p < A then K¢ has the
full (XN, X\, 1, K)-super®-bigness property and even the full (X, \, p, k)-super®-bigness
property.

4) We can, in part (3), weaken “A strong limit” to (V6 < X)[0" < A].

Remark 1.17. On part (1) see also 2.16.

Proof. 1) Earlier relative is the proof of [She78, Ch.VIII 2.2]), latter relatives is
3.26(1) case 1, (and see in [Shec]) but we give it fully.

Let S = {6 < A:cf(6) = Ro}, let (S¢ : ¢ < A) be a sequence of pairwise disjoint
stationary subsets of S. For each ¢ we can find C' = (Cs : § € S¢) such that:

(a) Cs is an unbounded subset of §
(b) otp(Cs) = w.

For 6 € S¢ let ns € “X be defined by:
ns(n) is the (2n)-th member of Cj.

For ¢ < A, let Ir = {{¢) v: v € A} U{(C) ns : § € Sc}U{()}, and we shall show

that (I : ¢ < A) exemplify the conclusion (for super7i). For this, we use (¢) v to
make the I¢-s essentially pairwise disjoint.
So let {(¥) < A\, I :=I¢yy and J =: 3 I¢ and we should prove that I € K
C#C(%)
is (u, )-super-7*-embeddable into J € J¥.
Let x* = x(x) be regular large enough, <}, a well-ordering of #(x*) and
x € H(x*). We choose by induction on ao < A, M} such that:

B (o) M < (H(x), €, <}) increasing and continuous with a,
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(8
(v) M N an ordinal,

)
)
(6) (M5 : B < a) belongs to M 4,

(€) n< Mg,

Q) I, Jz, {((ns: 8 €8c) : ¢ < A), (Ie : ¢ <A, ¢(x)} belongs to M.

MG} <A,

Let E = {6 < A: MjNnX=¢}, it is a club of A (by clauses («), (), and (9)),
so for some §(x) € S¢() we have 0(x) € acc(F). Let (mg : £ < w) be a strictly
increasing sequence of natural numbers such that letting k;, be minimal satisfying
N5y (ke) > AN M;é( [(me)r W have ky < mygy1 (or just nse.(ke) €
which follows as a C M}).

Let M, M;]‘S( (M) and 7 = 75(x)-

Let us check the conditions in (%) of Def.1.5(G*) (see (i)-(iv) of (G)~, and (v)*,
(vi)™+ of (G)*, and (v)*, (vii)* from 1.5(G)T) hold for those M,,, 7.

Clause (i): is obvious, as 75, (n) is strictly increasing, and M is <-increasing with
a.

775( y(megr)

Clause (11) Now p+ 1 C M, as M, N A is an ordinal (by clause () of H) and
u € M, (by clause (¢) of B) and p < A by assumption. Also M, € M, by
clauses (v) + (6) of H.

Clause (iii): by clause (¢) of B above.
):

Clause (iii)
Clause (iv): n € Pl as I = I¢(.), 0(%) € S¢(),m = 15(x) and our definitions.
(

Clause (vi)™*: By our choice of k; and of Mj.

Clauses (vii)™: Note: if v € PJ,a < X and {v[f : £ < w} C M} then for some
£ < Xand § € S we have £ # ((x),v = (§) 15, so cf(d) = Ry and 6 = sup(d N M)
but (Se : £ < A) are pairwise disjoint so for every «,d < A we have at most one
such v, so {v € P/ : A\ v[¢ € M} has cardinality < || M| hence is a subset of

L<w
My, (as M3, J € M, ;). Moreover § € S.

To prove Clause (vii)* we assume v € P; we should prove that {v[{: ¢ < w} C
U M, =ve |J M,, but this union is equal to Mg, So using a = () above

m<w n<w
we have (£, ) as there and one of the following cases occurs, and it suffice to check

the implication in each of them.
Case 1: £ < 0(x) &6 < §(*)

Clearly Rang(v) C (({ +1) U 6) and so v € M,y 4, hence v € My, =
U M,.

n<w
Case 2: £ > 0(%)
So even v [ 1 ¢ Mj(,) hence

Tk <w)wlk) ¢ | Mu&vike | M)
n<w n<w
Case 3: £ < d(*) <46
So as §(x) € S¢(x) necessarily 0 ¢ Se(.), hence () < d. Recall that v = ns, so
for some k we have (V¢ < k)ns(€) < 0(x) and ns(k) = 0(*). Sons [ k € M), and
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ns(k) = 0(x), hence as M ,)NA = 6(x) because 6(x) € E we have ns[(k+1) & Mg,
but Mg, = U{M, : n <w}, so we are done.
2) Compare with the earlier version [She83, 2.7,pg.116,53], it is easier than the proof
of part (3).
We are assuming x = x”, now there are subsets A; of x for i < 2X (i < \is
enough) such that (see [Shed, 3.13=L4.EK], i.e. by Engelking-Karlowicz [EK65]):

(%) if w C x has cardinality < x and ¢ € x \ w then 4; € |J A;.
JjeEw
Let S¢ C {6 < xt : cf(6) = Ro} be stationary pairwise disjoint for ¢ < y. For

i<2Xlet S;= |J S¢and
CEA;

= {0y U{(@) viv e A U{(i) n:n€“(x) and
7 strictly increasing with limit sup n(n) € S;}.
n<w
We shall show that (I; : i < 2X) is as required, so for j < 2X let J; = Y I,
§<2X i)
and x* large enough, = € 5 (x*), so for the rest of the proof of 1.16(2),
(%) we fix i, = i(x) < 2X and will prove I,y is (~, Rg)-super® -unembeddable
into Ji(*).
By [Shed, 1.17(2)=La48(2), pg. 10] with x™ here standing for A\ there, we can
find a sequence (N, : n € .7), such that:

Bi(a) () € 7 <7 (xF),
b)) vane I =ved,
(¢) (Vne ) F a<xH)hn (o) € T,
(d) Ny < (H(X), €, <) [Nyl = &, C Ny,
(e) N NN, Nnm,, where 7 N v is the maximal p such that p I nAp<v,
(f) 77 € Nnv
(9) (VO)[k = K? = (Nn)gNnL
(h‘) {Z*v’k‘: X5, T 7<Si: i< 2X>7 <SE: €< X+>7 <(AZ7JZ) i< 2X>} belongs to N<>>

() NnmX—NO nx.

Clearly (2% \ {i.}) N Ny has cardinality < &.

For each € lim(7) := {n € “(x*): if n < w then nln € F}, clearly N,

U Nype has cardinality & so there is e, € A;) \ U{A4;: j € 2XN N,y but j # i}
I<w
(C x). For each € < x, let Y, be the set of n € lim(.7) such that:

e 1) is strictly increasing with limit ¢, and

o cc Ay \U{4;:j€N,and j #i(x)}.

Clearly Y; is a closed subset of lim(.7), (for the topology where % C lim(.7) is
open iff for every n € 7, there is n < w such that (Vw)(nlv <v € lim(J) = v €
%)). Now those x closed sets (Ye: € < x) cover lim(.7) as n € im(7) = ¢, well de-
fined by a previous paragraph, so possibly shrinking .7, by [Shed, 1.17(1)=La48(1),
pg. 10], without loss of generality €, = €(x) for every n € lim(.7).

Now the set

C={<xt:ve¥“s=sup(N,Nx") <}
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is a club of x™ and we can find p € lim(.7), strictly increasing with limit § €
C N S<™. Now let M, = N, and choose by induction on n an ordinal a,, €
(M1 \ M,,) N x" and let n = (v, : n < w), and we can prove as in the proof of
part (1) of 1.16 that it is as required.
2A) Until B;, we repeat the proof of part (2), but replace H; by:
By there is N* = (N;: n € Z.) satisfying clauses (a)-(d), (f)-(h) of B; and:
(¢) if v<ane Z,, then N, € N, (so N, < N,).
As we waive Hj (e), there is no problem doing it. As above, we can find
H; there is N = (N,: n € 7) satisfying H; such that 7 C 7, and N* € N,
forne 7.
Clearly,
B, ifn € 7, thenn € Ny < N,.

Continuing the proof of part (2), getting p,d, we let M, = N choose a,, €
M, N xt, sup(M, N x™), n = (an: n < w), we get the desired conclusion for the
(\, A\, K, k)-supper”-stability-property. The “super7+” variant is similar.
3)-4) Choose an increasing continuous sequence (\; : i < cf(\)) of cardinals, such
that:

(@) A= X N
i<cf(\)
(b) i non-limit = \; = pu & pf = p; for some p; > p,
(¢) Ao > p" 4+ cf(N).
Choose further for any
deS={i:i<ct(N) and cf(i) = No}
a sequence (As,, : n < w) such that:
Xom € {Njg1:5 < 0} and Aspn < Asppr and As = Y Asg.
n<w
For § € S, let 59 be the family of sequences N = (N, : n € 7) satisfying:
(A) J is a subset of |J T[] Ase, closed under initial segments, () € 7,[n €

n<w €<n
T &lg(n) =n = (F¥a)(n*(a) € 7)].
(B) for some countable vocabulary 7 = 75 where <, belongs to 7, each N, is
a 7-model with universe a bounded subset of A\s of cardinality x,x + 1 C
Ny {Asm :n <w} C N, <M"=< IN,, Ny < N, and N, N N, < N, and?
(Ve < £g(€))[n(€) € N,y and n € im(.7) = sup{Nyn: n < w} = 6]
For .7 as in clause (A), recall
lim(.7) = {n: n an w-sequence such that every proper initial
segment of 7 is in J}.

For a given N € s, and n € lim(.7) we use freely N, as |J Ny, (clearly still
L<w

N, is a T-model of cardinality £ with universe C As,x+ 1 C N, and Ny < Nn)'
Recall that n N v is the largest common initial segment of 1 and v.

2if n € J = N, < € and € has Skolem functions then N, N N, < N, follows, we can add
kY =Kk = [N,]<¢ C N,
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Let 85, be the family of N = (N, : n € ) satisfying (in addition to being in
s9):
(C) (i) ifn,v € lim(7) then® N, NN, = Nyn,
(ii) ifp,v € J and Rang(n) C N, then n < v
Before finishing the proof of 1.16, we prove the following subfacts:
Subfact 1.18. (Recall A be strong limit singular, cf(\) > k.) Suppose M* is a
model with countable vocabulary and universe A and <M =< [A. Then for some
club C of cf()N), for every § € SN C we have:
(%) for some (N, : n € ) € sJ we have:
for everyne 7, N, <M".
Proof. Define a function f from “>X to {A: A C A |A] = k < cf(AN)} by: f(n) is

the (universe of the) Skolem Hull of (Rang(n))U{i: ¢ < k}U{{A; : 7 < cf(A)), (Ao, :
deSn<w)}tin (H(x*),€,<y). Now apply [Shed, 1.23=L1.17].

Subfact 1.19. In 1.18 we can strengthen ()¢ to:
()3 for some (N, :n€ T) € ﬁ}w we have:
for every n € I, N, < M™*.

Proof. Let (N, :n € ) be a member of s satisfying n € .7 implies N,, < M*.
We now will apply [Shed, 1.19=Lab4] with |N,| here standing for A,, there.
So there is ' C .7 such that (N, : n € J’) is a A-system; i.e.
(i) T’ C T satisfies (A)
(74) there is a function h with domain 7’ X w x w such that for all incomparable
n,v € 7' we have:

Ny, NN, =h(nnv,Llg(n),Lg(v)).

Let
h(n):= |J h(pnm)
n,m>€g(n)
so h*(n) is a subset of \s of cardinality ; as [n<v = N, < N,| clearly:
(%) if n # v € lim(7’) then h*(nNv) = N, N N,.

As M* has definable Skolem functions, if n,v € lim(.7”’) then

Mnﬁu =N, fh+(77 N V) = NT] fh+(77 N V)
is an elementary submodel of N, N,, (remember: <™1=< [N, is a well ordering).
So it is easy to check (M, : n € 7') is almost as required. The missing point is M, N
p=Mcs Npfor every n € 7' As (Ny~(a) : 0" (@) € 7') are pairwise disjoint and
A5 eg(n) > for some ) < A5 gg(p) we have 7" (ay) € T' = Ny~(q,y Ve = Ny N M.

So by throwing away enough members of 7' (i.e. we choose {v € I’ : lg(v) = n}
by induction on n) we can manage. EET

3this simplifies the clause before last in (B) above
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Subfact 1.20. We can find (n>®, (M2 :n < w): 46 € S,a < 2*9) such that:
(1) M2 is a model of power &, countable vocabulary C J#(X,) including the
predicate <., universe including x 4+ 1 and being included in As
(i) MP* < M2 and M3 is a proper initial segment of Mgfl
(iid) M2 np= M Np
(iv) 7% € [T As.n and n>*[(n + 1) belongs to Mgfl but not to M2
n

(v) for some increasing sequence ks, = (ksao(f): { < w) from “w we have

EU s ks o (0) < n>%(n) < A§ ks, (n) [hence s = Un>*(n)],
<n n

(vi) if « < B < 2% and § € S then for some m < w we have

(U iy (U mge € g

n<w n<w
hence

(vii) for a < 2% 5 € S we have sup(M2* N \s,,) = sup(Mgf1 N As.n)
(viit) if M* is a model with countable vocabulary C .7 (Xy) and universe A with
<M =< I\ then for some * § € S and o < 2% we have A\, M2~ < M*

(iz) if 6 € S, # B are < 2% then {n>*In:n < w} € U{MSF :n < w}.
Proof. Straightforward from 1.19 (and diagonalizing). 4 20

Proof of 1.16(3): Should be clear now using [Shed, 1.16=La45] and similar to [CS19,
Th. 2.6, pg. 113] (and see the proof of 2.1(1) below).

Proof of 1.16(4). Similar (and not used for 2.34). U116
Uias
U6

For our main conclusion 2.34 we shall not actually use 1.21 (as other cases cover
it).

Claim 1.21. Suppose A is singular, p < X and for arbitrarily large 0 < X at least
one of the conditions ()}, (x)2 below holds. Then K has the full (AN, p, p)-
super” -bigness property

(%)§ 0 singular, pp(0) > 6% (see Definition [Shed, 3.16=Lprf.2])

(%)2 there is a set a of regular cardinals < 6 unbounded below 6, |a] < 0, such
that 8 < 6 = maxpcf(a\d) > 6+.

