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Banach spaces of continuous particular, the spaces carry the structure of a Banach algebra
quCtiO_nS_ and in the complex case even the structure of a C*-algebra.
Endo-rigid Boolean algebras © 2017 Elsevier Inc. All rights reserved.

Strongly rigid compact spaces
Generalized Continuum Hypothesis

1. Introduction

The research in the classical period of the isomorphic theory of Banach spaces led
to questions of Lindenstrauss ([26]) and Johnson and Lindenstrauss ([18]), respectively,
which can be phrased as follows:

(A) Is it true that every infinite dimensional Banach space has a complemented infinite
dimensional and infinite codimensional subspace?

(B) Is it true that every infinite dimensional Banach space has a complemented infinite
dimensional subspace of density < continuum?

Recall that a linear closed subspace Y of a Banach space X is complemented in X if
there is another closed linear subspace Z C X such that YN Z = {0} and Y + Z = X.
Y is complemented in X if and only if there is a bounded linear projection from X
onto Y ([37]).

The first, spectacular negative solution to question (A) (such spaces are called inde-
composable Banach spaces) was obtained by Gowers and Maurey in [14], where they
constructed an infinite dimensional separable Banach space which has even a stronger
property of being hereditarily indecomposable, i.e., each of its infinite dimensional closed
subspaces is indecomposable. Being hereditary indecomposable is tightly related to hav-
ing few operators in the sense that every operator on the space is a strictly singular
perturbation of a multiple of identity (see [11] for exact description of the relation in
both the real and the complex case). Every operator on a hereditarily indecomposable
Banach space may even be a compact perturbation of a multiple of identity as recently
proved by Argyros and Haydon ([1]). Many constructions of indecomposable Banach
spaces followed the paper of Gowers and Maurey, however most of them, including non-
separable ones, were hereditarily indecomposable, which as proved e.g., in [2] or [33],
must embed in £, which limits their density character or cardinality to the continuum.
This led to the following question of S. Argyros:

(C) Is there an upper bound for densities of indecomposable Banach spaces?

Assuming various additional properties of a Banach space the positive answer to question
(B) and so to question (C) has been obtained by many authors, for a survey of this
type of results see [33]. As many hereditarily indecomposable spaces are dual Banach
spaces (see [2]) most relevant for us is the result of Heinrich and Mankiewicz [16], which
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says that dual Banach spaces of density bigger than continuum are decomposable. Also
several new upper bounds for densities of Banach spaces with some rigidity concerning
basic sequences were recently obtained by P. Dodos, J. Lopez-Abad, S. Todorcevic ([7],
27], [29], [28)).

In the meantime a different kind of indecomposable Banach spaces was introduced
in [21] by the first named author, namely, spaces of continuous functions* with few
operators, or with few* operators in the sense of the following:

Definition 1.1. Let K be a compact Hausdorff space and let T : C(K) — C(K) be a
bounded linear operator on C'(K).

(1) T is called a weak multiplier if 7% = gI + S where g: K — R is a Borel bounded
function and S is a weakly compact operator on C(K)*,

(2) T is called a weak multiplication if T = gI + .S where g € C(K) and S is a weakly
compact operator on C(K),

(3) The Banach space C'(K) has few operators (few* operators) if every linear bounded
operator on C(K) is a weak multiplication (weak multiplier),

(4) A point z € K is called a butterfly point if and only if there are disjoint open
U,V C K such that UNV = {z}.

We have the following:
Theorem 1.2 (2.5., 2.7., 2.8 [21]; 13 [25]). Suppose that K is compact Hausdorff.

o If C(K) has few operators and K is connected, then C(K) is indecomposable,

o IfC(K) has few* operators and K\ F is connected for any finite F C K, then C(K)
1s indecomposable,

o IfC(K) has few* operators and K has no butterfly points, then C(K) has few oper-
ators.

The first constructions of an indecomposable Banach space as above (with few* opera-
tors in ZFC and with few operators under CH, both K's separable) of density continuum
appeared in [21] and some improvements followed, among others, in [32] (with few oper-
ators in ZFC for K nonseparable) and [36] (with few operators in ZFC for K separable),
for a survey see [23]. In [22] and [24] the first consistent examples of Banach spaces giv-
ing the negative answer to question (B) and (A) respectively were presented. They were
Banach spaces of the form C'(K) with few operators, however the (forcing) method was
limited to the density 2¢*. Note that by the classification of separable Banach spaces
of the form C(K) due to Milutin, Bessaga and Pelczyniski ([37]) indecomposable C(K)s

4 By C(K) we understand the Banach space of all real-valued continuous functions on a compact Hausdorff
space K with the supremum norm.
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must be nonseparable. On the other hand it is consistently possible to obtain indecom-
posable C(K)s, with few operators of densities strictly smaller than continuum ([10]). It
should be also added that the classes of strictly singular and weakly compact operators
coincide for C'(K) spaces ([31]).

The main result of this paper is to give the negative answer to question (C) and
strengthen (compared to [22] and [24]) the negative answer to question (B) and provide
new examples relevant to question (A) by proving:

Theorem 1.3. Assume the generalized continuum hypothesis. For every cardinal k there
is an indecomposable Banach space of density bigger than . In particular it has no infi-
nite dimensional complemented subspace of density smaller than k. The spaces are (real
Banach algebras) of the form C(K) with few operators where K is compact Hausdorff
and connected.

Proof. Use Theorems 1.2, 2.5, and 5.3. O

The methods of the paper consist of a fusion of the techniques of constructing spaces
of continuous functions with few operators developed by the first named author and other
authors, in particular by I. Schlackow ([36]) and the techniques of S. Shelah developed
in [38] and [39] for constructing endo-rigid® Boolean algebras, i.e. Boolean algebras with
no other endomorphisms than finite perturbations of the identity on an ideal.

Both of these methods are related to rigidity of a compact K. For a compact K we
introduce the following notions:

(a) K is piecewise strongly rigid, if for every continuous ¢ : K — K there is a partition
Uy U...UU; = K of K into pairwise disjoint clopen sets Uy, ..., Uy for some k£ € N
such that ¢ | U; is either constant or the identity,

(b) K is strongly rigid, if every continuous ¢ : K — K is either constant or the identity,

(¢) K satisfies the weak* rigidity condition, if for every ¢ : K — M (K) where M (K) is
space of Radon measures on K with the weak* topology (induced from C(K)) the
set {7(2)|(K \ {z}) | * € K} is relatively weakly compact in the weak topology on
M(K).

Assuming that K has no butterfly points condition (a) for the Stone space K4 of a
Boolean algebra A is equivalent for the algebra A to be endo-rigid. Condition (c) is
equivalent for C'(K) to have few* operators (Theorem 23 of [23]). For K connected (c)
implies (b) and (b) is equivalent to (a) (cf. [35]). However (c) and (a) are not equiva-
lent either in connected or totally disconnected situation. The classical space satisfying
(b) and not (c) is the Cook continuum ([6]) and arbitrarily big spaces constructed by

5 Formally a Boolean algebra A is called endo-rigid if for every endomorphism h : A — A the quotient
algebra A/exker(h) is a finite Boolean algebra, where exker(h) = {aVb € A : a € ker(h),b € fiz(h)},
fiz(h) ={a € A: h(b) =0 for all b < a}, ker(h) = {a € A: h(a) = 0}.
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Trnkova ([40]). The former space is a metrizable continuum, so by the Milutin theorem
the corresponding C'(K) has as many operators as C([0,1]) and that is why it fails (c).
A totally disconnected space satisfying (a) and not (c) is the Stone space of a Boolean al-
gebra A minimally generated in the sense of Koppelberg ([19]) and endo-rigid. As proved
by Borodulin-Nadzieja in [5], the Banach space C(K 4) is not Grothendieck, but C'(K)s
which have few* operators must be Grothendieck (Theorem 2.4 [21]).

Both types of constructions of endo-rigid Boolean algebras and rigid Banach spaces
C(K) can be traced back to the papers [30] of Monk and [15] of Haydon respectively
which surprisingly present practically the same constructions focusing on these different
topics.

So our construction needs a stronger property than the constructions from [38§]
and [39]. The usual constructions of C(K) spaces with few or few* operators ([21], [32],
[36], [3]) consisted of obtaining the above weak* topological rigidity (c), and hence
few* operators, by constructing K with asymmetric distribution of separations, for
example, in the sense that given a sequence {z, : n € N} C FE for some dense
E C K and a sequence (Up)nen of open subsets of K such that x,, ¢ U, we have
{zn:mneM}n{z,:ne N\ M} #0Q while U{U, :ne M}NU{U,:ne N\ M} =10
for some infinite and coinfinite M C N (see [23] Theorems 24 and 25). It is clear
that this method puts an upper bound of the density of C'(K) which is related to
the number of all separable compact nonhomeomorphic Hausdorff spaces. In this pa-

per we formulate a new asymmetry condition depending on additional parameters which
incorporates the ideas of [38] and [39] in the context of weak* rigidity and connected
spaces:

Definition 1.4. Let x be a cardinal, K be a compact Hausdorff space with a open basis
B and let dy : K — [0,1] be continuous for every o < k. Let d1,o = do and d_1 4 =
1 —d,. C(K) is said to have asymmetric distribution of separations in the direction of
D = (dqo : a < k) if and only if

Given

(i) (fn)nen C C(K) such that f, - fr, = 0 for all distinct n,m € N, f, : K — [0,1]
continuous and
(ii) a pairwise disjoint (Uy,)nen C B such that supp(f,) NU,, =0 for all n,m € N,
(iii) v§ € {~1,1} for all n € N and ¢ € &,
(iv) {US|neN, €€k} C Bsuch that US C U, for every n € N and £ € x;

There exist an increasing sequence (7, )nen C & and an infinite, coinfinite M C N such
that

(a) the supremum \/, oy, (fn - d,), ,on ) exists in C(K),
(0) Unens U™ NUpemar Ui # 0.
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Section 2 of the paper is devoted to proving the following theorem (recall that a
topological space has c.c.c. if it does not contain an uncountable family of pairwise
disjoint nonempty open sets):

Theorem 2.5. Suppose that K and D are as in Definition 1.4. If C(K) has asymmetric
distribution of separations in the direction of D and K is c.c.c., then C(K) has few*
operators.

