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SACCHARINITY WITH ccc
HAIM HOROWITZ AND SAHARON SHELAH

Abstract. Using creature technology. we construct families of Suslin ccc non-sweet forcing notions Q
such that ZFC is equiconsistent with ZF + “Every set of reals equals a Borel set modulo the (< Ry )-closure
of the null ideal associated with Q" + “There is an w;-sequence of distinct reals.” This answers a question
of the second author and Kellner. As an application of independent interest, we also show how our forcing
adds a new Hé singleton over L without relying on L-combinatorics.

§1. Introduction.

1.1. Some history. The study of the consistency strength of regularity properties
originated in Solovay’s celebrated work [19], where he proved the following result.

THEOREM [19].  Suppose there is an inaccessible cardinal, then after forcing (by Levy
collapse) there is an inner model of ZF + DC where all sets of reals are Lebesgue
measurable and have the Baire property.

Following Solovay’s result, it was natural to ask whether the existence of an
inaccessible cardinal is necessary for the above theorem. This problem was settled
by Shelah [15] who proved the following theorems.

THEOREM [15].

1. If every T} set of reals is Lebesgue measurable, then Xy is inaccessible in L.
2. ZF + DC+H “all sets of reals have the Baire property” is equiconsistent with
ZFC.

A central concept in the proof of the second theorem is the amalgamation of forcing
notions, which allows the construction of a suitably homogeneous forcing notion, thus
allowing the use of an argument similar to the one used by Solovay, in which we have
“universal amalgamation” (for years it was a quite well known problem). As the problem
was that the countable chain condition is not necessarily preserved by amalgamation,
Shelah isolated a property known as “sweetness,” which implies ccc and is preserved
under amalgamation. See more on the history of the subject in [14].

1.2. General regularity properties. Given an ideal / on the reals, we say that a set
of reals X is I-measurable if XAB € I for some Borel set B, this is a straightforward
generalization of Lebesgue measurability and the Baire property.
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2 HAIM HOROWITZ AND SAHARON SHELAH

Given a definable forcing notion Q adding a generic real # (we may write Q instead

of (Q.#)) and a cardinal Xy < ., there is a natural ideal on the reals Iy , associated

~

with (Q. ) (see Definition 18), such that, for example. Iconenx, and Irandom.x, are
the meagre and null ideals, respectively. Hence in many cases the study of ideals
on the reals corresponds to the study of definable forcing notions adding a generic
real. On the study of ideals from the point of view of classical descriptive set theory,
see [6, 18]. For a forcing theoretic point of view, see [14]. Another approach to the
subject can be found in [21].

We are now ready to formulate the first approximation for our general problem.

PrOBLEM. Classify the definable ccc forcing notions according to the consistency
strength of ZF + DC+ “all sets of reals are Iy ,.-measurable.”

Towards this we may ask: Given a definable ccc forcing notion Q, is it possible to
get a model where all sets of reals are Iy ,-measurable without using an inaccessible
cardinal and for non-sweet forcing notions?

1.3. Saccharinity. A positive answer to the last question was given by Kellner and
Shelah in [7] for a proper non-ccc (very non-homogeneous) forcing notion Q, where
the ideal is Ig x, .

In this article we shall prove a similar result for a cccforcing notion, omitting
the DC but getting an w;-sequence of distinct reals. By [15], the existence of such
sequence is inconsistent with the Lebesgue measurability of all sets of reals, hence
our forcing notions are, in a sense, closer to Cohen forcing than to Random real
forcing.

Our construction will involve the creature forcing techniques of [13] and [12], and
will result in definable forcing notions Q¢ which are non-homogeneous in a strong
sense: Given a finite-length iteration of the forcing, the only generic reals are those
given explicitly by the union of trunks of the conditions that belong to the generic
set.

The homogeneity will be achieved by iterating along a very homogeneous (thus
non-wellfounded) linear order. By moving to a model where all sets of reals are
definable from a finite sequence of generic reals, we shall obtain the consistency of
ZF+ “all sets of reals are I 1 ‘Nl-measurable” + “There exists an w;-sequence of
distinct reals.”

It’s interesting to note that our model doesn’t satisfy 4 Cy,. thus leading to a finer
version of the problem presented earlier.

PrOBLEM. Classify the definable ccc forcing notions according to the consistency
strength of T+ “all sets of reals are Ig.-measurable” where T € {ZF.ZF +
ACy,.ZF + DC.ZF + DC(XNy), ZFC}, and similarly for T' = T + WO, where
T is as above and WO,,, is the statement “There is an w\-sequence of distinct reals.”

REMARK. Note that for some choices of 7, Q, and k, the above statement might
be inconsistent.

We intend to address this problem in [3] and other continuations.

1.4. On the special properties of Q2. We shall focus in this article on two types
of forcing notions, namely Q} and Q2. In the years following the initial posting of
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SACCHARINITY WITH ccc 3

this article online, the forcing Q2 was popularized by [8]. where it was reintroduced
under the name E and shown to play an important role in the study of Cichon’s
maximum. See [10] for a systematic presentation and proofs that the forcing has
strong FAM limits and ultrafilter limits for intervals. Another attractive feature of
Q2 which we shall investigate in the end of this article is the fact that it provides a
novel way to add a I1} singleton over L, without relying on L-combinatorics (which
was crucial for Jensen’s proof).

A remark on notation: 1. Given a tree T C w<® and a node € T, we shall
denote by 7= the subtree of T consisting of the nodes {v : v <5 V5 <v}.

2. For T as above, ify € T isthe trunk of T, let TT :={v € T : np < v}.

§2. Norms, @,1, and @,2,. In this section we shall define a collection N of parameters.
Each parameter n € N consists of a subtree with finite branching of &< with a rapid
growth of splitting and a norm on the set of successors of each node in the tree.

From each parameter n € N we shall define two forcing notions, Q. and Q2. We
shall prove that they’re nicely definable ccc. We will show additional nice properties
in the case of Q2. such as a certain compactness property and the fact that being a
maximal antichain is a Borel property. We refer the reader to [13] and [12] for more
information on creature forcing.

DEFINITION 1.

1. A norm on a set 4 is a function assigning to each X € P(4) \ {0} a non-
negative real number such that X; C X, — nor(X;) < nor(X3).
2. Let M be the collection of pairs (Q, #) such that Q is a Suslin ccc forcing notion

and # is a Q-name of a real.

DEFINITION 2. Let N be the set of tuples n = (7. nor, A, i) = (Ty. nory. Ju. jin)
such that:

a. T is a subtree of <?.
b. g = (uy, : n € T)is a sequence of non-negative real numbers.

c. A= (4, :n € T) is a sequence of pairwise distinct non-zero natural numbers
such that:

1. 2y =|{m:y~m € T}|.so T Nw" is finite and non-empty for every n.

2. If Ig(n) = Ig(v) and 7 <jx v then 4, < 4,. where “m < k” means that
“k is much larger than m,” for our purposes it suffices to require that
m<k < 3, <k.

3. Iflg(n) < Ig(v) then Ig(n) < Ay < Ay

4. lg(n) < uy < iy forneT.

d. Foryn € T, nor, is a function with domain P~ (sucr(n)) = P(sucr(n)) \ @ and
range C R>¢ such that:
1. nor, is a norm on sucr () (see Definition 1).
2. (Ig(n) +1)* < uy < nory(sucr(n)).

Ay =T, 1 4, < Ay} <y

f. (Co-bigness) If k € RT. a; C sucy,(n) for i<i(x) <u, and k+ t <

a

nor,(a;) for every i < i(x) (where i(x) < u,). then k < nor,( Q )ai).
i<i(*
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4 HAIM HOROWITZ AND SAHARON SHELAH

Jal
Tsuery (]

h. If k + t < nory(a) and p € a. then k < nor,(a \ {p}).

g. If 1 < nory(a) then 1 <

1
DEFINITION 3. A. For n € N we shall define the forcing notions Q) € Q2 € Q?
as follows:

1. p € QViff for some tr(p) € T, we have:
a. por T, is a subtree of Tlrp<l(
no maximal node.

b. Forn € lim(T),). lim(noryy (sucr,(n [ 1)) : lg(tr(p)) <1< w) = oc.

c. 2— ﬁ() < nor(p) (where nor(p) is defined in C(b) below).
tr(p
1

so it’s closed under initial segments) with

2. p€Qy if p e QY and nor,(Suc,(n)) > 2 for every tr(p) <n € T,.We shall
1

prove later that Q7 is dense in Q0.
3. peQlif pe@land for every n < w, there exists k?(n) = k(n) > lg(tr(p))
such that for every # € T),. if k(n) < Ig(y) then n < nor,(Suc,(n)).

