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THE JOURNAL OF SyMBoLIC Logic
Volume 51, Number |, March 1986

ON THE INTERSECTION OF CLOSED UNBOUNDED SETS
U. ABRAHAM AND S. SHELAH

Abstract. Forcing extensions yield models of ZFC in which a long sequence of club subsets
of w, has the following property: every subsequence of size X, has a finite intersection.

Introduction. A theorem of F. Galvin says that if t* = 1, then Galvin’s prop-
osition holds: given any family of t* many club (closed unbounded) subsets of t,
one can find a subfamily of cardinality 7 the intersection of which contains a club.
So, for example, if CH is assumed then for any family of &, many club subsets of @,
there is a club which is contained in uncountably many members of that family. (See
§3.2 in Baumgartner, Hajnal and Maté [3] for a proof.)

We shall show that the assumption ¢ = 7 in this theorem is necessary. Indeed we
present two models of ZFC, in §1 and in §2, in which the negation of Galvin’s
proposition holds (so of course the continuum hypothesis does not).

The negation of Galvin’s proposition is equivalent to the existence of a collection
of size ¥, of club subsets of N; such that the intersection of any uncountable
subcollection is countable. In our models we actually have a collection of size ¥, of
club subsets of ¥, such that the intersection of any uncountable subcollection is
even finite. In Remark 1.15 we show that those two forms are not equivalent.
Galvin’s proposition can fail in a model in which the following holds: There is family
of size X, of infinite subsets of ¥, such that any uncountable subset of N, contains a
member of that family (and so any collection of ¥, club subsets of N; contains an
uncountable subcollection with an infinite intersection).

In the second model in §2 Galvin’s proposition fails in an absolute way, and so we
could further extend the model to get Martin’s axiom as well. Thus MA does not
imply Galvin’s proposition.

Theorem 1.1 is due to Abraham. Its proof uses a type of argument introduced by
Abraham in his dissertation (see also [1]): to get a certain k-closed forcing partial
order to be x*-distributive, first prepare the ground by adding a Cohen generic
subset of «. This generic then guides the choice of conditions for a k-sequence, the
union of which is to be generic over an elementary substructure and is a genuine
condition.

Theorem 2.1 and Remark 1.15 are due to Shelah and were proved several years
later. An earlier result in this direction, due to Baumgartner [2, Theorem 3.4], givesa
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model in which 2% = X, and, for every collection of size ¥, of infinite subsets of w;,
there is a club which does not contain any member of the collection. We do not
know whether this entails the failure of Galvin’s proposition.

§1.

1.1. THEOREM (G. C. H.). Let k be a regular cardinal, /. > x,cf(4) > ™. Then there
is a generic extension which does not add new k sequences, does not collapse cardinals,
and in which 2™ = ), and the following holds:

(*) There is a family of A many close unbounded subsets of x* such that the
intersection of each k* of them is of cardinality less than .

PRrOOF. Define first Q = {q|for some a < k, g:« — x}. Then R is defined in V2 as
the poset of all closed subsets of k* of cardinality < x which do not include any
subset of cardinality k which is an element of V. Q * R = S is the building block. The
final poset, defined below in 1.3, is a multiplication of A copies of S with < k support
on the left and k support on the right. To be more precise, (¢, ¢) € S means q € Q and
ce V2 & |-cis a closed subset, sup(c) € ¢, sup(c) < k* and ¢ does not contain any
subset of cardinality x which is a member of V. § is partially ordered by
(g,¢) <(q',¢")iff g = q',and q' |- ¢’ is an end extension of ¢ (i.e.,c” N sup(c) + 1 = c).

1.2. LEMMA. Let (q,¢) < (q',¢’) be in S. Then there is c* € V2 such that

a. J |- c* is an end extension of ¢, and

b.q |Fc¢' = c*.

1.3. DEFINITIONS. a. For (q,¢) € S define n(q,c) = q. m is a projection of S on Q.

b. The poset S is defined by letting o € § iff ¢ is a function, & € Dom(s) = o € A
and g(a) € S, |o] < k and

[{x € Dom(0) | n(0(®)) # &}| < k.

