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1. Introduction

Let £2 be a countably infinite set and Sym($2) be the group of all bijections on £2. Recall that
Sym($2) has the natural topology of pointwise convergence, under which it is a Polish group. In
this paper, we will consider relational models (in the sense of universal algebra) M = (2, {Ri}ies)
whose universe is 2 and collection {R;}i¢; of relations is countable (possibly finite or empty). Each
permutation f € Sym(£2) naturally gives an isomorphism

fiM= (2, {Ri}ier) > M = (2. {Ri}ier)

where for each i € I, Ri(f(ao), . .., f(as—1)) if and only if Ri(ay, . .., an—1). Thus the action of Sym(£2)
on £2 extends to a transitive action on the collection M of those elements of the isomorphism class
of a model M whose universe is £2 (recall that a group action G ~ X is transitive if for each x, X' € X
there exists g € G such that gx = x’). It is natural to ask whether the restriction of this action to
some proper (dense) subgroup G < Sym(s2) is also transitive.
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To manage the reader’s expectations, we consider a simple situation in which this can fail. Take
M = (£2, {<}) where < is a linear order on £2 which is order isomorphic to the order on the set w
of natural numbers. It is straightforward to see that if G < Sym(£2) has transitive action on M then
G = Sym(£2). So, to allow a proper subgroup to have a transitive action on M there should be some
reasonable flexibility in the automorphisms of M. The following definition conveys such a notion.

Definition 1. We will say that a model M = (£2, {Ri}ie;) is inductively flexible if there exists
a collection F of partial automorphisms of M (i.e. each element of F is a restriction of an
automorphism on M) such that

1) eachf € F has finite domain;

(

(

3)ferF 1mp11esf € F; and

(4) for each f € F and a € §2 \ dom(f), the set {b € £2 : f U {(a, b)} € F} is infinite.

Under a mild set-theoretic assumption we can find a single proper dense subgroup of Sym(s2)
whose action on M is transitive for every such M.

Theorem 1 (ZFC + MA(o -centered)). There exists a proper, dense subgroup G < Sym($2) such that if
M is inductively flexible then G acts transitively on M.

The assertion MA(o -centered) is equivalent to the equality p = 2% [1], and is a consequence of
Martin’s Axiom, which holds under the continuum hypothesis. Thus Theorem 1 gives the consis-
tency, with ZFC, of the existence of such a subgroup G. One can think of many relational structures
which are inductively flexible, especially among Fraissé limits. Two examples of inductively flexible
models are an order on §2 isomorphic to Q and a partition of £2 into infinitely many infinite
sets. Theorem 1 therefore allows us to derive consistent positive solutions to some old Kourovka
Notebook questions [3, 9.41 (c) and 9.42] of Peter M. Neumann (see Corollaries 9 and 10).

We give some technical preliminary arguments in Section 2 and then derive the main results in
Section 3.

2. Strongly independent sets

In this section we consider elements in the free group F = F({Xp}n<.) of countably infinite rank.
We use the convention that an element W € F is a reduced word, meaning that if x; appears in W
then xi’l does not appear immediately before or after it in W. Thus an element of F is nontrivial
if it does not represent the trivial element, i.e. if it is a word of length at least one. We write

W(Xo, ..., x,) to mean that the only letters which appear in W are in the set {xoﬂ, N =1} but
possibly only a proper subset appears. We will say that a reduced word W(xo, ..., x,) uses x; if
either x; or xi’1 appears in W. Note that if W(xq, x1, ..., X;) uses xo then W can be decomposed
uniquely as an alternating concatenation of maximal nontrivial subwords U(xq, ..., X,) which do
not use xo and maximal nontrivial words xg with k € Z \ {0}:

W = (Ung1(X1, ..., Xn ))xgm .. -x'é‘U1(x1, .. .,xn)xgo(Uo(xl, ce, X)) (1)

where the rightmost term Uy and/or the leftmost term Uy, ; might not exist. For such a decompo-
sition we write L'(W) = (Z;’;O |km|) + J(W) where J(W) = m + 2 in case both Uy and Uy;41 exist,
J(W)=m+ 1 in case exactly one of Uy and Uy, exist, and J(W) = m in case neither U1 nor Uy
exist. Thus, L'(W) adds the number of occurrences of xo and of x; ! and of subwords of form U; in
the decomposition (1). Thus, for a word W(xo, ..., X,) which uses x, we can write

