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THE JOURNAL OF SYMBOLIC LoGiC
Volume 49, Number 4, Dec. 1984

DIAMONDS, UNIFORMIZATION
SAHARON SHELAH!

Abstract. Assume G.C.H. We prove that for singular A, (7, implies the diamonds hold for
many S € A" (including S < {6:6 € A7,cfé = cf A}.) We also have complementary consis-
tency results.

§0. Introduction. By Gregory [Gr] and Shelah [Sh3], assuming G.CH,
O <a+:efs2cf  holds for any A (but is meaningless for 4 = ¥,). So <&+ holds. On
the other hand, Jensen had proved (before) the consistency of G.C.H. + SH (with
ZFC); thus O, may fail (see Devlin and Johnsbraten [DJ]); later the author proved
that for A regular &5« ;+.5-, may fail (see Steinhorn and King [SKJ].) Woodin
proved that ¢, may fail for the first inaccessible x, but though « is strong limit,
G.C.H. does not hold below « in his model. He started with a supercompact cardinal
and used Radin forcing.

Assuming G.C.H,, for simplicity our results are as follows:

1) For 4 singular, if ZFC is consistent then it is consistent (with ZFC + G.C.H.)
that (S < A7) fails for some stationary S < {5 < A™:cfd = cf 1}. However S is
nonlarge in some sense: F(S) = {3:S n J a stationary subset of 4} is not stationary.

2) The “F(S) is not stationary” in 1) is necessary. For if (], holds (and it holds
if e.g. 0% ¢ V or there is no inner model with a measurable cardinal) and G.C.H,,
S < A", F(S) stationary, then <g holds; moreover, for some stationary S <
{8 < A*:cf§ = cf 4}, F(S) = & but Oy holds. So e.g. there is a 4 -Souslin tree
complete at levels of cofinality # cf 4.

3) If « is strongly inaccessible and S < « is such that for every closed unbounded
subset C of k, C n S and C — S contain closed subsets of arbitrary order-type <k,
then in some forcing extension V¥ of V, no new sequences of ordinals of length <«
are added, S preserves its property but O fails.

4) In 1) and 3) really stronger results than failure of diamonds (i.e. uniformization
properties) hold. Also we observe a bound on improving 3): if e.g. 0% ¢ V then for
every limit 6 we can find a closed unbounded C; of 4, and f;: C; — {0, 1}, such that
for every closed unbounded C < k and f: C — {0,1} forsome 6,C; = C, f; = f I C.

The proof of 1) and 3) follows that of [Sh2, §17]. Note that the proof of [Sh2,§1]is
obsolete as we can get the theorem easily by proper forcing (see [Sh1, Chapter V]),
but not so with generalizations.

Received July 6, 1982.
! This research was partially supported by the NSF and BSF.
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ConvenTIONs. Dealing with (H(4), €) we assume it has a definable well-ordering
<* (or we can expand it by one). We shall always take / big enough, so that all the
sets we consider belong to H(4).

§1. (E, h)-completeness.

1.1. ConvENTION. Here x is a fixed regular cardinal. &, (D)= {B:B < D,
|B| < k}. E denotes a set of increasing continuous sequences of limit length from
some <. (D); it satisfies

(1) Eis unbounded, ic. (VA € ¥ (D))3@B)Be E A A < By);

(2) if (B;:i<d)€eE, {Bi:i <d) is an increasing continuous sequence, B; €
S (D)and B, < B;,, € B;,,,then (Bj:i < ) € E;

(3) Eisclosed under initial segments, i.e. if B e E and § < [(B) is a limit ordinal,
then (B | §) € E, and under end-segments.

By (1) E determines D, so we write D = Dom E; it is an ordinal «(E) if we do not
say otherwise. We sometimes define E forgetting(2); then we mean the closure by this
operation. If k is not clear from the context we write x = k(E). Let h denote a two-
place function, h(y,i), defined for u < k regular and i < y; also ¥, < h(y,0),
h(u, i) < k is increasing in i, and 4; < h(y, i) for i <  implies ¥, .54 < h(u, 0). We
omit h when h(y,i) = k for every u and i. Let 4 denote a large enough regular
cardinal, and SQS(4, E, h, i, 8) = SQS4(4, E,h) denote the set of sequences
B = (B;:i < é8)€E,|B| < h(ui). Let SQM(/, E, h, u, §) = SQMH(/4, E, h) denote the
set of sequences N = (N:i<d), N;<(H(4),€), with (N;nDom E:i<d)e
SQS¥(u, E, h), {N;:i < j» e N,y and |[N;|| < h(p, i). We write u instead of & when
we use h(u, i) = p. We omit 0 when d = . In all that follows “ /4 large enough” can be
replaced by “4 > Z,” for some easily computable 4.

