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2 SAHARON SHELAH

§ 0. Introduction

We continue [Shei], [She22], and [Sheb] (improving [She87, III]) on the one
hand, and [She83] on the other. A starting idea was that the “many pairwise
non-isomorphic models” proofs in Chapters VII and VIII of [She78], [She90] (and
earlier [She71], [She74], [She75]) can be generalized to many contexts — in partic-
ular, to building Boolean algebras (as in [She75], [She83]).

In [Shei], [Sheb] we build the so-called “strongly unembeddable sequence of index
models” 〈Iα : α < λ〉, and from there build ‘many models’ or ‘models with few
automorphisms’ (or endomorphisms: e.g. for abelian groups and — our central
point here — Boolean algebras) as was done earlier in [She83].

The index models were mainly linear orders and trees with ω + 1 levels. In this
paper, we deal with generalizations. (See also [She08].)

We begin with an example that motivates our need to pass beyond the framework
of trees with ω + 1 levels. Suppose that we are asked to construct a rigid Boolean
algebra of cardinality λ. We can take a sequence 〈Iα : α < λ〉 exemplifying that
Kω

tr has the so-called full (λ, λ,ℵ0,ℵ0)-bigness property (see [Shei, 2.5=L2.3]). (It
says that each Iα is so-called “strongly unembeddable” into

∑{
Iβ : β ∈ λ \ {α}

}
.

These exist: e.g. λ is regular and Iα codes Sα, a stationary subset of
{δ < λ : cf(δ) = ℵ0}, with 〈Sα : α < λ〉 pairwise disjoint.)

Now build a Boolean algebra BA(Iα) for each α. We then construct a rigid
Boolean algebra Bλ by choosing an increasing continuous sequence 〈Bα : α ≤ λ〉,
where B0 is trivial and Bα+1 is obtained from Bα by “planting” a copy of BA(Iα)
below aα ∈ Bα, and our bookkeeping will ensure that Bλ \ {0} = {aα : α < λ}.
This seems to be a reasonable strategy, and it works (see a little more below). Now
suppose, moreover, that we are asked to construct a complete Boolean algebra B of
cardinality λ with no non-trivial one-to-one endomorphism. We should assume that
λℵ0 = λ (as the cardinality of any complete Boolean algebra satisfies this equality)
and it is natural to demand in addition that B satisfies the ccc. It is not hard to
modify the construction above so that Bλ has the ccc, so let B be its completion.

Assume toward a contradiction that f : B → B is a non-trivial, one-to-one
endomorphism. We can find a ∈ B \ {0} with a ∩ f(a) = 0 and α < λ such
that a = aα. Then Iα is embedded in B � aα in some sense, say by η 7→ aαη .
Hence η 7→ f(aαη ) is a similar embedding into B � f(a) that is constructed from
〈Iβ : β 6= α〉 alone. It seems reasonable that the demand “Iα strongly unembeddable
into

∑
{Iβ : β 6= α}” in the sense of Definition [Shei, 2.5=L2.3] can be used to deduce

a contradiction; this works in the case above (i.e. without the completion demand).
However in the present case f(aαη ) is not in general a member of Bλ, but rather is
a countable union

⋃
n<ω

bαη,n of members of Bλ. We would like to find an appropriate

unembeddability condition of Iα into
∑
β 6=α

Iβ to handle this complication. At some

price, our original notion can be modified to handle this complication when η has
finite length, but not when η has length ω. Instead, in this latter case, we replace
it by an “approximation” bαη,n(α,η) > 0: this was part of the motivation of having

the definition “strongly finitary on P Iω” in [Shei, 2.5=L2.3]. Previously, we could
use demands like “aαη�` ≥ aαη ” but now we have to use demands like aαν ∩ aαη = 0,

g̀(η) = ω, g̀(ν) < ω, but such demands tend to contradict the ccc.
Our solution is to replace subtrees of ω≥λ by index sets I of the form

I = I ′ ∪
{

(η � n)ˆ〈α`〉 : n < ω, η ∈ I ′, η(n) = (α0, α1), and ` ∈ {0, 1}
}
,
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COMPLICATED INDEX MODELS AND BOOLEAN ALGEBRAS 3

where I ′ ⊆ ω
{

(α0, α1) : α0 < α1 < λ
}

, and choose BA(I) to be generated by

{aIη : η ∈ I} freely except that

η ∈ I ′ ∧ η(n) = (α0, α1) ⇒ aIη�nˆ〈α0〉 − a
I
η�nˆ〈α1〉 ≥ a

I
η.

(Actually, to ensure the ccc it is better to use a more complicated variant.) But
now the bigness properties have to be proved in this context. For other aims, we
use subtrees of ω≥2 of cardinality κ ∈ [ℵ1, 2

ℵ0), originally to deal with number of
non-isomorphic models.

In this work we deal with more complicated index sets as motivated above.
In §1 we introduce classes like Kω

tr(n), which are close to being trees with ω +

1 levels, together with bigness properties (related to ψtr(n)) for them. We then

generalize this to K∂
tr(n).

In §1(B), we prove some existence theorems of the form “for many λ there is a
sequence 〈Iα : α < λ〉, where each Iα ∈ Kω

tr(n) has cardinality λ and is strongly

ψtr(n)-unembeddable into
∑
β 6=α

Iβ .” We also define “super” versions of these bigness

properties related to the ones in [Shea, 1.1=L7.1,1.5=L7.3]. Note that Lemma 1.14
is used by Asgharzadeh, Golshani, and the author in [AGS23]. weaken In §2 we
construct Boolean algebras with few appropriate morphisms for several versions.

In §3 we construct a ccc Boolean algebra of cardinality 2ℵ0 of pre-given length
(see Definition 3.3) such that any infinite homomorphic image has cardinality 2ℵ0 .
We use a Boolean algebra constructed from a single I ∈ Kω

tr(h) as in §2. As it

happens, the complicated I ∈ Kω
tr(h) are not needed, just non-trivial ones. Our

point is that Kω
tr(h) is not good just for the constructions in §2, it is a quite versatile

way to build structures with pre-assumed properties (not to speak of varying the
index model).

The main result is (3.6):

(∗) For µ ∈ [ℵ0, 2
ℵ0), there is a ccc Boolean algebra B with length µ (see

Definition 3.2 below) such that every infinite homomorphic image of B is
of cardinality 2ℵ0 .

If µ is a limit cardinal and cf(µ) > ℵ0 we can demand the length is not obtained
(see Definition 3.2): if cf(µ) = ℵ0 this is impossible.

Also, we can replace ℵ0 here by any strong limit cardinal κ of cofinality ℵ0 (see
3.14).

In §4 we deal with trees of the form S ∪ ω>2, where S ⊆ ω2 is of cardinality λ.
Note that §1, §2 are revised versions of parts of [She83] and parallel to [Shea],

and §4 is a revised version of parts of [She89]. The results in §2 answer problems
of Monk (presented in Oberwolfach 1980).

In §3, we solve a problem of Boolean algebras of Monk on which the author
earlier gave a consistency result, using ideas from §2.
§4 supersedes [She78, VIII 1.8] and repeats [She89, 1.2,1.3]. Baldwin [Bal89] has

continued [She89, 1.2-1.3]. We can apply this to models of ϕ ∈ Lℵ1,ℵ0 , probably
using [She99].

Recall that in [She78, Ch.VIII,1.8+1.7(2)], we proved that for pairs of first order
complete theories (T, T1) satisfying the hypothesis of Theorem 4.1 below

İ(λ, T1, T ) ≥ min{2λ,i2}.

We shall improve the result, replacing İ(λ, T1, T ) by İĖ(λ, T1, T ). We improve the
proof from [She78, VIII 1.8]; in particular, we use the trees Uη defined in Fact 4.9.
They are subtrees of ω>2 as close to disjoint as we can manage.
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4 SAHARON SHELAH

We can use trees similar to (ω≥2,C) with finite or countable levels and heavier
structure (i.e. like pure conditions in forcing notions as in [She92, §2]). As in 1.4(3),
we use here a weak form of representation: the amount of similarity depends on
the terms and formulas.

We can use such trees as in §2 to build “complicated,” rigid-like structures. In
[She80, 1.2,1.1(3)] (more in [She79, 1.4, 1.1]) this was done for abelian groups:
one step is getting G ⊇ Z such that G is ℵ1-free of cardinality ℵ1, Z not a direct
summand of G). This was continued in Göbel and Shelah [GS95] and Göbel-Shelah-
Ströngmann [GSS03].

Definition 0.1. 1) We say a structure M is atomically (<µ)-stable when: if
A ⊆ M and |A| < µ then the set {tpqf(ā, A,M) : ā ∈ ω>M} of possible types has
cardinality < µ.

2) We may write µ-stable instead of ‘(<µ+)-stable.’

3) For Θ a set of cardinals, when we write ‘Θ-stable’ we mean µ-stable for every
µ ∈ Θ.

* * *

We thank Haim Horowitz, Mark Poór, and Miguel Cardona for many helpful
comments.

Notation 0.2. 1) k, `,m, n will denote natural numbers.

2) Cardinals (infinite, if not stated otherwise) will be denoted by λ, µ, κ, χ, θ, ∂,Υ.
∂ will always denote a regular cardinal.

3) Ordinals will be denoted by α, β, γ, δ, ε, ξ, i, j. δ will be a limit ordinal if not
explicitly stated otherwise.
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COMPLICATED INDEX MODELS AND BOOLEAN ALGEBRAS 5

§ 1. Trees with structure

We deal here with “relatives” of Kω
tr which are more complicated, strengthening

our ability to carry out our constructions. We mean two things when we say ‘more
complicated’ — namely:

(A) If η ∈ T is not of the maximal level, there is a structure on the set of
immediate successors. E.g. pairs of members are used above it, so we have
more induced non-embeddability (involving the relevant ψ and e).

(B) T has ∂-many levels, where ∂ may be ℵ0 or be uncountable.

This helps when using them for constructions, but we have to work more for the
existence proofs (see §1B).

In this section (and the next) we define and see what we can do for K∂
ptr, ψptr,

K∂
tr(n), ψtr(n), K

∂
tr(∗), ψtr(∗) (which were introduced in [She83]), getting the parallel

of [Shea, 2.15=L7.11]; the main case is ∂ ..= ℵ0. The reason for their introduction was
for constructing certain Boolean algebras; we shall deal with these constructions
later.

More specifically, [Shei, 2.2=Lf5] defines versions of “I is strongly ϕ(x̄, ȳ)-unembeddable
into J” and “K has [full and/or strong] (χ, λ, µ, κ)-bigness,” so we can apply it to
(K,ϕ) = (K∂

ptr, ψptr), or (K∂
tr(h), ψtr(h)) or (K∂

tr(h), ψ
′
tr(h)), as defined in Definitions

1.1,1.2 below. But below, essentially we choose more general ϕ-s represented by e.
The relevant results are obtained by the existence of the super version, as in

[Shea] (see Definitions 1.5,1.6).
Note that §1 continues [Shea, 1.9=L7.5].

§ 1(A). The frame.

Definition 1.1. 1) K∂
ptr is the class of I such that:

(A) The set of elements of I is, for some linear order J , a subset of

setptr[J ] ..=
{
η : η is a sequence of length ≤ ∂, such that if

i+ 1 < g̀(η) then η(i) has the form 〈s, t〉 with s <J t,

and if i+ 1 = g̀(η) then η(i) ∈ J
}
.

Also, if η ∈ I, i + 1 < g̀(η), and η(i) = 〈s, t〉 then (η � i)ˆ〈s〉 ∈ I and
(η � i)ˆ〈t〉 ∈ I. Furthermore, the empty sequence belongs to I, and if
δ < g̀(η) is a limit ordinal then η � δ ∈ I.

(B) The relations of I are:
(α) η E ν, meaning ‘η is an initial segment of ν’ (i.e. η = ν � g̀(η));

(β) Pi ..= {η : g̀(η) = i}
(γ) <1

..={
(η, ν) : for some i < ∂, g̀(η) = g̀(ν) = i+ 1, η(i) <J ν(i), η � i = ν � i

}
(δ) Eqi

..= {〈η, ν〉 : g̀(η), g̀(ν) ≥ i ∧ η � i = ν � i}
(ε) SucL ..={

〈η, ν〉 : for some i < ∂ and s <J t we have η � i = ν � i,

i+ 1 = g̀(η) < g̀(ν), ν(i) = 〈s, t〉 and η(i) = s
}

(ζ) SucR ..={
〈η, ν〉 : for some i < ∂ and s <J t we have η � i = ν � i,

i+ 1 = g̀(η) < g̀(ν), ν(i) = 〈s, t〉 and η(i) = t
}

(η) An individual constant 〈 〉.
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6 SAHARON SHELAH

(θ) Functions ResLα,ResRα such that ResLα(η) = (η � α)ˆ〈s〉 and ResRα (η) =

(η � α)ˆ〈t〉 when η(α) = 〈s, t〉 and α + 1 < g̀(η), and ResLα(η) =

ResRα (η) = η otherwise.

If we omit the superscript ∂, we mean Kℵ0ptr.

2) Let

ψptr(x0, x1; y0, y1) =
∨

i+1<∂

[
Pi+1(x1) ∧ Pi+1(y1) ∧ Pκ(x0) ∧ x0 = y0

∧ SucL(x1, x0) ∧ SucR(y1, y0) ∧ x1 <1 y1

]
.

This depends on ∂, but we usually suppress this parameter.

3) I ∈ K∂
ptr is standard iff in (1)(A), J is a set of ordinals with the natural order,

or at least a well-ordering (usually we shall use those).

Definition 1.2. 1) For h : ∂ → ω \ {0}, the class K∂
tr(h) is defined like K∂

ptr, but

replacing pairs by increasing h(i)-tuples at level i. That is, I ∈ K∂
tr(h) iff

(A) the set of elements of I is, for some linear order J , a subset of

settr(h)(J) ..=
{
η : η is a sequence of length ≤ ∂,

for i+ 1 < g̀(η), η(i) has the form 〈s0, . . . , sh(i)−1〉
such that s0 <J s1 <J . . . <J sh(i)−1, and

for i+ 1 = g̀(η), η(i) ∈ J
}
.

Also, if η ∈ I, i + 1 < g̀(η), m < h(i) and η(i) = 〈s0, . . . , sh(i)−1〉 then
(η � i)ˆ〈sm〉 ∈ I. Furthermore, the empty sequence belongs to I, and if
δ < g̀(η) is a limit ordinal then η � δ ∈ I.

(B) The relations of I are:

(α) η E ν, which holds iff η = ν � g̀(η).

(β) Pi ..= {η : g̀(η) = i}. (We let P<∂ ..=
⋃
i<∂

Pi.)

(γ) <1
..= {〈η, ν〉 : g̀(η) = g̀(ν) = i+ 1, η(i) <J ν(i), η � i = ν � i}

(δ) Eqi
..= {〈η, ν〉 : g̀(η), g̀(ν) ≥ i, η � i = ν � i}

(ε) For m < h(i) and i < ∂:

Suci,m = {〈η, ν〉 : η � i = ν � i, g̀(η) = i+ 1 < g̀(ν),

ν(i) = 〈s0, . . . , sh(i)−1〉, η(i) = sm}

(ζ) An individual constant 〈 〉.
(θ) Functions Resmi such that Resmi (η) = (η � i)ˆ〈sm〉 when

η(i) = 〈s0, . . . , sh(i)−1〉, i+ 1 < g̀(η), and m < h(i).

Above,
•1 If n ≥ h( g̀(η(i))), η(i) = 〈s0, . . . , sh(i)−1〉, and i+1 < g̀(η) then

we stipulate Resmi (η) = η.

•2 If g̀(η) ≤ i then we stipulate Resmi (η) = η.

1A) For Λ ⊆ I ∈ K∂
tr(h), let

closureI(Λ) ..=
{
η ∈ I : g̀(η) is a limit ordinal and[

i < g̀(η) ∧ ` < h(i)⇒ Reski (η) ∈ Λ}
]}

1B) For I ∈ K∂
tr(h), let
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COMPLICATED INDEX MODELS AND BOOLEAN ALGEBRAS 7

• sseqi,m(I) ..=
{
ηˆ〈%〉 : η ∈ P Ii+1, % ∈ incm(J)

}
• sseqi(I) ..=

⋃
m<h(i)

sseqi,m(I)

• sseq(I) ..=
⋃
i<∂

sseqi(I)

2) If
∧
i<∂

[h(i) = n] we may write K∂
tr(n), so for n = 2 we get K∂

ptr up to some

renaming. Similarly for ψptr.

3) If
∧
i<κ

[h(i) = i mod ω] we may write K∂
tr(∗). We say “I ∈ K∂

tr(h) is standard” in

case the underlying set J is well-ordered (usually a set of ordinals).

4) When we write η(α)(`), we mean η(α) if g̀(η) = α+1 and Res`α(η) if α+1 < g̀(η).

Definition 1.3. Continuing 1.2, we define some formulas relevant to the class
K∂

tr(h).

1) ψtr(h)(x̄; ȳ), where x̄ = (x0, x1), ȳ = (y0, y1), is1

(x0 = y0) ∧ P∂(y0) ∧
∨
i<∂

[
Pi+1(x1) ∧ Pi+1(y1) ∧ (x1 <1 y1) ∧

Suci,0(x1, x0) ∧ Suci,h(i)−1(y1, y0)
]

2) We define ψ′tr(h),i(x̄; ȳ) as follows, where g̀(x̄) = g̀(ȳ) = h(i) + 1:

x0 = y0∧P∂(y0)∧
h(i)−2∧
`=0

[x`+1 = y`] ∧
h(i)∧
`=1

[
Pi+1(x`)∧Pi+1(y`)

] ∧
`<h(i)

Suci,`(x`+1, x0).

3) Assume α = sup(rang(h)) and let x̄ = 〈x` : ` < 1 + α〉 and ȳ = 〈y` : ` < 1 + α〉
(noting α ≤ ω). Then we define ψ′tr(h)(x̄; ȳ) as∨

i<∂

ψ′tr(h),i

(
x̄ � (h(i) + 1); ȳ � (h(i) + 1)

)
.

4) For ē as in Definition 1.5 below, we define ψtr(h),ē(x̄; ȳ) as
∨
i<∂

ψtr(h),ē,i, where

• g̀(x̄) = g̀(ȳ) = sup(rang(h))

• ψtr(h),ē,i
..=
∧{

ψtr(h),i,u1,u2

(
x̄ � (h(i) + 1); ȳ � (h(i) + 1)

)
: (u1, u2) ∈ ei

}
,

where

• ψtr(h),i,u1,u2
..=(

x0 = y0 ∧ P∂(y0) ∧
{
x` = yk : ` ∈ u1, k ∈ u2, |` ∩ u1| = |k ∩ u2|

}
∧
h(i)∧
`=1

[
Pi+1(x`) ∧ Pi+1(y`) ∧ Res`i(x0) = x`

])
.

Remark 1.4. 1) Here, when dealing with Kω
ptr (or K∂

tr(n), K
∂
tr(∗), K

∂
tr(h); those are

parallel cases), we introduce the “super∗” version, parallel to Definitions [Shea,
1.1=L7.1, 1.4=L7.2].

2 So the easy case [Shea, 1.9=L7.5] has to be redone, and [Shea,
Claim 1.8(2)=L7.5] is no longer of any help and we should prove a parallel. The role
of ē here corresponds in the role of ψtr in [Shei, §2], [Shea, §1].

1Below, the intention is y0 � i = x` � i and y0(i) = 〈x0(i), . . . , xh(i)−1(i)〉.
2 And see more versions in [Shea, 1.5=L7.3, 1.6=L7.3A].
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8 SAHARON SHELAH

2) Concerning Definition 1.5, the reader is advised to concentrate on clauses (1)
and (3)(A),(D).

Definition 1.5. Let h : ∂ → ∂ \{0}, and ē be a function with domain ∂, with each
e(i) = ei an equivalence relation on some subset of P(h(i)) satisfying

u1 ei u2 ⇒ |u1| = |u2|.

For this definition we identify a set (of natural numbers or ordinals) with an in-
creasing sequence enumerating it. When defining ei we may ignore classes which
are singleton; see clause (5) on default values.

1) For I ∈ K∂
tr(h), J ∈ K

∂
tr(h′) and cardinals µ1, µ2, κ, we say I is (µ1, µ2, κ)-super -

ē-unembeddable3 into J (for K∂
tr(h)) when:

(∗)I,Jµ̄,κ,ē For every large enough regular cardinal χ, for every x ∈ H(χ), for a fixed
well-ordering <∗χ of the set H(χ) and f0 : κ>I → µ2, f1 : sseq(I) → κ>J ,
there are 〈Mi, Ni : i < ∂〉 such that:
(i) Mi ≺ Ni ≺Mj ≺ (H(χ),∈, <∗χ) for i < j < ∂.

(ii) Mi ∩ µ1 = Ni ∩ µ1 for i < ∂.

(iii) κ ⊆M0, ∂ ⊆M0.

(iv) I, J, µ, κ, ∂, f0, f1, h, x belong to M0.

(v) There is η ∈ P I∂ such that η � i ∈ Mi for every i < ∂. Also, for all

i large enough, “Res0
i (η), Res1

i (η), . . . ,Res
h(i)−1
i (η) ∈ Ni \Mi realize

the same Dedekind cut on{
(η � i)ˆ〈s〉 ∈ I : s ∈Mi ∩ {ν(i) : ν ∈ P Ii+1, ν � i = η � i}

}
.”

(Recall that <I1 linearly orders {(η � i)ˆ〈s〉 : s ∈ J}.)
(vi) In clause (v), we may add: if h(i) > 1 and u1 ei u2 then

(α) If `1 ∈ u1 ∧ `2 ∈ u2 ∧ |u1 ∩ `1| = |u2 ∩ `2| then f0(Res`1i (η)) =

f0(Res`2i (η)), and4 also f1(Res`1i (η)) and f1(Res`2i (η)) have the
same length.

(β) For u ⊆ h(i), let ν̄η,i,u be the concatenation of the sequences

f1(Res`i(η)) for ` ∈ u.
Then the sequences ν̄η,i,u1

, ν̄η,i,u2
∈ κ>J

•1 Satisfy f0(ν̄η,i,u1
) = f0(ν̄η,i,u2

).

•2 They realize the same atomic type5 over the closure of J ∩
Mi in J .

(vii) For every ν̄ ∈ ω>J , for every i < ∂ large enough, we can replace J ∩Mi

by J ∪Mi ∪ {ν` : ` ∈ g̀(ν̄)} in clause (vi)(β) above.

2) For I, J ∈ K∂
tr(h) and cardinals µ1, µ2, κ, we say6 that I is (µ1, µ2, ∂)-super-ē-

unembeddable′ into J (for K∂
tr(h)) when:

3 But if µ1 = µ2 = µ, we write (µ, κ) instead of (µ̄, κ).
4 Manipulating f0, the “also” follows.
5 If we omit ‘closure’ then later we will need to say more: for every ν ∈ PJ∂ ,( ⋃

i<∂

Mi

)
∩ {Res`i(ν) : ` < h(i), i < ∂}

is included in some Mm. Also, in 1.10 we need ∂1
..=

∑
α<∂

(
|α|ℵ0

)+
.

6 This is helpful in constructing Boolean algebras as in §2 in more cardinals without using

Definition 1.5(1) (or even ψ′
rt(h)

), but this is the minor variant and the reader can ignore it.
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(∗)′I,J,µ,∂,ē For every large enough χ and x ∈ H(χ), for a fixed well-ordering <∗χ of

H(χ), there exists M such that:
(i) M ≺ (H(χ),∈, <∗χ)

(ii) x ∈M
(iii) ‖M‖ = ∂

(iv) There is η ∈ P I∂ such that

i < ∂ ∧ ` < h(i)⇒ Res`i(η) ∈M,

and for every function f ∈ M from I to µ, for unboundedly many
i < ∂, we have:
~ If `′0 < . . . < `′k−1 < h(i), `

′′

0 < . . . < `
′′

k−1 < h(i), and

{`′0, . . . , `′k−1} ei {`
′′

0 , . . . , `
′′

k−1}, then

f
(
〈Res

`′m
i (η) : m < k〉

)
= f

(
〈Res

`
′′
m
i (η) : m < k〉

)
.

(v) If ν ∈ P J∂ then either ν ∈ M or for some k < ∂ we have ν � k ∈ M
and ν � (k + 1) /∈M .

3) Let max(ei) ..= max{|u| : u ∈ dom(ei)}.
(A) Let ē0 be defined by

e0
i = ē0(i) ..=

{(
{`}, {k}

)
: `, k < h(i)

}
.

(B) Let ē1 be defined so that e1
i = ē1(i) is the closure of(

{0, . . . , h(i)− 2}, {1, . . . , h(i)− 1}
)

to an equivalence relation.

(C) Similarly, e2
i = ē2(i) is the closure of(

{0, . . . bh(i)/2c − 1}, {bh(i)/2c, . . . , 2bh(i)/2c − 1}
)
.

