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 THE JOURNAL OF SYMBOLIC LoGic

 Volume 51, Number 1, March 1986

 ON THE INTERSECTION OF CLOSED UNBOUNDED SETS

 U. ABRAHAM AND S. SHELAH

 Abstract. Forcing extensions yield models of ZFC in which a long sequence of club subsets

 of wo1 has the following property: every subsequence of size X1 has a finite intersection.

 Introduction. A theorem of F. Galvin says that if Pr = r, then Galvin's prop-
 osition holds: given any family of -r many club (closed unbounded) subsets of Ir,
 one can find a subfamily of cardinality X the intersection of which contains a club.
 So, for example, if CH is assumed then for any family of N2 many club subsets of W1
 there is a club which is contained in uncountably many members of that family. (See
 ?3.2 in Baumgartner, Hajnal and Mate [3] for a proof.)

 We shall show that the assumption - = c in this theorem is necessary. Indeed we
 present two models of ZFC, in ?1 and in ?2, in which the negation of Galvin's
 proposition holds (so of course the continuum hypothesis does not).

 The negation of Galvin's proposition is equivalent to the existence of a collection

 of size N2 of club subsets of N, such that the intersection of any uncountable
 subcollection is countable. In our models we actually have a collection of size N2 of

 club subsets of N, such that the intersection of any uncountable subcollection is
 even finite. In Remark 1.15 we show that those two forms are not equivalent.
 Galvin's proposition can fail in a model in which the following holds: There is family

 of size N, of infinite subsets of N, such that any uncountable subset of N, contains a
 member of that family (and so any collection of N2 club subsets of N, contains an
 uncountable subcollection with an infinite intersection).

 In the second model in ?2 Galvin's proposition fails in an absolute way, and so we
 could further extend the model to get Martin's axiom as well. Thus MA does not
 imply Galvin's proposition.

 Theorem 1.1 is due to Abraham. Its proof uses a type of argument introduced by
 Abraham in his dissertation (see also [1]): to get a certain K-closed forcing partial
 order to be K?-distributive, first prepare the ground by adding a Cohen generic
 subset of K. This generic then guides the choice of conditions for a K-sequence, the
 union of which is to be generic over an elementary substructure and is a genuine
 condition.

 Theorem 2.1 and Remark 1.15 are due to Shelah and were proved several years
 later. An earlier result in this direction, due to Baumgartner [2, Theorem 3.4], gives a
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 THE INTERSECTION OF CLOSED UNBOUNDED SETS 181

 model in which 2'0 = N2 and, for every collection of size N, of infinite subsets of 01,
 there is a club which does not contain any member of the collection. We do not
 know whether this entails the failure of Galvin's proposition.

 ?1.

 1.1. THEOREM (G. C. H.). Let K be a regular cardinal, A > K, cf(A) > K+. Then there
 is a generic extension which does not add new K sequences, does not collapse cardinals,
 and in which 2(K+) = A and the following holds:

 (*) There is a family of A many close unbounded subsets of K + such that the
 intersection of each K' of them is of cardinality less than K.

 PROOF. Define first Q = {q I for some a < K, q: a -+ K}. Then R is defined in VQ as
 the poset of all closed subsets of K' of cardinality < K which do not include any
 subset of cardinality K which is an element of V. Q * R = S is the building block. The
 final poset, defined below in 1.3, is a multiplication of A copies of S with < K support
 on the left and K support on the right. To be more precise, (q, c) E S means q E Q and
 c E VQ, 0 I- c is a closed subset, sup(c) e c, sup(c) < K' and c does not contain any
 subset of cardinality K which is a member of V. S is partially ordered by
 (q, c) < (q', c') iff q c q', and q' F- c' is an end extension of c (i.e., c'- n sup(c) + 1 = c).

 1.2. LEMMA. Let (q, c) < (q', c') be in S. Then there is c* E VQ such that
 a. 0 F- c* is an end extension of c, and

 b. q' F-c' = c*.
 1.3. DEFINITIONS. a. For (q, c) e S define 7t(q, c) = q. 7r is a projection of S on Q.
 b. The poset S is defined by letting a e S iff a is a function, a e Dom(cr) -= a E

 and (a) e S, Jul < K and

 Il{a e Dom(af) |7r(af(a)) :A 0}1 1 < K.