1.2. DerINITION. (1) We call E h-fat if for every regular u < x and / large enough,
player I has no winning strategy in the following game:

For the ath move player I chooses A; € Dom E with | 4;| < h(p,2i)and  J;<; B; =
A;, and player II chooses B; € Dom E with |B;| < h(u, 2i + 1) and 4; < B,;.

At the end of the game player II wins if {| J;<; B;:i < u) € E.

(2) We call E strongly fat if it is h-fat with h(p, i) = u + N;.

1.3. DeriNITION. (1) We call a forcing notion P weakly (E, h)-complete if for every
large enough 4, and every regular u < kand § < u,if N € SQM¥4(4, E, h), P € N, and
pis a generic sequence for (N, P) (see below), then { p;:i < &} has an upper bound in
P.

(2) We say p = {p;:i < 0) is a generic sequence for ((N;:i < d), P) if P e N,,
N e SQM(L, E),p lie N, ,and for every i, for every dense open subset .# € N, of P
for some n, p;,, € 4.

(3) We call P (E, h)-complete if it is weakly (E, h)-complete and forcing by P does
not add new sequences of ordinals of length <«k.

REMARK. In 1.3(2) it may be more convenient to interchange the quantification on
# and n. The only change this entails is in 1.5, where we have to assume that P does
not add w-sequences of ordinals.

1.4. REMARK. In 1.3(3) we can demand equivalently that no new sequences of
ordinals of length u, u < x regular, are added.

1.5. LEMMA. If E is strongly fat and P is weakly (E, h)-complete then P is (E, h)-
complete.
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PrOOF. We prove by induction on u(u < «, u regular) thatif p € P, and (8 < p)
are dense open subsets of P, then there is g, p < g € P, with g € .9 for each ff < p.
This clearly suffices.

For u = ¥,, we can by Definition 1.3(1) find N, < (H(4), €), N, countable, p,
PeN, e N, for p < p,and (N,na(E):n < w) € E. As N, is countable there is
a sequence { p,:n < w), po = p, With p, < p,+ 1, p, € PN N, 4, and for every dense
JcPif Fe UN,, then p, € .# for some n. So {p,:n < w) is a generic sequence
for {N,:n < w); hence it has an upper bound q in P, as required.

Suppose u > N,; then (choosing A large enough) (by Definition 1.3) we can find
N € SQSY(4, E, u). Remember <* I P is a well-ordering of the members of P. Now
we define p; by induction on i < y, as follows:

1) po=pandp;€ Niiy;

2) p;is the <*-first member of P which is above p; for j < i, and is in every open
dense subset of P which belongs to | J;<; N;.

Now why is p; well defined? If i is the first failure, then {p;:j < i) is still defined,
and obviously belongs to N, (as (N j<i)e Ny, and {p;: j <i) is easily
defined from {N;:j < i), P, pand <*).If iisalimit, {p;:j < i) is a generic sequence
for (N;:j < iy;and as (Dom(E) n N;:j < i) € E,ithasan upper bound, and the <*-
first such upper bound belong to N; . ,, and satisfies the requirements on p; (note that
it is automatically in every dense open set which belongs to N;, j < i, as it is above
Pj+1)-

’ So we remain with the case when i is a successor and use the induction hypothesis
on u(and | Ni|| < p).

1.6. LEMMA. (1) If E is h-fat and P is (E, h)-complete, then E is still h-fat in V.

(2) If N € SQM%(A, E, h), p is a generic sequence for N, p; < q € P for every i, and
forcing by P does not add sequences of ordinals of length <, then

q e (N;[G]:i < ) € SQSH(4, E, h)".

PROOF. Left to the reader.

1.7. LEMMA. Suppose Q = {P,,Q;;i < y) is a (< k)-support iteration, and each Q; is
(E, h)-complete, P, the limit. If E is h-fat (in V) then P, is (E, h)-complete and E is still
h-fat in V'*.