(D) If ē = ē0 we may omit the superscript.

4) For 〈Iξ : ξ ∈ W 〉, W a set of ordinals, Iξ ∈ K∂
tr(h) (standard, for simplicity)

letting

ζ∗ ..= sup
(
W ∪

{
η(i) : η ∈

⋃
ξ∈W

Iξ and g̀(η) = i+ 1 < ∂
})

+ 1,

we define
∑
ξ∈W

Iξ ∈ K∂
tr(h) as

{
〈 〉
}
∪
{
〈ξ〉⊗

ζ∗
η : ξ ∈W and η ∈ Iξ

}
, where ⊗

ζ∗
is as in

part (5).

5) Recall ξ⊗
ζ∗
η is 〈 〉 if η = 〈 〉, and is 〈ζ∗ × ξ + η(0), η(1), η(2), . . .〉 otherwise.

6) Above, if µ1 = µ = µ2 we may write µ instead µ, µ

Definition 1.6. 1) K∂
tr(h) has the (χ, λ, µ, κ)-super -ē-bigness property when there

are standard Iζ ∈ K∂
tr(h) for ζ < χ with |Iζ | = λ such that Iζ is (µ, κ)-super-ē-

unembeddable into Iε for each ζ 6= ε < χ.

2) K∂
tr(h) has the full (χ, λ, µ, κ)-super-ē-bigness property when there are standard

Iζ ∈ K∂
tr(h) for ζ < χ with |Iζ | = λ such that Iζ is (µ, κ)-super-ē-unembeddable

into Jζ =
∑
ε<χ
ε 6=ζ

Iε for each ζ < χ.

3) We may also add superscripts to distinguish slightly different super-bigness prop-
erties: supernr will be used for the properties defined in parts (1) and (2) above;
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10 SAHARON SHELAH

supervr will be almost identical, but we replace unembeddable by unembeddable′

(i.e., in Definition 1.5 we replace (∗)Iζ ,Jζµ,κ,ē by (∗)′Iζ ,Jζ ,µ,κ,ē).

3A) We may replace λ by λ̄ = (λ0, λ1) if ‘|Iξ| = λ’ is replaced by

‘|Iξ| = λ0 and
∣∣{η ∈ Iξ : g̀(η) < ∂}

∣∣ = λ1.’

4) Whenever we state a theorem, definition, or claim which does not depend on the
specific version of bigness, we will write ‘superx.’

Remark 1.7. Also, Kω
tr can be brought into the framework above as a specific case

(i.e. h is constantly 1).

Claim 1.8 (Monotonicity). For every h : ∂ → ω \ {0}, we have:

1) If K∂
tr(h) has the [full] (χ1, λ1, µ, κ)-superx ē-bigness properties, χ2 ≤ χ1, and

λ2 ≥ λ1, then K∂
tr(h) has the [full] (χ2, λ2, µ, κ, θ)-superx ē-bigness property.

2) If K∂
tr(h) has the full (χ, λ, µ, κ)-superx ē-bigness property and χ1

..= min{χ, λ},
then K∂

tr(h) has the (2χ1 , λ, µ, κ)-superx ē-bigness.

Proof. 1) Straightforward.

2) Similar to [Shea, 1.9(1)=L7.5], but we elaborate.
If 〈Iα : α < χ〉 exemplifies “K∂

tr(h) has the full (χ, λ, µ, κ, θ)-superx ē-bigness

property,” χ1
..= min{χ, λ} and h(0) = n∗, then we let JA =

∑
α∈A

Iα for A ⊆ χ1

(see Definition 1.5(4)).
Let 〈Aα : α < 2χ1〉 be such that Aα ⊆ λ and α 6= β ⇒ Aα 6⊆ Aβ . Now

〈JAα : α < 2χ1〉 exemplifies “Kω
tr(h) has the (2χ1 , λ, µ, κ, θ)-superx ē-bigness prop-

erty.” �1.8

On the [full] strong (χ, λ, µ, κ)-bigness property (and strongly finitary version)
see [Shei, 2.5=L2.3]. By 1.9 below, for ψtr(h) from Definition 1.2(2) it is a consequence
of the superx version, and as in [Shei], [Shea] it is useful.

Claim 1.9. If K∂
tr(h) has the [full] (χ, λ, µ<κ, κ)-super-bigness property and χ ≤ λ,

then K∂
tr(h) has the [full] strong (χ, λ, µ, κ)-bigness property for ψtr(h) for functions

f which are strongly finitary on P∂ .

Proof. The result follows by the definitions and 1.10 below. �1.9

Analogously to [Shea, 1.10=L7.5A], we have:

Claim 1.10. Recalling 1.5(1), (3)(A),(D), if (∗)I,Jµ1,κ1
(where µ1 = µ<κ, κ1 = κ,

{I, J} ⊆ K∂
tr(h) are standard7) and h ∈ ∂(ω \ {0}), then I is strongly (µ, κ, ψtr(h))-

unembeddable into J for embeddings which are strongly finitary on P I∂ .

Proof. Recalling 1.5(3), we have ē = ē0. Without loss of generality, I and J are
subsets of ∂≥(∂>θ) for some cardinal θ, and let <∗ be a well-ordering of Mµ,κ(J)
(which respects being a subterm). Suppose f is a function from I into Mµ,κ(J), so
for η ∈ I, let

f(η) ..= ση(νη,0, . . . , νη,i, . . .)i<αη

for some term ση, ordinal αη < κ, and νη,i ∈ J . f is strongly finitary on P∂ , which
means

η ∈ P I∂ ⇒ αη < ω ∧ [ση has finitely many subterms].

7 See Definition 1.5(1).
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Let χ be regular large enough and <∗ a well-ordering of H(χ), and define

g(η) =
{
α : the αth element by <∗ is a subterm of f(η)

}
for η ∈ P I∂ (so we use the “strongly finitary” only to ensure that g(η) is finite for
η ∈ P I∂ ).

We define functions f0, f1 as follows.

�1 (a) dom(f1) = dom(f0) ..=
⋃
i<∂

P Ii

(b) If η ∈ P Ii and

f(η) = ση(. . . , νη,`, . . .)`<αη = 〈ση,ι(. . . , νη,j , . . .) : ι < βη〉

then
•1 f0(η) ..= cd(〈ση,ι : ι < βη〉), where

•2 cd is the <∗χ-first one-to-one function from some subset of

{σν,ι : ν ∈
⋃
j<∂

P Ij , ι < βν} into µ.

•3 f1(η) ..= 〈νη,ι : ι < αη〉.
Choose χ large enough (e.g. χ strong limit such that I, J ∈ H(χ)) and <∗χ a well-
ordering of H(χ) which respects

‘a is a subterm of b’ ⇒ a <∗χ b.

We now apply 1.5(1) with our present I, J, f0, f1, and get 〈Mi, Ni : i < ∂〉 as in the
conclusion of Definition 1.5(1). Let η ∈ P I∂ be as in clauses 1.5(1)(v)–(vii). Apply
clause 1.5(1)(vii) to the sequence 〈νη,j : jαη〉 (so αη is finite).

Let i• < ∂ be large enough (as in 1.5(1)(vii).) Let x0 = y0 = η and x1 = (η �
i•)ˆ〈α1〉, y1 = (η � i•)ˆ〈αh(i•)−1〉, where η(i•) = 〈α` : ` < h(i)〉.

Now, using clause (vi)(β)+(vii) of (∗)I,Jµ,κ, the rest should be clear. �1.10

Lemma 1.11. Let h ∈ ω(ω \ {0, 1}).

1) K∂
ptr and K∂

tr(h) have the full (λ, λ, µ, κ)-super–bigness property when λ > µ∂ +

λ<κ.

2) Above, we can deduce that K∂
tr(h) has the full (λ, λ, µ, κ)-ψtr(h)-bigness property.

Proof. See 1.16 and the end of §1; we shall prove more in §1B. (In fact, we can
prove more as in [Shea].) �1.11

Claim 1.12. Let h be as in 1.11, and assume µ ≥ ∂.

1) Let I ∈ K∂
tr(h). Then I is atomically µ-stable iff (A) and (B) hold, where

(A) For i < ∂ and η ∈ P Ii+1, the linear order(
{ν ∈ P Ii+1 : ν � i = η � i}, <I1

)
is atomically µ-stable (i.e. for every subset of cardinality ≤ µ, only ≤ µ-
many Dedekind cuts are realized).

(B) For any I ′ ⊆ I with |I ′| ≤ µ, the set{
η ∈ P I∂ : i < ∂ ∧ ` < h(i) ⇒ Res`i(η) ∈ I ′

}
has cardinality ≤ µ. (So if µ = µ∂ then this certainly holds.)
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12 SAHARON SHELAH

2) For µ = cf(µ) > ∂, “atomically (<µ)-stable” is characterized similarly (for
µ = χ+, this means “atomically χ-stable”).

3) If I ∈ K∂
tr(h) is standard, µ = cf(µ), and

α < µ⇒ |α|∂ < µ,

then I is atomically (<µ)-stable.

4) The family of “atomically (<µ)-stable I ∈ K∂
tr(h)” is closed under well-ordered

sums.

Proof. 1) Let J ⊆ I be of cardinality ≤ µ. Without loss of generality

�1 η ∈ J ∧ g̀(η) > i+ 1 ∧ ` < h(i) ⇒ Res`i(η) = (η � i)ˆ
〈
η(i)(`)

〉
∈ J ,

[Why? Recall µ ≥ ∂.]

Let

J ′ ..=
{
η � (i+ 1) : η ∈ I, i < g̀(η)

}
∪
{
η ∈ J : g̀(η) is limit, and j < i ∧m < h(j)⇒ Resmj (η) ∈ I

}
,

and for ν ∈ J ′ let8

J∗ν
..=
{
η ∈ I \ J : ν C η and η � ( g̀(ν) + 1) /∈ J

}
.

So clearly

(∗) 〈J∗ν : ν ∈ J ′〉 is a partition of I \ J into ≤ µ-many sets.

[Why? See clause (B) of the assumption.]

For η ∈ I \ J let j(η) ..= max{j : η � j ∈ J ′}. It is well-defined (and ≤ ∂) by our
choice of J ′ above, and clearly η ∈ J∗η�j(η).

We now observe:

⊗ If n < ω, η̄′ = 〈η′` : ` < n〉, η̄′′ = 〈η′′` : ` < n〉, and η′`, η
′′
` ∈ I, then the

following five clauses are a sufficient condition for

tpqf(η̄
′, J, I) = tpqf(η̄

′′, J, I):

(a) If η′` ∈ J or η′′` ∈ J then η′` = η′′` .

(b) g̀(η′`) = g̀(η′′` )

(c) If η′` /∈ J (equivalently, η′′` /∈ J) then j(η′`) = j(η′′` ) — call it j` — and
η′` � j` = η′′` � j`.

(d) for `1, `2 < n < ω and j < ∂, we have
(α) η′`1 � j = η′`2 � j ⇔ η′′`1 � j = η′′`2 � j [This Follows]

(β) If the conditions in (α) are true, j < min
{
g̀(η′`), g̀(η′`2)

}
,

m1,m2 < h(j), and for ι = 1, 2 we have[
j + 1 < g̀(η′`ι) ∧ t

′
ι = η′`ι(j)(mι) ∧ t′′ι = η′′`ι(j)(mι)

]
∨
[
j + 1 = g̀(η′`ι) ∧ t

′
ι = η′`ι(j) ∧ t

′′
ι = η′′`ι(j),

]
,

then
•1 (η′`1 � j)ˆ〈t

′
1〉 <I1 (η′`1 � j)ˆ〈t

′
2〉 ⇔

(η′′`1 � j)ˆ〈t
′′
1〉 <I1 (η′′`1 � j)ˆ〈t

′′
2〉

•2 If (η′`1 � j)ˆ〈t
′
2〉 ∈ J ′ ∨ (η′`1 � j)ˆ〈t

′′
1〉 ∈ J ′ then they are

equal.

(e) If (α) then (β), where:

8 As clearly ν C η ⇒ g̀(η) ≥ g̀(ν) + 1.
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(α) First, η′` ∈ J∗ν , η′` � j ∈ J ′, and η′` � (j + 1) /∈ J ′ (hence similarly
for η′′` ).
Second, ν C ρ ∈ J and m1,m2 < h( g̀(ν)).
Third, for ι = 1, 2 we have •ι1 ∨ •ι2, where
•1 j + 1 < g̀(η′`) ∧ t′ = η′`(j`)(m1) ∧ t′′ = η′′` (j`)(m1)

•2 j + 1 = g̀(η′`) ∧ t′ = η′`(j) ∧ t′′ = η′′` (j).

(β) νˆ〈t′`1〉 <
I
1 νˆ〈t′`2〉 ⇔ νˆ〈t′′`1〉 <

I
1 νˆ〈t′′`2〉

It is easy to check that this is true. Also, ⊗ defines the equivalence relation (equality
of quantifier-free types in I over J) as various pieces of information being the same.
Now in all cases we have ≤ µ choices (for clauses (d),(e) in ⊗, recall clause (A) in
the assumption) so we are done.

2) Similarly.

3) Follows, as well-orders are atomically µ-stable.

4) Straightforward. �1.12

Claim 1.13. 1) If I ∈ K∂
tr(h) is standard and λ satisfies (∀α < λ)

[
|α|∂ < λ

]
then

I is (<λ)-atomically stable.

2) In 1.12(1) we can waive the assumption ‘µ ≥ ∂,’ if we weaken clause 1.12(1)(B)
to

(B) – For all I ′ ∈ [I]≤µ, the set{
η ∈ I : g̀(η) is limit, and

(
∃i∗ < g̀(η)

)(
∀i > i∗

)(
∃` < h(i)

)[
Res`i(η) ∈ I ′

]}
has cardinality ≤ µ.

Proof. 1) Obvious, because well-orders are automatically (<λ)-atomically stable;
by 1.12(1) for λ successor and by 1.12(2) for λ a limit cardinal.

2) Easy (but this result will not be used later). �1.13

§ 1(B). Existence Proofs.

In this subsection we first generalize the simple Black Box (B.B. for short; see
[She22, Lemma 1.5=L4.5A]) to our context, and then we prove 1.11(and more, as
promised earlier) on the existence of full super-bigness properties.

Lemma 1.14. The h-fold simple B.B. Lemma.
Assume λ, ∂ ≥ ℵ2, h : ∂ → ω \ {0}, I ∈ K∂

tr(h) is as in Definition 1.2 for

J ..= (λ,<) (that is, in 1.2(1)(A) the set of elements of I is equal to settr(h)(λ)),9

and let S ..= H<ℵ0(λ).

1) There are functions fη for η ∈ P I∂ , and pairwise disjoint Yε ⊆ P I∂ for ε < λ such
that:

(i) dom(fη) =
{

(Res`i)
I(η) : i < ∂, ` < h(i)

}
. That is,

dom(fη) ..=
{
η � j : j < i not successor

}
∪
{

(η � j)ˆ
〈
η(j)(`)

〉
: j+ 1 < i, ` < h(j)

}
.

(ii) rang(fη) ⊆ S
(iii) If f is a function from P I<∂ into S, g is a function from P I<∂ into some

γ < λ, and ε < λ, then for some η ∈ Yε ⊆ P I∂ , we have:
•1 fη ⊆ f

9 Recalling P I∂ = {η ∈ I : g̀(η) = ∂}, P I<∂ =
⋃
i<∂

P Ii , and η(i) ∈ inch(i)(J).
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•2 g � {(Res`i)
I(η) : ` < h(i)} is constant for each i < ∂.

2) Assume in addition that λ →
(
h(i)

)≤mi
θi

for i < ∂, where mi ≤ h(i). Then we

can replace part (1) with

(i)2 dom(fη) ..=
{

(η � i)ˆ〈η(i) � u〉 : i < ∂, u ∈
[
h(i)

]≤mi}
.

(ii)2 rang(fη) ⊆ S
(iii)2 “If (a) then (b),” where

(a) •1 f : P I<λ → S

•2 g =
⋃
i<∂

gi, where gi is a function into θi, with domain

⋃
ρ∈P Ii+1

[{
(ρ � i)ˆ〈α〉 : α < λ

}]≤mi
.

•3 ε < λ

(b) For some η ∈ Yε ⊆ P I∂ , we have:
•1 fη ⊆ f
•2 g �

[
{(Res`i)

I(η) : ` < h(i)}
]k

is constant for each i < ∂ and
k ≤ mi.

Remark 1.15. 1) Quoting 1.14 in [AGS23, Th 3.14, Def 3.13], note that:

(a) κ, λ there correspond to ℵ0 and λ here.

(b) Λ<ω,Λω there correspond to P I<∂ , P
I
∂ here.

(c) gη, g, f, λ there correspond to fη, f, g, γ here.

2) We can allow finite λ, but then we would have to add the condition

i < ∂ ⇒ (h(i)− 1) · γ < λ.

3) Clearly we can say something about the case λ = ℵ1 (e.g. if we have guessing of
clubs).

4) We can have 〈Yε : ε < λ∂〉 and |S| = λ∂ by using a partition 〈Wj : j < ∂〉 of ∂
into sets of cardinality ∂, and using 〈η(i)(0) : i ∈ Wj〉 to code one member of λ∂

(or of H<∂(λ)).

5) In 1.14(2)(iii)2 •2, use 〈gi,m : i < ∂, m ≤ mi〉 with gi,m : [λ]m → θi,m, where
im−1(θi,m) < λ. (Similarly in 1.16.)

Proof. 1) Let 〈Ws̄,ε : s̄ ∈ ω>S, ε < λ〉 be a partition of λ into |ω>S×λ|-many sets,
each of cardinality λ. For i ≤ ∂, let Λi ..= {η � i : η ∈ P I∂ }, and choose 〈fη : η ∈ Λi〉
by induction on i such that:

(∗)i1 (a) dom(fη) ..={
η � j : j < i not successor

}
∪
{

(η � j)ˆ
〈
η(j)(`)

〉
: j + 1 < i, ` < h(j)

}
(b) rang(fη) ⊆ S
(c) If ν C η then fν ⊆ fη.

(d) If j + 1 < i and ` < h(j) then

fη
(
(η � j)ˆ〈η(j)(`)〉

)
..=

{
s` if η(j + 2)(0) ∈Ws̄,ε and ` < h(i)

0 otherwise,

(e) If j = 0 or j is limit < i, and η(j)(0) ∈ Ws̄,ε for some s̄, then s0 will
be fη(η � j) (or zero if % = 〈 〉).

(∗)2 For ε < λ, let Yε ..=
{
η ∈ P I∂ : j < ∂ ⇒ η(j)(0) ∈

⋃
s̄∈S

Ws̄,ε

}
.
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So f̄i = 〈fη : η ∈ P Ii 〉 is well-defined for i ≤ κ, and obviously f̄∂ satisfies clauses
(i), (ii) of the desired conclusion. What about clause (iii)?

Fix ε. Assume f : P I<κ → S and g : P I<κ → γ for some γ < λ. We choose ηi ∈ Λi
by induction on i to be a C-increasing continuous seequence.

If i = 0 or i is limit, we have no freedom.
If i = j + 1 and j is not a successor ordinal, then let s̄ ..=

〈
f(η � j)

〉
(so

s̄ ∈ ω>H<ℵ0(λ)), and choose ρ ∈ inch(j)(Ws̄,ε). Let

Yε ..=
{
η ∈ P In : η(i)(`) ∈

⋃̄
s
Ws̄,ε for every i < ∂ and ` < h(i)

}
and ηi ..= ηjˆ〈ρ〉.

Lastly, if i = j + 1 and j is a successor ordinal, then let

s̄ ..=
〈
f(Res`j−1(η)) : ` < h(j − 1)

〉
and choose ρ ∈ inch(j−1)(Ws̄,ε) such that g �

{
ηˆ〈ρ(`)〉 : ` < h(1)

}
is constant (this

is possible because Ws̄,ε is large enough). Let ηi ..= ηjˆ〈ρ〉.
Now it is easy to check that η satisfies clause (iii).

2) Similarly. �1.14

Next we fulfill a promise.

Lemma 1.16. K∂
ptr and K∂

tr(h) (for h ∈ ∂(∂ \ {0})) have the full (λ, λ, µ, κ)-super-

ē-bigness property as witnessed by an atomically Θ-stable structure when at least
one of the following holds:

Case 1:
λ is regular, λ = λ∂ > µ1 = µ2 = µ, and for all i < ∂ large enough we have

λ→
(
h(i)

)max(ei)

µ∗
,

where µ∗ ..= µ<κ+µ∂ , max(ei) is as defined in 1.5(3), and Θ ..= {σ : σ∂ = σ}.

Case 2:
µ1 = µ2 = µ, λ = cf(λ) > θ = θ∂ = θ<κ > µ > κ, µ∗ is as above,

θ →
(
h(i)

)max(ei)

µ∗

for all i < ∂ large enough, and Θ ..= [θ,∞)Card.

Case 3:
λ is singular, µ2 = µ∂2 + µ<κ2 < λ ≤ 2µ2 , κ ≤ ∂,

µ+
2 →

(
h(i)

)max(ei)

µ2

for all i < ∂ large enough,

µ1
..=

µ2 if ∂ = ℵ0 and
∧
i

[max(ei) = 1]

2∂ + 2<κ otherwise

and Θ ..= [µ+
2 ,∞)Card.

Case 4:
Like Case 2, but λ is singular.

Conclusion 1.17. In all four cases in 1.16, we can deduce that K∂
tr(h) has the full

(λ, λ, µ, κ)-ψtr(h)-bigness property.
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Remark 1.18. 1) The reader may use only Case 1 of 1.16, because it suffices for
many cardinals.

2) We may consider Mi, Ni of cardinality µi (or θi).

3) Similarly, we can use an increasing sequence θ̄ = 〈θi : i < ∂〉 in Case 2.

4) We can weaken “λ→
(
h(i)

)max(ei)

µ∗
” as follows.

‘If ck : [θ]k → µk for k ≤ m ..= max(ei) then there exists u ∈ [θ]h(i)

such that ck � [u]k is constant for all k ≤ m.’

So µk ..= im−k(µ) will suffice by the proof of the Erdős-Rado Theorem.

5) We can let ∂ be singular, but this is of doubtful interest.

Proof. Proof of Lemma 1.16.
The proof splits into cases.

Case 1:
First, as λ > ∂ are regular and λ = λ∂ (hence λ = λ<∂):

(∗)0 We can find a stationary subset S∗ ⊆ {δ < λ : cf(δ) = ∂} which belongs to
Ǐ∂ [λ].

By this we mean we can choose C = 〈Cα : α < λ〉 such that:

• Cα ⊆ α
• otp(Cα) ≤ ∂
• β ∈ Cα ⇒ Cβ = Cα ∩ β
• α ∈ S∗ ⇒ α = sup(Cα) (hence otp(Cα) = ∂).

(∗)1 We can choose a partition S = 〈Sζ : ζ < λ〉 of S∗ into stationary sets.

(a) Without loss of generality, for each ζ < λ, C
ζ ..= C � Sζ guesses clubs

(in the following weak sense):

(b) For every club E of λ, for stationarily many δ ∈ Sζ , we have

α ∈ Cδ ⇒ min
(
E \ (α+ 1)

)
< min

(
Cδ \ (α+ 1)

)
.

Next,

(∗)2 For ζ < λ and δ ∈ Sζ , let ρδ, νδ ∈ ∂λ be defined by:
(a) ρδ(i) is the (2i+ 1)th member of Cδ.

(b) νδ(i) is the (2i+ 2)th member of Cδ.

(∗)3 (a) Let Λδ ..=
{
η ∈ ∂δ : i < ∂ ⇒ η(i) ∈ inch(i)

(
[ρδ(i), νδ(i)

))}
for δ ∈ S.

(b) Let Iλtr(h) ∈ K
ω
tr(h) be as in 1.2(1), with set of elements settr(h)(λ).10

(c) Let Iζ be the submodel of Iλtr(h) with set of elements⋃
δ∈Sζ

Λδ ∪ P
Iλtr(h)
<∂ .

(∗)4 (a) We will show that Ī = 〈Iζ : ζ < λ〉 exemplifies the conclusion; this will
suffice.

(b) So let ζ∗ < λ, I ..= Iζ∗ , J
..=

∑
ζ 6=ζ∗

Iζ , and let χ, x, f0, f1, <
∗
χ be as in

1.5(1).

(∗)5 It suffices to find
〈
(Mi, Ni) : i < ∂

〉
as in clauses (i)-(vii) of (∗)I,Jλ,µ,∂ in

Definition 1.5(1).

10 See 1.2(1)(A).
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(∗)5.1 We can choose B∗α, M∗α by induction on α < λ such that
(a) B∗α,M∗α ≺ (H(χ),∈, <∗χ), and B∗α is ≺-increasing continuous in α.

(b) ‖B∗α‖ < λ and11 ‖M∗α‖ = µ∗.

(c) [M∗α]≤∂ ⊆M∗α, [M∗α]<κ ⊆M∗α, and µ∗ + 1 ⊆M∗α.