W= VL’(W)—IVL’(W)—Z e V() (TT)

where each V; is xq, or xgl, or one of the U; in the decomposition (1).
For the next definition, we take c to be a symbol such that ¢ ¢ £2. Also, a partial bijection on §2
is a function f such that for some X C 2 and g € Sym(£2) we have f =g | X (we allow X = ).
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Definition 2. Suppose that W(xo, ..., x,) is a word which uses xq and fo, f1, . . ., fu is a list of partial
bijections on §2. We say that a tuple (tywy, ..., t1, to) is an itinerary of W with respect to fo, ..., f,
provided

(1) foreach 0 <i < I'(W) we have t; € £2 U {c}, and t; € £2 for some i;
(2) ift; € 2 and 0 < i < L'(W) then

{ Vilfo, ... . flti  if t; € dom(Vi(fy, ..., fu)),
c

t‘ = .
i+1 otherwise ;

(3) if tiy1 € 2 and 0 < i < /(W) then
(= { Vilfo. .. ) Mtia if tier € ran(Vico. ... fo)),

c otherwise .

(4) if t; =c and t; € §2 for some i < j then t; = c for all '(W) > £ > j;
(5)iftj=cand t; € 2 for some j <ithent, =cforall 0 < ¢ <.

The idea of an itinerary is to take an element of §£2 and place it somewhere in the word and
move it through the word backwards and forwards as much as possible, with a symbol ¢ showing
where the movement will not be defined. The following is clear.

Lemma 2. Suppose W(xo, ..., x,) uses Xo, the functions fy, ..., f, are partial bijections on 2 and
(tvwy, - - ., to), and (tL/(W), ..., t) are two itineraries of W with respect to fo, ..., fy with t; =t/ € 2
for some 0 <i < L'(W). Then the two itineraries are equal.

Notation 3. Suppose that W(xo, .. ., x,) uses xo and the functions fy, . .., f, are partial bijections on £2.
We use It(W, fo, ..., fa) to denote the set of all itineraries of W(xo, ..., X;) with respect to fo, ..., fa.
For '(W) > i > 0and a € 2 we let It(W, fo, ..., fs, 1, a) be the unique (by Lemma 2) element of
It(W, fo, ..., fa) which has t; = a. If t = (tvewy, ..., to) € t(W, fo, ..., fn) then let set(t) be the set

{trewy, ..., to} \ {c}

Definition 3. If M = (2, {Ri}i;) is inductively flexible, and F witnesses this, then we say that
(M, F) is a flexible pair.

We now give a technical lemma.

Lemma 4. Suppose that

(1) (M, F) is a flexible pair;

(2) h,fr, ..., fo € Sym(£2);

(3) words Wy(xo, ..., Xxn), ..., Wi(xo, ..., Xx,) each utilize xy; and
(4) g e F.

Then each of the following hold.

(i) If a € £2\ dom(g) then there exists b € 2 such that g’ .= gU{(a, b)} € F, and forany0 <p <s
and t’ € I((Wp, hog',fi,....fa), if t = t{ € 2 for some 0 < i < j < L'(W,) then there exist
0 <ip <jo < L'(Wp)witht =1t(Wp,hog,fi,...,fu o, t{o) satisfying t;, = tj, € £2.

(ii) If b € $2 \ ran(g) then there exists a € §2 such that g’ := gU{(a, b)} € F, and forany0 <p <s
and t' € t(Wp, hog',f1,....f) ift] = tj/ € §2 for some 0 < i < j < L'(W,) then there exist
0 <ip <jo < L(Wp)witht =1t(Wy, hog,fi,....fu o, t; ) satisfying t;, = tj, € £2.

Proof. Assume the hypotheses (1)-(4). For 0 < p < s we let

Wp = Vo rwwp)-1Vprwy)-2- - Vpo
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be the (1) decomposition. For each 0 < p < s we let le ={0<i<IlW)—1:V;=x}and
X, ={0=<ic< IW)—1:V, = xgl}. We shall first prove conclusion (i). Let a € £2 \ dom(g) be
given. For each i € X, we define Z,; to be the set of elements b € £2 such that

set(It(Wp, hog, fi,...,fu, i+ 1, h(b))) Nset(It(W,, ho g, f1,...,fa,i,0)) = 0.

It is straightforward to see that £2 \ Z, ; has cardinality at most (i+ 1)(L'(W,)+ 1). Fori € X, define
Z, ;i to be the set of those b € £2 such that

set(It(Wp, hog, fi,....fo,i+ 1, @)) Nset(I(W,, hog, fi,....fa, 1, h(b))) = #.

