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Abstract. We show that it is consistent that there is a nonmeager set of reals each
of whose nonmeager subsets contains equal distances.

1. Introduction. In [I], Erdés and Kakutani showed that the contin-
uum hypothesis (CH) is equivalent to the following statement: There is a
partition of the set R of reals into countably many rationally independent
sets. It follows that, under CH, every nonmeager set of reals contains a non-
meager (in fact, everywhere nonmeager) subset avoiding equal distances.
The aim of this note is to show that CH is needed here.

THEOREM 1.1. It is consistent that there is a nonmeager X C R such
that for every nonmeager Y C X, there are a < b < c < d €Y such that
b—a=d—c.

Note that, by a result of Rado (see [2 Theorem 3.2]), we cannot re-
quire Y to avoid arithmetic progressions of length 3. Also by [I], X cannot
have size N;. So we start by adding No Cohen reals and consider the set X of
their pairwise sums. We then make every small subset Y of X meager using a
finite support product where Y is small if it avoids equal distances. To capture
the new subsets of X that may appear later, we use a o-ideal Z (see below).
The rest of the work is to show that X remains nonmeager in the final model.
The dual problem for the null ideal will be dealt with in a forthcoming work.

2. Proof

NoOTATION. We sometimes identify x € 2% with a real whose binary
expansion is z. Addition is always the usual addition in R. We also sometimes
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interpret y € R as a member of 2* which is the binary expansion of the
fractional part of y. The relevant point here is that these transformations
preserve meager sets.

Assume CH. Let Sy = [wo]?>. Let T = {S C S, : (3c: S — w)(VA €
[wa] 1) ([A]? € S = |c[[A)%]| > 2). Note that, by the Erdés-Rado theorem,
T is a proper o-ideal over S.

Let (S, : v < 7,) be a one-one listing of Z. Let P> add Ny Cohen reals
(To 1@ <ws). In VF let Q = [[{Q, : ¥ < 7} be the finite support product
where Q, = Qg, is a o-centered forcing making {z, + x5 : {o, 8} € S,}
meager. For S C S,, Qg is defined as follows: p € Qg iff

o p=(Fp, np,0p, Np) = (F'. 71,5, N),

e F C[S]? is finite,

e n = (n;: k < N) is an increasing sequence of integers with ng = 0
and ngyp —ng > 2L

e 7 = (0} : k< N) where o1, € [k:m841)2 for each k.

We write p < q iff I}, C F,, np, <X g, 0p <X 04 and for all N, < k < N,
and {o, B} € Fp, (xa +28)[[Ng ks Ngk+1) 7 Ogk+1- 1t is clear that Qg is a o-
centered forcing adding a meager set covering Xg = {zo + 25 : {a, } € S}.
We write X for Xg,.

Note that the set of conditions p = (p(0),p(1)) € PxQ such that for each
v € dom(p(1)), p(0) forces an actual value p(1)(7), and for every {«, 8} €
Fy1y()» 1a, B} € dom(p(0)), is dense in P+ Q. We will always assume that
our conditions have this form.

CrLAaM 2.1. In VP*Q whenever Y C X is nonmeager, there are y; <
Y2 < ys <ya inY such that yo —y1 = ys — y3.

Proof. Choose S C S, such that Y = X is nonmeager and suppose p for-
ces this. Let S1 = {{a, B} : (3pa.g > p)(Pap Ik {a, B} € S)}. Then S1€Z7.
Define an equivalence relation E on S as follows: {«ag, B0} E{aq, 51} iff

o [dom(pag,s ()] = [dom(pay s, (I)] = L for i € {0,1}; let {5, 5, :
k < 1;} list dom(pa; g, (7)) in increasing order for 7, j € {0,1}.
. pao,go((])(vgoﬁmk) = Day B (O)(’ygl,ﬁl,k) for each k < .

. pao,ﬁo(l)('yéo,ﬂo,k) and pa1751<0)<7c1x1,,81,k) have the same 7,5, N (but
not necessarily F'), for each k < ;.

It is clear that E is an equivalence relation on S7 with countably many
equivalence classes. Since S; € Z, we can choose A € [wo]™' such that
[A]2 C 57 and {ao,ﬁo}E{al,,Bl} for all {ao,ﬁo},{al,ﬁl} € [A]2 Let 1y, 11
be the corresponding domain sizes. By the Ramsey theorem, there is an
infinite A; C A such that whenever oy < By and a3 < 81 are from Aq, for
all i € {0,1} and kg, k1 < [; the truth value of 720,50,160 = 721,51,161 depends
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only on the order type of (ag, 5o, a1, 1). Choose a1 < ag < ag < ag € Ap
such that A; has at least two members between any two «;’s. It is easy to
check that the conditions pa,.as,Pa; a4 Pas,as> Pas,as have a least common
extension ¢. For example, to see that p,, o, and pa, ., have a least common
extension, choose some 3 € A;N (a9, a3) and use the fact that (aq, as, 8, as),
(o, a3, B, a3) and (o, a3, g, ag) have the same order type. Similarly, for
Das,az and Doy a4, choose f1 < fa from (ao,a3) N A; and use the fact that
(a1, au, B, B2), (a2, a3, B1, B2) and (a1, a4, a2, a3) have the same order type.
Now ¢ forces that xn, + Tay, Tay + Tays Tas + Tas and To, + T, are in Y
and (za, + Ta3) + (Tay + Tay) = (Tay + Tay) + (Tay + Tas).