S is partially ordered naturally: ¢ <o’ iff ae Dom(o) = o < Dom(s’) and
o(a) < ¢'(a) in S.

c. Q is defined by g € @ iff g is a function, |7| < x and a € Dom(7) =« < 4 and
q(a) € Q. The partial order is componentwise.

d. 7 is extended to a projection 7: S = Q by (n(0))(0) = (o (a)-

e. Define R SbyseRif 0e§ and n(o)() = Q for all a. R is a poset by the
inherited partial order of S;sofore,0'eR, 0 < ¢’ iff x e Dom(s) = « € Dom(s”)
and &F |-® 6’() is an end extension of a(a).

f. In a natural way we can say Q = S (by saying that ¢ € S is in @ iff for all
« € Dom(o) we have o(x) = (g(«), &), for some g € Q). Now forje Q =« Sand¢e R
we write (¢,¢) € S for the least upper bound of 7 and ¢ in §. Also, givenany G € S
there are g € Q and ¢ € R such that ¢ = (g, ¢).

REMARK. The following set D is dense in S, and we assume for technical reasons
that whenever we said (q,c) € S we mean (g,c) € D. (g,c) € D iff for some ordinal
y <k, & |y is sup(c). (Recall that we must have & |-y € ¢, because ¢ is a closed
set.)

1.4. DeFINITIONS. For A = 1, Q|A = {g e Q|Dom(q) < A}; similarly we define
S|A.Wehave § ~ S| A x S|4 — A, Also if f Q is V generic over Q then denote QIA
= 0 n (0] A); similarly we denote S |[4=Sn S | 4), for a V generic filter S over §.
The well-known results for multiplication of two posets hold. If Sisa V generic filter
over Sthen S = Qis V generic over Q and in V[Q], R is interpreted as a poset for
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adding a closed unbounded subset of rc ; we call this generic closed unbounded
subset the closed unbounded subset of x* gwen by S.

Now if Sisa V generic filter over S, then for any & € 4, S |{¢}isa V generic filter
over (essentially) S, and we denote the closed unbounded subset of xk* given by that
filter by C;. _

1.5. LEMMA. S is k-closed (because « is regular).

1.6. LEMMA. S satisfies the k* *-c.c. (by a A-system argument).

From these lemmas it follows that x and cardinals above k™ are not collapsed by
S. We still have to show x* is not collapsed (this is the main difficulty), and that (*)
holds. To show that x* is not collapsed, we prove that any set of ordinals in V> of
cardinality  is already in V2 (this is meaningful because V2 = V5) and then use the
fact that k* is not collapsed in V'€ because { satisfies the x *-c.c.

1.7. MAIN LEMMA. Let h € VS be a name, 6, € S and o, |-h: k — Ord. Then there
ise, €8, 0,>0, and W' € Vesuchthat o, |Fh =h'.

PROOF. Observe that R has a supremum for each increasing sequence of length
< k. But the union of an increasing k sequence of closed sets might include a set of
cardinality x in V even if each member of the sequence does not. Set 6, = (4, Co)-

Let © > A be a cardinal such that he H(z) and let M < H(t) be an elementary
submodel of cardinality « such that h, , A, R, 0,6, € M, M n k* = y is an ordinal
< k*,and M is closed under union of subsets of cardinality less than k. Enumerate
now M n A = {&|i <«}.Let{g;|i < x} be an enumeration of Q N M, and observe
that

O0nM=0Q|Mni={geQ|Dom(g) < M}.

Let {D;|i <k} be an enumeration of all dense sets of S in M. {r;|i <k} is an
enumeration of all r € V¢ n M with & |-r € R. Finally {f;|i < «} is an enumera-
tion of *xk with the property that if f; = f; theni <.

Our aim is to define T(f,&) e V¢ n M for f € *x and £ € M n A which has the
following properties 1.7.1-1.7.3.

1.7.1. a. JIFT(f, &) eR.

b. For &e Dom(cy), & IFT(T,E) = co(é). (Recall that (q,,¢) = 6, is the
condition we start from.)

c. For f, f' ek, if f < f’ then, for each Ee M n A, J|FT(f',¢) is an end
extension of T'(f,&).

1.72.Foré e M n A, f € *k,a < K, v < K, if & |I-r,is an end extension of T'(f, &),
then F |- T'(f (o, v), €) is an end extension of r,.

1.7.3. Before formulating the third condition, let us define T(7) € Rforge Q n M
in the following manner. Dom(7T'(q)) = M n A, and, for ¢ e M n 4,

T(q(¢),&), if £ e Dom(g),
T(J,E), otherwise.

We demand that for each §e Q N M and D € M a dense open subset of S there
exists ' > g, € @ n M, such that (g, T(g")) € D.