B.QiEp<q(ic{0.11})if T, C T,
C. a. Fori € {0. 5.1}, ; is the Q}-name for U{tr(p) : p € Gy }.

b. For i €{0.1.1} and peQ let nor(p):=sup{a €Rsg:n€ T, —a<
nor,(sucy,(n))} = inf{nor,(sucr,(n)) :n € T,}.

D. Fori € {0, 1.1} let m}, = m;,, = (Q.7}).

We shall now describe a concrete construction of some n € N.

DEerINITION 4. We say that n € N is special when:

a. For each 5 € T, the norm nor, is defined as follows: for 0 # a C sucr ().

nor,(a) = 1"g*<|5/‘:}2:T<’7>\) _ log*\w;g('ﬂ\al where log.(x) = max{n:3, < x}

(where Jy = 1 and 3, = 27).
b. w, = nory(suc,(n)).

OBSERVATION 4A. There are Ty. (Ay. uy 2 n € Ta) and (nor, : n € Ty) satisfying
the requirements of Definition 2, where the norm is defined as in Definition 4 (hence
n € N is special ).

PrOOF. It’s easy to check that the following (7y. (uy. 4, : 7 € Ty)) together with
the norm from Definition 4 form a special n € N where T, N ", (. Ay 57 € To N
") are defined by induction on n < w as follows:

a. TaNo®={<>}.
b. At stage n + 1, for n € T, N ", by induction according to <y, define u, =
Jjeys Ay = 3,3 and the set of successors of 77 in Ty is defined as W) :1<

I}
For example, we shall prove the co-bigness property:

Suppose that #n € T, (a; :i<i(*)) are as in Definition 2(f). Denote

ki = |sucr, ()| and k, = max{|suct,(n) \ (a;)| : i <i(x)}. Therefore, 10’";# -

n
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logs ko) nory(a;) (so necessarily k + ﬂl < lgella) log=llo)y pet g = U g

Hn Hn Hn i<i(*)
and k3 = |sucr, () \ a| < i(x)ky < u,k,. Therefore "’g*gk” - log*(’;"kZ) < log*gkl) -

logx« (k3>
2

Hy Hn Hap

= nor,(a). We have to show that k < nor,,(a), s0 it’s enough to show that
n

k < "’g;g"l) log*ﬂ” 1%2) " Recalling that k + o ’og;§k1> - l"g;#, it’s enough to
n n n n

show that 8=\nka) _ log=(ko) o 1

/4 My e

Case I: ky < u,.In this case, it’s enough to show that log. (u,k») — log. (k>) < uy.
and lndeed lOg* (:uﬂkZ) - log* (kZ) < lOg* (/u;y) < Hy-

Case 2: u, < k». By the properties of log.. log.(kz) < log.(u,k2) < log.(k3)

log,(ky) + 1, therefore l"g*L’é”kZ) l”g;(k2> < #1}7.
n n

<
4

DEFINITION 5. For n € N we define m = m2 = (Q2, 72) by:

A) p € Q2 iff p consists of a trunk tr(p) € T,. a perfect subtree T,C Ty [er(p)<]
and a natural number n € [1./g(1r(p)) + 1]such that 1 + 1 < norn(sucrp( )
foreveryn € T,

B) Order: Reverse inclusion.

C) ma =U{tr(p) : p € G}

~

D) If p € Q% welet nor(p) = min{n:n € T, = 1+ 1 < nor,(suc,(n))}.
Cram 6. Qi = ccc fori € {0,1.1,2}.

ProoF. First we shall prove the claim for Q} where i € {0, . 1}. Observe that if
p € Qf and 0 < k < o, then there is p < ¢ € Q}, such that nor,(Suc,(17)) > k for
every n € T,7. The statement is trivial for i = 1, so suppose that i € {0, %} In order
to prove this fact. let ¥ = {5 € T, : for every n < v € T,. nor,(Sucr,(v)) > k}.
then Y is dense in T, (suppose otherwise, then we can construct a strictly increasing
sequence of members #; € T, such that nor,, (Sucr, (1;)) < k. so igwm € lim(T,)

contradicts the definition of Qi). Now pick tr(p) <#n € Y. then g = pl'<l is as
1

required. It also follows from this claim that Qg is dense in Q! (this is a private case
where we let k = 2 in the claim).

Now suppose towards contradiction that {p, : @ < ®;} C Q) is an antichain, for
every a, there is p, < ¢, such that nor,(Suc,, (17)) > 2 for every n € ¢,. For some
uncountable S C Xy, 1r(ga) = 5. for every o € S. By the claim below, g,.¢s are
compatible for a, f € S, contradicting our assumption.

Asfor Q2. given I = {p; :i < N1} C Q2 (Q)). the set {(tr(p).nor(p)) : p € I} is
countable, hence there is p. € I such that for uncountably many p; € I we have
(tr(pi).nor(p;)) = (tr(ps).nor(p.)). By the claim below, those p; are pairwise
compatible. =

ReEmARK. The above argument actually gives g-linkedness, though this is not
used in the article.
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6 HAIM HOROWITZ AND SAHARON SHELAH

CLam 7.

1) p.q € Q2 are compatible in Q3 iff tr(p) < tr(q) € T, or tr(q) < tr(p) € T,.
2) Similarly. p.q € Qi are compatible in Q. for i € {0. 1.1} iff tr(p) < tr(q) €
T,Vitr(q) <tr(p) e T,.

ProOOF. In both clauses, the implication — is obvious, we shall prove the other
direction.

1) First observe that if p € Q2 and v € T, then pl'l € Q2 and p < pI"l (where
plis the set of nodes in p comparable with v).

O, If tr(p) < tr(q) € T, then T, N T, has arbitrarily long nodes. =

ProOF. Let 1 =tr(q). then by the definition of the norm and Q2. i<
jsucr, ()| Isuer, 1|
|sucry (n)] > |suery ()]
argument, we get sequences in 7, N T, of length n for every n large enough.

O, Claim: If tr(p1) = tr(p2) = 5. p1.p> € Q2. and there is & < @ such that
min{nor(p1),nor(pz)} < h and h < Ig(n), then p; and p, are compatible. -

Hence there is v € sucr,(n) N sucr,(n). Repeating the same

Proor. Foreveryv € T, N T),. by the co-bigness property. min{nor,(suc,, (v)).
sucy, (v)} - #Ll < nor(suc,, (v) N sucy,(v)). By the definition of nor(p;) (recalling

that Ig(n)* < u,). 1+ﬁ§(1+ﬁ)+(mft)g(1+ﬁ)+(%fﬁf

u%) =1+ % - ﬂ% <min{nor(py).nor(ps)} - H% <min{nor,(sucp, (v)). suc,,(v)} -
ﬂiv. Therefore 1 + ﬁ < nor(sucy, (v) N suc,, (v)), so py N py is as required. Hence.

s p and ¢ are compatible. o

PrOOF. Suppose WLOG that #r(p) < tr(q) € T, and pick / such that 1 + + <
nor(p).nor(q). By 0. there is y € T, N T, such that h < 1g(y7). Now p < plil ¢ <
g, and (pl, g) satisfy the assumptions of [J,. therefore they’re compatible and
so are p and ¢.

The proof is similar if t7(¢) < tr(p) € T,. The implication in the other direction
is easy.

2) The proof is similar. First observe that if » € lim(T,) Nlim(T,). then
lim(noryy (sucr,(n [ 1)) : I < @) = oo = lim(noryy (sucr,(n [ 1)) : | <), so by
the co-bigness property (Definition 2(f)). lim(nor,y (sucr,,(n [ 1)) : 1 < ) = c.
Now letv =1r(q) € T,NT,. as 2 - #(P) < nor(p).nor(q). it follows from the co-

bigness property and Definition 2(g) that v <y e T, N T, — 2 < [Suc,ny(n)|.
so pNgq is a perfect tree. It’s easy to see that there exists # € pNg such
that nor,(Suc,n,(v)) > 2 for every n <v € pNgq (otherwise, we can repeat the
argument in the proof of Claim 6, and get a branch through p N ¢ along which
the norm doesn’t tend to infinity). Therefore. pl=" N ¢l=" € Qf (i € {0.1}) is
a common upper bound. Finally, note that if i = 1, then for every n < w there
exist k”(n +1),k9(n + 1) as in Definition 3(3). By the co-bigness property. for
every n € T, N T, of length > max{k?(n +1).k%(n + 1)}, n < nor,(Suc,n,(n)).
Therefore, the common upper bound is in Q) as well. .