By similar reasoning we can see that £2 \ Z, ; is finite.

Defining Z € 2 by Z = ((y<p<s miex;uxl; Zy1) \ {h~Y(a)} we have that £2 \ Z is finite. So, we
may select b € Z such that g’ = g U {(a, b)} € F. We check the conclusion of (i). Let0 < p <'s
and suppose that t' € It(W,, hog', fi, ..., f,) is such that t/ = t; € £ for some 0 < i <j < L'(W,).
Let t” = It(Wp, hog, fi,....fo i, ). If t; = ¢, then we may conclude by letting jo = j and ip = i.
Otherwise, there exists k with j > k > i such that

ot/ =t/ ..ty =t/;

e Vyx=xp0rV,,=x;'; and

o V,i(hog)t/ is undefined.

So either t; = a and t;,, = h(b) (in case V,; = Xo), or t; = h(b) and t,_, = a (in case V,; = xal).
Let t®) = It(W, hog. fi.....fo k+ 1,t;,,). If ) =t/ then

tj/ € set(It(Wp, hog, fi,....fa, k+ 1, h(b))) Nset(It(Wp, ho g, f1,...,fa, k, a))

in case Vp = xo (since ¢ is in the first set of this intersection and ¢; = t/ is in the second) and
similarly

tj € set(It(Wp. hog.fi..... fo. k+ 1. @) Nset(1t(Wp. hog. fi. ... fo. k. h(b)))

in case V,x = x,. Either way we have contradicted our choice of b € Z. Thus it is the case that

tj(3) = ¢, and taking m > k + 1 maximal such that t,(,f) # ¢ we have
A ) _ 3.
o L =ty b=t

e Vym=xp0rV,, =x,'; and
o Vym(ho g)tf,f) is undefined.

In particular j > k + 1 since tj@) = c¢. We claim that m # k + 1. For contradiction we assume

m = k41, so that V}, x41 = V)« (since the word W, is reduced). If V,, x = X, then since Vp,k+1(hog)t,(i)]
is not defined and V}, x41(ho g’)t,(jr)l is defined, we see that t,(j)] = a. By the same reasoning we have
t; = a, and so tl(j—)l = h(b) and h(b) = a, contradicting our choice of b. On the other hand, if
Ve =%, then £y, = h(b) (since V, m(h o g) is undefined at ¢\, but V, m(hog’) is defined at £.>,).
By the same reasoning t;; = h(b) and therefore t,E‘i)] = a = h(b) contradicting the choice of b € Z.
Thus indeed m > k + 1.

If tr(,?) = t,(i)l then we may conclude the argument by letting jo = m and iy = k 4+ 1. Assuming
the inequality 5 # t,(i)], we claim that V}, ,, = V, k. This is true since we have already seen so far

that Vj i, Vpm € {X0, %5 '} and

e V,.1 = Xo if and only if t;  ; = h(b);
e Vyx=x;' ifandonlyif t; , = a;
o Vym = X0 if and only if ¢, ; = h(b);
o Vym=xpifandonlyift, , =a
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and since h(b) # a and we are assuming 5 # t,(jr)l it follows that Vj, , = V, . If additionally

Vo =Xo thenk € X7 and t; = a = t$) and we get

a e set(IttWp,hog, fi,....fu, k+ 1, h(b))) Nset(It(W,, ho g, fi1,..., fa, k, a))
which is contrary to having b € Z. If V, = xgl then k € X" and

h(b) € set(It(Wp, hog, f1,...,fo, k+ 1,a)) N set(It(Wp, ho g, fi, ..., fa, k, h(D)))

which also contradicts the choice of b € Z. Thus we have checked that (i) holds.
The proof of conclusion (ii) is entirely analogous and we give the sketch. We have ler and X,
defined as before, for each 0 < p <s. Let b € £ \ ran(g) be given. For each i € Xp+ define Y, ; to be

the set of elements a € §2 such that

set(It(Wp, hog, fi,...,fa, i+ 1, (b)) N set(It(Wp, ho g, fi, ..., fa,i,0)) = 0.
Fori € X, we let Yy ; be the set of a € £2 such that

set(It(Wp, hog,fi,....fa, i+ 1, a))Nset(It(W,, hog, fi,..., fu, 1, h(D))) = 0.

