Paper Sh:977, version 2026-05-01_3. See https://shelah.logic.at/papers/977/ for possible updates.

MODULES AND INFINITARY LOGICS
SH:977

SAHARON SHELAH

Dedicated to Ridiger Gobel for this 70th birthday

ABSTRACT. We deal with Abelian groups and R-modules. We consider theo-
ries in infinitary logic of the form Ly ¢ of such structures M and prove they
have elimination of quantifiers up to positive existential formulas, (so ones
defining subgroups of some power of M). However, we demand that we ex-
pand by enough individual constants. Hence those theories are stable in the
appropriate sense and understood to some extent.

In 2026, John Baldwin 1 pointed out a mistake in the end of the proof of
the main claim of Section 4, which is used in the theorem in Section 2, and
other comment. Here this is corrected and more improvements. The eroor is
corrected in to ways- in section 2 we can use a weaker version of section 4 and
in section 4 we get the original result by assuming more on the cardinal.

Date: May 1 , 2026.

2010 Mathematics Subject Classification. Primary 03C60, 13C99; Secondary: 03C10, 03C45,
03C48, 03C75, 20K99, 13C05.

Key words and phrases. model theory, modules, stability, infinitary logics, elimination of
quantifiers.

The author thanks Alice Leonhardt for the beautiful typing. First version done April 2010. The
author would like to thank the Israel Science Foundation and German-Israeli Science Foundation
for partial support. Paper Number 977.



Paper Sh:977, version 2026-05-01_3. See https://shelah.logic.at/papers/977/ for possible updates.

2 SAHARON SHELAH

§ 0. INTRODUCTION

Much is known on classes of R-modules and first order logic. Szmielew [Szm49]
proved the decidability of the theory of Abelian groups. In [Szm55], she proved an
elimination of quantifiers in the theory of Abelian groups up to Boolean combina-
tions of p.e. (positive existential) formulas.

Eklof [Ek171] proved the existence of universal homogeneous R-models in A if
A = A<7, where v depends only on R. Fisher improved this to saturated models
of elementary classes (see his review of [EkI71]); this implies stability by a general
theorem from [She71, §0] (or [She90, Ch.III}).

Baur [Bau76] proved that for the class of R-modules, any first-order formula
is equivalent to a Boolean combination of positive existential formulas, and also
proved the stability of Th(M) for M an R-module.

We like to know for a given ring R how complicated the class of R-modules which
are models of a sentence 9 in an infinitary logic.

Question 0.1. Given a ring R, for the class Modpg of left R-modules:

1) Does it have (for the logic Ly ,) a kind of elimination of quantifiers (say, up to
some depth)?

2) Is it stable? (Say, no formula ¢(Z,§) € Loo oo (7r) linearly ordering an arbitrarily
long sequence of tuples in some models of 17?)

3) Can we define something like non-forking?

Question 0.2. Do we have a parallel of the main gap — i.e. proving that either
every M € Mod, can be characterized by some suitable cardinal invariants or that
there are many complicated M € Mod,,?

Here we first show that for any R-module, in Ly ¢(7r) (or better, Lo g.4(Tr)),
we have a version of eliminating quantifiers up to positive existential formulas.
However, we add parameters. Second, by this we can prove some versions and
consequences of stability. More specifically:

e After expanding by enough individual constants, every formula in
Loo,0,~(Tr) is equivalent to a Boolean combination of such positive existen-
tial formulas.

The number of added individual constants is reasonable: < 2, (|T|<9).

e We have stability: i.e. no long sequences of linearly ordered (< 6)-tuples.

(APS,,2)-indiscernible implies APS,-indiscernible.

e Convergence follows (see Definition 3.4).

In 2025, this work was continued in a paper with Asgharzadeh and Golshani
[AGS25].

We may use models with several sorts — that is, multiple distinct structures
defined on them. E.g., when constructing an R-module we need a set of objects
which are the elements of the module, and a set of elements of the ring R, each
with their own operations of addition and (scalar) multiplication. Hence when we
need to disambiguate them, we will write something like x +5 ¥, * —s v for each sort
separately. It makes no difference (see 5.2).
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§ 1. PRELIMINARIES

Notation 1.1. Let 6~ be ¢ if 0 = 0T and 0 if € is a limit cardinal.

Definition 1.2. 1) A vocabulary 7 consists of function symbols (e.g. individual
constants) and predicates (relation symbols). In addition the vocabulary generally
assign to each of them its arity (number of places) arity,.(—); here it can be an
infinite ordinal. An individual constant is a 0-place function.