 S is partially ordered naturally: a < ' iff a e Dom(cr) => a +- Dom(a') and
 r(a) < r'(a) in S.

 c. Q is defined by q- e Q iff q- is a function, Jq' < K and a e Dom(q) => a < A and
 4(a) e Q. The partial order is componentwise.

 d. 7r is extended to a projection 7t: S -+ Q by (7(ar))(a) = 7(ar(a)).
 e. Define R c S by a e R if a e S and 7(ar)(a) = 0 for all a. R is a poset by the

 inherited partial order of S; so for a, a' e R, a < a' iff a e Dom(cr) =- a e Dom(r')
 and 0 F-R c'(a) is an end extension of r(a).

 f. In a natural way we can say Q c S (by saying that a e S is in Q iff for all
 a e Dom(cr) we have r(a) = ((c(a), 0), for some q` e Q). Now for q- e Q c S and c e R
 we write (q, c-) e S for the least upper bound of q` and c in S. Also, given any ff e S
 there are q` e Q and - e R such that a = (q-, c).

 REMARK. The following set D is dense in S, and we assume for technical reasons
 that whenever we said (q, c) e S we mean (q, c) e D. (q, c) e D iff for some ordinal
 7 < K+, 0 F-v is sup(c). (Recall that we must have 0 F-v e c, because c is a closed
 set.)

 1.4. DEFINITIONS. For A c A, Q |A = { eQ | Dom(q) c A}; similarly we define

 S |. We have S- S I A x SIA - A. Also if Q is V generic over Q then denote Q I A
 - Q n (Q | A); similarly we denote S A = S (S | A), for a V generic filter S over S.
 The well-known results for multiplication of two posets hold. If S is a V generic filter
 over S then 7r"S = Q is V generic over Q and in V [Q], R is interpreted as a poset for
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 182 U. ABRAHAM AND S. SHELAH

 adding a closed unbounded subset of K+; we call this generic closed unbounded
 subset the closed unbounded subset of K+ given by S.

 Now if S is a V generic filter over S, then for any 4 E i 3 {c } is a V generic filter

 over (essentially) S, and we denote the closed unbounded subset of K + given by that
 filter by C,.

 1.5. LEMMA. S is K-closed (because K is regular).

 1.6. LEMMA. S satisfies the K -C.C. (by a 1-system argument).
 From these lemmas it follows that K and cardinals above K + are not collapsed by

 S. We still have to show K+ is not collapsed (this is the main difficulty), and that (*)
 holds. To show that K+ is not collapsed, we prove that any set of ordinals in Vs of

 cardinality K is already in VQ (this is meaningful because VO c VS) and then use the
 fact that K+ is not collapsed in VO because Q satisfies the K+-C.C.

 1.7. MAIN LEMMA. Let h E V0 be a name, a c S3 and ao I- h: K -+ Ord. Then there
 is a, e S, a, ? ao, and h'ce VQ such that a Ikh = h'.

 PROOF. Observe that R has a supremum for each increasing sequence of length
 < K. But the union of an increasing K sequence of closed sets might include a set of

 cardinality K in V even if each member of the sequence does not. Set CO = (q-, co-).
 Let X > A be a cardinal such that h E H(z) and let M -< H(z) be an elementary

 submodel of cardinality K such that h, K, A, R, Q, aO e M, M q K + = 7 is an ordinal
 < K +, and M is closed under union of subsets of cardinality less than K. Enumerate

 now M r A = {hi I i < K}. Let {qi I i < K} be an enumeration of Q q M, and observe
 that

 Q r M = Q M r A = eq- Q Dom(q) c M}.

 Let {Dj I i < K} be an enumeration of all dense sets of S in M. {ri I i < K} is an
 enumeration of all r E VQ n M with 0 Hkr E R. Finally {jf I i < K} is an enumera-
 tion of 'K with the property that if fi C fj then i < j.