The construction of the two-variable function T will be done later on; for the
moment assume we have such a function and see how to end the proof.

With the help of T define a function ¢ such that Dom(¢) = M n A(and ¢ € R, as

T(q)(©) = {
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we will soon show), and such that forany ¢ e M n A and f € Q, f |2 ¢(¢)is a closed
subset of y + 1 and is an end extension of T(f, ).

In defining ¢ we are making use of 1.7.1.c (recall thaty = M n ).

1.8. LEMMA. e R.

PROOF. Let feQand Ae V, A = k*,|A| = k, be given; we will find f' > f such
that ' |- A & ¢(¢). Say B < k™ is the ordinal such that &J |- 8 = supT(/, £). (See the
remark following 1.3.) Thenif |4 n B| = k,as f |- ¢(£)is an end extension of T(f, &),
we get by J |- T(f,&)e R that f|FA n B & c(&). So suppose that |4 — | = k. If
A-B+D)ny=F then ALy +1;but c({) =y + 1, hence A & ¢(£). We can
assume that there exists ae (4 — f + 1) ny. Obviously & | T(f,¢) v {a + 1}
€ R,soforsomev < k, T(f,¢) U {a + 1} = r,,and of course J |Fa ¢ r,.Say f € *k;
then, by property 1.7.2, denoting f' = f " (a,v), & |F T(f’, &) is an end extension of r,.
Hence f'Fae Abuta¢c(é). O

The “genericity” of ¢ is expressed in the following.

1.9. LEMMA. For each € Q and D € M a dense open subset of S, there is §' > q
such that (g’,c) isin D.

PRrOOF. Let g* = q [ (M n A); then g* € M. By property 1.7.3, there exists g’ > g*,
g’ € Q n M, such that (7', T(q')) € D. One can easily check that (7,¢) > (7', T(7")).
q’ and g are compatible in Q, and ' U g € Q is the desired condition. [

1.10. CoNcCLUSION. Set 6, = (§o,¢); then g, |-h € V< (and this proves the Main
Lemma assuming T is constructed).

PrOOF. Forany a < k, D, = {o € §|3{(0 | h(«) = {)} is a dense open set above o,
in §. Hence by Lemma 1.9 the set E, = {g e 0 |3(((g,¢) |- h(«) = ()} is dense open
above g, in Q. From this the conclusion follows. []

Now we construct T. First we construct by induction on a < « the functions T,
€ M and p, € R n M. The T, are thought of as approximations of size < k to T, and
finally we willset T = { J,<, T,. The p,’s are commitments of size k. We first list some
properties that the T, should satisfy. Then we prove the consequence that T
= | Ja<« T, satisfies 1.7.1-1.7.3, and finally we construct the T,’s and p,’s. The reader
is advised to look at the enumerations of some subsets of M given after the definition
of M so that the meanings of &;, q; and D, are clear.

Properties of T, and p,.

. a. py =Co; {&]i <a} = Dom(p,). If p<a <k then Dom(p;) = Dom(p,)
and, for all { e Dom(p,), & |- p.(£) is an end extension of py(¢).

If i < f <o then py(&) = Po(&i)-

b. Dom(T,) = E, x {&;|i < a}, where E, < *k is closed under restriction (i.c., f
eE,and f'=f|B= f'€eE)and |E,| <k, and {fi|i<a} < E,. & | T(f.) eR,
for f, £ in the domainof T,. If f, f' € E, and f < f’, then, fori < a, & | T,(f", &) is
an end extension of T,(f,¢,).

c.If B <oathen E; < E,. Forany f € Egand i < f,

Tp(f, &) = T £ C)-

d' FOI' any l < a, Q ”_l_)a(éz) < T;(Q, 61)
2'.Foreachi < aand f € E, (say § = Dom(f)), if & |I-r, is an end extension of
T(f. &) andif f' = f7(B,v) € E, then
& - T,(f", &) is an end extension of r,.
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3'.Foreach g;and D;, i,j < k, thereexist§’ > g;,g’ € Q N M, and a < k such that
(q'(¢), ) € Dom(T,)for all £ e Dom(g’) and such that (g’, p) € D;when pis defined as
follows. Dom(p) = Dom(g’) v Dom(p,). For ¢ e Dom(gq’), p(¢) = T,(7'(¢), £); and
for & € Dom(p,) — Dom(g’), p(£) = P(&).

