
FROM SHELAH’S BLOCK-CONTENT TO HALES–JEWETT

MOHAMMAD GOLSHANI, MOSTAFA MIRABI, AND SAHARON SHELAH

Abstract. We study the quantitative relationship between the Hales–Jewett num-
bers and Shelah’s block-content canonization functions. Block-content canonization
yields a block subspace on which the color of a word is determined solely by the
multiplicities of the alphabet letters among the variable blocks. We show that this
canonical information, combined with the multidimensional Gallai–Witt theorem,
suffices to produce a monochromatic Hales–Jewett subspace. The argument passes
to the space of content vectors, finds a monochromatic homothetic copy of a fi-
nite content simplex, and lifts it through the canonical block subspace. Combined
with the elementary fact that Hales–Jewett bounds block canonization, this gives
a two-way quantitative comparison up to an explicit change of parameters. The
underlying mechanism may be summarized by the slogan

Hales–Jewett = block canonization + Gallai–Witt.
We also prove the corresponding equal-block result and show, by an explicit coloring
over every finite field of odd prime order, that the analogous singleton-coordinate
canonization principle fails as soon as two coordinates remain live.

1. Introduction

The Hales–Jewett theorem is a central result of finite Ramsey theory. It asserts
that, for every finite alphabet and every finite coloring, a sufficiently high-dimensional
combinatorial cube contains a monochromatic combinatorial subspace [2]. For a finite
alphabet Λ and a finite color set C, we write HJC(n,Λ) for the least dimension that
guarantees a monochromatic n-dimensional subspace.

Shelah introduced a family of finite partition functions designed to isolate inter-
mediate Ramsey and canonization phenomena [7, 8]. In this paper we study the
block-content functions f8,∗ and f9,∗. Informally, f8,∗Λ (m,C) is the least dimension
in which every C-coloring admits a block subspace with m variable blocks such that
the induced color is invariant under permutations of those blocks. Equivalently, the
color depends only on the content vector

contΛ(η) =
〈
|η−1{α}| : α ∈ Λ

〉
.

This conclusion is weaker than monochromaticity: different content vectors may still
receive different colors. Our main result shows that a homothetic Ramsey argument
in the space of content vectors removes this remaining dependence.
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Let

∆h(M) =

{
x⃗ ∈ Nh :

∑
e<h

xe ≤ M

}
.

The points of ∆h(M) may be viewed as the multiplicity vectors of words of length
M over an alphabet of size h + 1, with the last multiplicity determined by the first
h. Let SC(h, n) denote the least M such that every coloring of ∆h(M) contains a
monochromatic homothetic copy of ∆h(n). The main comparison is

(1) HJC(n,Λ) ≤ f
8,∗
Λ

(
SC(|Λ| − 1, n),C

)
, |Λ| > 1.

The multiset parameter is controlled by the multidimensional Gallai–Witt number:

(2) SC(h, n) ≤ h
(
WCC(h, n)− 1

)
.

Combining (1) and (2) gives

(3) HJC(n,Λ) ≤ f
8,∗
Λ

(
(|Λ| − 1)

(
WCC(|Λ| − 1, n)− 1

)
,C

)
.

The proof has three steps. First, f8,∗ passes from an arbitrary coloring to one that
depends only on block content. Second, the resulting coloring is regarded as a coloring
of the simplex ∆|Λ|−1(M). Third, a monochromatic homothetic copy of ∆|Λ|−1(n)
is lifted through the original block embedding to a monochromatic n-dimensional
combinatorial subspace. The appearance of |Λ| − 1 rather than |Λ| is intrinsic: once
the total number of variable blocks is fixed, the multiplicity of the final letter is
determined by the others.

The comparison also has a reverse direction at the same parameter. A monochro-
matic m-dimensional subspace is automatically block-content canonical, and hence

f
8,∗
Λ (m,C) ≤ HJC(m,Λ).