Cramm 8. Let I C Q2 be an antichain and A = U{T, : q € I} C Ty. The following
conditions are equivalent:
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(a) Iis a maximal antichain.
(b) If n € Ty and 0 < n < w then there is no p € Q2 such that:
(a) tr(p) = n.
() nor(p) = n.
(y) pis incompatible with every q € I.
(c) Like (b), but replacing (y) by
() T,NnA4A=0.

)
)" Foreverym > nT, N Aisdisjoint to {v € Ty : lg(v) < m}.
(e) Ifn € Ty and n < w then for some m > n there is no set T such that:
a) T C T,

)

YIfve T  theny <vandlg(v) <m

YIfy <vi<wyandv, € T thenv, € T.

) TNA=0.

) Ifv e T andlg(v) < m then 1+ 1 < nor,(sucr(v)).

PrOOF. —(a) — —(b) :If pisincompatible withevery ¢ € I then (p, tr(p). nor(p))
is a counterexample to (b).

—(b) = =(c) : If (p.tr(p).nor(p)) is a counterexample to (b), then it is a
counterexample to (c) by the characterisation of compatibility in Q2 in Claim 7.
—(c) — —(d) : Obvious.
=(d) — —(e): Let T = T, with p being a counter example to (d) and let # =
tr(p). n witness —(d). We shall check that for every m > n, {v:tr(p) <veTA
(v) < m} satisfies (a) — (¢) if (e).

—(e) = —(a) :1f (. n) is a counterexample, then for every m there is T}, satisfying
(a) — () of clause (e). Let D be a non-principal ultrafilter on w and define T :=
{veTy:v<nor{m:m>n,veT,}ec D} It remains to show that 7 € Q2 (as
T is disjoint to A, it follows that I is not a maximal antichain). The proof is similar
to Claim 12. -

CrLamM 9. Letn € N.

1
A) The sets QL and Q2 are Borel, the sets QY and Q7 are H}.
B) The relation <y is Borel for i € {0.1.1.2}.

C) The incompatibility relation in Q}, is Borelfor i €0, % 1.2}.

PrOOF.

A. The sets Q. and Q2 are Borel: We shall first prove the claim for Q). Consider
T, as a subset of H(X). By definition, if p € Q) then T, C T, C H(X). Hence
S :={p C H(Ng) : p is a perfect subtree of T,} C P(H (X)) is a Borel subset of
P(H (Xo)). For every n.k < w define S}, = {p € S Ig(tr(p)) <k andif p € T,

and k <lg(p) then n < nor,(suc,(p))}. Each S!, is closed (for fixed p and
n. the condition n < nor,(suc,(p)) is closed. and so we get an intersection of
closed sets), hence SN (ﬂ U S},) is Borel, so it’s enough to show that p € Q}

iff pesSn(n %{J S, ) and 2 - m < nor(p). which follows directly from the
definition of Q).
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8 HAIM HOROWITZ AND SAHARON SHELAH

In the case of Q2, we replace Q%S;"k with nL.JkS’%-" where S;, ={peS:

Ig(tr(p)) = n Anor(p) = k}. Each Snz,k is Borel and since “being a perfect subtree”
is Borel, Q2 is Borel.

1
The sets Q) and Qg are I1}: The demand “Ziga(nor,,[,,(Sucp(n 'n))) = oo for
n<w

2

every 5 € lim(T,)” is TIl. and it’s easy to see that {p € S :tr(p) <ne T, —
nor,(Sucr, (17)) > 2} is Borel.

B. The relation g@a is Borel for i € {0, % 1,2}: For i € {0, % 1,2}, the relation
<qgi is simply the reverse inclusion relation restricted to @, hence it is Borel.

C. The incompatibility relation in Q. is Borel for {0, % 1,2}: The incompatibility
relation is Borel by Claim 7. -

Cram 10.
A) Assume that p; € Qi (I < n) where i € {0,1}, 1/\ tr(p;) = p. n <lIg(p) and
<n

for everyn € p; we have 2 < k 4+ 1 < nor,(sucy,(n)). then {p; : 1 < n} have a
common upper bound p such that tr(p) = p and k < nor,(suc,(n)) for every
nef,).

B) Assume that p; € QX (I < n), lé\ tr(p)) = p. n<lIg(p) and for every n €

p; (1< n)wehavel+ 3 < nor,(suc,,(n)). In addition. assume that k < Ig(p)
and k(k + 1) < p, for every n € p/ (I < n). then {p; : | < n} have a common
upper bound p such that tr(p) = p and 1 + k%l < nory(suc,(1)).

ProoF. A) Suppose first that i = 0. Let p = lﬂ pi. then p C TY=! is a subtree
<n
containing p. If v € p then v € p; for every / < n. hence Suc,(v) = 0 Sucy, (v). As
<n

n <lg(p) < u, for every p <n € p. it follows from the properties of the norm in
the definition of n € N that k < nor,(Suc,(n7)). Therefore, T, is a perfect tree, and
similarly to the proof of Claim 7, it follows that the norm along infinite branches
tends to infinity. hence p € QU. Suppose now that i = 1. The above arguments are
still valid, and in addition, similarly to the argument on @} in the proof of claim
7(2), it’s easy to see that by the co-bigness property, p € Q.. -

REMARK. Note that as 2 <k +1, it follows from the above arguments

that 2 - - 1( ;< nor,(Sucr, (17)) for every tr(p) <n € T,. In fact, k +1 - # <
trip

nor,(Sucr, (17)). therefore. if 2 < k + 1 — t then we also get the claim for i = 1.

B) The proof is similar, the only difference is that now we have to prove the
following assertion:
(%) If b; C sucy,(n) for I < n < p,. 1/\ 1+ % < nor,(b;) and b = lﬂ b; then 1 +
<n <n

k+rl < nory(b).

The assertion follows from the co-bigness property (Definition 2(f), with b; and
1+ % - t here standing for a; and k there).

Cramm 11. Letn € N. “{p, : n < w} is a maximal antichain” is Borel for {p, :
n<w}C Qi

Proor. By Claim &. o
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Cramm 12. Assume {p,:n<w} C Q2. Atr(p,) =n and Anor(p,) < k. Then
there is p. € Q3 such that:

(a) tr(p<) =n. nor(p.) <k.
(b) P+ ”_Q% “(Hoon)(pn € GQ%)-”

PrOOE. Let D be a uniform ultrafilter on @ and define 7, :={v e T,: {n:v €
pn} €D} If v € T,,. then for some n. v € T, C TS (recalling that tr(p,) =
n). hence T, C TV=1 Obviously, I < lg(n) = n |l e T,, asn =tr(p,) € p, for
every n.

(«)1 Ify<v<pandp € T, thenv € T),.

Why? Define 4, = {n : p € p,} and define 4, similarly. 4, € D by the definition
of T, . Obviously 4, C 4,, hence 4, € Dandv € T,.

(#)2 If v € T), then 1 4 ¢ < nory(suc,, (v)). -

REMARK. Note that no additional assumption will be needed about the continuity
of the norm.

In order to prove (*),, define A4, as above, so 4, € D. Let (b; : 1< (%))
list {suc,,(v):n<w} As {suc,,(v):n<w} C P(sucr,(v)). we have /(x) <
2bsuery I = 24 < Ry, For [ < (%) let A, :={n € A, : suc,,(v) = b;}. Obviously
this is a finite partition of A4,, hence there is exactly one m < /() such that
A, m € D and therefore b, C suc,, (v) and actually b,, = suc,, (v) (if 7 € suc,, (v)
is witnessed by X € D, then X N A4,,, is a witness fory € b,,). Therefore nor, (b,,) =

nor,(sucp, (v)) and for some n we have 1+ ¢ <1+ m < nor, (suc,,(v)) =

nor, (suc, (v)).

