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§ 0. INTRODUCTION

We continue [Shei], [She22], and [Sheb] (improving [She87, III]) on the one
hand, and [She83] on the other. A starting idea was that the “many pairwise
non-isomorphic models” proofs in Chapters VII and VIII of [She78], [She90] (and
earlier [She71], [She74], [She75]) can be generalized to many contexts — in partic-
ular, to building Boolean algebras (as in [She75], [She83]).

In [Shei], [Sheb] we build the so-called “strongly unembeddable sequence of index
models” (I, : a < A), and from there build ‘many models’ or ‘models with few
automorphisms’ (or endomorphisms: e.g. for abelian groups and — our central
point here — Boolean algebras) as was done earlier in [She83].

The index models were mainly linear orders and trees with w + 1 levels. In this
paper, we deal with generalizations. (See also [She08].)

We begin with an example that motivates our need to pass beyond the framework
of trees with w + 1 levels. Suppose that we are asked to construct a rigid Boolean
algebra of cardinality A. We can take a sequence (I, : @ < \) exemplifying that
K¢ has the so-called full (A, A, Rg, Rg)-bigness property (see [Shei, 2.5-23]). (It
says that each I, is so-called “strongly unembeddable” into > {Is : 3 € A\ {a}}.
These exist: e.g. A is regular and I, codes S, a stationary subset of
{6 < A:cf(d) =R}, with (S, : @ < A) pairwise disjoint.)

Now build a Boolean algebra BA(I,) for each o. We then construct a rigid
Boolean algebra By by choosing an increasing continuous sequence (B, : a < \),
where By is trivial and B, is obtained from B, by “planting” a copy of BA(I,)
below a, € B, and our bookkeeping will ensure that By \ {0} = {a, : a < A}
This seems to be a reasonable strategy, and it works (see a little more below). Now
suppose, moreover, that we are asked to construct a complete Boolean algebra B of
cardinality A with no non-trivial one-to-one endomorphism. We should assume that
ARo = X (as the cardinality of any complete Boolean algebra satisfies this equality)
and it is natural to demand in addition that B satisfies the ccc. It is not hard to
modify the construction above so that By has the ccc, so let B be its completion.

Assume toward a contradiction that f : B — B is a non-trivial, one-to-one
endomorphism. We can find a € B\ {0} with a N f(a) = 0 and o < X such
that @ = ao. Then I, is embedded in B | a, in some sense, say by n — ay.
Hence n + f(ap) is a similar embedding into B [ f(a) that is constructed from
(Ig : B # ) alone. It seems reasonable that the demand “I,, strongly unembeddable
into Y {Is : 8 # «}” in the sense of Definition [Shei, 2.5-2 3] can be used to deduce
a contradiction; this works in the case above (i.e. without the completion demand).
However in the present case f (ag) is not in general a member of B, but rather is

a countable union | by} ,, of members of By. We would like to find an appropriate
n<w
unembeddability condition of I, into 3 Ig to handle this complication. At some
BF#a
price, our original notion can be modified to handle this complication when 7 has
finite length, but not when 7 has length w. Instead, in this latter case, we replace
it by an “approximation” bg‘ () > 0: this was part of the motivation of having
the definition “strongly finitary on PI” in [Shei, 2.5.123]). Previously, we could
use demands like “ap,, > a;” but now we have to use demands like ajy Naj =0,
ly(n) = w, lg(v) < w, but such demands tend to contradict the ccc.
Our solution is to replace subtrees of “Z\ by index sets I of the form

I=I'Uu{(nIn) () :n<w, nel, nn)=(a,o), and £ € {0,1}},
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where I’ C “{(ag, 1) : ap < g < A}, and choose BA(I) to be generated by
{al : n € I} freely except that

—al >a

ne I' A n(n) = (@, 1) = a) nin’ (1) = £

nin"(ao)
(Actually, to ensure the ccc it is better to use a more complicated variant.) But
now the bigness properties have to be proved in this context. For other aims, we
use subtrees of “Z2 of cardinality x € [Ny, 2"0), originally to deal with number of
non-isomorphic models.
In this work we deal with more complicated index sets as motivated above.
In §1 we introduce classes like K" (n)’ which are close to being trees with w +
1 levels, together with bigness properties (related to wtr(n)) for them. We then
generalize this to K?r(n).
In §1(B), we prove some existence theorems of the form “for many A there is a
sequence (I, : a < A), where each I, € Kt“;(n) has cardinality A and is strongly
Ytr(ny-unembeddable into ) I5.” We also define “super” versions of these bigness
«
properties related to the ﬁies in [Shea, 1.1571,1.5173]. Note that Lemma 1.14

is used by Asgharzadeh, Golshani, and the author in [AGS23]. weaken In §2 we
construct Boolean algebras with few appropriate morphisms for several versions.

In §3 we construct a ccc Boolean algebra of cardinality 2% of pre-given length
(see Definition 3.3) such that any infinite homomorphic image has cardinality 2%°.
We use a Boolean algebra constructed from a single I € Kt“’r(h) as in §2. As it
happens, the complicated I € K (n) are not needed, just non-trivial ones. Our
point is that K} ) is not good just for the constructions in §2, it is a quite versatile
way to build structures with pre-assumed properties (not to speak of varying the
index model).

The main result is (3.6):

(¥) For p € [Rg,2%0), there is a ccc Boolean algebra B with length u (see
Definition 3.2 below) such that every infinite homomorphic image of B is
of cardinality 2%°.

If 1 is a limit cardinal and cf(u) > Ry we can demand the length is not obtained
(see Definition 3.2): if ¢f(u) = Ng this is impossible.

Also, we can replace Ry here by any strong limit cardinal & of cofinality Ng (see
3.14).

In §4 we deal with trees of the form S U“>2, where S C “2 is of cardinality \.

Note that §1, §2 are revised versions of parts of [She83] and parallel to [Shea],
and §4 is a revised version of parts of [She89]. The results in §2 answer problems
of Monk (presented in Oberwolfach 1980).

In §3, we solve a problem of Boolean algebras of Monk on which the author
earlier gave a consistency result, using ideas from §2.

§4 supersedes [She78, VIII 1.8] and repeats [She89, 1.2,1.3]. Baldwin [Bal89] has
continued [She89, 1.2-1.3]. We can apply this to models of ¢ € Ly, x,, probably
using [She99].

Recall that in [She78, Ch.VIII,1.841.7(2)], we proved that for pairs of first order
complete theories (T',T1) satisfying the hypothesis of Theorem 4.1 below

I(\, 71, T) > min{2*, 35}
We shall improve the result, replacing ]I(A, T,,T) by I E()\7 T1,T). We improve the

proof from [She78, VIII 1.8]; in particular, we use the trees U,, defined in Fact 4.9.
They are subtrees of “~2 as close to disjoint as we can manage.
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We can use trees similar to (“Z2, <1) with finite or countable levels and heavier
structure (i.e. like pure conditions in forcing notions as in [She92, §2]). Asin 1.4(3),
we use here a weak form of representation: the amount of similarity depends on
the terms and formulas.

We can use such trees as in §2 to build “complicated,” rigid-like structures. In
[She80, 1.2,1.1(3)] (more in [She79, 1.4, 1.1]) this was done for abelian groups:
one step is getting G O Z such that G is Ni-free of cardinality N;, Z not a direct
summand of G). This was continued in Gébel and Shelah [GS95] and Gobel-Shelah-
Stréngmann [GSS03].

Definition 0.1. 1) We say a structure M is atomically (< p)-stable when: if

A C M and |A] < p then the set {tp.s(a, A, M) :a € “”M} of possible types has
cardinality < p.

2) We may write u-stable instead of ‘(< p™)-stable.’

3) For O a set of cardinals, when we write ‘O-stable’ we mean p-stable for every
ue o.

* * *

We thank Haim Horowitz, Mark Poér, and Miguel Cardona for many helpful
comments.

Notation 0.2. 1) k, ¢, m,n will denote natural numbers.

2) Cardinals (infinite, if not stated otherwise) will be denoted by A, u, &, x, 0,9, Y.
0 will always denote a regular cardinal.

3) Ordinals will be denoted by «, 8,7,d,¢,&,4,j. & will be a limit ordinal if not
explicitly stated otherwise.



Paper Sh:511, version 2026-06-09_3. See https://shelah.logic.at/papers/511/ for possible updates.

COMPLICATED INDEX MODELS AND BOOLEAN ALGEBRAS 5

§ 1. TREES WITH STRUCTURE

We deal here with “relatives” of K} which are more complicated, strengthening
our ability to carry out our constructions. We mean two things when we say ‘more
complicated’ — namely:

(A) If n € T is not of the maximal level, there is a structure on the set of
immediate successors. E.g. pairs of members are used above it, so we have
more induced non-embeddability (involving the relevant i and e).

(B) T has 0-many levels, where 9 may be Rg or be uncountable.

This helps when using them for constructions, but we have to work more for the
existence proofs (see §1B).

In this section (and the next) we define and see what we can do for Kpatr, Yptr,
Kﬁ(n)’ Ytr(n)» Ktar(*), Ytr(x) (which were introduced in [She83]), getting the parallel
of [Shea, 2.15_17.11]; the main case is @ := Ry. The reason for their introduction was
for constructing certain Boolean algebras; we shall deal with these constructions
later.

More specifically, [Shei, 2.2- 5] defines versions of “I is strongly ¢(Z, §)-unembeddable
into J” and “K has [full and/or strong] (x, A, p, £)-bigness,” so we can apply it to
(K,p) = (Kg’tr, Yptr), OF (Kf’r(h), Vir(ny) Or (Ktar(h),@b;r(h)), as defined in Definitions
1.1,1.2 below. But below, essentially we choose more general ¢-s represented by e.

The relevant results are obtained by the existence of the super version, as in
[Shea] (see Definitions 1.5,1.6).

Note that §1 continues [Shea, 1.9 75].

§ 1(A). The frame.

Definition 1.1. 1) thr

is the class of I such that:
(A) The set of elements of I is, for some linear order J, a subset of
setper[J] = {n : 7 is a sequence of length < 9, such that if
i+ 1 < lg(n) then n(7) has the form (s,t) with s <j t,
and if i + 1 = lg(n) then n(i) € J}.

Also, if n € I, i + 1 < lyg(n), and n(i) = (s,t) then (n [ i)"(s) € I and
(n 1 4)"(t) € I. Furthermore, the empty sequence belongs to I, and if
0 < {g(n) is a limit ordinal then n [ 6 € I.

(B) The relations of I are:
(o) n Qv, meaning ‘» is an initial segment of v’ (i.e. n = v [ g(n));

(B) Pi:=A{n:tg(n) =i}
(v) <1:=
{(n,v) : for some i < 0, lg(n) =Llg(v) =i+1, n(i) <;v(i), nli=vli}

(6) Eq; == {(n,v) : lg(n),lg(v) >i Anli=v]i}
(e) Sucy =

{(n,l/> : for some i < 0 and s <yt we haven [ i =v |1,
i+1=1tg(n) < Llg(v), v(i) = (s,t) and (i) = s}
(¢) Sucg =
{{n,v) : for some i < 9 and s <;t we haven [ i =v | i,
i+1=14(n) <Llyg(v), v(i)=(s,t) and n(i) =t}
(n) An individual constant ().
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() Functions Res”, ResZ such that ResZ(n) = (n | @) (s) and ResZ(n) =

(7 1 0)"(t) when n{a) = {s.) and o+ 1 < foln), and Rest(n) =
Res?(n) = n otherwise.

If we omit the superscript d, we mean Kst"r
2) Let
Yper (0, 13 Y0, Y1) = \/ [Piy1(21) A Piy1(y1) A Pu(zo) Ao = yo
i+1<0
A Sucy, (z1,x0) A Sucg(y1,yo) A x1 <1 yl].
This depends on 9, but we usually suppress this parameter.
3) I e thr is standard iff in (1)(A), J is a set of ordinals with the natural order,

or at least a well-ordering (usually we shall use those).

Definition 1.2. 1) For h: § — w \ {0}, the class K¢ tr(n) 18 defined like K?

ptr» but

replacing pairs by increasing h(i)-tuples at level i. That is, I € Ktr(h) iff

(A) the set of elements of I is, for some linear order J, a subset of
setir(n) (J) = {r] : m is a sequence of length < 9,
for i +1 < g(n), n(i) has the form (so, ..., sp)-1)
such that so <j s1 <y ... <y Sp)—1, and
for i + 1 = fg(n), n(i) € J}.
Also, if n € I, i +1 < {g(n), m < h(i) and n(i) = (so,...,Sn@)—1) then

(n 1 4)"(sm) € I. Furthermore, the empty sequence belongs to I, and if
d < fg(n) is a limit ordinal then n [ 6 € I.

(B) The relations of I are:
(o) mn <Qv, which holds iff n = v | l(n).
(8) Pi={n:4g(n)=1i}. (Welet Pcyg:= U P;.)

)
<O
(V) <v={m,v):Lg(n) =lg(v) =i+ 1, n(i) <y v(i), nli=vli}
(6) Eq; = {(n,v) : lg(n), lg(v) > i, n[i=v[1i}
() For m < h(i) and i < 0:
Sucim = {(n,v):nli=vli lgn =i+1<l(v),
v(i) = (so,---, Sh(i)—1>v77(i) = Sm}
(¢) An individual constant ().
(9) Functions Res]" such that Res!"(n) = (n | )" (Sm,) when
n(i) = (s0,...,5n3)-1), i +1<Lg(n), and m < h(i).
Above,

o) Ifn > h(lg(n(i))), n(i) = (S0, - -, Sh(i)—1), and i+1 < fg(n) then
we stipulate Res]" (1) = 7.

oy If lg(n) < i then we stipulate Res]"(n) = n.

1A) ForACIEKr(h)7

closures(A) == {77 € I: ¢g(n) is a limit ordinal and
[i < Lg(n) A €< h(i)= Res? (1) € A}]}

1B) For I € K2 ., let

tr(h)
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o ssed; ., (1) = {n"(0) :m € Py, 0 € incp(J)}
o sseq;(I) = | sseq,,(])

m<h(i)
e sseq(]) := | sseq;(1)
<0
2) If A[h(i) = n] we may write Ktar(n)7 so for n = 2 we get K, up to some

1<d

renaming. Similarly for tp¢y.

3) If A [h(i) =4 mod w] we may write Kg(*). We say “I € Kg(h) is standard” in
i<K

case the underlying set J is well-ordered (usually a set of ordinals).

4) When we write 1(c)(£), we mean () if 5(n7) = a+1 and Res’, (1) if a+1 < lg(n).

Definition 1.3. Continuing 1.2, we define some formulas relevant to the class
K?r(h).
1) wtr(h)(‘i.7g)7 where T = (.’L'()7.’171)7 Y= (y()uyl)a isl
(zo = ¥o) A Palyo) A \/ [Piv1(x1) A Pia(y1) A (21 <1 91) A
<0
Suc;o(x1,0) A Suc; ji)—1 (Y1, o)

2) We define wér(h) ;(z;7) as follows, where {g(T) = lg(y) = h(i) + 1:

h(i)—2 h(i)
zo = Yo A Pa(yo) N /\ [Te1 = ye] A /\ [Pis1(ze) APiy1(ye)] /\ Suc; e(Te+1, To)-
=0 =1 e<h(i)

3) Assume o = sup(rang(h)) and let T=(2p: L <l4+a)and g=(yr: L <1+ )
(noting o < w). Then we define wgr(h) (Z;9) as

\V/ ey i (@ 1 (h(0) + 157 1 (h(0) +1)).
<0
4) For e as in Definition 1.5 below, we define 9, (1)s(Z; %) as \/ ¥r(n),s,4, Where
<0
e lg(z) = lg(y) = sup(rang(h))
o Yunyei = NMVum)iu s (T 1 (0E) +1);9 [ (h(i) +1)) @ (u1,us) € e},
where

d wtr(h),i,ul,uQ =

(a:ozyo/\Pa(yo)/\{xgzyk:€€u1, k€wusg, [Nuy| = |kﬂu2|}

R(4)
A N\ [Pesi(@e) A Pii(ye) A Res (z0) = ] )
=1

Remark 1.4. 1) Here, when dealing with K}, (or Kg(n), Kg(*),
parallel cases), we introduce the “super*” version, parallel to Definitions [Shea,
1.1-17.1, 1.42172].2 So the easy case [Shea, 1.9-7.5] has to be redone, and [Shea,
Claim 1.8(2)-17.5] is no longer of any help and we should prove a parallel. The role

of € here corresponds in the role of vy, in [Shei, §2], [Shea, §1].

Kg(h) : those are

1Below, the intention is yo | i = ¢ | i and yo(i) = (w0 (3), ..., Tp(i)—1(4))-
2 And see more versions in [Shea, 1.5-17.3, 1.6-17.3a].
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2) Concerning Definition 1.5, the reader is advised to concentrate on clauses (1)

and (3)(A),(D).

Definition 1.5. Let b : 9 — 9\ {0}, and € be a function with domain 9, with each
e(i) = e; an equivalence relation on some subset of P(h(i)) satisfying

up € up = |ug| = |ugf.

For this definition we identify a set (of natural numbers or ordinals) with an in-
creasing sequence enumerating it. When defining e; we may ignore classes which
are singleton; see clause (5) on default values.

1) For I € Kg(h)7 J € Kg(h,) and cardinals p1, ua, k, we say I is (u1, o, k)-super-
e-unembeddable® into J (for K2(h)) when:

(*)éié For every large enough regular cardinal x, for every z € H(x), for a fixed
well-ordering <} of the set H(x) and fo : "“I — pa, f1 : sseq(l) — "=J,
there are (M;, N; : i < 0) such that:

(1) M; < Ny < M; < (H(x),€,<}) fori<j<o.
) M; Ny = N; Ny for @ < 0.
(’LZZ) K g Mo, 0 g Mo.
) I, J, 1, kK, 0, fo, f1, h, z belong to M.
) There is n € P} such that n [ i € M; for every i < d. Also, for all
i large enough, “Res?(n), Res}(n),... ,Res?(i)fl(n) € N; \ M; realize
the same Dedekind cut on
{nri)(s)el:se Min{v(i):ve P, vii=nli}}”
(Recall that <! linearly orders {(n [ i) (s): s € J}.)
(vi) In clause (v), we may add: if k() > 1 and u; e; uy then
(a) If 01 € ug ANly € ug A |U1 ﬁf1| = "UQ n €2| then fo(ReSfl (77)) =
fo(Rest2(n)), and? also fi(Resi' (1)) and fi(Res‘?(n)) have the
same length.
(B) For u C h(i), let 7y, ., be the concatenation of the sequences
fi(Rest(n)) for £ € w.
Then the sequences Uy ; u, s Vnius € *7J
o1 Satisty fo(y,iu) = fo(Vn,ius)-
e, They realize the same atomic type® over the closure of J N

(vii) For every v € “2J, for every i < 0 large enough, we can replace J N M;

by JUM; U{ve: ¥ € lg(7)} in clause (vi)(8) above.

