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N;-FREE ABELTIAN NON-ARCHIMEDEAN POLISH GROUPS

GIANLUCA PAOLINI AND SAHARON SHELAH

ABSTRACT. An uncountable X;-free group cannot admit a Polish group topol-
ogy but an uncountable Nj-free abelian group can, as witnessed, for example,
by the Baer-Specker group Z“; more strongly, Z“ is separable. In this paper
we investigate Nj-free abelian non-Archimedean Polish groups. We prove two
main results. The first is that there are continuum many separable (and so
torsionless, and so Nj-free) abelian non-Archimedean Polish groups which are
pairwise not abstractly isomorphic. The second is that the following four prop-
erties are complete co-analytic subsets of the space of closed abelian subgroups
of Soo: separability, torsionlessness, Ni-freeness and Z-homogeneity.

1. INTRODUCTION

Recall that a topological group G is said to be Polish if its topology is sepa-
rable and completely metrizable, and it is said to be non-Archimedean Polish if,
in addition, it admits a countable neighborhood basis at the identity consisting
of open subgroups. At a meeting in Durham in 1997, D. Evans asked whether
a non-Archimedean Polish group can be an uncountable free group. Around the
same time, H. Becker and A. Kechris asked the same question without the non-
Archimedean hypothesis (cf. [1]). In [16], the second author settled the first ques-
tion, and in the subsequent paper [17] he also settled the second. It was later
observed that some of the impossibility results from [17] already followed from an
earlier important result of Dudley [6]. Both authors of the present paper later
generalized these results substantially in [13], in the context of graph products of
groups. In another direction, Khelif proved in [11] that no uncountable Ri-free
group can be Polish. Recall that a group G is said to be Ny-free (or N;-free abelian)
if every countable subgroup of G is free (or free abelian, respectively). Furthermore,
an uncountable Polish group cannot be free abelian either, by [17]. In contrast, as
is well known, the Baer—Specker group Z“, equipped with the product topology,
is non-Archimedean Polish and R;-free abelian (but not free abelian). This state
of affairs motivated us to investigate the class of N;-free abelian non-Archimedean
Polish groups and, in particular, to ask how complicated this class is.

Recently, there has been significant interest in abelian (non-Archimedean) Polish
groups: on the one hand, in the study of the Borel complexity of their actions (see,
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e.g., [5]) and, on the other hand, in the context of homological algebra (see, e.g.,
[2, 3]). Our algebraic study complements these lines of inquiry by providing new
structural insights into these groups.

We recall the following definitions as they will play a crucial role in our study:

Definition 1.1. Let A be a torsion-free abelian group.

(1) We say that A is separable if every finite subset of A is contained in a free direct
summand of A.
(2) We say that A is torsionless if for every 0 # a € A there is f € Hom(A4, Z) such

that f(a) # 0.
(3) We say that A is Z-homogeneous if every element has type 0 (cf. 3.6).

It is well-known, see e.g. [7, Corollary 2.9], that we have the following;:

separable = torsionless = N;-free = Z-homogeneous.

Now, it so happens that Z“ is not only N;-free but actually separable. Thus,
the motivating question of the paper mentioned above (on the existence of Ri-free
abelian non-Archimedean Polish groups) can be strengthened to torsionless, or even
separable, abelian groups. We will deal with all these properties in our paper.

The first result concerns the number of non-isomorphic groups realizing the four
properties above, and it is of the strongest possible form. We recall that a com-
pletely decomposable abelian group is a group that is a direct sum of groups of
rank 1.

Theorem 1.2. There are continuum many separable (hence torsionless, hence N1-
free) abelian non-Archimedean Polish groups which are pairwise not abstractly iso-
morphic. Furthermore, all these groups can be taken to be inverse limits of countable
torsion-free completely decomposable groups.

The second result that we present is formulated in the framework of invariant
descriptive set theory (see [9] for an excellent introduction to this subject). In [10],
Kechris, Nies and Tent proposed the following program: as any non-Archimedean
Polish group is topologically isomorphic to a closed subgroup of the topological
group S, of bijections of N onto N, we can study classification problems on non-
Archimedean Polish groups with respect to the Effros structure on the set of closed
subgroups of S, which is a standard Borel space (see [10] for details).

At the heart of this program lies the following twofold task:
e for natural classes of closed subgroups of S, determine whether they are Borel,;

e if a class C is Borel, study the Borel complexity of topological isomorphism
on C.

In our second theorem, we prove that the four properties mentioned above are
not Borel and, more strongly, that they are complete co-analytic.

Theorem 1.3. Determining whether a non-Archimedean Polish group belongs to
C is a complete co-analytic problem in the space of closed subgroups of So for each
of the following classes C of abelian groups:

(1) Z-homogeneous;

(2) Ni-free;

(8) torsionless;
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(4) separable.