Thus f8,∗ and the Hales–Jewett numbers bound one another: the same-parameter in-
equality goes from Hales–Jewett to canonization, while the converse uses the content-
simplex parameter, which is explicitly controlled by Gallai–Witt through (3). We
establish the parallel result for equal-size variable blocks:

HJ=C (n,Λ) ≤ f
9,∗
Λ

(
SC(|Λ| − 1, n),C

)
.

The use of blocks is essential. We introduce the natural singleton-coordinate ana-
logue of block-content canonization and exhibit, for every odd prime p, a coloring of
FM
p that has no singleton-content-canonical set of size two. In particular, the block

structure in f8,∗ is not merely a convenient reformulation; it is precisely what makes
the comparison with Hales–Jewett possible.

The paper is organized as follows. In Section 2 we fix notation, define the rele-
vant Ramsey numbers, and collect elementary comparisons. In Section 3 we refor-
mulate block canonization in terms of content and prove the singleton-coordinate
obstruction. The main estimates are proved in Section 4, and their consequences are
summarized in Section 5.

2. Preliminaries

Throughout, i, j, k, ℓ,m, n denote natural numbers, and positive means nonzero.
We identify each natural number n with the ordered set {0, . . . , n−1}. The alphabet
Λ and the color set C are always finite and nonempty.
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FROM BLOCK-CONTENT TO HALES–JEWETT 3

All Ramsey numbers below are understood as least integers satisfying the stated
property, when such integers exist. An inequality between two such numbers means
that whenever the right-hand side exists, so does the left-hand side, and the left-hand
side is no larger. Equivalently, the inequalities may be read in the extended natural
numbers, with a nonexistent value interpreted as +∞.

2.1. Combinatorial subspaces and Hales–Jewett numbers. If M is a finite
linear order, let

UM,Λ = {η : M → Λ}.

When M = n with its usual order, we write Un,Λ.

Definition 2.1. Let B0, . . . , Bm−1 ⊆ M be pairwise disjoint nonempty sets, and let

ρ : M \
⋃
i<m

Bi −→ Λ.

The associated m-dimensional block subspace is

S(⟨Bi : i < m⟩, ρ) = {ν ∈ UM,Λ : ν ⊇ ρ and ν ↾ Bi is constant for every i < m} .

Its block embedding is the map

Φ⟨Bi:i<m⟩,ρ : Um,Λ −→ UM,Λ

defined by

Φ⟨Bi:i<m⟩,ρ(η)(a) =

η(i), a ∈ Bi,

ρ(a), a /∈
⋃
i<m

Bi.

The block subspace is exactly the image of this embedding. When m = 1, it is called
a combinatorial line.

For η ∈ Um,Λ, define its content by

contΛ(η) =
〈
|η−1{α}| : α ∈ Λ

〉
.

Definition 2.2. For a positive integer m, HJC(m,Λ) is the least k, if it exists, such
that for every finite linear order M of size k and every coloring

d : UM,Λ −→ C,

there is a d-monochromatic m-dimensional block subspace of UM,Λ.

Definition 2.3. For a positive integer m, HJ=C (m,Λ) is the least k, if it exists, such
that every coloring of UM,Λ, with |M | = k, has a monochromatic m-dimensional block
subspace

S(⟨Bi : i < m⟩, ρ)

whose variable blocks all have the same size.

The Hales–Jewett theorem [2] states that HJC(m,Λ) is finite. Shelah’s proof gives
primitive recursive upper bounds [6]; see also the expositions in [4, 3].
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2.2. Gallai–Witt numbers and content simplices.

Definition 2.4. Let h and m be positive integers. The number WCC(h,m) is the
least N , if it exists, such that every coloring

d : Uh,N −→ C

admits d > 0 and a0, . . . , ah−1 < N satisfying

ae + dm < N (e < h)

and such that d is constant on the grid

{⟨ae + die : e < h⟩ : i0, . . . , ih−1 ≤ m} .

The finiteness of WCC(h,m) is the multidimensional Gallai–Witt theorem [5, 10, 1].
For h = 1, it is van der Waerden’s theorem [9].