Proor. The “weak (E,h)-completeness” is preserved trivially. So we need
IFp“(Yo)[*”a« = V]”. The proof is by induction on y. For y successor the proof is
totally straightforward. For y limit we first prove that, for every regular u < «, every
p € P, everyy; < 6 (i < p), and every dense open subset 4, of P, (fori < u), thereis a
ge P,withp < gandgq |y e ffori<pulif u<cfy, then sup;.;7; <, and we use
the induction hypothesis; if 4 > cfy, without loss of generality we can take y = cfy
and also pu = cfy (as [),,=p% is dense in Py) and use (E, h)-completeness for y; for
suitable N, by induction on i < u we define {g}:j < i) € P, n N, , increasing in i,
belonging to every dense subset of P,_, which belongs to N;], and then prove the
clause about “not adding sequences of length <u” (Definition 1.3(3)) using (E, h)-
completeness for u.

1.8. DEFINITION. For an iteration {P;, Q;:i < y) with (< k)-support, assuming for
notational simplicity that each Q; is ordered by inclusion, we make the following
definitions:
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) Tr(y) ={7:7 =(T, <,f), <) a well-founded tree, closed under limits,
f: T -y, f(rty) = for the root rtT, and f is increasing and continuous}.

(2)Lette 7 meante T,and for t € 7 let lev(¢) be its level (i.e. the order-type of
{s:s < t})andt [ o the unique s < t of level « (for o < lev(z)). We call the tree leveled
if f(t) depends on the level of ¢ only If confusion may arise, we write <7 and f7.

(3) FTr(Q) = {{p;:t € T »:7 € Tr(y),and p,;, = p, | f(t I «); p, is a function with
domain a subset of f(t) of power <k, p,(i) a P-name}.

(4) P; = { p: p a function with domain a subset of i of power <k, p(;j) a P-name}.
Forj¢ Dompletp(j) = &.Forp,q e P;,wewritep < qif q | j e, “p(j) < q(}) for
every j < i.

(5) FTro(Q) = {Kpite T:T €Tr(y),{p:te T )€ FTr(Q) and |-, “pi) € Q
for every ¢ e T and i € Domp,}.

(6) FTr,(Q) = {{p,:n € T ) € FTr(Q): for every nonmaximal t € 7, and q € Py,
ifp <gq (though maybe p, ¢ P;,), then for some immediate successor s of ¢ (in 7"),
and r € Py, we have p, < rand g < r}.

1.9. LEMMA. Suppose Q is asin 1.7, {p,:ne J ) € FTr 10), T has <k levels, and
each Q; is (E, h)-complete. Then, for some maximalte J and q € P,, p, < q.

Proor. Like the proof in [Sh2,1.7].

1.10. LEMMA. Suppose P, and Qareasin 1.7,y =1UQ), T €Tr(y), ft)y=7y for
every maximal t € I, and |J | < 1, |T| < h(p, i) for some i < u < K, u regular. If
{p:teT He FTrO(Q) and # is a dense subset of P,, then there is {q,:t€ T ) e
FTry(Q) such that p, < q, (for t € ) and q,€ ¥ fort maximal ing

PROOF. Again as in the proof of [Sh2, 1.7] (and 1.7 of the present paper).

An inconvenient aspect of Definition 1.3 is that we are interested in sequences of
submodels of H(4), whereas E is usually a sequence of sets of ordinals.

1.11. CLAaM. Suppose E°® and E! are given, and for some one-to-one function g from
D° = Dom E° onto D! = Dom E!,

= {(A;:i < 0):{g(A;):i <) e E'}

(in such case we say that E® and E! are isomorphic). Then
a) E°is h-fat iff E' is h-fat, and
b) any forcing notion P is weakly (E°, h)-complete iff it is weakly (E*, h)-complete.
PROOF. Trivial.

§2. (E, H)-completeness.

2.1. NOTATION. E is asin §1.1, H is a function with domain E, and H({B;:i < §))
= {o:i < 0) (usually o; € By ). Welet H(N) = H((N; 0 o(E):i < I(N))).

2.2. DEFINITION. (1) We call (E, H) h-fat if for every regular u < k, player I has no
winning strategy in the following game:

For the ith move, player I chooses 4; € S, («(E)) with |4;| < h(u2i)and | J;<; B;
€ A;, and player II chooses «; and B;e S, (a(E)) with |B;| < h(y,2i + 1) and
A; < B..

At the end of the game, player II wins if {B;:;j < u) € E and {o;:i <) =
H((B;j < i).

(2) We call (E, H) strongly fat if it is h-fat for h(u, i) = u + ;.