1.11. LemMA. If the T,, a < k, satisfy 1',2" and 3' then T = | J,<, T, satisfies 1,2
and 3 of 1.7.

PROOF. From 1'.b we get that Dom(t) =k x M n A. That T is a function follows
from 1'.c.

l.a is due to 1".b.

1.bis due to 1'.d and 1'.a.

l.cis due to 1".b.

2 follows from 2'.

3follows thus: Let § € 0 N M, and let D € M be a dense open subset of §. Then 7
= g,and D = D, for some i, j < k. By 3/, there exist ' > §,§' € Q n M, and o < k
such that (g'(¢),¢) e Dom(T,) for all £ e Dom(q’) and such that (g’,p) € D, where
p was defined in 3’. To prove 3 we need to show that (', T(q")) = (q’,p). Well, if &
€ Dom(p) there are two cases: £ € Dom(g’) and ¢ € Dom(p,) — Dom(g’). In the
first case p(£) = T,(q'(£), ¢) and T(q')() = T(q'(£), &), so that & |- T(q')(£) = p(S).
In the second case, p(¢) = p,(&) and T'(7')(¢) = T(, &). Now pick any B < k such
that o < B and T(J, &) = Ty(H,&). Then & |- T(q')(&) = p(&) follows from ¢ |-
T(F, &) = pp(&) and F - py(E) = p,(&), which are due to 1'.d and 1".a.

1.12. Construction of T, and p,. We construct T, and p, by induction on & < k
such that 1" and 2" hold for T, and p,. As for 3’, it asks that for each g; and D;, i,j < k,
there exist suitable g’ and «; we will take care of that by performing x many tasks
which are presented to us at successor stages by some enumeration. We put p, = ¢,
and T = @&. If & < kis limit, then E; = | ), <5 E,, Ty = | J.<s T, and p; is defined as
the supremum of {p, |« < &), which exists by Lemma 3.4. It is easy to check that 1’
and 2’ hold for Tj and p;, and that Tj, p;e M. (M is closed under subsets of
cardinality less than «.)

Successor stage:o. = y + 1. We might be presented with a task: g; and D; are given,
with i, j < y and (g;(£), ¢) € Dom(T,) for £ e Dom(g;); we have to find g’ > g; such
that (¢’, p) € D; for p as described in 3’. We do this in two steps. In the first step we
define T', to make sure 1" and 2’ will hold for T .. T’ is defined by

Dom(T;) = (E, U {f,}) x {&,]i <7} and T,>T,

So we have to define T'(f,&,)for f € E, U {f,} and T'(f,,&,)forn < y. E, U {f,}is
a subtree of £k closed under restrictions, of cardinality < k. T'( f, £,) is defined for
f€E,u {f,} byinduction on the rank of f (where the rank of f is simply Dom( 1))
such that & |- T(, &,) = p,(&,) (if £, € Dom p,) and f < f"in E, U { f,} implies
BI-Tf.E) < T)(f"&). And if @& lr, > T)(£.¢,), and f (B W) eE, U {f)
where f = Dom(f), then & |- T,(f~(B,v),&,) > r,.

Now for T(f,,¢&,),n < y,all the restrictions f, [ {,{ < f = Dom(f,), arein E,. In
case f is limit we use Lemma 1. 5; in case f§ is a successor we have to take care of 2'.

Second step. For each { <y find a function g, € *k such that the following
conditions are met:

a) g, ¢ E, U {f,} but for any v < Dom(g,),g, [ ve E, L {f,}.

b) If ¢, € Dom(a.). then a.(&) < a..
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Now define T’ > T, by giving values to T(g;, &), { < 7, such that 2’ continues to
hold. Then define Jge Q N M by Dom(g) = {&|{ <y} and g(&) = g, 50 § > G-
Define p' € R n M by Dom(p’) = {&|{ < v} U Dom(p,). Set p'(&,) = T (gy, &) for
{ < y; and for & € Dom(p,), { > v, set p'(&,) = p,(&). Then (g,p') € S n M; hence
there exists (', p”) = (4,p'), (§’,p") € D; » M. By 1.2 we can get that, for any &
€ Dom(p’), FIF-p'(€) < p"(E).