Proof. First, by [Shed, 3.22=Lpcf.8] we have ()} = (*)3, second, by [Shed, 3.20=Lpcf.6a]
without loss of generality cf(6) = No; third, by [Shed, 3.22=Lpcf.8] without loss of
generality a has order type w and J is the ideal of bounded subsets of a, lastly by
[Shed, 3.10=Lpcf.1] (and easy manipulation) ()7 = ()5, where

“really for a club of § € S for “many” a < 2*6 this holds
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(%)3 O regular, there is a stationary S C {§ < 9@ : cf(6) = R} and 7s, an
increasing w-sequence converging to d, for § € S, such that for every a < 0,
for some h : SNa — w we have: {ns[l : h(d) <l <w}:56 e SNa} are
pairwise disjoint.

So assume (6; : i < cf()\)) is strictly increasing,
p< ;< Y 0=,
j<cfA
each 0; regular and for each 4, (n : 6 € S;) is as required in (*>3.+' Let (Si o : a0 < 6;)
be a partition of S; to (pairwise disjoint) stationary sets. For U, <a<b;let
j<i
Io =“>XU{nt : 0 € Sio}. The rest is as in 1.16(1) above (or the proof of 3.26,
Case 1 below). O; 21

Remark 1.22. In 1.21 we can use (x)3, 0 regular arbitrarily large < .
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§ 2. FURTHER CASES OF SUPER UNEMBEDDABILITY

Lemma 2.1. 1) Suppose A > ut + x+2 then KY has the full (x*°, \, u, p)-super-
bigness property.

2) In addition K& has the full (x®°,\, i, p)-super®-bigness property (with D =
DPe = {A C w: every large enough even number belongs to A} ).

3) In part (2), we can add in Definition 1.5, Case E the requirement:

® ifve PLUP! and {vk: k <w} C M, thenv € M,.

This claim will be proved later (after 2.17). Towards this we develop “guessing of
clubs” in ZFC, in fact for this it was introduced.

Claim 2.2. Suppose k, A are reqular cardinals, k™ < A, and

SC{d<A:cf(d) =k}

s a stationary subset of .
Then we can find (Cs : § € S) such that:

(a) Cs is a club of 6 of order type k (if Kk = Vg, Cs is just an unbounded subsetd
of 6 and otp(Cys) = w)
(b) for every club C of A, the set {6 € S : Cs C C} is stationary.

Proof. Toward contradiction, suppose that such (Cs : 6 € S) does not exist. Let
(C : 6 € S) satisty (a). We choose E by induction on ¢ < s such that:

(1) E¢is aclubof A, and 0 ¢ E¢,

(it) £ < (= E¢ C Eg,

iii) for no § € S does C¢ C E +1 hence § = sup(E¢41 N6§) where
5 ¢ ¢

C’§ = {sup(a N E¢) : a € C5,a > min(E¢)}.

For ¢ = 0,¢ limit: we have no problem. For { = £ 4 1, first define C§ for § € S
as in clause (iii). Then, let Eé be the set of accumulation points of E, so clearly
S Eé =0 = sup(C§) AR = otp(Cg). By our assumption toward contradictions,
(C’g: 6 € E;NS) does not satisfy both properties (a) and (b), but obviously it
satisfies clause (a), so it fails to satisfy clause (b) (it does not matter what we do
for 0 € S\ E{). So for some club E of A, the set Ac = {0 € E.NS: Cg C El}is
not stationary, so it is disjoint to some club E; and without loss of generality E¢
is a subset of £}’ N E}. So we have carried the induction.

In the end as Kt < A = cf(N), clearly ET = () E; is a club of A, choose
¢<kt
d(x) € S which is an accumulation point of E™; so §(x) € E; NS for every ¢ < .
Now for each o € 'y, which is > min(E™), the sequence

(sup(a N E¢) : ¢ < k™)

is a non-increasing sequence of ordinals < ¢, hence is eventually constant. As x*
is regular > k = |C§(*)|, for some ( () < kT, for every ¢ € [((*),xT) and a € Csay»
which is above min(E™), we have

sup(a N E¢) = sup(a N E¢y)).
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C(x) _ AC(x)+1 ‘g .
Hence 05(*) = C’é(*) , and we get a contradiction to the choice of E¢(oy41- s o

Remark 2.3. If k > N, the proof is simpler, just C’§ =CiNE:is O.K.
Claim 2.4. Suppose that in 2.2 we have also k < 0 = cf(0) < X\; then we can add

(¢) for some club C of A\, if 6 € SNC,a € Cs and a > sup(a N Cs) then
cf(a) > 6.

Proof. Let C = (Cs: 5 € S) be as in 2.2. Let ST =: {§ < X : cf(§) < 0} (so

S C ST). For each § € S* choose a club Cf of ¢ of order type cf(d). Assume that

the conclusion fails, that is, we cannot find C” satisfying clauses (a), (b), (c). Above

me may weaken the demand “otp(C§) = £” as we can shrink the C§-s appropriately.
We define by induction on ¢ < 8, E such that:

(i) E¢is aclubof \,0 ¢ E;
(#9) € < ¢ implies E; C E;
(743i) forno d € S do we have CgﬂEC C E¢41,0 = sup(Cs NE;) where Cg = C’g’”
and by recursion on n < w, we define C’g’n as follows:
(a) C5° = {sup(a N E¢) : a € C5, o > min(E¢)},
(b) Cs™ = Os™ U {sup(a N E;): for some § € C5™ we have cf(8) <
¢ and o € O, a > min(E¢) and a > sup[Cs™ N B]}, and
(c) CS = U Cs™

n<w
For ¢ = 0,( limit: we have no problems. For ( = £ + 1, we first define C§’O and
then Cg’" (by induction on n) and lastly C’g. We can show by induction on n that
C’g"n C E¢ and
(*)o Cg’” is a closed subset of § of cardinality < 6.
Now,
(x)1 (a) C’§ is of cardinality < 6 (as Ry < 6 = cf(9)),
(b) if y= sup(C’§ N~) < 6, then
e v limit of cofinality < |C§| <4,
o (min(C5™\ 7): n < w) is <-decreasing, hence,
o for some n(*) < w, we have:

n > n(x) = min(C5™ \ 7) = min(C5 "),

e 5o by the choice of Cg’n(*)ﬂ necessarily v € Cg’n(*).
Together,
(%)2 C§ is a closed subset of 4.
Hence,

(%)s if 6 is an accumulation point of Eg, then C’§ is a club of é.

If “for every club E of X for some § € S N acc(Ey), C’§ C E” then we can shrink
the club E; i.e. deduce C’§ is included in the set of accumulation points of £ N E¢
hence (C§ 10 € SNacc(Ey)) satisfies “for every club E of A for some § € SN Eg,

we have C5 C E and (Va)[o € Cg &a> Sup(C§ Na) = cf(a) > 6] so the desired
conclusion holds.
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Hence we can assume that for some club E/ of A, for no § € SN E} Nacc(E)
does C’§ - Eg; let E¢ be the set of accumulation points of Eé N E¢. So we have
finished defining Cg’” for n < w and Cg.

So we have finished defining (E;: ¢ < ¢) and we choose §(x) € S a accumulation
point of (| E¢. Again as in the proof of 2.2, for some ((0) < 6, we have

(<0

(@) C0) <¢< b= 5 =C5)°

Similarly we can prove by induction on n that for some {(n) < 6:

©y ((n) <C <= Oyl =Csl"

Let ¢((x) = |J ¢(n), and we get contradiction as in the proof of 2.2. 2.4

n<w

Recall (see [She22, 3.8] or [Sheb, 0.4=L0.2A)).

Definition 2.5. 1) We say C' is a pre-partial square sequence of A: (omitting A
means (3A)[C is a partial square of A]) when: C has the form (C, : o € S) and
satisfies:

(a) S CA

b) C, is a closed subset of «

) i
We say C is partlal square When in addition:

e) if a € S is a limit ordinal then « = sup(Cy,).
f) otp(Cy) < axif 0 < € S.

We next state a consequence of the failure of partial square (the reader may
suspect the assumption (1) is vacuous, e.g., by 2.9, but e.g. there we speak on
successor cardinals).

Conclusion 2.6. If A > k are regular, then (A) = (B), where:

(A) There are no pairs (S*,C) such that:
o ST CA,
e C=(Cs:6 € 8S*) is a partial square, and
e {0 € ST:cl(8) =k} is stationary.
(B) For every regular A\; > X there is a stationary S C {§ < A\| : cf(6) = «}
which does not reflect in any 6 < A\ of cofinality A, (really one S C A\
works for all such A,k < X < A1).

Proof. The case k = Xy is trivial because clause (A) never holds. In detail, we can
choose (Cy: o < X is a successor ordinal) such that:
(x) (a) Cy, is a finite subset of a,
(b) B€Ca = Cpg=CaNp,
(c) if C is a finite subset of «, then for some § < a + |a| + |a| we have
Cﬁ+1 = C
[Why? By induction on « belonging to the club F = {f < A: § is infinite
divisible by |3]}, we can choose (Cgy1: 8 < «) satisfying the above (actually is
“B < a—+|a|” suffice).]
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Let S == {a € Ord: cf(a) =Ny A = sup(F Na)} and
St :={a € Ord: « is a successor or o € S}.

For a € S, let (Ba,n: n < w) be increasing with limit «, and choose Yo, by
induction on n < w increasing with n such that v4, € (Ba.n,®) is a successor
ordinal and C.,,, , = {Va,m: m < n} and lastly, let Co, = {7ya,n: n < w}.

So assume £ > Ng. By clauses (c) and (d) of [She22, 3.8(2)=L6.4,3.9=L6.4B] in
the arXiv version, [She22, 4.8(2)] in the published one, we can find S* C A and a
partial square C' = (C5s : § € ST) such that § € ST = otp(Cs) < k, and

S={6€ ST :0tp(Cs) =k} ={6 € ST :cf(6) = K} is stationary.

Towards a contradiction, assume that S reflect in some 9§, cf(6) = A, let (a¢: ¢ <
A) be a strictly increasing continuous sequence with limit d.
LetS:\":{C<)\:oz<ES*}andforCESj\',C’é‘:{e<C:o¢£EC’%}; now
(C’CA (€ S;f) essentially show that for \ satisfying the assumption, the conclusion
holds; note possibly for some ¢ € Sy we have sup(Cé\) < ¢ but then cf(¢) = Ny and
forno € € S:\*' do we have ¢ € C2. To correct this, let
Si={Ces\: (= Sup(Cé\)} U{¢+1:(€S)and (> sup(Cg\)}
and redefine Cé\ accordingly. Uog
Claim 2.7. Suppose X = 07,0 reqular uncountable, S° = {6 < X : cf(d) = 6}.
Then we can find (Cs : § € S°) such that:
(a) Cs is a club of & of order type 0,
(b) for any club E of A, the set
{6€8%:6 =sup{a:ac Cs,a>sup(anCs) and a € E}}

18 stationary.
Equivalently,

(¢) for any club E of X
{6€8Y:{¢C<0: the (C+1)-th member of Cs is in E} is an unbounded subset of 6}
is a stationary subset of \.

Remark 2.8. In clause (c) above, obviously for a club of { < 6, the {-th member of
Csisin E.

Proof. Like the proof of 2.2, again we continue w times, and assume the failure of
the statement here, noting: if Cj is a club of ¢ of order type k, E is a club of §
such that otp(E) is divisible by x2, then for unboundedly many a € Cs we have
a > sup(Cs Na). Py

Now we give a small improvement of 2.2.

Claim 2.9. Suppose A > K + Xy where A and £ are regular cardinals, and €(*)
is a limit ordinal < X of cofinality . Then if Si satisfies (A) then we can find
C = (Cs: 6 € 8,) satisfying® (B), where:

5As in 2.10(3) we can add to clause (B)(d), there is a partial square (C5:6€8") where SC 8" C A

and C'1S = C.
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(A) (a) S, C{6 < AT:cf(6) =k and 6 is divisible® by X x K},
(b) S, is a stationary subset of A¥.
(B) (a) Cs is a closed unbounded subset of ¢,
(b) otp(Cs) = €(*),

(c) for every club E of AT, {§ € S.: Cs C E} is stationary.
Before we prove 2.9, we phrase a further claim:

Claim 2.10. In 2.9:
1) E.g.
S, == {0 < AT :cf(0) = k and § is divisible by \ x Kk}

is as required.

2) We can add:
(d) a € Cs&a>sup(CsNa) = cf(a) = A

3) For any sequence € = (ec(x) : ( < A), where e:(x) < X is a limit ordinal let
ke = cf(ec (%)), we can find ((SE,S;’,C'{) : ¢ < A) such that:
(1) {a:a < AT cf(a) <A} = U ST,
¢<A

(i1) S*CS+C{a a < At cf(a) < A},
(i17) S C {6 < AT :cf(d) = K¢},
(iv) 6 € S = otp(CC) = ec(%),
(v) C <C’C a € S+> satisfies (a), (c) of 2.9(B) (and (b) - for ec(x)),

)

)

(vi) C¢ is a partial square,

(vit (S* ¢ < A) is a sequence of pairwise disjoint sets.

Proof. Proof of 2.9:
We know here essentially by [She22, 3.8(2)=L6.4(2)] (in the arXiv version,
[She22, 4.8(2)]) in the published one and by [She91, §4] that there are (S¢ : { < A)

and C¢ = (C$: a € S¢) for ¢ < A such that:
(¥)1 (o) C€ is a pre-partial square sequence of A*,
(B) if a > sup(CS) then cf(a) € {1, A},
() AT=U S
C<A
() 1C&l <A,

() if @ < AT, then for some £ < A we have:
o if(<AthenaeS:&(>¢,
o (CS:(e€E)) is C-increasing,
o if cf(¢) = Ny A( > &, then Cf is the closure of U{C% : € € [£,()}
in a,
o U{CS:Ce[¢ N} is equal to a.