This is done by modifying proofs of previously considered asymmetric conditions and
using some stronger extraction principles (Lemma 2.1, and Lemma 2.2) also proved in
this section. Section 3 is devoted to the reformulation of the existing theory concerning
the inverse limit constructions ensuring asymmetric distribution of separations in pre-
viously considered senses. While the conditions from Definition 1.4 can be rephrased in
the Banach algebra language (although the final result, Theorem 1.3 concerns only the
Banach space structure), the proof techniques concerning separations and the connect-
edness involve the topological arguments in K. So the main object in Section 3 is the
concrete representation V.F of the Gelfand space of the Banach algebra [F] generated
by subsets F C C(L) for some extremally disconnected L.

In section 4 we introduce a concrete type of an inverse limit of compact spaces con-
struction which on the level of the space of continuous functions is called a ladder family
(Definition 4.1). The lemmas from Section 3 are used there to prove that if 7 C C(K)
is a ladder family, then C(VF) is connected, has no butterfly points and provides a
fertile environment for both the existence of suprema and nonseparated pairwise disjoint
sequences of open sets in V.F needed to obtain the properties from Definition 1.4.

In Section 5 we use the combinatorial principle ¢(E®) which follows, by a result of
Gregory, from the generalized continuum hypothesis for any regular uncountable cardinal
k to perform a particular construction of a ladder family. The character of {(E") as
a prediction tool allows us to balance the amount of the suprema and nonseparated
pairwise disjoint sequences of open sets to obtain the conditions from Definition 1.4.
The main theorem of Section 5 completing the list of all ingredients needed to obtain
Theorem 1.3 is:

Theorem 5.3. Assume the generalized continuum hypothesis. Let k be the successor of a
cardinal of uncountable cofinality. There is a compact Hausdorff connected c.c.c. space
K of weight k without a butterfly point such that C(K) has asymmetric distribution of
separations in the direction of some D C Cy(K).

We do not know if the hypothesis of the generalized continuum hypothesis can be
removed from Theorem 1.3. In [39] Shelah’s black boxes were used to avoid any additional
set theoretic assumption in the construction of endo-rigid Boolean algebras. The Banach
space construction seems more demanding in this context. The first and the third named
authors would like to thank Gabriel Salazar for discussions concerning Shelah’s black
boxes.
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The obtained spaces C'(K) have other usual properties of C'(K)s with few operators
proved in [21] such as having proper subspaces, in particular hyperplanes not isomorphic
to the entire space, not being isomorphic to C(L) for L totally disconnected etc. One
could point out one property not mentioned in the literature that the space Cg¢(K)
of complex valued functions of K is an indecomposable complex Banach space which
additionally carries the structure of a commutative C*-algebra.’

Making considerably less technical effort and following the ideas of this paper one
could construct a totally disconnected K of arbitrarily big size such that C'(K) has few
operators. This would already provide Banach spaces of densities x, for arbitrarily big
x without complemented infinite dimensional subspaces of densities less than « giving a
strong negative answer to question (B). We opted for presenting just the connected ex-
ample. Our K has one additional peculiar property: while it has no nontrivial convergent
sequence (this would give rise to a complemented copy of ¢g) for any pairwise disjoint
sequence (U, )nen of nonempty open subsets of K there are only countably many sets
M C N such that {U,, |n e M}N{U, |n e N\ M} = (. This follows from Lemma 4.5
and the construction.

The terminology and notation of the paper should be standard. In set theory we
follow [17], [25], in topology [8], in Boolean algebras [20], [12], in Banach spaces [9], [37].
Important conventions include:

e CHE) = {f € C(K) | £+ K — [0,1]},

o (fn)nen are pairwise disjoint if f,, - f,, = 0 for all distinct n,m € N,

o For f: X - Y and U C X the restriction f [ U : U — Y satisfies (f | U)(z) = f(z)
forall x € U,

e GCH is the generalized continuum hypothesis i.e., the statement that 2” is the suc-
cessor cardinal kT for every infinite cardinal x,

o Ef ={a € k|cf(a) =w} denotes the set of ordinals smaller than « of cofinality w,

o supp(f) denotes f~1[R\ {0}] for any real valued function f.

6 To see this look at Cc(K) as C(K) @ C(K) with the multiplication by a complex scalar defined as
(a+iB)(f,9) = (af — Bg, Bf + ag). A linear operator on C¢(K) can be identified with a 2 X 2 matrix A of
operators on C(K) such that T'(f, g) = A(f, g). The C-linearity of T imposes the condition ¢7°(1,0) = T(0, 1)
which yields (by i(f, ) = (=g, f)):

o =1, 7] [3]

for some operators T, T> on C(K). If C(K) has few operators, this reduces to a sum of a matrix of weakly
compact operators and an operator of multiplication by a complex function My, (f+ig) = (h1+ih2)(f+ig) =
(h1f — hag) +i(haf + hig) for some hi, hy € C(K). Hence as in the real case every projection P on C¢(K)
is of the form hI 4+ S for h € Cc(K) and S strictly singular, and the condition P? = P yields that h? = h
as no multiplication can be strictly singular for continuous functions on a K with no isolated points (K is
connected). Hence h(z) = 0 or h(z) = 1 for each ¢ € K and so h = 1 or h = 0 since K is connected. It
follows that P = I + S of P = S where S is finite dimensional since S is a projection as well, and so C¢(K)
is indecomposable indeed.
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2. Few™ operators from asymmetric distributions of separations

The purpose of this section is to prove Theorem 2.5. This amounts to applying the
theory initiated in [21] and later developed in [22], [24], [32], [36], [23] in the new context
of the sequence D = {d, : a < k}. The first step is to prove a Rosenthal lemma’
type extraction principle in the flavour of the approach from Chapter 4.3 of [36] (cf.
Theorems 24 and 25 of [23]):

Lemma 2.1. Let K be a compact Hausdor(f space, T : C(K) — C(K) a bounded linear
operator and let € > 0. Let (fn)nen C Cr(K) be pairwise disjoint and let (Uy)nen be
a pairwise disjoint family of nonempty open subsets of K. Then there are an infinite
M C N and nonempty open sets V,, C U, for n € N such that for all m € M and for all
sequences (gn)nen C Cr(K) satisfying g, < fn for n € N we have

sup S [T(gn)(@)] <.

2E€Vm e M\{m}

Proof. Let us introduce an auxiliary notation: for sets M C N C N and two pair-
wise disjoint sequences (Vy,)nenm, (Un)nen of nonempty open subsets of K we write
Vi)nem < (Up)nen iV, CU, for all n € M.

By recursion on k£ € N construct

e Ny < ..<ngin N,

(Viss ooy Vi) < (U9, UESY) < (U oy Uy,

e N=Xy 2 X; D... 2 Xy such that X}, is an infinite subset of N\ [1, ng],
(Un)nGN = (UTOL)HGXO - (U%)nGXl e (US)nGXm

such that

Tgn) @) < 57 ()

holds for all 0 < g,, < fn, and for all # € U* with n € X}. Moreover

> 1T(g)(@)| < 5 (55

neXy

holds for all z € V,,,, and for all 0 < g,, < f,, with n € X}.

As ng is undefined, the above is vacuously true for k = 0. So, suppose we have the
above objects for £ > 0 and let us construct the corresponding objects for k£ + 1. Note
that (x) and (xx) are worded in such a way that given Xy we need to find ngy1 € X
and an infinite X511 C X \ [1, nk41] such that (%) and (sx) are satisfied for k£ + 1 in

7 See Lemma 1.1 of [34].
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place of k. That is, the previous (ni,...,ng) and (Vy,,, ..., V4, ) play no role when we pass
to () and (xx) for k + 1. First we will take care of (x).

Suppose that there is no ngi1, Xpy1 and UET! for n € X1 such that () holds,
that is, for all n’ € X}, all infinite X C X; \ [1, n'], and all (U})nex < (UF),ex, there
exist a number n” € X, and 0 < g,/ p» < f,, and an element z,» € U/, such that

3
|T(gn1’n//)(xn//)| > W, (***)

We will derive contradiction from this hypothesis. Let I € N be such that 545 > || T|.
Applying the above recursively on i < 2] we can construct (note that the index k + 1
below is fixed and indicates only that we are in the (k + 1)-th stage of the recursive
construction):

e an increasing (n}, 4 )i<or C© Xp with nj_; > ng,
« an infinite X/, such that X,ifl CXiq CXe\[Lng ],
« nonempty open Wjs for n € X, such that

(WTZL+1)TL€X1+1 = (Wn)neXl i =< (Uﬁ)nexka
Kt

* 0<gn;, < f"2+1 for n € X}, such that

S
|T(gn};+1,n)(1’)‘ > ok+2

for all z € W, and all n € Xli+1~

To move from 7 to i + 1 we set niﬁll = min X,i 41 and use repeatedly the above
hypothesis for each j € N with n’ = ”;;117 X = XkJrl N [n/ n_y,00), and (Ul )nex =
(Wi),ex to obtain ni € X, Gn' oy < fnr, and Tny € Un;_,. Then X,’Cfl = (n])jen and we
use the continuity of |T(gn/7n;/)| to conclude that if it is bigger than 5% at point Ty,
then it is bigger than 55 at some neighbourhood WrZLy of that point.

Arriving at i = 20 we set m = min X7\, |, pick zy € W2 and fix a finite set F' C [1, 2]
of cardinality not less than [ such that all numbers T'(g,,; +1,m)(:vo) have the same sign
for ¢ € F. Then we have

le
T(Zgn};+l,m)(‘r0 | 2k+2 = HTH

i€F

This is a contradiction since the norm of ;. Ini, 1 im is less than or equal to one.

Hence our hypothesis was false, that is, there is ng41 € X} and an infinite X; , C
X5\ [1, nk41] such that for some nonempty U™ C UF with n € X, the condition
() holds. That is (*) holds for k£ + 1 in place of k.
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Now we will choose a nonempty V, C Uk and an infinite X411 € X 4 41 such

NE+1 N1
that (+x) holds for k + 1 instead of k. Let
s= sup {Z )| 10< g, < ful}
zeUk

k41 nGX,CJrl

Note that s < 2||T|| as for the supremum we can consider finite sums of numbers with
constant sign, which by the linearity of T' are reduced to values of the operator T on

vectors of norm less than or equal to one. Choose z( € U,’fH , such that

[3)
s — sup{ Z (9n) $0|\0<9n<fn)}<2k+3’
neXi

and then a finite F' C X,’c_|r1 and 0 < g, < f,, for n € F such that

S
5= 30 1Tgn)(@0)] < 5
ner

Now, note that by the continuity of the functions T'(g,) for n € F at z there is a
nonempty neighbourhood of xo of the form V,, , for V,, ., C U,’fk+1 where the above
inequality holds. Put Xy41 = X,’C_|r1 \ F' and note that by the choice of s and F' we have
(s#) with k£ + 1 in the place of k.

