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ABSTRACT. We improve the bounds on the Hales-Jewett numbers to a tower
of exponentiations. Earlier it was WaW (that is, iterations of towers which
are themselves iterated exponentiations). we improve the inductive step there
(induction on the size of the alphabet, |A|) to 2-exponentiations, instead of
towers. In the longer work in typing,

(A) We present this inductive step as a partition theorem in its own right;
(but in this preliminary version we make it just serve the bound on HJ
numbers).

(B) we shall deal with the density version of Hales-Jewett with similar bound.

We are also dealing with the Graham-Rothschild Theorem and the Affine
Ramsey Theorem and the polynomial case, and give background.

Annotated Content
§0 Introduction p@g

§1 On HJ P&l
We improve on the results from [She:329].

Date: July 9, 2026.

2020 Mathematics Subject Classification. Primary 05A99 — Secondary 15A03.

Key words and phrases. Ramsey Theory, Hales-Jewett Theorem, bounds tower, primitive re-
cursive bounds.

First typed 2026-06-17. The author would like to thank the Israel Science Foundation (ISF)
for partially supporting this research by grant 2320/23, and thanks Matt Grimes for the careful
and beautiful typing.

References like (e.g.) [Sh:950, Th.0.2-;y5] mean that y5 is the internal label of Theorem 0.2 in
the TeXfile of [Sh:950]. The reader should note that the version in my website is usually more
up-to-date than the one in arXiv. This is publication number E117 in Saharon Shelah’s list.

1



Paper Sh:E117, version 2026-07-15_4. See https://shelah.logic.at/papers/E117/ for possible updates.

2 S. SHELAH

§ 0. INTRODUCTION

The history of this problem is well-known; considering early parts, see the book
[GraRotSpe90]. (For later parts, see [She:679] or Wikipedia.) Recall the Hales—
Jewett Theorem [HalJew63].

Theorem 0.1 (Hales—Jewett Theorem). For all natural numbers n,{ there
exists an integer Hl(n,l) such that for all k > HJ(n,?¢), A of cardinality n, C
of cardinality ¢, and c : "N — C, there exists a combinatorial line on which ¢ is
constant.

Where

Definition 0.2. 1) A combinatorial line in MA is a set of the form
{pe™A:pDnandp|uis constant},
for some non-empty u C M and n € M\vA.

2) Generalizing this, we say I' is a subspace of A of dimension ¢ (or f-subspace)
when it is of the form

{pGMA:an, andm<£:>p[umisconstant}

for some sequence (u,, : m < £) of pairwise disjoint non-empty subsets of M and
n: M\ U um— A

m<L

3) Let subspace(V,{) be the set of f-subspaces of V := MA. If I € subspace(V, ¥)
and 1 <k < /¢, let

subspace(T, k) := {F' € subspace(V, k) : TV C F}.

We thank Shimoni Garti whose comments help to clarify the presentation.

Notation 0.3. 1) Here 4, j, k,¢,m,n,r, s will denote natural numbers; equivalently,
finite ordinals. (So n is identified with {i : i < n}.)

2) C will denote a non-empty finite set of colors.

3) A, a finite alphabet.

4) €, ¢, and 3 will be real numbers in the interval (0, 1]g.

5) ¢ and d will be colorings (i.e. functions from some set to C).
6) s and t will denote pre-frames (see Definitions @

7) exp,,(n) = exp(m,n) := m™ (We will use this to avoid deeply nested super-
scripts.)

8) ¢ will denote a member of the set = from Definition @(2)@), never a real
number or ordinal.

9) 4B is the set of functions from A to B.

Convention 0.4. If we define some variable as a tuple of diverse objects (e.g.
S = (TTL, A7 a? B? C) = (msa A57 asa 657 CS);

to pick a relevant example) then we may include or omit the subscript depending
on whether the referent is clear from context or not.
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§ 1. ON HJ(-)

The proof of Hales-Jewett in [HalJew63|] uses double induction: first on n the
size of the alphabeth denoted here by (A, in our notation), and then on ¢ (the
number of colors). Eventually they get an upper bound in terms of the Ackermann
function, so they do not get a primitive recursive bound.

The base idea of [She:329] is that we fix the number of colors |C| and perform
our induction only on n := |A|. Let me try to describe the proof of the inductive
step on n in [She:329]. That is, from n letters to n + 1 letters .

So we let 7 := HJ(n,¢) and fix A of cardinality n 4+ 1, C of cardinality ¢, and
a # f € A. We look for a finite linear order M which is large enough for our
purposes and consider a coloring ¢ : MA — C.