CLAIM 2.2. X is nonmeager in V*Q,

Proof. Suppose not. Let p, and ( : m < w) be such that p, IF
(Ym)(T,, C <*2 is a nowhere dense subtree) AXC U, [Tm]. Since P+ Q is
cce, we can assume that each T m 1s in VP =1 @k where Qi = Qg,, for some

Sk € L. For each {«, 8} € S, choose p, 5, m(a, B), k(a, B), v(e, B), l(a, B),
n(a, ) etc. such that:

® Da,B = Px and Pa,p I (Za + jjﬂ) € [Tm(a,ﬂ)]'

® Do = (Paplk) : k < k(o, B)) where po g(0) is the Cohen part and
pa,ﬁ(k) € Qk

e dom(pa,3(0)) = v(a, B), |v(a, B)| = ( B) and o, B € v(a, B).

e For each v € v(a, ), pa,s(0)(7) € 76)2

e For each 1 < k£ < k( . B)y Pap(k) = (Fok MaB ks 0a,Bk Na,g k)
where Fj, 51 C [va,5]* N [Sk)? and NN, 5, = n(a,B) does not depend
on k.

Let {va,8,1 : 1 < l(a, B)} list v(e, B) in increasing order. Since S, € 7T,
as before, we can choose A € [wa]™ such that for every a < 3 from A the
following hold:

{0, 8 ¢ U Sic
m(a, B) = my, k(a, B) = ks, la, B) = le, na, B) = 1.

For each I < Iy, po 5(0)(Ya,51) = 1L € ™*2.

For each 1 <k < ky, o gk = ﬁ’j, OaBk = 6f,Na757k = Nf.

For all a3 < ap and By < B2 from A and Iy, s < l4, the truth value of
Yar,B,l1 = Vas,8s,1, depends only on the order type of (o, az, f1, f2).

Let (o : i < w) be increasing members of A. Choose 7, > n, + (ks +
I, +10)!. Choose q1 > Pag,a; Such that

o g1 ={qi(k)  k<k).

e dom(q1(0)) = dom(pag.a;) and q1(0)(1) = nL™0"=~"+ for each [ < I.
o q1(k)=(Fu, g, ky M " Nps, K017 —7720, NF + 1) for each 1 <k <k,.
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Since py forces that [m*] is nowhere dense, we can find Ny > Ny,
g2 > ¢ and p € [Pm4)92 such that:

e g2 = (q2(k) : k < K) for some k, < K < w.
e For 1 <k <k, if QQ(k> = (Fk,ﬁk,5k,Nk), then Ny, < Nk, N, -

o g IF (Vi € [Ty, ]) (2 [Pas M) # P)-

For j > 2, consider the set s; = {I < I : (3" < 1) (Vag,a1l = Yaj,a541,) }-
We claim that s; = s, is constant. To see this, suppose 2 < j; < j2. Choose j3
much larger than j» and use the fact that the order types of (o, o1, o, j, 1),
(ag, o1, jy, jyg1) and (oy,;, ajy41, Ay, 0y 1) are the same for @ € {1,2}. It
also follows that {’Va“,ajl+1, leli\sn {%‘12’%2“’ leli\s} =0
whenever 2 < j; < jo — 1. So we can choose j large enough such that

(dom(g2(0)) U ngK q2(k) ) ({”Yozyajﬂ, L€ b\ st U{aj,aj41}) = 0. The
next claim gives us the desired contradiction.

CLAIM 2.3. For some g3, 43 > G2, 43 = Paj,a;4, and 315 p C T +Ta, -

Proof. Set g3 = (g3(k) : £ < K) and dom(g3(0)) = dom(g2(0)) U
Yaj.ajad 2 L€ L\ sx}. For each [ € I, \ s4, we would like to find nk, =k
such that:

(a) Il <la € L\ s, 1 <k < Ky {Yayi0541,010 Yojiaj4102) € Sk and
Nf <1< qu(k)a then (77** + 77**) f[ (k),iantp(k),i—‘rl) 7£ Ogo(k),i:
(b) If I € s,,I' € i\ 85, 1 < k < k* and NF < i < N, then
(42(0) (Vag,an,t) = o) 1Mo (k)i o (k) i11) 7 T (k)i
(€) I Yo, a1, = Qs Vaj,ajnle = QG+1 (50 that I1,la € I\ s4), then
(nil* + 7712*) [[Txs etr) = -
Here, for o,7 € 2<¥, m <n <wand p: [m,n) = 2, by (c+7)[[m,n) # p
we mean that (z + y)[[m,n) # p for all x € [¢] and y € [7].
This suffices since then we can let ¢3(0) = ¢2(0) U {(Va, ;41,0 7) 1 €
L.\ s« } and g3(k) = ( qg(k)UF (k)aﬁqg(k)76q2(k)7Nq2(k)) forl1 <k<K.

Paj,ajiq

First set 7, [[ng, nu) = 0™+""* for every | € I, \ sx. Next let W =
{(k,i):1<k<k,N4+1<ic< N, (k) }- Note that for (k,i) € W, we have
Ngo(k),i+1 — Nga(k),i > 2" NY *(Max — M) > QliNf(k* + I + 10)!.

Inductively choose pairwise disjoint intervals (I ; : (k,7) € W) with
I = [mig,my; + (L +5)!) C [an(k),i7nq2(k)7i+1). We claim that for each
(k,i) € W, we can choose (n\,[Iy; : I € I, \ s4) such that the (k,i)th
instance of requirements (a), (b) are met. To see this, note that we have at
most (l*—2\5*|) +|54] (I« — | 54|) inequalities (coming from (a) and (b)) and one
equality from (c) to satisfy, and since {a;, a1} € U{Sk : k > 1}, there is
no conflict between requirements (a) and (c). m
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