This completes the recursive construction. Note that ni41 € Xy for each & € N. To
verify the statement of the lemma let M = (ny)ren and choose a sequence (gn)nem C

Cr(K) with g, < f, foralln € M and m =ng € M and z € V,,,. Then

Y Te)@) < Y Tl + Y IT(ga)(x)

neM\{m} 1<i<k neXy

as M\ {n1,...,ni} C Xj. The first sum is not bigger than

€ € _
Z 9it1 5(1 27" <ef2
1<i<k

by applying () since ny € X; for each ¢ < k and V,, < Ul . On the other hand
the second sum is not bigger than £/2 by applying directly (*x) Hence we obtain the
statement of the lemma. 0O

Another extraction principle which we will need is the following:

Lemma 2.2. Suppose that V,,’s for n € N are pairwise disjoint open sets in a compact
space K and x,, € K \'V,, are distinct. Suppose that € > 0 and u, for n € N is a Radon
measure on K such that |p,|(Vy,) > € for all n € N. Then there are: an infinite M C N,
open V) CV,, and a § > 0 such that for all n € M we have that |u,|(V,)) > § and

U TN{z,:ne M} =10.

neM



Sh:1086

P. Koszmider et al. / Advances in Mathematics 323 (2018) 745-783 755

Proof. By going to a subset we may assume that {x,, : n € N} forms a discrete subspace
of K. By the regularity of the measures and by going to subsets of V,,s we may assume
that (V,,)nen is pairwise disjoint and z,, ¢ V,, for each n € N. Consider a coloring
c : [N2 — {0,1,2} defined for distinct n,m € N by c¢({n,m}) = 0 if z,, € V,,, and
n < m, c({n,m}) = 1 if the previous condition does not hold and z,, € V,, and n < m,
and c({n,m}) = 2 if {z,, 2} N (V, UV,,) = 0. Apply the Ramsey theorem for c
obtaining an infinite subset of N which is homogeneous for ¢. However, a three element
0-homogeneous set or 1-homogeneous set would contradict the pairwise disjointness of
V.8, so we have an infinite 2-homogeneous set. Hence, by going to a subset we may
assume that x,, ¢ V,, for any two n,m € N. Let U, be an open neighbourhood of x,
such that U, NV, = 0 for all m < n in N. We will consider two cases.

Case 1. There is § > 0 and a point & € K such that for each open neighbourhood W of
x the set {n € N: |u,|(V,, N W) > ¢} is infinite.

As V,,’s are pairwise disjoint and by the regularity of the measures by going from V,,
to its subset we may assume that z ¢ V, for every n € N. Further removing at most
one index we may assume that = ¢ {z,, : n € N}.

Now recursively define a decreasing sequence (Wy)ren of open neighbourhoods of x
and a strictly increasing sequence (ny)reny € N such that the following two conditions
hold:

|/”'nk ‘ (Vnk N (Wk \Wk-‘rl)) >4 (1)
Ty & Wi (2)

This is possible by the hypothesis of Case 1. Put V,, = Vi, N (Wi, \ Wy41). It follows
that

Uvi \U Vi < )W

keEN keN keN
which is disjoint from {z,, : k¥ € N} by (2). Since {z,, : k¥ € N} is disjoint form
Unen Vi by the argument before Case 1, we conclude the proof of the Lemma in this
case for M = {ny : k € N}.

Case 2. Case 1 does not hold.

Since the hypothesis of Case 1 fails, for every n € N and for every ¢’ > 0 there is an
m(n,d’) € N and an open neighbourhood W (n,d’) of x,, such that

| (Vie N W (n,07)) < & (1)

for all & > m(n,d’). Thus, one can choose recursively a strictly increasing sequence of
integers (ky,)nen such that k, > m(k;, 55=) for all j < n. Consider
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€ . .
Vk/n = an - LJ{VV(/%7 W) i< n}
By (1) we have |pg, |(Vi, ﬂm) < 577z for j < n and so
|Hkn|(vkln) >e/2=0. (2)

Now, note that W (k;, 555 ) is disjoint from V| for n > j and hence W (k;, 55=) N Uy,
is an open neighbourhood of xy; witnessing the fact that xy;, ¢ (U, oy Vy (vecall that
Up,s are open neighbourhoods of z,s such that U, NV, = 0 for all m < n in N). So this
proves the lemma for M = {ny : k € N} and 6 =¢/2. O

Now recall Definition 1.1 and the following characterization of weak multipliers:

Theorem 2.3 (/21] Definition 2.1, Theorem 2.2). Let K be a compact Hausdorff space
and let T : C(K) — C(K) be a bounded linear operator. The following conditions are
equivalent:

(1) T is a weak multiplier,
(2) for every pairwise disjoint sequence (fn)nen C Cr(X) and every sequence
(Zn)nen C K such that fn(x,) =0 for alln € N we have

nh_)ngo T(fn)(zn) =0.
Lemma 2.4. Let K be a compact Hausdorff space and let T : C(K) — C(K) be a bounded
linear operator. If T' is not a weak multiplier, then there exist € > 0, a pairwise disjoint
sequence (fp)nen C Cr1(K) and a pairwise disjoint sequence (Up)nen of nonempty open
subsets of K such that

supp(fn) NUy =0 for alln,m € N
and
[T(fu)| [ Uy > € for alln € N.

Proof. By Theorem 2.3(2) there is a pairwise disjoint sequence (gn)nen € Cr(K) and
a sequence (zp)nen C K such that g,(z,) = 0 for all n € N, and |T(g,)(z,)| > €
for some & > 0. Let V,, = supp(g,) and p, = T*(d,, ). Note that the hypothesis of
Lemma 2.2 is satisfied for €’ instead of e, so we may find appropriate 6 > 0, and infinite
M C Nand V) CV, for each n € N. Let U}, be open neighbourhoods of z,, for n € M
such that (J,c,, Vi N U}, = 0. Since {z,, : n € N} may be assumed to be discrete by
going to a subsequence, we may assume that Us are pairwise disjoint. Now choose
fn € Cr(K) such that supp(f,) C V,, and that | [ f,du,| > §/2; this can be done since
ln (V)| > 0. It follows that |T'(f,)(z,)| > /2 for each n € N. Now find U,, C U]
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such that |T'(f,) | Un| > §/2. By re-enumerating M and putting € = §/2 we obtain the
statement from the lemma. O

Theorem 2.5. Suppose that K and D are as in Definition 1.4. If C(K) has asymmetric
distribution of separations in the direction of D and K is c.c.c., then C(K) has few*
operators.

Proof. Arguing by contradiction, we suppose that C(K) does not have few* operators.
By Definition 1.1 there is a bounded linear operator T': C(K) — C(K) which is not a
weak multiplier. Let £ and B be as in Definition 1.4. Then by Lemma 2.4 there are

o a pairwise disjoint sequence (fn)nen in Cr(K),
« a pairwise disjoint sequence (U, )nen in B such that

supp(fn) N Uy =0, for all n,m € N,

e £>0,

and for each n € N we have

Now by applying Lemma 2.1 for £/3 we may assume that for any m € N and for any
sequence (gn)nen € Cr(K) such that g, < f, for all n € N we have

sup D |T(gn) ()] <e/3. (%)

2€Um e M\ {m}

To make use of the asymmetric distribution of separations in the direction of D we
need to construct the following:

o {()nen | § € K} C{£1},
o {(US)nen | € € K} C B satisfying US C U, for every n € N and every £ € k.

We will construct the above objects in such a way that for all n € N and all £ € k we
have |T(fnd, ¢ ()| | US > e. This is achieved in the following way. Fix £ € s, n € N, and
Ty € Uy. Since f,, = frdi ¢ + fnd_1,¢, we have either

T(frdig)(@n)] > € or [T(fnd-1.6)(xn)| > e

We choose v§ € {41}, the one for which the above holds and define US € B to be an
open neighbourhood of z,, included in U,, such that

T (fadys ) 1 US > . (+)

This completes the construction of {(v$)nen | € € K} and {(US)nen | € € K}
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Let us fix an almost disjoint family {/N, | @ < w1} of infinite subsets of N. We will be
considering the sets:

(fn)HGNaa
(Un)nGNQa
{()nen. | € € K},
{US)nen. | € € K}

Sass
I

We use the hypothesis that C(K) has asymmetric distribution of separations in the
direction of D for F,, U,, N, and U, for each o < w; obtaining increasing sequences
(n%)nen C & and infinite sets M, C N, such that

(1) Ve, fad ng - exists in C(K),

n

(2) VLU | n € Mu} VLU | n€ No\ Ma} # 0.

Let us define g2 = fndyng o for all n € N, a < wy. If for some o < wy we had

e forallne M,, z €Ul IT(V,enr, 95) (@) > 2¢/3 and

a

o foralln € Ny \ Mo, z € Un™: |[T(V s, 90)(7)] < /3
then, we would separate the sets in (2) contradicting the condition (2). Therefore the
conjunction of the above statements are false for each a < wy. By going to an uncountable

subset of w; we may assume that there is 6 > 0 and ng € N such that for each a < w;
we have some @) # V,, C U;Zgo C Uy, such that either

(3) no € M, and for all z € Vi, we have [T'(\/ 5, 95)(2)| < 2¢/3 = or
(4) no € No \ M, and for all x € V,, we have [T'(\/,, ¢, g5) (%) > ¢/3 + 0.

This gives for each a < wy the following statement:

e no € N\ M, and for all x € V, we have [T'(\/,,crs 95)(2)| > €/3 496,
where M/, = M, if (4) holds and M/ = M, \ {no} if (3) holds. In the latter case the
above condition follows from (3) and (#*). Now consider m € N such that méd/2 > ||T|.

Using the c.c.c. of the space K we may find (see Lemma 3.1) a7 < ... < ay, < wi such
that

Vo, NV, NNV, #0.

So let ¥y be a point in V,,, NV, N---NV,, #0.
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Now take k € N such that for each 1 < i < j < m we have
(Mg, \ k)N (Mg, \ k) = 0.