Let M = (M; : i < r) be a partition of M into intervals; the intention is to use
each M; as a place for one letter. That is, we will try to find £ = <(kl, b, M;) ii < r>
with k; < £; both E| from M;, and restricting ourselves to functions 7 € A of the

form
a ifj<k
i<rANjeM, = n(j)=<v ifjelk,b)
g itj =4

This will be done so that the colour does not change if we replace a by 3. The
choice of r = HL(n, ¢) gives the desired conclusion.

So k; and ¢; will be chosen by downward induction on i < 7, and we require
> IM;|
|M;] > |CJ< " so we get an upper bound.

Here (compared with the original proof on the one hand and [She:329] on the
other hand), we intend to improve the bound in the inductive step on n, Here we
choose the middle road — not fixing the number of colours. (later we shall treat it
as a partition theorem in its own right.)

In the try to find £ for given M, that is in choosing the pair (k;, ¢;) by downward
induction on ¢ < r. In the inductive step on r, the number of colors increase, but
mildly

For this we chose sets of colors C; and the size of M; by downward induction on
i <r and let M; be of cardinality |C;|.

Definition 1.1. 1) We say the tuple
s = (m,A a,3,C) = (Ms, As, as, 55, Cs),
is a pre-frame (or O—fmme)ﬂ when:
(A) m = (m; i <r)
(B) A and C are non-empty finite sets.
(C) a#peA
(D) r > 1, and each m; > 2.
(E) my—1 = |C]
Assume |C] > 2, if not stated otherwise.

1A) We say s is a 1-frame or just a frame if in addition
(F) Ifi<r—1then[m; > (mypq)AH1

IPedantically, M; U {oo}

°In §2 we will need to keep track of more information, and so in the appropriate definition we
will stuff some more variables into this tuple.

3We round upward the bound for transparency
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2) Let us define the following sets and relations.

(A) M = Mg = Mm = X« M; where M; := {i} x m; naturally ordered; but we
may wroe m instaed (i, m) and we may write n(i, m) instead of n((¢,m)),

(B) e = B = {<(kl,€“m1) 1 < T‘> cky <l < mz}
(©)

o

or £ = <(k3i7€i,mi) 1< 7‘> € s, we define I'e =I5 ¢ as

o ifn <k
{77 e (Ms)p . (W < 7“) (H’yi € A) (Vn < mi) [n(i,n) =<y ifnelk,t) }}

Let FS = U F£
(D) FOI“ g 6 E’S7 let E == E& = ES,& =

{(nv) €Te xTe : (Vi < 7)[n(kei) = vkei) V {Vemisvewmi} © {a, B}

Definition 1.2. 1) For s a frame or a pre-frame and j < rg, let

s[j:= (ms [J, As, s, Bs, {111 < mj—l})'

2) When we say ‘s-problem,” we mean a function ¢ : I's — Cs.

3) We say that the s-problem c is solvable (or that the pair (s, c) is solvable) when
there exists a £ € Z¢ such that the function ¢ | I'¢ respects Eg.

(Le. (n,v) € B¢ = c(n) = c(v).)
We may say that this £ solves c.

4) We say s is solvable when every s-problem is solvable.

al0| Observation 1.3. 1) If s is a frame then for all j < rg:
(A) s|jisa frame
(B) nEs¢v implies n | jEgje1v | J

14) Similarly for pre-frames.

2) [Monotonicity:] If s is a solvable frame, then so is any t satisfying the follow-

mg.
(a) r¢ <75
(b) my > ms (That is, (Vi < rs)[mt > ms].)
(c) |Ag] < [As]
(d) |Ce| < [Cs]
Proof. Easy. IZ%

a12| Lemma 1.4 (Main Lemma). Fvery frame is solvable.
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Proof. We prove this by induction on rs for all s (or just for the set of frames t
with r¢ < rs, Mt = Mg f7‘t (SO |Ct| < ms,rt)a and (Atvatvﬁt) = (AS7a5765))'

The r = 0 case is degenerate.

Case 1: r=1
For k < myg, (pedantically, k € My), define 1, € ™ {«, 5} as follows.

(n) = a ifn<k
AT = B if n € [k, mgp).

So {(c(ni) : k < myg) is a sequence of length mo + 1 of members of C, and
|C| < my. So for some k < £ < mg we have c(ng) = ¢(n¢), hence & := ((k, €, my)) is
as required. Indeed, if € I'¢ is neither of the form 7, not 7, then the only v € I'¢
which is Fe¢-equivalent to v is v itself.

Case 2: r = s+ 1 for some s > 1.
For every v € (Msis)A we define a function d,, : 13*x™)A — C by
du(n) = C(V U 77)'

Hence as in Case 1 we can define functions 7, ; € {skxmaA for k < my by

(5,n) = a ifn<k
M8, ) = B ifn € k,my).

So again (as ms > |C| by clause @(1)(]3)), we can find k, < £, < mg such that

dl/(nu,ku) = dl/(nulu)-
Let

(%) Cx = {(k,f)AE: k</l<mgandc= <Cv iy € A\{ﬁ}> - C}.