2) For a vocabulary 7 we say M is a 7-structure when it consists of:

(a) |M]|, the universe of M; this is a non-empty set of the so-called elements
of M. However, we may write a € M, a € °M, A C M, instead of a € | M|,
a € <(|M)), ete.
(b) FM_ a function from M to M (possibly partial), for each function symbol
F from 7. Here ¢ is the ordinal arity_(F).
(c) PM C =M (where ¢ is the ordinal arity, (P)), for P a predicate from .
We may write 7y = 7(M) := 7.

Definition 1.3. 1) We say 7 is a 6-additive (or a 6-Abelian) vocabulary when 7
has the two-place function symbols = + y, x — y, the individual constant 0, and the
other predicates and function symbols have arity < 6.
2) M is a 6-additive structure (or model) when:
(a) Tar, (the vocabulary of M) is a f-additive vocabulary.
(b) G = (|M],+M,—M 0M) is an Abelian group.
(c) If P € 7 is an e-place predicate then PM is a subgroup of (Gys)®.
(d) If F € 73y \ {+,—,0} is an e-place function symbol then F is a partial
e-place function from M to M and
graph(FM) := {a"(FM(a)) : a € dom(FM)}
is a subgroup of (Gj7)° ™.
3) If ¢(z,9) is a formula in the vocabulary 7, M is a 7-model, and b€ “@M, then
we write (M, b) = o(“@M, b) to mean the set

{a €M : M = pla,b]}.

Remark 1.4. Fisher [Fis77] defines and deals with “Abelian structures” in other
directions.

Definition 1.5. 1) We consider an R-module M as a 7(R)-structure, where 7 =
7(R) is the vocabulary of R-modules. Le. there are binary functions z +y,z —y, an
individual constant 0, and unary function symbols F, (interpreted as multiplication
by a from the left) for every a € R.

2) If  and § have length ¢, then we let T+ § = (z¢+yc : ( <e)and T -7 =
(xe —yc : ¢ < g); similarly for az with a € R, and when we replace z and/or y by
a member of M.
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Observation 1.6. 1) For any ring R, an R-module is an Ny-additive structure in
the vocabulary Tg.
2) For a T-additive model M, for every function symbol or T-term F(Z), we have
(a) M = “F(a+b) = F(a) £ F(b)”
(When FM is partial, this means that if two of the terms are well-defined
then so is the third, and the equality holds.)

(b) For P a predicate from 1oy, M = P(a =+ b) whenever M = P(a) A P(b).
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§ 2. ELIMINATING QUANTIFIERS

Context 2.1. 1) R is a fixed ring and 7 = 75 (see 1.5(1)), or 7 is just a #-additive
vocabulary (see 1.3(1), 1.6(1)).

2) K is the class of R-modules or of 7-additive models.
3) M, N will denote R-modules or just 7-additive models.
4) 6 = cf(0).

5) L, 0,0(7) is the set of formulas ¢(Z) € L, (so lg(Z) < 0) of quantifier depth
<l+a.

Definition 2.2. For ¢ < # and ordinal a (and 7 as in 2.1(1)), we shall define
ARS, = AR = AR (7)

as a set of formulas p(Z) in L ¢(7) (in fact, in Lo g.o (7)) with fg(Z) = < 0. (So
Z = (x¢ : £ < g) if not said otherwise.) The construction will proceed by induction
on the ordinal a.

For ¢ < 6, we write Ag‘fs’c for the set of ¢ = ¢(T, §) with g(Z) = ¢ and () = ¢
(so g = (ye : & < (), if not said otherwise) with ¢ € AE?HC. We define AR® :=
U AR and AP, 5= U AL, (. If 7 = 7r we may write AR, (R).
<t ’7 ¢<o 7 ’

The definition is as follows:

Case 1: a = 0.

For R-modules:

It is the set of ¢ = ¢(Z) of the form ) asz¢, = 0 with {, < lg(Z). Equivalently

£<n
(but perhaps better phrased), they are of the form )" acxz¢ = 0, where a¢ € R is
(<e

Og for all but finitely many (-s.
For general 7: (so here, this is the 7-additive case).

It is the set of ¢(Z) of the form P(5(Z)), where & is a sequence of length arity . (P)
of terms (in the variables Z). P may be equality, or any predicate from 7 of arity
equal to {g(&).