It follows from the above arguments that p. € Q2 and nor(p.) < k.

We shall now prove that

()2 I gg “(F*n)(py € Gog)."

Why? Suppose that p, < ¢. thentr(g) € T, . By the definition of p.. {n : tr(q) €
pn} € D. For every such p,, n = tr(p,) < tr(q) € Tp,. so p, is compatible with ¢
and hence with p,.

~

Cram 12°. For1 € {0, % 1.2}, ny, is a generic for Q. i.e.. - “V[Gg,] = Vngl.”
PrOOF. Easy. —|

§3. The iteration. In this section we shall describe our iteration. Although our
definition will be general and will follow the technique of iteration along templates
as described in [16], we will eventually use a simple private case of the general
construction (see also [1, 9]). In our case, we’ll have a non-wellfounded linear order
L, and the forcing will be the union of finite-length iterations along subsets of L.
Dealing with FS-iterations of Suslin forcing will guarantee that the union is well-
behaved.

3.1. Iteration parameters. The purpose of Definitions 12 and 13 is to show how
our construction fits as a special case in the broader context of the second author’s
general method of iterations along templates. However, we shall only use the private
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10 HAIM HOROWITZ AND SAHARON SHELAH

case of Definition 13(A), and so a reader who only wants to understand the main
results in this article may focus on Definition 13(A).

DerINITION 12, Let Q be the class of q (iteration parameters) consisting of:

a. A partial order Lq = Ll[q].

b. iy = (u) :t € Ly) such that u? C L, foreach 1 € L, (and u? is well-ordered
by (d)). In the main case |u?| < ¥ (in our apphcatlon u? 1s actually empty).

c. I=(I,: 7 € Ly) such that each I, is an ideal on L, and u? € I,. In the main
case here, I, = {u C L, : u is finite }.

d. L is a directed family of well-founded subsets of Lq closed under initial
segments such that LLEJLL =Lgandt € L —u) C L (forL€L).

e. (m,: 7€ Ly) is a sequence such that each m, is a definition of a Suslin
ccc forcing notion @, with a generic 77,“, (depending on a formula using

B:(....7s. .. )Yeuo see f+g and Definition 13)
f. Actually, m;, = m, 3 where v, B, (77 | u?) is a name of a real and B, is a Borel

functlon (see Deﬁmtlon 13( ) below), i.e., m, is computed from the parameter
v, € 0?.
g. Foreverytr € Lq. B, : How(” — w® is an absolute Borel function.
i€uy
h. For a linear order L, let L* := L U {oco} which is obtained by adding an
element above all elements of L.

3.2. The iteration. Definition and Claim 13: Fori € {1.2}.q € Q,and L € L we
shall define the FS iteration Q; = (P, Q{‘ ;¢ € L") with limit P, and the PL =

P; ,-names e Ve by induction on dp(L) (where dp(L) is the depth of L, recalling
that L is well- founded) such that:

A. a) P is a forcing notion.
b) #, is a P, name when u#? U {t} C L € L (so we use a maximal antichain

~

from P;, moreover, from P, for every L; € L whichis C L).
c) v, isa P, name when u? C L € L.

d) If Ly, L, € L are linearly ordered, L; C L, and each I, has the form {L C
L., : Lis well-ordered }. then Py < Py,.
B. p e PLiff
a. Dom(p) C L, is finite.
b. If s € Dom(p) then for some u € I; N P(L.,) and a Borel function B,
p(s) = B( M -e ))Gu and “_[prL “ ( ) € Q:.ny”

c. QF is the PF-name of Q}, using the parameter v;.

~

C.77=(n :t € Ly). Each 5, is defined as the generic of QF (by a maximal

antichain of P; whenever L € Landu? C L C L_,). meaning: 1 € L € L -l
“n, 1s a generic for Q,” defined as usual.
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SACCHARINITY WITH ccc 11

D. v = (v : t € Lq) such that for each ¢ € Lq. B, is a Borel function and v, =

~

B/(7 | ”? ).
E. The order on P; is defined naturally.

Proor. Should be clear. -

13(A) A special case of the general construction.

Of special interest here is the case where q € Q satisfies:

a. L is a dense linear order, I, = [L,]<™ for each € Ly and L = [L,]<%.

b. m, is a definition of Q) where i € {1.2} (hence a Suslin c.c.c. forcing). not
using a name of the form v,.

~

c.m; € Vandu = forevery ¢ € L.

13(B) We shall denote the collection of q € Q as above by Q).
13(C) Hypothesis:From now on we assume that q € Q satisfies the requirements
of 13(A4).

DEFINITION/ OBSERVATION 14. Let q € Q.

1. {P, : J C Lqis finite } is a <-directed set of forcing notions.
2. ForJ C Ly, let Py = U{P,, : J' C J is finite } and Py = Pr,.

Proor. (1) follows by [5]. 4

CLAmM 15.

1) ForeveryJi C J, C Lq. Py, <Py,.
2) If J C LythenP; =Pq; = U{P; : I C J is finite } <Py.

REmMARK. Recall that P < Q means that IPis a subforcing of Q and every maximal
antichain of P is maximal in Q.

ProOOF.
1) Case I: |J;| < No. Easy by [5].

Case 2: J, is infinite. Let ¢ € IP;,. then for some finite J5* C J>. ¢ € }P’Jz*. Let
Ji=J1NnJ;. As }P’Jl* < IP’J; by Observation 14(1), thereis p € IP’JI* such that
p<pepP I p’ and g are compatible. It suffices to prove that if J| C J;
is finite and J;* C J{, then p < p’ € Py — p’ and ¢ are compatible in Prron
(asif p < p’ € Py, then p’ € Py, where J{ =J;UDom(p')). We prove this
by induction on sup{|L., N J}| :t € J{ \ J;} asin [5].

2) By (1). 4

OBSERVATION 16. Suppose that q € Q, J € L is finite and p.p, € P;. If
tr(p1(2)) = tr(px(t)) for every t € Dom(p1) N Dom(p,) (so in particular, they are
objects rather than merely names), then py and p, are compatible.

Proor. By induction on |J|. The induction step is a corollary of the compatibility
condition for Q2 (see Claim 7). &

Cram 17. Forq € Q. Py = ccc.
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12 HAIM HOROWITZ AND SAHARON SHELAH

PrOOF. Suppose that {p, : a < 8;} C P,. For each @ < X; there is a finite J, C
L such that p, € P;,. Hence there is n, € Nsuch that |{p, : |Jo| = n.}| = N;. For
each a denote J, = {ta0 < -+ < tan, , }. by cardinality arguments. i.e., the A-system
lemma, WLOG thereis u C n, suchthatz,; = ¢, foreverya < Ny and (74, : [ € n. \
u, a < Vp)is without repetitions. As every condition p, € P, belongs to an iteration
along J, in the usual sense, there is p, < pl, € P;, such that tr(p],(z)) is an object
forevery t € J, (so J, = Dom(p.,)). Given[ € u there are countably many possible
values for 1r(pa(t;)). hence there is a set I = {pa, : i < i(¥)} C {pa : @ <N;} of
cardinality X; such that 7r(pa, (#;)) is constant for all i < i(x). If i < j < i(x), then
Jiji=Jo; Uda; C Ly is finite, po, € Py, <Py and Pa; € ]P)Jaj <Py, ;.50 p,; and
Pa; are compatible in P, . (hence in IP¢) by Observation 16. -

§4. The ideals derived from a forcing notion (. We shall now define the ideals
derived from a Suslin forcing notion Q and a name # of a real.

DEeFINITION 18.
1. LetQbeaforcing notion such thateach p € Qisa perfect subtree of <, p <g

q iff ¢ C p and the generic real is given by the union of trunks of conditions
that belong to the generic set, thatis, # = UGtr(p) and lFg “n € ©*.”
~ D€ ~

Let Ny < &, the ideal I(SM will be defined as the closure under unions of size
< k of sets of the form {X C w® : (Vp € Q)(3g > p)(lim(¢) N X =0)}.]
2. For Q as above, we let Iy <y, be theset {X C w® : (Vp € Q)(3¢ > p)(lim(q) N
X =0)}.
3. For (Q. #) and & as in (1), we shall denote I(&n by Ig -

4. Let I be an ideal on the reals, a set of reals X is called I-measurable if there
exists a Borel set B such that XAB € I.