Let Y = (No<p<s miex;ux,; Y,.i) \ {h(b)}. It is easy to see that £2 \ Y is finite, so select a € Y such

that g’ := g U {(a, b)} € F. Now follow the proof as in (i), with the obvious slight modifications, to
check (ii). O

Definition 4. We say a subset G C Sym(£2) is strongly independent if for every nontrivial
Wi(xo,...,Xx;) € F and pairwise distinct elements fy,...,f; € G, the element W(fy,...,f;) €
Sym($2) has only finitely many fixed points in £2. We will use fix(f) to denote the set of fixed
points of f € Sym(£2).

Lemma 5. There exists a countably infinite, strongly independent set 7 which is dense in Sym(£2).

Proof. Let M = (2, ##) be the relational model having no relations. Then Aut(M) = Sym($2) and
letting F be the set of all finite partial bijections on §2, the ordered pair (M, F) is clearly a flexible
pair. Let 7, = {f1,...,fa} be a (possibly empty) finite strongly independent set with fi, ..., f,
pairwise distinct. We show that if g € F then there exists ¢ € Sym(£2)\ J, such that ¢ | dom(q) = ¢
and J, U {q} is strongly independent. This immediately implies the lemma since we can then
enumerate 7 = {q¢}¢cw\(oy and inductively define strongly independent sets 7; = {qn}i1<¢<n SO
that the qq, ..., g, are pairwise distinct and q, [ dom(q,;) = q¢, so J = Unea)\{O} Jn is as required.

Let g € F be given. Let {Wp(xo, ..., X1)}p<» be an enumeration of the words which use x; and
which do not use x; for i > n. Let 2 = {a;};~, be an enumeration. By iterated use of Lemma 4
define a sequence ug, s < w, of elements of F such that

Fhg=uw<cuy S-Sy -5

(*)2 as € dom(usy1) Nran(usiq);

(x)3 if p < sand t’ € I(W,, us, fi, ..., fn) is an itinerary for which t/ =t/ € £2 for some 0 < i <
j < L'(W,) then there exist 0 < iy < jo < L'(W,) such that t = It(Wp, up, fi, ..., fu, o, t,-’o)
satisfies t, = tj, € £2.

More precisely, set uy = q. Assuming u; is defined, let u; = u; in case a; € dom(us). Otherwise
use Lemma 4(i), with h € Sym(£2) being the identity map, to find b € £2 with u; = u;U{(as, b)} € F
such that if

(H)0<p<s;

(2) t e It(Wp, ug, f1, ..., fn); and

(3) 0 <i<j<L(W,)are such that t] = tj/ e
then there are 0 < iy < jo < L'(W,) such that t = It(W,, us, fi, . .., fa, io, t{o) satisfies t;; =, € £2.
Next, define u; = uj in case a; € ran(u;). Otherwise use Lemma 4 (ii) to find a € §2 such that

5
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u; = u,U{(a, a;)} € F and satisfying the analogous conditions. Set us;1 = u;. Now conditions (x)
and (x), are clear, and condition (x)3; holds for a fixed p by induction on s > p.

Write q = Us<w us. By ()1 and (x), we know q € Sym($2). Notice that q¢ # f, foreach 1 <k <n,
since the word W = xox,j1 is such that W(q, f1, ..., fa) = Zlf,j1 has only finitely many fixed points
(at most | dom(up)| + | fix(fy)| where W = W,,).

Note that in checking strong independence of 7, U {q} it suffices to prove that if W(xo, ..., X;)
uses xo then W(q, f1, . .., fp) has finitely many fixed points (since .7, is already strongly independent,
and by permuting the variables in a free word so that q is substituted for xp). Let p < w. Write

Wy = Viw,)-1---Vo

for the (+t) decomposition of W,. By construction, if t € It(W, up, fi,...,fn) and 0 < ip < jo <
L'(W,) are such that t;; = tj, € §2 then there is some 0 < k < L'(W,) — 1 for which

e Vi=xoo0r Vi =x,", and t; € dom(Vi(up)); or
o Vi #xo,x," and Vi(fi, ..., fu)tk = tis1 = .