Obviously,

64§ divisible by A X k7 means (Va < 8)(a+ A X k < 8)
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(x)2 for every €, & < X and club E° of AT for some club E*' of A*, for each § € E*
of cofinality < ), for some ¢ < A above £ we have: § = sup(E° N Cg) and
otp(E® N C§) is divisible by e.

Next, (relying on (x); + (*)2 above)

Fact 2.11. We have:
(¥)3 (a) for every stationary S C Sf; and &, < X and for some ((x) <
A, ¢(*) > & and S NS¢, is stationary, moreover:
(b) above, if E is a club of AT, then seté(*)vg(E,S) is stationary where
seté(*)’g(E, S) is the set of § such that:
LIRS SQSC(*) NE,
e = sup(Cg(*) NE),
otp(Cg(*) N E) is divisible by € - w (ordinal multiplication),
if o € Cg(*) Ao > sup(Cg(*)) then” cf(a) € {1, A},
e ifa e Cg(*) and « € EA (o > sup(aNE) > sup(Cg(*) NE)
then® cf(a) = \.

Proof. If not, then for every ¢ € [¢, A) there is a club E} of AT such that set%,E(Eé, S)
is not stationary, hence there is a club Eg of AT disjoint to it. Let E = ﬁ{EC1 N
E? :C €€, N}, itisaclubof AT. As E is a club of the regular uncountable cardinal
A, necessarily there is . € S such that d, = otp(F N d,). Now for some club E’ of

AT, for every ¢ € E’ of cofinality 8y we get a contradiction to (x)s, therefore (x)s3
holds. U211

Fact 2.12. For regular £ < A and stationary S C {a < AT : cf(a) = k} by
induction on ¢ < A we can choose £((, S) € S such that:

(%)a,s,¢c &(¢,S) is an ordinal > £(¢y,5) for every ¢; < ¢ but < X hence £(¢,S) €
[¢, A) such that:
e if Fis a club of AT, then seté(o(E) from (x)3 is a stationary subset of

AT
Claim 2.13. We have:

(x)5 for every reqular k < A, stationary S C {6 < AT : ¢f(d) = k} and ¢ < A
there are a club E, of \T and ordinals 6,81 (x), d2(*) of cofinality k divisible
by ¢ such that: if E is a club of AT then the following is a stationary subset
of A\T:

set? 5. (B, B., 8) :={8: §€8NS¢cs,0=sup(C5 " NE,NE),

otp(C5 V) = 51 (x),0tp(C5 Y N E.L) = 6a(%) and
o5V (B, NE) =Y nE.Y.

Proof. Let (§; : ¢ < A) list the ordinals < A of cofinality x divisible by ¢, each
appearing stationarily often. We choose by induction on i < A, a club E; of A, de-
creasing with ¢ such that F; 1, exemplifying (E;, d;) are not as required on (F, 0y ),
moreover F; ;1 is disjoint to setg’(;*(EiH,Ei, S), therefore (x)5 holds. Os .13

"This is not the same as (x)2(3)
8used only for (d) from 2.10(2)
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Now we can prove Fact 2.9: apply (*)4,s,¢ for s, S being the x, S, from 2.9 and
¢ being e(x) x w and get & := £((, S) as there, and let (E,,d.) be as in (x)5 of 2.13.

Clearly 4, has a closed unbounded subset C, of order type e(x), as cf(d.) = k =
cf(e(x)) and e(*) - w divides dy).

Continuing the proof of 2.10:

Now for each § € S, we choose Cs as follows:

o if § = sup(C5 N E.) and d. = otp(C5) then C5 = { € C5 N E.,otp(8 N

C§ NE,) € C.} and if otherwise let Cj5 be any closed unbounded subset of
0, possible by the assumption on S, in 2.9.

Considering Claim 2.10(1) is obvious.
Considering Claim 2.9(2) stated below use the last clause in (*)3(b).
We are left with 2.10(3).
3) We can find a sequence (S[(]: ¢ < A) such that:
(x) (a) S[¢] C{a < At:cf(a) = ke and K x € divide d},
(b) S[¢] is a stationary subset of A,
(c) the S[(]-s are pairwise disjoint.
Toward this we choose £(¢), E7, 81(¢),d2(¢) by induction on ¢ such that:

B (a) E{isaclubof A*

(b) ifa€ Ef and a > sup(an Ef) then cf(a) € {1,A}

(¢) if ¢(1) < ¢ then EF C E7 )

(d) (Cv EE? g(C)v 5((*)7 o1 (C)v 52(<)) are as (Cv E., 57 & 61(*)’ 62(*)) in (*)5
for S[¢].

Then we can find a club E, of A™ which is C N{E[ : ¢ < A} and satisfies B(b).
We shall define ((S¢, 5'2', C¢) : ¢ < A) as required in 2.10(3) except that:
e Crisnow (Ce € SZ’)
e we replace A = {a: @ < AT} by E, so renaming we get the promised result

filter.

For each ¢ let C7 be a club of d3(x) of order type e¢(*) such that o € Cf A a >
sup(a N Cf),1 = cf(a).
We let

o 5§ =S NE.

o if a € S¢ and otp(CEY N B, > 6,(C) then Cf, = {8 € C&YNE,
otp(BNCYY NE,) >4

o if a € S and otp(CEY N E,) is < 62(¢) and ¢ Cf then Ca = {B €
csOnE, otp(BN cs9n E,) is > sup(CE N otp(Cg(o NE,)}

o ifa € S and otp(C5 NE,) € CEU{82(C)} then C¢ o = {8 € C&YNE,
otp(C59 N E,) € O}

e St={ae€ SZ' 10tp(Ce o) = ec(*)}.

Now check. Oa.10
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Remark 2.14. We may start with a partial square (C} : § € S'), S C u such that:
Cjs is a club of 4, and

S2=:{6€S': {a:aeC}nS!and cf(a) =k}
is a stationary subset of §}

is a stationary subset of p, u = cf (1) > €(x), cf(e(*)) = k and find S C {5 € S* :
cf(d) = K} stationary in u,C' = (Cs : § € S),Cs a club of § of order type €(x), such
that for every club E of p for some § € S,Cs C E. See also [Shei, §2], [She03, §3].

Claim 2.15. Suppose X is regular, (Cy, : a € S) is a partial square (S C A
stationary), k = cf(k) < A, e(x) < A and

S1 C{d € S:cf(d) =k, and otp(Cs) < 8} is stationary.
Then we can find So and E such that:
(i

Sy C S1, Sy stationary in A, E a club of A,

)
(i7) for some e(x) for all 6 € So,0tp(Cs) = €(*)
(7i1) (CsNE:06€ SNE,d=supCsNE) satisfies (a) + (¢) of 2.9
(iv) letting

, {C(;ﬂE ingﬂSzZ(D
5=

TGN E\ min(SeNCs) +1]  if C5N Sy £ 0

we have (C§ : 6 € SN E) is a partial square.
Proof. Straightforward if you read 2.2-2.14. Os.15

We now go back to bigness properties, first an easy improvement of 1.16, and then
to the promises from the beginning of this section.

Claim 2.16. If A = cf(A\) > p+ Ny then K has the full (A X, p, u)—super7+—
bigness property.

Proof. For each stationary S C {§ < A : cf(6) = Ro} let (C§ : 6 € S) be as in 2.2
with k = Rg. Now repeat the proof of 1.16(1) only now, for § € S¢ the sequence 75

list the set Cf< in increasing order. See also the proof of case 1 in 3.26. Os 16

Remark 2.17. Note: to define partial square on a club of A or on the set of all limit
ordinals, usually makes minor difference (only for non-Mahlo A, limit of inaccessible,
we can get otp(Cs) < § more easily in the first case).

Proof. Proof of 2.1: We can find A; a successor of regular cardinal satisfying p +
xT < A1 < Aand xT < A (just let Ay = pt + xTF if p is regular and let
A1 = pTT 4+ x T if p is singular, hence Ay > u™ = X > pt ).

Also without loss of generality cf(x) = No.
[Why? As letting x1 = min{xo : xo > ¥o and x§° = X}, we have x; < x,x}° =
o, ef(x1) = No and: (Vo < x1)[|af¥ < x1] or x1 = R (Notice that, instead
changing x we can use below in clause (a) the ordinal x X w).]

By Fact 2.9 there are a stationary set S C {6 < A1 : cf(d) = N} and a sequence
(Cs : 6 € S) such that:

(¥)1 (a) Csisaclub of § of order type ¥,

(b) for every club E of A; for stationary many é € S,Cs C E.
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For any p € “x we define
(¥)2 I, =AU {pl: 5 € S}

where pl%) € “(\) is defined by pl°l(n) = the p(n)-th member of Cj.
Easily there are Y, y such that

(¥)3 (a) T C “x have cardinality x™,

(b) each p € T is increasing with limit x
(¢) for p1 # po from YT, Rang(p1) N Rang(ps) is finite
(d) x = (xn:n <w)is a strictly increasing sequence of x-s,
() x=U xn
n<w

(f) pEe T = p(n) € (Xn;Xn+1)'
We shall show that {I, : p € T} exemplifies the desired conclusion: the full
(x™0, A, i, j1)-super-bigness property.
Suppose p e Y, J =J, =) {I, : v € T\{p}}, forexamplelet T = {p; : ¢ < |Y|}
and J = {()} U{({) <§>u :¢<|Y|,p¢c # pand v € I, }, where:

B for p a sequence of ordinals and ¢ < A let ({) ® p or { ® p be the sequence
by by
p" of length £g(p), p'(0) = A x (+ p(0), p'(1 +7) = p(L + 7).
Clearly

@ It suffice to show that I, € K¢ is (u, k)-super-unembedabble into J, € K.
Let x* be regular large enough and <* a well ordering of J#(x*) and
x € H(x").
We choose by induction on o < Ay, M such that:
(*)4 (a) M;kc =< ('%p<x*)>€7<;*)7

(b) M is increasing continuous,

(@) M < As,

(d) MZN A is an ordinal,

(6) (Mj:p<a)e My,

(f) p+1is a subset of M,

(9) pIp,xz,J= > I, belong to M.

veT\{p}
Let

(¥)s E={0 <A :M;nX =6}
Clearly FE is a club of A;. So, by the choice of (Cs : § € ), for some §(x) € S
we have C(;(*) - E.
We shall show that 7 := pld®I] M, = My
Definition 1.1.
Note:
(x)6 n(n) +1 < Xny1 <nn+1).
Hence,
(¥)7 (a) M, € Ny,
(b) Ny € Mpya,
() nin e My,

. . .
)’ N, == Mn(n)le are as required in
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(@) nl(n+1) ¢ N,
[E.g. Why clause (¢)? It suffices to prove ¢ < n = n({) € M, because n(f) <
n(n) =M\ NM, C My, = M, recalling Cs(,) € E and the definition of £. Why
clause (d) holds? By (*)g.]
Of course,
($)s 0 C My < Ny < Myyy < (H(X), €, <}x)-
So clearly clauses (i)-(v) of (%) of 1.1 holds and we are left with proving clause
vi).
( }Jet v € P/, and choose an ordinal a = max{ay, az,as} < §(x) where:
(¥)o (a) ifv e Mg, then an < d(x) is such that v € M,
(b) iffor some m < Lg(v),vIm € Ms(y,v[(m+1) & Ms,), then ap < 0(x)
is large enough such that v[m € M, ,

(¢) ifv={) (?p?(*)] (so pi # p), let az € Cj(.y be such that (Rang(p))N
Rang(p;) € a3 N Cs(,) (exists by the choice of T).

It is easy to check that every n < w such that plo(*)] (n) > « is as required in
Definition 1.1(vi), but every large enough n < w is like that by the choice of a.

So indeed I, € K¢ is (u, k)-super-unembeddable into J, € K.

So we have proved 2.1(1).

For proving 2.1(2) let M3, = M,,, M3, | = Ny.

As for proving 2.1(3), (using again M) make the following changes. First in
proving 2.9 we can guarantee

[sup(Cs Na) < a € Cs = cf(a) > Vg,
(apply e.g. 2.9 to wy x €(*) getting Cj, and let
Cs = {¢ € Cs : otp(Cs N () divisible by w1 }).
Second choosing T in (*)3 above (in the proof of 2.1(11)), we can demand:
n € T = Rang(n) consists of successor ordinals only).

Then the requirement holds — check. U216

Lemma 2.18. Suppose X is singular, A > p, A > 6 > cf(0) = Ro,0 > p+ cf(N), ac
for e < cf(X) is a set of regular uncountable cardinals, w = otp(a.),d = sup(a),
they are pairwise almost disjoint (i.e. for e < ¢ < cf(X), a. Na¢ is finite) and
max pcf jra(ac) = 0% < X, see Definition [Shed, 3.16=Lprf.2].

Then K{‘; has the full (A, A, p, 1)-super-bigness property.

Remark 2.19. We shall repeat this proof with some changes in 3.26 case 3.

Proof. Let (u. : € < cf(X)) be a strictly increasing sequence of regular cardinals
such that > pe =\, and p+ 07 < pe. For € < cf(N), let A\ = pF3.
e<cf(A

We now<ap(p{y 2.10(3) with Ac, (0: ¢ < A), (No: ¢ < A) here standing for A,
(ec(x): ¢ < A), (k¢ ¢ < A) there. Let us get S. = (Sec: ( < A), Co = (C5: 5 € S)
here standing for (S¢: ¢ < A), <p§: 0 € 81,¢ < A) there, hence:

(#)1 (1) (Sec:¢ < Ae) is a partition of Sk,

(17)  Sec € {0 < Ac:cf(6) = Ng} are stationary subsets of A,
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(136) if 0 € S then Cf is a club of § and C§ has order type 0
(recall that cf(8) = Xy by the claim’s assumptions and
0 € S; ¢ implies cf(§) = Vo, so ¢ is divisible by 6),

(tv) for every club E of A¢ and { < A, the set {6 € Sc: C5 C E}
is stationary

(v) (C5:0 € 8,) is a partial square.

For transparency, S is disjoint to |J A¢ and let (k. »: n < w) list a in increasing
£<e
order.