For h,M ∈ N, set

∆h(M) =

{
x⃗ ∈ Nh :

∑
e<h

xe ≤ M

}
.

We regard ∆h(M) as the set of multiplicity vectors of words of length M over h +
1 symbols: the first h coordinates record the first h multiplicities, while the final
multiplicity is determined by their sum.

Definition 2.5. Let SC(h, n) be the least M , if it exists, such that every coloring

c : ∆h(M) −→ C

contains a monochromatic homothetic copy of ∆h(n), that is, a set

a⃗+ d∆h(n) = {a⃗+ dy⃗ : y⃗ ∈ ∆h(n)}

for some d > 0 and some a⃗ ∈ Nh.

Proposition 2.6. For all positive integers h, n,

SC(h, n) ≤ h
(
WCC(h, n)− 1

)
.

Proof. Let N = WCC(h, n) and put M = h(N − 1). Given a coloring

c : ∆h(M) −→ C,

restrict it to the cube {0, . . . , N−1}h, which is contained in ∆h(M). By the definition
of WCC(h, n), there are d > 0 and a0, . . . , ah−1 < N such that ae + dn < N for every
e < h and c is constant on

{⟨ae + die : e < h⟩ : i0, . . . , ih−1 ≤ n} .

Since ∆h(n) ⊆ {0, . . . , n}h, the homothetic copy

a⃗+ d∆h(n)

is contained in this monochromatic grid. Hence it is monochromatic. □
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FROM BLOCK-CONTENT TO HALES–JEWETT 5

2.3. Shelah’s block partition functions. We now recall the four partition func-
tions used in the paper. The balanced functions f8 and f9 require |Λ| to divide the
number of variable blocks; the canonization functions f8,∗ and f9,∗ are defined for
every positive number of variable blocks.

Definition 2.7. Assume that m is positive and that |Λ| divides m. The number
f9Λ(m,C) is the least k, if it exists, such that for every finite linear order M of size
k and every coloring d : UM,Λ → C, there are pairwise disjoint nonempty blocks
Bi ⊆ M , i < m, and a map

ρ : M \
⋃
i<m

Bi −→ Λ

such that:
(1) |Bi| = |Bj| for all i, j < m;
(2) d is constant on the set of all ν ∈ S(⟨Bi : i < m⟩, ρ) satisfying∣∣{i < m : ν ↾ Bi ≡ α}

∣∣ = m

|Λ|
for every α ∈ Λ.

The function f8Λ(m,C) is defined in the same way, but without the equal-size require-
ment in item (1).

Definition 2.8. Let m be positive. The number f9,∗Λ (m,C) is the least k, if it exists,
such that for every finite linear order M of size k and every coloring d : UM,Λ → C,
there are pairwise disjoint nonempty blocks Bi ⊆ M , i < m, and a map

ρ : M \
⋃
i<m

Bi −→ Λ

such that:
(1) |Bi| = |Bj| for all i, j < m;
(2) whenever ν1, ν2 ∈ S(⟨Bi : i < m⟩, ρ) satisfy∣∣{i < m : ν1 ↾ Bi ≡ α}

∣∣ = ∣∣{i < m : ν2 ↾ Bi ≡ α}
∣∣

for every α ∈ Λ, then d(ν1) = d(ν2).
The function f

8,∗
Λ (m,C) is defined in the same way, but without the equal-size re-

quirement in item (1).

Lemma 2.9. For fixed finite Λ and C, each of the functions

m 7−→ HJC(m,Λ), m 7−→ HJ=C (m,Λ),

m 7−→ f
8,∗
Λ (m,C), m 7−→ f

9,∗
Λ (m,C)

is nondecreasing.