Suppose that for t” € 1t(W,, q, f1, ..., f,) there exist some 0 < i < j < L'(W) for which t// = L.
By (%)3 we select 0 < iy < jo < L'(W) for which

t= [t(Wp» upsf]a cee !fns iO» tl/(;)

satisfies t;, = tj, € £2. Then we can pick a k for which V;, = x or V} = xgl, and t, € dom(Vi(up));
or such that tx11 = tx and Vi # X, X, !, Therefore the number of points of £2 which are fixed by
Wy (q, fi, . ... fa) is given by the bound

[ ix(Wp(@. fr, - Sl < HO<i<L(Wp)—1:Vi=xo v V;=x;"}|- | dom(u,)]
+ Z(oggL’(WP)q:vi#xO,xf} [fixVi(fr, ..., fu)l
since the number on the right bounds the number of itineraries which are not injective into £2.
Therefore the set of fixed points is finite.
So the set 7, U {q} is strongly independent and of cardinality n + 1. O

3. Proof of Theorem 1 and applications

We recall some set-theoretic conventions. Every ordinal is the set of ordinals which are strictly
below itself, so4 = {0, 1,2, 3} and w+2 = {0, 1, 2, ..., w, w+1}. Each cardinal is an ordinal (which
is the least ordinal having that cardinality). We use 2% to denote the cardinality of the continuum.

Lemma 6. Suppose that for any strongly independent set G C Sym(£2), with |G| < 2%, and isomorphic,
inductively flexible structures Mi; = (£2, {Ri}ie1) and My = (£2, {R}}ic;) there exists an isomorphism
f : M; — M, such that G U {f} is strongly independent. Then there exists a subgroup G < Sym($2)
which is

(1) proper;

(2) dense; and

(3) for any pair of isomorphic, inductively flexible structures M and M’ having universe 2 there exists
f € G which is an isomorphism between M and M.

Proof. Assume the hypotheses. Throughout this proof we shall consider two relational structures
My = (82, {Ri}ie;) and My = (82, {R;}tet) to be equal provided {R;}ic; = {R¢}ter as sets. Thus, it is easy
to see that the number of distinct relational structures on £2 having countably many relations is 2%,
Let {(M1,q, M2 )}, % be an enumeration of all pairs of isomorphic, inductively flexible structures
which both have universe §2. By Lemma 5 let 7 be a countably infinite strongly independent set
which is dense in Sym(£2).

By the assumptions of the lemma pick fo € Sym(£2) which is an isomorphism from My ¢ to M o
such that 7 U {fy} is strongly independent. Assuming we have chosen fg for all 8 < o < 280,

6
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select f, € Sym(£2) which is an isomorphism from M o to M, , such that 7 U {fg}g<, is strongly
independent. Let G = (J U {fo}, _y% ). By construction we know that (3) holds. As 7 € G we know
that (2) holds. We also know that each nontrivial element of G has finitely many fixed points (since
G is generated by a strongly independent set). Then, letting £2 = {a,},cz be an enumeration without
repetition and

) agn ifze2.-Z,
flaz) = a, otherwise

we have f € Sym(£2)\ G and so (1) holds. O

We review some notions regarding partial orders (see [2, Ch.14]).

Definitions 7. Let P = (P, <) be a partially ordered set. Aset Q C P is

openifqge Qand q <pimplyp € Q;

dense if for each p € P there exists ¢ € Q withp < q;

centered if every finite subset of Q has an upper bound in P (i.e. if {qo, - .., qx} < Q is finite then
there exists p € P with q; < p foreach 0 <j <k);

a filter if

(i) Q #9;
(ii) for any qo, q1 € Q there is g € Q with qo, g1 < q;
(iii) if p < q € Q thenp € Q.

We say P is o-centered if P is a countable union of centered sets. The assertion MA(o -centered) is
the following:

Whenever P = (P, <) is a o-centered partially ordered set, P # (¥, and D is a collection of open
dense subsets of P with |D| < 2%0 there exists a filter Q € P with Q N 0 # ¢ for all O € D.

Lemma 8 (ZFC + MA(o -centered)). Suppose G € Sym(£2) is strongly independent, with |G| < 2%,
and M; = (82, {Ri}ier) and My = (82, {R}};e) are isomorphic, inductively flexible structures. Then there
exists an isomorphism f : My — M, such that G U {f} is strongly independent.

Proof. Assume the hypotheses and let h : M; — M, be an isomorphism. Let (M, F) be a flexible
pair. For a reduced word W in a free group F({X;}n<.) let L(W) denote the standard length of the
word W (for example L(xlxgzx]’]) = 4). We define a partial order P = (P, <) as follows. An element
p € P has form p = (g, H,) where g, € F and H, is a finite subset of G. For the order < on P, we
write p < p’ if and only if