(d) 〈Bγ ,M∗γ : γ ≤ β〉 ∈ B∗α for all β < α.

(e) If β ∈ Cα then
〈
M∗γ : γ ∈ Cα ∩ (β + 1)

〉
, 〈B∗γ : γ ≤ β〉 ∈M∗α.

(f) x, f0, f1, S,
〈
C
ζ

: ζ < λ
〉

(and hence
〈
(ηδ, νδ) : δ ∈ Sζ

〉
), I, J , and ζ∗

all belong to B∗α and to M∗α.

[Why? Obvious.]

(∗)5.2 (a) The set E ..= {δ < λ : δ is limit, B∗δ ∩ λ = δ} is a club of λ.

(b) We choose δ∗ ∈ E ∩ Sζ∗ such that Cδ∗ ⊆ E.

[Why? Clause (a) is obvious, and (b) follows by our choice of C
ζ∗

.]

(∗)5.3 For i < δ∗, we choose Mi
..= M∗ρδ∗(i)

and Ni ..= N∗νδ∗(i)
.

(∗)5.4 The set {tpqf(ν̄, Yi, tζ∗) : ν̄ ∈ κ>I} has cardinality ≤ µ∗, where

Yi ..= Mi ∩ P I<δ.
[Why? Because in Case 1 we are assuming α < λ⇒ |α|∂ < λ.]

It suffices to prove that 〈Mi, Ni : i < ∂〉 is as required. That is, we have to check

clauses (i)-(vii) of 1.5(∗)I,Jλ,µ̄, and then we will be done with Case 1.

Clauses (i)-(iv): Easy.

Clause (v):
We have to find an appropriate η ∈ P I∂ . (In fact, it will be a member of Λδ∗ .)
For this, we will choose ηi by induction on i such that

(∗)5.5 (a) ηi ∈Mi and g̀(ηi) = i.

(b) If j < i then
•1 ηi(j) ∈ inch(j)(

(
ρδ∗(j), νδ∗(j)

)
)

•2 (ηi � j)ˆ
〈
ηi(j)(0)

〉
, (ηi � j)ˆ

〈
ηi(j)(1)

〉
, . . .

(ηi � j)ˆ
〈
ηi(j)(h(j)− 1)

〉
all realize the same Dedekind cut (by

<Ij ) on I ∩Mj ∩ {(ηi � j)ˆ〈s〉 : s ∈ J}.
•3 (ηi � j)ˆ

〈
ηi(j)(`)

〉
∈ I ..= Iζ∗ .

[Why is this possible? The i = 0 case is trivial. For i limit, let ηi ..=
⋃
j<i

ηj ; it is of

the correct form and belongs to Ni by clause (∗)5.4. If i = j + 1 then, as ηj ∈ Nj
and ∂Mi ∈ Ni, we can choose ηi(j) as in the proof of 1.14.]

Clause (vi):
In the ‘i = j + 1’ case in the previous proof, we just have to add the relevant

additional demand.
Letting12 m ..= max(ej), recalling f0 : I → µ and f1 : I → κ>J , we define a

two-place relation E such that:

(∗)5.6 (A) E ⊆ [λ]≤m × [λ]≤m

(B) u1 E u2 iff
(a) |u1| = |u2|

11 We could choose ‖M∗α‖ = µ, but there would be no gain in doing so.
12 See 1.5(3)(E).
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(b) If α1 ∈ u1, α2 ∈ u2, and |u1 ∩ α1| = |u2 ∩ α2| (and hence
ηjˆ〈α1〉, ηjˆ〈α2〉 ∈ I), then

f0(ηjˆ〈α1〉) = f0(ηjˆ〈α2〉) < µ.

(c) Letting %1, %2 list u1, u2 in increasing order (and hence ηjˆ〈%1〉,
ηjˆ〈%2〉 ∈ sseqj(I)),13 then
•1 f1(ηjˆ〈%1〉), f1(ηjˆ〈%2〉) ∈ κ>J are of the same length (< κ)

and realize the same quantifier-free type over J ∩ Mj+1

inside J .

•2 f0(f1(ηjˆ〈%1〉)) = f0(f1(ηjˆ〈%2〉))
(∗)5.7 (a) E is an equivalence relation on [λ]≤m.

(b) E has ≤ ‖Mj‖<κ + ‖Mj‖∂ = µ∗ equivalence classes.

[Why? For clause (a) one can straightforwardly check the definition, and clause (b)
holds because ‖M∂‖ = µ∗ (recalling (∗)5.4).]

As we are assuming λ→
(
h(i)

)≤m
µ∗

and as ηj ∈Mνδ∗(j)
≺ (H(χ),∈, <∗χ),

(∗)5.8 For the coloring c, it is enough to find a sequence % ∈ inch(j)(λ) such that
(a) Every {ρ(`) : ` < h(j)} realizes the same Dedekind cut of (λ,<) �Mj

in (λ,<).

(b) If m ≤ max(ej) and u1, u2 ∈ [h(j)]m, then

c({ρ(`) : ` ∈ u1}) = c({ρ(`) : ` ∈ u2}).

As in the proof of 1.14, there is Y ∈ [λ]λ such that every % ∈ inch(j)(Y ) satisfies

(∗)5.8(a). As we have assumed λ →
(
h(i)

)≤m
µ∗

, we can choose % satisfying clause

(b), so (∗)5.8 holds.
Now we have finished the proof of Case 1.

Case 2:
We repeat the proof of Case 1, with some changes. First, we can find a stationary

S∗ ∈ Ǐ∂ [λ] as in (∗)0.

[Why? For stationarity, we cannot use λ = cf(λ) = λ∂ + λ<∂ , but we can apply
[She93] because λ = cf(λ) > ∂+ > ∂ = cf(∂), because λ > θ = θ∂ > ∂.]

Then as in (∗)1-(∗)2, we can find C, 〈Sζ : ζ < λ〉, δ, and ρδ, νδ as in Case 1.
Now

~3 (a) We choose Aα by induction on α < λ such that
•1 Aα ≺ (H(χ),∈, <∗χ)

•2 ‖Aα‖ = θ

•3 [Aα]≤∂ ⊆ Aα (recalling θ = θ∂).

•4 θ + 1 ⊆ Aα and 〈Aβ : β ∈ Cα〉 ∈ Aα

(b) For δ ∈ S, let

Λδ ..=
{
η ∈ ∂δ ∩ Aδ : i < ∂ ⇒ η(i) ∈ inch(i)

(
[ρδ(i), νδ(i)

))}
.

(c) For ζ < λ, let Iζ be as in Definition 1.2, with set of elements⋃
δ∈Sζ

Λδ ∪
{

Res`i(η) : η ∈
⋃
δ∈Sζ

Λδ, i < ∂, ` < h(i)
}
.

13 See 1.2(1B).
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We then follow the proof in Case 1 again, until the point where we settle clause

(v) of 1.5(∗)I,Jλ,µ̄ by constructing a sequence 〈ηi : i < ∂〉. As before, g̀(ηi) = i, but
now ηi ∈ Ni ∩ Aρδ∗(i).

(Note that Aρδ∗(i) ∈ Ni is of cardinality θ, and thus large enough.)
The rest of the proof is similar to Case 1, but we choose η ∈Mi ∩Aρi(δ) and use

“|Aα ∩ λ| = θ, and θ is large enough.”

Case 3:
The ∂ > ℵ0 case is quite different from earlier proofs: [She83, §3, 2.7, p.116],

[Shea, 1.15(2)=L7.6] (which uses [RS87]; or see[Shed, 1.17(2)=La48]) —which dealt
with ∂ = ℵ0.

We are assuming µ2 = µ<∂2 < λ < 2µ2 . Now we can choose:14

(∗)1 =Ai ⊆ µ2 for i < 2µ2 (i < λ would be sufficient) such that if W ∈ [µ2]<∂

and i ∈ µ2 \W , then Ai 6⊆
⋃
j∈W

Aj .

(∗)2 Let 〈Sζ : ζ < µ2〉 be pairwise disjoint stationary subsets of

{δ < µ+
2 : cf(δ) = ∂}.

For ξ < 2µ2 , let Sξ ..=
⋃

ζ∈Aξ
Sζ .

(∗)3 For ξ < 2µ2 , let Iξ be as in 1.2 with set of elements
⋃
δ∈Sξ

Λξ,δ, where Λξ,δ is

defined as follows.

η ∈ Λξ,δ iff
(a) η ∈ settr(h)(λ) (Of course, this follows from η ∈ Iξ.)
(b) If i < j, g̀(η) > j + 1, k < h(i) and ` < h(j), then η(i)(k) < η(j)(`).

(c) If g̀(η) = ∂ then
⋃
i<δ

η(i)(0) = δ.

(d) If g̀(η) > i + 1 ∧ ` < h(i) ∧ η(i)(`) = α or g̀(η) = i + 1 ∧ η(i) = α,
then α ∈ Sξ.

(∗)4 Let ξ∗, I ..= Iξ∗ , J
..= Jξ∗ , χ, x, f0, f1, <

∗
χ be as in the proof of Case 1.

(∗)5 We can find
〈
(Mi, Ni) : i < ∂

〉
and δ ∈ Sξ∗ such that:

(a) Mi ≺ Ni ≺ (H(χ),∈, <∗χ)

(b) ‖Mi‖ = ‖Ni‖ = µ1

(c) [Mi]
<∂ ⊆Mi, [Ni]

<∂ ⊆ Ni.
(d) Ni ≺Mj for all i < j < ∂.

(e) λ, χ, f0, f1, <
∗
χ, 〈Sζ : ζ < µ2〉, 〈Sξ : ξ < 2µ2〉, and 〈Aδ : δ ∈ S∗〉 all

belong to Mi.

(f) 〈sup(Mi ∩ µ+
2 ) : i < ∂〉 is increasing with limit δ.

(g)
[
ρδ(i), νδ(i)

)
is disjoint to Mi and belongs to Ni.

[Why? Easy.]

(∗)5.1

〈
(Mi, Ni) : i < ∂

〉
satisfies clauses (∗)I,Jλ,µ̄(i)-(iv) of 1.2.

[Why? Straightforward.]

(∗)5.2 We can find η ∈ P Iξi ∩ Λξ,δ as required in (∗)I,Jλ,µ̄(v)-(vii).

Towards this, we choose ηi of length i by induction on i < ∂ such that:

(∗)i6 For j < i,
(a) ηi(j) belongs to inch(j)(Nj ∩ µ+

2 \ sup(Mj ∩ µ+
2 )) and to

inch(j)

[
ρδ(i), νδ(i)

)
.

14 See [Shed, 3.12=L4.EK] — i.e. Engelking-Kar lowicz [EK65].
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(b) (ηi � j)ˆ
〈
ηi(j)(0)

〉
, (ηi � j)ˆ

〈
ηi(j)(1)

〉
, . . . (ηi � j)ˆ

〈
ηi(j)(h(j) − 1)

〉
all realize the same Dedekind cut (by <Ij ) on

I ∩Mj ∩ {(ηi � j)ˆ〈s〉 : s ∈ J}.

(c) (ηj � j)ˆ〈ηj(j)(`)〉 ∈ I ..= Iζ∗ for all ` < h(j).

(d)
〈
ηj(j)(`) : ` < h(j)

〉
is increasing.

(e) ηj(`) ∈ Sξ \
⋃
{Sξ′ : ξ′ ∈M1 ∩ 2µ2}.

The proof is straightforward Clause (vi) is handled similarly.

Case 4:
We continue the proofs of Cases 1 and 2.

�1 We choose λ̄ and λ∗ such that
(a) λ̄ = 〈λε : ε < cf(λ)〉 is an increasing sequence of regular cardinals.

(b)
⋃

ε<cf(λ)

λε = λ

(c) λ∗ = cf(λ∗) ∈
[
cf(λ) + θ+, λ0

)
�2 Let us define λ<ε ..=

∑
ζ<ε

λζ .

(a) Choose S∗i ∈ Ǐ∂ [λi] stationary and disjoint to λ<i + λ<i + 1 such that

δ ∈ S∗ε ⇒ cf(δ) 6= ∂.

Without loss of generality, δ ∈ S∗ε ⇒ λ∗
∣∣ δ.

(b) Choose S
ε

=
〈
Sξ : ξ ∈ [λ<i, λi)

〉
to be a partition of S∗i into stationary

subsets of λi.

[Why is this possible? As λε = cf(λε) > ∂+, we can choose S∗ε as in [She93] and

S
ε

by the definition of Ǐ∂ [λε].

�3 (a) Choose W∗ ∈ Ǐ∂ [λ∗] stationary such that δ ∈W∗ ⇒ cf(δ) = ∂ ∧ θ+
∣∣ δ.

(b) We choose 〈Wε : ε < cf(λ)〉 to be a partition of W∗ into stationary
subsets of λ∗.

�4 For ε < cf(λ), we can find
〈
(S+
ξ , C

ξ
) : ξ ∈ [λ<ε, λε)

〉
such that

(a)
〈
S+
ξ : ξ ∈ [λ<ε, λε)

〉
is a sequence of pairwise disjoint subsets of S+

ε ⊆
[λ<ε, λε) such that δ ∈ S+

ξ ⇒ |δ|
∣∣ δ.

(b) C
ξ

= 〈Cξα : α ∈ S+
ξ 〉

(c) Cξα ⊆ S+
ξ ∩ α

(d) Cξβ = Cξα ∩ β for all α ∈ S+
ξ and β ∈ Cξα.

(e) Sξ = {α ∈ S+
ξ : otp(Cξα) = ∂} hence |Cξα| = ∂.)

[Why? By the properties of Ǐ∂ [λε].]

�5 We can find
〈
(W+

ε , Cε) : ε < cf(λ)
〉

such that

(a)
〈
W+
ξ : ξ ∈ [λ<ε, λε)

〉
is a sequence of pairwise disjoint subsets of W∗,

and δ ∈W+
ξ ⇒ θ+

∣∣ δ.
(b) Cε = 〈Cε,α : α ∈W+

ε 〉
(c) Cε,α ⊆W+

ξ ∩ α
(d) Cε,β = Cξα ∩ β for all α ∈W+

ε and β ∈ Cε,α.

(e) W ∗ε = {α ∈W+
ξ : otp(Cε,α) = ∂} hence |Cε,α| = ∂.

�6 For ε < cf(λ) and ξ ∈ [λ<ε, λε), let
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(a) U+
ξ

..=
{
α+ β : α ∈ S+

ξ , β ∈W+
ε , otp(Cξα) = otp(Cε,β)

}
(b) If γ ∈ U+

ξ (so it is of the form α+ β as above) then let

C•ξ,γ
..=
{
α′1 + α′2 : α′1 ∈ Cξα, α′2 ∈ Cε,β , otp(Cξα′1

) = otp(Cε,α′2)
}
.

�7 For ε < cf(λ) and ξ ∈ [λ<ε, λε), we choose Aξ,γ by induction on γ ∈ S•ξ
such that
•1 Aξ,γ ≺ (H(χ),∈, <∗χ)

•2 ‖Aξ,γ‖ = θ

•3 [Aξ,γ ]≤∂ ⊆ Aξ,γ (recalling θ = θ∂).

•4 θ + 1 ⊆ Aξ,γ and 〈Aβ : β ∈ C•ξ,γ〉 ∈ Aξ,γ .

�8 For ε < cf(λ), ξ ∈ [λ<ε, λε), and γ ∈ S•ξ , let ργ , νγ ∈ ∂λ be defined as
follows.
(a) ργ(i) is the (2i+ 1)th member of C•ξ,γ .

(b) νγ(i) is the (2i+ 2)th member of C•ξ,γ .

�9 For ε < cf(λ) and ξ ∈ [λ<ε, λε):
(a) For γ ∈ S•ξ , let

Λγ ..=
{
η ∈ ∂γ ∩ Aξ,γ : i < ∂ ⇒ η(i) ∈ inch(i)

(
[ργ(i), νγ(i)

))}
.

(b) let Iξ be as in Definition 1.2, with set of elements⋃
γ∈S•ξ

Λγ ∪
{

Res`i(η) : η ∈
⋃

γ∈S•ξ
Λγ , i < ∂, ` < h(i)

}
.

�10 Let X denote the (finite) sequence of choices we have made so far: viz.
λ, µ, ∂, λ̄,

〈
S∗ε : ε < cf(λ)

〉
, . . . ,

〈〈
(νγ , ργ) : γ ∈ S∗ξ

〉
: ξ < λ

〉
.

As in (∗)4+(∗)5 of Case 1,

�11 (a) We will show that Ī = 〈Iζ : ζ < λ〉 exemplifies the conclusion; this will
suffice.

(b) So let ζ∗ ∈ [λ<ε, λε), I ..= Iζ∗ , J
..=

∑
ζ 6=ζ∗

Iζ , and let χ, x, f0, f1, <
∗
χ be

as in 1.5(1).

�12 It suffices to find
〈
(Mi, Ni) : i < ∂

〉
as in clauses (i)-(vii) of (∗)I,Jλ,µ,∂ in

Definition 1.5(1).

Now we can choose

�12.1 We can choose B∗γ , M∗γ by induction on γ ∈ S•ζ∗ such that

(a) B∗γ ,M∗γ ≺ (H(χ),∈, <∗χ)

(b) ‖B∗γ‖ < λ and15 ‖M∗γ‖ = µ∗.

(c) [M∗γ ]≤∂ ⊆M∗γ , [M∗γ ]<κ ⊆M∗γ , and µ∗ + 1 ⊆M∗γ .

(d) 〈Bj ,M∗j : j ≤ β〉 ∈ B∗γ ∩M∗γ for all β < γ.

(e) If β ∈ C•ζ∗,γ then
〈
M∗j : j ∈ Cγ ∩ (β + 1)

〉
, 〈B∗j : j ≤ β〉 ∈M∗γ .

(f) x, f0, f1, I, J , and ζ∗ all belong to B∗γ and to M∗γ .

�12.2 We will also add B•γ and N•γ such that if γ = α+β for some (α, β) ∈ S+
ξ ×θ,

then
(a) B•γ , N•γ ≺ (H(χ),∈, <∗χ)

(b) ‖B•γ‖ < θ, B•γ ∩ θ ∈ θ, and ‖N•γ‖ = µ∗.

(c) [N•γ ]≤∂ ⊆ N•γ , [N•γ ]<κ ⊆ N•γ , and µ∗ + 1 ⊆ N•γ .

15 We could choose ‖M∗γ‖ = µ, but there would be no gain in doing so.
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(d)
〈
(Bj ,B•j ,M∗j , N•j ) : j ≤ β

〉
∈ B•γ ∩N•γ for all β < γ.

(e) As in �12.1(e) above.

(f) As above.

�12.3 (a) E1
..=
{
δ < λζ∗ : λ∗

∣∣ δ and
( ⋃
γ∈S•δ∩δ

Bγ
)
∩ λζ∗ = δ} is a club of λζ∗ .

(b) For δ ∈ E1 ∩ Sεζ∗ , let E2,δ
..=
{
α < θ :

( ⋃
β<α
β limit

B•δ+β
)
∩ θ = α

}
.

�12.4 (a) Choose α1 ∈ E2,α1 such that C•α2
weakly guesses E2,α1 .

(b) Choose α2 ∈ E1 ∩ Sεζ∗ such that Cεα1
weakly guesses E1.

(c) Now choose
〈
(Mi, Ni) : i < ∂

〉
as follows.

•1 For ι = 1, 2, let β1,ι ∈ Cεδ be such that otp(Cεδ ) ∩ β1,ι = 2i+ ι.

•2 For ι = 1, 2, let β2,ι ∈ C•α2
be such that otp(C•α2

) ∩ β2,ι = i.

•3 Let Mi
..= N•β1,1+β2,1

and Ni ..= N•β1,2+β2,2
.

The rest is as in the proof of Case 1. �1.16

We still owe the reader a proof of 1.11.

Proof. We would like to apply 1.16. Note that the case ‘max(ei) = 1 for every
i < ∂’ simplifies matters, as µ2 → (h(i))1

µ2
holds.

As we assume λ > µ∂+µ<κ (which implies λ > ∂+) we know that Case 2 applies
whenever λ is regular, and use Case 4 when it is singular. �1.11
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§ 2. Applications to Boolean Algebras

Here we construct some Boolean algebras with “no non-trivial morphism.”
We shall mainly use BAtr(I), I ∈ Kω

tr for constructing mono-rigid ccc Boolean
algebras; BAtr(h)(I), I ∈ Kω

tr(h), h ∈
ω(ω \ {0, 1, 2}) for constructing complete

mono-rigid ccc Boolean algebras; and BAtrr(I), I ∈ Kω
tr for constructing Bonnet–

rigid Boolean algebras. In each case, for every I from a relevant family (which
exemplifies full bigness in the relevant case), we derive a Boolean algebra BAx(I),
chosen to fit the proof of the case of rigidity we are interested in (this is Definition
2.1). We then build a Boolean algebra B of cardinality λ, planting a copy of BAx(Ia)
below enough elements a ∈ B such that a 6= b⇒ Ia 6= Ib (see 2.4). We mainly show
that BAtr(h)(I) satisfies a strong version of the ccc hence the ccc is preserved (see
2.6), hence the outcome of the construction 2.4 is as required with respect to the ccc,
completeness, and cardinality. We then observe the relevant weak representability
results (see 2.12). Note that if we consider the completion of a ccc Boolean algebra B
and B is weakly represented in Mℵ0,ℵ0(J) then its completion is weakly represented
in Mℵ1,ℵ1(J). Next (in 2.15) we deal with deducing unembeddability of BAx(I)
into a Boolean algebra B which is weakly represented in Mµ,κ(J), the main case is
part (2). We deduce as conclusions that there are mono-rigid [complete] Boolean
algebras (2.17, 2.18). We then deal with Bonnet-rigid Boolean algebras (2.19 ‘til
the end).

Definition 2.1. 1) For I ∈ K∂
tr, recall that BAtr(I) is the Boolean algebra gener-

ated freely by {xη : η ∈ I}, except that:

(∗)1 η C ν ∈ P I∂ ⇒ xη ≥ xν .

2) For I ∈ K∂
ptr let BAptr(I) be the Boolean algebra freely generated by {xη : η ∈ I},

except that for η ∈ I with g̀(η) = ω, letting η =
〈
〈α0, β0〉, . . . , 〈αi, βi〉 . . .

〉
i<∂

, the
following holds:

(∗)2 For all i < ∂, xη ≤ xη�iˆ〈αi〉 and xη ∩ xη�iˆ〈βi〉 = 0.

3) For h ∈ ∂(ω \ {0}) and I ∈ K∂
tr(h), let BAtr(h)(I) be the Boolean algebra

generated freely by {xη : η ∈ I}, except that for η ∈ P I∂ and i < ∂, letting
η(i) = 〈s0, . . . , sh(i)−1)〉, we have:

(∗)3 xη ≤ xη�iˆ〈s0〉 and xη ∩
h(i)−1⋂
`=1

xη�iˆ〈s`〉 = 0.

The second equality is trivial if h(i) = 1, so usually h ∈ ∂(ω\{0, 1}). If (∀i)[h(i) = 1]
this is like the case of I ∈ K∂

tr, and if (∀i)[h(i) = 2] this is like the case of I ∈ K∂
ptr.

4) For I ∈ K∂
tr (or just I is a set of sequences of ordinals closed under initial

segments) let BAtrr(I) be the Boolean algebra freely generated by {xη : η ∈ I},
except that:

(A) xηˆ〈α〉 ∩ xηˆ〈β〉 = 0 for16 α 6= β.

(B) xη ≤ xν for ν C η.

(C) If η has finitely many immediate successors {ηˆ〈α`〉 : ` < kη} and kη ≥ 2
then xη =

⋃
{xηˆ〈α`〉 : ` < kη}.

(D) If ηCν and every ρ satisfying ηEρCν has a unique successor, then xη = xν .

5) For I ∈ K∂
tr(h) and g ∈ ∂ω, h ∈ ∂(ω \ {0, 1}) satisfying17 g ≤ h, we define

BAtr(h,g)(I) as the Boolean algebra generated freely by 〈xη : η ∈ I〉, except that:

16 We are, of course, assuming ηˆ〈α〉, ηˆ〈β〉 ∈ I; similarly in other cases.
17 I.e. (∀i)[g(i) ≤ h(i)].
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(∗)5 If η ∈ I, g̀(η) = ∂, j < ω, and η(j) = 〈α0, . . . , αk−1〉 where k = h(j),then

(α) xη ≤
g(j)−1⋃
m=0

x(η�j)ˆ〈αm〉

(β) xη ∩
h(j)−1⋂
m=g(j)

x(η�j)ˆ〈αm〉 = 0. (Usually we assume 0 < g < h.)