Proof. Let m′ ≤ m. From an m-dimensional witness, retain any m′ variable blocks
and freeze the remaining blocks. This gives the required m′-dimensional witness. For
the canonization functions, two assignments with the same content on the retained
blocks have the same full content after the discarded blocks are frozen. The equal-
block property is preserved when blocks are discarded. □

Lemma 2.10. The following pointwise inequalities hold whenever the quantities in-
volved are defined:

(1) f8Λ(m,C) ≤ f9Λ(m,C);
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(2) f
8,∗
Λ (m,C) ≤ f

9,∗
Λ (m,C);

(3) fℓΛ(m,C) ≤ f
ℓ,∗
Λ (m,C) for ℓ ∈ {8, 9}, whenever |Λ| divides m;

(4) f
8,∗
Λ (m,C) ≤ HJC(m,Λ);

(5) f
9,∗
Λ (m,C) ≤ HJ=C (m,Λ).

Proof. The first two inequalities follow by dropping the equal-size requirement on
the variable blocks. For item (3), content canonization implies monochromaticity on
the balanced part of the subspace, because all balanced words have the same content
vector. Items (4) and (5) follow because a monochromatic subspace, respectively a
monochromatic equal-block subspace, satisfies the corresponding canonization con-
dition. □

Lemma 2.11. For every positive integer m,

HJ=C (m,Λ) ≤ m · HJC(1,Λm).

Consequently,
f
9,∗
Λ (m,C) ≤ m · HJC(1,Λm),

where Λm is regarded as a finite alphabet.

Proof. Let Γ = Λm and N = HJC(1,Γ). Up to order isomorphism, it is enough to work
with the lexicographically ordered set M = N ×m. Given a coloring d : UM,Λ → C,
define

F : UN,Γ −→ UM,Λ

by
F (η)(i, ℓ) = η(i)(ℓ).

Set e(η) = d(F (η)). By the definition of N , there are a nonempty set I ⊆ N and a
map ρ : N \ I → Γ such that e is constant on the corresponding combinatorial line
in UN,Γ.

For each ℓ < m, put
Bℓ = I × {ℓ}.

Define ϱ : M \
⋃

ℓ<mBℓ → Λ by

ϱ(i, ℓ) = ρ(i)(ℓ) (i ∈ N \ I, ℓ < m).

The blocks B0, . . . , Bm−1 are nonempty and have equal size, and

S(⟨Bℓ : ℓ < m⟩, ϱ)

is the image under F of the monochromatic line. It is therefore d-monochromatic.
The second inequality follows from Lemma 2.10. □

3. Canonization

We first restate the defining property of f8,∗ in a form suited to the proof of the
main theorem.

Let Em be the equivalence relation on Um,Λ induced by the full symmetric group
on m:

η1Emη2 ⇐⇒ ∃π ∈ Sym(m)
(
η2 = η1 ◦ π

)
.

Equivalently,
η1Emη2 ⇐⇒ contΛ(η1) = contΛ(η2).
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Proposition 3.1. Let m be positive and k = f
8,∗
Λ (m,C). For every finite linear order

M of size k and every coloring d : UM,Λ → C, there are pairwise disjoint nonempty
blocks Bi ⊆ M , i < m, and a map

ρ : M \
⋃
i<m

Bi −→ Λ

such that the induced coloring

D : Um,Λ −→ C, D(η) = d
(
Φ⟨Bi:i<m⟩,ρ(η)

)
,

is invariant under Em. Equivalently, D depends only on the content of η.

Proof. This is the defining property of f8,∗Λ (m,C) written on the standard cube Um,Λ.
Two words in Um,Λ have the same content exactly when the corresponding points of
the block subspace assign each letter to the same number of variable blocks. □

3.1. Failure of singleton-coordinate canonization. The block formulation in
f8,∗ is essential rather than notational. Consider the following natural singleton-
coordinate analogue.

Definition 3.2. Let f13,singΛ (m,C) be the least k, if it exists, such that for every finite
linear order M of size k and every coloring d : UM,Λ → C, there are a set A ⊆ M of
size m and a map ρ : M \ A → Λ such that, for all η1, η2 ∈ UA,Λ,

contΛ(η1) = contΛ(η2) =⇒ d(η1 ∪ ρ) = d(η2 ∪ ρ).