(@) & S g
(b) H, € Hy; and
(c) if f1, ..., fa lists the elements of H, in a pairwise distinct fashion, W(xo, ..., x,) is a reduced

word which uses X, and if (W) < n then
(A) U €It(W,hogy,fi,....fp); and
(B) t; =t/ € 2 for some 0 <i < j < L'(W)
imply that there exist 0 < iy < jo < L'(W) such that
t=1t(W,hogpfi,....fa, o, f,-,o)
has t;; = t;, € £2.
Notice first that IP is o-centered. To see this, let E = {(p,q) : p,q € P A g, = g¢}. This is clearly
an equivalence relation, having precisely Ry equivalence classes. If J is an equivalence class of E,

say ] = {p: g = g}, and {(g1, H1), ..., (&, Hi)} C ] is finite then (g, Uf;l H;) is an upper bound
for the set.
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Notice as well that given a € 2, thesetl! = {p e P : a € dom(g,)} is open and dense.
That JI; is open is obvious, and that it is dense is immediate from Lemma 4(i). That the set
I2 = {p € P:a e ran(g,)} is open and dense is clear using Lemma 4 (ii). For a function f € ¢
the set Iy = {p € P : f € Hp} is open and dense. That it is open is clear. To see that it is dense, let
p € P be given and let p’ = (g, H, U {f}), so that indeed p < p’ € Ij.

The collection D = {H;}aeg U{I; }aee UIr }reg has cardinality less than 280, s0 by MA(o -centered)
we select a filter Q which intersects each element of D nontrivially. Letting g = | J{g, : p € Q} it is
clear that g is an automorphism of My, so the function f = hog is an isomorphism of M; with M.

It remains to check that G U {f} is strongly independent. Let £2 = {as};-,, be an enumeration.
Let fi € G be given and consider the word W(xp, x1) = xoxl’l. Pick po € Q such that |Hp,| > 2 and
fi € Hy,. Let py, pa, ... be a sequence in Q such that

e po<p1<py<---;and
e a; € dom(gy,) Nran(gy, );

Then, reasoning as in the proof of Lemma 5, the number of fixed points of W(f, f1) is at most
| dom(gp, )| + | fix(f1)| and in particular f # f;.

Let W(xo, ..., X,) be a nontrivial word, which without loss of generality uses xq, and f1, ..., f, be
a list of pairwise distinct elements of G. Pick pp € Q such that |H, | > L(W) and {fi, ..., fa} € Hp,.
Picking a sequence py, p1, ... in Q with

®pPo<p1<pr=<---;and
e a; € dom(gp,) Nran(gy,,); we can argue as before that fix(W(f, f1, ..., fy)) is finite. O

Theorem 1 is now immediate since Lemma 8 states that under the assumption ZFC + MA(o -
centered) the hypotheses of Lemma 6 are satisfied, and the conclusion of Lemma 6 gives precisely
the group required. We point out some consequences. It is straightforward to check that if < is a
total linear order on £2 of order type Q, then M = (£2, {<}) is inductively flexible.

Corollary 9 (ZFC + MA(o -centered)). There exists a subgroup G of Sym(£2) (e.g. G from Theorem 1)
which is a dense proper subgroup acting transitively on M = (82, {<}), where < is of order type Q.

Define an Rg-section on 2 to be a partition of £2 into 8y many subsets of cardinality 8y. One
can consider an Rg-section on 2 as a collection {R,},-,, of unary relations satisfying the following
three requirements

(s)h (V€ < w)l{a € 2 : Rea}| = No;
(s)2 (Vo < 1 < w)(Ya € 2)—Ry,aV —Ry,a; and
(s)3 (Va e 2)(3¢ < w)Rea

but with the caveat that two such collections of relations {R¢}¢~«, {R,}¢< are considered identical
provided there is some ¢ € Sym(w) with Rja < R;(@a. It is easy to see that a model M =
(82, {R¢}e<w) with the set of relations satisfying (s); - (s)3 is inductively flexible. Thus G from
Theorem 1 will act transitively on M and a fortiori G will act transitively on Xg-sections. So we
may record the following.

Corollary 10 (ZFC + MA(o -centered)). There exists a subgroup G < Sym(£2) (e.g. G from Theorem 1)
which is a dense proper subgroup acting transitively on Rg-sections.

Peter M. Neumann asked whether there is a proper subgroup G < Sym($2) which acts transitively
on §2 and transitively on Q-type orderings on £2 [3, Problem 9.42]. Since our group G is dense, it
is k-transitive for each k < w, and therefore transitive, and so a consistent positive answer to his
question follows from Corollary 9. Similarly he asks for a proper transitive subgroup of Sym($2)
which is transitive on Rg-sections [3, Problem 9.41 (c)], and Corollary 10 supplies a consistent
positive answer.
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