The structure of the paper is as follows. In Section 2 we collect the necessary
preliminaries. In Section 3 we introduce the main group-theoretic construction at
the heart of the paper. In Section 4 we prove Theorems 1.2 and 1.3.

2. THE DESCRIPTIVE SET THEORY SETTING

From here on, as is customary in set theory, we denote the set of natural numbers
by w. The aim of this section is to fix the coding, i.e., to specify the spaces used in
our results, and to introduce the necessary background.

Fact 2.1 (|5, Proposition 2.1]). Let G be a topological group. Then the following
are equivalent:

(1) G is a non-Archimedean Polish abelian group;

(2) G is isomorphic (as a topological group) to a closed subgroup of [],, .,
the product topology), with each H,, abelian, countable and discrete;

(3) G is the inverse limit of an inverse system (G, f(n,m) : m < n < w), with
each G,, abelian, countable and discrete, and G is endowed with the subspace
topology inherited from the product.

H,, (with

Notation 2.2. Let X be a Polish space. The Effros structure on X is the Borel
space consisting of the family F(X) of closed subsets of X together with the o-
algebra generated by the following sets Cyy, where, for U C X open, we let:

Cu={DeF(X):DNU #0}.

Notation 2.3. We denote by S, the topological group of bijections of w onto w,
where the topology is the one induced by the following metric:

(1) if z = y, then d(x,y) = 0;

(2) if x # y, then d(x,y) = 27", where n is least such that z(n) # y(n).

Fact 2.4. The closed subgroups of So form a Borel subset of F(So) (see [10]).
We denote this Borel space by Sgp(Ss), with the Borel structure inherited from
F(Ss0)-

Definition 2.5. By a tree on w we mean a non-empty subset of w<% closed under
initial segments (so in particular the empty sequence () is the root of the tree).

Notation 2.6. Given a tree ' C w<* we denote by [T] the set of 7 € w* such that
n I n €T for all n < w, i.e., the set of infinite branches of T'.

Fact 2.7. Let T(S) denote the set of trees on w with no leaves, topologized by
defining the distance between distinct trees T7 and T to be 27", where n is the
least integer such that 77 Nw™ # To Nw™. For C € Sgp(Sy ), define T € T(Sx)
as follows:

1

B:C—Te={gln:geCandn<wlU{g " [n:g€C andn<w}.

Then B : Sgp(Ss) — T(Sw) is Borel, it is injective and it has closed range;
furthermore, when restricted to its range, the map B is a Borel isomorphism.

By Fact 2.7, we can work with B(Sgp(S)) C T (S« ) instead of Sgp(Ss)-

Proviso 2.8. From now on, we consider only inverse systems with surjective bond-
mng maps.
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Notation 2.9. We can look at an inverse system A = (A, f(n,m) : m < n < w) of
groups as a first-order structure in a language Liny = { P, n, f(n,m) : m < n < w},
where:

(1) the P,’s are disjoint predicates denoting the groups A,,’s;

(2) -, is a binary function symbol, interpreted as the group operation on A,;

(3) the f(;,m)’s are function symbols interpreted as morphisms from A,, to A,,.

Notation 2.10. With respect to the language considered in 2.9, the assertion
that a structure of the form A = (A,, fi,m) : m < n < w) is an inverse system
is axiomatizable in first-order logic. Thus, we can consider the Borel space of
countable Pro-Groups with domain contained in w. We also assume that our inverse
systems A = (Ay, fn,m) : m < n < w) satisfy dom(A,) N dom(A,,) = () whenever
n # m. When the groups A, are abelian, we use additive notation, writing +,
instead of -, and 04, instead of ey4,, .

Definition 2.11. Let A = (A, f(,m) : m < n < w) be an inverse system as in
2.10. For every a = (a, : n <w) € @(A) we define a permutation 75 of w as:

(k) k+a, Gn, if there is n < w such that k € A,,

Ta =
k, if k¢ U, An-

Observation 2.12. The map a — 75 from 2.11 is an embedding of ]&n(A) into Se.

We omit the details of the next proposition, as its proof is standard (see, e.g.,
2.7).

Proposition 2.13. The map A — 1&1(14) from Pro-Groups (recalling 2.10) into
Sgp(Se) (recalling 2.4 and the embedding described in 2.11) is Borel.

3. A FEW CRUCIAL CLAIMS ABOUT TFAB’s

3.1. The engine

The following construction will be used to prove Theorems 1.2 and 1.3.
Notation 3.1. P denotes the set of prime numbers.