For each € < ¢f()\) we can find (p; : i < 61) such that:

(¥)2 () pe, € Ha, is (strictly) increasing
(1) i <j <0 = pei <jvapey; (ie. for every large enough
K E e, pei(K) < pe(r) < K),
(i73)  for every p € Ila, for some i < 6+ we have p <ypd Pei
(1v)  pe,i(ken) is a limit ordinal of uncountable cofinality
(V) pe,i(k) > sup(a: Nk) hence 8 = U{pc (k) : k € a.}.
Let Ye:={pe;: i< 0"}
For e < cf()\), and ¢ such that |J \e < ¢ <A let Ip =“>AU{pl :pe Y, d€
£<e
S, ¢} recalling pl% is an w-sequence of ordinals: pl%l(n) = the p(k. ,)-th element of
Cs (now pl% depend on C§ and p so on 6, €, p, but € can be reconstructed from J,
as Se C [U ¢, Ae)).
£<e
We shall show that (I¢ : ¢ < A) exemplify the desired conclusion, this suffices.
So let e(x) < cf(A), U Ae < C(¥) < Agsy, X* regular large enough and z €
<e(*
H(x*), and let J :E ( )z: Is. We can choose by induction on a < A, a
E<XNEAC()
model M} such that:

(*)3 (a) M;kc =< ('%p(x*)7€7<;*)
(b) M} increasing continuous in «
() (M3:B<a)e My
(@) M2 < Ay
(e) M N A is an ordinal > pf2 > p+cf(N)+ > A¢
¢<e(x)
(f)  the objects I.(y),J and (< pe ;1 j < 07 >:e < cf(N)),e(x), (Ae s € <
cf(A)), (< Sec: ¢ < Ae > e < cf(N)) and
(< C5:0 €8 >: e <cf(X)) belong to M.
Let B = {6 < Ay) : My N Ay = 0}; clearly E is a club of A.(,). So for some
6(¥) € EN Sy, c(x), We have C;E:; CE.
We can find N < Mg(*) such that:
(#)a (@) |N|[=6,6+1C N hence u+1C N,{u,5} €N, and C5) C N
(B) iféde Mg‘(*),cf(é) = Ng,d = sup(INNJ) then § € N;
(7)  the following objects belong to N
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o (< pejij<Ot>re<ct(N),
* Iy, dm,
o c(x), (A :e<cf(N),
o (<8< A >re<cf(N),
o (<C5:0€8.>e<cf(N)
(0) (M::a<7) ENfor'yEC';E:;.
Let
By (@) Wi={((0):e<cf(N),(#{(x), A << A, 0€ S
and ¢ € N,§d =sup(N NJ) ¢ le<)i1t Cs C N},
) Wiy ={(,¢,0) e W:e>e(x)}.
It is enough to show that for some p € Y(,) we have:

B2, 0y = plPON, Mp = NN M 50y Nio 2= N OUM Js

I(n)’

(for n < w) satisty the requirement (*) of Definition 1.1.
Now, for every p € Y(,), consider the conditions (from (*) of 1.1):

(n)+1

e (i), (#1), (iv) are trivial
e (v) holds by the definition, in fact for every n,ns[T € M. nsl(n+1) €
NE\ME
e (i) holds as p+ 1 C My because u <0 C N.
The main point is condition (vi) and we shall show that for some p € Y, it
holds

B3 let A={p € T.(): clause (vi) of Definition 1.1 fails for 1, = plt)1, MP, N£(n <
w)}

H, if p € A, then let A, be the set of v € PJ such that: {v[{:{ <w} C N
but for no a < 0(*) do we have {v[¢: ¢ < w} C NN M} and for infinitely
many n for some k we have v[k € MP,v(k) € N\ M?.

(Recall that N is from (x)4).

Hs it suffice to find p € A such that A, = ), so towards a contradiction, assume
that:

e if p € A, then we choose (v, 0,€,(,0) = (Vy, 0p, €, Cp, ) such that (but

if p is clear from the context, we may omit the subscript p):
(a) v, € A,
(b) G € A\ {C()},
(c) € is the unique e < cf(A) such that g Ae < (p < Ae,
(@) 8, =4,
(e) 0, € A, is such that v, = o’ see after (x)s.

[Why such a quintuple exists? If no such v, € A, exists, then we get
the desired contradiction. By the definition of A, there is ¢ such that
v ={() ?9[5} (if we use the first version in the proof of 2.16, or (¢) g if
we use another one there) and o € X¢,0 € Se ¢, U Ae < ¢ < Ae, € # ((%);

£<e
hence without loss of generality (v, ,€,(,0) = (Vp, 0p, €p,Cps9p)- |
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B if p € A then e < e(x) is impossible.

Why? In this case Ac € M{ (see condition (x)3(e) on the M2’s, hence N N {v|¢ :
¢ < w} C Mg, contradiction.
Next,

Fact 2.20. We have:
B if p € A then e = ¢(x) is impossible.

Proof. As v € J necessarily ¢ # ((x). As § € Sc¢, clearly Sc¢ N Sei),cx) = 0 so
necessarily 0 # d(x). If § > §(x), as (v(n) : 1 < n < w) is strictly increasing with
limit 4, for some 1, Ae(x) > v(n) > () hence v[(n+1) ¢ Mj,, hence v[(n+1) & N,
contradiction. If § < d(x) then for some a < §(x),{v[¢ : £ < w} C N N M},
(remember that § C N by (x)4(a) and {v[¢: £ < w} C N by the assumption on v);
again impossible by Hy, so H7 holds. o200

Subfact 2.21. We have:
EBS (€7C75) € Wl'

Proof. By B, H; we have € > ¢(*). Now (remembering C° is a partial square), for
L<n<m<wC,, =Ch, N v(n), and as v(n) € N by (*)4(7y) necessarily

Ciny € Nysoas § C NAICY | < \Cg(*)\ =0 clearly C7,,) € N.
It follows that C§ = J; ., ., C’Ii( hence C§ C N, so 6 =sup(d N N). Next,

n)’
Subfact 2.22. § ¢ N.

Proof. As otherwise for some a < §(x),6 € M2, hence C§5 C M}; now from v[1 € N
it follows that ¢ € N but € < c¢f(A) €6 C N so also e € N and Y. € N. Hence
A= {(y,m,m") : v € S and n € Y.} € N but we are assuming § € N, and
hence {v(n): n < w} € C5 C M} but also {r(n): n < w} € N by @4, hence
{v(n): n < w} € N N M,, therefore by @, , is C N, for n large enough, which
contradicts @4. So really 6 ¢ NJ. 099

Continuing the proof of 2.21: By clause (¥)4(8) in the choice of N necessarily
d ¢ M.y and recalling W is defined in B above clearly (¢,(,0) € W.

Clearly (¢,(,0) € Wi as we have shown ¢ > ¢(x) by Hg + Bz, so Hg holds
indeed. U221

Note that

By [Wh| < [W|<0.
This is because

o; the set W71 has cardinality < 6, where W11 == {e: for some (,d we have
(6,¢,0) € W1} because e € W11 = € < cf(A) < 6.

oy the set Wi o has cardinality < 6, where W7 2 = {¢: for some €, we have
(e,¢,0) € W1} because ( € Wy 3 = (€ N so |[Wia| <||N| =6.

o3 the set Wy 3 has cardinality < 6, where Wy 3 := {d: for some €, we have
(e,¢,6) € Wi} because |N|| = 6, and a well ordering of cardinality < 6
has < 6 Dedekind cuts and 6 = sup(d N N) > sup(d N M,,) for o < & (see
(*)4(B) in choice of N).

By o1, 5 and e3, clearly Hs holds indeed.
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Remember, we are trying to show only that for some p € Y.) we have 1, =:
plPII MP NP (n < w) are as required, we shall prove more,

®©1 if (¢,¢,0) € Wy then Q. ¢ 5) has cardinality < 6 where Q. ¢ 5):={v,:p €
A and (Epa Cpa 5p) = (E, ¢, 6)}

as |[Wi] <0 <6t =|X,|, this will be enough.

So let y = (¢,¢,d) € Wi we know that € > €(*) hence a. N ac(,) is finite. Let for
ae Cf:

~[a] = min{y € C;g:g : o belongs to M7, (equivalently: Cf, € N N MJ)}.

Now, v[a] is well defined because C§ C N (by (x)4) and N C M,y = J{M: v €
C’igig} because C’g((:)) is unbounded in §(*). Next,
Fact 2.23. (y[a] : a € Cf) is a non-decreasing sequence of ordinals which are
non-accumulation members of C’;E:;, (with limit §(x)).
Proof. If v € Cf then Cf = C§ Naw © NN M7, hence f € Cf = C5 =CaNBC
Co SNNMy, =Bl <qla]so f<a& aeCi&peCs= 7] <7[a]. Being
non-accumulation points is trivial by the definition. (s 03

Continuation of the proof of 2.18:
For K € ac(y), let:

e 3<U)(k) be the supremum of the set
{7[a] : a € C§ and otp(a N Cf) < sup(a. N &) andotp(y[a] N C;E:;) < K},

o 1O (k) = otp(Csr) N B (1)),

Note: the supremum is taken over a set of < sup(a. N k) ordinals < k but
a. Nk is a countable (even finite) set of cardinals < k, k regular uncountable so
sup(a. Nx) < & hence clearly v*) (k) < k.

So (v (k) : k€ Ae(+)) belongs to Iac(,) hence for some j(y) < 0.(x), we have:

D11 Pe(s),j(y)(K) > 7 (k) for every large enough & € a.(.).

For k € a., let:

e (°(k) be the supremum of the set of the ordinals a € C§ such that:
— for some 1 € (), otp(y[a] N ng:;) < K1,
— (V8 < a)[otp(7[8] N C5()) < ka], and
— otp(anCf) < k.

* (k) = otp(C5 N ().

again, the supremum is taken over a set of < k ordinals < k, hence clearly v¢(k) < k.

So (y“(k) : k € ac) belongs to ITa, hence for some i(y) < 67, we have: p ;) (k) >
~v¢(k) for every large enough « € a,.

Now recall X, = {p.; : i < 07} and similarly for e(x), so clearly if i(y) < i <
0t &i(y) < j < 6T then pg cannot “hurt” pgg?i, that is, v, , € {pg di(y) <
J <07} s0[Qy] <li(y)| so @1 holds.

Now we shall show that each v = p

< QNU) many p € Te(*); that is:

[6] S . .
.; (for j < i(e)) can hurt at most 6 (also
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@y if v ey, then Ay, = {p e A:(c),(p,0,) =y and v, = v} has cardinality
< 0, recall v, is from Hs.

Now Rang(p[‘s(*)]) has infinite intersection with
B :={a < d(x): for some {,v[l € My, i\ My}

so let for K € ac(,:

B = sup{otp(Cg(:) Na):a€ B,otp(Cgé*

() ;ﬂa)<n}.

So for some i(x) < 0T, 5% < pe(s),i() (k) for every k € a., large enough; so for
every i, if i(x) < i < 6%, then p,(,); is not hurt, that is, p.(s) i) € Ay 50 B2
holds.
We can conclude
@3 ify =(e,¢,0) € Wthen Ay = {p € A: (g,,(,,0,) =y} has cardinality < 6.
[Why? By @1 + $2.

Fact 2.24. But we have:
@4 A has cardinality < 6.

Proof. As |[Wi| < 6 and A = U{A, : y € Wi} and each A, has cardinality <
6} Ua.24

So necessarily Y.,y € A and so for some p € Y.(,)\A. Definition 1.1 is exem-
plified by 7, = Pl kNP (for n < w), so we finish. 018

* * *

Lemma 2.25. Suppose \ is strong limit, A = k% > p. Then K has the full
(X, A, p, Ro)-super®-bigness property.

Remark 2.26. We use variants of this proof in case 6 of the proof of 3.26.

Proof. Let x > 2* be large enough.

Without loss of generality « > p and x* = k. Let (Cs : 6 < A) be such
that Cj is a club of & of order type cf(8). If (k™) " = k™ then we choose
a function cd,, from {M € #(x): M a model, |[M| < x**,|7(M)] < xTT and
T(M) € H+3(kT™)} to k™™ such that:

D1 Cdn(M1> = Cdn(Mg) iff My =2 My & My Nt = Myn kgt

As )\ is strong limit, 25" < X\ = k% hence cd,, is well defined for every n large
enough, so choose ng > 3 such that cd,, is well-defined for every n > ny. Without
loss of generality cd, is definable in (J#(x), €, <}). We call cd,,(M) the n-code of
M or a code of M.

Also for every n > 0 there are f,, g, (definable in (J(x),€,<5)), two place
functions from s to k" such that for o < k¥ if & > k(=1 then:

By {fo(a,i) i< kT Dl =qandi < kT = g, (a, fula,i)) =i

For any n > 3, let

D3 S, is the set of the sets A such that:
B AC k™ and |[A| = k1T,
o (kT +iti<w <nlUurtt kT C A,
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o3 letting 6,(A) = sup(A N x*t), (for £ = 3,...,n), we have: Jp(A) >
kTN as kT 41 € A,
oy Cf(é((A)) = NO
o5 (< n= Cs,a) CA,
o A is the closure of {i : i < k¥T} U |J Cj,(a) under the functions
=3

fg,gg, (f = 3, ceuy n)
Note that if A € ., then n can be reconstructed from A.
We can prove by induction on n > 3 that:
@4 for every x € S(x) there is a sequence (M, : m < w), such that M,, <
(%(X), SN <X)’ ||Mm|| = KJ++,FC++ +1C My, x € My, M,,, < Merl,Mm S
M, 41 (hence cd(M,,) € My,41) and

U M, Nkt e .7,

m<w
Hence for n > ng we know that ¢ holds (see [Shed, 4.5(2)=Ld14]), in fact

B, for n > ng there is N,, such that:
(a) N, =(Na:A€.Z),
(b) N4 a model with universe A,
(c) if () then (B8) + (), where:
(a) N is a model with universe 1™ and vocabulary 7(N) of cardi-
nality < p included in 52 (p*) and satisfying <, is a member of
7(N), the vocabulary of N, <¥=< [N,
(B) the set S [N] ={A € S, : Na = N|A} is a stationary subset

of [n+”]§"“++,

(y) Na = | N, where for each ¢, some code afy of N, belongs
l<w

to N4 and Nfl < Nj.
By [Shed, 1.19=Lab4] there are (N} : n € Jy) for A € ., such that:

By (a) T4 C¥>(ktT), T4 closed under initial segments, () € Tu,n € Tn =
@ 0)ln{a) € T,

( if n € 74 then N} < Na,n € Nj,

(¢) N} countable,

(d) Nink=Ni" Nk,

() NnNg= NP,

(f) Im#veTa= Nj#Njland [-(ndv)=n¢ Ny,

(

(

)
9) {4yl <wtU U Cs,a) € N3~, recalling that ofy is from 8 (c)(),
=3
) n<v = NJNk*t is an initial segment of N} NxT.