2.3. DErFINITION. We say that Pis (E, H, h)-complete if for every regular u < k there
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is a function F, such that if N = {Nii < ) € SQM(A, E, h, i, 1), p € Ny P and
o = {a;:i < py = H(N), then the following conditions hold:

(A)If p = <pj:j < i) is generic for N [i=(N;:j <i)then F(p i, N i,& [ (i + 1))
is a sequence of length <h(y, i) of bounds of p.

(B) There is a sequence y = {y;:i < 1>, y; € N;x1, 7 [i € N;x,, such that any
sequence p = {p;:j < 6 (0 < u limit) satisfying the following has an upper bound:

(@) <{pj:j < ) is generic for N [ 6, and

(B) p; appears in F,(p i, N |i,a& | (i + 1)), in fact its place is

FPILNTLENE+ 1,716 + 1)),
REMARKS. (1) The requirement y [ i € N;,; will be omitted if

(Y < h(, D)(x" < h(u,1)).

(2) We omit h in Definition 2.3 when h(u,i) = p.

2.4. LemMmaA. If (E, H) is h-fat, P is (E, H, h)-complete, and h(yp) < k (h(p) < p), then
(E, H) is still h-fat in V'*.

PrOOF. Easy.

2.5. THEOREM. Suppose

(a) « is strongly inaccessible,

(b) E, is fat, i.e. hy-fat where ho(u,i) = p + Ny,

(c) (Ey,H)is fat,

(d) 0 = <P, Qi <) is a(<k)-support iteration with limit P,, and

(e) each Q; is Ey-complete and (E,, H)-complete.

Then P, is Ey-complete (and so does not add new sequences of ordinals of lengths
< k) and (Ey, H) is still fat in VP,

Proor. The Ej-completeness follows by 1.7. Now (E,, H) is still fat by 1.9 and 1.10,
imitating [Sh2, §17.

2.6. DEFINITION. Let h* be a function from ordinals to ordinals [or from sequences
of ordinals to ordinals] and #; (0 € S)a sequence of ordinals. We say that (5;:5 € S)
has the h*-uniformization property if for every{gs:9 € S, g;a function with domain
Rang(n;), g5() < h*(a) [or gs(@) < h*(n; | (o + 1)], there is a function g with domain
(Uses Rang(n,), such that for every § € S,

(3 < lma))VN)LE < j < Uns) = g(ns())) = gs(ns(J))]-

REMARK. On this property see [DS], [Sh1], [Sh2], [Sh4] and [SK].

2.7. DEFINITION. We say (ns:0 € S) is free if there is a function f, Dom f = S,
f(0) < l(n;), such that the sets {n,(x): f(d) < o < l(;)} are pairwise disjoint (for
0 € §) (clearly, free implies the h*-uniformization property).

2.8. CONCLUSION. Suppose k is strongly inaccessible, h*: k — k, S S k, and for every
closed unbounded C < « there are,in S n C and in C — S, closed subsets of any order-
type <k.

For some forcing notion P:

(@) V? and V have the same sequences of ordinals of length <k.

(b) P satisfies the k" -chain condition, and e.g. |P| = 2~.

(c) S satisfies in V' the assumption we have on it (in V).
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(d) Thereis<{ns:0 € S),nsanincreasing sequence converging to o, which has the h*-
uniformization property.

(e) PisEy-complete,where Eq = {(B;:i < ): B;and | );, B;are ordinalsinx — S,
B; increasing continuous}.

PROOF. For given {5;:0 € S) let

E, = {{B;i < 0): B;is an ordinal in S, B; increasing continuous}

(or replace S by k), and put H({B;:i < 6)) = {a;:i < d) if the o; “code” the set
(Ui<6 Rang(ng,) N B;, 1)-

Can we define {#5:6 € S) so that (E,, H) is h,-fat and {5;:d € S,0 < a} is free for
every o < k? The easiest way to doitis by forcing such {5,: € S), a condition being
an initial segment (alternatively use squares). Now we can define a (< k)-support
iteration Q = (P, Q;:i < 2¥) such that

(A) each Q; has the form Q<{gi:6 € S), where g is a function with domain
Rang(n;,), g5(i) < h*(i) ({g5:9€ Sy e V" of course), and Q<{gi:6€S) ={g:g a
function with domain j <k and for every ieS n(j+ 1), for some i* <i,
(V&) [£ € Rang(n;) A i* < & <i—g(&) = g§(£)]}; and

(B)if {gs:6 € Sy e VP, § < 2 then for some i,

(gi:6e Sy ={g;:0€8).

This is not hard to do. Easily each Q; is E,-complete and (E,, H)-complete; hence
by 2.5 P,.. is. Now P,. satisfies the x *-chain condition (see [Sh1, Chapter VIIIL, §2]).