 Our aim is to define T(f, 4) E VQ r M for f E KK and 4 E M q A which has the
 following properties 1.7.1-1.7.3.

 1.7.1. a. 0 H T(f, 4) e R.

 b. For 4 E Dom(c0), 0 Hk T(0, 4) ? c5O(). (Recall that (q-0, co0) = o is the
 condition we start from.)

 c. For f, f'e -K, if fc(f' then, for each EMq)L, 0I-T(f',4) is an end
 extension of T(f, 4).

 1.7.2.ForX E M q A,f E "K, < K,V < K,if 0 IFrisanendextensionof T(f,4),
 then 0 Hk T(f^(o, v), 4) is an end extension of r,.

 1.7.3. Before formulating the third condition, let us define T(q) E R for q E Q r- M
 in the following manner. Dom(T(q)) = M r- A, and, for 4 E M r A,

 T (q)() ST( (4) 4) if 4 E Dom(q),
 ~T(0, ), otherwise.

 We demand that for each q E Q r- M and D E M a dense open subset of S there
 exists q' ? q, q' E Q r- M, such that (q', T(q')) E D.

 The construction of the two-variable function T will be done later on; for the
 moment assume we have such a function and see how to end the proof.

 With the help of T define a function c such that Dom(j) =M r- A (and c-E R, as
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 THE INTERSECTION OF CLOSED UNBOUNDED SETS 183

 we will soon show), and such that for any 4 E M n A and f E Q, f lIQ c(4) is a closed
 subset of y + 1 and is an end extension of T(f, A).

 In defining c-we are making use of 1.7.1.c (recall that y = M n K
 1.8. LEMMA. c E R.

 PROOF. Let f E Q and A E V, A c K+, AI = K, be given; we will find f' ? f such

 that f ' Hk A ; c(4). Say f < K + is the ordinal such that 0 Hk P = supT(f, ).(See the
 remark following 1.3.) Then if IA r- flI = K, as f II c-(4) is an end extension of T(f, 4),
 we get by 0 HI T(f, A) e R that f H A n f ? c(4). So suppose that IA - fl = K. If
 (A - 3 + 1) q y = 0 then A 9 y + 1; but j(Q) ( y + 1, hence A 9 c(4). We can
 assume that there exists a E (A - / + 1) n y. Obviously 0 HI T(f, A) u {a + 1}
 E R,soforsomev < K, T(f, ) u {a + 1} = r, andofcourse0 jka 0 r,.Sayf E acK;
 then, by property 1.7.2, denoting f' = f^(o, v), 0 HI T(f', A) is an end extension of r,.
 Hencef'I-aeAbuta Q(4). D

 The "genericity" of 5 is expressed in the following.

 1.9. LEMMA. For each q E Q and D E M a dense open subset of 3, there is q' > q
 such that (q', 5) is in D.

 PROOF. Let q* = q [' (M )L A); then q* E M. By property 1.7.3, there exists q' > q-,
 q' E Q q M, such that (q', T(q')) E D. One can easily check that (q', 5) ? (q', T(q')).
 q' and q are compatible in Q, and q' u q E Q is the desired condition. D

 1.10. CONCLUSION. Set a, = (q-,5); then a, Ik h E VO (and this proves the Main
 Lemma assuming T is constructed).

 PROOF. For any a < K, Da = {l E 3 a H h(a) = C)} is a dense open set above C
 in S. Hence by Lemma 1.9 the set Ea = {q E Q ((q,) Hh(a) = 4)} is dense open
 above qO in Q. From this the conclusion follows. D

 Now we construct T. First we construct by induction on a < K the functions T,
 E M and p-j e R q M. The T, are thought of as approximations of size < K to T, and
 finally we will set T = Ua < K T,,. The pay's are commitments of size K. We first list some
 properties that the T, should satisfy. Then we prove the consequence that T
 = Ua<K T, satisfies 1.7.1-1.7.3, and finally we construct the T1's and pay's. The reader
 is advised to look at the enumerations of some subsets of M given after the definition

 of M so that the meanings of Xi, qi and Di are clear.
 Properties of T and pa.