Definition 3.2. Let T C w<¥ be a tree with no leaves and let L : T'— P(P) \ {0}
be such that:
(a) if n < v, then L(v) C L(n);
(b) if n € T, then L(n) = U{L(v) : v € T and v is a successor of n}.
We define an inverse system inv(7T, L) = (Gy, fn,m) : m < n < w) as follows:

(i) Zp =B{Zzxy neTNW"} <Gy <Qn :=P{Qz, :neTNw"};

(ii) G, = <%a:,, neTNw”and p € L(n))g,;

(iii) for m < n < w, f(n,m) is the unique homomorphism from G,, into G, such

that
neTNW" = Ty = Tyim.

Notice that the inverse system inv(7T', L) = (Gy, fn,m) : m < n < w) is well-defined
because of conditions (a) and (b) above. We then set

(T, L)+ inv(T, L) v lim(inv(T, L)) := G(T' L).

Equipped with the topology inherited from the product topology on [[,, ., Gn, the
group G(T, L) is a well-defined non-Archimedean Polish abelian group.
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Remark 3.3. Notice that the inverse systems inv(7', L) = (G, fin,m) : m < n < w)
defined in 3.2 have bonding maps f,, .,y which are onto; this is because we ask that
the tree T has no leaves and because we ask that condition (b) from there holds.
Recall that in 3.2 we only consider trees with no leaves and so, for T’s as in 3.2,
the set [T is always non-empty (cf. 2.6 for a definition of [T7).

Remark 3.4. Notice also that for inv(T, L) = (Gn, fin,m) : m < n < w) as in 3.2
we have that the groups G,, are completely decomposable, i.e., they are direct sums
of groups of rank 1, in fact it follows immediately from the definitions that:

Gu= Y (w)&,

nEwnNT

where (X)¢, ~denotes pure closure (cf. [8, pg. 151]).

For background on the notions that we now introduce, see, e.g., [8, Chapter 13].
We will often abbreviate “torsion-free abelian group” as TFAB.

Definition 3.5. Let A € TFAB and let (p; : i < w) be the list of the prime numbers
in increasing order. For a € A, we define the characteristic of a in A, denoted as
xa(a) = x(a), as follows: x(a) = (hyp,(a) : i <w), where hy, (a) is the supremum of
the k < w such that p¥ | a, where the supremum is taken in w U {co} (so the value
oo is allowed).

Definition 3.6. (1) Two characteristics (k; : ¢ < w) and (¢; : i < w) are said to be
equivalent if k; = ¢; for almost all ¢ < w and both k; and ¢; are finite whenever
k; # ¢;. The equivalence classes of characteristics are called types.

(2) Given A € TFAB we denote by t4(a) the type of a in A; we may simply write
t(a) when A is clear from the context.

(3) We denote by 0 the type of the characteristic (0,0, ...).

(4) For A € TFAB and a,b € A we say that t(a) < t(b) if there are characteristics
x=(ki:i<w)et(a)and v = (¢; : i <w) € t(b) such that (k; : i <w) < (¢ :
i < w), where the order is the pointwise order, i.e., k; < ¢;, for all i < w.

We will need the following well-known facts.

Fact 3.7 ([8, (C) on p. 411]). Let G and H be torsion-free abelian groups, and let
f: G — H be a homomorphism. Then, for every g € G, t(g) < t(f(g))-

Fact 3.8. [7, Theorem 2.3] Let A € TFAB. Then A is 8y-free if and only if, for
every finite S C A, the pure closure of S in A (denoted (S)*) is free abelian.

3.2. Nice pairs

We now present a technical definition needed for our approach.

Definition 3.9. We call (T, L) a nice pair when for some S and p we have that:

(a) S is a subtree of T and T is a subtree of w<* with no leaves;
(b) n € S implies that 0 ¢ ran(n);

(¢) p=(py,:m€S) is asequence of pairwise distinct primes;

(d) St ={n"v:nes, ve{0}v} CT;

(€) pp~v =py, when n € S and v € {0}<¥;

(f) L is the function with domain T" defined as follows:

L(n)={p,: (v<norn<v)and v e ST}
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Observation 3.10. (1) If (7, L) is a nice pair, then (7, L) is as in 3.2.
(2) If n Sv €T and L(n) is finite, then L(v) is finite (as L(v) C L(n)).

Convention 3.11. For the rest of this subsection, we fix (T,L), S, ST and p as
in 8.9 and we let G = G(T,L). Forn € [T], we let L(n) = ({L(n [ n) : n < w}.
Also, for n < w, we let f(, ) be the obvious projection of G onto Gy,. For v € [T1,
we let 1, = (T, 1 n < w) € G. Recall also that f, ) denotes the bonding map
from G,, onto G, .