2.9. THEOREM. Suppose

(@) k = x*, where y is a singular strong limit,

(b) E, is fat,

(©) (Ey,H) is g-fat (i.e. hyfat, hy(u,i) = x), Dom E; = DomE,, and (3B € E,)
[I(B,) < cf k], and B € E,, I(B) < cf k implies B € E,,

(d) Q =P, Q;:i <y)isa(<k)support iteration with limit P,, and

(e) each Q,is E,-complete and (E,, H, h,)-complete.

Then P, is Ey-complete and, in V™7, (E,, H,) is still hy-fat.

PROOF. As in 2.5, only simpler: we use trees of power <y to get an inverse limit of
power x°*%, and then use 1.9.

2.10. CONCLUSION. Suppose k = y* = 2% y a singular strong limit, and S =
{6 < k:cfd = cfy} is stationary, but no initial segment of it is stationary. Then for
some forcing motion P:

(@) V? and V have the same sequences of ordinals of length <k,

(b) P satisfies the k*-chain condition,

(c) Sis stationary in V¥, and

(d) thereis {(ns:0 € S), ns; an increasing sequence converging to 6 of order-type cf
and h*: >k — K such that {n; 6 € S) has the h*-uniformization property.

Proor. Like 2.8, using 2.9 instead 2.5.

2.11. THEOREM. Suppose

(@) k, = kg , Ko strongly inaccessible,

(b) Eq is fat, a(Eo) = Ko,

(¢) x(E;) =K, and (E;,H) is x-complete, (i.e. h-complete h (ui) =1, for
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i< u<ky,and
(VBe E\)((B) < ko),  (VBeE,)I(B) < ko= B € Ey),

(d) @ =<P,0Q;:i <y)isa(<k)-support iteration with limit P,, and

(e) each Q; is Ey-complete and (E,, H, hy)-complete.

Then P, is Ey-complete and, in V¥, (Ey, H) is still h,-fat.

REMARK. We can let E, be essentially the set of all sequences of the right power
and length.

PROOF. As in [Sh1,§1].

2.12. THEOREM. Suppose

(@) x; = kg, 2% = Ky, and Oy, holds.

(b) E, is fat, with a(Ey) = K.

(c) x(E,) = Ky, (E{, H) is ko-complete and

(VBe E,)(I(B) < ko),  (VBe E)(I(B) < ko= B € E).

(d) We make a change in Definition 2.3(b) for u = k,: there is a stationary subset
S = F,({(N; n DomE,:i < [(N))) of ko, satisfying s, and we restrict (f) to i ¢ S
(ortoi¢ S n C,C aclosed unbounded subset of k; the truth value of « € C depends
on B loand N).

(e) 0 = (P, Q;:i <y)isa(<k)-support iteration with limit P,.

(f) Each Q; is E,-complete and (E,, H, k,)-complete.

Then P, is Eo-complete and in V **(E,, H) is still hy-fat (so (x, > @)’’’ = (k; > o))

PrOOF. As in [SK] (we use the diamond to compensate for 1.10 which is not
applicable).

§3. Diamonds and Souslin trees on successors of singular /.

3.1. THEOREM. Suppose 1 is singular, y < 4, " = 2%, (Vk < y)(Vu < A)p* < A and
01, holds. Then we can define for every o < A* a family 2, of <A subsets of «, such
that for every A < ™, for some closed unbounded C = 1*, for no é € C do we have
that W, < cf(0) < x and Gu(A) N d is a stationary subset of 9, where Gu(A) =
{Anog¢ P}

REMARK. If 1 is a strong limit (which is the important case), then y = 1 is okay.

ProOF. We imitate part of the proof of the strong covering lemma [SH1, XIII,
2.3].

We have assumed [1,,so thereis (Cs: 4 < d < A¥, d limit) such that C;is a closed
unbounded subset of 4, |C;| < 4 and if y € Cj (the set of limit points of C;) then
C,=GCny.

Let k = cf 4, R = {0:0 a regular cardinal, xk < 0 < 1}. As 2* = A* we can find
f¥*(i < A7) such that

1) Dom f¥ =R, f¥(6) <0,

2) f¥<*f* for i<j (which means that, for every large enough f€R,
F¥0) < [10)),

3) if ie C;,0 € Rand 0 > |Cj, then f¥(0) < f}(0),

4) if Dom f = R and (VO)[ f(0) < 0], then f <* f¥ for some i, and

5) if the length of C; s divisible by w® and 6 > |Cj|, then f¥(0) = sup;cc; f(0).
Also, as 2* = A% there is a list {4,:a < A%} of all bounded subsets of A™.