Case 2: « a limit ordinal.
AR, = U Agi.
B<a

Case 3: a=5+1.
We define AL, as the union of Agi: together with the set of all formulas ¢ (Z) of
the form

@) \ {e@ 7c) : e(2,5c) € @},

for some ¢ < 6 and @, C Ag?e,g“

Claim 2.3. 1) In 2.2, AR°, is C-increasing with «, and is of cardinality

a,E

< 3.(|7] + Ro) if 0 = N, and I(|7|<%) in general.
2) For M € K and ¢(7) € Ab.(7), the set
PTT) = {5 & D M = o)

is an Abelian subgroup of °M, and the set {b € °M : M |= b —a]} is affine (that
is, closed under T — y+ z) for any a € M.
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Proof. Easy. Las

Theorem 2.4. For every o and every M € K, there is a subset I =1, of M of
cardinality < ko = 3o (|7|<%) such that in M, every formula ¥(Z) from Lec g.0(T)
(so lg(Z) < 0) is equivalent in M to a Boolean combination of formulas of the form
o(z — a) with p(z) € A}, 1y(7) anda € IN 4@,

Before this, we shall note that

Conclusion 2.5. For every M € K, € < 0, I, as in Theorem 2.4 for a a limit

IS}

ordinal, and a € M, for some i, j. < ko and pi(Tc),v;(Z) € AR, for i < i,
7 < J« we have that

{a' €M :tpee | (@',0,M) =tpee | (a,9, M)}
is equal to

{aeM:ME N\ pi@—a)A \{~¢;@ —a"):j <j.anda” €T, N°M}}.

1<ty

Definition 2.6. 1) We say by, by € °M are a-equivalent over T C 9>M when
o(Z) € AL(R)NaeINM = M = “plby —a] < ¢[by —al”.

2) If we write A C M instead of I, we mean I = 0>4.

We shall use freely

Observation 2.7. The sequences by, by € M are a-equivalent over T C <M iff for
any ¢(x) € ABS. we have (a) V (b), where:

(a) For some a € IN M we have M = p[by — a] A p[ba — a).
(b) For every a € 1N M we have M |= —=p[by — a] A —¢[by — a.

Proof. Straightforward. U7

Proof of Theorem 2.4. We choose I, by induction on « so that it satisfies the de-
mands of the theorem, and
®a (Ve < 0)(Vo(z) € AR.(7))(Va € M) (Fb € L, N M) [M = ¢[b —a]].
For a = 0 choose Iy := ?>{0M}, and for a a limit ordinal we obviously want

I,= U Is.
B<a
So assume o = 3 + 1 and 13 is given, and we shall choose I, such that

Ha

d € M such that M = A ¢i[d — a;], then there is such d € I,,.

1<Px
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(e) Assume ¢ < 6, l(Z) = &, ¥(Z) is a conjunction of formulas from
ALY, and (%) € AJ, for i < kp. Letting p == 2"¢, we apply 4.3 with
A=u", kg, (M), and (Y(M)Np;(°M) : i < kg) here standing in for
A\, S, G, (Gs : s € S) (i.e. the subgroups of (°|M|,+) with universes
as above) there. Then the conclusion of 4.3 gives us a certain family of
sets I C P(kg) not necessarily an ideal. Further assume that kg ¢ I.
Then

e, There are d, € I, N ;(°M) for ¢ < 1, < p such that for every
a € Y(°M) there exists ¢ < ¢, such that

{i<rg:a—d ¢p;("M)}el.

o5 For any u € I there is a set u, with u C u, € I and a sequence
(d:v<p) S wil®M) i € kg \u} N (M) N1,
such that
(Vz’ < /@,@) (VLl << u) [CZLI —d, ¢ pi(*M) i€ u*]

(f)y ife <6 andidl,cig € I,N°M then d; +dy € I, di —dy € 1, and
§<9:>6§Ad1 cl,.

This is possible for clause (d) because Ape|, _ has cardinality rg and p = 2"4.
This is possible for (e)e; by clause (a) of Claim 4.3 and for (e)es by 4.3(b).
To prove the induction statement for «, clearly it suffices to prove the following.
[ Assume ¢,& < 6, by, by € M are a-equivalent over I, and ¢ € ¢M. Then
for some ¢ € M the sequences by°¢ and by "¢y € <HEM are [B-equivalent
over Ig.

Why does [ hold? Let  be of length € and 7 of length £. Let
Py = {p(#,7) € A}, : for some a € Ig N “HM we have M = ¢[bi "¢ — al}.

For ¢(z,§) € ®1, by ®, we can choose Gy(zg € Ig N HM such that M =
(p[blAél — EI/g)(f,ﬂ)]. Let &5 := Ag?s+§ 7\ D, B B

So by B4 /(d) there is a sequence b*"¢* € I, such that lg(b*) = {g(b1), lg(c*) =
lg(¢1), and ©(Z,7) € ®1 = M = @[b*"¢* — Gy(z,5]. For transparency, note that if

®, = @ then (as the formula (3y) A ¢(,9) is a member of AP"_, ) clearly by
pEDy
the assumption of & there is & € ¢M such that

o(Z,7) € @1 = M | (b2 — Gy(z,g))-

So ¢, is as required, hence we are done.
So without loss of generality ®3 # @. Clearly |®2| < kg, and let

0 ={p(0=,9) - (2, 9) € Bo}
for £ =1,2.