5. A set of reals X will be called (Q. x)-measurable if it is Ig ,-measurable.

6. Given a model V of ZF, we say that (Q, k)-measurability holds in V if every
set of reals in V' is (Q, k)-measurable and Ig  is a non-trivial ideal.

REMARK. In [3] we shall further investigate the above ideals.

§5. Cohenreals. An important feature of Q}, is the fact that it adds a Cohen real.
This fact will be later used to show that Q, can turn the ground model reals into a
null set with respect to the relevant ideal.

Cramm 19.  Forcing with Q. (i € {0, % 1,2}) adds a Cohen real.
PrOOF. For every 7 € T, let g, : sucr,(n) — {0.1} be a function such that

g, {1} > %’ —1(/ =0.1) (recall that 4, = |sucr,(n)|). Define a Q}-name v by

IThe above definition has the following variant in the literature, which will not be used in this article:
Let m = (Q. 5) where # is a Q-name of a real. the ideal 1,},‘,‘g for Ry < & will be defined as follows:

A € I, iff there exists X C & such that 4 N {»[G] : G C QM* is generic over L[X]} = 0.
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N( n) = 8nyin (77,’, I (n+1)) (recalling 77,’, is the generic). Clearly. Ig; “v e 2% We

shall prove that it’s forced to be Cohen

(x) If pe @} and i =1 — 2 < nor,(suc,(p)) for every p € T,. then for every
n € 2%, for some p € T, Ig(p) = Ig(tr(p)) +m and if Ig(tr(p)) < i< tr(p) +m
then p! I-“v (i) = n(i).”

We prove it by induction on m. For m = 1, as |sucr,(tr(p)) \ suc,(tr(p))| <

Mfl (by clause (g) of Definition 2) and for every i € {0,1} we

have |gt i > == ” — 1, hence there are po, p1 € suc,(tr(p)) \ {p} such that
g,,(p>(p0) =0.24(, (pl) = 1 and by the definition of v, pl?ol I “y(tr(p) +1) =0

and plPil |- “y(tr(p) + 1) = 1.” Suppose that we proved the theorem for m. then

for some p € T, of length Ig(7r(p)) + m the conclusion holds. Now repeat the
argument of the first step of the induction for pl=*] to obtain p < p’ of length
lg(tr(p)) + m + 1 as required.

By (%), v is forced to lie in every open dense set, hence it’s Cohen. -

Although the following result will not be used in the rest of the article, it exhibits
a natural property of the forcings that is of independent interest.

Cram 20. If
A) then B) where

A) (a) pi € Q. fori < m.
tr(p;) = p fori < m.
If1 € {0, 1} then 2 < nor(p;) for every i < m.

(b)
(c)
(d) If 1 = 2 then 2 < nor(p;) for every i < m.
(e) Ig(p) <m. <m.
(f) Thereisp <n € Tysuch that iey < m, <m < u, (e.g.. it follows from the
assumption m < p, <= m, < l<y).
B) There is an equivalence relation E on {0,1,...,m — 1} with < m, equivalence
classes such that if i < m then {p; : j € (i/E)} has a common upper bound.

PrOOF. Lety € T’<!beasin clause (f). Let k, = lg(5) and define /4y, := [1{4, :
veTalgv) <k}, Tapx :={veTn:p<veTyig(v) =k} Recall that i, is the
size of sucy(v). hence | Ty,  «, | is the product of all 4, such that p < vand /g(v) < k.
which is < Ay, . For each i < m let p; € p; be of length k., then p; € T, ,«, by the
definition of T}, ,x, and the assumptions on p;. Define pi+ for i < m as follows: if
Ay < A, define p; 1= p;. Otherwise we let p;" € sucp, (p,)

Define the equivalence relation E := {(i.j) : p;" = p/}. Let j <m, for every

+
i € (j/E) define p! = pl[.p/]

for every i € (j/E). By the choice of 7,

(this is well defined. as p;" = p;), then #r(p;) = p;
< u,+ (by the
J

choice of p; and Definition 2).
By Claim 10, the set {p! :i € (j/E)} has a common upper bound, hence {p; :
i € (j/E)} has a common upper bound.
By the choice of p;", the number of E-equivalence classes is bounded by A,. As
<y < m,, we’re done. -
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14 HAIM HOROWITZ AND SAHARON SHELAH

§6. Not adding an unwanted real. A crucial step towards our final goal is to prove
that the only generic reals in finite length iterations of Q2 are the ;s. This will be used
later in order to show that w® \ {#, : ¢t € L} is null with respect to the relevant ideal.
We intend to strengthen this result dealing with arbitrary length iterations in [3].

REMARK. The claim below will be used in the proof of clause (c)( y) in Main
Conclusion 23. For the purposes of that proof, the reader should note that it’s not
necessary to construct a family of size u of pairwise far parameters (where “far” is
defined in clause (f) below). As will be seen in the proof of 23(c) (y), by naturally
restricting the relevant parameters to appropriate and sufficiently long nodes, we
obtain the far pairs needed for the argument.

Cramv 21. We have p. IFp “p is not (Q\, n)-generic over V"’ when:

1€{1,2} and .. < .
(Py. Qg : @ < a) is an FS iteration with limit P = P, .

)
)

o &

c) n, € N is special (note: n, is not a P,-name).
» yEa
d)lFe, “Qa = (@)
€) n € N is special.
f) For every a, m and n,, are far (i.e., m € Ty A1pa € Ty, — Ay K e or Aye L

/‘m) Moreover, for every o < o, for every llarge enough, for somem e{l! + 1}
we have:

IfpeTaliglp) =1 vi.v2€ Ty, , and lg(v1) <m < lIg(v,)) then Iy <K fhnp
and Ay < Mgy

g) p« ke “p € lim(Ty).”

ProoF. For 7 € T, define W,, :={w:w Csucy,(y) and i=1—Ig(n) <
nor,(w) and i =2 — 2 < nor,(w)}. For n < @ define A, = {n € T, : Ig(n) < n}.
so Ty = UA Define S, := {w : w = (wy : 1 € Ay ANwy € Way)}and S = YU Sn.

(S, <)isa tree with w levels such that each level is finite and lzm( )={w:w = (w,7

n€Ty)andw | A, € S, forevery n}. Forw € lim(S) let B; := {p € lim(T,) : for
every n large enough. p | (n+1) € w,,}. so By = L<J Bﬁ;,m where By, = {p €
m<w

lim(Ty) :if m < nthen p | (n+ 1) € wy;,}. We shall prove that
() IFqy “nh € Bg” for every w € lim(S). In fact, for every p € Q} there is a

stronger ¢ and m < w such that lim(q) C Bg .
Let p € Q.. we shall prove that for some p < g and m < w, ¢ IF 5}, € Bg . Let

v € T, such that /g(v) is large enough and let m = Ig(v ) Now g will be defined
by taking the subtree obtained from the intersection of T "I with ( U w/,) By the

co-bigness property, ¢ is a well defined condition, and obviously ¢ II— ;7“ € Bim-

By (x) it suffices to prove that for some w € lim(S). p. Wp “p € Bw.”
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SACCHARINITY WITH ccc 15
PRrROOF. Assume towards contradiction that p IF “p € By for every w € lim(S).”

so there is a sequence (pg : w € lim(S)) and a sequence (m(w) : w € lim(S)) such
that:

a) p« < pa-
b) pa Ik p € By i)

By increasing the conditions p; if necessary, we may assume WLOG that:

1. tr(ps(a)) is an object for every w and every a € Dom(pg).
2. Ifi1 = land @ € Dom(py). then pg | a Ibp, “v € pa(a) — nor,(Suc,_(o)(v))
> 2.7

If 1 =2 and « € Dom(pg). then for some m < Ig(tr(pz(@))), ps [ alFp, v €
pala) =1+ % < nor(suc,_ (o) (v)).

In order to prove (1)4(2), we shall prove by induction on 8 < a, that for every
p € Py thereis p < ¢ € Py satisfying (2) and forcing a value to the relevant trunks.