M3 (a) Welet N7 = | N1 when 5 € lim(7).
I<w
(b) Without loss of generality, if N4, N are isomorphic then T4 = Ip
and the (unique) isomorphisms from N4 onto Np carry N to N}, for
each n € J4.
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(c) For v € im(J4), let ny € “(NY) just list exactly the members of N}
and satisfies oy = n%(3¢) (for £ < w)°.
Let
(52

2 aranns i <wand £ € {3,...,n} = 5 < k%)
be a sequence of stationary subsets of {§ < kT : cf(§) = Np}, any two have a

bounded intersection (exist, see [Shed, 4.1=Ld4] (which prove more))*°

Fact 2.27. We have:
B, We can choose ., N such that:
(a) & = (Fn:n € [ng,w)), where ng was chosen applying (+)1,
(b) S = (Fnc: ¢ <KT™) (for n > ng) is a partition of .7,.
(¢) N =(N":n € [ng,n), where N* = (Ns: A€ .%,),
(d) for each n,( the sequence (N4: A € .7, () is a diamond sequence.

Proof. E.g. let P, € 5#(u™) serve as a unary predicate and for every ¢ < xT

let &) . ={A €. : Per(Na)and PN = {¢}} and for A € ‘y/C let NA =
Nal(7(Na))\{P:}; renaming the vocabularies and adding #,\ U{.7}, . : ( <A} to
4 ¢» we can finish proving 2.27. O .97

n

Fact 2.28. If A € .7, ¢ then otp(Ns N kT¢) < kT3,
Proof. This holds because [|[Na|| = k™ as A € .%,, see its definition. Os.08

Now, for ¢ € [T (=D x*"), where n > no, let:
& Ir=“"AU{ny :Aec ScandveY (0tp(NAm+,z) 3<,<n)}
where (recall that lim(74) = {n € w™: if n < w then nin € T4}):
Yy v = v i v €1lim(Fa), increasing with limit in SZ. _}:

Hs We shall prove that the sequence (I : k7™ < ¢ < A) is as required; this
suffices.

Hg For this suppose that:
(a) x € H(x), where x regular large enough,
(b) C€[xTm,N),
() Je = S{le - € # C and £ € [x+, X)), and
(d) let n be such that k("= < ¢ < w™. Let M < (J(x), €, <}) have
cardinality ™" and be such that ™" +1 C M, {z, I¢, Jc, u} € M and
(Cs : 0 < A), (cdp, frn, gn = n < w) belong to M.

B; (a) Let h be a one to one function from |M| onto x™",
(b) let NT be the model with universe ™" and all relations and functions

on k™™ definable (with no parameters) in (M, h),
(¢) In particular we may use F,Fj, Fy such that = = (y,

z)
FN"(h(y), h(2)) = (), PN (h(x)) = hly), F3'" (h(x)) = h(2).

Bs (a) For some A € .7, ¢ we have Ny < N™.

9Actually it suffices if it lists U{Cs,(a) : 3 <L <n}U{ay : £ <w}U{v(l): £ < w}; this change
is needed for 2.33.

10We can assume u{sr s e < k12} for n < w are pairwise disjoint.

<vp:l=3,..., n
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(b) We shall show that for some v € Y2  n oreyscicn
1'%, N4, are as required.

Let My, MY for (v € lim(J4)) be the Skolem Hull of N4, N% respectively in
(M, h). Note: |Ma|N&T™ =|Ny4|,|M}| N&T™ =|N}|. For v € lim(F4), let Z, be
the set of triples (§, B, p) such that for some m =m(&) > ng : { # (,B € S ¢,€ €
[kHm=D kM) p € lim(Tp) and < € > "y ¢ MY but {(< &> ")l L <w} C
MY,

We now make some important observations:

Fact 2.29. We have:
(¥)1 if (£, B, p) € Z,,& € [xT(=D x+7) (i.e. m(€) = n) then otp(Np N xT) <
otp(Na N k) for £ € [3,n]; and for at least one ¢ the inequality is strict
and B C A.

) we have:

Proof. As Cs,(p) C Rang(n};) we have |J Cs,(5) € N4 C A, hence (see the defi-
=3

nition of .%,, using the (fs,g¢ : £ = 3,...,n — 1) we get B C A so the inequality
“otp(Np N k*¢) < otp(Na N k+E)” follows; but necessarily B # A (as (€) 0 € J¢
and .7, ¢ N7, ¢ = 0) and if =(3¢)(6,(B) < 6,(A)) then we have: k™ C B, and for
{<andn>3

sup(BN ) = sup(ANktt) =sup(AN BN,

now use the choice of f,,, g,. You can show, using B C A, by induction on ¢ < n
that BNkt = ANk for £ = n we get a contradiction. Os.09

Next, we have:

Fact 2.30.  (x)2 if (£, B,p) € Z, then {6,(B) : 3 < £ <m(&)} is included in the
closure of |M| in the order topology, which is a countable set of ordinals;
also B C My4.

Proof. Similar argument; for B C M4 use n5(3() = O/B. s 30

Fact 2.31.  (x)3 So if Y C lim(74) is closed with countable density, and no
isolated points, then for some v € Y (really for a co-countable set of v’s):

® (&,B,p) € Z, = (3k)[{a : £ <w} C M4,

Proof. Why? The point is that {(&, B) : (v € Y)(Ip)[(&, B, p) € Z,]} is countable
(as for each (&, B, p) € Z, the ordinals §,(B),3 < ¢ < m(§), are all accumulation

points of |J MY, which is countable and (§,(B) : 3 < ¢ < m(§)) determine B
veY
hence £, and for each such (£, B) the set of v € Y for which ® fails is at most a

singleton, using clause (e) above and the last clause in the definition of Z,. s 31
Lastly,

Fact 2.32. We have:
(x)4 C*isaclubof kTt where C* is the set of § < kT such that § € C’ where:
o {a%: { <w} C MY for some v € “>§, and m < w and B € S, ¢,
e (" isthe <}-first club disjoint to Sgtp(AmH): 4§Z§n>05&p(3m+€): 3<0<m)”

Proof. Why? Note that x* = x hence (k7)* = kT, so the number of possible B’s
for each v € “> (k1) is < ||[M4||¥ < kT, and use diagonal intersection. O30
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(%)5 if v € lim(.74), v increasing with limit 6 € C* N Slotp(Anste)a<e<n) then

(&,B,p) € Z, = -3k[{al : £ <w} C MY

[Why? Easy by the choice of C*.]

Together we finish: by (%)4, we can find ¢ as in (x)5 and hence we can find a
perfect set Y C J4 of sequences with limit §; now (*)s, (*)5 give contradictory
conclusions (alternatively, see the proof of 2.33). Os.25

Claim 2.33. In fact in 2.25 we can get (under the assumptions of 2.25) that K&

has the full (A, )\,,u,u)-superj‘3+ -bigness property (and moreover in 1.5(F) in clause
(ii) there we get “u+1 C M, " and [M,]* C M, which implies (vii) < (vii)*
there).

Proof. For this, we have to make several changes in the proof of 2.25. What more
do we prove? we get p+ 1 C My and [M,]* C M,. Without loss of generality
KM=k, uto = L.

Considering models N with universe k™™ we demand that P,;, <. belong to
7(N) where we let Py, <o, be fixed one and two place predicates and we demand

that <X is a well-ordering of the subset PY of k*". Parallel restriction applies to

Ny for A € 7,. Latter having M and h, we demand Pcf¥+ ={h(a) : v € M an
ordinal}, <N+= {(h(a),h(B)) : @ < B are ordinals from M}. For any A € .7, we
choose a two place function g4 such that:

@ for every a € PN4, for some regular ! § < xt+

or

(1) (Vo <O0)(VB < y)lgale, B) <or gale,7)]
(i) (VB)(FN[B <or a =7 < 0& B <or gala,7)]
(151) (VB[O < B = gala,B) =aql.
Of course we demand that if Ny = N, A, B € ., then the (unique) isomorphic

maps ga to gp.
When we choose M, we demand (note that: if || M|/®0 > ||M]|):

[a C M&| M| = | M| = ae M.
When we choose (N : 7 € J4) we replace condition (c¢) in By by
(¢)” N} has cardinality p and include p + 1 and
[a © NZ& NG| = NGl = a € NG

(the partition theorem on trees still holds) and add, i.e. we now use [Shed, 1.16=La48]

(i) if n av are from T4, <4 is a well ordering of PY4(C A) then for any
z € PNANNY:
() if T+ >cf({y:y € PNa y <Na z}, <Na) then
Nin{y:ye Pty <g o}
is an unbounded subset of

{y:ye Pg“,y € N4,y <(])\£A x},<é\fr“)

Horg=10r6= 0, cases which still fit.
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(8) if st =cf({y 1y € P,y <gi* o}, <G*) then forany y € P4,y <[4
z, for some a < kT we have: n<ap e Ta&p(lg(n)) > a&y* € Nan
PNa&y* <Naz& (V2)[z € N &z <4z — 2 <Nay] =y <4y,
Note that as <4 well order P4, this is possible — see [Shed, 1.16=La48] and
apply it to (Ma,g).
But now we cannot demand “n’ list the members of N%”; so we just require
B (a) o =n4(30),

(b) (na(B¢+1):4<w)list |J Cs,0a) and
=3

() MBL+2):L<wyis(v(l):L<w).

Note that this holds for all v € 4.

This, of course, “kills” (x)s in the proof of 2.25. Now if (¢, B,p) € Z,, for
0=3,...,m(£) define B = sup[x+* Nrang(p)], and define v[3¢] = min(M4 N A\ B),
so for some k(x) < w we have A\ ~[B(] € M;rk(*). So by condition (i) above

Le[3,m(&
for each ¢ € [3,m(€)], either ®; }Eold(s )(])r ®? holds where:

®; cf(v[Be]) < kT, sup[y[Be] N szk(*)} = sup[y[B] N le} whenever v[k(x) <
n € Ty Ulim(Tn)

®; kT = cf(y[B]) and there is hyg,) : TT — 4(B) increasing continuous
with limit v[S,] such that

o Vk(B)an €lim(F,) = sup(Nzl NY[Be])
o sup(MZ/ N Rang(hg,1)) = h(sup[MZ/ NKTT)).
As pu < k, we can finish easily: we can find a club
C'={6eC*: ifve“ (€ [3,w) and v € N} then ¢ is closed under h.}.
of k™t and choose 6 € C". Uo.33

Theorem 2.34. 1) If A > p then K has the full (A X, u, Ro)-super-bigness prop-
erty and also the (2%, \, 1, Ro)-super bigness property.
2) Similarly replacing No by f.

Proof. We prove both parts of 2.34 together. The first phase implies the second
by 1.9(1) hence we concentrate on the first phrase. This will follow by combining
the previous Lemmas. We shall use all the time 1.7(1) to get “our super”, the one
from Definition 1.1, i.e. super4+. If X is regular, use 1.16(1) so assume A singular;
if () < = 0 < A < 2] use 1.16(2), for part (2) note “(even the full
.7 and if (30)[0 < A < 6%°] let x be minimal such that A < x¥; so < A hence
i+ x < A, but \is a limit cardinal so p™ 4+ xT+ < X and use 2.1. So assume
the last two cases fail, hence A is singular strong limit. If cf(A) > Rg use 1.16(3),
if cf(\) = Ng, A = Vg, 6 divisible by w?, choose 6, < 0 < )\, cf(d) = Ry and
apply 2.18, ({a. : € < cf(X)) exists by [Shed, 3.22=Lpcf.8]). The remaining case is
A =5 = N,y strong limit and use 2.25 for part (1), use 2.33 for part (2). O34
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§ 3. APPLICATIONS AND GENERALIZATIONS

Conclusion 3.1(1) (though not 3.1(2),(3)) tell us that unstable and unsuperstable
has many models, and the proof use only a version of the definition from [Shei].
Theorem 3.3 tell us more in this direction but the proof of 3.3 in case A = A\(T), Ty =
T stable require knowledge of stability theory (and is not used later), this case
appear as end-segment of the proof of 3.3, i.e. starting with the third paragraph of
the proof of 3.3 and with 3.25). We restart in 3.26 resuming our investigations of
bigness properties and then deal with abelian separable p-group.

§ 3(A). The Many pairwise Unembeddable Models.

Conclusion 3.1. 1) If T C Ty are complete first order theories and \ > |T1| then
TE(\ Ty, T) = 2* whenever T is unsuperstable.

2) If \ > p then K¢ has the full strong (A, \, u, No)-bigness property and (2*, A, p1, No)-
bigness property (see Definition [Shei, 2.5(3)=L2.3(3)]).

3) If D, {pn(x,y) : n < w) are as in [Shei, 1.11=Lbl7(2)], and A > |7(P)|, see
3.2 then we can find I, € K& of cardinality \ for o < 2* such that letting M, =
EM;(1r)(Ia, ®), for any o # B, there is no function from M, into Mg preserving
the +¢,.

Remark 3.2. Recall that 7(®) is the vocabulary of ®, that is, for a linear order
1, the Ehrenfeucht-Mostoswki model, EM(7, ®) has the vocabulary 7(®). Also for
7 C 7(®), EM, (I, ®) is the T-reduct of EM(I, ®), recall 7 = 7(T") is the vocabulary
of the theory T.

Proof. 1) Let ® be a template proper for K% as in [Shei, 1.11=Lb17(2)]; i.e.
|7(®)| = |Th| + Ro, 71, € 7(®), every EM(I,®?) is a model of T} and for some
first order formulas ¢, (z,,) of Ly o(rr) for s € PLt € PI T € K% we have
EM(I, ®) F p(at,as) iff I = s < t. By 3.1(2) (which is proved below) and the defi-
nition, the conclusion follows reading the definition of I E (see [Shei, 1.4=L1.4new])
and the definition of the bigness property.