Let {=¢;(Z"°y — a;) 1 i < kg} list (possibly with repetitions) the set of formulas
—p(Z"y — a) satisfied by ¢ by with a € Ig and ¢(Z,7) € Ag’es’c (equivalently,
P(T,7) € 2). Let () = ¢i(0:,9) for i < kg, and ¢'(g) = A ¢(y).

pED]

As in B, let I = I, C P(kg) be defined as in Definition 4.1, with G := ¢'(*M),

Gi =GN (M) for i € S = kg, and X = pt = (2"6)*.

Case 1: rg € I. o
So clearly M = ¢[by — b*,¢1 — ] for every ¢(Z,§) € ;.
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Let ¥.(2,9) = NMe(2,9) : ¢(2,9) € ®1}; clearly it is a member of AP, . and
M = 9. [by,1]. Hence by the choice of (b*,c*) we also have M |= . [b*,¢*]. As 1),
is positive existential, clearly M |= v.[by — b*, & — &*], hence

M = (3g)vs[br — 0", 7).
But (35)¥(z,%) € AR®,, so by the assumption on by and by we have
hence for some &, we have M |= 1, [by — b*,&]. Let &y := &, + ¢*, so
M = u[by — b, 8y — .

By Ha(e)ey and our assumption that kg € I, there is a sequence (€, : ¢ < p) of
members of G (i.e. of {a@ € *M : M |= ¢,(0.,a)}), recalling that ¢'(§ = ¥(0,7),
such that
i<kgN(1<ta<p) = &,—¢é, ¢G,.
So for every ¢ < pu, the sequence (l_)g —b*)" (5’2’ —&*+é,) belongs to ¥, (°7*M) and
for each i < kg the set {t < yu: (by —b*)" (¢4 — ¢* +¢&,) belongs to (a; —b*"¢*) +G;}
has at most one member. As kg < u, we have

(by —b*) (4 — " +&,) ¢U{ ; —b*) (€ +Gi) i < kgl

for! some ¢ < p.
So ¢ := ¢y + €, is as required.

Case 2: kg ¢ I. B

So there is a sequence {d, : ¢ < Lj> of members of I, as in H,(e)e; for &, G,
(Gi i < rg) as above (i.e. with ¥'(¥), (¢i(y) : i < Kp) here standing in for
D(Z), (pi(T) 10 < k) there). So 1. < (27)F = pt and ¢ < 1. = d, € I, N M. As
clearly ¢; — ¢* € G, necessarily for some ¢ < ¢, the set

wi={i<rkg:(c—¢c —d,)¢G;}

belongs to I (and of course, b*"(¢* +d,) € I, N T¢M) and we have:

(¥)1 M = p[by — b*,¢ — ¢ —d,] for p € D.

(¥)2 If i € kg \ u then M = ¢;[by — b*, &1 — ¢* —d,].

As in Case 1, there is ¢§ € *M such that

()3 M = p[bs —b*,62 —¢&* —d,] for p € @;.
Hence

(%) Ifi € kg \ u then M = p;[by — b*, ¢4 — ¢* —d,].

As u € I by H,(e)ey (that is, by 4.3) there are € = (¢; : j < p) and u, with
u C uy € I such that:

(*)s {gj:d<uC N G

1€KE \Ux
(*)6 €j, — €5, ¢ G; for all j; < jo < p and 7 € u,.

So

(¥)7 If 7 < p then (by — b*)" (¢ —¢* —d, — ;) belongs to () (M.
peDy

1 Recall that b+ G; just means {b+a:a € G;}.
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(¥)s If i € kg \ ux then i € kg \ u as well, so by (x)4+(*)s5 the sequence
(o= B) (6 " .~ 2,)
satisfies ¢;(Z°y — @;) in M, hence by " (¢j — &;) satisfies the formula
—i(T°y — a;) in M.
Lastly, by (*)s,
(¥)9 For each i € u, there is j; < p such that for every j € u\ {js}, the sequence
(be — b*)"(¢5 — ¢* — d, — €;) satisfies ~; (2§ — @;).
(*)10 Moreover,
(a) The set u\ {Jj; : ¢ € ux} is non-empty.
(b) For some (equivalently, ‘for every’) j in this set we have
(V’L S u*)—wpi [(62 — B*)A(Eg —c - JL — éj) — (_Zi].
[Why? Clause (a) is true simply because u := 2% > kg > |u.|, and clause (b)
follows from (x)g.]
Putting together (¥)7—(*)10, clearly (¢5 —¢* —d, — €;) is as required in [, so we
are done. Loy

Definition 2.8. Let 6 be a regular cardinal and v an ordinal.