Claim 3.12. If S has an w-branch (i.e., there is n € [T] such that, for all n < w,
n [ n€S), then G is not Z-homogeneous, and so G is not R;-free.

Proof. In this case L(n) = ({L(n [ n) : n < w} = {pym : 7 < w} is infinite, and so
in G we have that z, is divisible by p for every p € L(n). ]

Definition 3.13. For n € TU([T], let K,, be the additive subgroup of Q generated
by {% :p € L(n)} C Q; explicitly, K, is the subgroup of Q consisting of:

{ :beZ, k<w, pr € L(n),pey, # puy,for by < by < k}.

H€<k DPe
Main Claim 3.14. If S has no w-branch, then G = G(T, L) is separable (and so
G is torsionless, and so G is R;-free).

Proof. We show that G is separable. To this end, let X C G be finite.

(*1) We claim that it suffices to prove that there are n < w and finite Y Cw™ NT
such that, writing 7, y) for the natural projection of G, onto G(,y) =
(Y&, » there are a direct summand B of G, y) and a retraction r : G, y) —
B satisfying:

(a) for every v € Y, L(v) is finite;

(b) define g =707, v) © flw,n);

(¢) g € Hom(G, B);
(d) go:=g I (X)§ is an isomorphism from (X)}, onto B.

We first show that (x1) holds, i.e., that the conditions listed there suffice to conclude

that G is separable. The group G,y is free abelian of finite rank, because G, y) =

D{K,z, : v €Y} and each L(v) is finite, so K, = Z. Hence B is free, and by (d)

so is (X)%. By (c) and (d), g5 ' o g is a homomorphism from G into (X)%, and for

a € (X)¢ we have

90 ' ©9(a) =g (90(a)) = a.
Thus gy ' o g is a retraction of G onto the free subgroup (X)%, so X is contained
in a free direct summand of GG, as desired.

So now that we have shown that (1) suffices, for the rest of the proof we will focus
on showing that the conditions from (*;) can be fulfilled (cf. the final (*19)).

(*2) For every n < w, f(njl,n) maps f(w,n+1)£<X>*G) onto f(w,n)(<X>*G)a hence:
(1) k(fwnsn) (X)) 2 1k(fw.m) (X)E));
(-2) those ranks are < |X| which is finite.

(x3) For some n, < w, (rk(fw,m)((X)§)) : m > n.) is constant, call it k., and
for every no > n1 = 1w, finam) | flons) ((X)E) is an isomorphism from
Jwma) ((X)&) onto flun) (X))
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[Why? As ny > ny = n. and 50 tk(f(w,n,) ((X)&)) = 1k(flwn) ((X)§)), recalling
that fin, n) maps fwn,) ((X)G) onto fn,)((X)&), we have that the map fi,, 5,y |
Jiw.ms) ((X)&) has trivial kernel and so it is 1-to-1, and trivially it is also onto.]
(x4) Ifn > n,, then f(, ) | (X)g is an isomorphism from (X)g onto fi,, ) ((X)5).
Why (x4) holds? Let n, < n < w and suppose the negation of the thesis. Then
there is y € (X)g \ {0} such that f, »y(y) = 0. Let y = (ym : m < w). Then we
can find k > n such that f, x)(y) = yx # 0. But then yp € f,1) (X)) \ {0} and
Jen)(yr) = 0, and so f ) has non-trivial kernel, contradicting the choice of n,
(recall that by hypothesis n > n, and that f(; ,) : Gx — Gy is onto Gy,). So (x4)
holds indeed.
(%5) W.lo.g. |X| = k., equivalently, X is independent.
(x6) For n < w.

(a) Let Y,, €T Nw™ be finite and such that we have:

f(w,n)(<X>Z‘) c G(n,Yn) = @{Kvxv v eYyl,
see 3.13 for the definition of K, .
(b) For y € (X)g , let:
('1) ) Z{a(y n,v) (v ey, } where Ay,n,v) € K,
(-2) Z ( ={rev, y,n,v> # 0}.
¢ J.o.g. oreveryn}n*an v eY,,thereisy € X such that a¢, .
W.1 f d Y,,, therei X such that a(y ) # 0
[Why? Obvious.|
(%7) Let Y ={v €Y, : L(v) is finite}.