2) For I,J € Ktar(h) and cardinals g1, 12, 5, we say® that I is (ug, po, 0)-super-e-
unembeddable’ into J (for K2 (ny) When:

3 But if pu1 = po = p, we write (g, %) instead of (fi, k).
4 Manipulating fo, the “also” follows.
5 If we omit ‘closure’ then later we will need to say more: for every v € P,

( U Mi> N {Resl(v) : £ < h(i), i < B}
<9
is included in some M,,. Also, in 1.10 we need 91 := (\a|“0)+.
a<d
6 This is helpful in constructing Boolean algebras as in §2 in more cardinals without using
Definition 1.5(1) (or even d’;t(h))’ but this is the minor variant and the reader can ignore it.
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(>o<)’1,(]7#7a,(_e For every large enough y and x € H(y), for a fixed well-ordering <% of
H(x), there exists M such that:
(1) M < (H(x),€,<})
(ii) xe M
(iid) [[M]| =0
(iv) There is n € P} such that
i < dAL<h(i) = Resi(n) € M,

and for every function f € M from [ to p, for unboundedly many
1 < 0, we have:
@I < ... <l < h@),ly <...< 4t _, < h(i), and
(... 0y ei{ly,. ..., _,}, then

F((Rest (n) sm < k) = f((Rest (n) : m < k).

(v) If v € Pg then either v € M or for some k < § we have v | k € M
and v | (k+1) ¢ M.

3) Let max(e;) := max{|u| : u € dom(e;)}.

(A) Let &° be defined by

e) =&%i) = {({¢},{k}) : £,k < h(i)}.
(B) Let &' be defined so that e} = &' (i) is the closure of

({0,...,h(i) — 2},{1,..., h(i) — 1})
to an equivalence relation.
(C) Similarly, e? = (i) is the closure of
({0, [n())/2] = 1}, {[R(i)/2).. ... 2[h(i) /2] — 1}).

(D) If @ = €” we may omit the superscript.

4) For (I : £ € W), W a set of ordinals, I € Ktar(h) (standard, for simplicity)
letting

Go=sup(WU{n@):ne U I and lg(n) =i+ 1< 9}) +1,
Eew

we define > I € Kg(h) as {()}U{() ®@n:& €W and n € I}, where g@ is as in

Eew Cx *
part (5).
5) Recall E@nis () if n = (), and is (C« x &€+ n(0),n(1),n(2),...) otherwise.

Cx

6) Above, if 1 = u = po we may write p instead p, p
Definition 1.6. 1) Kg(h) has the (x, A, i, K)-super-e-bigness property when there

are standard I € Ktar(h) for ¢ < x with |[I¢| = X such that I is (u, k)-super-e-
unembeddable into I, for each ¢ # e < x.

2) Kg(h) has the full (x, A, , k)-super-e-bigness property when there are standard
Ic € Kg(h) for ¢ < x with |I¢] = X such that I is (u, k)-super-e-unembeddable

into J. = > I. for each ¢ < x.

e<x

e#C
3) We may also add superscripts to distinguish slightly different super-bigness prop-
erties: super™ will be used for the properties defined in parts (1) and (2) above;



Paper Sh:511, version 2026-06-09_3. See https://shelah.logic.at/papers/511/ for possible updates.

10 SAHARON SHELAH

super*” will be almost identical, but we replace unembeddable by unembeddable’
L » Ic,J
(i.e., in Definition 1.5 we replace (x),:18 by (*)7. 5. .x.8)-

3A) We may replace A by A = (Ao, A1) if ‘|I¢| = X’ is replaced by
el = Mo and [{n € I¢ : fg(n) < B} = A1

4) Whenever we state a theorem, definition, or claim which does not depend on the
specific version of bigness, we will write ‘super*.’

Remark 1.7. Also, K¢ can be brought into the framework above as a specific case
(i.e. h is constantly 1).

Claim 1.8 (Monotonicity). For every h: 0 — w \ {0}, we have:

1) If Ktar(h) has the [full] (x1, A1, p, £)-super™ €-bigness properties, x2 < x1, and
Ao > Aq, then Kg(h) has the [full] (x2, A2, i, K, 0)-super™ €-bigness property.

2) If Kg(h) has the full (x, A\, u, k)-super™ e-bigness property and xi := min{y, A},
then Ktar(h) has the (2Xt, A, u, K)-super™ e-bigness.

Proof. 1) Straightforward.
2) Similar to [Shea, 1.9(1)-.7.5], but we elaborate.

If (I, : @ < x) exemplifies “Kfr(h) has the full (x, A, i, k, 6)-super® e-bigness
property,” x1 := min{x, A} and h(0) = n,, then we let J4 = > I, for A C x1

acA

(see Definition 1.5(4)). )

Let (A, : o < 2X1) be such that A, CAand a # 8 = A, € Ag. Now
(Ja, : a < 2¥1) exemplifies “Kt“r(h) has the (2X')\, p, K, 0)-super™ e-bigness prop-
erty.” Ui

On the [full] strong (x, A, i, x)-bigness property (and strongly finitary version)
see [Shei, 2.5-12.3]. By 1.9 below, for 4,y from Definition 1.2(2) it is a consequence
of the super™ version, and as in [Shei], [Shea] it is useful.

Claim 1.9. If K‘?r(h) has the [full] (x, A\, p=", k)-super-bigness property and x < A,
then Kfr(h) has the [full] strong (x, A, i, k)-bigness property for . (ny for functions
f which are strongly finitary on Py.

Proof. The result follows by the definitions and 1.10 below. Uiog

Analogously to [Shea, 1.10-7.5a], we have:
Claim 1.10. Recalling 1.5(1), (3)(A),(D), if (x)L:7 . (where pu1 = u=<*, k1 = K,

H1,K1

{I,J} C Kg(h) are standard’) and h € ?(w \ {0}), then I is strongly (11, &, Yo (n))-
unembeddable into J for embeddings which are strongly finitary on Pal.
Proof. Recalling 1.5(3), we have @ = €. Without loss of generality, I and J are

subsets of 92 (9>0) for some cardinal 6, and let <* be a well-ordering of ., .(J)
(which respects being a subterm). Suppose f is a function from I into .#,, .(J), so

for n € I, let

f(77) = 0'77(1/,7,0, sy Uniy e -)i<o¢,,,
for some term o, ordinal o, < k, and v, ; € J. f is strongly finitary on Py, which
means

n € P} = a, <wA [0, has finitely many subterms].

7 See Definition 1.5(1).
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Let x be regular large enough and <* a well-ordering of H(x), and define
g(n) = {a: the o™ element by <* is a subterm of fm)}

for n € P} (so we use the “strongly finitary” only to ensure that g(n) is finite for
n € Pj).
We define functions fo, f1 as follows.

B (a) dom(f1) =dom(fy) := _Ua P!
1<
(b) If n € P! and

fm) =0y e Deca, = (Onu(cooyUngs) 0 < By)
then
o1 fo(n) :==cd({(oy, : ¢ < By)), where
ey cd is the <;‘<—ﬁrst one-to-one function from some subset of

{ov,:ve U P/, 1< B} into p.
j<o

o5 f1(n) = (vn, 1t < o).
Choose x large enough (e.g. x strong limit such that I,.J € H(x)) and <} a well-
ordering of H(x) which respects

‘a is a subterm of ¥ = a <; b.

We now apply 1.5(1) with our present I, J, fo, f1, and get (M;, N; : i < J) as in the
conclusion of Definition 1.5(1). Let n € P} be as in clauses 1.5(1)(v)—(vii). Apply
clause 1.5(1)(vii) to the sequence (v, ; : ja,) (so «,, is finite).

Let ie < O be large enough (as in 1.5(1)(viz).) Let g = yo =n and 1 = (n |
i) {an), 51 = (7 1e) {any1), where n(ia) = {ae : £ < h(3)).

Now, using clause (vi)(53)+(vii) of ()7, the rest should be clear. O1.10

Lemma 1.11. Let h € “(w\ {0,1}).

1) th, and Kg(h) have the full (A, \, u, k)-super-bigness property when \ > pud +
ASE,

2) Above, we can deduce that Kf’r(h) has the full (X, A, p, k) -y -bigness property.

Proof. See 1.16 and the end of §1; we shall prove more in §1B. (In fact, we can
prove more as in [Shea].) Ui1a

Claim 1.12. Let h be as in 1.11, and assume p > 0.
1) Let I € K?r(h). Then I is atomically p-stable iff (A) and (B) hold, where

(A) Fori <0 andne€ P!, the linear order

({V6P1{+11V”:77”}7<{)

is atomically p-stable (i.e. for every subset of cardinality < u, only < p-
many Dedekind cuts are realized).

(B) For any I' C I with |I'| < pu, the set
{nePy:i<dNl<h(i) = Resi(n) € I'}

has cardinality < p. (So if p = u? then this certainly holds.)
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2) For p = cf(p) > 0, “atomically (< p)-stable” is characterized similarly (for
w=x"T, this means “atomically x-stable”).

3) IfI e Kfr(h) is standard, p = cf(p), and

a<p=lal? <p,
then I is atomically (< p)-stable.
4) The family of “atomically (< p)-stable I € Kg(h)” 18 closed under well-ordered

sums.

Proof. 1) Let J C I be of cardinality < u. Without loss of generality

Xy neJALl(n) >i+1AL<h(i) = Resi(n) = (n i) (ni)e) e J,
[Why? Recall p > 0.]
Let
J={nlGi+1):nel, i<l(n)}
U {n e J:4y(n) is limit, and j <i Am < h(j) = Res]'(n) € I},
and for v € J’ let®

Jy={nel\J:v<anandn| (lg(v)+1) ¢ J}.
So clearly
(x) (J} :v € J') is a partition of I\ J into < p-many sets.
[Why? See clause (B) of the assumption.]
Forn € T\ J let j(n) :==max{j : n | j € J'}. It is well-defined (and < 9) by our
choice of J’ above, and clearly 7 € J;fj(n)'
We now observe:

QIUn<w, 7 =:0<n),7" = :¢<n),and n), nj € I, then the
following five clauses are a sufficient condition for
tqu(ﬁla Ja I) = tqu(ﬁ”7 Ja I)
(a) If gy € J or ) € J then n), =nj.
(b) Lg(mp) = Lg(ny)
(c) If g, ¢ J (equivalently, n; ¢ J) then j(n,) = j(n/) — call it j, — and
np I3e=ny 1 e
(d) for 41,43 <n <w and j < 0, we have
() my, 1j=my, 1< mn [ j=n | j[This Follows]
(8) If the conditions in («) are true, j < min{ﬁg(n@),@g(n&)},
mi,ma < h(j), and for t = 1,2 we have
[J+1 < dlg(ng,) Aty =g, (5)(ma) At = (5)(m,)]
V[j 1= Lyl ) Nt =g, () A =07, (), ]
then
o1 (mp, 17)°(t1)
(g, 15)"(tY)

equal.
(e) If () then (3), where:

8 As clearly v <1 = fg(n) > lg(v) + 1.
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(a) First, mp e Ji,mp 7€ J and n, | (j+1) ¢ J' (hence similarly
for ny).
Second, v <1 p € J and my,ma < h(ly(v)).
Third, for ¢ = 1,2 we have o] V o5, where

o1 j+ 1 <Lg(np) Nt" = ny(je) (ma) A" =0 (je) (ma)
o j+1="Lg(ny) Nt"=ny(5) A" = (j).
(B) v {ty,) <{ v (ty,) & v (t]) < v'(t},)

It is easy to check that this is true. Also, ® defines the equivalence relation (equality
of quantifier-free types in I over J) as various pieces of information being the same.
Now in all cases we have < p choices (for clauses (d),(e) in ®, recall clause (A) in
the assumption) so we are done.
2) Similarly.
3) Follows, as well-orders are atomically p-stable.

4) Straightforward. Ui12

Claim 1.13. 1) If I € Ktar(h) is standard and X satisfies (Yoo < X)[|a|? < A] then
I is (< X)-atomically stable.

2) In 1.12(1) we can waive the assumption ‘u > 0,” if we weaken clause 1.12(1)(B)
to

(B) = For all I' € [I|<H, the set
{n€1:1tg(n) is limit, and (Ji. < lg(n)) (Vi > i,) (3¢ < h(i))[Rest(n) € I']}
has cardinality < u.

Proof. 1) Obvious, because well-orders are automatically (< A)-atomically stable;
by 1.12(1) for A successor and by 1.12(2) for A a limit cardinal.

2) Easy (but this result will not be used later). Uias

§ 1(B). Existence Proofs.

In this subsection we first generalize the simple Black Box (B.B. for short; see
[She22, Lemma 1.5-1454]) to our context, and then we prove 1.11(and more, as
promised earlier) on the existence of full super-bigness properties.

Lemma 1.14. The h-fold simple B.B. Lemma.
Assume \,0 > Ny, h : 0 - w\ {0}, I € Ka(h) is as in Definition 1.2 for

J = (X, <) (that is, in 1.2(1)(A) the set of elements of I is equal to sety ) (N)),”
and let S := Hey, (A).

1) There are functions f, forn € P}, and pairwise disjoint Y. C P} for e < X such
that:

(i) dom(f,) = {(Res{)(n):i <0, £ <h(i)}. That is,
dom(f,) == {nj :j < i not successor} U{(n I j)" (n()(0)):j+1<i, £ <h(j)}.
(i) rang(fy) €

(#i0) If f is a functz’on from PId into S, g is a function from PIa into some
v < A, and e < \, then for somen € Y, C Pd, we have:

o fngf

9 Recalling Pl ={nel:t(n) =08}, PLy= U P/, and (i) € incy(;(J).
<0
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o g | {(Res$)!(n) : £ < h(i)} is constant for each i < .

2) Assume in addition that X — (h(z))egml fori < 0, where m; < h(i). Then we
can replace part (1) with
. N A . . N1 <m;
()2 dom(fy) = {(113)"(n(i) 1w} i <9, we [pGH)] =™},
(ii)2 rang(fy) € S
(#i1)2 “If (a) then (b),” where
(@) o f:PL, =8
o g = | gi, where g; is a function into 6;, with domain
1<0
U [ @a<i)]

I
PEP L,

<m;

o3 £ < A
(b) For somen €Y. C P}, we have:
o, fnCf
o g | [{(Resf)l(n) A< h(z)}]k is constant for each i < 0 and
k< m;.

Remark 1.15. 1) Quoting 1.14 in [AGS23, Th 3.14, Def 3.13], note that:

(a) K, there correspond to R and A here.

(b) Acw, Ay there correspond to PL,, Pl here.

(¢) gy, g, f, A there correspond to f,, f, g, here.
2) We can allow finite A, but then we would have to add the condition

i1<d=(h(i)—1)- v <A

3) Clearly we can say something about the case A = ¥y (e.g. if we have guessing of
clubs).
4) We can have (Yz : ¢ < A?) and |S| = A9 by using a partition (W, : j < ) of 0
into sets of cardinality 9, and using (n(i)(0) : i € W;) to code one member of \?
(or of H<a(N)).
5) In 1.14(2)(ii7)2 @2, use (gim : @ < 0, m < my) with g; , : [A]"™ — 6, ,,, where
J—1(0im) < A. (Similarly in 1.16.)

Proof. 1) Let (W5, : 5§ € “>S, £ <) be a partition of X into |“>S x A]-many sets,
each of cardinality . For i <9, let A; :={n [i:n € P}, and choose (f, : n € A;)
by induction on ¢ such that:
()i (a) dom(fy):=
{n1j:j<inotsuccessor} U{(n ) (n()(©)):j+1<i, £<h(j)}

(b) rang(f,) C S

(c) If v < then f, C f.
(d) If j+1 < i and ¢ < h(j) then

s ifn(j+2)(0) € Ws. and £ < h(3)
(0)) = g
0 otherwise,

Lo 19)" (n(5)

(e) If 5 =0 or j is limit < 4, and n(j)(0) € W;s for some 3, then s will
be fn(n 1 j) (or zero if p = ( )).

(¥)2 Fore < A, let Yo :={ne Pl:j<8=n()0)e USWE,E}.
se
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So fi = {( faine€ P!) is well-defined for i < k, and obviously f5 satisfies clauses
(7), (#9) of the desired conclusion. What about clause (i4i)?

Fix e. Assume f: PL_— Sand g: P, — « for some v < A\. We choose n; € A;
by induction on ¢ to be a <-increasing continuous seequence.

If ¢ = 0 or i is limit, we have no freedom.

If i = j+ 1 and j is not a successor ordinal, then let § := <f(77 i ])> (so
5 € “ZHon,(N)), and choose p € incp(j)(Ws,e). Let

Y, = {77 ePlni) ) el Ws e for every i < 0 and £ < h(z)}

and n; = n;"(p).
Lastly, if i = j+ 1 and j is a successor ordinal, then let
5= (f(Resj_y(n) : £ <h(j — 1))
and choose p € incy(j_1)(Ws,c) such that g | {n"(p(£)) : € < h(1)} is constant (this
is possible because W5 . is large enough). Let n; := ;" (p).
Now it is easy to check that n satisfies clause (ii).
2) Slmllarly D1,14

Next we fulfill a promise.

Lemma 1.16. KJ, and Kg(h) (for h € 2(9\ {0})) have the full (\, \, u, K)-super-
e-bigness property as witnessed by an atomically O-stable structure when at least

one of the following holds:

Case 1:
X is reqular, X = X2 > py = py = p, and for all i < O large enough we have
.\ max(e;)
A= (h(z))# ,

where 1, = u<”+“8, max(e;) is as defined in 1.5(3), and © := {0 : 0 = o}.

Case 2:
pr = po =, A=cf(\) >0 =07 =05 > > K, u. is as above,
.\ max(e;)
0 — (h(l))u*
for all i < 0 large enough, and © = [0,00)card-
Case 3:
A is singular, g = pd + pst < A <202 Kk <0,

pif = (i)
for all i < 0 large enough,
f2 if 0 =Ng and /\[max(e;) = 1]
e 29 +2<F  otherwise 1
and © = [u;, 00) Card -

Case 4:
Like Case 2, but A\ is singular.

Conclusion 1.17. In all four cases in 1.16, we can deduce that Kfr(h) has the full
(A A, s ) -0y -bigness property.
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Remark 1.18. 1) The reader may use only Case 1 of 1.16, because it suffices for
many cardinals.

2) We may counsider M;, N; of cardinality p; (or 6;).

3) Similarly, we can use an increasing sequence 6 = (; : i < ) in Case 2.

max(e;),,

4) We can weaken “X — (h(i ))#

If ey, : [0]F — pp for k < m = max(e;) then there exists u € []"(*)
such that c;, | [u]* is constant for all k < m.’
So pg == Jym_x(p) will suffice by the proof of the Erdés-Rado Theorem.

5) We can let 9 be singular, but this is of doubtful interest.

as follows.

Proof. Proof of Lemma 1.16.
The proof splits into cases.

Case 1:
First, as A > 0 are regular and A = A2 (hence A\ = A<9):

(¥)o We can find a stationary subset S, C {d < X : cf(d) = 9} which belongs to
I3[\
By this we mean we can choose C' = (C,, : @ < \) such that:

e (,Cu
e otp(Cy) <0
e feCy=Cs=CyNp
e a €S, = a=sup(C,) (hence otp(C,) = 9).

(x)1 We can choose a partition S = (S¢ : ¢ < ) of S, into stationary sets.

(a) Without loss of generality, for each ¢ < A, c* =0T S¢ guesses clubs
(in the following weak sense):

(b) For every club E of A, for stationarily many 6 € S¢, we have
a€Cs = min(E\ (a+1)) <min(Cs \ (a +1)).

(¥)2 For ¢ < Xand é € S¢, let ps,vs € 9\ be defined by:
) ps(i) is the (2i 4+ 1)" member of Cj.
vs(4) is the (2i + 2)*™ member of Cs.

Let As = {n €25 :i< 0= n(i) € incy;([ps(i),v5(i))) } for 6 € S.
10

(a
(b
()3 (a
(b
(c) Let I be the submodel of I{\(h) with set of elements

U asu Pl
6€S¢

Let I} v(n) € Kin(n) be as in 1.2(1), with set of elements sety () (A).