1) For an R-module M, we say I is a (0,7)-witness for M when I = (Ig: 8 < 7)
and for each a < «, I, satisfies the conclusion of 2.4.

2) For A = (\g: B <), we say Lis a (), 0,)-witness when in addition,
B <~v=Xg>|Ia]
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§ 3. STABILITY

Context 3.1. 1) R is a fixed ring with 7 = 7g, or 7 is a f-additive vocabulary; K is
the class of 7-additive models.

2) M € K is a fixed R-module.

3) 6 = cf(#) and v* is an ordinal — limit, for simplicity.

4) A= (At a <), where Ay > ko == 3o (|R| +67).

5) I* is a (), 0,7*)-witness (see 2.8).
)
)

(=2}

A, :U{a acl,}.
A

.  fore<f,and A:= | A..
e<0

7

8)

=<
I

* MA* = (M7 a)aGA*~

Definition 3.2. Assume ¢ < 0, A C Agf,y*, A, CACMEeK, and a € M.
1) For a € *M, let

tpa(@, A, M) = {p(z°b—¢): be A, c€ "M, M | pla;"b—d,
cNAY.

and ¢(z,9) € ALY,

2) S5(A4, M) = {tpp(a,A, M) :a € "M }.

Theorem 3.3 (The Stability Theorem). Assume A €AY and A C M € K.
1) The set S5 (A, M) has cardinality < (|A|<9)‘A|.
2) For any k > 4 (yes, four!) there are no (ao : o < k) €M, (by : a < k) C ‘M
and® o(Z,7) € Agi’g,5 such that for o < f < Kk we have

M = “plaa, bs] A ~plag, ba]”-

3) If the formula o(z,y) is from L g+ (or is just a Boolean combination of such
formulas) and r > T o (|79, then there are no M € K, (G : o < k) C M,
and (b : o < k) C M such that
M | ¢laa, bs] A ~plag, ba)
whenever a < 8 < K.
(Actually, k> D1 (|7|<9)F will suffice.)

4) If p € S{(A, M), p(z,7) € AXZ _¢, and pN{p(Z,b) : b € A} # @, then for some

€ °A and b € *A we have ¢(T — @y, b) - p | {£p} and o(T — ay,,b) € p.

Proof. 1) Consider the statement:
® If p(z,9) € AN NA,
Pe(Z) = Do (z,9) )@, A, M) € S{y,4)y (A, M)
for £ = 1,2, b € 4 and ¢ € A4, and ¢(Z°b — ¢) € p1(Z) N p2(Z), then
p1(Z) = p2(2).

2 This also holds for —¢(Z,7), but for  finite we can invert the order.
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Why is ® true? Assume ¢(z°b — &) € p1(z), so @b’ — & € p(M). But we
are assuming (b — €) € py(T) = tP{p(z,9)} (@, A, M), hence a, “b—¢ € p(M) for
£ =1,2. Together,

ap" b —¢ = (A" b—¢) — (a1"b—¢)+ (a1"b — &) € p(M),

hence ¢(x"b' — ') € pa(z). So (b — &) € p1 = (b — ) € pa, and by
symmetry we have ‘<, hence p1(Z) = p2(Z). Le. we have proved ®.

Why is & sufficient? For every £ < 0,¢(z,9) € AL _ . NA and p(z) € S{ (A, M)
choose (bp(i) # (@), Cp(3),0(z,5)) Such that

©1 (8) bp@)p(ay) € A and G oy € A
(b) If possible, p(z" bp(x) o(3,5) — Cp(a),0(7.5)) € P(T).

For p(z) € S{(A, M), let pz) = {p(z,7) € AL : ®1(b) does hold}, and let

Ip(@) = 19T bp(z). o(z.9) — Co(@) (@) * P(T: ) € Pp(z) }-

Now,

©2 If p1(z),p2(2) € S{(A, M), @,z = Pp,(z), and @p,(z) = Gp,(3), then
p1(Z) = p2(Z).

[Why? Just think about it.]
@3 [{(Pp(a): dp(a)) : P(T) € SR(A, M) | < 214 4 (|A]<0) 1A

[Why? Straightforward.]

Clearly we are done.