2) By 2.34 and 1.9(2).

3) Included in the proof above. Us.1

Theorem 3.3. Suppose T is (a first-order, complete) unsuperstable theory and
A> MNT) + Ry (see below 3.4(1)).

1) T has 2> pairwise non-isomorphic strongly R.-saturated models of cardinality X,
see 3.4(2),(3).

2) If in addition T is stable or X > N(T) + Vo, then T has 2*,R -saturated (see
3.4(21)) models of power A no one elementarily embeddable into another.

3) We can in part (2) weaken the assumption to X > |T| 4+ Ro but then have to
weaken the conclusion to “strongly No-homogeneous (see 3.4(3) below) models of
cardinality A (omitting the “Ne-saturated”; interesting when X = |T|+ Ry, T stable).
4) If T C Th, T first order, we can demand above that the models are in PC(p)(T1,T),
that is are reducts of models of Ty, provided that: in 3.3(1)+(2) we demand \ >
MT) + |Ti| + N, in 3.3(3) we demand X > |T1| + Ro.

Remark 3.4. 0) In the notion of “M is R.-saturated” the e is not a variable, it try
to say “a little more than being Ng-saturated”; see 3.4(2) (see [She90, IV]).

1) A(T) can be defined as the minimal cardinality of an R.-saturated model of
T, see (2) below.
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2)
(a) M is N.-saturated when it is F{ -saturated, where:
(b) A model M is F2-saturated if for every N, M < N and A C M of cardinality
< k and (finite) b € N there is ' € M realizing {9(7,b,a): 9(7,7, 2) is a
first-order formula and in N, a € 8®) A, and the formula 9(Z,7,a) is an
equivalence relation with finitely many equivalent classes}.

3) M is strongly N -saturated if in addition it is strongly Ro-homogeneous which
means that for any a,b € “> M realizing the same type, there is an automorphism
of M mapping a to b.
4) The restrictions in 3.3 are reasonable as, e.g. by [She80]: it is consistent with
ZFC that for T the theory of dense linear orders (which is an unstable one) there
is Th 2 T (first order complete theory) of cardinality R; such that for any models
My, Ms in PC(Ty,T) of cardinality Wy, M; can be embeddable into Ms.
5) Recall €°? is extending € by giving names to equivalence classes, see [She90]. Let
us say that M < €°9 is strongly™-R.-saturated if it is N.-saturated and: for any
finite A, B C M®°4 and (M®4, Me9)-elementary mapping f from acl(A, M) onto
acl(B, M*®4) there is an automorphism f* of M*®4 extending f.
6) The reader may wonder if we can get in 3.3, models which are strongly™ R.-
saturated.

Let X' (T') be the first A > A(T') such that for any M4, A, B as above, the number
of f as above is < A.

Now we can in 3.3 demand the models to be strongly™ N.-saturated if A >
N(T)+ Ry (or A > N(T) + N, as natural). The proof is essentially the same.
7) In fact the proof indicated in 3.4(6) is simpler and gives in some respect more
information. We can easily prove:

(¢); if A C €°9,]|A] < A then there is an (F, &?)-construction o7 (see context
3.6, Definition 3.8),such that:
(it) Ing(«/) is divisible by A and cf(Ing(?)) > &
(190) if D € & and i < Ing(#/), By C A;[«/],Ba C D and f is an element
mapping from acl(Bs, €°?) onto acl(Bi,€%?),|B;| < &, |Bz2| < k then
Ing(#7) = otp{f < Ings/: there is an elementary mapping f’ from D
onto Dgle/] extending f, Bgle/] = B}
(x)2 if @/'a/? are as in (x)1, and Ag[e/'] = ) = Ag[«7?] then A[o7'], A[«7?] are
isomorphic F¢-saturated models (see 3.4(21)).
This replaces 3.9-3.16, (but use some of those proofs). After that, we
can continue as in 3.18.

8) For the case Th = T,k = cf(k) < k.(T) we can replace in the proof R.-
saturated by F¢-saturated, etc.

9) Recall that for a formula ¢ and statement stat, pf(5t2t) mean ¢ when the
statement is true and mean —¢, the negation of ¢ when the statement is false.

Proof. Let 7 = 7p.
First assume T is unstable; note:

Fact 3.5. There is a template ®, proper for linear orders, |7o| = A(T) such that
every model M of the form EM,(I,®) is an R -saturated model of T and M |
plas, a;] iff s <yt for s,t € I, where I is a linear order.
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Proof. Apply [Shei, 1.26=L1.24new] as follows. As T is unstable there are p(Z, ), as
(¢ < w) and M such that M is a model of T, a, € M,n = Ing(z) = Ing(y) = Ing(ar)
and M E o(ag, ax)f¢<F) (recall 3.3(9)). We can also find a vocabulary 71,7 C
71, || = A(T) and ¥ € Ljp+ n,(71) such that a model of T is Nc-saturated iff it
can be expanded to a model of ).

For every A we can find a strongly |T'|*-saturated model M, of T and a) €
M)y such that M) E @(ag,ag) & (a < ), hence there is an expansion M of
M) to a model of 1. Lastly, check that [Shei, 1.26=L1.24new] gives the desired
conclusion. O35

Continuing the proof of 3.3:

Now part (1) (of 3.3) holds by [Shei, 3.19=L3.9] (with M; being EM(I, ®), it is
as required in [Shei, 3.19=L3.9A] by [Shei, 3.8=L3.4]).

Also part (2) (of 3.3) holds by 3.18 (interpreting I € K as a linear order as in
[Shei, 2.4=L2.2]) noting that we have A > A(T) + Xy = |7a| as we are assuming
T is unstable. The proof of part (3) is similar, replacing 74 by 7' of cardinality
A+Rq, |T7]4+R;. Lastly for part (4) without loss of generality every model EM, (I, @)
is a reduct of a model of Ty, so we are done by 3.1(3).

So without loss of generality, T is stable. As T is unsuperstable, by [She87, Proof
of 2.1] (or a proof similar to the first paragraph),

() There is a template ® proper for K¢, |7¢| = A(T') as in [Shei, 1.11(2)=L1.8(2)]
such that every EM, (I, ®) is strongly X.-saturated.

If A > A(T), note that 3.3(1) follows by 3.1(3) and 3.3(3) by decreasing 7g.

In all those proofs we can restrict ourselves to models of T" which are reducts of
models of T, i.e. demand that for any suitable I € K¢, the model EM(I, ®) is
a model of T} so part (4) follows. We are left with part (2) the case T is stable,
and the proof is restricted to elementary classes: the proof needs some knowledge

of forking, but it is not used later, so a reader can skip it. We also use the notation
of [She90].

B Let on(Z,9n) (for n < w), a,(n € “Z\) witness unsuperstability, i.e. be as

in [She78, Ch.III,§3], so there is (a, : n € “~ ) which is a non-forking tree

(that is n € “ZX = tp(a,,U{a, : =(n S v),v € “”A}) does not fork over

U{aye : € <1ng(n)}), and for n € “A, tp(a,, U{a, : v € “7A}) does not fork

over |J anpe and tp(ay, |J anye) forks over |J aype for k < w.
<w <k <k

Let I C “Z\ be closed under initial segments, |I| = A and we shall construct a
model M;. We work in €°9, so without loss of generality a, = (a,) so the a,’s are
pairwise distinct.

By induction on a < At we choose (A%, f*) € K, where

By (A, f) eKoiff A=(A;i:i<a)and f=(fi,:cde A tp(c,0) = tp(d,0)
and i < «) satisfies:
(A) A= (A;:i< a) is increasing continuous: |A;| =\, 4; C €
(B) fg,d is an elementary mapping, p’:,d(c) =d, fé,c = (fid)_l7 and for

¢,d € Aj the sequence (f! ;:i € [j,a]) is increasing continuous, and:
if ¢,d € A;, but A [{c,d} € Aj] then Dom(f; ;) = {c}
j<i

(C) for each i: either
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(1) Aip1 = A;U{a;}, tp(a;, A;) does not fork over some finite subset

Bi of Al
or
(it)  for some c(i),d (i) € A;, (such that tp(c(i), 0) = tp(d(i),0))
we have:
Aper = AU S5 400 (A))
and

(35 < D)Rang(feiy.aiy) = As] V Dom(fei acy) = {€(@)}].

(D) for every c,d € A;41 such that tp(c, 0) = tp(d, 0):
(¢) if {e,d} is not a subset of A;, then Dom(f H'1) {c}
(#5) if ¢,d € A;, case (i) of (C) holds or case (ii) of (C) holds but
(e,d) ¢ {(d(i),d(0)), (d(i),e(i))}, then fI5" = fi,
(i9i) ife = c(i),d = d(¢) and case (ii) of (C) holds, then tp(fézgl @) (Ai)7 A;)
does not fork over Rang(fc(i),d(i)) and Dom(f“'1 ) A; and recall
e = (foa)™
(E) Ao =U{a, :nel}.
Note that we can prove by induction on « that for any such construction (4, f) € K
(x) If Dom(f! ;) # {c}, then
(i) (36 < i)[Dom(f! ;) = As = Rang(f? ;)] s0 & is a limit ordinal or
(i1) (3¢ < ¢ < D)Dom(f? ) = Ac & Ramg(f? ) = A, U (A1 \ A)] or
(iii) (3¢ < ¢ < )[Rang(fi,) = Ac &Dom(fi,) = A U (Ac1 \ AQ).
We can clearly find a < A\t and (4, f) € K, i.e. 4;, (fori < a) fci)d (for i < )
satisfying (A) - (E) such that:

(%x) (i) for every finite B C A, and b € €,

o if A > A\(T') then stp(b, B) is realized by some a € A,, moreover for
A ordinals ¢ < « clause (i) of (C) holds, B = B; C A; and a; realizes
stp(b, B),
o if T| < X< AT)ifalist B and = ¢[b,a] then for A ordinals
i < a, = @la;,a) and B; = B

(i)  for every ¢,d € Ay, Dom(f&;) = Ao = Rang(f<,).

This is easy by reasonable bookkeeping and clause (C) above. Hence A, is the
universe of a strongly R.-saturated model if A > A\(T'), and strongly Rp-homogeneous
(in both cases of model cardinality A), if A < A(T") (remember we work in €°%). We
call it M; (and should have written ay < A*, AL etc).

This is close to [She90, Sh.IV,5.13, pg. 213 + §3]. Well, we have constructed the
models, but we still need to show the non-embeddability. This is proved just before
3.25, i.e., the end of the sub-section, which deals with the context 3.6 and use 3.7,
3.24, and in particular 3.23.

In 3.6 we can restrict ourselves to Pos. 1. So till we finish the proof of 3.3
we adapt the context 3.6, and for notational simplicity only assume A > A\(T),
(otherwise Claim 3.16 has to be revised). Os s
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Context 3.6. T is a stable (first-order) theory, A, B,C, D denote subsets of the
monster € = &p of cardinality < k, € is k-saturated.
Pos. 1, F = Ff;o,/»@ =N, & = P = {D;} where D = {a, : n € I} for some I,
(an:nel)as

B In the proof of 3.1 above, A > |Dy| + A(T).
Pos. 2: T is a stable theory, F = F/, see [She90, IV, 3.14] and s = k,(T), so a

K

regular cardinal, & a family of sets (C € = €p) and A = A<" + X\(T) > sup |D|,
Dez

and we shall assume
e if |B| < A, then
A > |{tp(d, B) : Ig(d) < x and Rang(d) U B is F-atomic over B}|

(recall we say A’ is F-atomic over A if for every finite d C A’ we have tp(d, A) €
F(B) for some B C A of cardinality < k).
Pos 3: T and F are as in Pos 2 but & = {(B, D)}, where B C D.
Pos 4: As in Pos 3, but T is just a singleton (no used below).

Now we define the relevant constructions and prove that the demands parallel
to non-forking calculus hold.

‘We can work in Pos 2 because

Observation 3.7. 1) If Pos 1, then Pos 2.
2) If Pos 2, then Pos 3 when we identify D € &2 with (0, D).

Definition 3.8. 1) Wesay & = ((Aq, Do, Ba) @ @ < o) is an (F, &2)-construction
(we may omit (F, %) when clear from the context) when:

(a) (An: @ < au) is increasing continuous (and we stipulate Ay, = |J (Aq U

a<os
Da))
) Aat1 = Aa U D,
¢) B, CA,ND,
) for every finite d C D,, (or just d C D, \ B,) we have tp(d, A,) € F(B,)
) moreover, for some B = B,[d, /] C B,, we have tp(d, A,) € F(B) and
|B.| < k= B = B,.
(f) for each a one of the following occurs:
e D, has cardinality < &,
ey For Pos 2: for some D!, € &, D, = D! which means that there is an
elementary mapping h, from D/, onto D, (where elementary mapping
means in the sense of € of course),
For Pos 4: the pair (D,, B,) is isomorphic to some pair from .
o3 D, = D! for some D! C A, and h, is an elementary mapping from
D!, onto D,,.

2) For a construction &7 as above we let a, = Ing(#), A.[o] = A, for a <
s, Do = Do [, By = By and Al| = A,, .
2A) We say that &’ is a successor of &7, when (both are (%, &)-constructions)
and:

(a) Ing(=’) = Ing(),

(b) o <.
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3) We can replace o* by any well ordering. We may replace D,[</] by (or add to
it) D[] € & and h,[</] from clause (e) if |Dy| > k.
4) For o < Ing(e?) we let wo || = ({8 < a: Bo || N (Aps1[]\ Ag[e/]) # 0}) so
we[#7] has cardinality < k by clause (c) of Part (1) so wo = 0.
5) We call & standard when:
() B € wale/] = ws[s7) C wal/] & Byl € Balo/),
(b) if 8 < au, Bg[e/] is of cardinality < k and 8 € wq[<7], then Bgle/] C
Bafes],
(c) if B € wo[97] and b € > (Dg[/] N By [<7]), then tp(b, Ag) do not fork over
(B[«/1N Ag). (Equivalently, for every o < Ing(«7), the pair (wq, Bo[</]) is
o/ -closed, see below.)