(*3) Recalling the definition of 7(,, y+) from (*1), we have that the sequence

(rk(7(n, 1) © flwm (X)) 110 = 1)
is eventually constant, say for n > n,, and let k, be this constant value.
Why (xg)? Put A = (X)g and H,, = 7, y#)0 f(w,n)(A). We show that the sequence
(tk(H,) : n > n,) is non-decreasing. Fix m > n > n, and let
Vi = {0 € Vi p I n €Y7}

Notice that Y, C Y5 indeed, if p [ n € Y7, then L(p) C L(p | n) is finite. For

m,n)
y € A, decompose
1 2 3
Foam) W) = Zmny) t Zmm) T Zmony);
where the three summands are the parts supported, respectively, on Y( ,on Y\

Y(’;Ln), and on Y;, \ Y.%. The last two summands are annihilated by W(nvyn ° f(mn)-
Consequently,

Tn,v2) © Fomom) (T, vy © Flwom)¥) = Tn,vs) © Fruom)(¥)-
It follows that m(, ys) © fimm) | Hpy maps H,, onto Hy,, and hence rk(H,) <
rk(H,,). Finally, these ranks are bounded by rk(A) = k. < w, so they are eventually
constant, as claimed.
(%9) Assume n, < nyp < Ny < w, then:

(1) if v €Y,,, then there is p € Y, such that v < p;

(o) ifve Y} and v<ap€Yy,,, then p € Y (Y, was defined in (x7)).

[Why (%0)(-1)? By (xs)(c).|
(*10) Let (ye: € < ky) be alist of X (recall (x5)).
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(*11) For ¢ < k., let W(n,e) = M(n,Yz) O f(wfﬂ) (yg) and W,, = {W(n)g) < k*}
(#12) For every n < w and £ < ki, let:

Y(en) = T(n,v) © flwm)(Ye),
where 7, y») 1 Gn — (Y;¥)§, is the obvious projection onto (Y;¥)% = (as in (x1)).

(#¥13) Hence, we have:

y(&”) = Z{a(yg,n,u)xy HEZS Y;}

(¥14) For n = m > ny, let:
() Y, oy ={veYvimeY}

(0) Yenm) = Ay )y v € Y], 1}
(*15) For n > m = n,, Yu,n,m) = 7T(n,Y(* (f(w,n) (yf))

mm))
(¥16) kx = ki(=|X]) (recall (x5) and (*g)).
We prove (k15). The proof of (x16) will be rather long and will contain several sub-
claims (*16.m,). Toward contradiction, assume that k, < k. (notice that k, < k).
First of all, notice that:
(#16.1) if u C ky, £ € ki \ v and ny < ng, then (a) implies (b), where (recall that
Y(e,m) was defined in (¥13)):
(a) Y(e,n,) depends on {y(in,) 1 i € uf;
(b) Yee,n,) depends on {y(; n,) : @ € u}.
(#16.2) For some ne € (n4,w) we have that for all ng > ny > ne and u C ki,
£ € k. \ u we have (a) iff (b), where:
(a) Y(e,ny) depends on {y(in,) 1 i € uf;
(b) Yee,n,) depends on {y(; n,) : @ € u}.
Now, relying on (#16.2), by the assumption toward contradiction, modulo remaming
the elements y,, we have:
(#16.3) for some k € [k, k.) we have that for every n > n, we have:
(-) the {ye,n) : £ < k} are independent in G;
(*) Y(k,n) depends on {y(r,) : £ < k} in Gy,
(*16.4) For n > ne, let > {0}y : £ < k} = 0, where, for £ < k, b} € Z and
by # 0 (where k is of course the k fixed in (¥16.3)).
(x16.5) W.lo.g. for every ny > ny > ne we have that, for every ¢ < k, b;? = b,
call this number by, so that in particular by # 0.
Why (%16.5)7 For n > ne, (b} : £ < k) € ZF+1 is not unique. However we can
strengthen (#16.4) demanding in addition the following:
() b >0;
(-) thereis no a € w\ {0,1} such that a divides b} for all £ < k;
() the greatest common divisor of (b} : ¢ < k) is 1.
Now, under these restrictions (b} : £ < k) is unique, since otherwise we contradict
the fact that (y(g,n) : £ < k) is independent. Finally, notice that if ne < n1 < no,
then (by? : £ < k) can serve as (by' : £ < k). Together we are done.
(#16.6) In G we have that z := > {bpye : £ < k} # 0, so there is n, > ne such that
Jwmy)(2) #0, and thus we can find v € Y, such that a, ,, ,) # 0.

(*16.7) 12 g Y;Jr
[Why? By (*16.4) and (x16.5), T(ny,Yy,) O Jwn)(2) = 2 Abeymyy € <k} =0]
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(*16.8) There are ny and p such that:
(a) np = ng > ne = nu;
(b) p€ Yy, and v<ap (where v is as in (*16.6), (*¥16.7));
)

Why does (*16.5) hold? We choose v, by induction on n > n, such that:
(@) vn, =V EY,
(b) v, € Yy

(c) if n =m+1 > ny, then vy, <vp;

(d) a(z}n’yn) 75 0.