6) Assume that h ∈ ∂(ω \ {0, 1}) and ē is a sequence of length ∂ with ei =
{(u1,i, u2,i)}, where u1,i, u2,i are disjoint non-empty subsets of h(i) and |u1,i| ≥ 2.
For I ∈ K∂

tr(h), we define BAtr(h),ē(I) as the Boolean algebra freely generated by

{xη : η ∈ I}, except that for η ∈ P I∂ and i < ∂, letting η(i) = 〈s0, . . . , sh(i)−1〉, we
have

(∗)′3 xη ≤
⋂

`∈u1,i

x(η�i)ˆ〈s`〉 and xη ∩
⋂

`∈u2,i

x(η�i)ˆ〈s`〉 = 0.

(We have much freedom in this case. Note that ē plays a different role here than it
did in §1: compare with Definition 1.5.)

Notation 2.2. 1) Clearly K∂
tr(h,g) = K∂

tr(h) for g as in 2.1(3) and h ∈ ∂{1}. Note

that for I ∈ K∂
tr(h), if g = 1 then BAtr(h,g)(I) is essentially BAtr(h)(I). Also, if h = 1

then K∂
tr(h) = K∂

tr and BAtr(h)(I) = BAtr(I).

2) When we state a result that holds for tr, ptr, trr, tr(h), or tr(h, g), we will replace
the corresponding subscripts with an x.

3) Recall that when we say “a Boolean algebra is freely generated by

X ..= {xi : i ∈ U},

except the set equations . . ,” we have 0 and 1 (= −0) in the Boolean algebra.

4) For a Boolean algebra B and a ∈ B, B � a is the naturally defined Boolean
algebra, but 1B�a = a. Essentially, we do not consider 1B as an individual constant
of B.

Definition 2.3. For Boolean algebras B, B1 and a∗ ∈ B1 \ {0B1}, we define the
“B-surgery of B1 at a∗” or “surgery of B1 at a∗ by B”, called B2, as a Boolean
algebra extending B1 such that B2 = [B1 � (−a∗)]× [(B1 � a∗) ∗B], where × is a
direct product and ∗ free product. Alternatively, B2 can be generated as follows:
first make B disjoint to B1 (by taking an isomorphic copy) and then B2 is freely
generated by B1 ∪B, except the relations

0B1 = 0B = 0,

a ∩ b = c (for a, b, c ∈ B1 such that a ∩ b = c in B1),

a ∪ b = c (for a, b, c ∈ B1 such that a ∪ b = c in B1)

1B1 − b = c (for b, c ∈ B1 such that 1B1 − b = c in B1),

a ∩ b = c (for a, b, c ∈ B such that a ∩ b = c in B),

a ∪ b = c (for a, b, c ∈ B such that a ∪ b = c in B),

1B − b = c (for b, c ∈ B such that 1B − b = c)

and

1B = a∗.
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Construction 2.4. Let x be one of {tr,ptr, tr(h), trr, tr(h, g)} and let λ be a car-
dinal such that α < λ+ (usually α = λ, always α > 0). The idea is to construct a
Boolean algebra by defining an increasing continuous sequence Bi (i ≤ α), B0 triv-
ial, and we get Bi+1 by a surgery of Bi at a∗i ∈ Bi by B∗i = BAx(Ii) (see Definition
2.1 and 2.2(2)), where |Ii| = λ, Ii ∈ K∂

x , and Ii is strongly ψx-unembeddable into∑
j<α,j 6=i

Ij (or e.g. supery-ē-unembeddable into it, for y ∈ {nr, vr}; see 1.6).

We denote B = Bα by Surx〈Ii, a∗i : i < α〉. Usually we would like to have
Bα \ {0} = {a∗i : i < βα}. If there are 〈Ii : i < α〉 as above and α is divisible by λ
then this is clearly possible.

Definition 2.5. 1) A Boolean algebra satisfies the λ-chain condition (or the λ-cc)
iff there are no λ elements which form an antichain (i.e. they are 6= 0 and the
intersection of any two is zero).

2) A Boolean algebra satisfies the strong λ-chain condition or the λ-Knaster con-
dition iff among any λ elements there are λ which are pairwise not disjoint.

Claim 2.6. Let x ∈ {tr,ptr, tr(n), tr(h), tr(∗)}, I ∈ K∂
x , λ > ∂ regular.

1) If x = tr then BAx(I) satisfies the strong λ-chain condition.

2) If x = ptr then BAx(I) satisfies the strong
(
2∂
)+

-chain condition.

3) If k ≥ 3 and I ∈ K∂
tr(k) is standard, then B = BAtr(k)(I) satisfies the strong

λ-chain condition; similarly for K∂
tr(∗), for K∂

tr(h) with h ∈ ∂(ω \ 3), and K∂
tr(h,g)

(for h ∈ ∂(ω \ 3) and g ∈ ∂ω such that g ≤ h).
Instead of h ∈ ∂(ω \ 3), we can demand h ∈ ∂(ω \ 1) and h(i) ≥ 3 for every large

enough i.

4) If x = ptr then BAx(I) satisfies the strong λ-chain condition provided that I is
atomically (< λ)-stable; for example, if (∀α < λ)

[
|α|∂ < λ

]
.

5) If h, ē are as in 2.1(6) and (∗)iē below holds for every i large enough, λ > ∂ is
regular uncountable , and I ∈ K∂

tr(h), then BAtr(h),ē(I) satisfies the strong λ-chain

condition, where:

(∗)iē ei = {(ui1, ui2)}, where ui1, u
i
2 ⊆ {0, . . . h(i)− 1} are disjoint and non-empty

with |ui2| ≥ 2.

Remark 2.7. Clearly we can similarly phrase sufficient conditions for “for any family
of λ non-zero elements there is an uncountable subfamily such that any k members
of the subfamily have non-zero intersection.”

Before we prove 2.6, recall the well known fact: (Here B0 = {0, 1} is the two-element
Boolean algebra.)

Fact 2.8. 1) If B is the Boolean algebra freely generated by {xt : t ∈ I} except
for a set Λ of equations in {xt : t ∈ I}, (so each member of Λ has the form
σ(xt0 , . . . , xtn−1

) = 0, where σ(y0, . . . , yn−1) is a Boolean term, t0, . . . , tn−1 ∈ I)
then, for a Boolean term σ∗(xs0 , . . . , xsn−1

), we have (α)⇔ (β), where:

(α) B |= σ∗(xs0 , . . . , xsn−1
) > 0

(β) For some function f : I → {0, 1}, we have:
(a) f respects Λ; i.e. recalling B0

..= {0, 1},
σ(xt0 , . . . , xtm−1) ∈ Λ ⇒ B0 |= “0 = σ(f(t0), . . . , f(tm−1))”.

(b) B0 |= ‘σ∗(f(s0), . . . , f(sn−1)) = 1’
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2) In fact, if f : I → {0, 1} satisfies clause (a) then there is a unique homomorphism

f̂ from B into B0 such that s ∈ I ⇒ f̂(xs) = f(s).

Now we return to proving 2.6.

Proof. 1) We take x = tr and check the strong λ-chain conditions. Note that by
2.8 and the definition of BAtr(I), we have:

(∗)1 xη1 ∩ . . . ∩ xηk ∩ (−xν1) ∩ . . . ∩ (−xνm) = 0 iff

(∃i, j)
[
νi C ηj ∈ P Iω ∨ νi = ηj

]
.

[Why? The ‘if’ implication is trivial, recalling Definition 2.1(1). For proving the
‘only if’ implication, assume that the second statement holds. Define f : I → {0, 1}
by f(η) = 1 iff (∃`)[η = η` ∨ η C η` ∈ P I∂ ]; clearly it respects the equations in the

definition of BAtr(I) and f̂ maps xη1 ∩ . . .∩ xηk ∩ (−xν1)∩ . . .∩ (−xνn) to 1, so by
2.8 we are done.]

Now for u ∈ [I]<ω, let xu =
⋂
η∈u

xη and x−u =
⋂
η∈u

(−xη). Clearly, if a ∈

BAx(I) \ {0} then for some u, v ∈ [I]<ℵ0 , we have 0 < xu ∩ x−v ≤ a (hence u and
v are disjoint). In fact, a is a finite union of such elements. To check the strong
λ-chain condition it suffices to take {(ui, vi) : i < λ} ⊆ [I]<ℵ0 × [I]<ℵ0 such that
(∀i < λ)[xui ∩ x−vi 6= 0], and to find A ∈ [λ]λ such that

(∀i, j ∈ A)
[
xui ∩ x−vi ∩ xuj ∩ x−vj 6= 0

]
.

We may assume that 〈ui : i ∈ A〉 and 〈vi : i ∈ A〉 are ∆-systems (say with hearts
u∗, v∗, respectively), so ui ∩ vi = ∅ and

ui ∩ v∗ = u∗ ∩ vi = u∗ ∩ v∗ = ∅.
We may assume i 6= j ∈ A implies ui∩vj = ∅, ui 6= uj , and vi 6= vj . We may assume
that for some non-zero m,n < ω, for every i ∈ A, we have |ui| = m ∧ |vi| = n.
Say ui = {ηi,` : ` < m}, vi = {νi,` : ` < n} (without repetitions) and for each
` < m the sequence 〈ηi,` : i ∈ A〉 is constant or is without repetitions, and similarly
〈νi,` : i ∈ A〉. We may also assume

(∗)2 〈 g̀(ηi,`) : ` < m〉, 〈 g̀(νi,`) : ` < n〉 is the same for all i ∈ A.

Clearly then, using the ∆-system assumption,

(∗)3 For i ∈ A, ` < m, k < n there is at most one j ∈ A such that νj,kCηi,` ∈ P I∂ .

[Why? If we have νj,kEηi,` ∈ P I∂ , note that νi,k 6E ηi,` by (∗)1, hence νj,k 6= νi,k. So
i 6= j and hence νj,k /∈ v∗, and νj,k = ηi,` � g̀(νj,k). Thus j 6= j1 ∈ A⇒ νj1,k 6= νj,k
and hence

j 6= j1 ∈ A⇒ νj1,k 6= ηi,` � g̀(νj,k) = ηi,` � g̀(νj1,k).

Hence j 6= j1 ∈ A⇒ ¬[νj1,k E ηi,`] and we have finished.]

So for i ∈ A, the set

wi ..= {j : for some ` < m, k < n we have νj,k C ηi,` ∈ P Iω}
has at most mn < ℵ0 members. So by (∗)1 it suffices to find A′ ∈ [A]λ such that
i 6= j ∈ A′ ⇒ j /∈ wi. By the Hajnal Free Subset theorem [Haj62]18 there is19 such
an A′.

2) The case x = ptr is similar, but more complicated. First note20

18 Or see [Shed, 3.14=L4.Ha].
19 Note that (−xνj1,`1 ) ∩ (−xνj2,`2 ) > 0 always holds.
20 This will also be used in the proof of part (4).
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(∗)4 Assume I ∈ K∂
ptr and B = BAptr(I). If m,n < ω and νk, η` ∈ I for ` < m

ad k < n, then

B |= xη0 ∩ . . . ∩ xηm−1
∩ (−xν0) ∩ . . . ∩ (−xνn−1

) = 0

iff at least one of the following conditions holds:
(a) (∃`, k < m)

[
g̀(η`) = ∂ ∧ SucR(ηk, η`)

]
(b) (∃` < m)(∃k < n)

[
g̀(η`) = ∂ ∧ SucL(νk, η`)

]
(c) (∃`, k < m)(∃j < ω)(∃α, β, γ)

[
g̀(η`) = g̀(ηk) = ∂ ∧

η` � j = ηk � j ∧ η`(j) = 〈α, β〉 ∧ ηk(j) = 〈β, γ〉
]

(d) (∃` < m)(∃k < n)[η` = νk].

[Why? If (a) or (b) or (c) or (d) holds then the intersection is zero by the equations
we have imposed defining BAptr(I) in Definition 2.1(2), so the “if” implication
holds. Next we prove the other implication, so we assume (a), (b), (c), and (d) fail,
and we shall use 2.8. We have to define f(ρ) for ρ ∈ I; we do it by cases.

Case 1: g̀(ρ) = ∂, ρ ∈ {η0, . . . , ηm−1}.
Let f(ρ) = 1.

Case 2: g̀(ρ) = ∂ but Case 1 does not hold.
Let f(ρ) = 0.

Case 3: g̀(ρ) < ∂ and for some ` < m we have g̀(η`) = ∂ and SucL(ρ, η`).
Let f(ρ) = 1.

Case 4: g̀(ρ) < ∂ and for some ` < m we have g̀(η`) = ∂ and SucR(ρ, η`).
Let f(ρ) = 0.

Case 5: g̀(ρ) < ∂, ρ ∈ {η` : ` < m}.
Let f(ρ) = 1.

Case 6: No previous case applies.
Let f(ρ) = 0.

First, f is well-defined. I.e. there are no contradictions in this definition — the less
trivial cases are between cases 3+4, 3+5, and 4+5. (We are safe, as clauses (c),
(b), and then (a) of (∗)4 would fail, respectively.21)

Second, we show that f respects the equations from Definition 2.1(2); that is,
from (∗)2 there. If xη ≤ xη�iˆ〈αi〉 is an instance of (∗)2 of 2.1(2) and f fails it
(that is, f(η) = 1, f(η � iˆ〈αi〉) = 0) then necessarily by g̀(η) = ∂ Case 1 occurs
for η, hence Case 3 occurs for (η � i)ˆ〈αi〉. But by Case 3 f((η � i)ˆ〈αi〉) = 1: a
contradiction.

Similarly for the other equation in (∗)2 of 2.1(2), using Case 4 instead Case 3.
Third: f(xη`) = 1 for ` < m by Cases 1, 5, and f(νk) = 0 for k < n as by failure of
clause (d), Case 2 occurs if g̀(νk) = ∂, and Case 6 occurs if g̀(νk) < ∂. So by 2.8
we are done proving (∗)4.]

Let aα ∈ BAx(I) \ {0} for α < λ = (2∂)+, so as before without loss of generality

aα = xηα,0 ∩ . . . ∩ xηα,nα−1
∩ (−xηα,nα ) ∩ . . . ∩ (−xηα,mα−1

) 6= 0.

Without loss of generality nα = n∗, mα = m∗ and P I∂ ∩ {ηα,` : ` < m∗} 6= ∅ (for
notational simplicity below). We can define ηα,` (for ` ∈ [m∗, ∂)) such that

SucL(ρ, ηα,`) ∨ SucR(ρ, ηα,`)⇒ ρ ∈ {ηα,j : j < ∂}.

Without loss of generality, the atomic type of 〈ηα,` : ` < ∂〉 in I does not depend
on α and they form a ∆-system: i.e.

21 Actually, cases 3+5 cannot contradict each other.
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(∗) ηα,`1 = ηβ,`2 ∧ α 6= β ⇒ (∀α1, β1 < λ)[ηα1,`1 = ηα1,`2 = ηβ1,`1 = ηβ1,`2 ].

Now we apply (∗)4: check that each case fails.

5) As part (3) is a special case of part (5), we will prove the latter.
Without loss of generality we deal with K∂

tr(h,g). Let aα 6= 0 (for α < λ) be non-

zero pairwise disjoint elements, let aα = σα(x̄η̄α), where σα a Boolean term and η̄α a
finite sequence from I (i.e. we write x̄〈ηα,0,...,ηα,kα−1〉 instead of 〈xηα,0 , . . . , xηα,kα−1

〉).
Without loss of generality σα = σ and η̄α = 〈ηα,0, . . . , ηα,k−1〉 is without repetition,
and

aα =
⋂

`<k(0)

xηα,` ∩
⋂

k(0)≤`<k

(
−xηα,`

)
.

As earlier,

(∗)0 Without loss of generality α 6= β ∧ ηα,` = ηβ,k ⇒ ` = k.

So there is iα = i(α) < ∂ such that

(∗)1 g̀(ηα,`) < ∂ ⇒ g̀(ηα,`) ≤ iα, and g̀(ηα,`1) = g̀(ηα,`2) = ∂ ∧ `2 6= `2
implies

ηα,`1 � iα 6= ηα,`2 � iα and (∀i ≥ iα − 1)
[
h(i) ≥ 3

]
.

(∗)2 Without loss of generality,
(a) uα = u∗, where

vα ..=
{
i < iα : (∃` < k)

[
g̀(ηα,`) = i

]
or

(∃`1, `2 < k)
[

max{j < ∂ : ηα,`1 � j = ηα,`2 � j} = i
]}

(b) If i ∈ v∗, ` < k and g̀(ηα,`) > i, then Resmi (ηα,`) ∈ {ηα,m : m < k}.
(c) The truth values of ‘ g̀(ηα,`) = i’ and ‘Resmi (ηα,`) = ηα,k’ do not

depend on α.

[Why? Easy. (If necessary, we can change η̄α and σα, and then uniformize σα and
k again.)]

(∗)3 Without loss of generality, for every i ∈ v∗ and `,
(a) (∀`1, `2 < k)

[
α 6= β ∧ ηα,`1 = ηβ,`2 ⇒ `1 = `2

]
(b) For some W∗ ⊆ k,

• If ` ∈W∗ then 〈ηα,` : α < λ〉 is constant (call this value η∗` ).

• If ` ∈ k \W∗ then 〈ηα,` : α < λ〉 is without repetition.

(∗)4 Assume α 6= β < λ, and we will prove that B |= ‘aα ∩ aβ > k’.

Let ei ..= (ui1, u
i
2). We will define the function f : I → {0, 1} as follows.

(∗)4.1 For ρ ∈ I,

f(ρ) ..=


1 if ρ ∈ {ηα,`, ηβ,` : ` < k}
1 if g̀(ηα,`) = ∂, i < ∂, m ∈ ui1, and ρ = Resmi (ηα,`)

0 otherwise.

Clearly this is well-defined. Now we just need to show that f respects the relevant
equation. So assume, towards contradiction:

(∗)4.2 ρ ∈ P I∂ , i < γ, f(η) = 1, ` < h(i), and

f(ρ) = 0, ρ(`) ∈ ui2 or f(ρ) = 1 ∧ ρ(`) ∈ ui1
•1 f(Res`i(η)) = 0 for some ` ∈ ui1,

or
•2 f(Res`i(η)) = 1 for every ` ∈ ui2.
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As f(η) = 1 and η ∈ P I∂ , necessarily η ∈ {ηα,`, ηβ,` : ` < k}, so •1 is impossible:
therefore we assume •2. Also by symmetry, without loss of generality we may
assume η ..= ηα,`∗ .

Now if i ∈ v∗, then this is impossible by (∗)2, hence i /∈ v∗. So f(Res`i(η)) = 1
for ` ∈ ui2, hence there is ν` ∈ {ηα,`, ηβ,` : ` < k} ∩ P I∂ and ki ∈ ui1 such that

Resk`i (ν`) = Res`i(η). Also, we know ν` /∈
{
ηα,m : m ∈ k \ {`∗}

}
because i /∈ v∗.

All together,

ν` ∈
{
ηβ,m : m ∈ k \W∗

}
.

But as |ui2| ≥ 2 we can choose `1 6= `2 ∈ ui2, so ν1, ν2 witness ‘i ∈ ν∗!’ This is a
contradiction.

4) Let aα ∈ BAx[I] \ {0} for α < λ, so as before without loss of generality

aα = xηα,0 ∩ . . . ∩ xηα,nα−1
∩ (−xηα,nα ) ∩ . . . ∩ (−xηα,mα−1

) 6= 0.

Without loss of generality nα = n∗, mα = m∗ and P I∂ ∩ {ηα,` : ` < m∗} 6= ∅ (for
notational simplicity below).

Let

Λ ..= {η � i : η ∈ P I∂ , i < ∂} ∪ (I \ P I∂ ).

Let 〈Λα : α < λ〉 be such that Λα ⊆ Λ with cardinality < λ, increasing continuously
with α with union Λ.

For each α < λ, let

Λ+
α

..=
{
η ∈ P I∂ : (∀i < ∂)[η � i ∈ Λα]

}
∪
{
ηˆ〈s〉, ηˆ〈t〉 : ηˆ〈(s, t)〉 ∈ Λα

}
.

So by our present assumptions (i.e. I is atomically stable and |Λα| < λ) we can
choose βα < λ such that Λ+

α ⊆ Λ+
βα

, and clearly

E0
..=
{
δ < λ : δ a limit ordinal and (∀α < δ)[βα < δ]

}
is a club of λ.

Let 〈αε : ε < λ〉 list E0 in increasing order.
For ε < λ let

base(ε) ..=
{
ζ < ε : for some ` < m∗, i < ∂, m < h(i) we have

νδ,` ∈ Λαε+1
\ Λαε or

ηδ,` � i ∈ Λαε+1 \ Λαε or

Resmi (ηαε,`) ∈ Λαε+1 \ Λαε
}
.

Now,

(∗)1 For all ε < λ, otp(base(ε)) ≤ ∂ · k.

Hence easily

(∗)2 For some stationary S ⊆ λ, we have a function f : S → λ such that

ζ ∈ S ⇒ f(ζ) > ζ ∧ ζ /∈ base(f(ζ)) ∧ ‘ζ ∩ base(f(ζ)) is a bounded subset of ζ’.

(∗)3 Without loss of generality, for some ξ∗ < ∂ we have

ζ ∈ S ⇒ ζ ∩ base(f(ζ)) ⊆ ξ∗.
The rest should be clear. �2.6

Claim 2.9. 1) If B1,B satisfy the strong λ-chain condition, a∗ ∈ B1 \ {0B1
}, and

B2 is the result of a B-surgery of B1 at a∗, then B2 satisfies the strong λ-chain
condition. If one of B1, B satisfies the strong λ-chain condition, and the other only
the λ-chain condition, then B2 satisfies the λ-chain condition.
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2) If B2 is the result of a B-surgery of B1 at a∗, then B1 ≤· B2 (i.e. B1 is a
subalgebra of B2, and every maximal antichain of B1 is a maximal antichain of
B2. This is also called “B2 is a regular extension of B1”).

Proof. Well known (and easy). �2.9

Claim 2.10. The relation l between Boolean algebras is a partial order, and if a
sequence 〈Bi : i < α〉 is l-increasing continuous then B0 l

⋃
i<α

Bi, and if each Bi

satisfies the χ-chain condition (for a regular χ), then so does
⋃
i<α

Bi.

(Similarly for the strong χ-chain condition.)

Proof. Well known: Solovay-Tenenbaum [ST71] for the χ-chain condition, and
Kunen-Tall [KT79, p.179] for the strong χ-chain condition. �2.9

Claim 2.11. 1) In Construction 2.4, if |Ii| = λ (hence |BAx(Ii)| = λ for i < α)
then ‖Bi‖ = λ for 0 < i ≤ α.

2) In 2.4, if each BAx(Ii) satisfies the [strong] χ-chain condition and χ is regular
then B = Surx〈Ii, a∗i : i < α〉 satisfies the [strong] χ-chain condition.

3) Assume that in 2.4 we use non-trivial B0 and |Ii| = λ. Then ‖Bi‖ = λ+ ‖B0‖
for all i ∈ [1, α]. If in addition B0 satisfies the λ-cc, and each BAx(Ii) satisfies the
strong λ-chain condition, then B satisfies the λ-cc; if in addition B0 satisfies the
strong λ-cc, then so does B.

Proof. 1) Trivial.

2) By 2.5, 2.6, 2.9, 2.10.

3) Similar. �2.11

Lemma 2.12. 1) For the construction in 2.4, Bα is weakly representable in
Mℵ0,ℵ0

( ∑
i<α

Ii
)

(see Definition [Shei, 2.1(c),(d)=Lf2]).

2) Moreover, Bα � (1− a∗i ) is weakly representable in Mℵ0,ℵ0
( ∑
j<α
j 6=i

Ij
)
.

3) If Bα satisfies the θ-chain condition then Bc
α (the completion of Bα) can be

weakly represented in Mθ,θ(
∑
j<α

Ij). This representation can extend the one from

2.12(1).

4) Similarly for 2.12(2).

5) If in 2.4 we use a non-trivial B0, we have to adapt. For example, assume B0 is
weakly representable in a relevant way (e.g. for (1), assume B0 is weakly represented
in Mℵ0,ℵ0(J +

∑
i<α

Ii)).

Remark 2.13. 1) Why do we use ‘weakly representable’ and not just ‘representable?’
The point is that in Construction 2.4 we have to choose the order of the elements
on which we do the surgery.

2) Note that the Boolean algebra BAx(Ii) used in the construction usually satisfies
the strong λ-cc for λ uncountable.
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Proof. 1) Define f(0) = 0, f(1) = 1. Given b ∈ Bα not equal to 0 or 1, say that b
first appears in Bi+1.

Say

b =
(
b′,

⋃
j<m

(cj ∩ dj)
)

with b′ ∈ Bi � (−a∗i ) and cj ∈ Bi � a∗i , dj ∈ BAx(Ii). Say (by induction hypothesis)

f(b′) = x′, f(cj) = xj , f(a∗i ) = x, dj = σj(xη0 , . . . , xηm−1
) where σj is a Boolean

term, and η0, . . . , ηm−1 ∈ Ii.
Then we set

f(b) = Fk(x, x′, x0, . . . , xm−1, η0, . . . , ηm−1),
k codes 〈m,n, σ0, . . . , σm−1〉,

where Fk is a suitable function symbol. Thus, f(b) codes all the relevant information
about b.