 1'. a. j0 = c; {4i | i < al} c Dom(-a). If /3 < Ca < K then Dom(j-J) c Dom(j-5)
 and, for all c E Dom(p#), 0 [kfta(4) is an end extension of j- (4).

 If i < /3 < a then -J(cE) = Pa(i).

 b. Dom(T1) = Ex { i < a }, where E_ C- KK is closed under restriction (i.e., f

 eEa,, and f= fr'3= f'E.)a Eal < K,and{IfIi<ca} c Ea. 0ITa(f, )eR,
 for f, 4 in the domain of T1. If f, fI' e Ea and f - f', then, for i < a, 0 H Ta(f ' Xi) is
 an end extension of TI(f, h).

 c. If /3 < a then E, c( Ea. For any f e E# and i <,

 T#(f, X) = Ta(f, ()

 d. For any i < a, 0 IF -((j) < Ti(0, i).
 2'. For each i < ai and f e Ea (say /3 = Dom(f)), if 0 IF r, is an end extension of

 T?(f, (i) and if f' = f (fl, v) E Ea then

 0 F- Ta(fI, Xi) is an end extension of rV.
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 184 U. ABRAHAM AND S. SHELAH

 3'. For each {ji and D>, ij < K, there exist q' ? {i, q' e Q n M, and a < K such that
 (4'(4), A) e Dom(T1) for all 4 E Dom(q') and such that (q', p') E Di when j-is defined as
 follows. Dom(-) = Dom(q') u Dom(ja). For 4 E Dom(q'), j5(Q) = T'(f) 4); and
 for 4 E Dom(a) -Dom(q'), j5(Q) = (4)-

 1.11. LEMMA. If the T1, a < K, satisfy 1', 2' and 3' then T = ua<K T1 satisfies 1, 2
 and 3 of 1.7.

 PROOF. From 1'.b we get that Dom(t) = KK x M )L A. That T is a function follows
 from 1'.c.

 l.a is due to 1'.b.
 1.b is due to 1'.d and 1'.a.
 1.c is due to 1'.b.

 2 follows from 2'.

 3 follows thus: Let q- E Q q M, and let D E M be a dense open subset of S. Then q

 -q and D = Dj for somei,j< K. By3', thereexist q'>q-' ? E Q n M, and a< K
 such that (q'(Q), 4) e Dom(T1) for all ( e Dom(q') and such that (q', p') e D, where
 p was defined in 3'. To prove 3 we need to show that (i', T(4')) > (i', ff). Well, if 4
 E Dom(-) there are two cases: 4 E Dom(q') and 4 E Dom(jJ,) - Dom(q'). In the
 first case ff(4) = T1jq'(4), I) and T(q')(4) = T(q'(4), 4), so that 0 I- T(q')(4) ? i({).
 In the second case, j5(Q) = f- () and T(qf)(4) = T(0, 4). Now pick any fi < K such
 that a < fi and T(0, 4) = T#(0, I). Then 0 I- T(q')(4) ? j5(Q) follows from 0 I-
 T#(0, 4) ? -p (4) and 0 IU- (4) ? f- (), which are due to A'.d and 1'.a.

 1.12. Construction of T. and jJa. We construct T. and f-a by induction on a < K
 such that 1' and 2' hold for T. and jJa. As for 3', it asks that for each qi and D>, ij < K,
 there exist suitable q' and a; we will take care of that by performing K many tasks
 which are presented to us at successor stages by some enumeration. We put f-0 = -

 and To = 0. If ( < K is limit, then E. = Ua < a Ea, T6 = Ua < a T. and p- is defined as
 the supremum of < jJa | < 6 >, which exists by Lemma 3.4. It is easy to check that 1'

 and 2' hold for T6 and fph, and that T6, p- e M. (M is closed under subsets of
 cardinality less than K.)