As in the beginning of the proof we can carry the induction. Now, as we are
assuming that S has no w-branch, clearly for some n > n, we have that v,, ¢ S,
but then necessarily L(v,,) has to be finite, i.e., v, € Y,ff, since by assumption S is
a subtree of T" and we defined, forn € T, L(n) = {p, : (v<an or n < v) and v € ST}.
(*16.9) T(ny,Yy,) © fwn)(2) #0.
(41610 Toar 13, © fiom) (2) = 0.

[Why? Notice that:

S

Tng¥) © Jwnp(2) = Ty © fwmy {beye : £ < kY
= 2AbeYeny) €< K}
= Z{befy(é,n:r) 4 < k}
0

where the first equality is by the definition of z preceding (*16.6); the second equality
is by (*12), the third equality is by (*16.5) and the fourth equality is by (*16.4).]

But (#16.10) contradicts (x16.9). Hence, (*16) holds indeed.
(*17) (a) Let f&, = T(nys) © frwm;
(b) f(,ny is @ homomorphism from G into (Y&, <G
(*18) There is N > n, such that, for every n > N, the map h,, := Slom | (X)& is

an isomorphism from (X)g onto (W,)¢ ~(recall: W, was defined in (x11)).

Why (%15)? For n = n., let:

(x181) (1) A= (X)g;

() Bn = (Wn)g,;

() H, = hn(A)a

() Fn =G,
Recall from Definition 3.13 that, for every v € T, K, is the additive subgroup
of Q generated by {1/p : p € L(v)}. By (*7), L(v) is finite for v € Y;¥, and then
K, = d;'7Z, where d, = HpeL(u) p. Thus F,, = @VEY; K, x, is free abelian of finite
rank. Since W,, C F,, and F,, is pure in G, also B, < F,, so B,, is free abelian of
finite rank. By (xg) and (x16), tk(H,,) = rk(A); hence h,, is injective, since its kernel
is torsion-free of rank zero. Moreover, W,, C H,, < B,,, and since B,, = (W), , we
have rk(H,,) = rk(B,,). Consequently, B,,/H, is a finitely generated torsion group,
hence finite. In particular, if H,, is pure in B,, this quotient is also torsion-free
and must be zero, giving H,, = B,,. Since h,, : A — H,, is already an isomorphism
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for n > ny, to establish (x1g) it remains to prove that H,, = B, for all sufficiently
large n; this is the aim of the rest of its proof.

Recall Q, = @, cpny,m Qry from Definition 3.2. Recall now that we have:

G={(um:m<w)e HGm:f(m,n)(um):unforalln<m<w}< HQm.

m<w m<w

Thus A < G gives the following embedding;:
1 A— H Qm, ar— (flo,m(a) :m < w).

Using the inverse-limit presentation of G, we can identify A with t(A) and put

V={ua)/d:ac A, 0<de L} =spang((A) < [] @m-
m<w

This realizes the rational hull Q ®7 A: its natural map to the displayed subspace
sends d~! ® a to t(a)/d and is injective, since t(a)/d = 0 implies a = 0. Under
this identification, writing v = a/d means that v = (v, : m < w) and v, =
d_lf(w,m) (CL)
Forn < m < w, let f(m’n) : Q. — @, be the Q-linear map defined by f(m,n) (z,) =
Typp for v € TNw™. It extends the bonding map f(,, ) defining G. Hence, for
v=a/d eV, wehave that fm ) (vm) = ™ Fomm) (Fwm) (@) = d7 from) (@) = v,.
These are the compatibility relations satisfied by the components of v. For n > n,,
extend h,, by h,(a/d) = h,(a)/d and put C,, ={v € V : h,(v) € B, }.
The map ﬁn is injective and maps V' onto the rational span of B,,. Indeed, since
A= (X)§, X spans V over Q, and h,,(X) = W, by (*11) and (x17). Hence h, (V) =
spang(W,,) = spang(B,), where the last equality follows from B,, = (W,)¢, . Its
restriction is therefore an isomorphism C,, — B,, taking A onto H,, and induces
an isomorphism C,,/A = B,,/H,. We have already shown that B, /H,, is finite, so
Cp/A is finite. If m > n > n, and v € Cy,, the identity from (*g), extended by

Q-linearity, gives En(v) = T(n,Y2) © f(mn) (iNLm(v)) € Gy, Nspang(W,) = B,,. Here
the right-hand side lies in G,, because Tlm (v) € By < Gy 80 A< Cp, < G,
(*18.2) n,@n* C, = A

Why (%152)? Since A < C,, for every n > n,, it suffices to prove the reverse
inclusion. Fix v in this intersection, and choose a € A and 0 < d € Z such that
v =a/d. For every m < w, (*¢) applied to a € A gives

f(w,m)(a) S @ Kumlw
veYy,

Dividing by d shows that v, belongs to the rational span of {x, : v € Y,,,}. Since
the z,’s are a basis of ),,,, there are unique coefficients