Now let the model M? = M2, be defined as follows: its universe is A ¥, and it has
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the following functions: F°(, —) is a one-to-one mapping from f onto |B|; G° is
essentially an inverse of F°,ie. G°(B, F°(,y)) =y fory < f;

S: the successor function, S(x) = o + 1; CF () is cf(5) if d is limit,and o — 1 if aisa
successor ordinal;

HC: for B limit, (H°(B,i):i < CF(f)) is an increasing continuous sequence
converging to f, while for  successor H°(B,0) = |B|, H°(B,1) = |B|* (cfB < A);

0 and A are individual constants;

< is the order relation;

F'(i,0) = f*(0) forOeRandi< i*;

G2 for limit , A < § < A, (G*(4,i):i < G*(5,0)) is an increasing continuous
sequence, whose set of elements is C;.

Now we can define the s. So for every limit § and pu < A we define a model M; ,:
it is the closure of {i:i < u} U C, under the functions of M? (we do not strictly
distinguish between a submodel and its set of elements). When cf § > y let Z; = &;
otherwise let

Ps = {Uuer Ay for some pu < 4, I is a subset of M, of power cfd}.

So we have to prove only that (#;:6 < 1) is as required. So let 4 < A*
and h:A* — 1% be such that A na = A,,. Now we define, by induction on 6,
A < 8 < A, an elementary submodel N; of M? such that:

a) 0 € N5, Cs = Nj, Ny is closed under h, and || N;s| < |Cyl;

b) the closure (in the order topology) of | J{N;:i € Cj} is contained in N,; and

c) thereis i = iy € N, such that, for every large enough 6 € R,

sup(L){Ni:i € C,} n 0) < f(0).

If 6 = sup Cs,let N¥ = [ J{N,:o € Cj}. Thereis no problem in doing so (for (c) use
(4) in the conditions on the f}). Let

C* = {0 < A":ais limit, « > 2, and for every d < a, sup(N;) < o}.

Clearly C* is a closed unbounded subset of 4*. We shall prove:

FACT A. If 6 € C* and cf 4 < cfd < y, then for a closed unbounded set of y < 9,
FWNE = M,,].

This is enough, because the case cf § < cf A holds by [Sh3], and then we can find an
unbounded subset D of 6 n N¥ of power cfd; hence {h(a): a € D} = N¥ = M, ,,
wherefore | ),epAyw € %5, and as Ay,) = A 0 afor a € D clearly 4 n § =
Usen Anw € @5

PrROOF OF FACT A. Let (C;)' = {B(0):{ < (o}, B, = B({) increasing continuous, so
C; n B(() has order-type divisible by w?. Let Ch, be the function with domain R,
Ch,(0) = Sup(0 0 | J{N;:B € Cpr)}).

By the choice of iy, Chy <* f¥ . On the other hand, as iy € Ny, for every
0 € Dom(Chy), 0 > |C,|, we have f¥ (0) < Chy,(0) for every ¢, < ¢ < {,. So
for some p, < A

(@ (Y0 eR)[0=p, A 0 Dom(Ch)= Chy(0) < f%,(0) < Ch,.,(0)],
(oy) B(&) < ipe < B+ 1)
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Ascf{, = cf § > cf A, thereis p* such that u* > |Csl and {{ < (i p, < p* < A}is
an unbounded subset of {, and by their definition (see (3) and («,)):

(B) (Y <{<)(VOeR)O=u* A B(&)eC*— fhn0) < [0 < fin®)]
and, even more trivially,
() (V{<&<{o)VOeR)[O = pu* A 0 e DomCh,= Ch,(0) < Ch,(0)].

Also, by (5),
(0) For every limit { < {,

S (@) = Sup fe(0) for 6> u*.

Note also
(¢) for every limit { < {, and 6 € Dom Ch,,

Ch,(6) = sup Ch,(0).
§<¢

Now choose a closed unbounded E < {, such that (V{ € E)(B(£) € C*) and for
every {; < {,in Eforsome {,{; <{ <, A pu, < p* By (2)—(e) it is easy to see that
(*) for every { € E and 6 > p* A 6 e Dom Ch,,

Chy(0) = f}(0).