 Successor stage: a = y + 1. We might be presented with a task: qi and Dj are given,
 with i, j y and (i (E), -) E Dom(TY) for 4 E Dom(qi); we have to find q' ? qi such
 that (i', pj) E Dj for j- as described in 3'. We do this in two steps. In the first step we
 define T'y to make sure 1' and 2' will hold for Ty+ 1. T'y is defined by

 Dom(T') = (Ey ) JfY) x Jdj Ij < 7} and T' V DTY

 So we have to define T'(f, By) for f E EY u {fy} and T'(fy, t,) for q < y. EY U {fy} is
 a subtree of tK closed under restrictions, of cardinality < K. T'(f, Xy) is defined for
 f E EY u {If} by induction on the rank off (where the rank off is simply Dom(f))
 such that 0 Ik T'(0, By) ? iY(4Y) (if By e Dom 1y) and f ' fi' in EY U {fy} implies
 0 Ik TT(f, By) < T'(f', By) And if 0 Ik r, 2 T?(f XY) and f(fl, v) E EY u {f y}
 where fi = Dom(f), then 0 IFk T'(f-(fl, v), y) ? r,.

 Now for T'(fy, i,), q < y, all the restrictions fy [ C, C < 3 = Dom(fy), are in Ey. In
 case /3 is limit we use Lemma 1. 5; in case /3 is a successor we have to take care of 2'.

 Second step. For each C < y find a function gC e KK such that the following
 conditions are met:

 a) g4 0 EY u {Jf} but for any v < Dom(g4),g [ v E EY u {fy}.
 b) If ,r e Dom(d.). then a(-- a,, c
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 THE INTERSECTION OF CLOSED UNBOUNDED SETS 185

 Now define T' D T' by giving values to T'(g,, C< y, such that 2' continues to
 hold. Then define cE Q r- M by Dom(-) = {I| < y} and g(4C) = gr, so ? 2 di
 Defineff' E R n MbyDom(p') = {fj,? y<} u Dom(PfY).Setft'(,) = T'(g,4) for
 4 ? y; and for 4, E Dom(p-), C > y, set p'(,) = py(4,). Then ( cf-') E S rn M; hence
 there exists (q', p-") 2 (g- p'), (#', p") E Dj r- M. By 1.2 we can get that, for any 4
 E Dom(`'), 0 -f`'(4) < P (4)

 Finally define E., 1 closed under restrictions such that

 Ey t-f141'-{fg4I (< A U 1qV0 I C < A --EY +

 and define Ty + D T', by first setting Ty + 1 (go, A) = ` "(,) for ( < y and then defining
 the other values such that 2' holds. Next define pt +1 by

 Dom(- + 1) = Dom(jY'), 1 [{ I, ? <} = PY [{j ? I },
 and for 4 E Dom(ft") but < ? { j , 4 < v}'

 Pt+ 1(0) = P '(0)

 We want to check 3'. Pick a > y such that (q'(c), 4) E Dom(T7) for c E Dom q'(4),
 and show that (q', p) E Dj for f as defined in 3'. This follows from (q',ft) ? (4',fp")
 E D9, which we prove now. If - e Dom(p") then

 X,: D om(p- + 1 ) '- Dom(-x Dom(-).

 In case C < y,

 ft"(4;) = T>1(g;, ;) and e Dom(-) - Dom(4').

 So R0(4) = TaqV , and as q'(4,) g, we get 0 I- ff(~4) > ft"(,). In case 4 > y,
 "(4) = Thy + (4,); and then, if 4X E Dom(j'), ff(~4) = Tjq-'(4;), A,) and, by 1',

 0 V T(A '(01) cr) ? 1 T(0J ) ? PJ(O) ? Pf+ 1(0

 Hence 0 IF-(k ) ? p"G>O. But if 4; 0 Dom(c'), then - G;) = - (4,), so that again
 0 IF-;(4) ? P`"(V). w

 This finishes the proof of the Main Lemma.
 1.13. LEMMA. Let U, Te V be two posets. U x T is the Cartesian product and

 U x T is a V generic filter over U x T. (As is known, U is then V generic over U and
 T is V[u] generic over T.) K is a cardinal in V[U x T].

 Let E E V[T] be a set of ordinals which does not include any subset of cardinality K
 which is a member of V. Then E does not have any subset of cardinality K which is a
 member of V[U].