)
)
)
)

¥)4 (a) We will show that I = (I : ¢ < \) exemplifies the conclusion; this will
¢

suffice.
(b) Solet G <\, [ = I, J = ) I, and let x,z, fo, f1, <} be as in
CF#Cx
1.5(1).

()5 It suffices to find ((M;, N;) : i < 9) as in clauses (i)-(vii) of (x )/\’ua in
Definition 1.5(1).

10 gee 1.2(1)(A).
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(¥)5.1 We can choose B, M} by induction on o < A such that
(a) B, My < (H(x), €, <y), and B}, is <-increasing continuous in a.

(b) IB:ll < A and™ [ M5 = pan.
() [MZ]=7 € My, [M]<* C M, and p. +1 C M.
(d) (By, M} :v <p)e B forall B <a.
e) If B € Cq then (M} :y € CoN(B+1)), (B::y < ) € M.
)z, fo, f1, S <C (< )\> (and hence <(775,u5) 10 € SC>), 1,J, and ¢,
all belong to B}, and to M.
[Why? Obvious.]
(¥)s5.2 (a) The set E:= {6 < A: 4 is limit, By N A =6} is a club of A.
(b) We choose 0, € EN S, such that Cs, C E.
[Why? Clause (a) is obvious, and (b) follows by our choice of c* ]
(*)5.3 For i < d,, we choose M, : Mp @) and N; = N:J*(i).
(*)5.4 The set {tpy(7,Ys, t¢,) : ¥ € "I} has cardinality < p., where
Y; == M; N PL;.
[Why? Because in Case 1 we are assuming o < A = |a|? < A/]

(
(f

It suffices to prove that (MZ, N; : i < 9) is as required. That is, we have to check
clauses (7)-(vii) of 1.5(x ) ”, and then we will be done with Case 1.

Clauses (i)-(iv): Easy.

Clause (v):
We have to find an appropriate n € PJ. (In fact, it will be a member of As,.)
For this, we will choose 7; by induction on ¢ such that

(%)5.5 (a) m; € M; and ly(n;) = 1.
(b) If j < i then
o1 7i(j )Gmch(y)((/’&*(]) 5(])))
o (mlj < O)>7 . < ])(1)>7 S
(mi T ) (n ( N (h(j) — )> all realize the same Dedekind cut (by
<]I) on INM;N{(n;j)(s):s€J}

o3 (mi 13)" (m(7)(0) € I:=I..
[Why is this possible? The ¢ = 0 case is trivial. For ¢ limit, let n; :== J n;; it is of
i<i
the correct form and belongs to N; by clause (%)5.4. If ¢ = j + 1 then, as n; € N;
and °M; € N;, we can choose 7;(5) as in the proof of 1.14.]

Clause (vi):

In the ‘4 = j 4+ 1’ case in the previous proof, we just have to add the relevant
additional demand.

Letting'? m = max(e;), recalling fo : I — p and fi : I — *>J, we define a
two-place relation £ such that:

(¥)s.6 (A) € CA=™ x [A]=™

(B) Ul & U ﬁ
(a) [ur] = Jus|

L1 We could choose || Mz|| = p, but there would be no gain in doing so.
12 See 1.5(3)(E).
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(b) If ap € w1, g € up, and |u1 N a1| = |U2 ma2| (and hence
n; " {e1),n; " (ae) € I), then

fo(n;~(a1)) = fo(n; " {a2)) < p.

(c) Letting o1, o2 list u1,us in increasing order (and hence ;" {(o1),
1; " (02) € sseq;(1)),"* then
o1 fi(n; {(01)), f1(n;"(02)) € "~J are of the same length (< k)
and realize the same quantifier-free type over J N M;i,
inside J.

o2 fo(f1(n;"{e1))) = fo(f1(n;"(02)))
(¥)5.7 (a) &€ is an equivalence relation on [A\]S™.
(b) & has < ||M;||<" + ||M;||° = j. equivalence classes.

[Why? For clause (a) one can straightforwardly check the definition, and clause (b)
holds because || Myl|| = p« (recalling (x)s5.4).]

As we are assuming \ — (h(z))fm and as n; € M, (;y < (H(x), €, <%),

(*)5.8 For the coloring c, it is enough to find a sequence o € incy(;)(A) such that
(a) Ev?;y {gz(é) : ¢ < h(j)} realizes the same Dedekind cut of (A, <) [ M;
in (A, <).

(b) If m < max(e;) and w1, us € [h(j)]™, then

c({p(0) : L€ w}) = c({p(t) : € € uz)),
As in the proof of 1.14, there is Y € [A]* such that every o € incy,(;)(Y') satisfies

(*)5.8(a). As we have assumed A — (h(z))fm, we can choose p satisfying clause
(b), so (%)s5.8 holds.
Now we have finished the proof of Case 1.

Case 2:
We repeat the proof of Case 1, with some changes. First, we can find a stationary
Sy € Ip[A] as in (%)o.
[Why? For stationarity, we cannot use A = cf(\) = A2 + A<9, but we can apply
[She93] because A = cf(\) > 0T > 0 = cf(), because A > 0 = 7 > 9.]
Then as in ()1-(*)2, we can find C, (S¢ : ¢ < \), 6, and ps, vs as in Case 1.
Now

@®3; (a) We choose 2, by induction on o < A such that
o1 Aa < (H(x), € <)

o [[Aa]l =0
o3 [2,]59 C 2, (recalling = 6?).
o, 0+1C A, and (Ag: € Cph) €Uy
(b) For § € S, let
As={ne?6nAs i <= n(i) € incy([ps(i),vs(i))) }-
(c) For ¢ < A, let I be as in Definition 1.2, with set of elements

U AsU{Resi(n)ine U As, i<, €<h(i)}.
665( 665(

13 See 1.2(1B).
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We then follow the proof in Case 1 again, until the point where we settle clause
(v) of 15(*)1‘[2 by constructing a sequence (n; : i < 9). As before, lg(n;) = i, but
now 7n; € N; N le(s*(i)-

(Note that 21, ;y € N; is of cardinality 6, and thus large enough.)

The rest of the proof is similar to Case 1, but we choose € M; N, (5) and use
“Aq N A| =0, and 0 is large enough.”

Case 3:
The 0 > Rg case is quite different from earlier proofs: [She83, §3, 2.7, p.116],
[Shea, 1.15(2)-17.6] (which uses [RS87]; or see[Shed, 1.17(2)-{a45]) —which dealt
We are assuming jio = /1,2<a < A < 2¢2. Now we can choose:
(¥)1 =A; C pp for i < 22 (i < X would be sufficient) such that if W € [ua]<?

and 7 € po \ W, then A, Z | A;.
JEW

14

(¥)2 Let (S¢: ¢ < p2) be pairwise disjoint stationary subsets of
{6 < p : cf(0) = 9}.
For £ < 2M2 let S¢ == |J SC.
CEA:

(x)3 For & < 2#2, let I be as in 1.2 with set of elements |J Ag s, where A¢ 5 is
0ES,

defined as follows.

n € Ags iff

(a) n € sete(n)(A) (Of course, this follows from n € I¢.)

(b) If i <j, fg(n) > j+1, k < h(i) and € < h(j), then n(i)(k) < n(j)(0).
(c) If &g(n) = O then | n()(0) = 4.
)

<8
(d) Iflg(n) >i+1AL<h(@)AnGE)L) =aor lgin) =i+ 1An0) = a,
then o € S¢.
(%)a Let &, [ = 1I¢,, J = Je,, X, 7, fo, f1, <} be as in the proof of Case 1.
(*)5 We can find ((M;, N;) : i < 0) and é € S¢, such that:
(b) 1M = 1Nl = 4
(c) [M]<? € M;, [N;]<? € N;.
(d) N; <M foralli<j<o.
() A X fo, f1, <%, (S€: ¢ < pa), (Se : & < 2*), and (Us : 6 € S,) all
belong to M;.
(f) (sup(M; N pug) :i < ) is increasing with limit J.
(g) [ps(i),vs(i)) is disjoint to M; and belongs to N;.
[Why? Easy.]
(¥)5.1 ((M;, N;) i < ) satisfies clauses (*)f\‘é(z)—(w) of 1.2.
[Why? Straightforward.]

(+)s5.2 We cam find € P/ 1 Ag,s as required in ()37 (v)-(vid).

Towards this, we choose 7; of length 7 by induction on ¢ < 9 such that:
(x)& For j < i,
(a) mi(j) belongs to incy(j)(N; Ny \ sup(M; N p3)) and to
inch(]—) [p5 (’L), Vs (Z))

14 See [Shed, 3.12-14 k] — i.e. Engelking-Karlowicz [EK65].
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(b) (mi 1) (m()(0)), (i 13)" (ma(i)(D)), - - (mi 15) (ma(5)(R(4) = 1))
all realize the same Dedekind cut (by <}) on
InM;n{(ni ) (s):seJ}.
(©) (m; 13)"(n;(4)(0)) € I = I, for all £ < h(j).
(d) (n;(4)(€) : £ < h(j)) is increasing.
(€) 1;(€) € Se \U{Ser : &' € My N2z}
The proof is straightforward Clause (vi) is handled similarly.

Case 4:
We continue the proofs of Cases 1 and 2.

B; We choose X and A, such that
(a) A= (A :e <cf(N)) is an increasing sequence of regular cardinals.

b)) U A=A

e<cf(N)
(¢) Ax =cf(A,) € [cf(N) + 6T, Q)

By Let us define Ao := Y Ac.
(<e

(a) Choose S} € Ip[\] stationary and disjoint to A<; + A<; + 1 such that
§ € 8= cf(d) #0.
Without loss of generality, § € S¥ = A, ‘ d.

(b) Choose 5 = <S§ : €€ Ay, )\Z)> to be a partition of S} into stationary
subsets of ;.
[Why is this possible? As A\. = cf(\.) > 0T, we can choose S¥ as in [She93] and
S° by the definition of Iy[\.].
B3 (a) Choose W, € Ip[\,] stationary such that § € W, = cf(5) = 9N 6T | 4.

(b) We choose (W, : ¢ < cf())) to be a partition of W, into stationary
subsets of A,.

S=F} For €< cf()\) we can find <(Sg',é€) : € € [Ace, Ac)) such that

< 1€ € [Aee, /\5)> is a sequence of pairwise disjoint subsets of S C
[/\<57 <) such that § € Sg’ = |9 | d.

(b) c* = (CS:ae St

(c) C§ C Sg' Na

(d) C5=C§npforallac S and B € CS.

() Se={ace S; : otp(C%) = 8} hence |C§| = 9.)
[Why? By the properties of Ip[\.].]
Hs We can find (W, C.) : e < cf())) such that
(a) <I/Vgr (€€ [Aee, )\g)> is a sequence of pairwise disjoint subsets of Wi,
andéeW?#@*M.
(b) Cc=(Cea:a € W)
(¢) Cea C WJr N
(d) sng’f N for all « € W and 8 € C. 4.
(e) Wr={ace Wg‘ : 0tp(Ch,o) = 0} hence |C, o] =0
Bs For e < cf(A) and € € [Acc, Ae), let
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(a) Ugr ={a+pB:aeS}, BeWT, otp(C§) =otp(C. )}
(b) If y € Z/{gr (so it is of the form « + § as above) then let
Cg,W = {0/1 + 0/2 : 0/1 € Cf;, 0/2 € C&ﬂv Otp(c(i,l) = Otp<Ca,a’2)}'

B; For ¢ < cf(\) and § € [Acc, Ac), we choose 2 , by induction on v € S¢

such that
o1 Aey < (H(X): €, <3)
o [[¥Uey[[ =0

o3 [ |59 CAe ., (recalling § = 69).
0y 0+ 1C A and (Ag: B e CE ) €Ay
Hs For ¢ < cf(A), £ € [Acc,Ao), and v € S¢, let py, vy € 9\ be defined as
follows.
(a) py(i) is the (20 + 1) member of Cf .
(b) v, (i) is the (2 +2)™ member of Cf .
By For ¢ < cf(A) and £ € [Ace, Ac):
(a) For v € Sg, let
Ay ={n€%9N A, i <D= n(i) € incpiy([py (i), vy (1)) }-
(b) let Iz be as in Definition 1.2, with set of elements

U A U{Resi(m):ine U Ay, i<d, £<h(i)}.
~eS? ’YES;
3

B0 Let X denote the (finite) sequence of choices we have made so far: wviz.
M, 0, A, <S: e < Cf()\)>7 C e, <<(u7,p7) 1y € Sg> €< )\>.
As in (*)4+(x)5 of Case 1,
11 (a) We will show that I = (I : ¢ < \) exemplifies the conclusion; this will

suffice.
(b) Solet ¢« € [Aece, Ae), [ == 1¢,, J = > I¢, and let x,z, fo, f1, <} be
CF#Cx
as in 1.5(1).

B2 It suffices to find ((M;,N;) : @ < 0) as in clauses (i)-(vii) of (*)f\,‘ia in
Definition 1.5(1).
Now we can choose
Hi15.1 We can choose B:, M7 by induction on v € SZ* such that

(a) By, M3 < (H(x),€,<%)

(b) IB5ll < A and™ [[MZ[| = .

(c) [ij'“]Sa C Mz, [M3]<" € M3, and p. +1C M.

(d) (Bj, My :j<p)eBynM; forall B<1.

(e) If e C¢ ., then (M} :jeCyN(B+1)), (B;:j<pB)e M.

(f) z, fo, f1, I,J, and (. all belong to B} and to M.

Bi2.2 We will also add BS and N3 such that if v = a+f for some (a, ) € Sg' x 0,
then
(a) B3, N3y < (H(x),€,<%)

(b) IB5II <0, B5N6 €0, and ||N3|| = p.

(c) [N;]Sa C N3, [N3]<" C N3, and p. +1 C N3.

15 We could choose |M3]| = , but there would be no gain in doing so.
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(d) ((Bj, By, M;,Ny):j<fB)eByNNS foral <.

)
(e) Asin Hjs1(e) above.
(f) As above.
Bios (a) Br:={6 <A, :A|dand ( U By)NA; =0d}isaclubof A,
vESENS
(b) For 8 € By N SE et By o= {a<0:( U Bj)no=al.
B<a

B limit
Hi2.4 (a) Choose a; € E3 4, such that C5, weakly guesses Es o, .

(b) Choose as € E1 N SE* such that Cf, weakly guesses F.

(¢) Now choose ((M;, N;) : i < ) as follows.
e, For 1 =1,2, let 1, € C§ be such that otp(C§) N B, = 2 +¢.
o; For 1 =1,2,let 5, € C3, be such that otp(C3,) N PBa,, = i.
o3 Let M; = N§ g, and Nj:=Ng .5 .

The rest is as in the proof of Case 1. 416

We still owe the reader a proof of 1.11.

Proof. We would like to apply 1.16. Note that the case ‘max(e;) = 1 for every
i < & simplifies matters, as pg — (h(i)),, holds.

As we assume A > p?+ <" (which implies A > 9) we know that Case 2 applies
whenever A is regular, and use Case 4 when it is singular. (11
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§ 2. APPLICATIONS TO BOOLEAN ALGEBRAS

Here we construct some Boolean algebras with “no non-trivial morphism.”

We shall mainly use BA,(I), I € K for constructing mono-rigid ccc Boolean
algebras; BAyp)(I), I € K:;(h)’ h € “w\ {0,1,2}) for constructing complete
mono-rigid ccc Boolean algebras; and BAy,.(I), I € K¢ for constructing Bonnet—
rigid Boolean algebras. In each case, for every I from a relevant family (which
exemplifies full bigness in the relevant case), we derive a Boolean algebra BA(T),
chosen to fit the proof of the case of rigidity we are interested in (this is Definition
2.1). We then build a Boolean algebra B of cardinality A, planting a copy of BA(I,,)
below enough elements a € B such that a # b = I, # Ij (see 2.4). We mainly show
that BA.(») (/) satisfies a strong version of the ccc hence the ccc is preserved (see
2.6), hence the outcome of the construction 2.4 is as required with respect to the ccc,
completeness, and cardinality. We then observe the relevant weak representability
results (see 2.12). Note that if we consider the completion of a ccc Boolean algebra B
and B is weakly represented in .4y, x,(J) then its completion is weakly represented
in My, x, (J). Next (in 2.15) we deal with deducing unembeddability of BA«(I)
into a Boolean algebra B which is weakly represented in .#), .(J), the main case is
part (2). We deduce as conclusions that there are mono-rigid [complete] Boolean
algebras (2.17, 2.18). We then deal with Bonnet-rigid Boolean algebras (2.19 ‘til
the end).

Definition 2.1. 1) For I € K2, recall that BA,(I) is the Boolean algebra gener-
ated freely by {z, : n € I}, except that:

*)1 77<1/€PI:> Ty > Ty
) n

2) For I € K9, let BAy:(I) be the Boolean algebra freely generated by {,, : n € I},
except that for n € I with lg(n) = w, letting n = ((a0, Bo), - - -, (s, Bi) - - the

following holds:

: >i<8’

(%)2 For all i < 0, &, < i~ (a,) and ;) N Ty p5-(5,) = 0.
3) For h € 9w\ {0}) and I € Ka(h), let BA,(5)(I) be the Boolean algebra

tr
generated freely by {z, : n € I}, except that for n € P} and i < 9, letting
n(i) = (S0, - - - Sn(i)—1)), we have:
h(i)—1
(*)3 &y < Typin(sy) and 2, N [ﬂl Tyri~(s) = 0.

The second equality is trivial if h(i) = 1, so usually h € 9(w\{0,1}). If (Vi)[h(i) = 1]
this is like the case of I € K, and if (Vi)[h(i) = 2] this is like the case of I € KJ,.
4) For I € K2 (or just I is a set of sequences of ordinals closed under initial
segments) let BA¢.(I) be the Boolean algebra freely generated by {z, : n € I},
except that:

(A) ) () N2y () = 0 for'® a # B.
(B) z, <z, for v <.
(C) If n has finitely many immediate successors {n"(ay) : ¢ < k,} and k,, > 2
then @, = {2y (a,) : £ < kp}.
(D) If n<v and every p satisfying n<p<1v has a unique successor, then z,, = z,.
5) For I € Ktar(h) and g € %w, h € 2w\ {0,1}) satisfying!” g < h, we define
BA¢:(h,q) () as the Boolean algebra generated freely by (z, : n € I), except that:

16 e are, of course, assuming 1" (a),n"(B8) € I; similarly in other cases.
e (Vi)lg(i) < h(3))-
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(x)s fnel, lg(n) =09, j <w, and n(j) = (ao,...,ax_1) where k = h(j),then
9(7)—-1
(@) on < U o) )

6) Assume that h € 9(w \ {0,1}) and € is a sequence of length 0 with e; =
{(u1,4,u2,)}, where u; ;,us; are disjoint non-empty subsets of h(i) and |u; ;| > 2.
For I € Ktar(h), we define BA¢,(),c(1) as the Boolean algebra freely generated by
{ay, : m € I}, except that for n € PJ and i < 9, letting n(i) = (so, ..., Sn(i)—1), we
have

()5 2y < () Ty sy and 23N () Ty~ (s) = 0.

leuy ; Cug,;

(We have much freedom in this case. Note that € plays a different role here than it
did in §1: compare with Definition 1.5.)