6) We say that the pair w, B is «/-closed, when:
(a) wClng(e) and B € w = wg[] C w,
(b) B C Ale],
(¢) if B < Ing(«) and BN (A1) \ Ag[e/]) # 0, then 8 € w,
d) if B < a., Bg[e/] is of cardinality < x and 8 € w, then Bg[e/| C B,
)

(

(e) if B € w and b € “>(Dg[«/] N By[«/]), then tp(b, Ag) do not fork over
(Ba[#7] N Bo[«/]), then tp(b, Ag).

6A) We say that (w, B) is (&7, k)-closed if in addition B is of cardinality < k.

7) For 8 < Ing(«/) let & | 3 be defined naturally such that Ing(</(8)) = 5.

8) For b € Al&f| = A, [#], let a(b) = a(b, o7) be the § such that b € Agiq[e7/]\

Agle/] but for b € Ap[e/] we stipulate o(b) = —1.

9) For b € A[] let wy[o/] = wap)[«/] (where we stipulate w_i[«/] = 0, and

for a sequence b = (b; : i < Lg(b)) we let wy[«/] = J{wp,[] : i < Lg(b)

Byla/] = U{{be} U Bap,)[«] : £ < Ing(b)}.

10) We may omit &/ when clear from the context.

and

Fact 3.9. 1) For any w C Ing(«/) and B C A[«/], there is an &7-closed pair (w’, B’)
such that w C w’, B C B" and w’, B’ are of cardinality < s + |w|™ + |B|T.
2) For any (F, &)-construction & there is a standard (F, &?)-construction 7’ such

that:
(a) Ing(«/’) = Ing()
(0) Ao[e'] = Au[]
(¢) Dal#'] = D[] (and Dy, [#'] = D[], hal«'] = ha|#])
(d) Bal#'] 2 Bol]
(€) wal#'] 2 wal].

Proof. 1) Straightforward, choose B,, w, by introduction on a < «, for o[«
w N a, BN ,[e] recalling that x is regular by 3.6.
2) Follows. Us.g

Claim 3.10. Assume that:

(a) o is a standard (F, P)-construction.
1) Assume in addition that:

(b) 7 is a one-to-one function from o = Ilng(/) onto the ordinal o,

(¢) if B € wo[<] then m(B) < w(a), and
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(d) If B <Ing(«/), |Ba| > K and b C Dg[</]\ Bsle/], then
b | Dy v < BAT(Y) < 7(p)}.

Then there is a standard (F, P)-construction o/ such that:

(i) (") =

(“) Da[ﬂ{] = Dw(a) [’Q{/]

(118) Wr(a)[Z'] = {m(B) : B € walH]} and Br(a)[#'] = Ba|]
)

(0) Angor[ ] = A ] UU(Ds1]: 7(8) < ().
2) If (w', B") and (w', B") are o/ -closed, then (w' Nw"”,B' N B") is & -closed.
8) Assume also that B C Ajg(o)[4/] and |B| < k.

Then there is a (F, P)-construction o' satisfying:

() &' = (A, D), Bl :a <1+Ing(e’)), we use ordinal addition,
(B) Ay = Ao[«/]

(v) 4 = AU B

() Do =

(€) 1+a—A/ U Aol

(C) D/1+a - D

(1) Bita 2 Ba-

4) In part (3), if for some o/ -closed u C Ing(«/) we have U{B, : « € u} C B C
U{D, : o« € u} then we can let Bi, , = B, U B.

Proof. For 3.10, recall that in Definition 3.8(1)(d) the set B,[b, 7] is part of & and
then see 3.8(6)(d). This helps in particular in 3.10(2). For the others, recall that the
proof of [She90, Ch.IV 3.3,3.2,pg.176], (of course, we can strengthen 3.10(1),(3));
[e.g. for part (4) show by induction on a < Ing(&/) then d C B = tp(d, A,[</]) €
F(B N A,[<7]); for part (3), just find B’ O B which is as in part (4); part (2) can
be proved by induction on Ing(%7)]. 0510

Definition 3.11. 1) We say (7, f) is a automorphic (F, £?)-construction when :

(a) « is a standard (F, &?)-construction
(0) Aol] =10

(¢) lng( ) < AT

(d) f=(fig:i<Ing(),g € Ya,) Where ¥4 is a set of elementary map-
pings from a subset of A into a subset of A such that g € ¥4, implies

9 € G,

[i,g 18 increasing continuous with i, f; ;-1 = (fi g) "
inggA \UgA[d]thenfzg—g

1<4

h) Let gAQ[Qy U]<Z gA [+7] for i < Ing(4).
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2) The cardinality of (<7, f) written card(«, f) is the one of <7, i.e. |Ing(#/)| +
[A[<7]].
3) For B < Ing(«) let (7, f) | B be defined naturally.

Fact 3.12. Assume that (<7, f) is an automorphic (F, #)-construction. Let a =
Ing(/), and B C D, B* C Al«/], B; C A[&/] and g an elementary mapping from
By into «7[A]. Then:
1) If |D*| < &, then there is some 7’ such that:
) /' is a successor of 7,

(a

(b) Bale’] = B,

(¢) Dy [,] is isomorphic over B to D*.

(d) D1 = YA oler)s

(€) fagl?'] = fp,4[], when B < a, g€ Ga,,,.
QI D € P, D* = D" and |B| < k, then there is &7’ such that (a)-(e) above holds.
3) If g ¢ Ya_. 1), |D*| <k, then there is &/ such that (a), (b), (c), and (e) as in
first part holds and

(d) G, () =Ga_ 1) U{9,97'}.
4) A special case of part (3) is that u C a has no last member, gs € 94, for
B € uis C-increasing with 5 and g :== {gg: B € u}.
5) Another special case of part (3) is 8 < a, gs € Ga, () and g € Y, extend
gp and has domain A, [</].

Proof. Straightforward (by the existence of non-forking extensions), see more de-
tails in 3.14. Us.12

Definition 3.13. For automorphic (F, 2)-constructions (&1, f!), (&, f?) let
(1, f1) < (2, f?) means: &' < ./? and f' = (f7, i <Ing(#),g € Da, 1))

2,9 "

Claim 3.14. If («, f) is an automorphic (F, &)-construction, i < Ing(</), g. €

Ga,[] then for some automorphic (F, P?)-construction (&', f') we have:

(a) (7, f) < (', [)

(b) card(@’, f') < card(«, f) + Ng

(¢) Dom((f;,q.)[97']) = Ai[/] where j = Ing(a/’).
Proof. Let @/° = </i, then by 3.10 we can find a standard (F, &)-construction
/! and j; < Ing(«/!) such that Ao[o/?] = Ao[&°], Al&!] = A[&°], and A;, [o7]
is Dom(f; 4.[</]). We can find an elementary mapping h such that: Dom(h) =
Ale/°], h extends f; 4., and for every (3 € [j1, Ing(a/1)], we have

-~ =

d C h(Dgle/"]) = tp(d, Al/] Uh(Ag[/"])) € F(h(Bp)).

Now we define the automorphic (F, Z)-construction &7’ : Ing(<7) = lng(<) +
(Ing(«/*)—j1), and &’ [ Ing(o/) = &, Ding(ar)+¢[9"] = M(Djy4¢[9]), Bing(ar)+¢[#'] =
h(Bj,+¢[«’]). Define ' = (f, , : @ < Ing(&’),g9 € Y4, |a) as follows: for
a <Ing('),g €Y, we let:

(o) if a < Ing(e/), then f;, ;= fag

(B) if > lng(«/) and g ¢ %Alngm{) [«/] then f(;’g =g

(IY) if g€ gAlng(g{) ['Q{L and g 7é g*ag;l then f(;,g = flng(tﬁzf),g
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(6) if g = g« and a < Ing(&/’) then let f,, , be fing(wr),g
(€) if g = g« and o = Ing(=/’) then let f, , be h.

Now check. U314

Claim 3.15. § < AT is a limit ordinal and if (@<, f¢) : ¢ < &) is increasing
(sequence of automorphic (F, 2)-constructions), then it has a lub(a7%, f°) i.e.

(<d= (@ )< (&, f)
Ing(#/°) = | Ing(+/¢)
(<é

card (/) < || 4 sup card(/°).
(<6

Proof. Straightforward. Us.15

Claim 3.16. For every § = cf(0) € [k, A] there is an automorphic (F, &)-construction
o of cardinality A such that cf(lng(</)) = 6 and

®1 for g € Gl fing(ar),gl ] is an automorphism of Al</]
®q if B C Al#],|B| < k,B C B’ and |B'| < k or B’ is isomorphic to some
B" € & then

Ing(«/) = otp{a:  there is an elementary mapping h from B’ onto D,
which is the identity on B, and B, = B}.

Proof. By bookkeeping and the assumptions (in 3.6) on . Os.16
Claim 3.17. Suppose:

(a) # is an (F, P)-construction,

(b) x* large enough and N1 < Ny < (H(x*), €)

(¢) & € N1 and the monster model € belongs to N1 and N1 Nk is an ordinal
(possibly & itself, if kK = Ng this is necessarily the case)

(d) b€ “>(Ale/]) and wy[/] N Na C Ny (on wy see Definition 3.8(9))

(e) if « € wy N Ny then tp(b] Dy [4/], No N A[f]) does not fork over Ny N A[</]
where for b= (by : £ < n) we let b[Dy = (by: £ < n,by € Dy,).

Then tp(b, Ale/] N N3) does not fork over AlaZ] N Ny.
Proof. By 3.10. Us.17

Now to complete the proof of 3.3 we turn back to the model M; we have constructed
before 3.6.

Fact 3.18. For the context 3.6(Pos 1), (so I € K&, I C“=ZX\ is closed under initial
segments of cardinality < A), letting k = Ry, & = {Dr} (see 3.6(Pos 1)) for some
o = o1 we have

(A) « is a standard (F, &;)-construction A;[«/] = D; and Ao[&/] =0
(B) A[«/1] is strongly R.-saturated of cardinality A

(C) Al</1] is equal to the model M; constructed during the beginning of the
proof of 3.1.
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Remark 3.19. We do not actually use clause (C), as we can just let M; be the
model with universe A[.«71].

Proof. Straightforward for clause (C) recall Definition 3.11, Claim 3.14 (or just use
the model constructed in 3.16). Os g

Fact 3.20. If x is regular large enough, &/ € J#(x), ! € Ny < Ny < (H#(x), €
<3)s Ne N k(T € 6y (T) +1,b € My, and wy[/T] N Ny € Ny and a € wy[«/] =
tp(b] Do/ 1], No M M7) does not fork over Ny N M. Then tp(b, No N M) does not
fork over Ny N Mj.

Proof. By 3.17. Us.20

For the rest for simplicity assume k = .

Fact 3.21. If x is regular, I € K, /1 € (x), &’ € Ny < Ny < (#(x), €, <}
), NeNkn(T) € k(T)+1and n € PL.n <w,nn € Ny,n(n) € N\ Ny and € € Ny
then tp(a,, N2 N M) fork over Ny N M.

Proof. Let o = /! be as in 3.18 and let Al = A;[&!], for i < a; = Ing(&/T), and
recall Al = {a, : n € I}. For ¢ C N, N My, clearly tp(c, A1) does not fork over
U{B, N Al : v € ws} U (en Al) € Ny Al hence tp(Af, Ny N M;) does not fork
over Ny N Af recalling a,, € Al we have hence tp(a,, Ny N M) does not fork over
Ny N Aé
But tp(ay,{a, : v € I,~(nIn<v)}) does not fork over {a, : v < nin}, (why?
as (G, : n € I) is a non-forking tree). Now the set {a, : v < n[n} is a subset of
N1 hence tp(a,,{a, : a, € N1 and =(nin<v)}) does not fork over {a, : v I nn}
so by transitivity and previous the sentence, tp(a,, Mr N Ni) does not fork over
{anim :m < n}.
On the other hand tp(a,, M; N N3) forks over it (otherwise tp(ay,, {a,y : £ <
n + 1}) does not fork over {a, ¢ : £ < n}, contradiction), so the conclusion follows.
Us.21

Fact 3.22. If I is super unembeddable into J then M7 is not isomorphic to M.

Proof. Straightforward by the definition and Facts 3.20, 3.21, but we give some
details. Without loss of generality T is countable so x,.(T) = Ny, (justified in the
proof of 3.23 below).

Let f be an isomorphism from M; onto M; and x be regular large enough.
We can find (M,,, N,, : n < w) an increasing sequence of elementary submodels of
(A(x), €,<%) and 7 as in Definition 1.1 such that /7, &7, f belongs to No.

By Fact 3.20, tp(f(ay), MsN N,) does not fork over M ;N M, for every n large
enough. By Fact 3.21, tp(a,, M; N N,,) forks over M; N M,,. As f maps M; NN,
onto My N N,, and M; N M, onto M; N M, and a, to f(a,) we finish. O399

Fact 3.23. If I is super unembeddable into J then M7 is not elementarily embed-
dable into M.

Proof. Let 7y be a countable sub-vocabulary of 7(T) such that for n € PL n < w
we have tp(ay, {ane : £ < n}) forks over {ane : ¢ < n} even in the rp-reduct of M;.
Suppose f is an elementary embedding of M; into M (or just of their 7p-reduct)
and we shall get a contradiction. Modulo the proof of 3.22, it suffice to prove:
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(¥)1 if tp(a, A) does not fork over B C A in € then tpy(,,)(a, A) does not fork
over B in CJA.

[Why? By character by ranks, [She90, Ch.III].]

Fact 3.24. We have:
()2 if &1, 77 f € N < (5#(x),€,<%) then tpy, (N N M;,Rang(f)) does
not fork over N N Rang(f) in My |7p.

Proof. Why (x)2 holds? As T is stable and 7 is countable for every ¢ € M there
is a countable B; C Rang(f) such that tpy, (¢, Rang(f)) does not fork over B
in Mj|19. As 79 is countable, T stable, clearly ¢ € N N M; = B C N N Rang(f).
So for ¢ € NN M the type tpy,,)(¢, Rang(f)) does not fork over N N Rang(f), as
required. O3.04

So we have finished proving 3.23. U323

Proof. Continuation of the Proof of 3.3:
Let (I, : a < 2*) exemplify that K has the (2%, \, i1, Rg)-bigness property and
let M, = M. Now apply 3.18 and 3.23. O3

Remark 3.25. In 3.22. 3.23 weaker versions of unembeddable suffice.