2) We may assume that a∗i 6= 0, 1. We go exactly as in (1) up to Bi. For α > i, we
use (−a∗i ) in place of 1, and working always with Bα � (−a∗i ). Note that no terms
involving Ii appear then.

3) For each a ∈ Bc
α we can fix κ < θ and a sequence 〈bγ : γ < κ〉 of elements of Bα

such that a =
⋃
γ<κ

bγ . Then let fα = F (σγ : γ < κ), where f(bγ) = σγ for all γ < κ.

4-5) Similarly. �2.12

Remark 2.14. 1) In 2.16-2.17 below we can omit the ‘weak’ from representation
and the ‘strong’ from unembeddability.

2) Why weakly represented? As the order of the construction and the choice of the
a∗i play a role in the definition, we can overcome this in various ways but there is
no real reason for doing this

Lemma 2.15. 1) Suppose I ∈ K∂
tr is strongly (∂,ℵ0, ψtr)-unembeddable into J ∈

K∂
tr, and B is a Boolean algebra weakly representable in M∂,ℵ0(J). Then BAtr(I)

is not embeddable into B.

2) Suppose ∂ = κ, I ∈ K∂
tr is strongly (µ, κ, ψtr)-unembeddable into J for embeddings

which are strongly finitary on P I∂ , and B is a Boolean algebra weakly represented
in Mµ,κ(J). Then BAtr(I) is not embeddable into B.

Proof. 1) Let g : B →M∂,ℵ0(J) be a weak representation of B into M∂,ℵ0(J) (with
the well-ordering <∗), and h be an embedding of BAtr(I) into B. For η ∈ I define
f(η) = g(h(xη)). As I is strongly (∂,ℵ0, ψtr)-unembeddable into J , there are ν1,
ν2, η, n such that η ∈ P Iω , ν1 = η � (n + 1), ν1 � n = ν2 � n, ν2(n) <J1 ν1(n),
g̀(ν1) = g̀(ν2) = n+ 1, and〈

f(ν1), f(η)
〉
≈
〈
f(ν2), f(η)

〉
mod

(
M ∗
ℵ0,ℵ0(J), <∗

)
.

Hence (because g is a weak representation)

h(xη) < h(xν1)⇔ h(xη) < h(xν2) (in B).

But h is an embedding, hence xη < xν1 ⇔ xη < xν2 in BAtr(I), contradicting the
definition of BAtr(I).

2) Similar. �2.15
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Lemma 2.16. 1) Suppose I, J ∈ K∂
ptr and I is standard, strongly (µ, κ, ψptr)-

unembeddable into J by f strongly finitary on P I∂ . If B is a Boolean algebra weakly
representable in M∂,ℵ0(J) (say, by g), B ⊆ B1 dense22 in B1, and g1 extends g
and is a weak representation of B1 in Mµ,κ(J), then BAptr(I) is not embeddable
into B1.

2) Analogously for Kω
tr(h), ψtr(h), BAtr(h)(−) (for h ∈ ω(ω \ 2)) and Kω

tr(h), ψtr(h),

BAtr(h,g)(−).

3) If I ∈ K∂
tr(h) is standard and (∂ℵ0 ,ℵ1)-supervr unembeddable into J ∈ K∂

tr(h), B is

weakly represented in M∂,ℵ0(J) and satisfies the ccc (for example, rang(h) ⊆ [3, ω))
then BAtr(h)(I) is not embeddable into the completion of B.

Proof. 1) Suppose f is an embedding of BAptr(I) into B1. For η ∈ I, define f(η)
as follows: if g̀(η) < ∂ then f(η) = g1(f(xη)), whereas if g̀(η) = ∂, choose aη ∈ B,
0 < aη ≤ f(xη) (possible as B is dense in B1) and let f(η) = g(aη). As I is
strongly (µ, κ, ψptr)-unembeddable into J by a function f which is strongly finitary
on P I∂ , there are ν1, ν2, η, n such that η ∈ P I∂ , ν1 = η � nˆ〈α〉, ν2 = η � nˆ〈β〉,
η(n) = 〈α, β〉, α < β, and〈

f(ν1), f(η)
〉
≈
〈
f(ν2), f(η)

〉
mod (Mµ,κ(J), <∗).

Hence, as g1 is a weak representation

(∗) B1 |= f(aη) < f(xν1) ⇔ B1 |= f(aη) < f(xν2),
B1 |= f(aη) ∩ f(xν1) = 0 ⇔ B1 |= f(aη) ∩ f(xν2) = 0.

But in BAptr(I), xν1 ≥ xη, xν2 ∩ xη = 0. Hence, as f is an embedding,

B1 |= “f(xν1) ≥ f(xη) ∧ f(xν2) ∩ f(xη) = 0”.

But 0 < aη ≤ f(xη), so f(xν1) ≥ aη, f(xν2) ∩ aη = 0, a contradiction to (∗) above.
We have proved that BAptr(I) is not embeddable into B1.

2) Similar proof (the extra details appear in the proof of part (3)).

3) Let ∂1
..= ∂ℵ0 . Assume toward contradiction that f is an embedding of BAtr(h)(I)

into B1, the completion of B. Let g : B→M∂,ℵ0(J) be a weak representation (say,
for the well-ordering <∗) of M∂,ℵ0(J) which respects subterms. So by 2.4(3) there
is g1 : B1 → M∂1,ℵ1(J) which extends g and is a weak representation of B1 in
(M∂1,ℵ1(J), <∗). Choose a function f : I →M∂1,ℵ1(J) as in the proof of part (1).
Let x = 〈h, g, g1, f, I, J,B,B1〉 and let χ be large enough.

As it is assumed in part (3) that “I is (∂,ℵ0)-supervr unembeddable into J ,”
there are M,η as in (∗)′ of Definition 1.5(2). Let f(η) = ση(xνη,0 , . . . , xνη,k(η)−1

),

where νη,k ∈ J are pairwise distinct for k < k(η) < ω. For each k let ik ≤ ∂ be
maximal such that νη,k � ik ∈M : it exists by clause (v) in (∗)′ of Definition 1.5(2).

If ik < g̀(νk,`), then for each m < h(ik) let ν∗k,m = (νη,k � ik)ˆ〈sk,m〉 ∈M be <J1 -

minimal such that Resmik(νη,k) <J1 ν∗k,m. Clearly it exists, except when Resmik(νη,k)

is <J1 -above every {(νη,k � ik)ˆ〈s〉 : s ∈M}; in that case we let sk,m =∞ with the
obvious conventions.

Let ν̄ ..= 〈νk : k < k(η)〉. We define

Y ∗ =
{
ν̄ : ν̄ is similar in J to 〈νη,0, . . . , νη,k(η)−1〉 over Z∗

}
where Z∗ =

{
νη,k : νη,k ∈ M

}
∪
{
ν∗k,m : k < k(η), m < h(k(η))

}
. Clearly Z∗ is a

finite subset of M . We define a filter D on Y ∗: Y ∈ D iff there are ν′k,m <J1 ν
∗
k,m for

all relevant k,m such that if 〈ν′′k : k < k(η)〉 satisfies ν′k,m ≤J1 ν′′k,m for all relevant

k and m then 〈ν′′k : k < k(η)〉 ∈ Y .

22 E.g. B1 is the completion of B — the case that interests us.

Paper Sh:511, version 2026-06-09 3. See https://shelah.logic.at/papers/511/ for possible updates.



COMPLICATED INDEX MODELS AND BOOLEAN ALGEBRAS 33

Clearly (Y ∗, D) ∈ M , and by weak representability the following function f1

belongs to M :

dom(f1) = {% ∈ I : g̀(%) < ∂}, rang(f1) ⊆ {0, 1}, and

f1(%) =


1
{
ν̄ ∈ Y ∗ : BAtr(h)(J) |= f(x%) ≥ ση(xν0 , . . . , xνk(η)−1

)
}
∈ D

iff that set is 6= ∅ mod D

0 otherwise.

Recall that ση is a τ∂,ℵ0 -term, hence it is ∈M . So by the choice of M and η, for
unboundedly many i, (as τ = τ0; see Definition 1.5), we have that the truth values
of

BAtr(h)(J) |= f(xRes`i(η)) ≥ ση(xνη,0 , . . . , xνη,k(η)−1
)

are the same for all ` < h(i). As f is an embedding,

B1 |= f(xη) ≥ ση(xνη,0 , . . . , xνη,k(η)−1
) > 0,

and BAtr(h)(I) |= xRes0i (η) ≥ xη, we have

B1 |= “f(xRes0i (η)) ≥ f(xη) ≥ f(η) = ση(xνη,0 , . . . xνη,k(η)−1) > 0.”

So f1(Res0
i (η)) = 1, hence by the choice of n we have ` < h(i)⇒ f1(Res`i(η)) = 1.

So B1 |= “
⋂

`<h(i)

f(xRes`i(η)) ∩ f(xη) > 0”, but f is an embedding and

BAtr(h)(J) |= “0 < f(η) ≤ f(xη)”

hence BAtr(h)(I) |=
⋂̀
<i

xRes`i(η) ∩ xη > 0, contradicting the definition of BAtr(h)(I).

�2.16

Conclusion 2.17. Suppose λ > ℵ0. Then:

(A) There is a rigid Boolean algebra B satisfying the ℵ1-chain condition λ.

(B) Moreover, if a, b ∈ B are 6= 0 with a−b 6= 0, then B � a cannot be embedded
into B � b (hence B has no one-to-one endomorphism 6= id).

(C) Moreover, we can find such Bi (for i < 2λ) with |Bi| = λ; and if a ∈ Bi,
b ∈ Bj with i 6= j or a− b 6= 0 then Bi � a cannot be embedded into Bj � b.

Proof. We leave it to the reader as the next proof is similar (but here we should
use (λ, λ,ℵ0,ℵ0)-ψtr-bigness, Theorem [Shea, 2.20=L7.11], and x = tr instead of
(λ, λ, 2ℵ0 ,ℵ1)-ψtr(h)-bigness, [Shea, 1.11=L7.6], and x = tr(h) there, respectively.
(Also, we have dealt with it in [Shei, 2.16=L2.7]). �2.17

Conclusion 2.18. 1) There is a complete Boolean algebra B satisfying the ccc,
having density λ

(in fact, a ∈ B \ {0} ⇒ B � a has density λ, so |B| = λℵ0),

and monorigid (i.e. every one-to-one endomorphism is the identity) provided that:

(∗)1 K∂
ptr has the full strong (λ, λ, 2ℵ0 ,ℵ1)- ψptr-bigness property for f strong

finitary on Pω, by standard atomically (<ℵ1)-stable I ∈ K∂
ptr.

2) We can replace (∗)1 by (∗)2 ∨ (∗)3 ∨ (∗)4, where for some h ∈ ω(ω \ 3):

(∗)2 λ is as in 1.11(1) or

(∗)3 K∂
tr(h) has the full strong (λ, λ, 2ℵ0 ,ℵ1)-ψtr(h)-bigness property or

(∗)4 K∂
tr(h) has the full supervr(λ, λ, 2ℵ0 ,ℵ1)-bigness property.
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3) Moreover, we can find such Bi (for i < 2λ) satisfying the following: if a ∈
Bi \ {0}, b ∈ Bj \ {0}, [i 6= j ∨ (i = j ∧ a − b 6= 0Bi)], then Bi � a cannot be
embedded into Bj � b.

Proof. We first prove parts (1) and (2). For part (1) let h ∈ ωω be constantly 2.
First note that if f is a one-to-one endomorphism 6= id of any Boolean algebra B,
then there is an element a 6= 0 with a ∩ f(a) = 0. First, choose x with x 6= f(x).
If x ∩ −f(x) 6= 0 we can take a = x ∩ −f(x); if −x ∩ f(x) 6= 0 we can take
a = −x ∩ f(x). Hence for (1) and (2) we only need to find B of power λ such that
if a, b ∈ B are non-zero and a − b 6= 0 (and even a ∩ b = 0), then B � a cannot be
embedded in B � b.

Now let 〈Iα : α < λ〉 exemplify the full strong (λ, λ, 2ℵ0 ,ℵ1)-ψtr(h)-bigness prop-
erty for f strongly finitary on Pω; such a sequence exists by (∗)1 or (∗)2 or (∗)3 or
(∗)4 by 1.11(1), 1.9 for any h ∈ ω(ω \ 3). Let B = Surx〈Iα, a∗α : α < λ〉 be as in the
construction 2.4 for x = tr(h), such that B \ {0} = {a∗α : α < λ}. Then by 2.11(1),
|B| = λ. By 2.6(3), 2.6(4), each BAtr(h)(Iα) satisfies the strong ℵ1-cc, hence by 2.11
the Boolean algebra B satisfies the ℵ1-chain condition. Let B∗ be its completion.
Now let a, b ∈ B∗ be non-zero, with c = a− b 6= 0. Toward contradiction, suppose
f is an embedding of B∗ � a into B∗ � b. Then f(c) ∩ c = 0, and f � (B � c) is an
embedding of B∗ � c into B∗ � f(c). But B is dense in B∗ hence a∗α ≤ c for some
α, hence BAtr(h)(Iα) is embeddable into B∗ � c, hence into B∗ � f(c), hence into
B∗ � (−c) = B∗ � (−a∗α). But by 2.12(3), B � (−a∗α) is weakly representable in
M ∗

2ℵ0 ,ℵ1

( ∑
β 6=α,β<λ

Iβ
)
. This contradicts 2.16 when we assume (∗)4.

For part (3) let 〈Iα,β : α, β < λ〉 rename 〈Iα : α < λ〉. We shall choose, for
ξ < 2λ, functions fξ, gξ from λ to λ and Aξ ∈ [λ]λ such that gξ is one-to-one,
rang(fξ) = Aξ, (∀α ∈ Aξ)(∃λβ < λ)[fξ(β) = 1], and ξ1 6= ξ2 ⇒ Aξ1 6⊆ Aξ2 . For
ξ < 2λ, let Bξ be constructed as Surx〈Ifξ(α),gξ(α), a

ξ
α : α < λ〉. For simplicity,

assume that for some ξ, for every a ∈ Bξ \ {0} and ζ ∈ Aξ, we have aξα = a
and fξ(α) = ζ. Let Bξ,∗ be the completion of Bξ. As gξ is one-to-one clearly Bξ

satisfies the demand in (2), and as ξ 6= ζ < 2λ ⇒ Aξ 6⊆ Aζ the demands in (3)
also hold. �2.18

Conclusion 2.19. 1) For λ > ℵ0, there is a Boolean algebra B of cardinality λ
with no non-trivial endomorphism onto itself. Moreover, it is Bonnet-rigid (defined
below).

2) We can find such Bi (for i < 2λ) such that for i, j < 2λ, a ∈ Bi\{0}, b ∈ Bj\{0}
there is no embedding of Bi � a into a homomorphic image of Bj � b except when
i = j ∧ a ≤ b.

We prove it later.

Remark 2.20. We shall use Boolean algebras built from cases of BAtrr(I) (see Def-
inition 2.1(4)) hence they have no long chains. We can go in the inverse direction
using Boolean algebras built from orders — using, for example, LO(I) the linear
order with elements {xη, yη : η ∈ I} such that:

(A) g̀(η) < ω implies xη < yη, yηˆ〈α〉 < xηˆ〈β〉 for α < β, and xη�n < xη <
yη < yη�n for n < g̀(η).

(B) g̀(η) = ω implies xη�n < xη = yη < yη�n for n < ω.

In such cases we need a parallel to Lemma 2.24, which is true.

We make some preparations to the proof of 2.19.
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Definition 2.21. A Boolean algebra B is called Bonnet–rigid iff there are no
Boolean algebra B′ and homomorphisms f` : B → B′ (for ` = 0, 1) such that f0 is
one-to-one and f1 is onto B′, except when f0 = f1.

Observation 2.22. 1) If B is Bonnet–rigid then it has no onto endomorphism
6= idB.

2) A Boolean algebra B is Bonnet–rigid if:

(∗) For no disjoint non-zero a, b ∈ B is there an embedding of B � a into a
homeomorphic image of B � b.

Proof. 1) Otherwise choose B′ = B, f0 the identity, and f1 the given endomorphism.

2) Towards contradiction, assume f` : B → B′ (for ` = 0, 1) contradict Bonnet–
rigidity. First, suppose f1 is not one-to-one, so for some a ∈ B, a 6= 0, f1(a) = 0.

For any b ∈ B, f1(b− a) = f1(b)− f1(a) = f1(b). So B′ is a homomorphic image
of B � (1− a) and B � a can be embedded into it, so we are finished.

Second, assume f1 is one-to-one. Then f1 is an isomorphism from B onto B′

hence f−1
1 f0 : B → B is an embedding (well-defined as f1 is one-to-one and onto).

It is not the identity (otherwise f0 = f1) so for some a ∈ B, the elements a, f−1
1 f0(a)

are disjoint and non-zero; choose b = f−1
1 f0(a). �2.22

To prove 2.19, we shall use BAtrr(I) (see Definition 2.1(4)). Note:

Claim 2.23. 1) The only atoms of BAtrr(I) are xη, where η (∈ I) has no immediate
successor, or at least

(∗) For all ν1, ν2 ∈ I, we have η C ν1 ∧ η C ν2 ⇒ ν1, ν2 are C-comparable.

2) The set {xη : η ∈ I} is a dense subset of BAtrr(I).

Proof. Check. �2.23

Lemma 2.24. If B is a homomorphic image of B0 = BAtrr(I), then B is iso-
morphic to some BAtrr(J), J weakly representable in Mℵ0,ℵ0(I) hence B is weakly
representable in Mℵ0,ℵ0(I).

Proof. So let J be an ideal of B0 such that B is isomorphic to B0/J. Let

I1 = {η ∈ I : xη /∈ J};
I1 is an approximation to J . (Clearly I1 is closed under initial segments by
2.1(4)(b).) Let

A0 =
{
η ∈ I1 : η has < ℵ0 immediate successors in I1, say

ηˆ〈α`〉 for ` < m, and
(
xη −

⋃̀
xηˆ〈α`〉

)
∈ J
}
,

A1 =
{
η ∈ I1 : η has < ℵ0 immediate successors in I1, say

ηˆ〈α`〉 for ` < m, and
(
xη −

⋃̀
xηˆ〈α`〉

)
/∈ J
}
,

A3 =
{

(η, ν) : η ∈ A0, η C ν ∈ I1, g̀(ν) is limit, xη − xν�i ∈ J,

when g̀(η) ≤ i < g̀(ν) and for no η′ C η does (η′, ν)

have those properties
}
,

and let A4 =
{

(η, ν) ∈ A3 : xη − xν /∈ J
}

.

Now for η ∈ I let αη = min{α : ηˆ〈α〉 /∈ I}.
Put

J = I1 ∪ {ηˆ〈αη〉 : η ∈ A1} ∪ {ηˆ〈αη + 1〉 : (η, ν) ∈ A4}.
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Now BAtrr(J) is isomorphic to B, and the lemma should be clear. �2.24

Now we can turn to

Proof. Proof of 2.19:
1) Let 〈Iα : α < λ〉 exemplify that K∂

tr has the full strong (λ, λ,ℵ0,ℵ0)-bigness
property, Iα standard.

Without loss of generality:

(∗)1 α 6= β ⇒ Iα ∩ Iβ = {〈 〉}
(∗)2 If ν ∈ Iα then for some η we have ν E η ∈ Iα and g̀(η) = ω.

We construct as in 2.4, using BAtrr(Iα) (i.e. x = trr there) but making the surgeries
on atoms only, getting B = Sur〈Iα, a∗α : α < λ〉. Looking at the construction, it is
clear that B = BAtrr(I

∗), where

I∗ =
{
η1ˆη2ˆ . . . ˆηn : n < ω, η` ∈ Iα` for some α` < λ, and for ` < n

we have g̀(η`) = ω and a∗α`+1 is xη`
}
.

By 2.22(2), it suffices to prove:

(∗∗) If a, b are disjoint non-zero and B′ is a homomorphic image of B � b then
B � a cannot be embedded into B′.

Suppose (∗∗) fails and a, b, B′ exemplify this. By Claim 2.23 and (∗), there is
η ∈ I∗ with xη ≤ a and g̀(η) limit, and let α be such that a∗α = xη. Clearly B′ is
also a homomorphic image of B � (1−xη), hence by 2.24 it is weakly representable
in M ∗

ℵ0,ℵ0
( ∑
j<λ,j 6=α

Ij
)

and B′ ∼= BAtrr(I
+) for some I+ weakly representable in

Mℵ0,ℵ0
( ∑
j<λ,j 6=α

Ij
)
.

We can conclude:

(∗ ∗ ∗) BAtrr(Iα) is weakly representable in Mℵ0,ℵ0 (
∑

j<λ,j 6=α
Ij).

But from this the contradiction is trivial (we could avoid the “weakly”).

2) No new point. �2.19
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§ 3. Arbitrary length of a Boolean Algebra with no small infinite
homomorphic image

We recall the definition of the length (and length+) of a Boolean algebra (Defini-
tion 3.2). Our aim is to construct a Boolean algebra of cardinality continuum with
no infinite homomorphic image of smaller cardinality. Toward this, for a Boolean
algebra B of cardinality ≤ 2ℵ0 satisfying the ccc, an ω-sequence 〈an : n < ω〉 of
pairwise disjoint members of B \ {0B}, and I ∈ Kω

tr(h), we define in Definition 3.3

an extension B′ = ba[B, ā, I] of B. We shall use it for h with 〈h(n) : n < ω〉 going
to infinity. The properties we need are that B l B′, ‖B′‖ ≤ 2ℵ0 , and B′ satisfies
the ccc.23 Moreover, a stronger version of B l B′ holds (see 3.4(5)).

Also, if f is a homomorphism from B′ into any Boolean algebra B′′ satisfying
n < ω ⇒ f(an) > 0 (in B′′) then B′′ has at least 2ℵ0 elements (see inside the proof
of 3.6). Theorem 3.6 is the main result: if µ ∈ [ℵ1, 2

ℵ0 ] then some ccc Boolean
algebra B of cardinality 2ℵ0 and length µ has no infinite homomorphic image of
cardinality < 2ℵ0 . For this we take care of every antichain 〈an : n < ω〉 by an
extension ba[−, ā, I]. We start with a ccc Boolean algebra of length and cardinality
µ. In this framework we need to show that the length has not increased by the
construction. For this we prove, by induction on the length of the construction,
that for any family of µ+ finite sequences from the Boolean algebra and m < ω,
there is a subfamily of µ+ finite sequences which is an indiscernible set of pairwise
distinct elements.

We may like to consider a limit µ ∈ [ℵ1, 2
ℵ0) and ask above that its length is µ

but the supremum is not obtained; by a similar construction (of length 2ℵ0 × µ)
we get such a Boolean algebra, provided that cf(µ) is uncountable (see 3.10). If
cf(µ) = ℵ0 this is impossible (see 3.12). We then generalize the results, replacing
ℵ0 by any strong limit κ of cofinality ℵ0.

Convention 3.1. In this section, h will be from ω(ω \ {0}) (and for simplicity
ω(ω \ {0, 1})). The constant function h = 2 actually suffices,24 but if we would like
to have the ccc, we’d better use h ≥ 3.

Definition 3.2. For a Boolean algebra B let

length(B) = sup{|A| : A ⊆ B, A is linearly ordered by <B},
length+(B) = sup{|A|+ : A ⊆ B, A is linearly ordered by <B}.

Definition 3.3. For a Boolean Algebra B∗, ā = 〈an : n < ω〉 ⊆ B∗ \ {0B∗} such
that

∧
n<m

an ∩ am = 0, and I ∈ Kω
tr(h), we define a Boolean Algebra ba[B∗, ā, I] as

follows.
It is freely generated by B∗ ∪ {xη : η ∈ I}, except for the following equalities:

(a) All the equalities which B∗ satisfies, and xη ≤ 1B∗ .

(b) If n < ω is even, k = h(n) − 1, η ∈ P Iω , ν = η � n, and η(n) =
〈α0, α1, α2, . . . , αk−1〉, then

an −
⋃

`< k−1
2

(
(xνˆ〈α2`〉 − xνˆ〈α2`+1〉

)
≤ xη.

(c) If n < ω is odd, k = h(n)−1, η ∈ P Iω , ν = η � n, and η(n) = 〈α0, α1, α2, . . . , αk−1〉
then (

an ∩
⋂

`< k−1
2

(
1− (xνˆ〈α2`〉 − xνˆ〈α2`+1〉)

) )
∩ xη = 0.

23 See 3.4(1),(3), 3.5, and inside the proof of 3.6.
24 That is, using Kω

ptr as in the proof of 3.6.
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(d) x〈 〉I = 0 (〈 〉I is the root of I).

Claim 3.4. 1) For B∗, ā, I as in Definition 3.3, ba[B∗, ā, I] is an extension of B∗

(so the equalities do not cause members of B∗ to become identified, and of course
1ba[B∗,ā,I] = 1B∗).