Finally define E, , | closed under restrictions such that

E, o {f,} u{g|l <y} u{TEI<y} S Ey

and define T, , o T, by first setting T, , ,(g,, &) = p"' (&) for { < y and then defining
the other values such that 2’ holds. Next define p, ., by

Dom(p,+,) = Dom(p"), By M{&|C <9} =B, H{E|L =7}
and for & € Dom(p”) but & ¢ {& ] <7},
E’y+ 1(6) = Isu(é)

We want to check 3'. Pick a > y such that (g'(¢), &) e Dom(T;) for £ e Dom q'(&),
and show that (§’,p) € D, for p as defined in 3'. This follows from (q",p) > (7',p")
e D;, which we prove now. If ¢ € Dom(p”) then

¢, € Dom(p, ) < Dom(p,) < Dom(p).
Incase { <,
p"(&) =T,1(9,,¢) and ¢ e Dom(g) < Dom(q").

So p(&;) = T(q'(&;), &), and as §'(&) =2 g, we get I [Fp(&) = p"(&)- Incase [ >,
p"(&) = Py+1(&); and then, if & € Dom(q"), p(&;) = To(q'(G,): &) and, by 1,

DI TAq (&) &) 2 TS, &) = Pal&e) Z Py+1(&).

Hence & I p(&) = p"(&,). But if £ ¢ Dom(q"), then p(£;) = p,(&,), so that again
SIEpE) =p"(E). O

This finishes the proof of the Main Lemma.

1.13. LEMMA. Let U, Te V be two posets. U x T is the Cartesian product and
U x TisaV generic filter over U x T.(As is known, U is then V generic over U and
Tis VU] generic over T) k is a cardinal in V[U x T].

Let E € V[T] be a set of ordinals which does not include any subset of cardinality k
which is a member of V. Then E does not have any subset of cardinality x which is a
member of V[U].

ProOOF. Let ¢t € T be such that ¢ |- E does not have any subset of cardinality
which is in V. Assume for a contradiction that A € V[U], A < E and | 4] = k. Pick
(s,t)e S x T, t' > t, which forces this information, and s’ |°|4| = k. The set B

= {a|for some s* > s',s* |Fae A} is in V and of cardinality >k, so t' |- B ¢ E;
hence for some t” >t and a€ B,t" |-a ¢ E. But then there is s* > 5, s* |Fa € 4,50
that (s*,t") |- A ¢ E. Contradiction.

1.14. CONCLUSION OF THE PROOF OF THEOREM 1.1. Let S be a V generic filter over
S, and let Q be the V genernc filter over Q induced by S. Let C; be the closed
unbounded subsets of k* described in 1.4. To show that 1.1 holds, let H € V[S] be
any set of ordinals of cardinality k; we will show that H < C; only for <x many
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¢ < A. By the Main Lemma, H € V[Q]. So He V[Q|A] for some A = 4, |4| =«
(because Q satisfies the x *-c.c).

Claim. If ¢ ¢ A, then H & C;.

PrOOF. This follows from Lemma 3.3 for U= S§|A— {¢}, V=5|{¢} and
E=C,.

1.15€. REMARK. It is possible that there are X, many club subsets of w, such that
the intersection of any uncountable subcollection is countable, and yet there is no
family of size ¥, of clubs of w; such that the intersection of any uncountable
subcollection is finite. To get this use Theorem 1.1 for k = N and A = X3, and then
collapse ¥, to be countable.

§2. In this section we get a universe of ZFC in which there are 4 > ¥, many club
subsets of w, such that the intersection of any uncountable subfamily is finite and,
moreover, this property of the clubs remains in any extension of the universe which
does not collapse ;. The clubs satisfy a certain combinatorial property which
assures in an absolute way the finite intersection property.

Let us recall that a graph on 1 is a set of unordered pairs from 4, and a complete
subgraph (a clique) is a set all of whose pairs are in the graph.

First we need the following, which will be obtained by forcing.

2.1. Let E be a set of indices of size ¥,. For every a € E there is a graph R, on 4
such that:

(a) For every countable X < A, there is e € E such that X is a complete subgraph
(clique) in R,.

(b) Any complete subgraph of R, is countable; and this remains true in any
extension of V.

Our aim is the following.

2.2. THEOREM. The following is consistent with ZFC (via forcing): There is a
collection (R, | e € E) satisfying 2.1, and there are clubs C; < w,, and f,: C; — E, for
¢ € A, such that:

If &£ # { and C; n C, is unbounded below 6 < wy,
then f.(6) = f,(6) = e and R (&, ().