2) Note that ¢(z,7) € AE°,

B M |= “pla,b] A gla,b'] A gla',b]” = M = “pla’, b]".

implies that

[Why? As o(*t<M) is a subgroup of <M and a‘b, a’b and_dAl_)’ belong to it.
Therefore so does @’ b+ (a"b') — (a"b), but that is equal to @’ "¥’.]

So we can choose a = ag, a’ = as, b = by, and b’ = by, and get a contradiction.

3) Toward contradiction, let (G : @ < k) C M form a counterexample. By the

Erdés-Rado Theorem,
Bt (7<) = (4);7*+1<\T|<9)'
Now for a < 8 < &, let pa,p = tpyre “(daAdB;Q,M). So {pa,ps : @ < B} has
cardinality < 3,41 (|7]<%); hence by ‘ghve'arrow above, for some p and some oy <
a1 < ag < g we have
(Vk < £ < 4)[pay,ar = pl-

We get a contradiction by part (2).
If & is just > 3«41 (|7|<%)T, use clause B from the proof of part (2) and repeat
a proof of the Erdés-Rado Theorem.

4) Should be clear. Us.s

Recall (from [She09])

Definition 3.4. For ® C A, we say I C °M is (u, ®)-convergent when (|I| > u
and) for every § < 0, p(Z) € ®cy¢, and b € M and ¢ € €M, for all but < u of
the a € I, the truth value of a"b — ¢ € p(M) is constant.
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Claim 3.5. 1) The following is a sufficient condition for I ={a;:i < A} C*M to
be (i, ®)-convergent:

1<j<AN@@)e®PnNA.=a; —a; € p(M).
2) Ife <0, A =cf(A) > pu > pye, (Vi < N[|i|* < A], and (@; : i < A) € M

is without repetition, then for some stationary S C X, {a; : 1 € S} is (u+,®P)-
convergent.

Remark 3.6. 1) Note that being (p,I)-convergent is very close to being (< w)-
indiscernible, and is sometimes the reasonable generalization of indiscernibility.

2) So 3.5(1) says that 2-indiscernible almost implies (< w)-indiscernible.
3) Also, 3.5(2) says that there are (< w)-indiscernibles.

Proof. Should be clear. Uss
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§ 4. HOw MUCH DOES THE SUBGROUP EXHAUST A GROUP?

Definition 4.1. Assume G is a group, G = (G, : s € S) is a sequence of subgroups
of G.

1) For A\ >let I =1, = IG,@)\ be the set of w C S which are witnessed by some

sequence g = (g : @ < A) C G.
By this we mean

seuNa< B <A = go.Gs # gsGs.
2) For A>let Icx=1Inz 0= U L
o pn<A

3) Let I+ = P(S)\ 1.

Observation 4.2. 1) For any X, the sequence (I, : p < A) is C-decreasing.
2) If in addition X has cofinality > 2151 then the sequence is eventually constant.

3) There is ¢ < (250 of cofinality (2191)% such that \ = N¢ satisfies all the
demands mentioned in 4.3 below.
Also if e.g. X = (2130t satisfies the demands in 4.3(a), (D).

4) Similarly when X\ = Js with § = (2151*, or just cf(5) > 2191,

Claim 4.3. Assume (G5 : s € S) is a sequence of subgroups of the group G. The
set I = I\ = I, =, satisfies:

(a) If S ¢ I, cf(\) > 2151 and a < X = |afll < X (e.g. Bu)[\ = (u!°)F]),
then there is A C G of cardinality < A such that
(Vg € G)(Ja € A)[{s € §: gG, # aG,} € 1].

(b) Under the assumptions of clause (a), for every u € I there exists g and
v € I such that

o uCuw
 i=lgna< )
e g.Gs = goGs for alla < X and s € S\ v. Moreover,

a< A= gy € ﬂ Gs.
s€S\v
o Ifscvand0<a< B <A, then go,Gs # gsGs.
(c) I CP(S) is closed under subsets.
(d) I =1, is an ideal, provided that
e For some 0 € (|S|, )\) we have Iy = I.
o G is Abelian (or just each Gy is a normal subgroup of G).
(e) Assuming clause (d)ey and X > |S|T,
(Vuq,ue € IN) (Ve < A)[ur Uug € 1,].
(f) Assuming clause (d)ea, if |S| < Rg then I is an ideal.
(g) The following holds:
(a) if u € Ix and {gq : @ < i} is C-mazximal such that « < B < a, A's €
S = goaGs # 93Gs then a, € [\, A1)
(b) If X is a limit cardinal then Iy = I
(c) If X is a limit cardinal of cofinality > 215! then (30 < \)[Iy = I
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Proof. Let I = Iy be defined as in 4.1.

Now,
(x) I CP(S) is C-downward closed: i.e.u € IANv Cu=v €I
[Why? Obvious.]
This covers clause (c).