2) For I1, I2 ∈ Kω
tr(h), B∗, ā as in Definition 3.3, if I1 ⊆ I2 then ba[B∗, ā, I1] is a

subalgebra of ba[B∗, ā, I2].

3) In (1), B∗ l ba[B∗, ā, I].

4) In (2), if also I1 ⊆∗ I2 (which means that I1 ⊆ I2 and

η ∈ P I2ω \ I1 ⇒
∨
n,`

Res`n(η) /∈ I1) then ba[B∗, ā, I1] l ba[B∗, ā, I2].

5) In (4), for every non-zero c ∈ ba[B∗, ā, I2] there is d∗ such that:

(i) c ≤ d∗ ∈ ba[B∗, ā, I1]

(ii) If 0 < b ≤ d∗ and b ∈ ba[B∗, ā, I1] then c ∩ b 6= 0.

Proof. 1) It is a particular case of (2) for I1 = {〈 〉}, I2 = I.

2) Let d∗ ∈ ba[B∗, ā, I1] \ {0}. We would like to prove that ba[B∗, ā, I2] |= d∗ 6= 0;
by the definition of these two Boolean algebras (see 3.3), this suffices. Clearly,
without loss of generality, for some α∗ ≤ ω we have:

(∗)1 α∗ < ω ∧ d∗ ≤ aα∗ or α∗ = ω ∧ (∀n)[d∗ ∩ an = 0].

Now we shall define a function f : B∗∪{xη : η ∈ I2} → ba[B∗, ā, I1] � d∗, which will
map all the equations appearing in the definition of ba[B∗, ā, I2] to ones satisfied
in ba[B∗, ā, I1] � d∗ and maps d∗ to itself; this suffices.

Now we define f = fd
∗

as follows:

(∗)2 (A) For b ∈ B∗, f(b) = b∩ d∗ (or more exactly, the interpretation of b∩ d∗
in ba[B∗, ā, I1]).

(B) For η ∈ I1, f(xη) = xη ∩ d∗.
(C) If η ∈ P I2ω , η /∈ I1, let

f(xη) =

{
d∗ if α∗ is even (including α∗ = ω),

0 if α∗ is odd (and < ω).

(D) For η ∈ I2 \ I1 such that (C) does not apply, let f(xη) = 0.

Now check: the main point being that the equations in clauses (b)+(c) of Definition
3.3 hold trivially by the present choice in clause (∗)2(C).

3) Again, it suffices to prove this for the context of (2); i.e. to prove (4).

4) By part (5).

5) We can find Λ and I ′2 such that

�1 (a) Λ is a finite subset of I2 \ I1.

(b) I ′2
..= I1 ∪ Λ ∪

{
Res`i(η) : i+ 1 < g̀(η), ` < h(n), and η ∈ Λ

}
(c) c ∈ ba[B∗, ā, I ′2].

Note that

�2 (a) ba[B∗, ā, I1] ⊆ ba[B∗, ā, I ′2] ⊆ ba[B∗, ā, I2]

(b) It suffices to prove the existence of d∗ in the case ‘I ′2 = I2.’

Now

�3 (a) Without loss of generality, if η ∈ Λ \ P I2ω , i + 1 < g̀(η), and ` < h(i)

then Res`n(η) ∈ Λ.
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(b) Let n∗ < ω be such that:
•1 If η ∈ P I2n ∩ Λ and n < ω, then n < n∗.

•2 If η 6= ν ∈ P I2ω ∩ Λ then g̀(η ∩ ν) < n∗.

•3 c belongs to the subalgebra of ba[B∗, ā, I2] generated by

{xη : η ∈ Λ} ∪ ba[B∗, ā, I1].

(c) Without loss of generality, if η ∈ P I2ω ∩ Λ and n < n∗, ` < h(n) then

Res`n(η) ∈ Λ.

[Why? Just check.]

Next,

�4 Let 〈ηi : i < m〉 list Λ without repetition such that ηi = Res`n(ηj)⇒ i < j.

Now

�5 (a) For k < m, let I∗2,k
..= I1∪{ηk}∪{Res`i(ηk) : Res`i(ηk) is well-defined}.

(b) For k ≤ m, let I2,k ..= I1 ∪
⋃
`<k

I∗2,k.

Clearly

�6 I1 = I2,0 ⊆∗ I2,1 ⊆∗ . . . ⊆∗ I2,m ⊆ I2
As l is transitive (and by part (2))

�7 Without loss of generality m = 1, and one of the following occurs:
A) I2 \ I1 = {η0} and g̀(η0) < ω.

B) I2 \ I1 ⊆
{
η0,Res`n(η0) : n0 ≤ n < ω, ` < h(n)

}
and g̀(η0) = ω.

Now note

�8 If c = c1 ∪ c2 with c1, c2 6= 0 in ba[B∗, ā, I2] then it suffices to prove 3.4(5)
for c1 and for c2.

By �7+�8, noting that if c ∈ ba[B∗, ā, I1] then the conclusion is trivial, without
loss of generality we have

�9 c = d∗ ∩ xη0 or c = d∗ − xη0 , where d∗ ∈ ba[B∗, ā, I1] \ {0}.
Lastly,

�10 It suffices to construct a function f as there such that that the homomor-
phism f̂ from ba[B∗, ā, I2] into ba[B∗, ā, I1] � d∗ induced by f (which is the

identity on the latter by its definition) will satisfy f̂(c) ≥ d∗.
The proof now splits into cases (A) and (B) from �7.

In case (A), let f(xη0) be d∗ if m0 = 1, and let f(xη0) be 0 if m0 = 0 (and
f(b) = b ∩ d∗ if b ∈ ba[B∗, ā, I1]). In case (B), if α∗ = ω then act similarly; i.e.
define f(xν) = d∗ for ν ∈ I2 \ I1 if m0 = 1, and 0 if m0 = 0 for η ∈ I2 \ I1. So in
case (B), without loss of generality α∗ < ω, and so by the assumptions of 3.6(4) we
have

�7 For some n∗ < ω, we have (A) and (B), where
A) α∗ < n∗ < ω

B) If n ≥ n∗ and ` < h(n), then Res`n(η0) /∈ I1.

Now by repeated use of case (A), without loss of generality25(
∀n ≤ α∗

)(
∀` < h(n)

)[
Res`n(η0) ∈ I1

]
.

25 But we do not have to use it.
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Let
f(b) = b ∩ d∗ for b ∈ ba[B∗, ā, I1],
f(xη0) = d∗ if m0 = 1,
f(xη0) = 0 if m0 = 0,
f(xRes`n(η0)) = 0 if n ∈ [n∗, ω) and ` < h(n) is odd,

f(xRes`n(η0)) = d∗ if n ∈ [n∗, ω) and ` < h(n) is even.

Now check. �3.4

Claim 3.5. Assume h ≥ 3 or just h(n) ≥ 3 for n large enough. If B∗, ā, I are as
in Definition 3.3, I standard, λ = cf(λ) > ℵ0 and B∗ satisfies the [strong] λ-cc,
then ba[B∗, ā, I] satisfies the [strong] λ-cc.

Proof. Let ci ∈ ba[B∗, ā, I] for i < λ, ci 6= 0. Without loss of generality ci has the
form

ci = di ∩
⋂

`<mi,0

xηi,` ∩
⋂

`∈[mi,0,mi,1)

(
1− xηi,`

)
,

where ηi,` ∈ I, di ∈ B∗ \ {0}. By 3.6(4), without loss of generality di ≤ ani for
some ni < ω or ni = ω ∧

∧
n<ω

[di ∩ an = 0]. Without loss of generality mi,0 = m0,

mi,1 = m1, g̀(ηi,`) = n`, ni = n∗, and 〈ηi,` : ` < m1〉 is without repetition for
every i.

Also letting ki < ω be the minimal k such that

(∗) (a) g̀(ηi,`) < ω ⇒ g̀(ηi,`) ≤ k
(b) n∗ < ω ⇒ n∗ < k

(c) `1 < `2 < m1 ⇒ ηi,`1 � k 6= ηi,`2 � k

(d) (∀n)[n ≥ k ⇒ h(n) ≥ 3]

and without loss of generality ki = k∗; if g̀(ηi,`) = ω, k < k∗, ` < h(k) then

Res`k(ηi,`) ∈ {ηi,m : m < mi,1}.
By the ∆-system argument, without loss of generality

(∗) If i 6= j < λ, k ≤ k∗+ 1, and m′,m′′ < m1, `′, `′′ < h(k) and Res`
′

k (ηi,m′) =

Res`
′′

k (ηj,m′′,j), then for every α, β < λ we have

Res`
′

k (ηα,m′) = Res`
′′

k (ηα,m′′) = Res`
′

k (ηβ,m′) = Res`
′′

k (ηβ,m′′).

We can now check (similarly to the proof of 2.6). �3.5

Theorem 3.6. Let ℵ1 ≤ µ < 2ℵ0 . There is a Boolean Algebra B such that:

(A) B has cardinality 2ℵ0 and satisfies the ccc (and even the strong λ-cc if
λ = cf(λ) > ℵ0).

(B) B has length µ (i.e. there is in B a chain of length µ but no chain of length
µ+).

Moreover:

(B)+ If n,m < ω and c̄ζ ∈ mB for ζ < µ+then for some Y ∈ [µ+]µ
+

(i.e. Y ⊆ µ+

of cardinality µ+), the sequence 〈c̄ζ : ζ ∈ Y 〉 is a (qf, n)-indiscernible set in
the Boolean algebra B (see 3.7(2) below).

(C) Every infinite homomorphic image of B has cardinality 2ℵ0 .
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Remark 3.7. 0) Recall that the length of a BA refers to the size of a linearly ordered
subset, not necessarily well-ordered.

1) Note that (B)+ ⇒ (B); for it m = 1 suffices, for this constant h is OK below,
but the proof here is simpler.

2) Let c̄ = 〈c̄ζ : ζ ∈ Y 〉 be a sequence of m-tuples from a model M (for example,
a Boolean algebra) and ∆ a set of formulas in L(τM ). We say c̄ is an (∆, n)-
indiscernible set iff for any ζ0, . . . , ζn−1 from Y with no repetitions and ξ0, . . . , ξn−1

from Y with no repetitions, the ∆-type of c̄ζ0ˆ . . . ˆc̄ζn−1 in M is equal to the ∆-type
of c̄ξ0ˆ . . . ˆc̄ξn−1 in M . For ∆ the set of quantifier free formulas we write qf.

Proof. Let h : ω → ω be, for example, h(n) = 2n+ 2.
Let Iβ ∈ Kω

tr(h) be standard for β < 2ℵ0 , have cardinality continuum, and be

such that:

(∗)Iβ For every f : Iβ → θ, θ < 2ℵ0 , for some η ∈ P Iβω , for every n < ω,(
∀` < h(n)

)[
f(Res0

n(η)) = f(Res`n(η))
]

(i.e. η(m) =
〈
α` : ` < h(n)

〉
⇒
∣∣{f(η � nˆ〈α`〉) : ` < h(n)

}∣∣ = 1.)

[Why do such I-s exist? The full tree will serve; that is, we let

Iβ =
{
〈ᾱ` : ` < γ〉 : γ ≤ ω, ᾱ` an increasing sequence of length h(`)

from 2ℵ0 , except in the case 0 < γ < ω ∧ ` = γ − 1;

then we demand ᾱ` is just an ordinal < 2ℵ0
}
.

This is as required, as for any f : Iβ → θ we can choose a sequence ᾱ` =
〈β`,0, . . . , β`,h(`)−1〉 by induction on ` < ω, where β`,0 < . . . < β`,h(`)−1 < 2ℵ0

and f(〈ᾱ0, . . . , ᾱ`−1, β`,i〉) does not depend on i < h(`). This is possible as 2ℵ0 >
|rang(f)|. So Iβ-s as required in (∗)Iβ indeed exist.]

We shall now construct Boolean algebras Bα (for α ≤ 2ℵ0) and āα = 〈aαn : n < ω〉
such that:

(I) (a) B0 is a subalgebra of P(ω) of cardinality µ with a chain of cardinality
µ satisfying the ccc (even the strong λ-cc, when λ = cf(λ) > ℵ0).

[E.g. let A be a set of µ reals, let h be a one-to-one function from ω onto
the rationals and B is the Boolean algebra of subsets of ω generated
by
{
{n : h(n) < a} : a ∈ A

}
. Clearly B has a linearly ordered subset

of cardinality µ (e.g. its set of generators). Of course, its length is not
> µ as its cardinality is µ. Lastly, it satisfies the ccc because the set
of nonempty rational intervals is dense in it.]

(b) Bα is increasing continuous, of cardinality 2ℵ0 if α > 0.

(c) āα is an ω-sequence of pairwise disjoint non-zero elements of Bα.

(d) If α < 2ℵ0 , an ∈ Bα \ {0Bα}, and
∧
n 6=m

[an ∩am = 0] then for 2ℵ0 many

ordinals β, we have
∧
n<ω

[an = aβn].

[You can demand that {aαn : n < ω} is a maximal antichain; it does
not matter.]

(e) Bα+1 = ba[Bα, ā
α, Iα] (We denote the xη by xαη for η ∈ Iα.)

There is no problem to do the bookkeeping, and Bα ⊆ Bα+1 by 3.4(1). We shall
show that B ..= B2ℵ0 is as required. Obviously B has cardinality 2ℵ0 .

By 3.4(3) clearly Bα l Bα+1, so we can prove by induction on α that

β < α ⇒ Bβ l Bα,
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by 2.9 and 2.10. We can also prove by induction on α that Bα satisfies the ℵ1-cc
(even the strong λ-cc when λ = cf(λ) > ℵ0): the successor stage is proved by 3.5, the
limits steps by 2.10. So demand (A) from 3.6 holds. If f is a homomorphism from B
onto some B′ with ℵ0 ≤ ‖B′‖ < 2ℵ0 then there are bn ∈ B′ \ {0} pairwise disjoint.
Now for some an ∈ B, f(an) = bn and without loss of generality

∧
n 6=m

[an ∩ am = 0]

(otherwise use a′n = an \
⋃
m<n

am). Hence for every infinite co-infinite Y ⊆ ω. for

some α = αY :

{aα2n : n < ω} = {an : n ∈ Y } and {aα2n+1 : n < ω} = {an : n ∈ ω \ Y }.

Now define g : Iα → B′ by g(η) = f(xαη ), so by the choice of the Iα-s (i.e. by (∗)Iβ )

for some η = ηY ∈ P Iαω , for every n, letting η(n) = 〈α0, αi, . . . , αh(n)−1〉, we have∧
`<h(n)

[
f(xαη�nˆ〈α`〉) = f(xαη�nˆ〈α0〉)

]
.

Hence f
(
xαη�nˆ〈α`〉 − x

α
η�nˆ〈α`+1〉

)
= 0B′ for ` < h(n)− 1 and hence

f
(
aαn ∩

⋂
`<

h(n)−1
2

(
1− (xαη�nˆ〈α2`〉 − x

α
η�nˆ〈α2`+1〉)

))
= f(aαn)

and

f
(
aαn −

⋃
`<

h(n)−1
2

(
xαη�nˆ〈α2`〉 − x

α
η�nˆ〈α2`+1〉

))
= f(aαn).

Hence (see Definition 3.3)

n is even ⇒ B′ |= f(aαn) ≤ f(xαη ),
n is odd ⇒ B′ |= f(aαn) ∩ f(xαη ) = 0.

Therefore,

m ∈ Y ⇒ for some even n, aαn = am ⇒ B′ |= bm ≤ f(xαη ),
m ∈ ω \ Y ⇒ for some odd n, aαn = am ⇒ B′ |= bm ∩ f(xαη ) = 0.

As this occurs for every infinite co-infinite Y ⊆ ω, for some α = α(Y ) and η = ηY ,

clearly the f(x
α(Y )
ηα ) determine Y using B′ and 〈an : n < ω〉. So clearly we get

2ℵ0 -many distinct members of B′ (simply put, the f(xηY )), a contradiction. So
demand (C) of 3.6 holds.

What about the length, i.e, clauses (B) and (B)+? For (B), first note that B0

has a chain of cardinality µ and hence so does B. If J ⊆ B is a chain, |J | = µ+, then
(B)+ gives a contradiction and even the “weakly indiscernible sequence” version
does because as B |= ccc, it has no subset of order type µ+ or (µ+)∗; but the variant
of (B)+ implies just this (m = 1 suffices).

So it suffices to prove that clause (B)
+

holds for Bα by induction on α.

Case 1: α = 0.
Trivial (we can get c̄ζ constant on some Y ∈ [µ+]µ

+

).

Case 2: α is limit, cf(α) 6= µ+.
For some β < α,

Y1 = {ζ < µ+ : c̄ζ ⊆ Bβ} ∈ [µ+]µ
+

,

(note that if cf(α) < µ+, then we can get Y1 = µ+) and use the induction hypoth-
esis.

Case 3: cf(α) = µ+.
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Let 〈βε : ε < µ+〉 be an increasing continuous sequence with limit α. Let

n,m, 〈c̄ζ : ζ < µ+〉 be given. Without loss of generality c̄ζ = 〈cζ` : ` < m〉 is a

partition of 1Bα (i.e. `1 6= `2 ⇒ cζ`1 ∩ c
ζ
`2

= 0 and 1Bα =
⋃
`<m

cζ` ). For each ζ < µ+,

we can find aζ` , b
ζ
` ∈ Bβζ (for ` < m) such that:

(a) aζ` ≤ c
ζ
` ≤ b

ζ
`

(b) (0 < x ≤ bζ` − a
ζ
` ) ∧ x ∈ Bβζ ⇒ (x ∩ cζ` − a

ζ
` 6= 0) ∧ (x− cζ` 6= 0).

[Why? By use of 3.4(5) applied to cζ` and to 1Bβζ
− cζ` ).

If ζ is limit then for some f(ζ) < ζ we have {aζ` , b
ζ
` : ` < m} ⊆ Bf(βζ). By Fodor’s

lemma, for some ε(∗) < µ+ and a stationary set S ⊆ µ+, we have
∧
ζ∈S

[f(ζ) = ε(∗)].

So

(c) ε ∈ S ⇒ {aε` , bε` : ` < m} ⊆ Bβε̇(∗) .

Also without loss of generality

(d) If ε < ζ ∈ S then {cε` : ` < m} ⊆ Bβζ .

Now apply the induction hypothesis on Bβε̇(∗) and 〈āζˆb̄ζ : ζ ∈ S〉, where

āζ = 〈aζ` : ` < m〉 and b̄ζ ..= 〈bζ` : ` < m〉.
So there is Y ∈ [S]µ

+

such that 〈b̄ζ : ζ ∈ Y 〉 is an (n, qf)-indiscernible set. So let
ζ0 < . . . < ζn−1 be from S and for k ≤ n let B′k be the subalgebra of B generated

by Xk
..= Bβε(∗) ∪ {c

ζi
` : i < k, ` < m}. We now prove, by induction on k ≤ n, that

(e)n B′′k is freely generated by Xk, except for:
•1 The equations satisfied by Bβε(∗) .

•2 aζ` ≤ c
ζ
` ≤ b

ζ
` for ` < m and ζ ∈ {ζi : i < k}.

•3 〈cζ` : ` < ω〉 is a partition of 1.

For k = 0 this is trivial. For k + 1 we use clauses (c) and (d) above. Lastly, for
k = n we get the desired conclusion.

Case 4: α = β + 1.

Let n,m < ω and c̄ζ ∈ m(Bβ+1) for ζ < µ+ be given, c̄ζ = 〈cζ` : ` < m〉.
So there are kζ,0 = k(ζ, 0) < ω, kζ,1 = k(ζ, 1) < ω and bζ0, . . . , b

ζ
kζ,0−1 ∈ Bβ ,

ηζ0 , . . . , η
ζ
kζ,1−1 ∈ Iβ and Boolean terms σζ` (for ` < m) such that

cζ` = σζ`
(
bζ0, . . . , b

ζ
k(ζ,0)−1, xηζ0

, . . . , xηζ
k(ζ,1)−1

)
.

Without loss of generality 〈ηζ` : ` < kζ,1〉 is a ∆-system.

Without loss of generality kζ,0 = k0, kζ,1 = k1, σζ` = σ` and g̀(ηζ` ) = m` ≤ ω for
every ζ < µ+.

Also, there is kζ,2 < ω such that:

(II) (α) g̀(ηζ` ) < ω ⇒ g̀(ηζ` ) < kζ,2

(β) ηζ`1 6= ηζ`2 ⇒ ηζ`1 � kζ,2 6= ηζ`2 � kζ,2
(γ) 2n+ 2 < kζ,2.

Without loss of generality
∧
ζ

kζ,2 = k2.

Without loss of generality the statement (∗) (with k2 here for k∗ there and is
> n) from the proof of 3.5 holds (essentially being a ∆-system), i.e.
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(∗) If i 6= j < λ, k ≤ k2 + 1, and m′,m′′ < m1, `′, `′′ < h(k) and Res`
′

k (ηm′,i) =

Res`
′′

k (ηm′′,j), then for every α, β < λ we have:

Res`
′

k (ηm′,α) = Res`
′′

k (ηm′′,α) = Res`
′

k (ηm′,β) = Res`
′′

k (ηm′′,β).

Let b̄ζ = 〈bζ` : ` < k0〉. By the induction hypothesis, without loss of generality〈
b̄ζˆ〈aβ` : ` ≤ k2〉 : ζ < µ+

〉
is (qf, n)-indiscernible and without loss of generality

the sequence
〈
〈ηζ` � (k2 + 1) : ` < k1〉 : ζ < µ+〉 is indiscernible (sequence of finite

sequences of ordinals).

To finish the proof of 3.6 it suffices to observe 3.8 below. �3.6

Observation 3.8. If B∗ = ba[B, ā, I], n∗ < ω, I0 = {η ∈ I : g̀(η) ≤ n∗}, Z ⊆ P Iω ,
and for every ν ∈ Z and n ≥ n∗ the set

{ν′ � (n+ 1) : ν′ ∈ Z, ν′ � n = ν � n}

has ≤ bh(n)−1
4 c elements, then {xη : η ∈ Z} is independent in B∗ over B0 ..=

ba[B, ā, I0], except the equations c+η ≤ xη ∧ c−η ∩ xη = 0 for η ∈ Z, where

c+η
..=

⋃
2n<n∗

(
a2n −

⋃{
xRes2`2n(η) − xRes2`+1

2n (η) : ` < h(n)/2
})

c−η
..=

⋃
2n+1<n∗

(
a2n+1 −

⋃{
xRes2`2n+1(η) − xRes2`+1

2n+1(η) : 2`+ 1 < h(2n+ 1)
})

(Note: η1 � n∗ = η2 � n∗ ⇒ (c+η1 , c
−
η1) = (c+η2 , c

−
η2).)

Proof. Let f0 be any function with domain X = {xη : η ∈ Z} such that

f0(xη) ∈
{
c ∈ ba[B, ā, I] : c+η ≤ c ≤ 1B − c−η

}
,

and let

J1 = I0 ∪X ∪ {Res`n(ν) : ν ∈ Z, ` < h(n), n < ω}.

Clearly, by 3.4(2) it suffices to find a homomorphism from B1
..= ba[B, ā, J1] into

B0 extending idB0∪f0. For this it suffices to find a mapping f from B∪{xη : η ∈ J1}
into B0 extending idB0 , f0, and id{xη :η∈I0}, and preserving the equations defining

ba[B, ā, J1]. As f � B, f � {xη ∈ I : g̀(η) ≤ n∗}, and f � {x(η,%) : η ∈ Z} are
defined, and

J1 =
⋃

n∈[n∗,ω)

{xη : η ∈ Zn} ∪X ∪ Z

where Zn = {η ∈ J1 : g̀(η) = n+ 1}, it will suffice to choose f � {xη : η ∈ Zn} for
each n ∈ [n∗, ω) to finish the definition of f .

Let Yn = {ν � n : ν ∈ Zn}, and for η ∈ Yn let Xn,η = {ν ∈ Zn : ν � n = η}.
Clearly 〈Xn,η : η ∈ Yn〉 is a partition of Zn.

For η ∈ Yn let Pn,η = {ν � (n+ 1) : ν ∈ Z, ν � n = η} and

Sn,η =
{

(ρ � n)ˆ〈ρ(n)(`)〉 : ` < h(n)
}
.

By the assumption on Z, for every η ∈ Yn the set Pn,η has < h(n)−1
4 elements.

Now:

(∗) For η ∈ Yn there is a function fη : Sn,η → {0B∗ ,1B∗} such that if ν ∈Pn,η

is equal to ηˆ〈α0, . . . , αh(n)−1〉 then for some ` < (h(n) − 1)/2 we have
fη(xηˆ〈α2`〉) = 1B∗ and fη(xηˆ〈α2`+1〉) = 0B∗ .
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[Why is this possible? Let 〈
νk = ηˆ〈ᾱk〉 : k < |Sn,η|

〉
list Sn,η, where ᾱk = 〈αk0 , . . . , αkh(n)−1〉. By induction on k < |Sn,η|, we can choose

`(k) < h(n)−1
2 such that

αk2`(k), α
k
2`(k)+1 /∈ {α

i
2`(i), α

i
2`(i)+1 : i < k}.