Notation 2.2. 1) Clearly Kg(h,g) = Kfr(h) for g as in 2.1(3) and h € ?{1}. Note
that for I € Kfr(h), if g = 1 then BA,(p, ) () is essentially BAy, () (1). Also, if h =1
then Kfr(h) = K{ and BAy,)(I) = BA,(I).

2) When we state a result that holds for tr, ptr, trr, tr(h), or tr(h, g), we will replace
the corresponding subscripts with an .

3) Recall that when we say “a Boolean algebra is freely generated by
X ={z;:1€U},
except the set equations . . ,” we have 0 and 1 (= —0) in the Boolean algebra.

4) For a Boolean algebra B and a € B, B | a is the naturally defined Boolean
algebra, but 1g;, = a. Essentially, we do not consider 1g as an individual constant
of B.

Definition 2.3. For Boolean algebras B, By and a* € By \ {0, }, we define the
“B-surgery of By at a™” or “surgery of By at a* by B”, called B,, as a Boolean
algebra extending B; such that By = [By | (—a*)] x [(B1 | a*) * B], where x is a
direct product and * free product. Alternatively, Bo can be generated as follows:
first make B disjoint to B; (by taking an isomorphic copy) and then By is freely
generated by B; U B, except the relations

O, =0 =0,
anNb=c (for a,b,c € By such that aNb = c in By),
aUb=c (for a,b,c € By such that aUb = ¢ in By)

1, —b=c¢ (for b,c € By such that 1g, — b = c in By),
anNb=c (for a,b,c € B such that aNb=cin B),
aUb=c (for a,b,c € B such that aUb = ¢ in B),
1 —b=c¢ (for b,c € B such that 15 —b=¢)

and
1B =a".
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Counstruction 2.4. Let x be one of {tr, ptr,tr(h), trr, tr(h, g)} and let X be a car-
dinal such that o < A% (usually a = X, always o > 0). The idea is to construct a
Boolean algebra by defining an increasing continuous sequence B; (i < a), By triv-
ial, and we get B;y1 by a surgery of B, at af € B; by Bf = BA«(I;) (see Definition
2.1 and 2.2(2)), where |I;| = X\, I; € K2, and I; is strongly 1,-unembeddable into

>.  I; (or e.g. super¥-e-unembeddable into it, for y € {nr,vr}; see 1.6).
J<o,j#i

We denote B = B, by Sury(l;,af : i < «). Usually we would like to have
Bo \ {0} = {a} :i < Ba}. If there are (I; : i < &) as above and « is divisible by A
then this s clearly possible.

Definition 2.5. 1) A Boolean algebra satisfies the A-chain condition (or the A-cc)
iff there are no A elements which form an antichain (i.e. they are # 0 and the
intersection of any two is zero).

2) A Boolean algebra satisfies the strong A-chain condition or the A-Knaster con-
dition iff among any A elements there are A which are pairwise not disjoint.

Claim 2.6. Let x € {tr, ptr, tr(n), tr(h), tr(x)}, I € K2, X > 0 regular.
1) If x = tr then BAL(I) satisfies the strong A-chain condition.
2) If x = ptr then BAL(I) satisfies the strong (28)+—cham condition.
3)Ifk >3 and I € Kg(k) is standard, then B = BAy () (I) satisfies the strong
A-chain condition; similarly for K?r(*), for K?r(h) with h € %(w )\ 3), and K?r(hy)
(for h € 2(w\ 3) and g € Pw such that g < h).

Instead of h € 2(w\ 3), we can demand h € °(w\ 1) and h(i) > 3 for every large
enough 1.
4) If x = ptr then BAL(I) satisfies the strong A-chain condition provided that I is
atomically (< \)-stable; for example, if (Va < X)[|a|? < A].
5) If h,e are as in 2.1(6) and (x)§ below holds for every i large enough, X > 0 is
regular uncountable , and I € Kg(h), then BAy(n),s(I) satisfies the strong A-chain
condition, where:

(x)L e; = {(ul,ud)}, where ut,uy C {0,...h(i) — 1} are disjoint and non-empty

with [ub| > 2.

Remark 2.7. Clearly we can similarly phrase sufficient conditions for “for any family
of A non-zero elements there is an uncountable subfamily such that any & members
of the subfamily have non-zero intersection.”

Before we prove 2.6, recall the well known fact: (Here By = {0, 1} is the two-element
Boolean algebra.)

Fact 2.8. 1) If B is the Boolean algebra freely generated by {z; : t € I} except
for a set A of equations in {z; : t € I}, (so each member of A has the form
o(xty, ... 2, _,) = 0, where o(yo,...,Yn—1) is a Boolean term, tg,...,tn—1 € I)
then, for a Boolean term o*(zs,,...,zs,_, ), we have (a) < (8), where:

() BEo*(Tsy-.-,2s,_,) >0

(8) For some function f: I — {0,1}, we have:

(a) f respects A; i.e. recalling By := {0, 1},
0(Xtgy ..y xe,, ) EA = BoE“O=0(f(to),.-., f(tm-1))".

(b) Bo = 0" (F(s0)s- -+ f(s0-1)) = 1
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2) In fact, if f : I — {0, 1} satisfies clause (a) then there is a unique homomorphism
f from B into By such that s € I = f(zs) = f(s).

Now we return to proving 2.6.

Proof. 1) We take x = tr and check the strong A-chain conditions. Note that by
2.8 and the definition of BA(I), we have:

($)1 Tp, NNy, N (=) NN (—y,,) =0 iff
(Fi,5)[vi <m; € Plvu; =n;].

[Why? The ‘if” implication is trivial, recalling Definition 2.1(1). For proving the
‘only if” implication, assume that the second statement holds. Define f : I — {0,1}
by f(n) = 1iff (30)[n = ne Vn<an, € P]; clearly it respects the equations in the
definition of BAy () and f maps @, N...Nx,, O (=2,,) N...N (=7, ) to 1, so by
2.8 we are done.]

Now for w € [I]<%, let 2, = () @, and z_, = () (—a,). Clearly, if a €
new neu

BA(I) \ {0} then for some u,v € [I]<*° we have 0 < z,, Nz_, < a (hence u and
v are disjoint). In fact, a is a finite union of such elements. To check the strong
A-chain condition it suffices to take {(u;,v;) : i < A} C [I]<®0 x [I]<®° such that
(Vi < N)[xy, NT_y, # 0], and to find A € [A\]* such that

(Vi,j € A)[wy, NT_y, Ny, NT_y, #0].

We may assume that (u; : i € A) and (v; : i € A) are A-systems (say with hearts
u*, v*, respectively), so u; Nv; = & and
wNv' =u* Nu;, =u" No* =a.

We may assume ¢ # j € A implies u;Nv; = &, u; # uj, and v; # v;. We may assume
that for some non-zero m,n < w, for every i € A, we have |u;| = m A |v;| = n.
Say u; = {mie : £ < m}, v; = {v¢ : £ < n} (without repetitions) and for each
¢ < m the sequence (n; ¢ : i € A) is constant or is without repetitions, and similarly
(Vig i€ A). We may also assume

(*)2 (lg(nie) : £ <m), (lg(vie) : £ < n) is the same for all i € A.

Clearly then, using the A-system assumption,

(¥)3 Fori € A, £ < m, k < n there is at most one j € A such that v, ,<in; o € PL.
[Why? If we have v}, <n; ¢ € PaI, note that v; , ;¢ by (%)1, hence v # v; 1. So
i # j and hence v, ¢ v*, and vj =m0 [ lg(vjk). Thus j# j1 € A= vj x # Vg
and hence

J#F G EA= VK F iw [ lgWk) = mie [ lg(Vj, k)
Hence j # ji1 € A= =[vj, x <1;¢] and we have finished.]

So for i € A, the set
w; == {j : for some £ < m, k <n we have v, <n; s € Pf)}

has at most mn < Ry members. So by (*); it suffices to find A’ € [A]* such that
i#j¢e A = j¢w;. By the Hajnal Free Subset theorem [Haj62]'® there is'® such
an A'.

2) The case z = ptr is similar, but more complicated. First note?°

18 Or see [Shed, 3.14-14.Hal-
19 Note that (=@vj, 0, ) N (=Tvy, ,,) > 0 always holds.
20 This will also be used in the proof of part (4).
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(¥)4 Assume I € K3,

ad k < n, then
BlEz,N...Nxy,, ,N(—zy,)N...N(=z,, ,)=0

and B = BA,,.(I). If m,n < w and vg,me € I for £ <m

iff at least one of the following conditions holds:
(a) (3, k <m) [Zg(m) =0A SucR(nk,m)]
(b) (3 <m)(Fk < n) [ég(mz) =0A SucL(Vk,m)]
(¢) (3, k<m)(Tj <w)(Fa,B,7) [ég(m) =Llg(ng) =0 AN
nelg=m 13 A (i) =(eB) N m(s) = (8,7)]
(d) (3¢ <m)(3k < n)ne = vg).
[Why? If (a) or (b) or (c) or (d) holds then the intersection is zero by the equations
we have imposed defining BAp,(I) in Definition 2.1(2), so the “if” implication
holds. Next we prove the other implication, so we assume (a), (b), (¢), and (d) fail,
and we shall use 2.8. We have to define f(p) for p € I; we do it by cases.

Case 1: lg(p) =0, p € {no, -, Mm—1}

Let f(p) = 1.

Case 2: {g(p) = 0 but Case 1 does not hold.
Let f(p) = 0.

Case 3: {g(p) < 0 and for some ¢ < m we have ly(n,) = 0 and Sucr,(p, n¢).
Let f(p) = 1.

Case 4: {(p) < 0 and for some ¢ < m we have ly(n;) = 0 and Sucg(p, 7).
Let f(p) = 0.

Case 5: l(p) < 0, p€ {ne: £ <m}.
Let f(p) = 1.

Case 6: No previous case applies.
Let f(p) = 0.

First, f is well-defined. I.e. there are no contradictions in this definition — the less
trivial cases are between cases 3+4, 3+5, and 4+5. (We are safe, as clauses (c),
(b), and then (a) of (¥)4 would fail, respectively.?!)

Second, we show that f respects the equations from Definition 2.1(2); that is,
from (x)z there. If z,, < x,);~(q,) is an instance of () of 2.1(2) and f fails it
(that is, f(n) =1, f(n | i"(a;)) = 0) then necessarily by ¢g(n) = 0 Case 1 occurs
for n, hence Case 3 occurs for (n [ i)"(a;). But by Case 3 f((n | i) (a;)) =1: a
contradiction.

Similarly for the other equation in (k)2 of 2.1(2), using Case 4 instead Case 3.
Third: f(x,,) =1 for £ < m by Cases 1, 5, and f(v) = 0 for k < n as by failure of
clause (d), Case 2 occurs if lg(v) = 0, and Case 6 occurs if fg(vy) < 9. So by 2.8
we are done proving (x)4.]

Let a, € BA(I)\ {0} for a < XA = (29)7, so as before without loss of generality
Ao = Tpo o NNy N (=g, )V N (=2, ) # 0.

Without loss of generality n, = n*, mq = m* and P} N {na,: ¢ <m*} # & (for
notational simplicity below). We can define 1, ¢ (for £ € [m*, d)) such that

Sucr (p; Ma,e) V SUCr(ps Nae) = p € {1a,j 1 j < 9}
Without loss of generality, the atomic type of (1a.¢ : £ < 9) in I does not depend

on « and they form a A-system: i.e.

21 Actually, cases 345 cannot contradict each other.
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(*) Nayer = 18,02 N QO #6 = (vahﬁl < )‘)[nahﬁ = Nay,be = N1,00 = 7751,@2]'
Now we apply (*)4: check that each case fails.

5) As part (3) is a special case of part (5), we will prove the latter.
Without loss of generality we deal with Kg(h g)- Let aq # 0 (for @ <) be non-
zero pairwise disjoint elements, let a, = 04 (Z5, ), where o, a Boolean term and 7j, a

finite sequence from I (i.e. we write Z(,_ o . ... _,) instead of (zy, o\ Ty, 0 4))-
Without loss of generality 0, = ¢ and 7o, = (0,0, - - - s Ma,k—1) is without repetition,
and
Ao = m T, O ﬂ (_xna,e> :
£<k(0) k(0)<t<k
As earlier,

(¥)o Without loss of generality o # 8 A a0 =1 = £ = k.
So there is i, = i(a) < 9 such that
()1 lg(nae) < 0 = lg(nae) < ia, and Lg(na,e,) = lg(Nae,) = O N ly # Lo

implies

Nty o 7é TNt [ iq and (VZ >l — 1) [h(z) > 3} .
(*)2 Without loss of generality,
(a) uq = ux, where
Vo = {i <iq : (< k)[lg(na,e) =i] or
(31, by < k) [max{j < : N, [ §="Tae, | 5} =1}

(b) If i € vy, £ < k and lg(na,¢) > 4, then Res!" (Na,¢) € {Na,m : m < k}.
(¢) The truth values of “Ug(ny,e) = @ and ‘Res]" (Na,¢) = Na,x’ do not
depend on a.
[Why? Easy. (If necessary, we can change 7, and o,, and then uniformize o, and
k again.)]
(*)3 Without loss of generality, for every ¢ € v, and ¢,
(a) (Vél,ﬁg < ]{7) [Oé # B A\ No,br = NB0s = 61 = 62]
(b) For some W, C k,
o If £ € W, then (1, : @ < A) is constant (call this value ;).
o If £ € k\ W, then (14 : o < \) is without repetition.
()4 Assume o # < A, and we will prove that B |= ‘aq Nag > k.

Let e; :== (u},ub). We will define the function f: I — {0,1} as follows.
(¥)4.1 For pe I,
1 if p € {Naye,mpe s € < k}
flp)=1q1 iflg(nae) =9, i<, m€uj, and p=Res] (1a.0)
0 otherwise.

Clearly this is well-defined. Now we just need to show that f respects the relevant
equation. So assume, towards contradiction:

(*)4.2 pE Péa i < Y, f(77> = 17 < h(’L), and
f(p) =0, p(€) € ujor f(p) =1Ap(f) € uj

o1 f(Rest(n)) = 0 for some ¢ € ui,
or
oy f(Resi(n)) =1 for every £ € ub.
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As f(n) = 1 and 1 € PL, necessarily 1 € {na,r, s, : ¢ < k}, so e; is impossible:
therefore we assume e5. Also by symmetry, without loss of generality we may
assume 1 := a0, -

Now if i € v,, then this is impossible by ()2, hence i ¢ v,. So f(Res!(n)) = 1
for ¢ € uj, hence there is vy € {Nae,mpe : £ < k} N Pl and k; € ul such that
Res?™ () = Rest(n). Also, we know vy ¢ {Nam :m € k\ {€.}} because i ¢ v,.

All together,

vy € {ng,m:mek\W*}.

But as ’U,i > 2 we can choose Zl 62 S Ui SO V1, V2 witness ‘4 € l/*!7 This is a
2 29 )
contradiction.

4) Let aq € BAL[I]\ {0} for ao < A, so as before without loss of generality
Ao = x"]a,o n...n x"]a,na—l n (_x"]a,na) n...N (_x"]a,WLQ—l) 3& O

Without loss of generality n, = n*, mq = m* and P50 {na,: ¢ <m*} # & (for
notational simplicity below).
Let

A={nli:neP) i<d}u(l\P)).
Let (A, : a < A) be such that A, C A with cardinality < J, increasing continuously
with o with union A.
For each a < A, let

AL ={ne Pl (Vi<d)nlie A} U{n (s),n" (&) :n"((s,1)) € Aa}-
So by our present assumptions (i.e. I is atomically stable and [A,| < A) we can
choose B, < A such that AT C A+a7 and clearly
Ey = {6 < X: 0 alimit ordinal and (Yo < §)[B, < 8]}
is a club of A.
Let {a. : € < A) list Ep in increasing order.
For e < A let
base(e) := {¢ < £ : for some £ < m., i <9, m < h(i) we have
Vs € Aa5+1 \ A, or
Ns,e KAS Aae+1 \Aas or
Resi" (Na..0) € Aaeiy \ Ao, }-
Now,
(x)1 For all e < X, otp(base(e)) < 9 - k.
Hence easily
()2 For some stationary S C A, we have a function f: S — X such that
CeS=f({)>C A (¢base(f(C)) N ‘CNbase(f(()) is a bounded subset of ¢ .

(*)3 Without loss of generality, for some £, < 0 we have

¢ €S = (nNbase(f(¢)) C&..
The rest should be clear. Lo

Claim 2.9. 1) If By, B satisfy the strong A-chain condition, a* € By \ {0p, }, and
B is the result of a B-surgery of By at a*, then By satisfies the strong A-chain
condition. If one of B1, B satisfies the strong A-chain condition, and the other only
the A-chain condition, then Bo satisfies the A-chain condition.
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2) If By is the result of a B-surgery of By at a*, then By < By (i.e. By is a
subalgebra of Bo, and every mazimal antichain of By is a maximal antichain of
B,. This is also called “By is a regular extension of By”).

Proof. Well known (and easy). Lo

Claim 2.10. The relation < between Boolean algebras is a partial order, and if a
sequence (B; : i < ) is <-increasing continuous then Bg < |J B;, and if each B;
i<a
satisfies the x-chain condition (for a regular x), then so does |J B;.
i<a
(Similarly for the strong x-chain condition.)
Proof. Well known: Solovay-Tenenbaum [ST71] for the y-chain condition, and
Kunen-Tall [KT79, p.179] for the strong x-chain condition. Oao

Claim 2.11. 1) In Construction 2.4, if |I;] = A (hence |BA(L;)| = A fori < a)
then | B;|| = A for 0 <i < a.

2) In 2.4, if each BAc(I;) satisfies the [strong] x-chain condition and x is regular
then B = Sur, (I;,af : i < o) satisfies the [strong] x-chain condition.

(2

3) Assume that in 2.4 we use non-trivial Bg and |I;| = X. Then ||B;|| = A + ||Bo]|
for alli € [1,a]. If in addition By satisfies the A-cc, and each BAL(I;) satisfies the
strong A-chain condition, then B satisfies the \-cc; if in addition By satisfies the
strong \-cc, then so does B.

Proof. 1) Trivial.

2) By 2.5, 2.6, 2.9, 2.10.

3) Similar. D2.11

Lemma 2.12. 1) For the construction in 2.4, B, is weakly representable in
My (D 1) (see Definition [Shei, 2.1(c),(d)-])-

i<a
2) Moreover, B, | (1 — a}) is weakly representable in My,x, (D I;).
j<a
J#i

3) If B, satisfies the 6-chain condition then BE (the completion of B,) can be

weakly represented in Mpo( > I;). This representation can extend the one from
I<a

2.12(1).

4) Similarly for 2.12(2).

5) If in 2.4 we use a non-trivial By, we have to adapt. For example, assume By is

weakly representable in a relevant way (e.g. for (1), assume By is weakly represented

m ‘%NOJ% (J + Z Il))

1<

Remark 2.13. 1) Why do we use ‘weakly representable’ and not just ‘representable?’
The point is that in Construction 2.4 we have to choose the order of the elements
on which we do the surgery.

2) Note that the Boolean algebra BA,(I;) used in the construction usually satisfies
the strong A-cc for A uncountable.
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Proof. 1) Define f(0) =0, f(1) = 1. Given b € B,, not equal to 0 or 1, say that b
first appears in B, ;.
Say
b= (¥, U (¢;ndy))
<m
with ' € B, | (—a}) and ¢; € B; | af,d; € BA«(I;). Say (by induction hypothesis)

f) =42, f(¢;) =z, fla}) =z, dj = 0j(zy,y,..., 2y, ,) where o; is a Boolean
term, and ng,...,Mm-1 € I;.
Then we set

f(b):Fk(m7xlax05"'axm—1;n0a---777777,—1)’
k codes (m,n,o0,...,0m—1),

where F, is a suitable function symbol. Thus, f(b) codes all the relevant information
about b.