The induction step: assume that f = y + 1. As p(y) is a P,-name of a condition in

2. thereare p | y < p’ € P, and psuchthat p’ Ibp, 1r(p(y)) = p. As p' IFp, p(y) €
Q} and by the definition of Q7. there is p’ < p” and m < p,(,) such that p” IFp,
v e p(y) > 14+ L <nor(suc,,)(v)). Now choose m < my, so p” Irp, “there is
v € p(y) such that Ig(v) = m,.” Therefore there are p” < p* and v of length m
such that p* Ikp, “v € p(y) A(v <5 € p(y) = 1+ L < nor(suc,,)(n))).” By the
induction hypothesis, there is p* < ¢’ € P, satisfying (1)+(2). Now define ¢ :=
q' U (7. p(y)'<1), obviously ¢ is as required. The proof for Q| is similar.

Now we shall define a partition of /im(S) to Ry sets as follows:

Let Wy = {w € lim(S) : m(w) = m, Dom(pg) = u € [, ], p = (tr(pa(a)) :
a € u)}. Choose (m.. u,. p) such that W = W, .. 5. C lim(S) is not meagre. Let
i, € S such that W is comeager above #,. Let /() be such that i, € Si(x)-

Denote p* = (p} : @ € u.), let (o, : n < n(x)) list u, in increasing order and
let () = a,. Therefore. if @, <w € W then Dom(pg) = {a. ..., 1} and
tr(pa(on)) = pg, forevery n < n(x).

By our assumption, n is far from n,. As increasing u, is not going to change
the argument, we may assume that /(*) is large enough so L Ig(pr) < I(x) and

ifl<n(*).,veTwp€ T, and /g (i) < Ig(v), then Ay, < Hng,.p OF j’“ale/) < gy
Note that we don’t have to assume that /g (i) < lg(p): For every n < n(x), there is
m, as guaranteed by (/). with (n,,.lg(v), m,) here standing for (n,./, m) there. If
lg(p) < my,, then by taking an arbitrary v, of length > m,,. it follows from (/) that
gy p K Moy I my, < lg(p). then by taking an arbitrary v, of length < m,,, we get
Iy K Mg, .p-

Recalling ( /) (and by increasing i, if necessary), let (m, : n < n(x)) be a series
of natural numbers such that (n, n,,, . /(x), m,) satisfy that assumptions of () (with
(n,n,, . /(x), m,) here standing for (n.n,. . m) there).

Let A, = A1t \An={p € Tu:lgp)=m} and let S, = {w:w = (w, : 7 €
AY). forevery n € AS,, w, € Wy, }.

m>
Recalling that above i, W is nowhere meagre, for every v € Slo(*> there is w; €

W C lim(S) such that 2,77 < ;.
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Choose p,. U, by induction on n < n(*) such that:

Dn € Pq,.

If m < n then p,, < p, | ap.

Un C S},

If m < nthen U, C U,,.

If E is an equivalence relation on U, with <TI{|Th, m|:n <1< n(x)}

equivalence classes, then for some v, € U, N{ U wg, v €U /JE} =0.
PET, (%)

AR

6. If v € U, then pg, | o, < py.

Suppose we've carried the induction, then for every v € U, (). pa; = Piyy, w <
Pn(x)- hence by the choice of pa. pu) IF p € {Ba,m, : © € Uy }. Therefore it’s
enough to show that N{By, m, : U € U, } = 0. By its definition. By, ,n, = lim(T;)
where T; = {n € Ty : if m, <lIg(n) then n(m + 1) € wy, for every m, < m}.
Therefore, if we show that V{75 N Ty ()11 : © € Uy} = 0. then it will follow that
N{lim(T;) : © € U, } = 0. This follows from part (5) of the induction hypothesis.

as N{ Yoy, 0 € Uy, } = 0. This contradiction proves the claim.
Pe n./(x)

Carrying the induction: For n = 0. choose any p, € IP,, and let Uy = S})(*>. It’s
enough to show that U satisfies (5). Let E be an equivalence relation on Up
with m,, < H{|Tna(1),m,| : [ < n(*)} equivalence classes and denote H{|Tna<1)an| :
[ < n(x)} by m’. For every m < m... denote by Uy, the mth equivalence class
of E. Suppose towards contradiction that for every m < m,, there is some 7, in
ﬂ{L;w/, :w € U,y }. For every m there is p,, such that s, € sucr, (p,). Choose w =

(w, 1 p € Tyyy) by letting w, = sucr,(p) \ {#gm : m < Mo A py = p}. We shall
prove thatw € Up. It will then follow that w € Uj,, for some m, therefore#,, € Uw,.
P

contradicting the definition of w,. This proves that Uy is as required. In order
to prove that w € Up, note that for every p. |sucr,(p) \w,| < |{m: pn =p}| <
Moy <m' =TTy, m | 1< n(x)} < un,(the last inequality follows by (/) and
the choice of my;, recalling that the m; were chosen to satisfy the assumptions of (f)
and recalling the definition of the 4, ). Therefore, w € Uj.

Suppose now that n = k + 1 < n(x). Choose g € Po, such that p; < g, and
qi forces a value AL to {p € pg,(au) : Ig(p) = my} for every & € Uy. For every
pETog m letU,={0€U:ipe ALY If © € Uy, then g forces the value A%
to {p € pa, (o) : 1g(p) = mi}. hence Uy = U{Us, : p € Ty, }- WLOG Uy, are
pairwise disjoint. Now suppose towards contradiction that none of them satisfies
requirement (5) of the induction for k + 1, then each Uy , has a counterexample E,.
and the union %JE » 1s therefore an equivalence relation which is a counterexample

to Uy satisfying (5). Therefore, for some p. Uy , satisfies (5), so choose U, = Uy ,.
Define p, € Py, 1 C Py, as follows:
L. pu | = gx.
2. pn(ak) = ﬂ{pwﬂ(a’k)[pg] 1V E U,,}.
Now for every v € Uk, pa, | ax < pr < qx. hence gi Ibp, v € Pa; (o) = 1+

1< nor(sucp%(ak)(v)). We shall prove that gy IFp,, pula) € Q2. As. |U,| <
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5 L 0
|85, < 2V M) <y (with the Tast inequality following from (f) and
the choice of the m1;’s), the assumptions of Claim 10 hold, the conclusion follows by
the proof of Claim 10. A similar argument (using the first part of Claim 10) proves
the claim for the case of Q.
So p, obviously satisfies requirements 1, 2, and 6. -

§7. Main measurability claim. We’re now ready to prove the main result. We
shall first prove that Cohen forcing (hence Q) turns the ground model set of reals
into a null set with respect to our ideal. We will then prove the main result by
using a Solovay-type argument. Below, by “Cohen forcing” we refer to finite binary
sequences ordered by extension, or equivalently, any countable atomless forcing.

Cram 22. For1 € {0,1,1,2} we have IFcopen “there is a Borel set B C lim(Ty,)
such that lim(T,,)" C B and B is (Q, .nh )-null” (where by “(Q}_.nh, )-null” we

~

mean that for every p there is a stronger q with lim(q) N B = ().

ProOOE. Let Q be the set of finite functions with domain {5 € Ty, : lg(n) < k}
for some k < w such that f(p) € sucr, (p). (Q.C) is countable and for every
q € Qthereare g < g1, g» € Q which are incompatible, hence is equivalent to Cohen
forcing. Let f := ggGg. For f € S ={sucr, (p): p € Ty, } define B, :={n €

lim(T,,) : for infinitely many n we have # | (n +1) = f(5,)}. For every n <
let By, ={n clim(Ty,):n | (m+1)# f(p)ifn <mandn <lg(p)}. Clearly, I-
“fes” B‘}» = U By, and obviously each B/, is Borel, hence B is Borel. For

n<w

every nn € Ty, let w, = sucr, (n) \ {f(7)}. Asin Claim 21, -y “n;,, € Bg” for w

~

and B; as in that proof. HencelFq;, “ny,, & By.” so By is (Q;, . 77, )-null. Let G € Q
be generic and let g = f[G]. so B, is a (Q}, .74, )-null Borel set in V' [G]. We shall

prove that V[G] | lim(T,,)" C B,. Let 57 € lim(T,,)" and m < w. it’s enough to
show thatin V, I-qg “forsomem <k and p € T,. f(p) =5 | (k+1).” Let p € Q.

we can extend p to a function p < ¢ with domain {n € T,, : lg(n) < k} for some
m < k. Now let ¢ < s be an extension of ¢ with domain { € Ty, : lg(n) < k} such
that s(y [ k) =# | (k +1). Obviously, s forces the required conclusion, so we’re
done. -