Upon arriving to k, αi2`(i) will disqualify at most one candidate for `(k), and αi2`(i)+1

will disqualify at most one more. So at most, 2k candidates are disqualified. As

k < h(n)−1
4 , not all ` < h(n)−1

2 have been disqualified.]

Now define f � Zn as follows: if ν ∈ Zn then ν ∈ Pn,η for some η ∈ Yn, and so
we let f(xν) = fη(xν).

Now check. �3.8

Discussion 3.9. 1) In the proof of clause (B)+, the successor case we use the fact

that h(n) converges to ∞, as when the level increases we need more η ∈ P Iβω to see
non-freeness.

2) The proof there for limit α uses just “〈Bi : i ≤ 2ℵ0〉 is l-increasing continuous
with projections” (i.e. 3.4(5)), and the induction hypothesis.

3) We can vary the construction in some ways. We can demand that each āα is
a maximal antichain — no difference so far. We may like to use 〈Iβ : β < 2ℵ0〉
such that Iβ is not super unembeddable into

∑
γ 6=β

Iγ . We can construct our Boolean

algebra to be monorigid (i.e. with no one-to-one endomorphism), and even get 22ℵ0

such Boolean algebras, no one embeddable to another: even restricting to non-zero
elements, even not embeddable into the completion of another. To carry this out
we need the following for λ = 2ℵ0 : there is Ī = 〈Iα : α < λ〉 exemplifying that
Kω

tr(h) has the full (λ, λ,ℵ1,ℵ1)-super bigness property, such that for at least one

β, Iβ satisfies (∗)Iβ from the beginning of the proof of 3.6. Now such a Ī does exist
(with (∗)Iβ for every β); this may be elaborated elsewhere.

4) Of course the proof works for µ = 2ℵ0 .

5) We can separate some parts of the proof to independent claims. We can ask for
“B has length µ, but no chain of cardinality µ” (i.e. the supremum is not obtained)
for µ limit. It is natural to demand cf(µ) > ℵ0. Next, we address this.

Claim 3.10. 1) Assume 2ℵ0 ≥ µ and ℵ0 < κ = cf(µ) < µ. Then there is a Boolean
algebra B such that |B| = 2ℵ0 , B has no homomorphic image of cardinality ∈
[ℵ0, 2

ℵ0), and length(B) = µ, but the supremum is not obtained (i.e. length+(B) =
µ).

2) Similarly, but slightly modifying the assumption to ℵ0 < κ = cf(µ) = µ.

Proof. Like 3.6.

1) Let µ =
∑
i<κ

µi with 〈µi : i < κ〉 be increasing continuous and κ < µi < µ. For

ε < κ, let Bε be a subalgebra of P(ω) of cardinality µε and length µε. We stipulate
that Bε satisfies the ccc (and moreover, the strong λ-cc for λ = cf(λ) > ℵ0).

[Why does this exist? As in (I)(a) in the proof of Theorem 3.6.]
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Let 〈Iα : α < 2ℵ0 × κ〉 be as in the proof of 3.6. We define Bα (for α ≤ 2ℵ0 × κ)
similarly to the proof of 3.6. Specifically:

B0 = B0, the trivial Boolean algebra,
B2ℵ0×ε+1 is the free product B2ℵ0×ε ∗Bε,
Bα is increasing continuous in α,
Bα+1 = ba[Bα, ā

α, Iα] for α < 2ℵ0 × κ, α /∈
{

2ℵ0 × ε : ε < κ
}
,

where āα is 〈aα,n : n < ω〉, aα,n ∈ Bα, aα,n > 0, n1 6= n2 ⇒ aα,n1
∩ aα,n2

= 0. The

choice of the āα-s (i.e. the bookkeeping) is as in the proof of 3.6 above.
So, by the proof of 3.6:

(∗) If α ≤ 2ℵ0 × κ then

(α) Bα is l-increasing continuous, and satisfies the strong λ-cc if λ =
cf(λ) > ℵ0.

(β) B1+α has cardinality 2ℵ0 and length µ0 +
∑

2ℵ0×ε<α
µε, which is < µ

when α < 2ℵ0 × κ.

(γ) If α = 2ℵ0×ε with ε a successor ordinal, then Bα has no homomorphic
image of cardinality ∈ [ℵ0, 2

ℵ0).

(δ) If α < β ≤ 2ℵ0 × κ and b ∈ Bβ \ {0Bβ} then for some a ∈ Bα we have
Bβ |= b ≤ a and if Bα |= 0 < a′ ≤ a then a′ ∩ b > 0Bβ .

[Note: for clause (β) we use the proof of (B)+ of 3.6. For α = 2ℵ0 × ε+ 1 for clause
(δ) we have a new clause, but easy one].

It follows that

(∗∗) B = B2ℵ0×κ:
(a) Is a ccc Boolean algebra of cardinality continuum.

(b) Has length µ.

(c) Has no infinite homomorphic image of cardinality < 2ℵ0 .

[Why? B is a ccc Boolean algebra by (∗)(α) and is cardinality continuum by (∗)(β),
so clause (a) holds. The length of B is µ by (∗)(β). Lastly, if f is a homomorphism
from B onto some infinite B′, then (as κ = cf(κ) > ℵ0) for some ε < κ we know
rang(f � B2ℵ0×(ε+1)) is infinite, and hence has cardinality continuum. Therefore

B′ has cardinality continuum, and so clause (c) holds as well.]

Now to finish, we just need to show

(∗ ∗ ∗) For J ⊆ B a chain of cardinality µ, we get a contradiction.

Let B∗ε = B2ℵ0×ε. Let cα ∈ J (for α < µ) be pairwise distinct.
By clause (∗)(δ), for each ε < κ and α < µ+

ε we can find bεα ∈ B∗ε such that:

(a) cα ≤ bεα in B.

(b) 0 < x ≤ bεα ∧ x ∈ B∗ε ⇒ x ∩ cα 6= 0

Note:

(c) bεα is unique, and

(d) cα ≤ cβ ⇒ bεα ≤ bεβ .

As B∗ε has length ≤ µε and J is a chain, necessarily for some Yε ⊆ µ+
ε with |Yε| = µ+

ε

we have

(e) bεα = bε for α ∈ Yε.
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We can apply clause (∗)(δ) to −cα (for α ∈ Yε and B∗ε, and possibly shrinking Yε)
to get aεα ∈ B∗ε such that:

(f) (−cα) ≤ aεα and 0 < x ≤ aεα ∧ x ∈ B∗ε ⇒ x ∩ (−cα) 6= 0.

As above, without loss of generality, shrinking Yε further we get

(g) aεα = aε for α ∈ Yε.

As the length of B∗ε is ≤ µε < µ+
ε = |Yε|, for some α ∈ Yε we have cα /∈ B∗ε; as

• aεα ≥ −cα, bεα ≥ cα, bεα ∈ B∗ε, and aεα ∈ B∗ε,

necessarily aεα ∩ bεα 6= 0.
Hence:

(h) bε ∩ aε 6= 0.

Let g(ε) = min{ζ ≤ ε : aε, bε ∈ B∗ζ}, so for limit ε, g(ε) < ε. Hence on some
stationary S ⊆ κ and ζ∗ < κ the function g � S is constantly ζ∗, and without loss
of generality

ζ < ε ∈ S ⇒
∣∣{α ∈ Yζ : cα ∈ B∗ε}

∣∣ = µ+
ζ .

As B satisfies the ccc we can find ε1 < ε2 in S such that

bε1 ∩ aε1 ∩ bε2 ∩ aε2 6= 0.

Choose α ∈ Yε1 such that cα ∈ Bε1 and β ∈ Yε2 . Now {cα, cβ} is independent: a
contradiction.

2) Similarly. �3.10

Remark 3.11. We may further ask: is the restriction “cf(µ) > ℵ0” in (3.10) neces-
sary?

Observation 3.12. Assume that the infinite Boolean algebra B has the length µ,
cf(µ) = ℵ0. Then the length is obtained.

Proof. Let İ = {b ∈ B : length(B � b) < µ}.
Easily

b1 ≤ b2 ∧ b2 ∈ İ ⇒ b1 ∈ İ.

Also clearly İ is closed under unions.

[Why? If b1, b2 ∈ İ, b = b1 ∪ b2 /∈ İ then there is a chain 〈ct : t ∈ J〉, J a linear
order of cardinality µ, [s <J t ⇒ cs <B ct], and ct ≤ b.

Let

El
..= {(t, s) ∈ J × J : ct ∩ bl = cs ∩ bl}.

Then El is a convex equivalence relation on J ; if |J/El| = µ then {ct ∩ bl : t ∈ J}
exemplifies bl /∈ İ, a contradiction. So |J/El| < µ. Hence E = E1 ∩E2 is a convex
equivalence relation with ≤ |J/E1| × |J/E2| < µ classes, but as b = b1 ∪ b2 it is the
equality.]

If B/İ is infinite then we can find 〈an/İ : n < ω〉 pairwise disjoint non-zero.

Now bn ..= an−
⋃
`<n

a` are pairwise disjoint members of B not in İ. Let µ =
∑
n<ω

µn,

µn < µ. Let 〈cnt : t ∈ Jn〉 be an increasing chain in B � bn, |Jn| ≥ µn (note that we
can invert Jn). Let J =

∑
n<ω

Jn (without loss of generality, n < m ⇒ Jn∩Jm = ∅)

and for t ∈ Jn let c∗t = b0 ∪ . . . ∪ bn−1 ∪ cnt . Now 〈c∗t : t ∈ J〉 exemplifies that the

length is obtained. So B/İ is finite, so without loss of generality İ is a maximal

ideal. Try to choose an ∈ İ satisfying
∧
`<n

an∩a` = 0 such that length(B � an) > µn.
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If we succeed, then we may repeat the proof for the case “B/İ is infinite,” hence
we necessarily fail. Hence for some n (replacing B by B � −(a0 ∪ . . . ∪ an−1)) we
have

b ∈ İ ⇒ length(B � b) ≤ µn.
Let J ⊆ B be linearly ordered, |J | > µ+

n . Possibly shrinking J , without loss of

generality J ⊆ İ ∨J ⊆ B \ İ. As we can replace J by {1B− b : b ∈ J} without loss

of generality J ⊆ İ, so for some b ∈ J we have |{c ∈ J : c ≤ b}| ≥ µ+
n , and hence

length(B � b) ≥ µ+
n , a contradiction. �3.12

Remark 3.13. We may wonder if we can replace ℵ0 in 3.10 by another cardinals.
Most natural are κ strong limit of cofinality ω.

Claim 3.14. Assume κ ≤ µ < 2κ, κ strong limit and cf(κ) = ℵ0. Then there is a
Boolean algebra B such that:

(α) |B| = 2κ

(β) B |= κ+-cc (and even the strong λ-cc, when λ = cf(λ) > κ).

(γ) B has length µ (and satisfies clause (B)+ of 3.6)

(δ) B has no homomorphic image B′ with |B′| ∈ [κ, 2κ).

Proof. Let h ∈ ωω be h(n) = 2(n + 1). Let B0 ⊆ P(κ) have cardinality µ and
length µ, with a dense B ⊆ B0 \ {0} of cardinality κ.

[Why does such a B0 exist? Let κ =
∑
n<ω

κn with κn < κn+1, and let να ∈
∏
κn be

pairwise distinct for α < µ. Let ηα ∈ ωκ be defined by

ηα(n) ..= (κn)nηα(0) + (κn)n−1ηα(1) + . . .+ (κn)1ηα(n− 1) + (κn)0ηα(n)

(where (κn)` denotes ordinary ordinal exponentiation).

• {ηα : α < µ} is linearly ordered under the lexicographic order <lex.

Let Aα ..= {κ+
n + ηα(n) : α < µ, n < ω} and B0 be the Boolean subalgebra P(κ)

generated by [κ]<ℵ0 ∪ {Aα : α < µ}. All our assertions are easy ro check.]
Let

I0
α =

{
η : η is an ω-sequence, η(n) is an increasing

sequence of ordinals < 2κ of length h(n)
}
,

and
Iα = I0

α ∪
{

Res`n(η) : n < ω, ` < h(n), η ∈ I0
η

}
so |Iα| = 2κ. Let Bα+1 = ba[Bα, āα, Iα], Bα increasing continuous for α ≤ 2κ.
(Again, āα is an ω-sequence of pairwise disjoint non-zero elements of Bα satisfying
‘each such sequence appears 2κ times.’)

Again, for α < β, BαlBβ (and even the conclusion of 3.4(5) holds). The proof
that B ..= B(2κ) satisfies 3.14(α), (β), (γ) is as in the proof of 3.6.
For (δ) we need 3.15 below. �3.14

Observation 3.15. Assume that κ is a strong limit cardinal of countable cofinality.

1) If B′ is a Boolean Algebra of cardinality ≥ κ but < 2κ then:

(a) There are pairwise disjoint non-zero bn (for n < ω) in B′ such that
(∗) for no c ∈ B′ do we have

∧
n<ω

[b2n ≤ c] ∧
∧
n<ω

[b2n+1 ∩ c = 0].

2) For a Boolean algebra B′, a sufficient condition for B′ to satisfy (a) (i.e. the
existence of a sequence 〈bn : n < ω〉 of pairwise disjoint elements of B′ satisfying
(∗) above) is:
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(b) B′ has cardinality < 2κ and there are bn ∈ B′ such that
∧
n<m

[bn ∩ bm = 0]

and κ = lim inf
n
|B′ � bn|.

We first prove that 3.15 suffices (for finishing the proof of 3.14). Toward contra-
diction assume that B′ is a Boolean algebra of cardinality < 2κ but ≥ κ, and B′ is
a homomorphic image of B. If clause (a) is satisfied by B′, then the proof is very
similar to the earlier proof of 3.6: for a homomorphism f : B → B′ from B onto
B′ we can find pairwise disjoint an ∈ B (for n < ω) such that f(an) = bn. So, for
some α we have āα = 〈an : n < ω〉, and we repeat the relevant part of 3.6. Using
clauses (b),(c) of Definition 3.3 we get a contradiction. We are left with proving
3.15. First, the second part.

Proof. Proof of Observation 3.15(2):
We can find c̄ζ = 〈cζn : n < ω〉, cζn ∈ B′, cζn ≤ bn for ζ < 2κ such that the

sequences 〈cζn : n < ω〉 are pairwise distinct for ζ < 2κ. For each ζ let bζ2n = cζn,

bζ2n+1 = bn − cζn, so if clause (a) fails then for every ζ < 2κ there is yζ ∈ B′ such
that for every n < ω we have

bζ2n ≤ yζ , bζ2n+1 ∩ yζ = 0.

So
∧
n

[yζ ∩ bn = cζn] and hence ζ < ξ < 2κ ⇒ yζ 6= yξ, which contradicts |B′| < 2κ.

Proof of Observation 3.15(1):
Assume that the conclusion fails. For a cardinal µ, let

İµ = İµ[B′] ..= {b ∈ B′ : B′ � b has cardinality < µ}.

Clearly it is an ideal of B′ increasing with µ and 1B′ ∈ İµ ⇔ µ > |B|. If B′/İκ[B′]
is infinite then we can easily get condition (B) of part (2), and we are done. If it

is finite, but İµ[B] 6= İκ[B′] for every µ < κ, then let κ =
∑
n<ω

µn, µn < µn+1, and

choose bn ∈ İκ[B′] \ İµn [B′]. But İκ[B′] =
⋃
µ<κ
İµ[B′], so

∧
n

∨
m
bn ∈ İµm [B′]. So

without loss of generality bn ∈ İµn+1
[B′] \ İµn [B′] and hence 〈bn −

⋃
l<n

bl : n < ω〉

are as required. We are left with the case that for some µ(∗) < κ,

İ ..= İµ(∗)[B
′] = İκ[B′]

and without loss of generality İ = İµ(∗)[B
′] is a maximal ideal.

Without loss of generality 2µ(∗) < µn < µn+1 for n < ω. Let bi ∈ İ (for i < κ)

be distinct (these exist as |B′| ≥ κ and İ is a maximal ideal of B′). By the proof of
Erdős–Tarski theorem, without loss of generality 〈bi : i < κ〉 are non-zero pairwise
disjoint.

[Why? For example, apply the ∆-system lemma to{
{x : x ≤ bi} : i < (2µn)+

}
,

and get Yn ⊆ (2µn)+ of cardinality (2µn)+ and a set An of cardinality ≤ 2µ(∗) such
that

i, j ∈ Yn ∧ i 6= j ⇒ {x : x ≤ bi} ∩ {x : x ≤ bj} = An.

So |An| ≤ µ(∗). Pick Y ′n ⊆ Yn of cardinality (2µn)+ such that

i, j ∈ Y ′n ∧ i 6= j ⇒ {x : x ≤ bi} ∩
⋃
m<n

A′m = {x : x ≤ bj} ∩
⋃
m<n

A′m,
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where A′n =
{
x : (∃i ∈ Y ′n)[x ≤ bi]

}
. Let i(n) = min(Y ′n). Then

Xn = {xi − xi(n) : i ∈ Yn, i > i(n)} ⊆ B \ {0}

is an antichain, and
⋃
n
Xn is as required.]

Let
P0 =

{
Y ∈ [κ]ℵ0 : there is b ∈ İ such that (∀i ∈ Y )[bi ≤ b]

}
.

This is a subset of [κ]ℵ0 of cardinality ≤ |İ| · µ(∗)ℵ0 ≤ |B′|+ κ = |B′|, but
[κ]ℵ0 = 2κ > |B′|, so there is Y0 ∈ [κ]ℵ0 \P0.

Let
P1 =

{
Y ∈ [κ]ℵ0 : Y ⊆ κ \ Y0 and (∃b ∈ İ)(∀i ∈ Y )[bi ≤ b]

}
.

By cardinality considerations as above there is Y1 ∈ [κ]ℵ0 \P1 disjoint to Y0. By
assumption above (i.e. clause (a) fails) there is b ∈ B′ such that

∧
i∈Y0

[bi ≤ b] and∧
i∈Y1

[
bi ≤ (1− b)

]
. If b ∈ İ we get a contradiction to the choice of Y0; if not, then

1B− b ∈ İ contradicts the choice of Y1. Hence the observation holds and hence the
Observation 3.15 is proven. Hence Claim 3.14 is proven. �3.15

Remark 3.16. In other words 3.15 says

(∗) If κ is strong limit, cf(κ) = ℵ0 and B is a Boolean algebra of cardinality
≥ κ with ℵ1-separation (i.e. (a) of the observation fails) then |B| ≥ 2κ.
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§ 4. Using subtrees of (ω≥2,C) and theories unstable in ℵ0

Theorem 4.1. Suppose T ⊆ T1 are first order theories, T1 is countable, T is
complete, superstable but ℵ0-unstable. Then for λ > ℵ0 we have

İĖ(λ, T1, T ) ≥ min{2λ,i2}.

Remark 4.2. The reader is not required to know anything on superstable theories,
just to believe a result quoted below. So we can just assume (∗) from the proof.

Proof. The assumption that the theory is superstable and not totally transcendental
(= ℵ0-stable) is used to obtain ma,mb < ω and a countable set of definable (without
parameters) equivalence relations {ϕn(x̄; ȳ) : n < ω} ⊆ L(τT ) such that:26

(∗) (i) g̀(x̄) = g̀(ȳ) = ma +mb

(ii) If M is a model of T and ā ∈ ma |M | then the set {āˆb̄/ϕn : b̄ ∈ mb |M |}
is finite.

(iii) If for ` = 1, 2, g̀(ā`) = ma, g̀(b̄`) = mb, and (ā1ˆb̄1) ϕn (ā2ˆb̄2) then
ā1 = ā2.

(iv) ϕn+1 refines ϕn: i.e. for every n < ω, x̄ ϕn+1 ȳ implies x̄ ϕn ȳ.
(v) There are (in some model M of T ) c̄η, for η ∈ ω>2, such that:

•1 g̀(η) ≥ n ∧ g̀(ν) ≥ n⇒
[
c̄η ϕn c̄ν ⇔ η � n = ν � n

]
•2 c̄η � ma = c̄ν � ma and g̀(c̄η) = ma +mb.

The existence of this set of equivalence relations was proved in Chapter III, 5.1-5.3
of both [She78] and [She90].

Clearly, without loss of generality we may expand the theory T1. Let

{c` : ` < ma} ∪ {cη,` : ` ∈ [ma,ma +mb] and η ∈ ω>2}
be new individual constants in T1. We let

c̄η =
〈
c` : ` < ma

〉
ˆ
〈
cη,` : ` ∈ [ma,ma +mb)

〉
,

and suppose

(∗∗) T1 ⊇
{

(c̄η ϕn c̄ν) : g̀(η), g̀(ν) ≥ n, η � n = ν � n
}
∪{

¬(c̄η ϕn c̄ν) : g̀(η), g̀(ν) ≥ n, η � n 6= ν � n
}
.

Also without loss of generality, suppose that T1 has Skolem functions (so the axioms
saying it has Skolem functions belong to T1).

We will use the following fact. [For a sequence η̄ let η̄ =
〈
η̄[`] : ` < g̀(η̄)

〉
and

āη̄ = āη̄[0]ˆāη̄[1]ˆāη̄[2] . . ..] �4.1

Fact 4.3. 1) Suppose

(A) T ⊆ T1 are first order theories, T complete and superstable, unstable in
|T1|, τ = τ(T ) and τ1 = τ(T1), and T1 has Skolem functions.

(B) τ1 is countable, or at least MAµ holds for µ = |T1|.
(C) ϕn (for n < ω), ma,mb are as in (∗) above, and m∗ ..= ma +mb.

(D) ϕn ∈ τ is a (2m∗)-place predicate,

∆ = {ϕn : n < ω}, τ+
1 = τ1 ∪ {dn : n < ω},

τ ⊆ τ1, and |τ1| ≤ µ < 2ℵ0 .

(E) T1 satisfies (∗∗) above.

Then there are M1 and āη (for η ∈ ω2) such that:

26 We may write x̄ ϕn ȳ instead of ϕn(x̄, ȳ).
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(α) M1 is a model of T1 and ϕM1
n is an equivalence relation such that ϕM1

n+1

refines ϕM1
n .

(β) τ(M1) = τ+
1 , {āη : η ∈ ω2} ⊆ m∗ |M1|, and

g̀(η) ≥ n ∧ g̀(ν) ≥ n ⇒
[
η � n = ν � n⇔ (āη ϕn āν)

]
.

For η̄ ∈ m(ω2), let āη̄ = āη0ˆ . . . ˆāηm−1
.

(β)1 āη � ma = āν � ma = 〈cM1

` : ` < ma〉, g̀(āη) = m∗, and if n < ω,

g̀(ā) = ma < m∗ then
∣∣{āˆb̄/ϕm : b̄ ∈ mb(M1)

}∣∣ < km.

(γ) For every formula ϕ(x̄) from L(τ1) such that m∗ divides g̀(x̄), there is ηϕ
such that for n ∈ [ηϕ, ω):

(∗)1
ϕ,n If η̄, ν̄ ∈ m(ω2), g̀(η̄) = g̀(ν̄) = m =

g̀(x̄)

ma +mb
(so g̀(āη̄) = g̀(x̄)),

and 〈
η` � η : ` < g̀(η̄)

〉
=
〈
ν` � n : ` < g̀(ν̄)

〉
is without repetitions, then M1 |= ϕ[āη̄] = ϕ[āν̄ ].

(δ) 〈dn : n < ω〉 is an indiscernible sequence over {āη : η ∈ ω2} in M1 � τ1.

(δ)+ dn 6= dm for n 6= m.

2) If M1, τ, τ1, τ
+
1 ,ma,mb, 〈ϕn : n < ω〉 are as in (α), (β), (β)1, (γ), (δ), (δ)+ above

and µ = ℵ0 (or at least MAµ) then, replacing ω2 by a subtree, replacing 〈ϕn : n < ω〉
by a sub-sequence and renaming, decreasing M1, we can add to part (1):

(γ)+ For every sequence of terms σ̄(x̄) from τ+
1 , if m × (ma + mb) = g̀(x̄),

ma + mb = g̀(σ̄), σ̄(x̄) � ma = (σ̄ � ma)(x̄ � md), me < ma, md =
me × (ma + mb), [i.e. σ̄(āη̄) � ma = (σ̄ � ma)(āη̄�me) for η̄ ∈ m(ω2)], then
there exists nσ̄ < ω such that:

(a) For n ≥ nσ̄ and η̄, ν̄ ∈ m(ω2) with no repetitions, η̄ � me = ν̄ � me, we
have:
• If ` 6= k ⇒ η̄[`] � n 6= η̄[k] � n and (∀` < m)

[
η̄[`] � n = ν̄[`] � n

]
then for every ρ̄ ∈ m(ω2), ρ̄ � me = η̄ � me implies(

σ̄(āη̄) ϕn σ̄(āρ̄)
)
⇔
(
σ̄(āν) ϕn σ̄(āρ̄)

)
.