 PROOF. Let t E T be such that t 1- E does not have any subset of cardinality K
 which is in V. Assume for a contradiction that A E V[U], A c E and IAI = K. Pick
 (s',t') E S x T. t' > t, which forces this information, and s' lIS IAl 2 K. The set B
 = {alfor some s* 2 s',?s* ka E A} is in V and of cardinality 2 K, SO t' F-B & E;
 hence for some t" 2 t' and a AB, t" IF-a ? E. But then there is s* ? s', s* IF-a E A, so
 that (s*, t") IF- A 5 E. Contradiction.

 1.14. CONCLUSION OF THE PROOF OF THEOREM 1. 1. Let S be a V generic filter over
 3, and let Q be the V generic filter over Q induced by S. Let C, be the closed
 unbounded subsets of K' described in 1.4. To show that 1.1 holds, let H E V[S] be
 any set of ordinals of cardinality K; we will show that H c Ca only for < K many
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 186 U. ABRAHAM AND S. SHELAH

 < A. By the Main Lemma, H E V[Q]. So H E V[Q I A] for some A c: , IAI=K
 (because Q satisfies the K+-C.C).

 Claim. If 4 0 A, then H 9 Co.
 PROOF. This follows from Lemma 3.3 for U = S - {4}, V = S| {4} and

 E = Co.

 1.15. REMARK. It is possible that there are N2 many club subsets of W1 such that

 the intersection of any uncountable subcollection is countable, and yet there is no
 family of size N2 of clubs of w1 such that the intersection of any uncountable

 subcollection is finite. To get this use Theorem 1.1 for K = N1 and A = N3, and then
 collapse N, to be countable.

 ?2. In this section we get a universe of ZFC in which there are A ? N2 many club
 subsets of wc such that the intersection of any uncountable subfamily is finite and,
 moreover, this property of the clubs remains in any extension of the universe which

 does not collapse X1. The clubs satisfy a certain combinatorial property which
 assures in an absolute way the finite intersection property.

 Let us recall that a graph on A is a set of unordered pairs from A, and a complete
 subgraph (a clique) is a set all of whose pairs are in the graph.

 First we need the following, which will be obtained by forcing.

 2.1. Let E be a set of indices of size N1. For every a E E there is a graph Re on A
 such that:

 (a) For every countable X c A, there is e E E such that X is a complete subgraph
 (clique) in Re.

 (b) Any complete subgraph of Re is countable; and this remains true in any
 extension of V.

 Our aim is the following.
 2.2. THEOREM. The following is consistent with ZFC (via forcing): There is a

 collection <Re] e E E> satisfying 2.1, and there are clubs CQ c wo-, and fi: C9 - E, for
 c EAi, such that:

 If C 7 and C9 r CC is unbounded below 3 < )1,

 then f~(6) = fj6) = e and Re(A, ).

 A moment of thought reveals not only that the intersection of uncountably many

 C's must be finite, but in fact for any 3 < w-)1 and subfamily <C,1 4 E X> with
 pairwise unbounded intersection below 6, 11 X 11 < X1.

 We turn to the proof of the theorem. Start for example in L, and fix a A
 sequence <e(6, n) I e Ec'1 and n E co>. That is, e(3, n), n E co, is an increasing sequence
 unbounded in 6, and for any club C c w1 there is 3 such that (Vn) e(6, n) E C (see
 [4]). It is easy to see that the A property remains in any countably closed forcing:
 Given any name X of a club, construct an increasing sequence of conditions, pa, for 3
 E wf, such that for some countable closed set Ca ' w1, pa forces "Ca is the set of the

 first 6 members of z". Now C = 6 < coI CQ is a club subset of w1 in the ground model,
 and so there is 6 such that e(b, n) E C for all n. So p6 forces 6(6, n) E S for all n.

 Now we get a family <Re| e E E> satisfying (2.1). We can get this by forcing with
 the poset that adds for each 4 E A a generic function g,: wo1 - w, with countable
 conditions. (This is the same as adding A many Cohen subsets of w1.) If V is the
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 universe obtained, and we set for e E w1 = E

 Re(4, ) iff g,(e) 7 gje),
 then (a) and (b) of 2.1 hold.