As {B({):{ € E} is a closed unbounded subset of 4, for proving Fact A (and thus
the theorem), it suffices to prove:

(**) for { € E', N} is the closure of (N, N u*) U Gy, (hence is included in
M B(l).u*)‘

To prove (**) let B be the closure of (|Njy| N u*) U Cp (closure in M?). So
clearly B = N}, (it is easy to check that Cy) S Ny()). Suppose B # N j; then there
is a minimal ordinal iin N};) — B. As Cy,is unbounded in () and Sup N j, = B(()
(as B(&) € C*), clearly B has a member > i. Let j be the first ordinal in B —i. So
B is necessarily disjoint to [i, j), and j > i.

Case A. j is a successor ordinal: then CF(j)=j—1,s0 je B=j— 1€ B; but
(j — 1) €[}, j), contradiction.

Case B. j is a limit ordinal but not a regular cardinal. Then CF(j) e B, and
CF(j) = cf(j) < j. Hence CF(j) < i and there is ¢ < CF(j) such that i < F(j,¢) <
j (as (CF(j,¢):e < CF(j)> converge to j); but j, e € B=CF(j,¢) € B, contradic-
tion.

Case C. j is a regular cardinal. Necessarily j < 4, and as j > i, j > u* so by (¥)

i < Sup(N§, N J) < fhig(J) = Sup{f¥(j):e € Coey}
= Sup{F(¢,j): e € Cy¢)} < Sup(B nj)<i,

contradiction.

3.2. CONCLUSION. Suppose [;,2* = 2™, and (Vu < J)[u* < A].

) If S=8*= {6 <i*:cféd =cfA}, and F(S)={0 <A":6 n S is a stationary
subset of 0} is stationary, then g holds.

2) Thereare astationary S < S*, F(S) = , Os, and a square sequence {Cs: A < 6
< A% (i.e. Cyis a closed unbounded subset of 6,0 € C5=C,=Csna,|Csl < 4)
such that Cyn S = .
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3) There is a A*-Souslin tree complete at levels of cofinality # cf A.

4) Suppose T is a complete first order theory, T has amodel M in which (P™, <)isa
Souslin tree, (QM, <) = (w,, <), and F™: PM — Q™ gives the level. Then T has a
model N,(Q¥, <)isa A*-like ordering, and (P", <) is a k " -Souslin tree (except that its
set of levels is not well-ordered).

PrOOF. (1) By the previous theorem there are 2, < 2(«) (« € S),|%,| < 4,such that,
for every A < 4, {x € S:A N« € 2,} is stationary (as its complement in S is not so
large). By a theorem of Kunen it follows that &g holds.

(2) It is known that I = {S = 4*: Og does not hold} is a normal ideal (see Devlin
and Shelah [DS]). Let {(C2:1 < 6 < i*) be a square sequence. For a < 4 let
S* = {5 € $*:C? has order-type a}. So | J,<;S¥ ¢ (by part (1)); hence S} ¢
for some a. Let S = S*; F(S) = (J because CJ is a close unbounded subset of J,
|C9 A S| < 1. Now define C}:if C§ N § = F, then Cj = CJ,andif C{ n S = {y,},
then C! = C9 — (y, + 1).Itis easy tocheck that Sand {C;:d < ") are as required.

(3) Part (2) of the conclusion provides the necessary assumptions for the theorem
of Jensen [J] on the existence of such a A*-Souslin tree.

(4) Keisler and Kunen (see Keisler [K]) prove such a theorem for successor of
regular. We just have to combine this with the proof of (X;,N,)— (4%, 4) (the
theorem is due to Jensen; for a proof by Silver, see [J]).

Notice that if e.g. 0% ¢ V and « is strongly inaccessible, the hypothesis of 3.3 will
hold (e.g. for u a successor of a strong limit cardinal).

3.3. LEMMA. Suppose k is strongly inaccessible and there is a square sequence
(C%:6 <k, cf 6 <put>, C;having order-type <9. Let u be regular. Suppose S < p
and g holds.

Then we can choose for every 6 < k, cfd < u, a closed unbounded subset B; and
f5:B; = {0,1} such that for every closed unbounded C < k and f:C — {0, 1}, for
stationarily many § < k we have B; < C and f; < f.

ProOF. For some y the set S; = {6 < k:cfé = p and C; has order-type y} is
stationary (by Fodor’s lemma). Let g be an increasing continuous function from u
into 7, Sup(Rangg) = 7.