Thus f13,sing asks for content canonization on a set of singleton coordinates rather
than on a family of variable blocks.

Counterexample 3.3. Let p be an odd prime. Then, for every m ≥ 2,

f
13,sing
Fp

(m,Fp) = ∞.

Proof. For every finite linear order M , define a coloring

d : UM,Fp −→ Fp

by
d(η) =

∑
a<M b

η(a)η(b)2.

We show that no set of at least two live coordinates can be singleton-content canon-
ical.

Suppose that a set A of at least two live coordinates and an outside word ρ :
M \ A → Fp witness singleton-content canonization. Choose u < v in A and set
every coordinate in A \ {u, v} equal to 0. The resulting two-variable coloring has the
form

D(x, y) = xy2 + P (x) +Q(y) + c,

where P,Q : Fp → Fp and c ∈ Fp. Since the assignments (x, y) and (y, x) have the
same content, canonization gives

D(x, y) = D(y, x)

for all x, y ∈ Fp. Hence

xy2 − yx2 = P (y)− P (x) +Q(x)−Q(y).

Setting x = 0 yields
Q(y)−Q(0) = P (y)− P (0)
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for every y ∈ Fp, so P −Q is constant. The right-hand side of the preceding identity
is therefore always 0, and consequently

xy2 − yx2 = 0

for all x, y ∈ Fp. Taking x = 1 and y = 2 gives 2 = 0 in Fp, a contradiction because
p is odd. Thus no singleton-content-canonical live set of size at least two exists. □

Remark 3.4. The obstruction explains why the block version is the appropriate object
for comparison with Hales–Jewett. Hales–Jewett variables are represented by blocks
of coordinates, exactly the setting of f8,∗ used in Theorem 4.1.

4. The main bounds

We now combine block-content canonization with the content-simplex form of the
Gallai–Witt theorem.

Theorem 4.1. Let Λ be a finite alphabet with |Λ| > 1, let C be a finite color set, and
let n be positive. Then

HJC(n,Λ) ≤ f
8,∗
Λ

(
SC(|Λ| − 1, n),C

)
.

Consequently,

HJC(n,Λ) ≤ f
8,∗
Λ

(
(|Λ| − 1)

(
WCC(|Λ| − 1, n)− 1

)
,C

)
.

Proof. Let r = |Λ| and enumerate

Λ = {α0, . . . , αr−1}.
Put

M0 = SC(r − 1, n) and K = f
8,∗
Λ (M0,C).

Let M be a finite linear order of size K, and let

c : UM,Λ −→ C

be a coloring. By Proposition 3.1, there are pairwise disjoint nonempty blocks Bj ⊆
M , j < M0, and a map

ρ∗ : M \
⋃

j<M0

Bj −→ Λ

such that the induced coloring

D : UM0,Λ −→ C, D(η) = c
(
Φ⟨Bj :j<M0⟩,ρ∗(η)

)
,

depends only on the content of η.
The coloring D induces a coloring

D0 : ∆r−1(M0) −→ C.

For x⃗ = (x0, . . . , xr−2) ∈ ∆r−1(M0), choose any η ∈ UM0,Λ such that

|η−1{αe}| = xe (e < r − 1),

and define D0(x⃗) = D(η). This is well-defined: the multiplicity of αr−1 is M0 −∑
e<r−1 xe, and D depends only on the complete content vector.
By the definition of SC(r − 1, n), there are d > 0 and

a⃗ = (a0, . . . , ar−2) ∈ Nr−1

such that
a⃗+ d∆r−1(n)
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FROM BLOCK-CONTENT TO HALES–JEWETT 9

is monochromatic for D0. Since this homothetic copy is contained in ∆r−1(M0),∑
e<r−1

ae + nd ≤ M0.

Choose pairwise disjoint sets of block indices
Pe ⊆ M0 (e < r − 1), Vi ⊆ M0 (i < n),

with
|Pe| = ae and |Vi| = d.