2) We may assume that a} # 0,1. We go exactly as in (1) up to B;. For a > i, we
use (—af) in place of 1, and working always with B,, | (—a}). Note that no terms
involving I; appear then.

3) For each a € B¢, we can fix k < 6 and a sequence (b, : v < k) of elements of B,
such that a = |J b,. Thenlet f, = F(oy : v < k), where f(b,) = o for all vy < &.
Y<K

4-5) Similarly. U212

Remark 2.14. 1) In 2.16-2.17 below we can omit the ‘weak’ from representation
and the ‘strong’ from unembeddability.

2) Why weakly represented? As the order of the construction and the choice of the
a} play a role in the definition, we can overcome this in various ways but there is
no real reason for doing this

Lemma 2.15. 1) Suppose I € K2 is strongly (0, R, s, )-unembeddable into J €
K2, and B is a Boolean algebra weakly representable in My x,(J). Then BAy(I)
is not embeddable into B.

2) Suppose & = k, I € K2 is strongly (p, K, V4 )-unembeddable into J for embeddings
which are strongly finitary on Pal, and B is a Boolean algebra weakly represented
in M, (J). Then BA¢(I) is not embeddable into B.

Proof. 1) Let g : B — My x,(J) be a weak representation of B into .4 x,(J) (with
the well-ordering <*), and h be an embedding of BA,(I) into B. For n € I define
f(n) = g(h(zy)). As I is strongly (0, N, ¢y )-unembeddable into J, there are v,
va, m, msuch that n € PLovy =n | (n+1), 11 [ n=uwa | n, na(n) <{ vi(n),
ly(1r) = lg(ve) =n+1, and

(Fn), f(n)) = (f(va), f(n)) mod (A, x,(7),<").

Hence (because g is a weak representation)

hzxy) < h(zy,) < h(z,) < h(z,,) (in B).

But A is an embedding, hence z,, < z,, & ©, < 7, in BA::(I), contradicting the
definition of BA(1).

2) Similar. Ua.15
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Lemma 2.16. 1) Suppose I, J € K?

S and I is standard, strongly (p, K, Ppir)-

unembeddable into J by f strongly finitary on Pal. If B is a Boolean algebra weakly
representable in My x,(J) (say, by g), B C By dense®? in By, and g, extends g
and is a weak representation of By in M, .(J), then BAp.(I) is not embeddable
into By.

2) Analogously for Kffr(h), VYir(ny, BAgny (=) (for h € “(w )\ 2)) and K;(h), Yer(h)s
BAtr(h,g)(i)'

) IfIe Kg(h) is standard and (O%°, Ny )-super’™™ unembeddable into J € Kg(h), B is
weakly represented in My x,(J) and satisfies the ccc (for example, rang(h) C [3,w))
then BAg(ny(I) is not embeddable into the completion of B.

Proof. 1) Suppose f is an embedding of BA,(I) into By. For n € I, define f(n)
as follows: if 4g(n) < O then f(n) = ¢g1(f(zy,)), whereas if lg(n) = 9, choose a,, € B,
0 < a, < f(z,) (possible as B is dense in B;) and let f(n) = g(a,). As I is
strongly (i, K, ¥ptr)-unembeddable into J by a function f which is strongly finitary
on P}, there are vy, vo, 1, n such that n € PX, vy =n | n"(a), va =1 | n"(B),
n(n) = (o, B), a < B, and

(f), f() = (f(ve), f(n)) mod (My.(J), <).

Hence, as g7 is a weak representation

(%) B, |=f(a,) <f(z,,) < BikEf(ay) <f(z,),
B, = f(ay)nf(z,,) =0 < B; E=f(a,) Nf(x,)=0.

But in BAy. (1), zv, > x4, %, Nz, = 0. Hence, as f is an embedding,
B, E “f(z,,) > f(xy) N (z),) Nf(zy) =0".

But 0 < a,, < f(zy), so f(z,,) > ay, f(z,,) Na, =0, a contradiction to (*) above.
We have proved that BAp (1) is not embeddable into B;.

2) Similar proof (the extra details appear in the proof of part (3)).

3) Let 0y := 9. Assume toward contradiction that f is an embedding of BAq ) (1)
into By, the completion of B. Let g : B — .#p x,(J) be a weak representation (say,
for the well-ordering <*) of .#y x,(J) which respects subterms. So by 2.4(3) there
is g1 : By — A5, »,(J) which extends g and is a weak representation of B; in
(Mo, x, (J), <*). Choose a function f : I — 4y, x,(J) as in the proof of part (1).
Let x = (h,g,q1, f,1,J,B,B1) and let x be large enough.

As it is assumed in part (3) that “I is (9, Ng)-super*® unembeddable into J,”
there are M, 7 as in (x)' of Definition 1.5(2). Let f(n) = oy(u, o+ Ty 11 )
where v, € J are pairwise distinct for k& < k(1) < w. For each k let i, < 0 be
maximal such that v, [ i € M: it exists by clause (v) in ()" of Definition 1.5(2).

If iy, < lg(vk,e), then for each m < h(ix) let vy, = (vyk [ i) (Sk,m) € M be <{-
minimal such that Res} (vyx) <{ Vi m- Clearly it exists, except when Res;} (vy,x)
is <{-above every {(vy 1 [ ix) (s) : s € M}; in that case we let sy, = oo with the
obvious conventions.

Let v := (v, : k < k(n)). We define
Y* = {17 : v is similar in J to (¥,0,- -+, Vyk(n)—1) OVer Z*}
where Z* = {vy s : vy € M} U {V;;m k< k(n), m < h(k(n))}. Clearly Z* is a
finite subset of M. We define a filter D on Y*: Y € D iff there are v, < Vi,.m for

all relevant k,m such that if (v : k < k(n)) satisfies v ,, <{ v}/, for all relevant
k and m then (v} : k < k(n)) €Y.

22 E.g. B; is the completion of B — the case that interests us.
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Clearly (Y*,D) € M, and by weak representability the following function f;
belongs to M:

dom(f1) ={o€I:l(o) <0}, rang(fi)C{0,1}, and
1 {peY*:BAwwm(J) Ef(zy) = oy(Tuy, - 2wy, _,)} €D
file) = iff that set is # @ mod D
0 otherwise.

Recall that o, is a 7 x,-term, hence it is € M. So by the choice of M and 7, for
unboundedly many i, (as 7 = 79; see Definition 1.5), we have that the truth values
of

BAtr(h)(J) ': f(xResf(n)) > Uﬂ(x”nﬂ’ T ’xl’mk(n)*l)
are the same for all £ < h(i). As f is an embedding,
B = f(z,) > oy, 4 STy i) > 0,

and BAy(n)(I) | Treso(n) = Ty, We have
Bi = “f(erest(n) = fzg) 2 f(n) = on(20, 0, 20, k() -1) > 07

So fi(Res?(n)) = 1, hence by the choice of n we have £ < h(i) = fi(Rest(n)) = 1.
SoBiE“ N f(TRest(n)) N f(xy) > 07, but f is an embedding and
£<h(i) ‘

BAwmw (/) E “0 < f(n) < f(zy)”
hence BAg(n)(1) F ) TRest () N Ty > 0, contradicting the definition of BA¢(n)(1).
0<i ‘

Us.16

Conclusion 2.17. Suppose A > Ng. Then:

(A) There is a rigid Boolean algebra B satisfying the Wy -chain condition .

(B) Moreover, if a,b € B are # 0 with a—b # 0, then B [ a cannot be embedded
into B | b (hence B has no one-to-one endomorphism # id).

(C) Moreover, we can find such B; (for i < 2*) with |B;| = \; and if a € By,
be B, withi# j ora—0b# 0 then B; [ a cannot be embedded into B; | b.

Proof. We leave it to the reader as the next proof is similar (but here we should
use (A, A, Ng, Ng)-t)r,-bigness, Theorem [Shea, 2.20-711], and x = tr instead of
()\,)\,QNU,Nl)—wtr(h)—bigness, [Shea, 1.11-17¢], and x = tr(h) there, respectively.
(Also, we have dealt with it in [Shei, 2.16-127]). Os.17

Conclusion 2.18. 1) There is a complete Boolean algebra B satisfying the ccc,
having density A
(in fact, a € B\ {0} = B | a has density \, so |B| = AY),
and monorigid (i.e. every one-to-one endomorphism is the identity) provided that:
()1 thr has the full strong (A, A, 280, R})- 9pi.-bigness property for f strong
finitary on P,,, by standard atomically (< Nq)-stable I € thr.
2) We can replace (x)1 by (x)2 V (%)3 V (%)4, where for some h € “(w \ 3):

(*)2 A s asin 1.11(1) or
(%)3 Kg(h) has the full strong (X, X, 280, Ny)-1ie(n) -bigness property or
(%)4 Kg(h) has the full super’™ (X, \, 280 Ry )-bigness propertsy.
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3) Moreover, we can find such B; (for i < 2*) satisfying the following: if a €
B\ {0}, be B;\{0}, i # iV (i =jAa—b# 0g,)], then B; | a cannot be
embedded into B; | b.

Proof. We first prove parts (1) and (2). For part (1) let h € “w be constantly 2.
First note that if f is a one-to-one endomorphism ## id of any Boolean algebra B,
then there is an element a # 0 with a N f(a) = 0. First, choose = with = # f(z).
If N —f(z) # 0 we can take a = z N —f(x); if —x N f(z) # 0 we can take
a = —zN f(z). Hence for (1) and (2) we only need to find B of power A such that
if a,b € B are non-zero and a — b # 0 (and even a Nb = 0), then B | a cannot be
embedded in B [ b.

Now let (I, : o < A) exemplify the full strong (X, A, 280, Ry )-ty, (5)-bigness prop-
erty for f strongly finitary on P,; such a sequence exists by (x); or ()2 or (x)3 or
()4 by 1.11(1), 1.9 for any h € “(w\ 3). Let B = Sur, (I, a’, : o < A) be as in the
construction 2.4 for x = tr(h), such that B\ {0} = {a} : @ < A}. Then by 2.11(1),
|B| = \. By 2.6(3), 2.6(4), each BA,(1,)(I) satisfies the strong X;-cc, hence by 2.11
the Boolean algebra B satisfies the N;-chain condition. Let B* be its completion.
Now let a,b € B* be non-zero, with ¢ = a — b # 0. Toward contradiction, suppose
f is an embedding of B* | a into B* [ b. Then f(¢)Nc¢=0, and f | (B [ ¢) is an
embedding of B* | ¢ into B* [ f(c¢). But B is dense in B* hence a, < ¢ for some
a, hence BA,(1)(Io) is embeddable into B* [ ¢, hence into B* | f(c), hence into
B* | (—¢) = B* | (—a}). But by 2.12(3), B | (—a},) is weakly representable in

%0 3, (a;é% )\IB). This contradicts 2.16 when we assume (x)y4.

a,B<
For part (3) let (Ing : o, 8 < A) rename (I, : @ < A). We shall choose, for

¢ < 2, functions fe, g¢ from X to A and A¢ € [A* such that g is one-to-one,

rang(fe) = Ae, (Vo € A) (@B < N[fe(8) = 1], and & # & = Ag, Z Ag,. For
£ < 2%, let B¢ be constructed as Surm<If£(a)7g£(a),ag ;o < A). For simplicity,
assume that for some ¢, for every a € B¢\ {0} and ¢ € A¢, we have af, = a
and fe(o) = (. Let B¢ be the completion of BE. As g¢ is one-to-one clearly B¢
satisfies the demand in (2), and as £ # ¢ < 2* = A¢ € A¢ the demands in (3)
also hold. s 18

Conclusion 2.19. 1) For A > X, there is a Boolean algebra B of cardinality A
with no non-trivial endomorphism onto itself. Moreover, it is Bonnet-rigid (defined
below).

2) We can find such B; (fori < 2*) such that fori, j < 2*, a € B;\{0}, b € B;\{0}
there is no embedding of B; | a into a homomorphic image of B; [ b except when
i=jANa<b.

We prove it later.

Remark 2.20. We shall use Boolean algebras built from cases of BA¢,(I) (see Def-
inition 2.1(4)) hence they have no long chains. We can go in the inverse direction
using Boolean algebras built from orders — using, for example, LO(I) the linear
order with elements {xz,,y, : 7 € I} such that:

(A) lg(n) < w implies z,, < Yy, Yy (a) < Ty~(py for a < B, and z,pp, < 2y <
Yn < Ynin for n < Lg(n).
(B) lg(n) = w implies 1 < Ty = Yy < Yyn for n < w.

In such cases we need a parallel to Lemma 2.24, which is true.

We make some preparations to the proof of 2.19.
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Definition 2.21. A Boolean algebra B is called Bonnet-rigid iff there are no
Boolean algebra B’ and homomorphisms f; : B — B’ (for £ = 0, 1) such that f; is
one-to-one and f; is onto B’, except when fo = f;.

Observation 2.22. 1) If B is Bonnet-rigid then it has no onto endomorphism
75 idg.
2) A Boolean algebra B is Bonnet-rigid if:
(x) For no disjoint non-zero a,b € B is there an embedding of B | a into a
homeomorphic image of B | b.
Proof. 1) Otherwise choose B’ = B, f; the identity, and f; the given endomorphism.

2) Towards contradiction, assume f; : B — B’ (for £ = 0,1) contradict Bonnet—
rigidity. First, suppose f; is not one-to-one, so for some a € B, a # 0, f1(a) = 0.

For any b € B, f1(b —a) = £1(b) — f1(a) = f1(b). So B’ is a homomorphic image
of B[ (1 —a)and B | a can be embedded into it, so we are finished.

Second, assume f; is one-to-one. Then f; is an isomorphism from B onto B’
hence f; 'fy : B — B is an embedding (well-defined as f; is one-to-one and onto).
It is not the identity (otherwise fo = f;) so for some a € B, the elements a, f; *fy(a)
are disjoint and non-zero; choose b = fl_lfo(a). (s .09

To prove 2.19, we shall use BA¢,,(I) (see Definition 2.1(4)). Note:

Claim 2.23. 1) The only atoms of BAyw(I) are x,,, wheren (€ I) has no immediate
successor, or at least

(%) For all vy,vy € I, we have n <lvy An<lvy = v,y are <-comparable.
2) The set {xy, :n € I} is a dense subset of BAy.(I).
Proof. Check. U223

Lemma 2.24. If B is a homomorphic image of By = BAy(I), then B is iso-
morphic to some BAy.(J), J weakly representable in My, x,(I) hence B is weakly
representable in My, n, (I).

Proof. So let J be an ideal of By such that B is isomorphic to Bg/J. Let
L={nel:x,¢J};

I, is an approximation to J. (Clearly I; is closed under initial segments by
2.1(4)(b).) Let

Ay = {77 € I : 7 has < Ny immediate successors in Iy, say

n (o) for £ <m, and (xn — anA@[)) € J},
1

Al = {77 € I : n has < Ny immediate successors in I, say
n"{ay) for £ <m, and (9:,7 — anA(aH) ¢ J},
‘

Az = {(77,1/) in €Ay, n<v eI, Y(v)is limit, x, —x,p; €7,
when {g(n) < i < {g(v) and for no ' <t does (1, v)

have those properties},

and let Ay = {(n,v) € A3 : 2, — x, ¢ J}.

Now for n € I let a, = min{a : " () ¢ I}.
Put
J=NLU {n{ay) :n € A}U {n"(ay +1): (n,v) € Aa}.
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Now BA¢.(J) is isomorphic to B, and the lemma should be clear. (o0
Now we can turn to

Proof. Proof of 2.19:
1) Let (I, : @ < \) exemplify that K has the full strong (A, A, Ng, Ro)-bigness
property, I, standard.

Without loss of generality:

(K1 a# B = lanlz={()}

(¥)2 If v € I, then for some n we have v <7 € I, and (n) = w.

We construct as in 2.4, using BA,, (1) (i.e. = trr there) but making the surgeries
on atoms only, getting B = Sur(l,,a’, : @ < A). Looking at the construction, it is
clear that B = BA,,(I*), where

I = {mAngA i <w, ng € 1, for some ay < A, and for £ <n
we have lg(n;) = w and aly,, is @, }.
By 2.22(2), it suffices to prove:

(%) If a,b are disjoint non-zero and B’ is a homomorphic image of B | b then
B | a cannot be embedded into B’.

Suppose (xx) fails and a,b, B’ exemplify this. By Claim 2.23 and (x), there is
n € I* with z,, < a and fg(n) limit, and let « be such that a, = z,. Clearly B’ is
also a homomorphic image of B | (1 —z,), hence by 2.24 it is weakly representable
in A5 (X 1) and B’ = BAy,(IT) for some I weakly representable in
T i<hiFa
Moy (X 1)
J<NjFa

We can conclude:

(% % %) BAgr(In) is weakly representable in .y, n, (Y. I;).
J<Nj#a

¢

But from this the contradiction is trivial (we could avoid the “weakly”).

2) No new point. Ua.19
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§ 3. ARBITRARY LENGTH OF A BOOLEAN ALGEBRA WITH NO SMALL INFINITE
HOMOMORPHIC IMAGE

We recall the definition of the length (and length™) of a Boolean algebra (Defini-
tion 3.2). Our aim is to construct a Boolean algebra of cardinality continuum with
no infinite homomorphic image of smaller cardinality. Toward this, for a Boolean
algebra B of cardinality < 280 satisfying the ccc, an w-sequence (a, : n < w) of
pairwise disjoint members of B\ {Og}, and I € K}, we define in Definition 3.3
an extension B’ = ba[B, @, I] of B. We shall use it for A with (h(n) : n < w) going
to infinity. The properties we need are that B < B’, |B’|| < 2%, and B’ satisfies
the ccc.?? Moreover, a stronger version of B < B’ holds (see 3.4(5)).

Also, if f is a homomorphism from B’ into any Boolean algebra B’ satisfying
n < w = f(a,) >0 (in B”) then B” has at least 2% elements (see inside the proof
of 3.6). Theorem 3.6 is the main result: if u € [N;,2%] then some ccc Boolean
algebra B of cardinality 2% and length p has no infinite homomorphic image of
cardinality < 280, For this we take care of every antichain (a, : n < w) by an
extension ba[—, a, I]. We start with a ccc Boolean algebra of length and cardinality
. In this framework we need to show that the length has not increased by the
construction. For this we prove, by induction on the length of the construction,
that for any family of u* finite sequences from the Boolean algebra and m < w,
there is a subfamily of x4 finite sequences which is an indiscernible set of pairwise
distinct elements.

We may like to consider a limit 4 € [Ny, 2%0) and ask above that its length is p
but the supremum is not obtained; by a similar construction (of length 2%° x y)
we get such a Boolean algebra, provided that cf(u) is uncountable (see 3.10). If
cf(pn) = Ng this is impossible (see 3.12). We then generalize the results, replacing
Ny by any strong limit s of cofinality Ng.

Convention 3.1. In this section, h will be from “(w \ {0}) (and for simplicity
“(w\ {0,1})). The constant function h = 2 actually suffices,>* but if we would like
to have the ccc, we’'d better use h > 3.

Definition 3.2. For a Boolean algebra B let
length(B) = sup{|4|: A C B, A is linearly ordered by <g},
lengtht(B) = sup{|A|* : A C B, A is linearly ordered by <g}.
Definition 3.3. For a Boolean Algebra B*, @ = (a,, : n < w) C B*\ {0p~} such
that A a,Nay, =0,and I € K s we define a Boolean Algebra ba[B*,a, I] as

n<<m
follows.