Main conclusion 23: Let i € {1,2}. Let V' |= CH and suppose N; < u = uo,
Let L be a linear order of cardinality u that is homogeneous, i.e., that any two
nonempty open intervals are isomorphic (for an example of such a linear order, see,
e.g.. Section 4 in [7]).> Suppose that q is as in 13(A) such that Ly = L and m, = m
for every 1 € Ly is a (constant) definition of the forcing Q. then:

2Note that such an order L is dense with no endpoints, and that if — co = s(l) < s{ << sfH <
s =00 (1 =0,1), then there is an automorphism = of L such that n(s}c)) = s]i. In addition, if s,? = s]‘l,

and s0 | = s}, . then 7z can be the identity on (s, s{ ).
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18 HAIM HOROWITZ AND SAHARON SHELAH

a) Pg is a c.c.c. forcing notion of cardinality u.
b) kg, “Mo =y
¢) Let G C Py be generic over V and let 7, = ,[G] for t € Ly. In V[G] we have

the sets X := {y, : 1 € Ly} and <y:= {(15.%,) : s <g, t}. Note that these sets
are definable over V: 5 € X iff it satisfies “n is (Qi. #)-generic over V.” and

~

(n5.m,) €<y iff they satisfy “ny is not (Qi, n)-generic over V[y,].” Now let

V[X "] be the collection of sets hereditarily definable from elements of V
and finite sequences of members of X := X U {X,<y}.s0 X,<y€ V[X ']’
Similarly, for Z C X, let Z* := ZU{X, <x}. Note that, in V[G], if y C
H(Rg) then y € V[XT]iff y € V[Z*] for some finite Z C X.

(@) VIX*] |= ZF 4+ —ACy, and lim(T,) "1 = Uflim(T,) W€l -y C Ly is
finite }.

(B) (Qi.N,)-measurability holds in V[X*]: Every 4 C lim(T,) ¥ is Igi -
measurable.

(y) VIXT1E “{n: : t € Ly} = lim(Ty) mod Igi x,

(6) In V[X ], if J C Lqis a proper initial segment then {n; : 1 € J} € Iy -

(¢) In V[X ], the ideal I, [N is non-trivial.

©)

{) N is not collapsed, there is an wp-sequence of different reals, and if V' = L

(here L is the constructible universe) then RF = NlV .

ProoF. Clause a) By the definition of Pq and claim 17, so |Py| < Z{|Pqs|:J C L
is finite } < 2% 4+ |L|<®0 = 2% + y = 4.

Clause b) By a) we have IFp, “2%0 < u.” and as |L| = u we have IFp, “u = |L| <
[{n: : t € L}| < 2%0.” Together we’re done.

Clause ¢) (o) By the definitions of V'[X *]and Py. In particular, =4 Cy,. as we can
use (A4, : n < w) where 4, := H{my 1< n} ity <p - <g tp1}. As V[XT]is really
just HOD(V U X<?)in V[G]. V[X '] |E ZF follows by the standard arguments in
the literature.

Clause c) () Let A € V[XT] be a subset of lim(Ty,). A is definable in V[G]
by a first order formula ¢(x.a.c) such that ¢ € V and a = (n;.....7;, ) is
a finite sequence from X. Let J = {s € Lq:s < for some /}. For s € L\ J
let Ly ={t;:1<n}U{s}, then L; € Ly hence by 14 we have Py <P . Let
Ty = TV (¢(ns.a.c)). so Ty is a Pz -name and actually a P -name.

Let (ps; : i < w) be a maximal antichain in P, and let W, C o such that Ps,i IF
T = true if and only if i € Wj. Define the Py, .;,,}-name U ={i<w:ps{t:

l< n} e Gﬂ»{t l<n}}

If GOQP{,ZK,,} is generic over V and U = U[Gy], then in V]G],

(lim(pys.i(s)[Go]) : i € U) are pairwise disjoint: by Claim 7, if p,q € Q, are
incompatible and 7 € lim(p), then 5 ¢ lim(q) (otherwise, WLOG Ig(1r(p)) <

3The addition of X, <y was done only for the sake of clarity. We could have worked instead in V' [X],
i.e., the collection of sets hereditarily definable from finite sequences of members of X.
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lg(tr(q)). and both tr(p) and tr(q) are initial segments of #, hence tr(p) <
tr(q) € T, which is a contradiction by Claim 7). Hence it’s enough to show that
((ps.i(s)[Go]) : i € U) is an antichain in V[Gp]. Assume towards contradiction
that for some i # j € U there is a common upper bound ¢ for p,;(s)[Go]
and py;(s)[Go]. Therefore there is a Py, ., c,y-name ¢ and r € Gy such that

r H_[pr{tl:kn} “psi(s). ps;(s) < q.” Since i, j € U, we have pg; [ {t;:1<n}, ps; |

{t; : 1 < n} € Gy, and as G is directed, there is a common upper bound r; € G, for
psi 1 {tr:1<n}. ps; 1 {t; :1<n}and r. Now let r* :=r; U{(s.q)} € Pr,. then

obviously r* is a common upper bound (in Pz ) for p,; and p, ;. which contradicts
our assumption.

Moreover, (py;(s)[Go] : i € U) is a maximal antichain: If ¢ € Q! VG0 is incom-
patible with p;;(s)[Go] for every i € U, then as before, there are r € Gy and a
Pt/ <ny-name g such that r forces that ¢ is incompatible with ps.i(s) for every

i € U. As before we can get a member of P that is incompatible with (py; : i < w),
contradicting its maximality. Hence (py;(s)[Go] : i € U) is a maximal antichain in
V[Gol.

If 51,80 € Lq \ J. by the homogeneity assumption, there is an automorphism / of
Lgq over J such that f(s;) = s,. Therefore the natural map induced by / is mapping

a to itself and #, to #,,. Hence T, is mapped to T,. As (f(p.yl,,») (i< w)and Wy,

~

have the same properties (with respect to T,) as (py,; : i < ) and W,,, we may

assume WLOG that W,, = W,, (denote it by W) and F( Psyi) = Dsyi-
Therefore, if Go € Py;,.1<n} is generic and i € U[Gy]. then there is p; € (Q}) "¢

and W such that forevery s € L\ J, p;,(s)[Go] = p; and Wy = W (and W can be
found in the ground model).

Work now in V[Go]: Let B := U{lim(p;) : i € W N U}, so Bisa Borel set and we
shall prove that 4 = B modulo the ideal: by clauses (¢)(y) + (¢)(5) proved below,
it’s enough to show that if s € Lq \ J., then 7, ¢ AAB (note that, by its definition.
J € Vand hence J € V[XT]).

Let s € Lg\J and i € U, then p,; € P; /Gy and by the choice of p;;.
Ds.i ”_]pLS/GO “¢(ys.a.c)iff Ty = true iff i € W.” In other words, in V[Gp] we have

~

pi kg “@(ns.a.c) iff i € W.” Since (p; :i € U) is a maximal antichain, every

G C Q2 generic over V[Go] must contain exactly one of the p;, hence in V[G] :
i “¢(ns.a.c) iff i € W for the p; such that p; € G.” Now py;(s) = p; € G iff

ns € lim(T,_.()) = lim(T,). hence we got I “@(ns,a,c)iffi € W whereiis such
that 57, € lim(T),).” Therefore IFq: “n, € Aiffy, € B.”

Clause ¢) (p) If p € lim(T,)"W I\ {n, : 1 € Ly} (recall that V'[X ] was defined
in the formulation of clause (c) of the claim), then p € lim(T,)" n€utiX <y}l
for some finite . By Claim 21, p is not (Q. #,)-generic over V. Therefore, by the

definition of [ P IFy “lim(Ta) \ {n: : t € Lq} € Iy y,.” This is due to the fact
n, 1 ~ n:
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that being (Q¢, 7)-generic over ¥ means avoiding every Borel (Qi, 7)-null set from

V,andas V | E’H , there are N;-many such sets. Why can we use Claim 21? Assume
that in Claim 21 «, is finite, assumptions (a)- (e) and (g) hold and (f) is replaced
by (7) where:

(h) p« IFp p ¢ {77a ta <ot
There is a cond1t1on P« < pix and a natural number k such that p,. IFp p [k ¢

{Na 1 k:a <o} and p,. forces values to p | k and 7, | k (@ < ), which will

be denoted by p. and 5} (o < o). In addition, we shall choose k to be sufficiently
large.