Toward proving clause (a) of the claim, for each u € I := P(S)\ I, let g, =
(Gu,a : @ < ) be a maximal sequence of members of G such that

a<f <oy Ns€eEu = ¢guaGs # gupGs.
As u ¢ I, necessarily a,, < A (by the definition of I), and as we are assuming
cf(N\) > 2181 clearly v, == sup{a, :u € It} < \. So
B={gua:ueclt, a<a,}

is a subset of G of cardinality < A.
Next,

® For every u € I and h: S\ u — B, choose g, € G such that
Bh.g, V (Vg € G) [_‘ Hp,q }a

where
Hhy eged
e h:S\u— B

o (Vs € S\ u)|gGs = h(s)Gy].

Explicitly, if there exists such a g then choose one of them as our gj; otherwise let
gh = gu,0, just so that it is defined.

Now

A:={gn:he S\uB y eI, and Bhq, }

is a subset of G of cardinality® < |B|ISl < \.

For showing A is as required in clause (a), fix g. € G. Let

ui={s€S: (Vwe IT)(Va < ay)[g:Gs # gu,oCGs)}-

Now if w € I'" then gy, = (gu,a : @ < ay,) is well-defined and g, satisfies
(Va < ay)[9+Gs # gu,oGs), contradicting the maximality of g,,.

Therefore u € I by our choices, so by the definition of v we can find a function
h: S\ u— B such that

s€ S\ u= g.Gs = h(s)Gs.

So g« and h satisfy By, 4., hence there is a g, € A satistying B), 4, , so clause (a)
holds with a := gj,.

* * *

We can asume that A is regular (which anyhow is suffcient for section 2) as
by clause (g) we can assume holds. For clause (b), let v € I be given and let
(ga : @ < X) witness that u € I. For each o < A, let

Ug = {s €5: (3B < a)gGs = QBGS]}-
Clearly uq Nu = &5 let hy : uq — a be such that s € ug = goGs = gn(s)G's-

As X is regular and recalling (Va < A)[|a|l®! < A] by the present assumptions,
for some u, C€ S and h: u, — A, the set

W= {a < A:cf(a) =|S|" +No, ha =h, s = u.}

3 Recall that we are assuming (Vo < A) [laf15h < A].
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is a stationary subset of A. Clearly
a,B € WAsEus = goGs = gns)Gs = 9sGs
and
a#BeWANAsES\us = guGs # g3Gs.

Letting (o : i < A) list W and letting ¢, := go, for a < A, clearly v := u, and
(gi : i < A) are as promised in clause (b).

For the ‘moreover’ bit, recalling clause (b) just says “for some g and v,” we let
g = (g4) ‘9o and use the sequence (g : o < \). That is, first

0 <B<ANSES = gaGy # gsGs = (90) (9aGs) # (90) 1 (9aGs) = guGs # gj

Second

a<AAs€S\v=giGs = (g) " (9aGs) = (90) " (96Gs) = ((96) " 90)Gs = Gs.
Therefore (as v := S\ u.) we have
a<ANs€EV = ¢lGs =Gy = g € G,

as promised.

Lastly, it just remains to prove clause (e), as (d) is an immediate consequence
and clause (f) is easier and clause (g) is proved as in clause (g).

Let ui,us € I be disjoint, and we shall prove that u := u; Uuy € I, when
1€ (IS, A). Let (gra : oo < A) witness ‘ug € Iy’ for £ =1,2.

We try to choose g3 . € G by induction on € < p such that

C <eAseu = gS,eGs 7& gS,CGs;

we shall also demand that g3 . € {g1,i92,; : 4,7 < A}

Arriving to ¢, if for some 4,j < A we can choose g3 . = ¢1,ig2,;, then we are
done.

Towards contradiction, assume there are no such ¢ and j. Then we have
f:Ax A= eand h: XA x XA — usuch that for every (i,7) € A x A we have

91,i92,th(z',j) = 93,f(i,j)Gh(i,j)~
Foreachi < A\, ( <e,and s € u C S, let
U =13 <X: f(i,5) = ¢ h(i,j) = s}

Now j € L{E)C) = glviggijs = ggngs = gg’jGS = giilgg’ch; hence if s € uq

then

S

jFke ui%g7s = g2,;Gs = (gf,}gs,g)Gs = g2,1Gs

— this contradicts our choice of (g2 ; : 7 < A). Hence Uzg,s has cardinality <1 for
alli < A\, ( < ¢, and s € us.
For j < A\, ( <e,and s € u, let

Ulco={i <p:f(0,5) = C and h(i,§) = s}.