Let {(C}, f1):i € S} be such that C;is a closed unbounded subset of i, f; a function
from i to {0,1}, and, for every closed unbounded C < u and f:pu— {0, 1} for
stationarily many i’s, Cni=C! and f |i= f}. Now for some § < k we shall
define B; and f;. If CJ has order-type y;, and y; < 7, let h; be a one-to-one mono-
tonic function from y; onto C?. If y; is in the range of g, let f; < u be such that

g(Bs) = y5. Now
B; = {hs(g(e)):e € Cp,},  filhs(9(e))1 = [, (e).

The rest should be clear.

CoNCLUDING REMARKS. (1) We can use a weaker variant of the square, e.g. (as
Jensen [J] suggested):

0,: For every « < A* we have a family 2 of closed unbounded subsets of « of
order-type < 4, |2¢| < A, suchthat Ce 25, fe C'=C n fe P;.

We can weaken this further (where S = A is stationary):

[, (S): For every o < A* we have a family 2, | 2| < 4, of closed unbounded
subsets of o of order-type < 4,such that Ce 25, e C’,feS=pnCeP;.
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0% (S): Forevery « < A* we have a family 2¢ of closed unbounded subsets of « of
order-type <4, |#5| < 4,suchthat Ce 2, e C’'=fnCe P}.

See also [Sh3] on this.

(2) We can rephrase our results in terms of clubs instead of diamonds, or even in
the following manner: there are 2, < {4 < a:|A| < 4},|%,| < 4, such that for every
unbounded 4 = A* for “many” «’s,

(3B € Z,)(A n Bis an unbounded subset of «).

3.4. THEOREM. Suppose /. is strong limit of cofinality k > Ny, with 2* = 1*. Then we
can find { P < 1), P, a family of </ subsets of a, such that for every X < A"
there are S; < 2% (i <k), (Ji<xSi={a<Ai*:cfa <k}, such that if 6¢S%=
{0 < A7 :cfd =Kk, X NS € Py}, then S, is not stationary below 6 (for every i < k).

PROOF. Let {A;:i < A"} be alist of all bounded subsets of A* such that 4; < i. For
each alet o = | J; ., B%, the B increasing with ¢ and |B%| < 1,, where 2 = Y ., s,
the 4, < A increasing continuously. For each 6 < A*, choose a closed unbounded
subset Cj of § of order type cf 0. Let Z; , be the family of sets which are a union of a
subfamily of {4;:i € (J{Bf:a € C}}} and 2, = | J¢<, 2. Clearly 2,  is a family of
< 2% subsets of « (as 4; < i), and so 2, is a family of < / subsets of o.

Let X< A%, and Sx={6<1": XndeP; cf 6=k}, and C={5 < i*: for
every o < 9, X na € {A;i < d}} (so clearly C is closed unbounded), and define a
two-place function f on A*:

fle, f) =Min{¢ < k: X nae {A;:ie Bf}}.

By the definition of C, f(«, f8) is well defined for o < B, § € C (remember f =
(Je<« BY). Moreover, just (o, f] n C # ¢ is enough.
Fora e C, cfo < k, we define

¢(x) = Min{¢ < k: for every y < «, thereis a f with y < f < o and f(B, ) < &}.

As cf o < K, clearly &(«) is well defined.

FAcT. If 6€ C,cfd =K, £ < k,and {y € C¥ n C:&(y) < &} is unbounded below 6,
then d € Sy.

This is because for every y < 4, for some < « < §,7 < B, € C¥ n C, we have

f(B,0) < ¢, s0

Xnpe{d;ieBi} c{A;ie|){BseeC}}.
As we can find arbitrarily large such < 6, clearly X n 6 € %; . = ;. So the fact is
proved.

We can conclude that for every X < 1™, there are a closed unbounded set C < A+
and a function ¢ from {6 € C:cfd < k} into «, such that

6 < A*,cf 6 = K,0 ¢ Sy implies for every &, < k,
{ae C§ N C:¢(0) < &} is bounded below 4.

REMARK. This shows that, assuming G.C.H., Oj5<;+ .o 5=cf 4y may follow from
properties of cardinals. < A.
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There is one missing point: we prove the conclusion restricted to C. What about
the § ¢ C? First we can assume that the points of C which are not limit points of C
have cofinality w, and that 0 € C. Now if § < y are successive members of C, we
define S; N (B,7) (i < k) such that for no é € (B,7), cfé = «, is S; N J stationary in J,
and | J;<,.Si 0 (B,7) = {i e (B,y):cf i < x}. Why is this possible? Because there is a
continuous increasing function from (f,y) into C.
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