It is freely generated by B* U {z,, : n € I'}, except for the following equalities:
(a) All the equalities which B* satisfies, and z, < 1g-.
(b) f n < wiseven, k = h(n) —1, n € P, v = n | n, and n(n) =
(oo, 1,9, ..., ap—1), then

an — U ((‘TVA(OQH - :I;Vh<a2£+1>> < L.

k—1
<55

(c) Ifn <wisodd, k = h(n)—1,n € P!,v=mn1n,andn(n) = (ap, a1, a2,...,ar_1)
then
(an n m (]. — (:C,f(aM) — $V~<a2€+1)))> Nxy = 0.

k—1
<55

23 See 3.4(1),(3), 3.5, and inside the proof of 3.6.

4 That is, using K33, as in the proof of 3.6.
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(d) ¢y, =0 ({)r is the root of I).
Claim 3.4. 1) For B*,a, I as in Definition 3.3, ba[B*, a, I] is an extension of B*
(so the equalities do not cause members of B* to become identified, and of course
lpa+ 3,11 = 1B~).
2) For I,I, € Kt“;(h), B*,a as in Definition 3.3, if I C I then ba[B*,a, 1] is a
subalgebra of ba[B*, a, I5).
3) In (1), B* < ba[B*,a, I].
4) In (2), if also I C* Iy (which means that I; C Iy and
nePl\1, = \/Res)(n) ¢ 1) then ba[B*,a, ] < ba[B*,a, I,].

n,f

5) In (4), for every non-zero ¢ € ba[B*,a, I] there is d* such that:
(1) ¢ <d* € ba[B*,a,I4]

(#6) If 0 < b < d* and b € ba[B*,a, ] then cNb # 0.

Proof. 1) It is a particular case of (2) for Iy = {( )}, I, =1.

2) Let d* € ba|[B*,a, I1] \ {0}. We would like to prove that ba[B*,a, Is] = d* # 0;
by the definition of these two Boolean algebras (see 3.3), this suffices. Clearly,
without loss of generality, for some a, < w we have:

(%)1 ax <wAd* <ag, ora, =wA (Vn)[d* Na, =0].
Now we shall define a function f : B*U{x, : n € Iy} — ba[B*,a, I] [ d*, which will
map all the equations appearing in the definition of ba[B*,a, I5] to ones satisfied
in ba[B*,a, I;] | d* and maps d* to itself; this suffices.
Now we define f = ¢ as follows:
(¥)2 (A) For b e B*, f(b) =bNd* (or more exactly, the interpretation of b N d*
in ba[B*,a, I1]).
(B) Forn e I, f(z,) =z, Nd".
(C) Ifne Pl n¢ I, let

£(ar) d* if ay is even (including o, = w),
T =
K 0 if oy is odd (and < w).

(D) For n € I\ I; such that (C) does not apply, let f(x,) = 0.

Now check: the main point being that the equations in clauses (b)+(c) of Definition
3.3 hold trivially by the present choice in clause (x)2(C).

3) Again, it suffices to prove this for the context of (2); i.e. to prove (4).
4) By part (5).
5) We can find A and I such that
(1 (a) A is a finite subset of I \ I;.
(b) Iy =1 UAU {Resf(n) ti+1<4Lg(n), £ <h(n), andne A}
(c) c € ba[B*,a,l3)].
Note that
Ho (a) ba[B*,a,1] C ba[B*,a, I] C ba[B*, a, 5]
(b) Tt suffices to prove the existence of d* in the case ‘I} = I5.
Now
B3 (a) Without loss of generality, if n € A\ P22, i+ 1 < fg(n), and £ < h(i)
then Resl (1) € A.
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(b) Let n, < w be such that:
o) If € P2NA and n < w, then n < n,.

o, If n#v € P2NA then lg(nNv) < n..
o3 ¢ belongs to the subalgebra of ba[B*, a, I5] generated by

{z;, : n € A} Uba[B*,a, I].

(c) Without loss of generality, if n € P12 N A and n < n., £ < h(n) then
Res’ () € A.

[Why? Just check.]
Next,

[y Let (1; : i < m) list A without repetition such that n; = Res’,(n;) =i < j.
Now

O (a) For k <m,let I3, == [U{ng}U {Res! (i) : Rest(ng) is well-defined}.

(b) For k <m,let =1L U I5,.
<k

Clearly
L It =Ip0 C* [ CF...C" I, C I
As < is transitive (and by part (2))
[J; Without loss of generality m = 1, and one of the following occurs:
A) I\ Iy = {no} and g(n) < w.
B) Ib\I; C {ﬂo,ReSfl(ﬂo) ing <n<w, {<h(n)} and lg(ny) = w.
Now note

Os If ¢ = ¢1 U ey with ¢1,¢9 # 0 in ba[B*, @, I5] then it suffices to prove 3.4(5)
for ¢; and for cs.

By [;+0g, noting that if ¢ € ba[B*,a, I] then the conclusion is trivial, without
loss of generality we have
By ¢ =d* Nay, or ¢ =d* — x,,, where d* € ba[B*,a, ]\ {0}.

Lastly,

Lio It suffices to construct a function f as there such that that the homomor-
phism f from ba[B*,a, I5] into ba[B*,a, I1] [ d* induced by f (which is the
identity on the latter by its definition) will satisfy f(c) > d*.

The proof now splits into cases (A) and (B) from 7.

In case (A), let f(xz,,) be d* if mg = 1, and let f(z,,) be 0 if my = 0 (and
f(b) = bnd* if b € ba[B*,a,I1]). In case (B), if o, = w then act similarly; i.e.
define f(z,) =d* for v e b\ I; if mg =1, and 0 if my =0 for n € Iy \ I;. So in
case (B), without loss of generality a. < w, and so by the assumptions of 3.6(4) we
have

(7 For some n, < w, we have (A) and (B), where
A) o, <n, <w

B) If n > n, and £ < h(n), then Res! (10) ¢ I.

Now by repeated use of case (A), without loss of generality?®

(Vn < o) (V0 < h(n)) [Resfl(no) €.

25 But we do not have to use it.
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Let
f(b)=bnd* for b € ba[B*, a, I1],
f(l‘no) =d* if moy = 1,
f(x,,) =0 if mg =0,
f(TRest(no)) =0 if n € [ny,w) and £ < h(n) is odd,
f(TRest(no)) = d*  if n € [ny,w) and £ < h(n) is even.

Now check. Os.4

Claim 3.5. Assume h > 3 or just h(n) > 3 for n large enough. If B* a,I are as
in Definition 3.3, I standard, A = cf(\) > Rg and B* satisfies the [strong] A-cc,
then ba[B*, a, I] satisfies the [strong] A-cc.

Proof. Let ¢; € ba[B*,a, I] for i < A, ¢; # 0. Without loss of generality ¢; has the

form
ci=d;N ﬂ Tn; e n ﬂ (1 - Im,z)v

£<m; o Le[mi0,mi 1)

where 7,0 € I, d; € B*\ {0}. By 3.6(4), without loss of generality d; < a,, for
some n; <w orn; =wA A [diNay, =0]. Without loss of generality m, o = mo,
n<w
mi1 = ma, lg(nie) = ne, n; = n*, and (¢ : £ < mq) is without repetition for
every i.
Also letting k; < w be the minimal & such that

() (a) g(nie) <w= Lg(nie) <k
(b) n* <w=n*<k
(c) by <lo<myi=nig, | kF#mie, Ik
)

(d) (Vn)[n >k = h(n) > 3]

and without loss of generality k; = k*; if lg(n;¢) = w, k < k*, £ < h(k) then

Resi(m,g) € {Nim :m <my}
By the A-system argument, without loss of generality

(#) i j <Ak <k*+1 and m/,m" <my, £',¢" < h(k) and Rest, (M) =
Resf; (nj,m~.j), then for every «, 8 < A we have

Resf;' Nam?) = Resgl (Novym?) = Resg (ng.mr) = Resgl (Mg,m?)-
We can now check (similarly to the proof of 2.6). Oz 5
Theorem 3.6. Let Ny < pu < 280 There is a Boolean Algebra B such that:

(A) B has cardinality 2%° and satisfies the ccc (and even the strong A-cc if
A= Cf()\) > N()).
(B) B has length i (i.e. there is in B a chain of length p but no chain of length
+
ur).

Moreover:

(B)* Ifn,m < w andc € "B for ( < putthen for someY € [,uﬂ”Jr (i.e. Y Cpt
of cardinality u* ), the sequence (¢ : ( € Y) is a (qf,n)-indiscernible set in
the Boolean algebra B (see 3.7(2) below).

(C) Every infinite homomorphic image of B has cardinality 2°.
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Remark 3.7. 0) Recall that the length of a BA refers to the size of a linearly ordered
subset, not necessarily well-ordered.

1) Note that (B)* = (B); for it m = 1 suffices, for this constant i is OK below,
but the proof here is simpler.

2) Let € = (¢° : ¢ € Y) be a sequence of m-tuples from a model M (for example,
a Boolean algebra) and A a set of formulas in L(7ps). We say € is an (A, n)-
indiscernible set iff for any (y, ..., {,_1 from Y with no repetitions and &g, ...,&,_1
from Y with no repetitions, the A-type of " ... &=~ in M is equal to the A-type
of & ... "1 in M. For A the set of quantifier free formulas we write qf.

Proof. Let h:w — w be, for example, h(n) = 2n + 2.
Let Ig € Kt“;(h) be standard for 8 < 2%, have cardinality continuum, and be
such that:

(%)1, Forevery f:1Iz—0,0< 280 for some 7 € Pff’, for every n < w,

(V€ < h(n)) [f(Resy (n) = f(Res, (1))]
(ie. n(m) = (o : £ < h(n)) = Hf(n Fn™ (o)) : £ < h(n)}‘ =1.)

[Why do such I-s exist? The full tree will serve; that is, we let

l

Ig = {(df 10 <7):v<w, @& an increasing sequence of length h(¢)

from 2%°, except in the case 0 <y < w Al =~ —1;
then we demand a‘ is just an ordinal < 2%° }

This is as required, as for any f : Ig — 6 we can choose a sequence &y =
(Be.os -+ Beneey—1) by induction on £ < w, where B0 < ... < Brpey—1 < 2Ro
and f((a%...,a" !, Bs;)) does not depend on i < h(¢). This is possible as 280 >
[rang(f)|. So Ig-s as required in ()7, indeed exist.]

We shall now construct Boolean algebras B, (for a < 2%0) and a® = (a2 : n < w)
such that:

(I) (a) By is a subalgebra of P(w) of cardinality ; with a chain of cardinality
u satisfying the cce (even the strong A-cc, when A = cf(A) > Ny).
[E.g. let A be aset of y reals, let h be a one-to-one function from w onto
the rationals and B is the Boolean algebra of subsets of w generated
by {{n: h(n) <a}:a € A}. Clearly B has a linearly ordered subset
of cardinality u (e.g. its set of generators). Of course, its length is not
> p as its cardinality is u. Lastly, it satisfies the ccc because the set
of nonempty rational intervals is dense in it.]

(b) B, is increasing continuous, of cardinality 28 if o > 0.

—
o
~

a® is an w-sequence of pairwise disjoint non-zero elements of B,.
If o < 2% a, € B,\{0B,}, and A [a,Na,, = 0] then for 2% many

—
oL
~—

n#m
ordinals 3, we have A [a, = af].
n<w
[You can demand that {a% : n < w} is a maximal antichain; it does

not matter.]
(e) Bat1 = ba[Bg,a%, 1] (We denote the x, by zj for n € I,.)
There is no problem to do the bookkeeping, and B, C B,4+1 by 3.4(1). We shall

show that B := By, is as required. Obviously B has cardinality 2%°.
By 3.4(3) clearly B, < B,+1, so we can prove by induction on « that

ﬁ<a:B5<Ba,
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by 2.9 and 2.10. We can also prove by induction on « that B, satisfies the Ni-cc
(even the strong A-cc when A = ¢f(X) > Np): the successor stage is proved by 3.5, the
limits steps by 2.10. So demand (A) from 3.6 holds. If f is a homomorphism from B
onto some B’ with Xy < ||B’|| < 2% then there are b, € B’ \ {0} pairwise disjoint.
Now for some a,, € B, f(a,) = b, and without loss of generality A [an N am, = 0]

n#m
(otherwise use a}, = a, \ | am). Hence for every infinite co-infinite ¥ C w. for

m<n
some o = iy

{a3, :n<w}={a, :neY} and {ag,,;:n<w}={a,:new\Y}

Now define g : I, — B’ by g(n) = f(xy), so by the choice of the I,-s (i.e. by (*)1,)

for some n = ny € Pl for every n, letting n(n) = (ag, o, . . . s QU (n)—1), We have
/\ [f(ngnAQxQ) = f(xg[nA<a0>)] .
£<h(n)

Hence f(a:;’, = 0p for £ < h(n) — 1 and hence

(o) ~ Tin (arsn))
f(a% N ﬂ (1 - (‘T%[n”(ag[) - $2[7LA<(12@+1>))) = f(a%)

o< h,(nz)—l

and
f(ag o U (Ig“f(@zi) B xg“f(@zul))) = f(a;’;).

r< h,(n2)—1

Hence (see Definition 3.3)

niseven = B’ [=f(ay) < f(z)),
nisodd = B’ Ef(a;)Nf(z))=0.

Therefore,

meY = forsomeevenn,ay =a, = B by, <f(z)),
mew\Y = forsomeoddn,ay =a, = B Eb,Nf(z;)=0.

As this occurs for every infinite co-infinite ¥ C w, for some oo = a(Y") and n = ny,
clearly the f(x?,iy)) determine Y using B’ and (a, : n < w). So clearly we get
2%0_many distinct members of B’ (simply put, the f(z,,)), a contradiction. So
demand (C) of 3.6 holds.

What about the length, i.e, clauses (B) and (B)™? For (B), first note that By
has a chain of cardinality u and hence so does B. If J C B is a chain, |J| = ™, then
(B)* gives a contradiction and even the “weakly indiscernible sequence” version
does because as B |= ccc, it has no subset of order type pu+ or (u)*; but the variant
of (B)™ implies just this (m = 1 suffices).

So it suffices to prove that clause (B)™ holds for B, by induction on a.

Case 1: a=0.

Trivial (we can get & constant on some Y € [uF]#").
Case 2: « is limit, cf(a) # p™.

For some 8 < a,

Yi={C<pt:e CBg)e [t

(note that if cf(a) < p™, then we can get Y3 = u™) and use the induction hypoth-
esis.

Case 3: cf(a) = p*.
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Let (8- : € < u™) be an increasing continuous sequence with limit «. Let
n,m,(c* : ¢ < ut) be given. Without loss of generality ¢¢ = <c§ c 4 < m)is a
partition of 1g_ (i.e. {1 # {2 = cgl N c§2 =0and 1, = U cg). For each ¢ < ™,

we can find ag, b% € Bg, (for £ < m) such that:

(a) af < cf <
(b) (0<a<bf—al)AaeBg = (xNc§—af #0)A(z—c§ #0).

[Why? By use of 3.4(5) applied to cg and to 1p, — cg).
If ¢ is limit then for some f(¢) < ¢ we have {ag7 bg £ <m} C Byg,). By Fodor’s

lemma, for some £(*) < u™ and a stationary set S C put, we have A [f(¢) = &(x)].
ces
So

(c) e€ S ={aj,b;: L <m} CBg,,,.
Also without loss of generality
(d) Ife < ¢ € S then {cj: £ <m} C Bg,.

Now apply the induction hypothesis on Bg, ,, and (@ b¢ : ¢ € S), where
dC:<a§:€<m> andBC::<bg:€<m>.
So there is Y € [S]#" such that (66 : ¢ € Y) is an (n, f)-indiscernible set. So let
(o < ...<(n_1 befrom S and for k < n let B;C be the subalgebra of B generated
by X :=Bg,,, U{c;' :i <k, £ <m}. We now prove, by induction on k < n, that
(e)n, BY is freely generated by Xy, except for:
e, The equations satisfied by Bg_ ..
o a§§c§§b§ for £ <mand ¢ € {¢ i < k}.
o3 <cg : ¢ < w) is a partition of 1.
For k = 0 this is trivial. For k + 1 we use clauses (c¢) and (d) above. Lastly, for
k =n we get the desired conclusion.
Case 4: a =+ 1.
Let n,m < w and ¢ € ™(Bgy1) for ¢ < pT be given, ¢¢ = (cg 0 < m).
So there are kco = k((,0) < w, kc1 = k((,1) < w and bg,...,biwfl € Bg,
778, ey ngc _1 € Iz and Boolean terms ag (for £ < m) such that

¢ — C(pS ¢
Cp =0y (bO’ ey bk(<70)_1,$ng, N 7x771§(<,1)71).
Without loss of generality (77§ 4 < ke1) is a A-system.
Without loss of generality k¢ = ko, kc1 = k1, 05 = a¢ and fg(ns) = my < w for
every ¢ < pu™T.
Also, there is k¢ 2 < w such that:

(1) (a) lg(nf) <w = Llg(nf) < k.2
(B) mg, # g, = g, | ke #n5, | e
(’}/) n+2< kgg.

Without loss of generality A k¢ o = ko.
¢

Without loss of generality the statement (%) (with ko here for k* there and is
> n) from the proof of 3.5 holds (essentially being a A-system), i.e.
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() i # j <A k <kat 1, and m’,m"” <my, £,0" < h(k) and Rest, (N i) =
Resi (Mme ;), then for every a, 8 < A we have:

Resi (N ,a) = Resy, (N a) = Resé (Nmr,p) = Resi (Nmrr g)-

Let b¢ = (bg : £ < ko). By the induction hypothesis, without loss of generality
(b (a] : 0 < ko) : ¢ < p*) is (qf, n)-indiscernible and without loss of generality
the sequence <<77§ (k2 +1): € < ky): ¢ < ph) is indiscernible (sequence of finite
sequences of ordinals).

To finish the proof of 3.6 it suffices to observe 3.8 below. Os6

Observation 3.8. If B* = ba[B,a,I], n* <w, I ={n € I:lg(n) <n*}, Z C PL
and for every v € Z and n > n* the set
Win+1):veZ vVin=v|n}

has < Lh(" L| elements, then {x, : n € Z} is independent in B* over B :=

ba[B, a, I°], except the equations c;l" <z, ANc, Nay =0 forn € Z, where

c;;_ = U (agn o U {xResgﬁ(m ~ TRes2H () €< h(n /2}>

2n<n*

C; 1= U (a2n+1 U {xR952n+1(77) xReSqul( ) W1 < h(2n + 1)})

2n+l<n” o
(Note: m [ n* =mz [ n* = (cf,c.) = (ch,cn).)
Proof. Let fy be any function with domain X = {z, : n € Z} such that
fo(zy) € {cebalB,a,I]: ¢} <c<1p—¢, },

and let
JP=T°UX U{Res’ (v): v e Z, £ <h(n), n<w}.

Clearly, by 3.4(2) it suffices to find a homomorphism from B; := ba[B, a, J'] into
BY extending idgoUfy. For this it suffices to find a mapping f from BU{xz,, : n € J'}
into B? extending idBo fo7 and id(,, .,eroy, and preserving the equations defining
ba[B,a, J']. As f [ {ay € 1 :4g(n) < n*}, and £ | {z(,, :n € Z} are
defined, and
J' = U {zg:neZ,}UXUZ
nen*,w)

where Z, = {n € J' : lg(n) = n + 1}, it will suffice to choose f | {z,, : n € Z,} for
each n € [n*,w) to finish the definition of f.