 Remark that, as we got V by a a-closed forcing, the A sequence retains its
 property in V.

 Then we add to V N, many Cohen generic reals: si, i E wo1. Let V' be the universe

 thus obtained, V' = V[<si I i Ec w1 >]. The CH holds in V', and 28' > A.
 Next we shall get by forcing a collection <rue c A E and e E E> of subsets of w

 such that:

 2.3. (A) For every e E E and o, * An-1 A i

 [(Vi 0 j < n)Re(i, j)1 4-+ re,e is infinite.
 i<n

 (B) If 1 & 42 and el 0 e2, then ri, e - r :2,e2 is finite.
 To get this we define a forcing notion M. The conditions in M/ are finite

 approximations. That is, p E ?UA iff p consists of a finite set of indexes and, for 4 and e
 in this set, p describes rEe P n for some n. The condition p' extends p iff p' gives more
 information and the following two conditions are met.

 (A) If r~,e and r~,,e appear in p and m Re(4, A'), then p' does not add more points to
 rae r rXe (other than those already existing by p).

 (B) If 4l 7 42 and el 7 e2 and r~ieo, r 2,e2 appear in p, then the numbers which p'
 puts in ri,:ei n r :2,e2 are the same which p puts there.

 e E V readily satisfies the c.c.c. in V' (by the A-lemma). Let V" be the generic

 extension of V' obtained via b?. In V" = V'[<rE,e | A E e E E>], 2'0 > A.

 It can be seen that, for a fixed 4 E A, the sequence <re e I e E E > is V' generic over the
 Cohen poset for adding N, many reals.

 If F = <re I e E > is any sequence of Cohen generic reals over V', we define in
 V' [r-] the poset 2(r-) which will introduce a club set C c (1 such that, for every limit

 6 C1 (01
 2.4. There is e e E, and k ec , so that n ? k

 n ? re =- [e(b,n),(b,n + 1)) r C =0.

 A condition is therefore a countable characteristic function of a closed subset of

 some successor of limit ordinal (called the height of the condition) such that for
 every limit 3 in that successor ordinal the above requirement holds.

 Now we are ready to define in V" the poset A which gives the desired model.
 2.5. DEFINITION. q E A iff q satisfies the following conditions: a) q is a function,

 and Dom(q) c A is countable and is in V. b) For 4 E Dom(q), q(4) E -2(<r,,e e e E E>).
 c) For some a = a(q) and for all A, q(4) is defined on a + 1. d) There is a function p
 in V such that Dom(p) = Dom(q) and, for every 4 E Dom(p), p(4) is a name of q(4)
 in the Cohen extension

 V[<si I i E- oil >] [<rue I e E- E>]

 (over the poset for adding w1 + w1 many Cohen reals). We call p a "function
 name of q".
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 The partial order of A is defined naturally: q' extends q iff Dom(q') - Dom(q),

 o(q') ? a(q) and for 4 E Dom(q)

 q'(c) P a(q) = q(4).

 Some properties of A are quite obvious, and we shall just list them; then we shall

 prove that A does not collapse 1.
 2.6. Properties of M. (1) For any q E R and j > a(q) there is an extension p of q

 with ft = a(p). (A trivial way is to let p(4) be constant zero on (a(q), /3]; that is, the
 intersection of the closed set with that interval is emtpy-we say p "is obtained by

 adding zeros to q".)
 (2) A satisfies the N2-c.c. in V" (by the standard A-argument).

 (3) Let G be a V" generic filter over A, and for 4 E A define C, = U{q(c) I q E G}.
 Let fjb) = e be given by (2.4) when 3 E Dom(q(#)). Then the property required by
 Theorem 2.2 holds: If C, r- Ca is unbounded in 3 E lim(wo1), then e = fjb) = fjb)
 and Re(A, 0.