By (%) for each 1 <4 < m we have that

Y 1T (@)l < /3

neM,, Nk

and so for each 1 <4 < m we have

(g )@l >

neM;, \k

For m/2 indices 1 < i < m, say from a set F' C {1,...,m} all the reals

T\ e) @)

neM;, \k

have the same sign, and so

IT(>" V w)izm(> Vo g )@l =31r( ) @)l

i€F neM, \k i€F neM/, \k i€F neM,, \k

>md/2.

However

<1

1V g

i€F neM/, \k

as (M, \ k)s are pairwise disjoint. This is impossible since ||T|| < md/2. This completes
the proof. O

3. Controlling separations and the connectedness

The purpose of this section is to generalize the methods developed in [21,22,24 36]
necessary for controlling the constructions of C'(K) spaces with few operators. To be
able to adopt the ideas coming from the constructions of endo-rigid Boolean algebras
we need to operate in the language of Banach algebras of functions, on the other hand
the above mentioned methods concerning separations and the connectedness involve the
topological arguments in K. So in this section we work at the same time with a family
F of functions in C'(L) for some extremally disconnected L, the Banach algebra [F]
generated by it and a concrete representation V.F of the Gelfand space of the Banach
algebra [F].



Sh:1086

760 P. Koszmider et al. / Advances in Mathematics 323 (2018) 745-783

3.1. Boolean algebras, their Stone spaces and continuous functions on the Stone spaces

Recall that a topological space is called c.c.c. if it does not contain an uncountable
collection of pairwise disjoint open sets. We have the following:

Lemma 3.1. Suppose K is a compact Hausdorff space and that K is a cardinal. Then

o {0,1}N s c.c.c.
o If K is c.c.c., m € N and {Vg : £ < wi} is a collection of nonempty open subsets
of K, then there are distinct &1, ...,&y such that Ve, N ...N Vg, # 0.

Proof. The first condition follows from the Hewitt—Marczewski—Pondiczery Theorem
(Theorem 2.3.17. of [8]). For the second condition prove it by induction on m € N. For
m = 2 it is the c.c.c. Given it for m, build recursively pairwise disjoint family of sets
F,, C w of cardinality m for @ < wy such that W, = ﬂgeFa Ve # (), now apply the c.c.c.
for (Wa)a<w,- O

In this section we use the following notation:

¢ 1 will denote an uncountable regular cardinal,

o If Ais a Boolean algebra, S(A) denotes the Stone space of A, i.e., a compact Haus-
dorff totally disconnected space such that there is a Boolean isomorphism between
A and the algebra of clopen subsets of S(A),

« the clopen set of S(A) corresponding to an element a of A will be denoted by s4(a),

e Fr(k) denotes the free Boolean algebra generated by (€q.n)a<r nen,

o For A C k, Fr(A) denotes the subalgebra of Fr(k) generated by (eq,n)acA neN,

e For A C k, Fr(A) denotes the Boolean completion of Fr(A),

o We will identify Fr(A) with a subalgebra of F'r(B) when A C B C &,

o For A C k, L4 denotes the Stone space of Fr(A),

e L, will be denoted by L,

. I=10,1],

e The supremum of a family F of functions will be denoted by \/ F. In principle the
supremum of the same family of functions can depend on the ambient lattice of
functions, so we will need to add where the supremum is taken.

For the Stone duality or other dual terminology concerning Boolean algebras see [20]
or [12], for Gleason spaces see [13]. The following proposition is the summary of standard
facts concerning the above objects:

Proposition 3.2.

o For any A C k the space Ly is the Gleason space of I,
o For any A C k the space L 4 is extremally disconnected and c.c.c., which implies that
bounded subsets of C(La) have suprema in the lattice C(La),
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o For A C k there is a continuous surjective map pa : L — L dual to the inclusion
Fr(A) C Fr(k), in particular pgl[sﬂm) (@)] = sFr(s)(a) fora € Fr(A),
o For A C k there is an isometric inclusion C(La) C C(L) induced by pa.

Lemma 3.3 (/24] Corollary 2.5). Suppose that A, B are disjoint subsets of k andta € L4
and tp € Lp. There exists a point t € L such that pa(t) =ta and pp(t) =tp.

Definition 3.4. For all « € xk we define a Cantor-like surjection d,, € C;(L) by

XS—T K (Ga,n)<x)
do(a) =) =l = >2n el,
neN
for all z € L. We will use dy o = do and d_1,, = 1 — d,. We will also use the notation

D={dy:«a€k}

Definition 3.5. We say that f € C(L) depends on a set A C k, if pa(s) = pa(t) implies
f(s) = f(t) for any s,t € L. We say that F C C(L) depends on a set A C k, if every
f € F depends on A.

Lemma 3.6. Let o € K, then

(1) do depends on the set {a},
(2) do[L]=1.

Proof. By Proposition 3.2 Xs gy (€am) = Xsprcray (an) © Pla}- So, if s,t € L satisfy
P{a}(8) = Piay(t), then do(s) = da(t), as required. The second part follows from the fact
that eq s as free generators are independent, which implies that for every o € {0, 1}
there is t € L such that XSW(H)(ea,n)(t) = o(n) for every n € N. Now use the standard

fact that the mapping ¢ from {0, 1}" into I given by ¢(0) =3, 02(,7}) is surjective. O

Lemma 3.7 (/2] Lemma 2.10). Each f € C(L) depends on some countable A C k.

Lemma 3.8. Suppose that X,Y are compact spaces, ¢ : X — Y is a continuous surjection
and that f € C(X) is such that f(x1) = f(x2) whenever ¢(x1) = ¢(x2). Then there is
a continuous g € C(Y) such that f = go ¢. In particular, for every f € C(L) which
depends on some A C k there exist g € C(La) such that f =gopa.

Proof. By the hypothesis one can well define g : Y — R satisfying f = g o ¢. Since ¢ is
a closed onto mapping (2.4.8. of [8]) it is a quotient map and so g is continuous (2.4.2.
of [8]). O

Lemma 3.9. Suppose that X,Y are compact spaces ¢: X — Y is continuous and Z C X,
then f[Z] = f|Z].
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Proof. Continuous mappings of compact spaces are closed, so ¢ is a closed function (see
1.4.Cof [8]). O

3.2. Algebras of functions and their Gelfand spaces

Given F C C(L) we will consider the closed algebra over the reals containing constant
functions generated by F in C'(L), that is the real unital Banach algebra generated by F,
we will denote it by [F]. [F]; will stand for [F] N C(L).

The role of the Stone space for Boolean algebras is played for commutative Banach
algebras by the Gelfand space. We will work with the following concrete representation
VF of the Gelfand space of [F] (cf. [24]):

Definition 3.10 (/24/). Let F,G be families of elements of C;(L).
(1) Define ILF: L — I by a formula

((IMF)(@))(f) = f (@)

for all x € L and for all f € F,
(2) the image ILF[L] C I is denoted by V.F,
(3) for G C F C Cy(L) we define the natural projection

g F: VF — Vg,

which is the restriction of the natural projection from I7 to I9,
(4) given F C Cy(L) we say that f € C(VF) depends on a set A C & if foILF depends
on A.

Proposition 3.11. Suppose that F C Cr(L). Then there is an isometric isomorphism of
real Banach algebras Tr : C(VF) — [F| induced by ILF such that Tr(nysy,7) = f for
each f € F.

Proof. The surjective continuous function ILF : L — VF induces an isometric isomor-
phic embedding of C(V.F) into C(L) simply by sending g € C(V.F) to g o ILF. Then it
is clear that Tx(m¢s},7) = f, so the image of T’z includes [F]. It remains to show that
it is included in [F]. For this it is enough to show that C(VF) is generated as a unital
algebra by the functions 7y, 7 for f € F. This follows from the real Stone-Weierstrass
theorem, as the coordinates separate points in products. O

Lemma 3.12. Suppose that f € [F] C Cr(L). Then there is a unique f(F) in C(VF)
satisfying

f = J(F)oTIF.
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F(F) will be called the factorization of f through F. If F C G C C[(L), then f(F)o
Trg = [(9)-

Proof. Put f(F) to be Tx'(f) where Tr is the isometry from Proposition 3.11. The
second part follows from the fact that 7r g o IIG = IIF and the uniqueness of the
factorization. O

Lemma 3.13. Suppose that o € K, then

(1) if F depends on k\{a}, then there is a homeomorphism ¢ : V(FU{da}) = (VF) X1
such that o ¢ = Tr rugq,y where m is the natural projection from (VF) x I onto
VF,

(2) VD = I*.

Proof. Fix z € I and y € VF. Using Lemma 3.6 let ¢t € L be such that d,(t) = z. Fix
s € L such that (ILF)(s) = y. Use Lemma 3.3 to find u € L such that pia;(u) = pgay(t)
and py\{a}(¥) = Pr\fa}(s). Since d, depends on a by Lemma 3.6 and F depends on
k \ {a} by the hypothesis, we obtain that (II(F U {d,}))(u) = (y,z) which completes
the proof of part (1). (2) follows from (1) applied inductively and Lemma 3.6. O

For a Banach space X a density character of X is a cardinality of a minimal dense
subset of X and it is denoted by d(X).

Lemma 3.14 (GCH). Let D C F C Cy(L). Then the density character of C(VF) equals k.

Proof. Using the surjections mp_r and IIF we obtain isometric injection of C'(VD) into
C(VF) and C(VF) into C(L), so k < d(C(VF)) < d(C(L)) by Lemma 3.13. On the
other hand, by the Stone—Weierstrass theorem, the density of the Banach space C(L)
is not bigger than the cardinality of the Boolean algebra of clopen subsets of L which
is isomorphic to the algebra Fr(k), which is c.c.c. (Proposition 3.2) and contains a
dense subalgebra Fr(k) of cardinality . So each element of Fr(k) is the supremum of
a countable subset of Fr(x), hence |Fr(x)| < k. So, we obtain d(C(L)) < k¥ = & (see
Lemma 5.1), which completes the proof. O

It turns out to be convenient to talk about open subsets of the Gelfand spaces V.F of
the algebras [F] using a language purely depending on F. The next definition is aiming
at this purpose.

Definition 3.15. Suppose that F C G C Cy(L). Let J denote the family of all nonempty
open subintervals of [0, 1] with rational endpoints. By B(F) we denote the family of all
partial functions

U:dom(U)—J,
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where the domain dom(U) of U is a finite subset of . We will consider the evaluation
U(G) of U at G which is defined as

UG) ={x e VG:z(f) eU(f) for all f € dom(U)}.