For each v ∈ Un,Λ, define ηv ∈ UM0,Λ by

ηv(j) =


αe, j ∈ Pe for some e < r − 1,

v(i), j ∈ Vi for some i < n,

αr−1, otherwise.

For each i < n, set
Ci =

⋃
j∈Vi

Bj.

The sets C0, . . . , Cn−1 are pairwise disjoint nonempty blocks. Freeze the original
blocks indexed by Pe to αe, freeze all remaining original blocks not used by the Vi to
αr−1, and retain ρ∗ outside the original block subspace. With this frozen word, the
map

v 7−→ Φ⟨Bj :j<M0⟩,ρ∗(ηv)

is the block embedding associated with C0, . . . , Cn−1.
For every v ∈ Un,Λ, the first r − 1 coordinates of contΛ(ηv) are〈

ae + d|v−1{αe}| : e < r − 1
〉
.

Since 〈
|v−1{αe}| : e < r − 1

〉
∈ ∆r−1(n),

this vector belongs to the monochromatic set a⃗+d∆r−1(n). Hence all words ηv receive
the same color under D, and their images form a monochromatic n-dimensional block
subspace of UM,Λ.

The second displayed inequality follows from Proposition 2.6 and Lemma 2.9. □

The same argument preserves equal block sizes.

Theorem 4.2. Let Λ be a finite alphabet with |Λ| > 1, let C be a finite color set, and
let n be positive. Then

HJ=C (n,Λ) ≤ f
9,∗
Λ

(
SC(|Λ| − 1, n),C

)
.

Consequently,

HJ=C (n,Λ) ≤ f
9,∗
Λ

(
(|Λ| − 1)

(
WCC(|Λ| − 1, n)− 1

)
,C

)
.

Proof. Repeat the proof of Theorem 4.1 using f9,∗ in place of f8,∗. The original blocks
Bj then have a common size, say s. Each final variable block has the form

Ci =
⋃
j∈Vi

Bj,

and |Vi| = d for every i < n. Thus |Ci| = ds for every i < n, so the resulting
monochromatic subspace has equal-size variable blocks. The second inequality again
follows from Proposition 2.6 and Lemma 2.9. □
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5. Comparisons and consequences

Taking n = 1 in Theorem 4.1 gives the following line version.

Corollary 5.1. For every finite alphabet Λ with |Λ| > 1 and every finite color set C,

HJC(1,Λ) ≤ f
8,∗
Λ

(
(|Λ| − 1)

(
WCC(|Λ| − 1, 1)− 1

)
,C

)
.

For fixed finite Λ and C, the same-parameter comparisons in Lemma 2.10 give

f8Λ(m,C) ≤ f
8,∗
Λ (m,C) ≤ HJC(m,Λ)

whenever |Λ| divides m, and

f8Λ(m,C) ≤ f9Λ(m,C) ≤ f
9,∗
Λ (m,C) ≤ HJ=C (m,Λ).

Moreover,

f
8,∗
Λ (m,C) ≤ f

9,∗
Λ (m,C).

Together with Theorems 4.1 and 4.2, these inequalities give two-way comparisons be-
tween the canonization functions and the corresponding Hales–Jewett numbers. Any
upper bound for a Hales–Jewett number immediately bounds the associated canon-
ization number. Conversely, an upper bound for f8,∗ or f9,∗ yields an upper bound for
the corresponding Hales–Jewett number after the content-simplex parameter change,
and hence after the explicit Gallai–Witt parameter change in Proposition 2.6.

Known primitive recursive bounds for Hales–Jewett therefore give primitive recur-
sive bounds for f8,∗, while Lemma 2.11 gives such bounds for f9,∗. In the reverse
direction, Theorem 4.1 converts any explicit bound for f8,∗ into an explicit Hales–
Jewett bound after composition with a bound for the multidimensional Gallai–Witt
numbers. These are pointwise comparisons of finite numbers; by themselves they do
not determine the exact Grzegorczyk complexity of the functions involved.
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