Forne Nand € T, let n"=! be the natural restriction of n to T,E” <l Now let
n, = n”*=! and n = n£73 =1 By the choice of k, n, and nj;a are far, moreover, they
satisfy assumption f of Claim 21, and by iterating Q! instead, we get the desired
conclusion. ¢

Clause ¢) () By Claim 19, each Qy,, adds a Cohen real, hence the set of previous
generics is included in a null Borel set by Claim 22. More precisely: For ¢ € L,
let V5, :=V[GNPr_] and let V;, be the class of elements from V5, that are
hereditarily definable in V' [G] from elements of V, finite sequences form {7, : s < ¢}
and {5, : s < t}. As {ny : s <t} C lim(T,)"+, it suffices to show that the Cohen
real v, added by Q, is Cohen over V. As v, is Cohen over V'F/ for every finitie

J C L,. it suffices to show that every nowhere dense tree 7 € V;, belongs to V'F/
for some finite J C L, (and so v; € lim(T)). Suppose then that A = A[G] € V|,

is a real, so there are 7y < 1] < --- < t,.1 < ¢, a formula ¢ and some a € V such
that A4 is definable in V'[G] using ¢(x. a.y. ... 7, ). We claim that 4 € V7 for
some finite J C Lo,. As A€ V[GNP,_]and P;_, <Py, 4 is a P;_,-name and

A = A[G,], where G; = GNP_,. Let p € G, force the above facts, and WLOG
{to,....ts1} € Dom(p). Now if ¢ € P;_, is above p and forces “i € A,” then this is

also forced by ¢ | Dom(p). In order to prove this fact, note that we can find for every
n < w an automorphism 7, of L, such that n, is the identity over Dom(p) and
such that the sets 7, (Dom(q) \ Dom(p)) are pairwise disjoint. Letting ¢, := 7,(q).
each ¢, forces “i € A.” It follows that this is forced by ¢ | Dom(p) as well: Suppose

not, then there is some ¢’ above ¢ [ Dom(p) forcing “i ¢ A.” But then there is

some n < w such that (Dom(n,(q)) \ Dom(p)) N Dom(q’) = 0. 1t follows that ¢’
and 7, (q) are compatible, a contradiction. Therefore, ¢ | Dom(p) forces “i € A ”?

The proof for the case of “i ¢ A” is similar. It follows that 4 e y Epom(p) _as required.
Clause ¢) (¢) We shall prove that in VXL X ={n :t €L} ¢ Iy, andso the
ideal is non-trivial. Solet Z = (Z, : & < w;) € V[X*] be a sequence of ( ) null

setsandlet Z = U Z,, it suffices to show that#, ¢ Z for every large enough telL.

a<wm)

Let p, € G force the above-mentioned facts about Z and let (#; : / < n) € L" be an

increasing sequence containing Dom(p,) and all ¢ € L relevant for Z. Let t € L

Downloaded from https://www.cambridge.org/core. The Hebrew University of Jerusalem, on 10 Jun 2026 at 13:02:04, subject to the Cambridge Core terms of use,
available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/js1.2026.10215


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jsl.2026.10215
https://www.cambridge.org/core

Sh:1067

SACCHARINITY WITH ccc 21
such that 7, | < ¢, we shall prove that 7, ¢ Z. Let a < w; and suppose that ¢ is a

P{s,:1<k}-name for a member of (Qi) Vs 1<k] with (s; : I < k) € (L<,)*. Then there
are p’ € Py above p, and ¢»" such that ¢, is a P{sj:1<my-name, p' forces “q; < ¢,

and lim(q}y) N Z, =07 and WLOG {t..... 1,1} € {s0. ... Sk1} C {80+ ... 8, 1 }-

There is an automorphism 7z of L that is the identity over {so....,s;_1} such
that z({s{..... s, ;}) € L. so we may assume WLOG that {s{.....s) |} C L. It
follows that #, ¢ Z,. and therefore, 5, ¢ Z.

Clause ¢) ({) V | AC, therefore there is an w;-sequence of distinct reals in V.
Py = ccc. therefore X, is not collapsed. and that sequence is as required in V' [X ]

aswell. If V' = L, then NIL = NIV[XH follows from ccc. =

§8. An Application to IT! singletons. We conclude the article with an easy
application of Q2 that is of independent interest. By a classical result of Jensen [4].
there exists a forcing P € L that adds a H; singleton over L. Jensen’s construction
relies heavily on structural properties of L such as diamond. Thanks to the explicit
definability of Q2 and its property of adding a unique generic real, we are able to get
a I} singleton over L almost “for free.” As we saw, the existence and the relevant
properties of Q2 are already established in ZFC, and the only extra assumption
needed for our new construction of a H% singleton is that the ground model reals are
constructible. Our construction easily generalizes to other models of set theory, in
which case if the ground model reals are X} then the new singleton will be IT}. Below
we shall only deal with lightface definitions, so X} will always mean “lightface £..”

Throughout the rest of this section, fix a computable n € N (e.g., the one from
Observation 4A).

Cramvm 24. Let Q = Q2 and let G C Q be generic over V. Suppose that (w®)" is
lightface X definable in V[G), then letting n be the canonical generic real added by
Q. the singleton {n} is a lightface T1} singleton.

PrROOF. 7 is Q-generic over V iff

(*) For every maximal antichain I C Q from V, there exists p € I such that
n € lim(p).

As “I is a maximal antichain in Q” is a lightface Borel statement by Claim 11,
and as (w®)" is lightface X! in V[G]. it follows that (*) is a lightface IT} statement
in V[G]. By the uniqueness of the generic real (Claim 21), (*) defines a IT} singleton
in V[G]. .

The assumptions of Claim 24 hold in L for n = 2. By the following result of Steel,
canonical inner models for Woodin cardinals satisfy the assumptions for n > 2.

THEOREM 25. Let Q be a Borel ccc forcing. Let n > 2 and let M,, 5 be the least
inner model with n —2 Woodin cardinals, then (w®)Mn-2 is lightface X\ -definable in
MY

Proor. See the proof of Theorem 3.4 in [20]. -
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By Shoenfield’s absoluteness theorem, the minimal possible complexity of a
nonconstructible singleton is H;. In order to obtain a similar optimality result
over M,,_», we shall use the following absoluteness result due to Woodin.

THEOREM 26. Let Q be a Borel ccc forcing. Let n > 2 and let M,,_, be as in the
previous theorem, then for every X} formula ¢(x) and a € (w®)Mn2, M, 5 = ¢(a)
iff My} = ¢(a).

PrOOFR. See, e.g., Section 4 in [20] or Lemma 1.17 in [11]. -

Putting everything together we get the main result of this section.

THeOREM 27. Let Q = Q2.

a. Suppose that V' | ZFC+ “all reals are constructible,” then Q adds a H;
singleton over V. In particular, Q adds a new H% singleton over L and over any
forcing extension of L not adding new reals.

b. Let n > 2 and let M,,_, be the least inner model with n — 2 Woodin cardinals,
then Q adds a new I1} singleton over M,, 5.

c. Clause (b) is optimal in the following sense: If P € M, is a Borel ccc forcing,
then P doesn’t add a new Z}, singleton over M,,_;.

Proor. Clauses (a) and (b) follow from Claim 24, with clause (a) using the fact
that RN L is Z; definable and clause (b) using Theorem 25. Clause (c) follows from
Theorem 26 (note that if ¢(x) was a £} formula witnessing otherwise, then Ix¢(x)
is 2} and holds in M,, , by Theorem 26, leading to a contradiction). -

§9. Open questions. Asour model doesn’t satisfy 4 Cy,, it’s natural to ask whether
we can improve the result getting a model of ACy, or even DC. Hopefully in [3] it
will be shown that assuming the existence of a measurable cardinal, we can get a
model of DC(R;). This leads to the following question.

PROBLEM 1. Can we improve the current result and get a model of DC without large
cardinals?

A very recent work in preparation [17] answers this question in the affirmative.

As the current result gives measurability with respect to the ideal Iy, , it’s natural
to ask the following question.

PrOBLEM 2. Can we get a similar result for the ideal Iy x,?
This problem will be addressed in [2].
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