Um = § Cm, )Ly, C(m,v) € Q.
vEY

Put ¢(,,) = 0 for v € (T Nw™) \ Y,,. The relation ‘f.(m+1’m)(’l}m+1) = vy, reads

Z C(m+1,0)Lplm = Z C(m71/)1:u~

PEY i1 veY,,
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Comparing coefficients of x,, for each v € T Nw™, gives

(1) C(m,v) = Z{C(m+1,p) 2p €Yy, plm=v}

The sum is finite because Y, 1 is finite. Suppose v,, ¢ G, for some m < w. Since
Gy = @uemem K,,, this means that c(, ) ¢ K, for some v € Y,,. If every
coefficient ¢(,, 41,5y in the sum in (f) belonged to K, then K, C K, would imply
C(m,w) € Ky, a contradiction. Hence some immediate successor p € Yy, satisfies
Cim+1,p) & K, Iterating gives a chain (v : m < k < w) with vy € Yy, vp <vpq
and c,,,) ¢ K,, at every level.

For n, < k < w, the definition in (¥17) and hy(a/d) = hy(a)/d give

Ek(v) = d_lﬂ'(k,Yk*)(f(w,k)(a)) = Z c(kyl,)a:l,.
veYy

Indeed, fex)(a) = duvg, and T(k,vy) retains exactly the terms indexed by Y.

Moreover, v € C} implies l~zk (v) € By, and we already proved By < Fy. As Fj, =
@ueY; K, x,, uniqueness of coefficients now gives ¢,y € K, for every v € Y.
Consequently vy, ¢ Y;¥, and thus L(vy) is infinite, whenever k > max{m,n,}. By
Definition 3.9, nodes with infinite label sets belong to .S, so this chain would yield
an w-branch of S, a contradiction. It follows that v,, € G,, for every m < w.
Since ]/”\(m,n) restricts to f(, ) on Gy, the compatibility relations above now give
Jimn) (Um) = vy, for all n < m < w. By the displayed description of G, this proves
v € G. For our fixed a and d, we have dv = a € A. Purity of A in G yields b € A
with db = a = dv; torsion-freeness of G then gives v = b € A. This proves (x15.2).
The sequence (Cr,/A : ny < n < w) is a descending chain of subgroups of the
finite group C,, /A. There can be only finitely many strict inclusions, so the chain
eventually stabilizes. Its intersection is zero by (x15.2), hence its stable value is zero.
Therefore there is N > n, such that C,, = A, and thus H,, = B,,, for all n > N.
This proves (x13).

(*19) The conditions from (*;) hold, and so the proof is complete.

Why (%19)? Let N be as in (¥15), fix N < n <w and take Y =Y,* and B = B,, =
(Wn)&. - By (%) and (x7), Y is a finite subset of T'N w™ and L(v) is finite for
every v € Y, verifying clause (a) of (x1). Moreover, using the notation introduced
in the proof of (*18), G(n,y) = Fn. Since B, = (W,)¢, is pure in F,, the finitely
generated group F,, /B, is torsion-free, hence free abelian. Lifting a basis of F), /B,
to F), gives a complement to B,,, and therefore a retraction r, : F,, — B,,. Let

9 ="n0T(n,y;) © fwm) = Tn © (i n) € Hom(G, By).
This verifies clauses (b) and (c) of (*1). Furthermore, for a € A = (X){,, we have
g(a) =rn(hn(a)) = hn(a),
where h,, is as in (*;g), this is because h,(a) € B, and r, is the identity on B,.
Thus go = g | A = hy, which is an isomorphism onto B, by (x13), verifying
clause (d) of (x1). All the conditions of (x;) are therefore fulfilled and the proof is
complete. [

4. PROOF OF MAIN THEOREMS

In this section we show how to use our machinery to prove Theorems 1.2 and 1.3.
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4.1. Proof of Theorem 1.2

Definition 4.1. Let S be the following well-founded tree. For n < w, let T}, be
a copy of w<™ such that T,, N T}, = () whenever n < m < w. Let S be the tree
obtained by adding a minimum z, to |J{T}, : n < w}, so x, is the root of S. The
tree S can be realized as a subtree of w<“ satisfying condition 3.9(b), and it is
well-founded. Fix an enumeration of S of order type w, say (n; : i < w). Let P,
be an infinite set of primes, enumerate it in increasing order as (p;* : i < w), and
let p,, = p;*. Then S and p = (py, : @ < w) are as in Definition 3.9. Without loss
of generality, we assume that if 1 is not the root of the tree, then n(0) = n if and
only if n € T,. Finally, let T = w<% and let Lp_ be the labeling induced by S and
P according to Definition 3.9.