By U(L) we will mean the set {x € L : f(x) € U(f) forall f € dom(U)} =
nfedom(U) f_l[U(f)]

Note that with the above notation U(f) is the same subinterval of I as the one defined
as U({f})-

Lemma 3.16. Suppose that F C G C C;(L) and U,V € B(F). Then

(1) The family of all sets of the form W (F) for W € B(F) forms a basis of open sets
for VF,

(2) (MF)~HU(F)] =U(L),

(3) H]:[ (L)] =U(F),

(4) 5 glU(F)] = U(G),

(5) ng[U(g)] U(F),

(6) UF)NV(F) =0, if and only if U(G)NV(G) =0,
(7) U(F) S V(F), if and only if U(G) € V(G),

(8) U(F) C V(F), if and only if U(G) C V(G), where the closures are taken in V.F and
VG respectively.

Proof. The first item is clear from the definition of the product topology. Item (2)
follows directly from Definition 3.15. Item (3) is the immediate consequence of (2).
Item (4) follows from the fact that 77 g[ | = OG[(ILF)~1[X] for any X C VF and
(2)—(3), namely 7rf7g[U(]-')] = NG[(TLF)~L[U(F)] = UG[U(L)] = U(G). Ttem (5) is the
immediate consequence of (4). Items (6)—(7) are the immediate consequences of (4) and
the properties of the preimages of functions. For the forward direction of (8), note that
always W;-}g [U(F)] C W;—}Q[U (F)] and apply (4). For the backward direction of (8), note
that always 7 g[U(G)] = 7r ¢[U(G)] by Lemma 3.9 and apply (5). O

Definition 3.17. Suppose that F C Cr(L). A family U C B(F) is called an antichain if
and only if U(F)NV(F) =10 forall U,V € U.

We see by Lemma 3.16 that the property of being of antichain does not change if
we pass from F to a bigger G. Despite of Lemma 3.16 a nontrivial interplay between
properties U(F)s and U(G)s for F C G C C(L) is possible and will actually be at the
heart of the difficulties of the main construction of this paper. For example, as we want
V.F to be connected, we would need ILF[U] NILF[L \ U] # @ for any clopen U C L. In
fact, the main properties of V.F for the main construction of F (Section 5) corresponding
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to Definition 1.4 (b) are expressed in terms of the nonemptyness of the intersection
Uner Un(F) MU enar Un(F) for some antichain (Un)nen € B(F) and M C N, while
Unenm Un(L) ﬂUneN\ a Un(L) is always empty, since L is extremally disconnected, which
implies that it is empty if we replace U,,(L)s by U,,(G)s for sufficiently big G. The following

lemma is the first of a series of observations aiming at developing techniques of increasing
the family F to a bigger G with preserving the nonemptyness of the intersections of the
closures of unions as above.

Lemma 3.18. Let F C Cy(L), and let (Uyp)nen C B(F) be an antichain. Let M C N be
such that there exists x € VJF with

ze |JU.(F)n |J Uu(5).

neM neEN\M

Then there exist s,t € L such that

(1) s € Unen Un(L) and t € U,,enar Un(L), and
(2) ILF(s) = ILF(t) = .

Moreover if f € Cr(L) is such that

(8) f(s) = f(t) for any s,t satisfying (2),

then

U un@n |J U.(9) #0,

neM neN\M
where G = FU{f}.

Proof. By Lemma 3.9 and Lemma 3.16 (3) we have

IF[J Un@)] =TF[ | Un(L)] = |J Un(F) 52,

neM neM neM

so the existence of s,t as in (1)—(2) follows. For (3) again use Lemma 3.9 and
Lemma 3.16 (3) to note that

IFU{Hs) e MFULNIY U] =IFU{NIY U] = | Ual9),

neM neM neM

and similarly IF U {f})(t) € U,enan Un(G), which finishes the proof, since II(F U
{FDE) = (2, f(1) = (z, f(s)) = I(F U{f})(s) by (2) and by the hypothesis of (3). O
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3.3. Adding suprema

If we pass from a smaller algebra of functions to a bigger one, a sequence of functions
from the smaller one may acquire its supremum in the bigger one. This is quite natural
when we work with subalgebras of an algebra where all bounded sequences have suprema,
i.e., in the algebra of all continuous functions on an extremally disconnected compact
space. However in general a function which is the supremum in a subalgebra may no
longer be the supremum in a bigger algebra. In this section we recall and prove lemmas
describing the above phenomena in the context we are interested in. One should note that
adding suprema in a careful way while extending algebras is one of the main techniques
behind our construction in Section 5 as the main property of the required Banach space
is expressed in terms of the suprema in Definition 1.4.

Definition 3.19. Suppose that K is a compact Hausdorff space. For a pairwise disjoint
sequence (fn)nen C Cr(K) and a function f € Cj(K) we define the set

(f7(fn)n6N)—{$€K|f #an

neN

Lemma 3.20 (4.1.(a) [21]). Let K be a compact Hausdorff space. A function f € Cr(K)
is the supremum in C(K) of a pairwise disjoint sequence (fn)nen C Cr(K) if and only
if the set A(f, (fn)nen) is nowhere dense.

Lemma 3.21. Let K be a compact Hausdorff space. For a pairwise disjoint sequence
(frn)nen C Cr(K) the following set

D((fn)nen) = U{U | U is open in K and {n € N: U Nsupp(f,) # 0} is finite}

is dense open and for f =\/, cy fn in C(K) we have

FID(fa)new) = Y fu I D((fn)nen)-

neN

Proof. The first part is the first part of 4.1. (b) of [21]. The second part follows from
the second part of Lemma 4.1. (b) which says that )y fn is continuous on the open
set D((fn)nen), from the fact that two distinct continuous function differ on an open set
and from Lemma 3.20. O

Lemma 3.22. Let K be a compact Hausdorff space. Suppose that (fn)neny C Cr(K) is an
antichain and f =\/, cy fn in C(K). Then

supp(f) € | J supp(fa).
neN
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Proof. The set

supp(f) \ | supp(fa) € A(f, (fa)nen)

neN
is open. If it was nonempty, it would contradict Lemma 3.20. O

In general, when passing from C(V.F) to C(VG) for F C G C C;(L) the supremum
f of a pairwise disjoint sequence (fy,)nen of functions in C(VF) may no longer be its
supremum in C(VG), i.e., fomr g may not be the supremum of (f, omr g)nen. However,
if we use the supremum of (f,, o ILF),en in C(L), this will not happen as stated in the
following;:

Lemma 3.23. Suppose that F C Cr(L) and (fn)nen C [F] is a pairwise disjoint sequence
of functions, and let f = \/, .y fn in C(L). Then for every G C Cr(L) such that F U
{f} € G we have that the factorization f(G) of [ is the supremum of the factorizations
(fn(G))nen in C1(VG).

Proof. Use Definition 5.11 and Lemma 5.12 of [24] and the isometric isomorphism be-
tween [F] and V.F from Proposition 3.11 and Lemma 3.12. O

Lemma 3.24. Let A C k. Suppose that (fn)nen C Cr(L) is pairwise disjoint sequence of
functions which all depend on A. Then the supremum \/,, .y fn in C(L) depends on A.

Proof. Let f] be such a function in C(L4) that f] opa = f, for n € N. Its existence fol-
lows from Lemma 3.8. It is clear that f/ s are pairwise disjoint as well. As L 4 is extremally
disconnected (Proposition 3.2), we can take the suprema of bounded sequences in C'(L4).
Solet g =V ,cn
on A. So it is enough to prove that gopa is the supremum \/, . fr in C(L). Recall Defi-
nition 3.19 and let X = A(g, (f,)nen)- It is clear that Y = p'[X] = A(gopa, (fn)nen)-
So by Lemma 3.20 it is enough to prove that preimages of nowhere dense sets under p 4

f!, where the supremum is taken in C'(L ). It is clear that gop 4 depends

are nowhere dense, or that images of open sets under p4 have nonempty interior.

As Fr(k) is a dense subalgebra of Fr(x), it is enough to prove that PA[SFr () (a)]
has a nonempty interior in L4 for any a € Fr(k) (see Proposition 3.2). But by the
independence of the generators of F'r(x) such an a is a finite sum of elements of the form
a’ Na" where a’ € Fr(A) and a” € Fr(k\ A). Moreover pa[sz,)(a’ Aa")] = sg7(4)(a’)
by the definition of the Stone functor and the fact that any ultrafilter in F'r(A) which
contains a’ can be extended to one in Fr(x) which contains a’ Aa”. It follows that images
of open sets under p4 have nonempty interior which completes the proof. O

(Mn)nen C K be increasing with dy, € F for alln € N and let f =\, cn(fudy, n,) in
Cr(L). Then

Lemma 3.25. Let F C Ci(L), (fu)nen C [F] be pairwise disjoint, (vn)nen C {£1},

Il U supp(fn) = Z(fndvmnn) [ U supp(fn)-

neN neN neN
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Proof. Note that supp(f.) < D((fndv,n,)nen) and so the second part of the
Lemma 3.21 may be used. O

3.4. Fxtensions and preserving the connectedness

For sets X, Y and a function f: X — Y let us denote the graph of f by T'(f).

Definition 3.26 (4.2. [21]). Let K be a compact Hausdorff space and let (f,)nen C
C1(K) be pairwise disjoint. Then the closure of T'( >, o fn | D((fa)nen)) in K x I is
called an extension of K by (fn)nen. We denote it by ext(K, (fn)nen). The extension
is called strong if T'(Y, oy fn) € ext(K, (fa)nen). If K = VF for some F C Cy(K)
and (fn)nen C [F], then an extension of VF by (f,)nen means the extension of V.F by
(fn(F))nen and is denoted ext(VF, (fn)nen)-

Indiscriminate adding of suprema leads to a complete lattice C(K) and implies that
K is extremally disconnected, so in general extensions of compact spaces do not need
to preserve the connectedness (for explicit analysis of this phenomenon in the case of
pairwise disjoint sequences of functions see [4]), however we have the following:

Lemma 3.27 ([21] Lemma 4.4.). Let K be a compact and connected Hausdorff space and
let (fn)nen C Cr(K) be pairwise disjoint. The strong extension of K by (fn)nen is a
compact and connected space.