§ 3(B). On Generalizations and Abelian p-groups.
Having finished our digression to stability theory, we look at a strengthening of
2.34, which will be used in 3.28.

Theorem 3.26. If A > p+ Ny and p > k then K has the full (A, \, p, K)-super™ -
bigness property which means that in the Definition 1.4 we replace super by supert
which means that we define “I € K¢ is (p, k)-super-unembeddable into J € K7
as in Definition 1.1 but replace (%) there by:

(x)T like (x) of Definition 1.1 adding
(v)* for each n,nin € M,, and nl(n+1) € N, \ M,
(vii) if v € P is in the closure of M, NI, (i.e. {v[{: ¢ <w} C M,) then
vé¢ N, \ M,
(vidi) there is M < (J(x), €, <}) such that: |J M, C M andn ¢ M, but

n<w
for each n we have:

vePJ& N\viteM,=veM.
I<w

Remark 3.27. Compare with 1.21 here + 1.16(2) here.

Proof. The proof is done by cases, so to enlighten the reader, we first list them.
If A is regular > N;: by case 1
If ) is singular and (Ix < \)[x < A < xN0]: by case 2;
Case 3, see below.
If neither case 1 nor case 2 but (3x)[u < x™° < A < 2X]: by case 4;
So we are left with A strong limit singular.
If A = N4t by case 6;
If cf(\) > 2%0: by case 5;
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In the remaining case let # = p+, so necessarily § < A, hence for some increasing
sequence (A, : n < w) of regular cardinals with limit § < X,cf(IL\, /finite) =
6%, A\, > p (exist see [Shed, 3.22=Lpcf.8]), now for € < 2%, a, be an infinite subset
of {\, : n < w} such that € # ( = |a. Nac| < No.

So case 3 applies.
Case 1: A regular > XN;. (In fact also the requirements from Def. 1.5(G*) of
“super”’ ” hold.)

Use the proof of 1.16(1) with minor changes:

Choosing C, by 2.4 we can add the demands:

(¢) for any ¢ < A, for every club E of A we have {§ € S¢ : C5 C E} is stationary

(d) a € Cs = cf(a) > No.

Choosing () € E we demand also Cs(,y) C E, and let m, = 2/.

So the condition for super? " (Def 1.5(G™) (hence from Def.1.1) holds. Clause
(v)™ holds by the choice of ns,myg, My, Ny. Clause (vii) holds by clause (d), i.e.
cf(ns(m)) > No,ns(m) € E.

Lastly, clause (viii) is exemplified by M = Mg,

Case 2: There is ¥, x < A < x™° and ) is singular.

Just Claim 2.1 applies; i.e. the proof of 2.1 but by 2.10(2) we can choose there

Cs such that

(x) @ € Cs& a > sup(Cs Na) = cf(a) > Rg.
The proof gives also (v)T, (vii), (viii) and even

(vid)** if n e P {nll: ¢ <w} C M, then n € M,,.

[Why? By (%) above or see Case 3’s proof; note that if n = (3) <§>1/ (or = ()" v)
and v € I,,, then necessarily ¢ € M,, hence I,, € M,

(1)t uC M,.
Case 3: X singular, and for some 0, A > 6 > p+ Xy, cf(0) = Rg and there is a

sequence (a. : € < cf(A)) as in 2.18.
The proof of 2.18 gives (v)T trivially. Again (as in the proof of 2.1)

[ne P& /\n[(eMgzwyeM;H]
¢
hence
[cf(a) > No&n € P & /\n[f e M) =ne M.
‘
hence clause (vii) holds.
Lastly, it follows that Mg‘(*) satisfies the requirement in clause (viii).

Case 4: There is x, 4 < x < A < 2X and: ) is singular or at least (x™0)* < \.
Like the proof of 1.16(2).

Case 5: A is strong limit singular cf(\) > 2%0.
By the proof of 1.16(3) using models N, of cardinality 2%, (i.e. choose x = 2%0);
and demand [N,]¥ C N, and using [Shed, 1.16=La45]. Alternatively, in its proof
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notice that by thinning .7’ a bit more we can get: let h, € Ny be a one to one
function from A onto “\, then:

(x) if k<lg(n)&ne T&ae Ny& A (he(a))(l) € Ny then o € Nyjpy,.
I<w

The point is: without loss of generality &+ 1 = lg(n) and for each v € F of length
k,

Hn:vane T &Lg(n) =k +1and () fails for n, k}| < &M,
For (viii), |J M, is as required by clause (ix) of Subfact 1.20. Note that (v)* is

n<w

satisfied by the proof of 1.16.

Case 6: A strong limit, A = Ny 4q,-
The proof of 2.25 or even better 2.33 gives this, too (for (viii)™ the suitable
“initial segment” of M4 can serve as M).

Case T: A= > wi > u, where y; is increasing with , cf(u;) = No, p(pi) > pf
i<cf(p)
see [Shed, 3.22=Lpcf.8].
By the proof of 1.21. O3.06

We now turn to separable reduced p-groups, continuing [Shei, 2.11=Lh5], but the
proof apply to more cases.

Claim 3.28. 1) We can define for every I € K and prime p, a separable reduced
abelian p-group G¢ such that:

(x)o G¢ has cardinality |T| + 2%°
()1 if I,J € K&, T is (28, 2%0)-supert -unembeddable into J (see 3.26) then G4
is not embeddable into G% (i.e. there is no mono-morphism from G¢ into

G‘}; we do not require purity).

2) For A > 2% and prime p there is a family of 2% separable reduced abelian p-
groups, each of power A\, no one embeddable into another.

Proof. Part (2) follows from part (1) and 3.26.
1) Stage A: On the definition of “supert unembeddable” see 3.26. We choose a

family {f, : @ < a*} with a* < 2% such that:
D (a’) fOé € wwu
(b)  fa is (strictly) increasing, f,(0) =0,

(c) if hy is a function from “”w to w, then for some «, for infinitely many

nvf(x(n) > hl(fa rn)v
(d) a#B=fu#[s

(e) {(fa(n+1)— fa(n):n < w) goes to infinity (for convenience).

Obviously, there is such a sequence with o = 280,
For any I € K let G} be the abelian group generated by

{z,,:n€Ppec™w and n <w}U{y, , :n€ Pla<a®and n < w}

freely except the equations:
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pf’(")xw =0forne PLpetlun<w
(pfa(n+1)—fa(n)y;17—gl) = Yna ~ Tnin,fal(nt1) for n € Pj, a<a*n<w
so actually

Upa =2 POy i €€ Dom(fa), € > n}

Recall G¢ is a separable reduced abelian p-group (see [Fuc73]) and:

® in G¢,|| — |5 is a norm where ||z||; = inf{27" : z is divisible by p" in G%}.
Now,
(¥)o for any n < w,n € P!

n’

and p € "Tlw, there is a projection h = hfz,p of
G‘} (i.e. an endomorphism of this group which is the identity on its range)
defined as follows:

(o) ifm<w,ve Pl oe™wthen
(v,0) # (n,p) = h(zy,) =0
and
(v,0) = (n,p) = h(wy0) = 700

(B) ifvePla<a*,m<w then:
win, fal(n+1)) # (n,p) = h(y),) =0,
(v) m>n&(vin, fal(n+1)) = (n,p) = h(y},) =0,
(6) m<n&@n, fal(n+1)) = (n,p) = h(y}l,) = plo Ttz .
Also note:
()1 if I € K& for every z € G% and m there is 2/ € G¢ such that
(a) z— 2 is divisible by p™ in G¢
(b) 2" € 3 {Zw, ,: for some n < w we have: n € Pl and p € "tw}.
Stage B: For proving the claim toward contradiction we assume:
B I € K¢ is super™-unembeddable into J € K¢, (i.e. as in 3.26) but g is an
embedding of G¢ into GY.

Let x be large enough and let n € PL (M,,, N,, : n < w) and M be as guaranteed
in 3.26, and the following belongs to Mo:
g, 1, J,G7,G5 and the functions (1, p) = xyp, (n,a,n) = y; , and so (1, p) —
I J . *
h, . (n,p) = h; , and {a:a < a*} C M.
Remember n[(n + 1) € N,, \ M,, (by (v)* there). For t < w,p € “F2w let

kp = n(p'g(T1(01).0) GY N M)
where for y € G? and G C G% we let:

n(y,G) = sup{k : for some z € G,y — z is divisible in G% by p*}.

Stage C:
Now,

Fact 3.29. We have:
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® k, <w when p € 2wl <w.

Proof. Otherwise, we can let
(¥)2 GTF g(Tnier1),0) = 22 GupTvp+ 22 bn,ﬁy::/(jnﬁ) with
(v,p)€ur (n,8)€Euz
) ur € {(v,p) : v e P/ and p € ¥lw for some k < w},
) ug C{(v,8) :v € P and B < a*},
¢) avp,bup €Z,
) m(v, f) < w,
) Gs k= “ay,,, # 0, and by,gyﬁyﬁ #0 (in G%)
(f) w1, uq are finite.
By the way G‘} was defined we can replace yz(g’ﬁ) by pfﬂ(n(”’ﬂ)"‘l)_fﬂ(“(”’ﬁ))y;(g’ﬁ)ﬂ—i—
Ty (n(v,8)+1),8 and repeat this, hence using clause (e) of [, without loss of generality
for some my < my < w large enough:

(x)3 (a) (m,B1) € ug & (02, B2) € uz &ny # 2 = M mo # n2lmo
(b) (n,B1) € uz & (n, B2) € up & B1 # B2 = fa, mo # fa, [mo
(¢) if (n, ) € ug then
(@) mn(n,B) >mo
(8) if mo <m < n(n,B) then (nim, fg[(m+1)) € u; and
pf@(m(n»ﬁ))*fﬁ(m)amm’fl3 {(m+1) = Dy,

() antmo,gs1(mo+1)| < ma
(8) bypyn? is divisible by ™ in G
(d) if (v,p) € uy then a, ,z,,, is not divisible by p™ in GY.
So, using (*)o + (*)1 + (x)2 in Gf‘, and our assumption toward contradiction that

k, = w, necessarily u, € My, hence (v,p) € uy = aypxy, € My. Repeating this

increasing my (hence the n(n, 8)’s) we get also (v, 8 € us = A v|i € My, hence by
i<w

clause (vii) of 3.26 we have (v,8) € us = v € My = Y's € My = bypy,'s € My.

Together by (*)2 in ® we have g(x,(141),,) € My, but g € My is one to one, hence

nl(¢+1) € M, contradiction. So really k, < w, i.e. ® holds. Os3.29

Stage D:

By the choice of (f, : @ < a*) for some a < o*, for infinitely many ¢ < w we
have: fa(ﬁ + ].) > kfaf(f‘i‘l)'

Now in G§ for each m < w,y9 , — 3 pP*Mayp, 11 (na1) Is divisible by ple(m

n<m
hence for each m < w:

(¥)a g8Wh o) — 2 ?f”(")g(fﬂnrn,far(mﬂ)) is divisible by p/=(") in G%.

n<m

Now g(y9 ) has, for some n(0), the form
Z{bn,ayg,(o?) :1 € Yo, € ug} + Z{ampxn,p 2 (n,p) € Xa}

where:
uo a finite subset of a*
Y, a finite subset of P/
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Y a finite subset of |J (P x "*1w)

n<w

by, tn,p € Z.
Let

Y| ={n: for some p € “”w we have (n,p) € Y1}.
We can find n(1) < w such that:

(@) n(1) >n(0)
B) Yin(U M) C My

n<w

() neYo&n>n(l)={n{:L<w}nNN, CM,.

(For (v) use clause (vi) of () of 3.26, i.e. of 1.1.)

So by the choice of o we can find ¢ such that:

n(l) <l<w
fall+1) > kg 1 e41)-
Now by ()4
n(g(yg,a)a G? N Nf) > fa(g + 1)
as exemplified by Zepfa Og (i o (i11))-
1<
Now if .
n(g(yy.a): G5 N M) is > fall+1)

then we get (use again (x)4)

n(> " pleOg(ay i r6e1), G5 N M) is > fo(l+1)
<4
but for i < £
&(Typi,far(ir1)) € M; (as nli,g € M;)

so we get

(" Og(@yie furee))s G5 N M) is > falb+1) > Ky, perny.

But this contradicts the definition of ky_(41)-
So

n(g(yg,a>7 G% n Ml) < fa(g + 1) < n(g(y?;,a)a G?] N NZ)'
But this contradicts £ > n(1). Os.28

Remark 3.30. Really, the proof of 3.28 is a kind of simple black box: we attach to
every 1 € PJ¢, a first order theory T, , such that:
it I =1;,J =3 I, and x* is regular large enough, & € J#(x*), then we can
§#C
find n, (M, Np : n < w) as in 1.1, 3.26 and T, is the first order theory of

(UM, My, Npy Im) m<w- We need of course x > 280,

Remark 3.31. 1) We could have used in the proof only ((*) of Def.1.1 and) (vii) of
3.26; but as we have used also (v)* from 3.26 we can add:
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(*) @ =b=min{|F|: F is a set of functions from w to w such that for every
g € “w for some f € . we have (3%°n)[g(n) < f(n)]}.

Hence we can improve 3.28 in two ways:

(@) we can omit (viii) in 3.26 and add |G%| = |I| + b

(8) we can weaken the “super™” assumption and omit (v)™, (viié) from 3.26.
Of course (assuming less, getting less)

Conclusion 3.32. If A > R then there are 2* separable reduced abelian p-groups
of cardinality A no one purely embeddable into another.

Proof. By 2.34. In detail, by 2.34 there is (I, : a < 2*) such that a # 3 im-
plies I, is (Rg, Rg)-super unembeddable into Iz. But a # § implies I, is strongly
@i-unembeddable into I,. Now Gy is defined in [Shei, 2.11=Lh5]. By [Shei,
2.13=h8] we have GIQ is a separable reduced abelian p-group. Lastly, “GIQ not
purely embeddable into GIB” by [Shei, 2.14 = Lh11]. Os.32
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