Observation 4.2. By 3.14, for (w<%, Lp,) as in 4.1, G(w<¥, Lp,) is N;-free.

Lemma 4.3. Let P; and P> be infinite sets of primes such that Py NPy is finite,
and let (w<¥, Lp,) be as in 4.1 and Gy = G(w<¥, Lp,) (recall 3.2). Then there is
no topological isomorphism from G1 onto Gs.

Proof. Let A = G = yLn(G(l,n)) and B = Gy = yLn(G(Q,n)), where the Gy ,)’s
belong to the inverse system inv(w<*,Lp,). Let G(1,) = An and G(3,) = By.
Also, for n < m < w, denote the bonding map from A, onto A,, by t(, ), and

the bonding map from B,, onto By, by $(y,.,). Suppose that there is a topological
isomorphism from A onto B. Then there are ¢,, f, and g,, for n < w, such that:

a) ¢ :w — w is increasing;
) ¥ :w — w is increasing;
) fn i Agn) = Bn;
d) gn: Bw(n) — Ap;
) for every n < k < w, the following diagram is commutative:

Aguy L By
t<¢(k>,¢<n>>l ié'(k.,n)
Agmy —* B,
(f) for every n < k < w, the following diagram is commutative:
By —* Ay
S(zp(k%«»(n))l th,n)
By(n) == An

(g) for every n < w, fn 0 gsm) : By(sn)) — Bn is equal to 8¢y (4(n)),n)3
(h) for every n < w, gn © fy(m) : Ag(n)) = An is equal to t(4(p(n))n)-
(¥1) If n € W™+ N S is not maximal in S, then fr(zy) =0p,.

[Why (%1)? By our choice 1 is not maximal in S, hence we have that:

Ag(k) | “xy is divisible by infinitely many primes in P;”,

but since P; NP, is finite, necessarily fi(z,) = 0p,, by 3.7.]

Let n = ¢(¢0(0)) and let € w™*! be such that 7 is not maximal in the tree S. Then
by (*1) we have that fy)(z,) = 0p,,,, and so necessarily go o fy(0)(zy) = 04,, but
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this contradicts item (h) above, in fact, since gn o fyn) : Agp(0)) — Ao is equal to
t(b(v(0)),0) We also have that go o fy0)(7y) = z¢ and xy # 04,, a contradiction. m

Recall that an abelian group A is said to be slender if every homomorphism
¢: Z¥ — A satisties ¢(e,) = 0 for all but finitely many n, where e, is the n-th
canonical unit vector (cf. [8, p. 489]).

Lemma 4.4. Suppose {¢(ym): An — Ayt m < n < w} is an inverse system in
which each A, is a countable slender abelian group, and let ¢v: G — A = yLnAn be
an abstract homomorphism, where G is a completely metrizable topological group.
Then ) is continuous.

Proof. Letting ¢,,: A — A,, denote the natural projection, we have that ¢, o
¥: G — Ay, is a homomorphism from a completely metrizable group to a countable
slender abelian group, and so by Theorem C of [4] we know that the kernel of ¢,,, 0t
is open. Since the topology of A is determined by the kernels ker(¢,,), we see that
1 is continuous. ]

Proof of 1.2. Take a collection {P, : o < 280} of almost disjoint infinite subsets
of the set of prime numbers, where A and B are almost disjoint if A N B is finite.
The result then follows from 4.3 and 4.4: each group used in the inverse system
defining G(w<¥, Lp_) is countable, abelian, torsion-free and reduced, and hence
slender by [15]. |

4.2. Proof of Theorem 1.3

Definition 4.5. Let A C w<“ be an infinite tree (in this case, crucially, possibly
with leaves). For n € A, let ™! = (p(n) +1:n < w) and let AT =8 = {n*!:
ne A} Let p={p, :n€S}tand T = w<¥. Let G(w<¥,L4) be defined as in 3.9
for this choice of S and p.

Lemma 4.6. For (w<¥,La) as in 4.5, letting G4 = G(w<¥, L4) we have:

(1) if A is well-founded, then G4 is separable, and hence torsionless, Ri-free and
Z-homogeneous;

(2) if A is not well-founded, then G4 is not Z-homogeneous, and hence is neither
N1 -free, nor torsionless, nor separable.

Proof. This is by 3.12 and 3.14. ]

Proof of 1.3. Recall first that, as is well known, well-founded trees form a complete
co-analytic set. The result follows from 2.13 and 4.6, together with the observation
that the map A — inv(w<¥,L,) is Borel when considering models whose domain
is contained in w. ]
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