Lemma 3.28. Let F C Cy(L) and A C k be such that the family F depends on A and
{do | @« € A} C F. Let (fn)nen C [F] be pairwise disjoint and let f € Cr(L) be the
supremum of (fn)nen. Then ext(VF, (fa)nen) = V(F U {f}).

Proof. Use Lemma 5.13. of [24] and Lemma 3.12. O

Lemma 3.29 (/24] Lemma 2.7.). Let F C C(L). Then V.F is connected if and only if
VF is connected for all finite FF C F.

Lemma 3.30. Let

(1) F < Cy(D),

(2) (fu)nen C [Flr be an pairwise disjoint,

(8) F depends on A C K,

(4) (Mn)nen C K be such that the set {n € N |n, € A} is finite,
(5) (rnnen € {—1, 1)

Then for all infinite M C N and for G = F U {d,, | n € N} the extension
of VG by (fndy, n,)nem is strong. Moreover, if VG is compact and connected, then
ext(VG, (fndy, n, )nem) is compact and connected as well.
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Proof. Fix some infinite M C N and (z,s) € I'(}_,,c 1/ (fndu, .. )(G)). We need to check
that

(2,8) €T( D (fadu, ) (G) | DU((fadu, 0, )(G))nenr))-

neM

If s > 0, then € D(((fndv, n,)(G))nerm), so we can assume that s = 0. Fix a neigh-
bourhood of (z,0) of the form U(G) x (—e,e) where U € B(G) and £ > 0. It will be
sufficient to show that

(U(G) x (=&, )) NT( D (fadu, 1, )(G) | D((fady,s .)(9)nenr)) # 0.

neM

If U(G) intersects only finitely many sets supp((fndy, n,)(G)), then we have the in-
clusion U(G) € D(((fnduv, 5.)(G))nem) and so the point (z,0) belongs to the graph

L(Xnen (Fadv, ) (F) T D((Fadu,, ) (G))nenm))-
If U(G) intersects supp((fndy, n,)(G)) for infinitely many n € M then, by the hy-

pothesis of the lemma, we can pick a number ng € M such that n,, ¢ AU B where
B = {n. | dy, € dom(U)}, and there is an z € U(G) N supp((fn,dv,, n,,)(G))- In
particular f,,,(G)(x) # 0. Let u € L be such that IIG(u) = z. Let v € L be such that

0 < duymny (V) < €/ Fno (9) (), (1)
which exists by Lemma 3.6 (2). By Lemma 3.3 there is ¢ € L such that paup(t) =

paup(u) and pry, 1 (t) = piy,, 3 (v). Put y = 1G(#). It follows that f(t) = f(u) for every
f € dom(U) and so

y € U(9), (2)

since IIG(u) = x € U(G). Also by the dependence of F by A, Lemma 3.12 and Lemma 3.6
we have

Frno(G)(Y) = Fro(t) = fro(u) = fno(G)(2) # 0, 3)

and dy,, 1, (G)(Y) = dv, 5., () = du,, n., (v) and so by (1) and (3) we have

0 < (fro@vg.mag )(9)(y) <e. (4)

The first inequality of (4) implies that y € D(((fndv, n,)(G))nem) and so that
(y7andV1L07n'rL0)(g)(y)) is in F(ZnGM fndvmnn I D((fndl"mnn)neM)7 while (2) and the
second inequality of (4) imply that it is in U(G) x (—&,&) which completes the proof of
the first part of the lemma. The moreover part follows from Lemma 3.27. O
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3.5. Separations

Definition 1.4 requires us in (a) to have many suprema while maintaining the dis-
jointness of certain closures in (b). In this sections we prove lemmas concerning the
disjointness of these closures.

Definition 3.31. Let F C C;(L). We say that an antichain (U,),en of elements of B(F)
is separated along M in [F] iff

U Un(]:)m U U7L(f):®7

neM n¢M

where the closures are taken in V.F.

Lemma 3.32. Let F C C[(L) and let (Up)nen be an antichain of elements of B(F).
Then (Uy)nen is separated along M in [F| if and only if there are elements {V; | j €
JYAV] 17 € J} CB(F), with J and J" finite, such that for V(F) = U;c; Vj(F) and

V/(‘F) = UjEJ/ ‘/JI(.F) and we have

U Un(7) cV(F) CVF cV(F) CVF\ (| Ua(F)).
neM n¢M

<

Proof. It follows directly from the normality of the compact space VI and from
Lemma 3.16 (1). O

Note that by Lemma 3.16 the above condition from Lemma 3.32 is preserved if we pass
from F to a bigger G. However if an antichain (Up,),en is not separated along M C N in
[F], it may become separated along M C N in [G].

Lemma 3.33. Let F C G C C;(L) and let (Uy)nen C B(F) be an antichain, M C N.
Then the antichain (U,)nen C B(G) is separated along M in [G] if and only if it is
separated in [F U H] for some finite H C G.

Proof. Suppose that (Uy,)nen is separated along M in [G] and let V, V' {V; | j € J},{V] |
j € J'} be as in Lemma 3.32. Let H C G be a finite set including domains of all V; for
j € J and all V] for all j € J'. Now use Lemma 3.16 (7) and (8). O

Lemma 3.34. Let F C Ci(L) be countable and let (Uy)nen C B(F) be an antichain.
Then there is a set M C N such that the antichain (U, (F))nen is not separated along
M in [F].

Proof. The separation of (Uy,),en along M would yield finite sets {VJM rje JJHA{V) M-
j€J} CB(F) as in Lemma 3.32. For distinct My, My C N, these finite families must
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be distinct. However there are continuum many subsets of N while B(F) is countable for
countable F. O

Definition 3.35. Let F C G C Cy(L) and let (Uy,)nen be an antichain in B(F). We say
that F is separating for (Uy,)nen in G, if whenever (U, (G))nen is separated along some
M C Nin [G], then already (U, (F))nen is separated along M in [F].

Lemma 3.36. Let F C G C Cr(L) and let (Uy)nen be an antichain in B(F) such that
F is separating for (Un)nen in G. Suppose that (fn)nen C Cr(L) is an antichain such
that U, (L) Nsupp(fm) = O for every n,m € N and let f € Cy(L) be the supremum of
(fn)nen in C(L). Then F is separating for (Up)nen in GU {f}.

Proof. Fix M C N and suppose that the antichain (U, (F))nen is not separated along M
in [F]. Then the hypothesis of the lemma guarantees that (U,(G))nen is not separated
along M in [G] and so we can pick = € U, ¢ Un(9) NU,enar Un(9) € VG. Now it is
enough to find appropriate s,t € L and use Lemma 3.18.

By the hypothesis we have for every P C N:

U Unz)n | supp(fa) =0,

nepP neN

but the space L is extremally disconnected, hence for every P C N we have

U Un(z) 0 | supp(fn) = 0. (%)

nepP neN

By Lemma 3.18 (1)~(2) there are s € (J, o5 Un(L) such that (IIG)(s) = z and t €
Unema Un(L) such that (IIG)(t) = . By () we have that s,t ¢ [, ey supp(f»), so by
Lemma 3.22 we have s,t ¢ supp(f), which means exactly that f(s) = f(¢) = 0 so an
application of Lemma 3.18 (3) completes the proof. O

Lemma 3.37. Let A C k, a € £\ A and suppose that F C Cr(L) depends on A and
(Un)nen ts an antichain in B(F). Then F is separating for (Up)nen in F U {dqa}.

Proof. By Lemma 3.13 (1) the sets U, (FU{dy}) correspond to U, (F) x I, so the lemma
follows. O

Lemma 3.38. Suppose that we are given

(1) ACk,

(2) F C Cr(L) which depends on A with {d, | o € A} C F,
(3) an antichain (U,)nen C B(F),

(4) a pairwise disjoint (frn)nen C [Fl1,
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(5) (Vn)nEN - {:t]-}7
(6) a strictly increasing (Nn)nen C K with the set {n € N | n, € A} finite.

Let

f=\ fadv,m,

neN

in Cr(L). Then G is separating for (Un)nen in GU{f} where G = FU{d,, | n € N}.

Proof. Fix M C N such that the antichain (U,)nen is not separated along M in [G],
we will show that (U,)nen is not separated along M in [G U {f}]. Let FF C N be
the finite set of all n’s such that n, € A and let H = FU{n, : n € F} C G.
Lemma 3.33 implies that (U, )nen is not separated along M in [H]. Hence there is x €
Unerr Un(H) N Upen e Un(H) € VH. Using Lemma 3.18 (1)~(2) fix ¢t € U,,epr Un(L)
and s € U, em ar Un(L) such that ITH(¢) = ITH(s) = .

As H depends on A we have IIH(t') = IIH(s') = z for any ¢',s' € L such that
pa(t’) = pa(t) and pa(s’) = pa(s). Using this observation and inductively Lemma 3.6
and Lemma 3.3 we may assume that d,,, ,, (s) = d,,, », (t) = 0 for all n € N\ F'. Inductive

application of Lemma 3.18 and later Lemma 3.33 implies that (U, )nen is not separated
along M in [G U {g}] where

g = \/ fndun,nn

neN\F

in Cr(L). So it is enough to show that there is a continuous surjection ¢ : V(G U
{9}) = V(G U{f}) such that ¢[U(G U {g})] = U(G U {f}) for every U € B(G). For
this it is enough to have a continuous surjection @ : V(G U {g}) — V(G U {f, g}) such
that ¢[U(G U {g})] = U(G U {f,g}) for every U € B(F) since then we can consider
¢ = Tguif}.6uif.gy © ¥ and Lemma 3.16 (5). To get ¢ note that f is the composition of
I1(G U{g}) with the sum h of two continuous functions on V(GU{g}) namely g(GU{g})
and Ener ((fadv, 0, )(G U{g})), so ¢(x) = (2, h(x)) works. O

3.6. Butterfly points

Recall Definition 1.1 (4) of a butterfly point and Theorem 1.2. Thus, if we want to
construct a space C'(K) with few operators, we would like to obtain K with no butterfly
points. The purpose of this subsection is to prove a lemma which provides a sufficient
condition for the nonexistence of butterfly points.

Lemma 3.39. Let F C Cr(L) and let U C V.F be open. Then there is a countable subset
Fo C F and an antichain (Up)nen C B(Fo) such that

U= Un(F) inVF.

neN
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Proof. Let U be a maximal with respect to inclusion subfamily of B(F) such that

« V(F)CUforall Vel
e V(F)NW(F) =0 for any two distinct V, W € U.