A moment of thought reveals not only that the intersection of uncountably many
Cys must be finite, but in fact for any 6 < w, and subfamily {C;|¢ e X) with
pairwise unbounded intersection below §, | X || < N;.

We turn to the proof of the theorem. Start for example in L, and fix a &
sequence {¢(d,n)| d € w and n € ). That s, &(J, n), n € w, is an increasing sequence
unbounded in d, and for any club C < w, there is  such that (Vn) ¢(6,n) € C (see
[4]). It is easy to see that the & property remains in any countably closed forcing:
Given any name 7 of a club, construct an increasing sequence of conditions, p;, for J
€ w', such that for some countable closed set C; < w,, p; forces “Cj is the set of the
first 6 members of 7”. Now C = ( J;<,,, Csis a club subset of w, in the ground model,
and so there is d such that ¢(d,n) € C for all n. So p; forces &(d,n) € t for all n.

Now we get a family (R, |e € E ) satisfying (2.1). We can get this by forcing with
the poset that adds for each ¢ e 4 a generic function g.: @, — w, with countable
conditions. (This is the same as adding 4 many Cohen subsets of w,.) If V is the
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universe obtained, and we set foree w, = E

Re(é’ C) iff gé(e) # g{(e)’

then (a) and (b) of 2.1 hold.

Remark that, as we got V by a o-closed forcing, the & sequence retains its
property in V.

Then we add to V N, many Cohen generic reals: s;, i € w,. Let V' be the universe
thus obtained, V' = V[{s;|i € w; »]. The CH holds in V', and 2% > 4.

Next we shall get by forcing a collection <r, .| € 2 and e € E) of subsets of »
such that:

2.3.(A) Foreveryee E and &g,..., ¢, €4

[(Vi#j < MR &)1 () e, is infinite.

(B)If &, # ¢, and e; # e, thenr,, ., N7, ,, is finite.

To get this we define a forcing notion £ The conditions in £ are finite
approximations. That is, p € 2 iff p consists of a finite set of indexes and, for £ and e
in this set, p describes r; , [ n for some n. The condition p’ extends piff p’ gives more
information and the following two conditions are met.

(A)Ifry.and r. ,appearin pand 1 R,(£, &), then p’ does not add more points to
Fee O Tz (other than those already existing by p).

(B)If &; # ¢,and ey #ejandre, ., 1e, ., appear in p, then the numbers which p’
putsinre ., Nrg, ., are the same which p puts there.

2 € V readily satisfies the c.c.c. in V' (by the 4-lemma). Let V" be the generic
extension of V' obtained via 2. In V" = V'[(r | € Lee E)], 2% > L.

It can be seen that, for a fixed ¢ € 4, the sequence <r, . |e € E) is V' generic over the
Cohen poset for adding &, many reals.

If 7= (r,|ee E) is any sequence of Cohen generic reals over V’, we define in
V'[] the poset 2(r) which will introduce a club set C = w, such that, for every limit
dEwy,

2.4. Thereisee E, and k € w, so that n > k

né¢r,=[ed,n),ed,n+1)nC=.

A condition is therefore a countable characteristic function of a closed subset of
some successor of limit ordinal (called the height of the condition) such that for
every limit J in that successor ordinal the above requirement holds.

Now we are ready to define in V" the poset £ which gives the desired model.

2.5. DEFINITION. q € Z iff q satisfies the following conditions: a) q is a function,
and Dom(g) < Ais countable and is in V. b) For ¢ € Dom(q), g(¢) € 2(<r;..|e € E)).
¢) For some a = a(g) and for all &, g(¢) is defined on « + 1. d) There is a function p
in V such that Dom(p) = Dom(q) and, for every £ € Dom(p), p(¢) is a name of g(¢)
in the Cohen extension

VI<silie @ ][<ree|e € EY]

(over the poset for adding w; + w; many Cohen reals). We call p a “function
name of ¢q”.
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The partial order of £ is defined naturally: ¢’ extends g iff Dom(q’) 2 Dom(g),
a(q’) = a(q) and for ¢ € Dom(q)

q'() M alg) = q(%).

Some properties of # are quite obvious, and we shall just list them; then we shall
prove that # does not collapse ;.

2.6. Properties of 4. (1) For any q € R and f > a(q) there is an extension p of g
with f = a(p). (A trivial way is to let p(&) be constant zero on (a(q), #]; that is, the
intersection of the closed set with that interval is emtpy—we say p “is obtained by
adding zeros to q".)