(b) For n ≥ ησ̄ and η̄, ν̄ ∈ m(n2) each with no repetition and

η̄ � me = ν̄ � me,

we have:
• If there are k ≥ n and η̄1, ν̄1 ∈ m(ω2) such that ¬ϕk(σ̄(āη̄1), σ̄(āν̄1)),

for ` < m, η̄1[`] � n = η̄[`], ν̄1[`] � n = ν̄[`], and

(∀`, i < m)
[
η̄1[`] = ν̄1[i]⇔ η̄[`] = ν̄[i]

]
,

then for every η̄∗, ν̄∗ ∈ m(ω2) satisfying η̄∗[`] � n = η̄[`], ν̄∗[`] �
n = ν̄[`] (for each ` < m) and

(∀`, i < m)
[
η̄∗[`] = ν̄∗[i]⇔ η̄[`] = ν̄[i]

]
we have ¬

[
σ̄(āη̄∗) ϕn σ̄(āν̄∗)

]
.

Remark 4.4. 1) This is the only place where countability (or MA|τ1|) is used.

2) For alternative proof see 4.13.

Proof. 1) If we ignore (δ)+ (so can have dn = d0) use Theorem [She78, Ch.VII,3.7].
In general, use [She78, Ch.VII,Ex.3.1]. What if T1 is uncountable but MAµ? (The
reader may ignore this proof or see the proof of 4.13.)
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Let P be the forcing notion of adding λ = i(2µ)+ Cohen reals, 〈η
˜
i : i < λ〉,

η
˜
i ∈ ω2. Let χ = (2λ)+ and let


P “M˜ is a model of T1, the Skolem hull of {xi : i < λ}, x̄i ϕm c̄η
˜
i�m”.

By the Omitting Type Theorem27 there are B1 ≺ B2 with B1 ≺ (H(χ),∈, <∗χ) and
‖B1‖ = µ such that T1, P , M˜ , 〈xi : i < λ〉 belong to B1. Also in B2, 〈aρ : ρ ∈ ω2〉
is an indiscernible sequence over B1, and B2 |= “a

˜
i is an ordinal = λ”.

Note that any set which B2 considers a maximal antichain of PB2 really is so.
Now we can naturally apply MAµ.

2) Satisfy requirement (a) by letting ϕ`n(x̄ˆz̄) ..= En
(
x̄ˆz̄, F`(z̄)ˆz̄

)
for ` < `∗n < ω,

where F` ∈ τ+ are such that {F`(x̄) : ` < `∗n} is a complete set of representatives
for {x̄ˆz̄/ϕn : x̄}, possibly with repetitions. (Remember T1 has Skolem functions
and there is `∗n which does not depend on z̄ by compactness). Requirement (b) is
fulfilled by trimming the perfect tree and renaming. �4.3

Claim 4.5. For M1, āη (η ∈ ω2), ϕn as in the conclusion of 4.3 we can conclude:

⊗ If ν 6= ρ are from ω2, η̄ν = 〈ην,` : ` < `(∗)〉, η̄ρ = 〈ηρ,` : ` < `(∗)〉,
x̄ = 〈x` : ` < `(∗)〉, σ̄(x̄) = 〈σm(x̄) : m < m(∗)〉, ν � k = ρ � k,
ην,` � k = ηρ,` � k, 〈ην,` : ` < `(∗)〉 with no repetitions, k > nσ̄, and∧

n<ω

[
āν ϕn āρ ⇔ σ̄(āη̄ν ) ϕn σ̄(āη̄ρ)

]
(moreover, the ∆-type of āνˆāρ and σ̄(āη̄ν )ˆσ̄(āη̄ρ) (in M) are equal for

every n) then g̀(ν ∩ ρ) ∈
{
g̀(ην,` ∩ ηρ,`) : ` < `(∗)

}
.

Proof. Assume not.
Let n = g̀(ρ∩ν). Then ϕn(āρ, āν)∧¬ϕn+1(āρ, āν). We suppose first (for didactic

reasons) for the sake of contradiction that for every ` < n0 we have

η̄ν [`] 6= η̄ρ[`] ⇒ g̀(η̄ν [`] ∩ η̄ρ[`]) < n.

By the equality of types ¬ϕn+1

(
σ̄(āη̄ρ), σ̄(āη̄ν )

)
, now we can deduce by Fact 4.3(2)

and the assumption that the conclusion of (⊗) fails, that ¬ϕn+1

(
σ̄(āη̄ρ), σ̄(āη̄ν )

)
.

Again, by the equality of types ¬ϕn(āρ, āν), a contradiction to ϕn(āρ, āν).
Now we deal with the general case, i.e. we assume

(∗) (∀` < n0)
[
g̀(η̄ν [`] ∩ η̄ρ[`]) 6= n

]
.

We shall derive a contradiction.
Define η̄ ∈ n0(ω2):

η̄[`] =

{
η̄ρ[`] if η̄ν [`] � n 6= η̄ρ[`] � n,

η̄ν [`] otherwise.

Clearly σ̄(āη) � ma = σ̄(āηρ) � ma = σ̄(āην ) � ma and η̄ � me = η̄ν � me = η̄ρ � me,
and also η̄ is with no repetition and 〈η̄[`] � n : ` < n0〉 are pairwise distinct.

Since, by the definition of η̄, for which η̄[`] � n = η̄ρ[`] � n, using (∗) we obtain

η[`] � (n+ 1) = ηρ[`] � (n+ 1).

Let b̄ = σ̄(āη̄). By reflexivity of the equivalence relation we have

σ̄(āη̄ρ) ϕn+1 σ̄(āη̄ρ).

27 See (e.g.) [She90, Ch.VII,§5].
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By Fact 4.3(1), σ̄(āη̄) ϕn+1 σ̄(āη̄ρ); i.e. b̄ ϕn+1 σ̄(āη̄ρ). Finally,28 using transitivity

of the equivalence relation we have ¬ϕn+1

(
b̄, σ̄(āη̄ρ)

)
.

By the definition of η̄, for every ` < n0 we have

η̄[`] = η̄ν [`] or g̀(η̄[`] ∩ ην [`]) < n.

But since n > k0, clearly∣∣{η̄[`] � k0 : ` < n0

}∣∣ =
∣∣{η̄ν [`] � k0 : ` < n0

}∣∣ = n0.

So by Fact 4.3(2), as ¬
(
b̄ ϕn+1 σ̄(āη̄ν )

)
(see above), we have ¬

(
b̄ ϕn σ̄(āη̄ν )

)
.

But b̄ ϕn σ̄(āη̄ρ) (see above) and σ̄(āη̄ρ) ϕn σ̄(āη̄ρ), a contradiction. �4.5

So for proving theorem 4.1 we can assume

Hypothesis 4.6. M1, 〈ϕn : n < ω〉, and āη (for η ∈ ω2) are as in (β) + (γ) of
4.3(1) and (⊗) of 4.5.

Lemma 4.7. Assume µ < λ ≤ 2ℵ0 . We can find Sξ ⊆ ω2 for ξ < 2ℵ0 , pairwise
disjoint, each of cardinality λ, such that

⊗ If ξ < 2ℵ0 , f : Sξ → ω>
(
Mµ,ω(

⋃
ζ 6=ξ

Sζ)
)

and n is a function,

n :
{
σ̄ : (∃x̄)

[
σ̄ = 〈σ`(x̄) : ` < `∗〉

]
, σ` a term of Lµ,ℵ0(τ)

}
→ ω

and τ is the vocabulary of Mµ,ω(
⋃
ζ 6=ξ

Sξ), then we can find m∗ (see below)

S∗ ⊆ Sζ , k0 < ω, n0 = ma+mb < ω, a sequence σ̄(x̄) = 〈σ`(x̄) : ` < g̀(σ̄)〉,
with g̀(x̄) = n0, 〈η̄ν : ν ∈ S∗〉 and η̄0 ∈ n0(ω2) with the following properties.
Letting ην,` = η̄ν [`]:
(A) η 6= ν ∈ S∗ ⇒ g̀(η ∩ ν) > k0

(B) For ν ∈ S∗ we have g̀(η̄ν) = n0, (∀` < n0) [η̄ν,` � k0 = η̄0,` � k0], and
{η̄ν,` � k0 : ` < n0} ∪ {ν � k0} are pairwise distinct.

(C) k0 > n(σ̄)

(D) For each ` < n0, either {η̄ν,` : ν ∈ S∗} = {η̄0,`} or {η̄ν,` : ν ∈ S∗} are
pairwise distinct.

(E) The sets { g̀(ν1 ∩ ν2) : ν1 6= ν2 from S∗} and

{ g̀(ην1,`1 ∩ ην2,`2) : ν1, ν2 ∈ S∗ and `1, `2 < n0}

are disjoint.

(F ) For every ν ∈ S∗, f(ν) = σ̄(η̄ν) (i.e. equal to〈
σ`(〈ην,n : n < n0〉) : l < m∗

〉
).

(G) For ν1 6= ν2 ∈ S∗, we have

ην1,` = ην2,` ⇔ ` < ma ⇔ ην1,` = η0,`.

(H) S∗ is µ+-large. (We say that S ⊆ ω2 is χ-large iff for every n < ω

and ν ∈ S we have
∣∣{ρ ∈ S : ρ � n = ν � n}

∣∣ ≥ χ.) We can replace
µ+-large by λ-large if cf(λ) > ℵ0.

(I) ν1, ν2 ∈ S∗ ∧ ην1,`1 = ην2,`2 implies `1 = `2.

(J) For η ∈
⋃
ξ

Sξ, let ξ(η) be the unique ξ such that η ∈ Sξ. Now, if

ξ(ην1,`1) = ξ(ην2,`2) with `1, `2 < n0 and ν1 6= ν2 ∈ S∗, then

ν ∈ S∗ ⇒ ξ(ην1,`1) = ξ(ην,`1) = ξ(ην,`2).

28 As ¬
(
σ̄(āη̄ν ) ϕn+1 σ̄(āη̄ρ )

)
.

Paper Sh:511, version 2026-06-09 3. See https://shelah.logic.at/papers/511/ for possible updates.



COMPLICATED INDEX MODELS AND BOOLEAN ALGEBRAS 55

Remark 4.8. 1) This claim is a version of the “unembeddability” results;29 well,
they are necessarily somewhat weaker than in §1 here.

2) Of course, we can replace
⋃
ζ 6=ξ

Sζ by
∑
ζ 6=ξ

Sζ .

For proving 4.7 we will use the following combinatorial fact, which is slightly
stronger than Sierpiński’s lemma on almost disjoint sets of integers:

Fact 4.9. There are W (∗), {Wη : η ∈ ω2}, and {Uη : η ∈ ω2} such that for all
η ∈ ω2:

(A) W (∗),Wη are infinite subsets of ω.

(B) Uη is a perfect tree; i.e. Uη ⊆ ω>2 is downward closed, 〈 〉 ∈ Uη, and

(∀ρ ∈ Uη)(∃ν ∈ Uη)
[
ρE ν ∧ νˆ〈0〉 ∈ Uη ∧ νˆ〈1〉 ∈ Uη

]
.

(C) If ρ, ν ∈ Uη, ρ 6= ν, and g̀(ρ) = `(ν) then g̀(ρ ∩ ν) ∈ Wη, where ρ ∩ ν is
the largest common initial segment of ρ and ν; i.e.

g̀(ρ ∩ ν) ..= max{n < ω : ρ � n = ν � n}.
(D) For all η1 6= η2 ∈ ω2 and every ρ ∈ Uη1 , ν ∈ Uη2 , there are three possibilities:

(a) g̀(ρ ∩ ν) ∈Wη1 ∩Wη2

(b) g̀(ρ ∩ ν) ∈W (∗) and
(
∀` < g̀(ρ ∩ ν)

)[
` ∈Wη1 ≡ ` ∈Wη2

]
.

(c) ρE ν or ν C ρ.

(E) W (∗) ∩Wη = ∅
(F) For distinct η, ν from ω2, we have:

(a) Wη ∩Wν is finite (in fact, an initial segment of both).

(b) If ` ∈W(∗) is above Wη ∩Wν then Uη ∩Uν is finite, contained in `′>2
if ` < `′ ∈Wη ∪Wν , and has no splitting of level ≥ `; i.e.

¬(∃ρ ∈ ω>2)
[
g̀(ρ) ≥ ` ∧ {ρˆ〈0〉, ρˆ〈1〉} ⊆ Uη ∩ Uν

]
.

(c) If ` ∈W (∗) and ` < sup(Wη ∩Wν) then Uη ∩ `≥2 = Uν ∩ `≥2.

Proof. By induction on n, define k(n) = kn < ω, the set Wn(∗) ⊆ k(n) and the sets
Uη ⊆ k(n)≥2, Wη ⊆ k(n), such that in the end (this imposes natural restrictions on
them):

η ∈ ω2 ⇒ Wη ∩ kn = Wη�n, Uη ∩ k(n)≥2 = Uη�n, W (∗) ∩ k(n) = Wn(∗).
For n = 0, let k0 = 0, Wn(∗) = ∅ and Wη = ∅, Uη = ∅ for η ∈ n2. For the

induction step, choose k1(n) = k(n) + n+ 1 and for η ∈ n2 let

U1
η = Uη ∪ {νˆ(η � `) : ν ∈ Uη ∩ k(n)2, ` ≤ n}.

Thus (
∀ν ∈ k(n)2 ∩ Uη

)(
∃!ρ ∈ k1(n)2 ∩ U1

η

)[
ν E ρ

]
.

Define Wn+1(∗) = Wn(∗) ∪
[
k(n), k1(n)

)
. Fix an enumeration {ηk : k < 2n+1} of

n+12. Let k(n + 1) ..= k1(n) + 2n+1. For η ∈ n+12, there is a unique k < 2n such
that η = ηk. Let

Uηk
..= U1

ηk�n ∪
{
ν ∈ k(n+1)≥2 : ν � k1(n) ∈ U1

ηk�n, and for ` < 2n we have

k1(n) + ` < g̀(ν) ∧ (` 6= 2k + 1)⇒ ν(k1(n) + `) = 0
}

and Wηk = Wηk∪{k1(n)+2k+1}. It is easy to verify that the construction provides

a family of sets as required. �4.9

29 See Definitions in [Shea, §2], results (for example) in VI, and here in §1 for the tree ω≥2.
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Proof of Lemma 4.7: Let W (∗), Uη, Wη be as in 4.9. Fix an enumeration
{ηξ : ξ < 2ℵ0} = ω2 and let W ξ ..= Wηξ . Let

Sξ ⊆ lim(Uηξ)
(

=
{
ρ ∈ ω2 : (∀n < ω)[ρ � n ∈ Uηξ ]

})
be of cardinality λ. Fix {ρξi : i < λ} = Sξ, and without loss of generality Sξ is
χ-large.30

Note that for every S ⊆ ω2 of cardinality > µ, for some S1 ⊆ S, |S1| ≤ µ and
S \ S1 is µ+-large. Let Uζ = Uηζ ; note that by 4.9(B)+(D), the sets Sξ \ S are
pairwise disjoint.

So let ξ, f,n be as in the assumption of 4.7⊗.
For ν ∈ Sξ let f(ν) = σ̄ν(η̄ν), where σ̄ν is a finite sequence of terms and η̄ν is

a finite sequence of members of
⋃
ζ 6=ξ

Sζ with no repetitions. So there are S∗ ⊆ Sξ

which is µ+-large, and σ̄, and an integer n0 such that

ν ∈ S∗ ⇒ σ̄ν = σ̄ ∧ g̀(η̄ν) = n0,

and without loss of generality, for some ma ≤ mb < ω, we have σ̄(η̄ν) � ma = η̄∗

and

{η∗` : ` < ma} ∪ {ην,` : ν ∈ S∗ and ` ∈ [ma,mb)}

is without repetition (this is possible by the ∆-system argument).
As Sξ ∩

⋃
ζ 6=ξ

Sζ = ∅, clearly the sequence 〈ν〉ˆη̄ν̄ is without repetitions for any

ν ∈ S∗. So for some k = kν < ω large enough, we have:

(i) 〈ν � k〉ˆ〈ην,` � k : ` < `(∗)〉 is without repetitions.

(ii) Letting ην,` ∈ Sζ(ν,`), we have W ξ ∩W ζ(ην,`) ⊆ {0, . . . , kν − 1}. Moreover,

kν > min(W ξ \W ζ(ην ,`)) (remember clause (F) of 4.7).

As we can shrink S∗ as long as it is µ+-large, without loss of generality for some k:

(iii) ν1 6= ν2 ∈ S∗ ⇒ g̀(ν1 ∩ ν2) > k

(iv) ν ∈ S∗ ⇒ kν < k < ω.

So for ν1 6= ν2 ∈ S∗, on the one hand g̀(ν1∩ν2) ∈W ξ\k (as ν1, ν2 ∈ Sξ ⊆ lim(Uηξ);
see clause (iii) above and 4.9(C)) and on the other hand

g̀(ην1∩`, ην2,`) ∈W (∗) ∪ Uζ(ν1,`) ∪ Uζ(ν2,`)

which is disjoint to W ξ \ k. So we have proved clause (E) of 4.7; the other clauses
can be checked.

Claim 4.10. If clauses (β), (γ), (δ) of 4.3(1) hold, and 4.5(⊗) does as well, then
for λ ≤ 2ℵ0 :

(∗)λ There is a family P of subsets of ω2 each of cardinality λ (even their union
has cardinality λ) with |P| = 2λ, such that (letting N1

S be the Skolem Hull
of {āη : η ∈ S} for S ∈P) we have:

• For Y1 6= Y2 from P, N1
Y1

has no ∆-embedding into N1
Y2

.

• ‖N1
Y ‖ = λ for Y ∈P.

30 Recall that we say S ⊆ ω2 is χ-large if for every n < ω and ν ∈ S,∣∣{ρ ∈ S : ρ � n = ν � n}
∣∣ ≥ χ. If χ ≥ (|τ1|+ ℵ0)+ we may omit it.
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Proof. For X ⊆ λ, let M1
X be the Skolem Hull of {āη : η ∈

⋃
ξ∈X

Sξ} and

MX
..= M1

X � τT .
In order to prove the theorem it is enough to assume X,Y ⊆ λ and X 6⊆ Y ,

and show there does not exist an elementary embedding f from MX into MY . Let
ξ ∈ X \ Y . For the sake of contradiction suppose f : MX → MY is an elementary
embedding, or just one preserving the satisfaction of ϕn,¬ϕn.

We can represent MY in Mµ,ω

( ⋃
ζ 6=ξ

Sζ
)
, and let us define f ′ : Sξ →Mµ,ω

( ⋃
ζ 6=ξ

Sζ
)

by f ′(ν) = f(āν), let n be essentially as in 4.3, but translated. Apply lemma 4.7
to f ′ and n, and get S∗, k0, n0, ma, mb, σ̄, 〈η̄ν : ν ∈ S∗〉 as there. Of course n0,
ma, mb are predetermined as in 4.3.

So we are done proving 4.10. �4.10

Proof. Proof of Theorem 4.1:
When λ ≤ 2ℵ0 , the result follows from 4.10 by 4.5.
So the proof of Theorem 4.1 for the case λ ≤ 2ℵ0 is completed. How to deal with

the case λ > 2ℵ0? We just need to use (δ)+; i.e. use 4.12 (and Definition 4.11)
below. �4.1

Definition 4.11. For any cardinal κ and M1 as in 4.3(1)(β)-(δ)+, we define a
model M1,κ as follows: it is a τ1-model generated by {āη : η ∈ ω2} ∪ {di : i < κ}
such that for every n < ω, i1 < . . . in < κ, and η1, . . . , ηm ∈ ω2, the quantifier-free
type of āη1ˆ . . . ˆāηmˆ〈di1 , . . . , din〉 in M1,κ is equal to the quantifier-free type of
āη1ˆ . . . ˆāηmˆ〈d1, . . . , dn〉 in M1. (So if M1 has Skolem functions then M1 = M1,µ

and they realize the same types.)

Claim 4.12. If clauses (β), (γ), (δ), (δ)+ of 4.3(1) hold, and 4.5(⊗) does as well,
then for λ ≥ 2ℵ0 :

(∗)λ There is a family P of subsets of ω2 each of cardinality 2ℵ0 with |P| = i2

such that, letting Nλ
S be the Skolem Hull of {āη : η ∈ S} ∪ {di : i < κ} in

M1,λ with S ∈P (so ‖Nλ
S‖ = λ), we have:

(∗) For Y1 6= Y2 from P, N1
Y1

has no ∆-embedding into N1
Y2

(i.e. no

function from N1
Y1

into N1
Y2

preserves all the relations ±ϕn).

We may consider using relations ϕn which are not equivalence relations, and we
may like to give another proof when µ > ℵ0 but still MAµ holds.

Claim 4.13. [Assume MAµ.]
Suppose M1, τ1, 〈āη : η ∈ ω2〉, ϕn (for n < ω), 〈dn : n < ω〉 satisfy clauses (a),

(b), (β), (γ), (δ) of 4.3, and M1 is a τ1-model of the complete first order theory T1.
Also suppose āη ∈ k(M1) for η ∈ ω>2 are such that if n < m < ω and η, ν ∈ m2
then η � n = ν � n ⇔ M1 |= āη ϕn āν . (So ϕn is not necessarily an equivalence
relation and |τ1| = µ is not necessary countable).

1) If we replaced ω≥2 by a perfect subtree (splitting determined by level only) and
replaced 〈ϕn : n < ω〉 by a subsequence, then we could add the statement of 4.5(⊗)
to the assumptions.

2) So the conclusion of 4.10 holds, and if we further assume (δ)+ of 4.3, the con-
clusion of 4.12 also holds.

Proof. We use Carlson and Simpson [CS84].
Let W ∗ be the set of ω-sequences η from {0, 1} ∪ {xi : i < ω} such that each xi

appears infinitely often. For η ∈W ∗, let

Wη = {ν ∈W ∗ : η(`) ∈ {0, 1} ⇒ ν(`) = η(`), η(`1) = η(`2)⇒ ν(`1) = ν(`2)}.

Paper Sh:511, version 2026-06-09 3. See https://shelah.logic.at/papers/511/ for possible updates.



58 SAHARON SHELAH

As a set, W ⊆W ∗ is large if it contains some Wη. Let

IW =
{
ν ∈ ω>2 : for some η ∈W , for every `, `1, `2 < g̀(ν),

η(`) ∈ {0, 1} ⇒ ν(`) = η(`) ∧ η(`1) = η(`2)⇒ ν(`1) = ν(`2)
}
.

Let

lev(W ) =
{
` : for some η ∈W, η(`) /∈ {0, 1} but η(0), . . . , η(`− 1) ∈ {0, 1}

}
.

We say W1 ⊆∗ W2 if for some n, {ν � [n, ω) : ν ∈ W1} ⊇ {ν � (n, ω) : ν ∈ W2}.
By MAµ, if 〈Wi : i < δ ≤ µ〉 is ⊆∗-decreasing sequence then there is W such that∧
i

Wi ⊆∗ W .

By the partition theorem there, if n < ω, η1, . . . , ηk ∈ n2 are pairwise distinct
and σ̄1, σ̄2 are τ+

1 -terms then we can find large W1 ⊆W such that W1 � n = W � n
and:

~nW1,σ̄
If n < m ∈ lev(W1), ρν` ∈ TW1

∩m2 for ` = 1, . . . , k, and ν` = η`ˆρ2 � [n, ω),

then the truth value of σ̄1(āν1 , . . . , āνk) ϕn σ̄
2(āν1 , . . . , āνk) is constant.

Repeating it, we can get W1 such that ~nW1,σ̄
for every n.

(i) Either g is constant < min(lev(W1) \ n) or

n ∈ lev(W1) ⇒
[
g(n), n

)
∩ lev(W1) = ∅.

(ii) If n < m ∈ lev(W1) and η` C ν` ∈ TW1
∩ m2 then

min
{
i : ¬

[
σ1(āν1 , . . . , āνk) ϕi σ

2(āν1 , . . . , āνk)
]}

= g(m).

We apply such reasoning to the following statement: “Given η1, . . . , ηk ∈ TW1
∩ n2

pairwise distinct and n < m ∈ lev(W1), and assuming η` C νi` ∈ TW1 ∩ m2 for
` ∈ {0, 1, . . . , k} and i ∈ {0, 1}, we have

σ̄(āν0
1
, . . . , āν0

k
) ϕ` σ̄(āν1

1
, . . . , āν1

k
).”

We get that this depends only on g̀(ν0
` ∩ ν1

` ) and νi`
(
g̀(ν0

` ∩ ν1
` )
)
. �4.13

Discussion 4.14. The parallel (for a module Ṁ) concerning “a surgery at” is

extending the ring Ṙ to Ṙ+; e.g. by {xt : t ∈ I} freely except some equation
involving x and the xi-s and “below x” is replaced by the ideal generated by those
equations.
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