Note that U is countable since VF' satisfies the c.c.c. as a continuous image of L
and by Proposition 3.2. The maximality together with Lemma 3.16 (1) gives U =

UnenUn(F). O

Recall the notion of a butterfly point from Definition 1.1.

Lemma 3.40. Let D = {d, : a < k} C F C Cy(L) be of the form F =, ., Fa for Fas
satisfying For C Fa, Fat1 = FaU{da}, Fa depends on o and Fo,U{dy} is separating in
F for every antichain in B(Fy) for each o/ < a < . Then V.F has no butterfly points.

Proof. Fix two disjoint open set U,V C V.F such that there exists x € U N V. We will
show that UNV contains at least two distinct points. By Lemmas 3.39 and 3.7 there exist
countable sets A C k and G C F and antichains (U, )neny C B(G) and (V,,)nen C B(G)
such that G depends on A and

U=|JUn(F)and V = [ Vo(F) in VF.

neN neN

Using the regularity of x we see that there exists o < k such that A C o and G C F,

By Lemma 3.16 (6) we have that mr, #[Un(F)] = Un(Fa) and wr, #[Vo(F)] =
Vi(Fa), s0 ' € Upen Un(Fa) N Upen Va(Fa) where 2 = 7x, #(x). It is clear that
in VF, x [0,1] we have (2, “$%) € U, ey Un(Fa) X (u,0) NU, en Vo (Fa) X (u,v) for any
O<u<v<l.

Now define W5," = U, U {(dq, (u,v))} in B(Faq1) and Wy = Vi, U {(dq, (u,v))}
in B(Fq+1) for all n € N. By the above observation and Lemma 3.13 (1), for every
0 < u < v < 1 the sequence (W}*V),en is an antichain in B(F,+1) which is not separated
along 2N in V(F441). By Lemma 3.37 and the hypothesis that F,1 depends on o + 1
the sequence (W;'V),en is an antichain in B(F,41) which is not separated along 2N in

V(Fat2). Hence by the hypothesis that F,42 is separating in F for every antichain in
Fat1, the antichain (W), cn is not separated along 2N in V.F.

Now let X = (dq,(0,1/3)) and Y = (d,, (2/3,1)) be elements of B(F). We see that
Wg’1/3(}') C X(F) as well as WTQL/3’1(}") C Y(F) while X(F) NY (F) = ) which shows
that the points witnessing the nonseparation of (Wg’l/g(}'))neN and (Wﬁ/g’l(}'))neN
along 2N in VF must be distinct.

On the other hand we have Wy."(F) C Uy(F) and Wy (F) C Vo(F) for any
0 <u<wv<1andany n € N which shows that these two distinct points must belong to
Unen Un(F) NU,.en Voo (F) and consequently to U NV which completes the proof. O
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4. Ladder families

This section is devoted to a particular type of construction of a family of functions
F C Cr(Ly) which we call a ladder family. The construction depends, among others, on
a choice of “ladders” i.e., sequences (n%),eny € « increasingly convergent to « for each
a € S C E) where E) denotes the set of ordinals less then A of countable cofinality. In

Section 5 the choice of the ladders will be provided by a combinatorial principle which
follows from GCH.

Definition 4.1. Let A < x and S C E). We say that a family 7 C C7(Ly) is a ladder
family of length A given by the following parameters defined for all o € S:

(1) ()men € {=1,1},

(2) sequences (N%)nen C « increasingly convergent to «,

(3) pairwise disjoint (f)nen C [F], which depends on some 8, < «,
(4) infinite coinfinite set of integers M, C N,

it F={do | a <A} U{ga| €S} where

\/ fr?dug,ng in C(L)

neMeq

and each f belongs to

[{ds | B<Ba}U{gs|Be€SNBY]

Given B C X\ we denote the family {d, | o € B} by D[B] and the family D[B] U {g, |
a € BN S} by F[B].

Thus a ladder family is a family determined by S and the parameters as in (1)—(4)
and constructed in a recursive manner following the values of these parameters.

Lemma 4.2. Suppose that F is a ladder family of length X\. Then F|a] depends on « for
every a < .

Proof. Use the recursive definition of Fla], Lemma 3.6 (1) and Lemma 3.24. O

Lemma 4.3. Let A\ < k and let F be a ladder family of length A and let (Uy)nen C
B(F[Xo]) be an antichain for some Ao < X. Then the family F[Ao U {Xo}] is separating
for (Up)nen in F.

Proof. Let S C Ei,‘ be as in the definition of a ladder family and let M C N be such
that the antichain (U,)nen € B(F[Ao]) is not separated along M in [F[Ag U {Ao}]]. B
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Lemma 3.33 it is enough to show that the antichain (Up,),en is not separated along M in
[Fla+1]] for all & € [Ag, A). We proceed by induction. The base step o = Ag follows from
the choice of M. For the inductive step we fix a € (Ag, A) and assume the hypothesis for
all ordinals smaller than «. Then by Lemma 3.33 the antichain (U, )en is not separated
along M in Fla] and we have the following two cases:

Case 1. a ¢ S. Then Fla + 1] = Fla] U {d,} and the family F[a] depends on a so we
can use Lemma 3.37.

Case 2. o € S. Then Fla + 1] = Fla] U {ga,da}. First, we show that the antichain
(Un)nen is not separated along M in [F[a]U{gs}]- By the definition of the ladder family
we have that go = V, cps (fiidva ne) and all fi¥s are from [F[Bs]]. Now, as B, < a,
we observe that by Lemma 3.33, it is enough to show that the antichain (U,)nen is not
separated along M in [F[S]U{g}] for all 8 € [Bq, «). But this follows from Lemma 3.38
for F = F[f+ 1], A=, f = go and the inductive hypothesis that for all 5 € [B4, @)
the antichain (U, )nen is not separated along M in [F[8 + 1]].

Finally, to conclude that the antichain (U, )nen is not separated along M in [Fla] U
{9a,do}] we use Lemma 3.37 as in the Case 1 and Lemma 3.24. The proof of the Lemma
is finished. O

Lemma 4.4. Suppose that k is an uncountable reqular cardinal, S C EF and a strictly
increasing sequence (NX)nen C Kk is convergent to « for every o € S. Then for every
countable A C k the set Sa of all « € S such that {n% | n € N} N A is infinite is at most
countable.

Proof. Define f : S4 — AU{sup A} by putting for @ € S4 the value f(a) to be the least
upper bound of the set {n% | n € N} N A among the elements of the set A U {sup A}.
Since AU {sup A} is countable it is enough to check the injectivity of f. Fix a,a’ € Sy
such that o < o. AN{n®" | n € N} is cofinal in o, so we can pick ng such that a < 77,‘:(;
and 77;‘;; € A. Then we see that f(a) < nff[; < f(e/). O

Lemma 4.5. Let A\ < &, let F be a ladder family of length A and let (Uy)neny C B(F) be
an antichain. Then there is a countable A C X such that (Uy)nen C B(F[A]) and F[A]
is separating for (Up)nen in F.

Proof. Fix the set S from the definition of a ladder family.

Claim 1. There exists an increasing sequence (Ap)nen of countable subsets of \ such that

(Z) (Un)neN - B(-F[AOD’
(i7) for allm € N the family F[A,] depends on A,
(itt) for alla € S and all n € N if nyf € A, for infinitely many k then a € Apyq;.
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Proof. By the assumption the domain of every U, is some finite set F,, C F of coor-
dinates. Fix an arbitrary countable set Agq C A such that (J,.yFn € F[Ao,o]. This
choice guarantees that (U, )nen C B(F[Ao]). Then for every n € N define Ag 41 C A
as the union of Ay, and the countable set | {Yy | @ € 4,0 NS} where Y, C « is some
countable set such that g, depends on Y, for oo € S. We see that Ag , is countable for
every n € N and so is the set Ag = |,y Ao,n- Now we have (i) and (i7) for n = 0.

Fix n € N and assume we have defined A,, such that (i7) and (4i7) hold. We define
Apy1 in two steps. First, we use Lemma 4.4 with S = S and A = A,, to obtain the
countable set S4, so that we know the set A,, 11,0 = A, US4, is countable and that any
superset A,41 of A, 410 satisfies (iii). Then we apply the procedure outlined above for
constructing Ag to obtain countable A, 11 such that (¢) and (¢7) hold. This completes
the proof of the Claim. O

Fix a sequence (A,)nen from the above claim and set A = |J,, oy An. We will show
that F[A] is separating for (Up)nen in F. So suppose that (Up)nen is not separated
along M in [F[A]]. By Lemma 3.33 it is enough to show that (U, )nen is not separated
along M in [F[AUa+ 1]] for every a < A. We prove it by induction on a < A. The base
step for a = 0 that (U, )nen is not separated along M in [F[A]] follows from the choice
of M. Now assume that a < A and that the hypothesis is true for all ordinals smaller
than « that is the antichain (Up,)nen is not separated along M in [F[A U a]]. We have

the following three cases:

Case 1. o € A. Then FIAU (o +1)] = F[AU a U {a}] = F[AU o] and we are done by
inductive hypothesis.

Case 2. a« ¢ Aand a ¢ S. Then
FAU(a+1)] = F[AU ] U {da}.

The family F[A U ] depends on AU « by (ii) of the above claim, by Lemma 4.2 and
by definition of ladder family. Therefore, we can use Lemma 3.37 to conclude that the
antichain (Up)nen is not separated along M in [F[A U (a + 1)]].

Case 3. ¢ A and o € S. Then
FIAU (a+1)] = F[AUa]U{ga,da}

We prove the inductive step in this case in two steps. In the first step we show that
the antichain (U, )nen is not separated along M in [F[A, Ua] U {gn}] for every k € N,
which, by Lemma 3.33, implies that the antichain (U, )nen is not separated along M in
[FIAUQ]U{ga}]. Fix k € Nand let 8, < « be as in the definition of a ladder family. Using
Lemma 3.33 once more we see that it is sufficient to show that the antichain (U,)nen
is not separated along M in [F[A; U Bl U {gn}] for all g € (Ba, @). Fix 8 € (B4, ) and
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apply Lemma 3.38 with F = F[A, U], A = AU B and f = g,. Let us check the
assumptions of Lemma 3.38:

o the family F[A; U] depends on the set A;UQ by (i7) of the above claim, Lemma 4.2
and the definition of ladder family,

o we have D[A; U ] C F[Aj U S] by the definition of operation F[(-)],

o the elements f2 all depend on S because we have 8, < 3,

o the set {n € N | n% € Ay U S} is finite because by the assumption of this case
a ¢ Aky1 and (n%)nen increasingly converges to a > .