If G is Abelian, then (as above) we have ( <e Aj < AAs € u; = |Z/lj1’<’8| <1
If G is non-Abelian and every Gy is a normal subgroup of G, then for any j < A,
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¢ <, s € up we have
i€ I/I},C’s = 01,i92,;Gs = 93,¢Gs
= 91,i(Gs92,5) = 91,i(92,/Gs) = 93,¢Gs
= 1G5 = g3,¢(Gsg35)-

Hence i # k € Z/IJ{C,S = g1,,Gs = gac(ngQ_’;) = g1.xG5. This is a contradiction, so
again U . _ has at most one member.
For ¢ € {1,2} and i < A\, let Uf = U U Z/lfig’s, so as |ug| < |S] clearly
(<e s€uy
Uf| < |S| + |e|. Recall that we have A > p > |S| + |¢], so there are i, j < A such
that i ¢ Z/{jl A j & U?; hence the member g ;g2 ; of G satisfies the demand on gs ..
So we can carry the induction on € < A, so we are done proving clause (e). [y 3

Claim 4.4. In Claim 4.3 there is a W C S such that
(a) There is a sequence § = (s; : i < i) listing W such that ( (| Gs,,(\Gs,) is
i<j
finite for j < i, (stipulating [ Gs, := G).
<0
(b) W is mazimal among all subsets of S satisfying clause (a) above.

Proof. Immediate. Ui
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§ 5. CONCLUDING REMARKS

Example 5.1. An example of an additive structure is a ring satisfying xy = —yz.
E.g. if (R, +%) is @{Zxs : s € I}, f is a function from I x I into R such that
f(z,y) = =f(y,z) (so f(x,z) = 0), and we have

(Z awsf) ( > bmztn) = D b
<l

m<n, 0<l, m<m,

Remark 5.2. 1) We may use 7 2 {+,—,0,1} U{P; : i < i.} with P, unary, and

instead of modules we use 7-models M such that |M| is the disjoint union |J PM,
i<is

+M ig a partial two-place function which can be decomposed into

+M = M T PM i <),

(PM,4+M) an Abelian group, and all relations and functions commute with + (or
at least every relation is affine).
Le., let Fi(x,y,2) := 2 —y + z and demand

G( cey F*(J?“ yia Zi)7 .. -)i<i* = F* (G(i‘), G(g), G(E)),
where F,(a,b,¢) = <F*(ai, bi,c) i < arity(P)> € PM for @,b,c € PM,
2) However, as we use infinitary logics, if M is the disjoint union of Abelian groups
GM .= (PM,+M) for i < i, and we define G s as the direct sum having predicates
for those subgroups, then we have bi-interpretability. When we have only “affine

structure,” we can expand by choosing an element in each summand to serve as
Zero.

3) It is natural to extend our logic by cardinality quantifiers which say “the definable
group G quotient the definable subgroup H has cardinality > \.”

Remark 5.3. Concerning Theorem 2.4:

1) Note that instead of an R-module M we can use (M, ¢q)a<x: 1.€., expand M by
k-many individual constants. The only difference is that we will use 2, (|R|<% + k)
instead of J,(|R|<?).

2) Theorem 2.4 has an arbitrary choice — the construction of the I,-s. Instead
of using extra individual constants, in the proof,* for any v (z), ¥(z) A @;(Z) for
i <. < Kg, I, G, and (G; : i < iy), we expand M by:

(a) PM:={a: M {=¢[a] and {i < kg : a ¢ G;} € I}, which is a subgroup.
(b) Predicates for the set {a+ P :a € y(M)}.

So the proof shows that in M we can eliminate quantifiers to quantifier-free formulas
in this expansion.

3) Also, this may give too much information. The result gives elimination of quan-
tifiers, but unlike the first-order case we use more than just the positive existential
formulas.

4) We can now define non-forking: hopefully [ST]| will deal with this.

4 See B in the proof of 2.4.
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Question 5.4. 1) Are there arbitrarily large Abelian groups G which are not only
indecomposable, but even potentially so? (I.e. absolutely — even after any forcing
G is indecomposable?)

2) Relatives of this — e.g., no potential non-trivial automorphism.

Discussion 5.5. We know that up to the minimal cardinal A satisfying

A— (w)kf(‘)”,

the answer is yes (and more). But if |G| > A then absolutely it has non-trivial endo-
morphisms and even non-trivial embeddings of G into itself (Eklof-Shelah [ES99],
Gobel-Shelah [GS07]). We can improve this to “for some a1 # az from G;” po-
tentially there are embeddings fi, fo of G into itself such that fi(a;) = a2 and
fg(ag) = a1 — see [S+]
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