(2) £ satisfies the ¥,-c.c. in V" (by the standard 4-argument).

(3) Let G be a V" generic filter over %, and for £ € A define C; = | J{q(¢)|q € G}.
Let f,(0) = e be given by (2.4) when é € Dom(q(¢)). Then the property required by
Theorem 2.2 holds: If C; n C, is unbounded in 6 € lim(w,), then e = f.(6) = f,(J)
and R,(¢, ().

2.7. MAIN LEMMA. Z does not collapse N, ; in fact, & does not add new countable
subsets to V"

PROOF. Given a name 7 in #-forcing of a possible collapsing function, construct in
V an increasing and continuous sequence of length w, of countable elementary
submodels of (H(1"),e) which contain the name of . The intersection of these
submodels with w, form a club set, and so we get a limit § < w, such that for every n,
£(d,n) = M, N w,, where {M,|n € w) is an increasing subsequence of the above
sequence. Let M = | ., M,. Let h: - M be an enumeration of M in V. Fix e, € E
such that R, (¢,{) holds for £, {e M n A.

V" was obtained from V by a c.c.c. forcing, so it is possible to extend M, to an
elementary submodel N, of H(1")"" without adding ordinals (using the restriction
of the generic filter to M,). Let N = | J,,, N,. We shall find a condition in # which is
N generic, and this suffices.

Pick any 6 <i < wy; so s =s; is a V[N]-generic Cohen real. Also s:w — w.
(Actually we should first collapse N to a countable transitive structure, but this
complicates the notation—see[1] for a detailed treatment of this point.) We shall
define the required g € £ by setting Dom(q) = M n Aand a(q) = 6 = M n w,. For
¢ e M n Awe shall define g(¢) as the union of an increasing sequence q,(¢), n € , in
N n 2(re, | e € E)), and then add 6 to the club set.

The definition of the sequence of g,(¢)’s is done in V'[r,, [ e € E], and is done in
such a uniform way that the function g thus obtained is indeed in Z.

Let n(&) be the first n such that h(s(n)) = pis a countable function and ¢ e Dom(p).
Let k(&) be the first k > n(¢) such that & = h(s(m)) for some m < k.

Now g,(¢) is defined inductively. For n = 0, qo(£) = & (in fact we should start
with some given condition). Suppose ¢,(¢) is defined.

If n < n(S) we set q,.,(¢) = .

Suppose n>n(¢). If n<k(), or n>k() but ner.,,, we look
at h(s(n)) =pe M. If p is a countable function and p(£) is a name in the
Cohen forcing for adding w,; + w{ many reals, and if the interpretation X of p(¢) in
VIsi|ie w,1[V;.|e€ E] is in 2(<rs,|e € ED) and extends g,(¢) and is of height
< ¢gd,n + 1), then we let g,.,(¢) be the extension of X of height &(d,n + 1)
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obtained by adding zeros. Otherwise g, (&) is the extension of ¢,(£) of height
¢(d,n + 1) obtained by adding zeros.

If n>k() and né¢r:, , we let g,.,(&) be the extension of q,(£) of height
¢(0,n + 1) obtained by adding zeros. Set

) = {6} v U 4.9
(2.4) holds naturally for ordinals < §, and explicitly for 8.
It is not hard to see that g € &
Now for n € w define the function g, by setting

Dom(q,) = {¢[n(¢) <n} and g,(¢) = q,(¢).
2.8. Claim. g,e 2 N N, g, < q, is a generic sequence for N; that is, if D€ N is

dense open in & then q, € D for some n.

PrOOF. It can be checked that g, € # N N, and the sequence itself is defined in
VN][s]. So the genericity of the sequence is shown by a density argument for the
Cohen forcing which gave s. Suppose s [ nis a condition, and D € N is a dense open
subset of #. Then s [ n determines g, as a condition in # n N of height ¢(5, n). Let
Eos---»Em— 1 bethe ordinals & with k(£) < n. Find k > nsuch thatk e ﬂ;":_ol Fe, o and
dn, DeN,. Extend sn to s[k so that h(s(i)) = & for n<i<k. Then sk
determines that g, is the extension of g, of height (, k) obtained by adding zeros.
Hence g, € N, ;. Pick ge D n N, , extending g, and let pe M, , , be a function
name for g. There is | with h(l) = p. Put s(k) = . Now s [ k + 1 forces that g, ,

extends q.
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