As the antichain (U,)nen is not separated along M in [F[Ax U B]], then Lemma 3.38
guarantees that the antichain (Up,)nen is not separated along M in [F[A U B] U {ga}].

The second step of the proof of Case 3 consists of showing that the antichain (U, )nen
is not separated along M in [F[AUa]U{ga, ds}]- This is done by Lemma 3.37 since the
family F[A U «a] U {gn} depends on A U . This completes the inductive step and hence
the proof of the lemma. 0O

Lemma 4.6. Let F be a ladder family of length k. Then V.F is connected.

Proof. By Lemma 3.29 it is enough to show that VF[a + 1] is connected for all o < k.
We use the transfinite induction so let us fix a < s and let us assume that we are done
below «. The inductive hypothesis implies that VF[a] is connected. If o ¢ S then

V(Fla+1]) = V(Fla] U{dn}) = V(Flo]) x I

by Lemma 3.13, since F[a] depends on « by Lemma 4.2, so we are done. If @ € S then
Fla+ 1] = Fla] U {ga, da}- By the definition of the ladder family we have

o = \/ f'r?dug,nf{

neM,

and all f%s are from [F[B,]] where , < . Using Lemma 3.29 once more we see that it
is enough to prove that V(F[S]U{ga}) is connected for all 5 € (B4, «). By Lemma 3.28
we have that

V(FIBlU{ga}) = ext (V(FIB]), (f7 dug g Inen)
and we use Lemma 3.30 to conclude that V(F[B]U{ga}) is connected for all 5 € (B4, @)

since V(F[A]) is connected by the inductive hypothesis. With adding d, we proceed as
in the first case. O

Lemma 4.7. Let F be a ladder family of length k. Then VF has no butterfly points.
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Proof. Put F, = Fla + 1] and note that the hypothesis of Lemma 3.40 is satisfied by
Lemmas 4.2 and 4.3, so the proof is completed by applying Lemma 3.40. O

5. The construction

In this section we construct ladder families 7 C Cy(L,) as described in Section 4 such
that the spaces C(K) for K = V.F satisfy Theorem 1.3. To do so we use the previously
developed techniques and a combinatorial principle {(E/) (Theorem 5.2) which follows
from GCH.

Lemma 5.1. Assume the GCH. Let k be a regular cardinal which is of the form AT for
which is a cardinal of uncountable cofinality. Then k“ = k and for every a < Kk we have

a” < k.

Proof. We prove the lemma by induction on a cardinal o < k. If ¢f(a) = w, then
a® <29 = at < k by the GCH and at < & by the hypothesis on x. If c¢f(a) > w,
then o = > {8“ | 8 < a} which is less than x by the inductive assumption and the
regularity of k. It also follows that k“ = k. O

When talking about topological concepts like convergence in the context of ordinals
we always refer to the order topology on the ordinals. Recall that a subset C' C & is
called club if and only if it is unbounded in « and closed in the order topology. S C & is
called stationary if it intersects all club sets. It is well known that E is stationary for
any uncountable regular £ (see [17], [25]). Assuming GCH we have the following theorem
due to Gregory:

Theorem 5.2 (Theorem 23.2 [17]). Assume GCH. There is a sequence (Sa)acpr such
that:

(1) So C « for every o € EF,
(2) for every X C k the set

{a e Ef | XNa=85,}
is stationary in K.
The above statement is called O(ER).
Fix a bijection ¥ from x onto ({—2,—1} U k) x {=1, 1} x (C; (L)Y U B(C1 (L)),
which exists by the fact that the cardinalities of the sets C7(L) and B(Cy(L)) are k and

k¥ = Kk by Lemma 5.1 and Lemma 3.14. By the standard closure argument and the fact
that o < & for all @ < k (Lemma 5.1) the set
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Cy={a€r:¥a]=({-2-1}Ua)x {-1,1}" x (C1(La)V UB(Cr(La))")}

is a club set in k. While using ¥ we will only be working with such subsets T' C « for
a € Cy U{k} that ¥[T] is a graph of a function with two coordinate functions, first from
{—2,—1}Ua into {—1, 1} and the second from {—2, —1}Ua into C7(La)NUB(Cr (L)Y
considered as a subset of ({—2,—1} Ua) x {=1,1} x (Cr(La)N U B(Cr(La))Y). That
is, ¥ will serve as a coding of such pairs of functions by subsets of ordinals in k. $(E”)
from Theorem 5.2 will be our prediction principle which for a € C'y may provide such a
code for the above pair of functions in the form of T'= S, C a.

Theorem 5.3. Assume GCH. Let k be the successor of a cardinal of uncountable cofinality.
There is a compact Hausdorff connected c.c.c. space K of weight k without a butterfly

point such that C(K) has asymmetric distribution of separations in the direction of some
D C C(K).

Proof. We will construct a ladder family F C Cy(L,) such that K = V.F satisfies the
theorem. Let (Sqa)a<k be a $p(ES)-sequence as in Theorem 5.2. Let ¥ and Cy be as
above. For each ordinal o € Ef choose a ladder (n$)nen, that is an increasing, cofinal
in « sequence of type w. The family F will depend of S C x and will be a ladder family
with the following parameters for o € S:

o (p9)nen € {-1,1},

® (nz)neNv

o (f®)nen C [F], which depends on some 8, < a,
« M,CN.

So we will use for it the terminology and notation as in Definition 4.1. In fact the
above parameters are build by recursion together with some additional objects which
will witness the fact that F has asymmetric distribution of separations. Namely, the
recursive construction involves:

(1) S={a¢: £ <k} CESNCy,

(2) {ﬁD?g :5 < K/} C K, Bag < ag,

(3) ( ng)nGN c {_]-» 1},

(4) {fn® :n € N} which is a pairwise disjoint sequence in the algebra [F[3]],
(5) {V,$ : n € N} which is an antichain in B(F[ag]) such that

VE(L) Nsupp(fint) = 0, for all n,m € N,

(6) Ag a countable subset of ag such that F[A¢] is separating in Flag] for {V,$ : n € N}
(see Definition 3.35),

(7) M, C N such thjt {V,$ : n € N} is not separated in [F[A¢]] along M.,

(8) Yo = \/neMC¥§ (fngdn"{pzf )
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Suppose that we have constructed all these objects for all £ < v for some v < k. This
gives ladder families Fla] for any sup{ag : £ < v} < a < K, just consisting of the
elements {ga, : £ <7} and {ds : B < a} for a as above. Let a,, be the first ordinal in
E’ N Cy not smaller than sup{a¢ : £ < v} such that

(i) V[Sa,] = (¢,7) is a function (identified with its graph) from ({—2,—1} U a,) into
(L1} x (CHLY UB(CH (D)),
(ii) 1(—2) is a pairwise disjoint sequence (fr " )nen in F|[3,] for some B, < a,
(iii) ¢(—1) is an antichain (V,)),en in B[F|a,]] such that for all n,m € N we have

V2 (L) Nsupp(fm') = 0,
(iv) for @ € ., the value ¥(«) is an antichain {V,, : n € N} in B[F[a,]] whose n-th
element V), is below V7.

In this case we define

(a) By, fn', V;) as above,

(b) pn” = ¢(imn")(n),

The existence of a,, follows from {(E[). To define A, and M, we need to make some
argument: The family Flo,] is a ladder family and {V:ow , 1 n € N} is an antichain
in B[F[ay]], hence by Lemma 4.5, there is a countable A, C a, such that F[A,] is

separating for {V :n € N} in Fla,]. Since F[A,] is a countable, by Lemma 3.34 we
can find an 1nﬁn1te M C N such that

(c) {anv ., - n € N} is not separated in [F[A,]] along M,

Finally put

(A) 9o, = Ve, (fa7dy2 o).

This completes the inductive step in the construction of the ladder family F. Now let
us prove that C(VF) has asymmetric distribution of separations in the direction of

D ={d, : a < K}. So, fix

« Pairwise disjoint (f,,)nen C [F] and antichain (U, )nen € B(F) such that
supp(fn) NU,(L) =0 for all n,m € N,

o (V5)nen C{-1,1} for all € &,
o {(US)nen | € € K} C B(F) such that US(F) C U, (F) for every n € N and € € k.
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Let X C & be such that U[X] is a function (¢,7) from {—2, —1} Ua, into {—1,1}N x
(Cr(L)NUB(Cr(L))Y) (identified with its graph) such that:

(a)(n) v for each n € N and each a € &,
i

S (f )TLEN7
is (U )nGNa
(UY)pen for each a € k.

L]
<
L

z

By the properties of the . (E%)-sequence (Theorem 5.2), the facts that EF is stationary
and Cy \ B is a club set, there is & € Ef N [Cy \ (8 + 1)] such that S, = X N« where
B < k is such that f,, € F[5] and U,, € B[F[f]] for each n € N which exists by the
uncountable cofinality of k. By the definition of C'y and the choice of a we have

U[Sa] = ¥[X Na] = ¥[X]N¥[a] = (¢,9) N ¥[a] = (¢, ) | ({2, -1} Ua).

So, (7)—(iv) are satisfied, moreover, then o = o, € S for some v < k. In particular, by
the construction (1)—(8) we have

pn’ = v where 1, =15,
w7 = f, for each n € N,
By =B,
VY =U, for each n € N,
o V7, =Uy forall @ < oy and each n € N.

So

9o =\ der o) =\ (fadyor o)

’I’LE]\JL!,Y ’I’LEMOL.Y

as required in Definition 1.4. So it remains to prove that the antichain (U]")nen is
not separated along the set M, in [F]. First note that (U;")nen is (V,) ,,)nen so is not
separated along M., in [F[a,]] by (c). Now, since U, Nsupp(f,) = 0 for all n,m € N, and
U C U, by Lemma 3.36 and Lemma 4.3 we conclude that (U™ ),en is not separated
along M., in [F]. So, C(VF) has asymmetric distribution of separations in the direction
of {dy : @ < k}. VA is connected and has no butterfly points by Lemma 4.7 and
Lemma 4.6. It is c.c.c. as a continuous image of a c.c.c. space L,; by Proposition 3.2, and

has weight x by Lemma 3.14, so the proof is completed. O
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