Now,
(*)1 |C*| — (ms;rl) X |C|\A|—1
[Why? Just compute it.]

(¥)2 |Cu| < mg_q
[Why? Recall that |C] < m, by clause [E0[(1)(E). Now
o= (M) ot < (e D s e L gyl
2 2 2
As

[A]+1
s 2

1
Moy > m (m 4+ m M) = 2 ((ms +1) - mlM

(the first inequality is @(1)@) and the second is easily verified) we conclude that
(%)2 does indeed hold.]

|~

Clearly
t = (m | s, As, s, 55, Cs)
is a frame.
(¥)3 We define a coloring d : M)A — C, as follows.

d(V) = <(kw€u)>A<c(77uﬁ) iy EA \ {ﬁ}>a
where dom(7,, ) = Ms,
a ifn<k,
771’»7(57”) =97 ifnelk,l)
B ifnell,,mg),
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and 7, ,(i,n) == v(i,n) for i < s and n < m;.

So applying the induction hypothesis to t and d(—), there are &, € Z¢ and
¢, € C, as promised. Write ¢, as

((kss €5))"(cy v € AN {BY))
and &, as
<(kzz,£l,m1) < S>,
and let & == &, ((ks,{s,ms)). Now we shall check that ¢ is as promised.
Assume that vy, € T (C MsA) are Ec¢-equivalent. Clearly vq | s and v5 | s
are E¢ -equivalent.
[Why? Just consider the definition of F_.]

Hence, as &, solves d, necessarily d(v; | s) = d(v2 | s).

Now we can compare the first components of each in the definition of d(—), so
we have (ku s, luts) = (Kugts, Lugts)- (Call them k, and £..)

Next, if v4 | ({s} x [ks,¢.)) is constantly v (for some v € A\ {a,3}) then
(recalling that vq, v5 are Eg-equivalent) so is vg | ({s} X [k, é*)) And by comparing
more components of d(vy | s) = d(ve | s), we conclude c(v1) = c(va).

(More fully, we have ¢(n,, ) = (., ~), but by ()3 and our present assumption
we have 1, v = v, for 1 =1,2.)

Clearly, a similar argument give the paralel result for vs.

We are left with the case
‘v, | ({s} x [k, £.)) is constantly o or constantly 3’

for . =1,2.

For this, define v} to be equal to vy, except (possibly) that

n € [k, ly) = vi(s,n) = a.

Hence by the choice of k. and ¢, we have c(vq) = c(v}). Defining v/ similarly,
we can show c(v2) = c(v}).

Now the previous argument applies, showing c(v) = c(v4}). Together, we et
c(v1) = c(v2), and we are done. IZ%

a15| Conclusion 1.5. Given A and C of cardinality > 2 and r > 1, define m; by
downward induction on i < r as follows:
o m,_1:=|C]|
. Foi <r—1, mi = (mgq) A+,

1) The sequence m = (m; : i <) is as required in Definition @1)
(That is, (M, A, o, B,C) is a frame for any a # B € A.)
2) m; < |C[EPIAFLI=71) — exp) o) (exp|p 41 (r — i — 1))
(Note that fori:=r —1 this is indeed equal to |C|.)
3) my = 3 my < |C]PUAIFLT),
i<r
Proof. Obvious [l

(For part (3), recall that we are assuming |C| > 2; the |C| = 1 case is degenerat?
and generally mq < |C]PUAIFLr=1) a

\A\(

40f course, m; = %(mHl) m;4+1 + 1) would suffice.

5We round upward for transparency



Paper Sh:E117, version 2026-07-15_4. See https://shelah.logic.at/papers/E117/ for possible updates.

HJ NUMBERS REVISITED 7

Claim 1.6. If n > 2 and £ > 2 then HJ(n,¢) < k(n,{), where
k(2,0) =€+ 1 and k(n+1,0) := exp,(exp,(k(n,f))) forn > 2.
(So n — k(n, ) is essentially expy,, (¢ + 1) — i.e. a power tower of height 2n.)

Remark 1.7. That is, we define r; for j < n as follows.
o g i=T

o iy = kexp(7z+1,2ri)

Now HJ(n, k) <rp.

Proof. As in [She:329|, but replacing [She:329, 1.2-3,p.689] by ﬁl and @ We
prove this by induction on n.

n = 2: Here k(2) = ¢+ 1.
By the definition.

n=s+1>2:
Useii%iand@ E%

In the terminology of [She:329], we have proved, in the MainLemaa @

a24| Claim 1.8. The function f(¢,c) from [She:329, Def.1.2,p.689] has an exponential
bound.
Specifically, if s is a frame then f(rs,|Cs|) < mspo.
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