Let Y, ={vIn:veZ,}, andforneY,let X,, ={vez,:v|n=n}
Clearly (X, , : 7 €Y,) is a partition of Z,.

ForneY,let Z,,={vI(n+1):veZ v|in=n}and

Sun={(p 1) {pn)(0) : € < h(n)}.

By the assumption on Z, for every n € Y,, the set &, , has <
Now:
(x) Forn €Y, there is a function f, : S, , = {0+, 1B-} such that if v € &, ,
is equal to 7" (ao, ..., Qp(m)—1) then for some £ < (h(n) — 1)/2 we have
Fo(@y (aze)) = 18- and fo (T~ (as,4)) = OB--

h(n) L elements.
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[Why is this possible? Let
~ =K\ .
(v =n"(a") + k <|Snul)

list Sy, where &% = (af, ..., ai(n)71>' By induction on k < [S,, ,|, we can choose
k) < % such that

aée(k)v agl(k)+1 ¢ {O‘ée(z‘)a aée(m-l vi <k}

Upon arriving to k, aéf(i) will disqualify at most one candidate for £(k), and age(i)ﬂ
will disqualify at most one more. So at most, 2k candidates are disqualified. As
k< h(nT)_l, not all £ < h(%)_l have been disqualified.]

Now define f | Z,, as follows: if v € Z,, then v € &, ,, for some 7 € Y,,, and so
we let f(x,) = f(x,).

Now check. Osg

Discussion 3.9. 1) In the proof of clause (B)™", the successor case we use the fact

. I
that h(n) converges to co, as when the level increases we need more 1 € P, to see
non-freeness.

2) The proof there for limit « uses just “(B; : i < 2%0) is <-increasing continuous
with projections” (i.e. 3.4(5)), and the induction hypothesis.

3) We can vary the construction in some ways. We can demand that each a® is
a maximal antichain — no difference so far. We may like to use (I : B < 2%0)

such that I3 is not super unembeddable into ) I,. We can construct our Boolean
78

algebra to be monorigid (i.e. with no one-to-one endomorphism), and even get 92"
such Boolean algebras, no one embeddable to another: even restricting to non-zero
elements, even not embeddable into the completion of another. To carry this out
we need the following for A = 2%0: there is I = (I, : @ < \) exemplifying that
Kt“;(h) has the full (A, A\, Ry, Ry)-super bigness property, such that for at least one
3, 1 satisfies (%), from the beginning of the proof of 3.6. Now such a I does exist
(with (%), for every ); this may be elaborated elsewhere.

4) Of course the proof works for p = 2%0.

5) We can separate some parts of the proof to independent claims. We can ask for
“B has length u, but no chain of cardinality p” (i.e. the supremum is not obtained)
for p limit. It is natural to demand cf (i) > Ng. Next, we address this.

Claim 3.10. 1) Assume 2% > p and N < k = cf(u) < p. Then there is a Boolean
algebra B such that |B| = 2%, B has no homomorphic image of cardinality €
[Rg, 2%0), and length(B) = p, but the supremum is not obtained (i.e. length™ (B) =

1)-
2) Similarly, but slightly modifying the assumption to Rg < k = cf(u) = p.

Proof. Like 3.6.

1) Let p = > p; with (u; : ¢ < k) be increasing continuous and k£ < p; < p. For
1<K

£ < K, let B® be a subalgebra of P(w) of cardinality u. and length u.. We stipulate

that B, satisfies the ccc (and moreover, the strong A-cc for A = cf(A) > V).

[Why does this exist? As in (I)(a) in the proof of Theorem 3.6.]
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Let (I, : a < 2% x k) be as in the proof of 3.6. We define B,, (for a < 280 x k)
similarly to the proof of 3.6. Specifically:

By = B, the trivial Boolean algebra,
Boxg .11 is the free product Boxg . * B,
B, is increasing continuous in «,
Bot1 = ba[Bg,a%, I,] for a < 2% x i, a ¢ {2% xe:e <k},
where Gq 18 (Aan : 1 < W), Gan € Bay@an >0, N1 # N2 = aqn, NGan, =0. The
choice of the Go-s (i.e. the bookkeeping) is as in the proof of 3.6 above.
So, by the proof of 3.6:

(¥) If a < 2% x k then
(o) B, is <-increasing continuous, and satisfies the strong A-cc if A =
cf(N) > No.
(B) Biiq has cardinality 2% and length po + 5. e, which is < p

280 xe<a
when a < 2% x k.

(7) If a = 2%0 x ¢ with € a successor ordinal, then B,, has no homomorphic
image of cardinality € [Rg, 2%0).
a<fB<2% xkandbe B, } then for some a € B, we have
o) If B <2 dbe Bg\{0B,} then f B h
BsFb<aandif B, F0<d <athenad Nb>0g,.

[Note: for clause () we use the proof of (B)T of 3.6. For a = 2% x ¢ + 1 for clause
() we have a new clause, but easy one].
It follows that

(#%) B = Baxg !
(a) Is a ccc Boolean algebra of cardinality continuum.
(b) Has length pu.
(c) Has no infinite homomorphic image of cardinality < 2%0.

[Why? B is a cec Boolean algebra by (x)(«) and is cardinality continuum by (x)(3),
so clause (a) holds. The length of B is p by ()(53). Lastly, if f is a homomorphism
from B onto some infinite B, then (as k = c¢f(k) > Ng) for some ¢ < k we know
rang(f | Bowoy(c41)) is infinite, and hence has cardinality continuum. Therefore
B’ has cardinality continuum, and so clause (c) holds as well.]

Now to finish, we just need to show
(% % %) For J C B a chain of cardinality u, we get a contradiction.

Let BX = Boxg y.- Let ¢, € J (for a < p) be pairwise distinct.
By clause (x)(d), for each € < k and o < uf we can find bS, € B? such that:

(a) co < B in B.
D) 0<z<B,ANzeB! = zNcy, #0

Note:

(c) bE is unique, and
(d) ca <cg = b <05

As B! haslength < . and J is a chain, necessarily for some Y. C pt with |Yz| = pt
we have

(e) bg =b° for a € Ys.
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We can apply clause (x)(0) to —c,, (for @ € Y. and B, and possibly shrinking Y)
to get a;, € B} such that:

(f) (—ca) <aiand 0 <z <a§ Az €B:=xzN(—cy) #0.
As above, without loss of generality, shrinking Y. further we get
(g) a8 =af for a € Y..

As the length of BX is < u. < ut = |Y¢|, for some o € Y. we have ¢, ¢ BZ; as
® ai, > —cq, U5, > ca, U5, € BE, and a, € B},
necessarily a$, N b5, # 0.
Hence:

(h) b5 Nas # 0.

Let g(¢) = min{¢ < e : a®,b° € B{}, so for limit €, g(¢) < e. Hence on some
stationary S C k and (. < k the function g [ S is constantly (., and without loss
of generality

(<eeS=|{aeY;:caeB}|=pl

As B satisfies the ccc we can find €1 < g5 in S such that
bt Nat Nbd2 Na #0.

Choose « € Yz, such that ¢, € B, and 8 € Y.,. Now {cq,cs} is independent: a
contradiction.

2) Slmllarly Dg,lo

Remark 3.11. We may further ask: is the restriction “cf(u) > Ro” in (3.10) neces-
sary?

Observation 3.12. Assume that the infinite Boolean algebra B has the length u,
cf(n) = Ng. Then the length is obtained.

Proof. Let T = {b € B :length(B | b) < u}.
Easily
by <bsANby el =0b €T

Also clearly 7 is closed under unions.
[Why? If by, by € f, b=bUbs ¢ 7 then there is a chain (¢t : t € J), J a linear
order of cardinality p, [s <jt = ¢s <B ¢, and ¢; < b.

Let

E ={(t,s) e I xJ:ctNb =csN}.

Then E; is a convex equivalence relation on J; if |J/E;| = p then {c:Nb; : ¢t € J}
exemplifies b; ¢ Z, a contradiction. So |J/E;| < u. Hence E = E; N Ey is a convex
equivalence relation with < |J/E;| x |J/Ez| < p classes, but as b = by Ubg it is the
equality.]

If B/Z is infinite then we can find (a,/Z : n < w) pairwise disjoint non-zero.

Now b, := a,, — |J a¢ are pairwise disjoint members of B not in 7. Let L= > ln,
I<n n<w

tn < p. Let (¢} : t € J,) be an increasing chain in B [ by, |Jn| > pn (note that we

can invert J,). Let J = Y J, (without loss of generality, n <m = J,NJ,, = @)

n<w

and for t € Jp, let ¢f = by U...Ubyp_1 Uc}. Now (¢f : t € J) exemplifies that the
length is obtained. So B/Z is finite, so without loss of generality 7 is a maximal

ideal. Try to choose a,, € 7 satisfying N anNag = 0 such that length(B [ a,) > pn.-
<n
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If we succeed, then we may repeat the proof for the case “B /I is infinite,” hence
we necessarily fail. Hence for some n (replacing B by B | —(ag U ... Ua,_1)) we
have
beZ = length(B [b) < fu,.
Let J C B be linearly ordered, |J| > ;. Possibly shrinking .J, without loss of
generality J C TV .J C B\Z. As we can replace J by {1g —b : b € J} without loss
of generality J C Z, so for some b € J we have |{c € J : ¢ < b}| > put, and hence

no

length(B | b) > pt, a contradiction. Os.19

Remark 3.13. We may wonder if we can replace ¥y in 3.10 by another cardinals.
Most natural are k strong limit of cofinality w.

Claim 3.14. Assume k < p < 2%, k strong limit and cf(k) = Wg. Then there is a
Boolean algebra B such that:

(a) [B] = 2¢
(8) B = kT-cc (and even the strong A-cc, when X\ = cf(A\) > k).
(7) B has length p (and satisfies clause (B)" of 3.6)
(6) B has no homomorphic image B' with |B’| € [k, 2%).
Proof. Let h € “w be h(n) = 2(n + 1). Let By C P(k) have cardinality p and
length p, with a dense B C By \ {0} of cardinality .
[Why does such a By exist? Let & = > Kk, with K, < Kn41, and let v, € [] £n be

n<w

pairwise distinct for o < p. Let 14 € “k be defined by
Na(n) = (kn)"na(0) + (’in)n_lna(l) +t...t (’in)lna(n -1+ (’{n)ona(n)

(where (k,,)¢ denotes ordinary ordinal exponentiation).
e {ny : @ < p} is linearly ordered under the lexicographic order <jex.

Let Ay == {Kk} +1a(n) : @ < p, n < w} and By be the Boolean subalgebra P(x)
generated by [k]<N° U {A, : a < u}. All our assertions are easy ro check.]

Let
0= {n:n is an w-sequence, n(n) is an increasing
sequence of ordinals < 2% of length h(n)},
and
I,=1U {Resf;(n) n<w, £ <h(n), ne IS}
so |I,] = 2%. Let Byy1 = ba[By, aa, I, Ba increasing continuous for o < 2%.

(Again, a, is an w-sequence of pairwise disjoint non-zero elements of B,, satisfying
‘each such sequence appears 2% times.’)

Again, for o < 8, B, <Bpg (and even the conclusion of 3.4(5) holds). The proof
that B := B o~ satisfies 3.14(a), (8), (7) is as in the proof of 3.6.
For () we need 3.15 below. Os.14

Observation 3.15. Assume that k is a strong limit cardinal of countable cofinality.
1) If B’ is a Boolean Algebra of cardinality > k but < 2% then:

(a) There are pairwise disjoint non-zero b, (for n < w) in B’ such that
() for no c € B’ do we have N [ban < c]A A [bant1 Nec=0].
nw nw
2) For a Boolean algebra B', a sufficient condition for B’ to satisfy (a) (i.e. the
existence of a sequence (b, : n < w) of pairwise disjoint elements of B’ satisfying
(x) above) is:
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(b) B’ has cardinality < 2" and there are b, € B’ such that A [by, N by, = 0]

n<m
and k = liminf |B’ [ b,|.
n

We first prove that 3.15 suffices (for finishing the proof of 3.14). Toward contra-
diction assume that B’ is a Boolean algebra of cardinality < 2" but > &, and B’ is
a homomorphic image of B. If clause (a) is satisfied by B’, then the proof is very
similar to the earlier proof of 3.6: for a homomorphism f : B — B’ from B onto
B’ we can find pairwise disjoint a,, € B (for n < w) such that f(a,) = b,. So, for
some a we have a, = (a, : n < w), and we repeat the relevant part of 3.6. Using
clauses (b),(c) of Definition 3.3 we get a contradiction. We are left with proving
3.15. First, the second part.

Proof. Proof of Observation 3.15(2):

We can find & = (¢, : n < w), ¢, € B, ¢, < b, for ( < 2% such that the
sequences (¢S, : n < w) are pairwise distinct for ¢ < 2%. For each ( let bgn =5,
bgn+1 = b, — ¢, so if clause (a) fails then for every ¢ < 2% there is y. € B’ such

that for every n < w we have
B Sy, bhgr Nye =0
So Alye Nby, = ¢] and hence ¢ < € < 2% = y, # y¢, which contradicts |B/| < 2~.

n

Proof of Observation 3.15(1):
Assume that the conclusion fails. For a cardinal pu, let

7, =7,[B'| = {b € B': B’ | b has cardinality < u}.
Clearly it is an ideal of B’ increasing with p and 1p: € Z,, < p > [B|. If B'/Z,[B/]

is infinite then we can easily get condition (B) of part (2), and we are done. If it
is finite, but Z,,[B] # Z,.[B’] for every pu < k, then let K = Y pin, fin < pint1, and

n<w
choose b, € Z,[B'| \ Z,, [B']. But Z,[B'] = U Z.[B], so AV b, € Z,.,.[B']. So
p<kK n m
without loss of generality b, € Z,,, ., [B'] \ Z,, [B'] and hence (b, — J b : n < w)
I<n

are as required. We are left with the case that for some pu(*) < &,

1 +=1T,[B'] = Z,[B/]

and without loss of generality 7 = I.#(*) [B’] is a maximal ideal.

Without loss of generality 240) < p1,, < pinq1 for n < w. Let b; € 7 (for ¢ < k)
be distinct (these exist as |B’| > « and Z is a maximal ideal of B’). By the proof of
Erdds—Tarski theorem, without loss of generality (b; : i < k) are non-zero pairwise
disjoint.

[Why? For example, apply the A-system lemma to
H{z:z <bi} i< (2)F},

and get Y,, C (2#n)T of cardinality (2#~)T and a set A,, of cardinality < 2#(*) such
that
LjeYaNi#) = {z:x<bin{z:z<bj}=A,.

So |A,| < p(x). Pick Y, CY, of cardinality (2#~)* such that
LiEY Ni#j = {z:x<bh}INn U Al ={z:z<bj}N U Al

m<n m<n
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where A}, = {x: (i € Y;))[x < b;]}. Let i(n) = min(Y;,). Then
Xn = {2 — 2y 11 € Yy, i >i(n)} € B\ {0}

is an antichain, and |J X, is as required.]

Let !
Py ={Y € [5]™ : there is b € T such that (Vi € Y)[b; < b]}.

This is a subset of []™° of cardinality < |Z| - u(x) < |B’| + & = [B[, but
[k]% = 2% > |B/|, so there is Yj € [k]%0 \ 2.
Let
Pr={Y e[r™:Y Ckr\Yyand 3beI)(VieY)h <}

By cardinality considerations as above there is Y1 € [N \ &) disjoint to Y. By
assumption above (i.e. clause (a) fails) there is b € B’ such that A [b; < b] and
€Yo
A b <(1-b)]. Ifbe 7 we get a contradiction to the choice of Yp; if not, then
€Y7
1 — b € T contradicts the choice of Y;. Hence the observation holds and hence the
Observation 3.15 is proven. Hence Claim 3.14 is proven. 315

Remark 3.16. In other words 3.15 says

() If k is strong limit, cf(k) = N and B is a Boolean algebra of cardinality
> k with Nj-separation (i.e. (a) of the observation fails) then |B| > 2~.
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§ 4. USING SUBTREES OF (“Z2, <) AND THEORIES UNSTABLE IN N

Theorem 4.1. Suppose T C Ty are first order theories, Ty is countable, T is
complete, superstable but Rg-unstable. Then for A > Ry we have

TE\,Ty,T) > min{2*,3,}.

Remark 4.2. The reader is not required to know anything on superstable theories,
just to believe a result quoted below. So we can just assume (x) from the proof.

Proof. The assumption that the theory is superstable and not totally transcendental
(= Np-stable) is used to obtain m,, m;, < w and a countable set of definable (without
parameters) equivalence relations {y, (Z;7) : n < w} C L(7r) such that:%¢

() () (o(&) = f9(5) = ma +ms o
(#4) If M is amodel of T and @ € ™= | M| then the set {a"b/¢y, : b € ™| M|}
is finite.
(iii) If for £ = 1,2, g(a@g) = ma, Lg(be) = my, and (@1 "by) @n (@2 by) then
a; = as.
(iv) @nt1 refines p,: ie. for every n < w, T @n41 § implies T ¢, 7.
(v) There are (in some model M of T) ¢,, for n € “~2, such that:
o1 Lgin) >nAly(v)>n=[¢nc <nln=v]|n]
& Cy | Mg =G, [ Mg and lg(c,) = mq + my.
The existence of this set of equivalence relations was proved in Chapter III, 5.1-5.3
of both [She78] and [She90].
Clearly, without loss of generality we may expand the theory 73. Let
{ece: 0 <ma}U{cye:l € [mg,mq +my and n € 72}

be new individual constants in T;. We let

Cp = <Cg < ma>A<cn)g 20 € [mg,myg —i—mb)>7
and suppose
() Tl;{ (€y n ) lg(n), lg(v) > n, nfn=an}U
{=(e ¢n &) lgn), lg(v) = n, nIn#v|ny.
Also without loss of generality, suppose that T} has Skolem functions (so the axioms
saying it has Skolem functions belong to T}).

We will use the following fact. [For a sequence 77 let 7 = (7j[{] : £ < {g(7)) and
ay = Gylo) Gyp) Qg - -] D
Fact 4.3. 1) Suppose

(A) T C Ty are first order theories, T' complete and superstable, unstable in

|T1|, 7 = 7(T) and 7, = 7(T1), and T} has Skolem functions.

(B) 7 is countable, or at least MA,, holds for p = |T7].

(C) ¢n (for n < w), mg, myp are as in (x) above, and m, := mg + My,

(D) ¢n € 7 is a (2m,)-place predicate,

A={p,:n<w}), 7 =nU{d,:n<w},
7 C 7, and |7p| < p < 20,
(E) T satisfies (xx) above.

Then there are My and a, (for n € “2) such that:

26 We may write Z ¢y, 7 instead of on(Z,7).
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(o) M is a model of T} and @M is an equivalence relation such that ¢ 4
refines 1.

(B) (M) =", {ay:n€“2} ™
lgin) >nAlgv)>n = [nIn=vns (a, ¢n a).