 2.7. MAIN LEMMA. A does not collapse N1; in fact, A does not add new countable
 subsets to V".

 PROOF. Given a name -r in a-forcing of a possible collapsing function, construct in
 V an increasing and continuous sequence of length w)1 of countable elementary

 submodels of (H(X+), e) which contain the name of -r. The intersection of these
 submodels with w1 form a club set, and so we get a limit 3 < w(1 such that for every n,

 e(b, n) = Mn n 1w, where <Mn I n E co> is an increasing subsequence of the above
 sequence. Let M = U ,fi Mn. Let h: () -> M be an enumeration of M in V. Fix eo E E

 such that ReA(4, C) holds for A, cE M r A.
 V" was obtained from V by a c.c.c. forcing, so it is possible to extend Mn to an

 elementary submodel Nn of H(X+)v without adding ordinals (using the restriction

 of the generic filter to M). Let N = ct. Nn . We shall find a condition in A which is
 N generic, and this suffices.

 Pick any 3 < i < w 1; so s = si is a V[N]-generic Cohen real. Also s: O -> c.
 (Actually we should first collapse N to a countable transitive structure, but this

 complicates the notation-see[1] for a detailed treatment of this point.) We shall
 define the required q E A by setting Dom(q) = M r- A and a(q) = 6 = M rc w1. For

 4 E M r A we shall define q(4) as the union of an increasing sequence qn(4), n E co, in

 N r- 2(<r,,e I e E E>), and then add 3 to the club set.
 The definition of the sequence of qn(4)'s is done in V'[r,,e I e E E], and is done in

 such a uniform way that the function q thus obtained is indeed in M.

 Let n(4) be the first n such that h(s(n)) = p is a countable function and 4 E Dom(p).
 Let k(4) be the first k ? n(4) such that 4 = h(s(m)) for some m < k.

 Now qn(4) is defined inductively. For n = 0, qo(4) = 0 (in fact we should start
 with some given condition). Suppose qn(4) is defined.

 If n < n(4) we set qn+ 1(4) = 0.

 Suppose n ? n(4). If n < k(4), or n > k(4) but n e r,,eo, we look
 at h(s(n)) = p e M. If p is a countable function and p(4) is a name in the
 Cohen forcing for adding w)1 + w)1 many reals, and if the interpretation X of p(4) in

 V[siIieCI][V4,eIeeE] is in 2(<rKr,eIeeE>) and extends q,(4) and is of height
 < e(bn + 1), then we let q, +1 (4) be the extension of X of height e(b, n + 1)
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 obtained by adding zeros. Otherwise q,+1(4) is the extension of qj(4) of height
 e(b, n + 1) obtained by adding zeros.

 If n> k(4) and n r~,eo we let qn+1(4) be the extension of qj(4) of height
 e(b, n + 1) obtained by adding zeros. Set

 q(4) = {3} u U qj(4).
 n eco

 (2.4) holds naturally for ordinals < 3, and explicitly for 3.
 It is not hard to see that q E S.

 Now for n E w-) define the function q-n by setting

 Dom(q-n) = I | n(4) < n} and q-n(,) = qn(0)

 2.8. Claim. q-ncj e r- N, q-n q, is a generic sequence for N; that is, if D E N is
 dense open in 9 then qjn e D for some n.

 PROOF. It can be checked that q-nc E A r N, and the sequence itself is defined in
 V[N] [s]. So the genericity of the sequence is shown by a density argument for the
 Cohen forcing which gave s. Suppose s P n is a condition, and D E N is a dense open
 subset of M. Then s P n determines q-n as a condition in A r- N of height e(b, n). Let

 .0. . . (m-1 be the ordinals 4 with k(4) < n. Find k ? n such that k E n rieo and
 q, D E Nk. Extend s In to s k so that h(s(i)) = 0 for n < i < k. Then s k
 determines that q-k is the extension of q-n of height e(b, k) obtained by adding zeros.
 Hence q-k E Nk+ 1. Pick q E D r- Nk+ 1 extending q-k, and let p E Mk+ 1 be a function
 name for q. There is I with h(l) = p. Put s(k) = 1. Now s Ok + 1 forces that q-k+
 extends q.
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