M|, and

For i € ™(¥2), let a5 = ap, " ... "Gy, _,-
B Gy | Mg = @y | Mg = (cé,‘/[l 1l < mg), lg(ay) = my, and if n < w,
lg(@) = mq < my then [{a"b/@m : b€ ™ (My)}| < km.
(v) For every formula ¢(Z) from L(r;) such that m, divides ¢y(Z), there is 7,
such that for n € [1,,w):

(g 10, 7€ ™(*2), lg(n) = Llg(v) = m = ——="— (so0 lg(ay) = ly(x)),
and
<T][ [n:€<€g(ﬁ)>:<1/g [n:€<£g(z7)>
is without repetitions, then My = plaz] = ¢las].
(0) (dn :n < w) is an indiscernible sequence over {a, : n € “2} in My [ 7.
()t d, # dp, for n #m.

2) It M17T7 7—177-1+7ma7mba <(Pn 'n < Ld> are as in (Oé), (6)7 (6)13 (’7)7 (5)a (6)+ above
and p = Rq (or at least MA,,) then, replacing “2 by a subtree, replacing (¢, : n < w)
by a sub-sequence and renaming, decreasing M7, we can add to part (1):

(y)* For every sequence of terms &(Z) from 7;", if m x (mg + my) = lg(7),

me +mp = £g(3), () | mqg = (@ | M) (T | Mma), me < Mg, Mg =
Me X (Mg +my), [Le. a(az) [ Mg = (G | Mma)(@qim.) for 7 € ™(¥2)], then
there exists ns < w such that:
(a) For n > ns and 7,7 € ™(¥2) with no repetitions, 7 [ m. = v | m,, we
have:
UEAE T 10K Lo sad (V< )8 = ol
then for every p € ™(¥2), p =17 [ m, implies
(7(ag) pn 3(ay)) & (o(a 5(55))‘

(b) For n > nz and 7,7 € ™("2) each with no repetition and
i rme =v rme7

we have:
o Ifthere are k > nand 71,71 € ™(¥2) such that ~¢(d(ay,),d(as,)),
for £ < m, ﬁlw] rn = ﬁwL Dl[é] rn = DwL and

(V0,0 <m) (€] = 7 [i] < 7€) = o[i],

then for every 7%, 7* € ™(“2) satisfying 7*[¢] [ n = 7j[¢], v*[¢] |
n = p[f] (for each ¢ < m) and

(V0,0 < m)[i7*[€] = v*[i] < q[€] = v[i]]

we have =[5 (ag+) ¢n 0(ap)].
Remark 4.4. 1) This is the only place where countability (or MA|.,|) is used.

2) For alternative proof see 4.13.

Proof. 1) If we ignore (§)™ (so can have d,, = dp) use Theorem [She78, Ch.VIL3.7].
In general, use [She78, Ch.VIL,Ex.3.1]. What if T} is uncountable but MA,? (The
reader may ignore this proof or see the proof of 4.13.)
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Let P be the forcing notion of adding A = J(gu)+ Cohen reals, (n; : i < A),
ni € “2. Let x = (2*)* and let

IFp “M is a model of Ty, the Skolem hull of {z; : i < A}, Z; om Cpitm”

By the Omitting Type Theorem®” there are By < By with By < (H(x), €, <}) and
|%B1]| = p such that T, P, M, (x; : © < \) belong to B;. Also in B, (a,: p € “2)
is an indiscernible sequence over 981, and By | “g; is an ordinal = \”.

Note that any set which B, considers a maximal antichain of P®2 really is so.
Now we can naturally apply MA,,.
2) Satisfy requirement (a) by letting ¢% (2" 2) := E, (2" z, Fy(2)"z) for £ < £}, < w,
where F;, € 77 are such that {F,(Z) : £ < £}} is a complete set of representatives
for {Z"z/¢n : T}, possibly with repetitions. (Remember T has Skolem functions
and there is £ which does not depend on Z by compactness). Requirement (b) is
fulfilled by trimming the perfect tree and renaming. O3

Claim 4.5. For M, a, (n € “2), ¢, as in the conclusion of 4.8 we can conclude:

® Ifv#p are from “2, 7, = (e € < L(x)), Np = (Mpe : £ < L(¥)),

T=(xg: L <L(x)), (T) = (om(T):m<mx),vik=plk,

Me L k=m0 1k, (Me:l <l(x)) with no repetitions, k > nz, and
/\ [d,, Pn Gp = 5(d77,,) Pn 6(677;:)]
n<w

(moreover, the A-type of a, a, and 7(ay,) o(agz,) (in M) are equal for

every n) then lg(v M p) € {lg(nu.e N1mpe) < £ < L(x)}.

Proof. Assume not.
Let n = {g(pnv). Then ¢, (a,, @y ) A—@ni1(ap, a,). We suppose first (for didactic
reasons) for the sake of contradiction that for every £ < ny we have

ol # mpll] = Lg( 1] N7,[l]) < n.

By the equality of types —~¢n11(5(as,),(as,)), now we can deduce by Fact 4.3(2)
and the assumption that the conclusion of (®) fails, that —,41(5(a@s,),5(as,))-
Again, by the equality of types —,,(a,,a,), a contradiction to ¢, (a,, a,,)

Now we deal with the general case, i.e. we assume

(%) (V€ < mo) [lg(m,[0] N 7,1€]) # n].

We shall derive a contradiction.
Define 7 € ™0 (¥2):

7l = {ﬁpw] it 73,[6] 10 # 7,[6) 1,

7,[¢] otherwise.

Clearly o(a,) [ mq = &(ay,) [ mq = &(ay,) [ mq and 7 [ me =7, [ me =17, | me,
and also 77 is with no repetition and (7j[¢] [ n : £ < ng) are pairwise distinct.
Since, by the definition of 7, for which 7[¢] [ n = 7,[{] | n, using (%) we obtain

] 1T (n+1)=n,[] [ (n+1).
Let b = 7(ay). By reflexivity of the equivalence relation we have
o(ag,) Pnv1 0(ag,).

27 See (e.g.) [She90, Ch.VIL,§5].
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By Fact 4.3(1), 5(@5) ¢n+1 0(@s,); ie. b pni1 5(ay,). Finally,®® using transitivity
of the equivalence relation we have =, 11(b,5(as,)).
By the definition of 7, for every ¢ < ny we have
e =y [0] or Lg(nlf] N le]) < n.
But since n > kg, clearly

[{Ale] T ko< €< no}| = [{ml6] I ko: £ < no}| =no.

So by Fact 4.3(2), as =(b ¢ni1 5(az,)) (see above), we have —(b ¢, 5(ag,)).
But b ¢, 7(ds,) (see above) and &(dz,) ¢n (s, ), a contradiction. Oas

So for proving theorem 4.1 we can assume

Hypothesis 4.6. M, (p, : n < w), and a, (for n € “2) are as in (8) + () of
4.3(1) and (®) of 4.5.

Lemma 4.7. Assume pu < X < 2%, We can find Se C“2 for & < 2%, pairwise
disjoint, each of cardinality X\, such that

® IfE <28, f: 8 =« (Muw( U S¢)) and n is a function,
C#E

n:{5:(3x)[c = (0u(Z) : L < L)], 00 a term of Lyx,(T)} = w
and T is the vocabulary of M, .,(|J S¢), then we can find m* (see below)
C#E
S* C 8¢, ko <w, ng =mg+mp < w, a sequence 6(Z) = (0¢(T) : £ < lg(a)),
with lg(T) = no, (G, : v € S*) and o € ™ (¥2) with the following properties.
Letting n,.¢ = 7, [¢):
(A) n#ves = lgnnv) >k

(B) For v € S* we have lg(7,) = no, (V€ < ng) [Tue | ko =Toe | ko], and
{fve 1 ko : £ <mnotU{v [ ko} are pairwise distinct.

(C) ko >n(o)
(D) For each £ < ng, either {7, ¢:v € S*} = {foe} or {fle: v € S*} are
pairwise distinct.

(E) The sets {lg(v1 Nwo) : v # vy from S*} and
{Lg(Muy 6y NNy ot,) = 1,0 €S and by,02 < ng}
are disjoint.
(F) For every v € S*, f(v) =a(7,) (i-e. equal to
<U@(<7)V7n in<ng)):l< m*>)
(GQ) For vy # vy € S*, we have
Mor b = Nyt & L < Mg S Ny 0 = Mo
(H) S* is p*-large. (We say that S C “2 is x-large iff for every n < w
and v € S we have [{p € S:p I n=v | n}| > x.) We can replace
ut-large by A-large if cf(\) > Rq.
(I) vi,v9 € 8* Ay, 0, = Nuy.e, tmplies €1 = Cs.
(J) For n € |USe, let £&(n) be the unique & such that n € Se. Now, if
3
EMuy ey) = EMuy ,) with 1,0y < ng and 11 # vo € S*, then

veSt= 6("7111,51) = 6(7711,51) = 5(771/,52)'

28 As —(5(an,) pn+t1 5(ag,))-
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Remark 4.8. 1) This claim is a version of the “unembeddability” results;*® well,
they are necessarily somewhat weaker than in §1 here.

2) Of course, we can replace |J S¢ by > Sc.
¢#E C#E

For proving 4.7 we will use the following combinatorial fact, which is slightly
stronger than Sierpinski’s lemma on almost disjoint sets of integers:

Fact 4.9. There are W(x), {W, : n € “2}, and {U, : n € “2} such that for all
nev

(A) W(x), W, are infinite subsets of w.
(B) U, is a perfect tree; i.e. U, C “>2 is downward closed, ( ) € U,, and
(VpeU,)3BveU,)[pdvAv{0) e U, Av (1) € Uy,].

(C) If p,v € Uy, p # v, and ly(p) = £(v) then lg(p Nv) € W, where pN v is
the largest common initial segment of p and v; i.e.

pNv):=max{n<w:pln=v|n}
(D) Foralln; # ne € “2and every p € Uy, , v € Uy,, there are three possibilities:
(a) lg(pNv) € Wy, N Wy,
(b) lg(pnv) e W(x) and (V0 < lg(pnv)) [l € Wy, =L W,,].
(c) pQrorv<p.
(E) WHE)NW, =02
(F) For distinct 0, v from “2, we have:
(a) W, NW, is finite (in fact, an initial segment of both).

(b) If £ € W(x) is above W, N W,, then U, NU, is finite, contained in t'>9
if ¢ <0 € W;,UW,, and has no splitting of level > /; i.e.

=(3p € “72)[lg(p) = LA {p™(0),p (1)} C U, NT,].
(c) If £ € W(x) and ¢ < sup(W,, N W,,) then U, N2 = U, N*22.

Proof. By induction on n, define k(n) = k, < w, the set W,,(*) C k(n) and the sets
U, C ¥W=2 W, C k(n), such that in the end (this imposes natural restrictions on
them):

neEY2 = WyNky =Wy, U,N*M22=10,. W) Nkn)=W,(x).

Forn =0, let kg = 0, Wy (x) = @ and W,, = @, U, = @ for n € "2. For the
induction step, choose k'(n) = k(n) +n + 1 and for n € "2 let

U,% =U,u{v"(nll):vel, RRPAVESNS
Thus .
(Vv erm2nu,)(3per ™a2nU;)[v<pl.

Define Wy, 11(%) = Wy () U [k(n), k' (n)). Fix an enumeration {n, : k < 2"*1} of
19, Let k(n + 1) :== k'(n) + 2L, For n € "12, there is a unique k < 2" such
that n = ng. Let

Uy :=Up 1, U{v e* 220 1k (n) € U, |,
k'(n) + € < lg(v) A (€ # 2k + 1) = v(k'(n) + £) = 0}
and W,,, = W, U{k*(n)+2k+1}. It is easy to verify that the construction provides

and for ¢ < 2™ we have

a family of sets as required. Uao

29 See Definitions in [Shea, §2], results (for example) in VI, and here in §1 for the tree “22.
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Proof of Lemma 4.7: Let W(x), U,, W, be as in 4.9. Fix an enumeration
{ne : € < 2%} =“2 and let W& :=W,,. Let

Se Clim(Uy,) (={pe€“2: (Vn<w)p | neUp,l})

be of cardinality A. Fix {pf 11 < A} =S¢, and without loss of generality Se is
x-large.30

Note that for every S C “2 of cardinality > u, for some S; C S, |S1]| < p and
S\ Sy is pt-large. Let U¢ = U,.; note that by 4.9(B)+(D), the sets S¢ \ S are
pairwise disjoint.

So let &, f,n be as in the assumption of 4.7®.

For v € S¢ let f(v) = 7,(7,), where 5, is a finite sequence of terms and 7, is

a finite sequence of members of |J S¢ with no repetitions. So there are S* C S
C#E
which is p*-large, and &, and an integer ng such that

vesS = g,=adAly(7,) =no,

and without loss of generality, for some m, < m; < w, we have 5(7,) | mq = 7*
and

{nj £ <metU{n,,:veS” and € € [mg,mp)}

is without repetition (this is possible by the A-system argument).
As Se N |J S¢ = @, clearly the sequence (v) 7 is without repetitions for any
C#E
v € S§*. So for some k =k, < w large enough, we have:
(@) (w1 k) (el k:l<{(x))is without repetitions.
(i1) Letting 1,0 € S¢(u.0), we have W& N WSm0) C {0,..., k, — 1}. Moreover,
k, > min(W¢é\ Wé¢:9) (remember clause (F) of 4.7).

As we can shrink S* as long as it is u*-large, without loss of generality for some k:
(’LZZ) 121 75 vy €5* = @(Vl ﬂl/g) >k
(iv) vesS* = k, <k<w.

So for vy # v € 5%, on the one hand lg(v1Nvy) € WE\k (as v1, 12 € Se C lim(Uy, );
see clause (iii) above and 4.9(C)) and on the other hand

bg(Mures aye) € W () U UCEA YD)

which is disjoint to W& \ k. So we have proved clause (E) of 4.7; the other clauses
can be checked.

Claim 4.10. If clauses (8), (), (0) of 4.3(1) hold, and 4.5(®) does as well, then
for A < 2Ro .

(x)x There is a family & of subsets of “2 each of cardinality \ (even their union
has cardinality \) with | 2| = 2*, such that (letting N& be the Skolem Hull
of {a, :n € S} for S € P) we have:

o ForYy #Y, from 2, le,1 has no A-embedding into Nil/z.
o |[NL|=XforY € 2.

30 Recall that we say S C “2 is x-large if for every n < w and v € S,
|{p€S:p In=v {n}| >x. If x > (|71] + Ro)t we may omit it.
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Proof. For X C A, let M3 be the Skolem Hull of {a, :n € |J S¢} and
fex

MX = M)lf F TT.

In order to prove the theorem it is enough to assume X,Y C A and X € Y,
and show there does not exist an elementary embedding f from My into My . Let
& € X\ Y. For the sake of contradiction suppose f : Mx — My is an elementary
embedding, or just one preserving the satisfaction of ¢, —p,.

We can represent My in .#,, (| S¢), and let us define f': S¢ — 4, .,( U Sc¢)

¢ I3

by f'(v) = f(a,), let n be essentially as in 4.3, but translated. Apply lemma 4.7
to f' and n, and get S*, ko, no, Ma, My, 7, (, : v € S*) as there. Of course ny,
mg, myp are predetermined as in 4.3.

So we are done proving 4.10. U410

Proof. Proof of Theorem 4.1:

When ) < 280, the result follows from 4.10 by 4.5.

So the proof of Theorem 4.1 for the case A < 2%¢ is completed. How to deal with
the case A > 2%0? We just need to use (6)*; i.e. use 4.12 (and Definition 4.11)
below. 041

Definition 4.11. For any cardinal £ and M; as in 4.3(1)(5)-(6)", we define a
model M, ,; as follows: it is a 71-model generated by {a, : n € “2} U{d; : i < Kk}
such that for every n < w, i1 < ...%, < K, and 11, ...,My, € 2, the quantifier-free
type of a@,, " ... ay,,, “(di,...,d;,) in My, is equal to the quantifier-free type of
Qy, " ... Gy, (d1,...,d,) in M;. (So if My has Skolem functions then M; = M, ,
and they realize the same types.)

Claim 4.12. If clauses (83), (7), (8),(6)T of 4.3(1) hold, and 4.5(®) does as well,
then for A > 2%0:

(x)x There is a family P of subsets of “2 each of cardinality 280 with | 2| = Dy
such that, letting N3 be the Skolem Hull of {@, :m € S}U{d; : i < K} in
M\ with S € 2 (so |[N3| = \), we have:

(x) For Y1 # Ya from 2, Ny, has no A-embedding into Ny, (i.e. no
function from N}l,1 imnto N%,Q preserves all the relations £p,,).

We may consider using relations ¢, which are not equivalence relations, and we
may like to give another proof when p > ¥y but still MA,, holds.

Claim 4.13. [Assume MA,, ]

Suppose My, T1, (G, : 1 € “2), @n (forn <w), (d,, : n < w) satisfy clauses (a),
(), (B), (), (8) of 4.3, and My is a T1-model of the complete first order theory T;.
Also suppose @, € k(My) for n € “>2 are such that if n < m < w and n,v € ™2
thenn [n=v|n< M Ea, ¢n G. (S0 @, is not necessarily an equivalence
relation and |T1| = p is not necessary countable).

1) If we replaced “Z2 by a perfect subtree (splitting determined by level only) and
replaced (p, : n < w) by a subsequence, then we could add the statement of 4.5(®)
to the assumptions.

2) So the conclusion of 4.10 holds, and if we further assume ()% of 4.3, the con-
clusion of 4.12 also holds.

Proof. We use Carlson and Simpson [CS84].
Let W* be the set of w-sequences n from {0,1} U {x; : i < w} such that each x;
appears infinitely often. For n € W*, let

Wy ={veW":n) €{0,1} = v(l) = n(l), n(t1) = n(l2) = v(l1) = v(f2)}.
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As a set, W C W* is large if it contains some W,,. Let
Iy = {1/ € “>2: for some n € W, for every £, 01,0y < {g(v),
1(0) € {0, 1} = v(€) = 1(6) An(lr) = n(ts) = w(tr) = ()}
Let
lev(W) = {¢ : for some n € W, n(¢) ¢ {0,1} but n(0),...,n(¢ —1) € {0,1}}.

We say Wy C* Wy if for some n, {v | [n,w) :v € Wi} D {v | (n,w) : v € Wa}.
By MA,,, if (W, 14 < < p) is C*-decreasing sequence then there is W such that

AW, C*W.
i

By the partition theorem there, if n < w, n1,...,m, € ™2 are pairwise distinct
and 7', 52 are ;" -terms then we can find large W; C W such that W, [n =W [ n
and:

W e Hn<melev(Wh), pf € Tw, N2 for £=1,...,k and vp = 0" p2 [ [n,w),
then the truth value of 61(ay,,...,d.,,) ¢n 2(ay,,...,a,,) is constant.

Repeating it, we can get Wi such that &7, , for every n.
(7) Either g is constant < min(lev(W) \ n) or
n €lev(Wy) = [g(n),n) Nlev(W;) = 2.
(#i) If n <m €lev(Wy) and np < vy € Ty, N™2 then
min{i : —\[Ul(éyl,. s lyy) 0i 02y, ay,)]} = g(m).

We apply such reasoning to the following statement: “Given ny,...,n, € Ty, N2
pairwise distinct and n < m € lev(W;), and assuming 7 < vj € Ty, N™2 for
¢e€{0,1,...,k} and i € {0,1}, we have

5’(&,4), . ,(_lyg) ©e 5’(6_1V11, e 7(_11,]1).”
We get that this depends only on fg(v§ Nv}) and v (lg(v) Nvy)). 013

Discussion 4.14. The parallel (for a module M) concerning “a surgery at” is
extending the ring R to R*; e.g. by {z; : t € I} freely except some equation
involving = and the z;-s and “below z” is replaced by the ideal generated by those
equations.
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