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INTERPRETING SET THEORY IN THE ENDOMORPHISM SEMI-GROUP

OF A FREE ALGEBRA OR IN A CATEGORY

Saharon SHELAH

The Hebrew University, JERUSALEM, Israel
Université de LOUVAIN, LOUVAIN-LA-NEUVE, Belgique

ABSTRACT. - We prove that in the endomorphism semi-group of a free algebra F_  with X -generators,

A

we can interprete  <H(A* ), € > and get similar results for categories. The result was announced in [ S 3].

I would like to thank R. McKenzie, that seeing the proof, pointed out the holding of 3.3 (A) (by [ X1).
I thank also M. Rubin for stimulating discussions on the problem during its solution, and for reading the
previous version, and detecting errors. The readers should thank him for urging me to rewrite the paper,

and in particular to state explicitely that B is a Boolean algebra.

§ 0. INTRODUCTION.
This paper has two lines of thought as motivation : comparing category theory with
set theory, and investigating the complexity of the theories of some natural structures.
Lawvere [ L] proved that in the category of all maps between sets, we can interpret
set theory (which is not surprising in view of Rabin [R] interpreting a general two-place
relation by two one-place functions).
Eklof asked whether in Ab (the category of abelian group) we can define the free group

n
of cardinality \ . He got a positive answer for A< N(ww),x =2 0 and X the first strongly
compact cardinal. Feferman asked whether for some u Ab <Ab (Ab - the category of
n u

abelian group of cardinality < u ).
It is natural to replace the class of abelian group by any variety, and to concentrate on

the free members. (In fact, our results hold for more general categories ; see § 5).
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From another direction, there was interest in the first order theories of permutations
groups. Mycielski [ My ] asked it.

This problem was dealt in Ershov [ L],

McKenzie [M], Pinus [P], Shelah [ S1] , [S2] where it was totally solved, in fact.

The semi-group of endomorphism of a free algebra is a natural generalization.

For simplicity we shall restrict ourselves to A > |L], L the language of V.
Let for regular X , H(\) be the set of sets of hereditary power < A, and for singular A,

H(A) = B \ H(u™ ). Our main result is that for a variety V, in Cat, (the category of
u
members of V of cardinality <2 ), we can interpret uniformly a model My  consisting of some
copies of (H(\), €). For ) = = this generalizes Lauvere theorem, and it also solves Feferman
problem (i.e. reduce it to a problem of set theory). In categories in which the set of free
members is definable, Eklof problem is answered too (e.g. for Ab).

There is an example showing that not always we can define the set of free members.

ful -

However, we can characterize the algebras of cardinality < u ife.g. u u (L-the language

of V), and u is definable in H(\) and we can characterize algebras which are free sums of
subalgebras of cardinality < 2l LI.
REMARKS : (1) By [S1],[S2], we can give a total analysis of the category of one-to-one maps ;

by which we cannot interprete set theory in it.

(2) It is natural to ask what we can interpret in the automorphism group of a free
algebra [ or the category of monomorphism ). Clearly here the result depends on the variety.
This converges with the question of M. Rubin who asked on the classificated of first-order
theories, by biinterpretability of their saturated models automorphism groups.

In [ Ru] he solved the problem for Boolean algebras. If we allow quantification over elements,
we can essentially solved the problem.

(3) It will be interesting, to change somewhat our main theorem 5.5 to get
biinterpretability. Of course, if the set of identities of variety is definable in H(A *) and there

are no non-trivial beautiful terms, this holds for M \ *

(4) Sabbagh and the author note that if in Caty\ , F'q is definable then each
automorphism of the skelton of Cat>\ (i.e. the full subcategory of a set of representatives from

each isomorphism class of objects) is induced by an automorphism of the (multi-sorted)
algebras of terms.
NOTATION :
Let V be a fixed variety, and Cat : the category of all algebras in V with all homomorphisms.
Let K be a fixed subcategory of Cat, usually we assume K is a full subcategory. Let Fy\ be the
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free algebra (in V) generated by \ free generators {a;:t e I}.LetG, be the endo-
morphism semi-group of Fy . Elements of I will be denoted by t, s and a , I, t, s will appear
in no other context. Several times, we deal with K = G)\ .

Two endomorphisms (or elements, or subalgebras) of F. are called conjugate if some

A
automorphism of F)\ takes one to the other. We denote elements of algebras by a, b, c, d

(a-usually a generator) and also by x, y, z which serve as individual constants too.

For any f let Rnf be its range, and foraset B € A € V,Cl1 Bisits closure in A,
b =C1 {b}. Let X, ¥, z denote finite sequences of variables, X= < X( - Xp.1”> usually.
Foraterm T wewrite T =T (xO, s Xp1) = T(x), if every variable appearing inT belong
to {XO’ - Xn-l} . We can assume w.l.o.g. that if T (x,y) = T (X,Z) is an identity (of V),
X, ¥, Z are pairwise disjoint, then for some term ¢ (x), 0 (x) = T(xyy)isanidentity. A term

T(x(), -+s X, 1) i8 called reduced if for noiand ¢ is

o (xo, v X Xja 1o o X)) = T (xO, s Xp.1)

an identity.

Clearly for every term T(XO, ...) there is a reduced term ¢ (xi(O)’ ...) such that
(1(0), i(1), ... are distinct and

T (X(s X1 W)= 0 (Xi(O)’ Xj(1) w)

is an identity.

Clearly for everyb ¢ CLB(B € A ¢ V) thereisareduced T and distinct b; ¢ B
such that b = (b, by, ...). Also if T (x) isreduced, t; e I are distinct,

T(atl, vy atn) = g (asl, ey asm) (all in some Fy\ then {tj, ...t} € {51, ...5}.
Wesay T (atO, ...) isreduced if T(XO, ...) is reduced and the t; s are distinct. Notice that
any functionh : {a; :t € I} ~Ae V,has a unique extension h e Hom(FA , A).

If h:1> Lh e G)\ is defined by h(a;) = ap(t):

We consider any K as a model : with two universes (the algebras and the morphisms,
and the relations f ¢ Hom(A,B), g =foh. Naturally a first-order language L is associated
with it. For convenience, we can consider this language for G?\ too.
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§ 1. ON DEEPNESS.

DEFINITION 1.1. : Let h be a function from B into B. For every x ¢ B, we define its depth
Dp(x) = Dp(x,h) as an ordinal or ® by defining whenitis = a :

Dp(x) >0 ¢ x ¢ B

Dp(x) > § © Dp(x) > g foreveryq < § (where § denote a

limit ordinal)

Dp(x) > g+1 & forsomey e B,f(y) = xand Dp(y) = a .
LEMMA L.1.: Let { a:tel } freely generate F)\ , and h is a function from I into I. Define

fl by fl( T (at(l), ey at(n))) = T(ah(t(l)), oey ah(t(n))) Then
(A) he G
(B) Dp [T (ayyys - at(n)),ﬁ] > min  Dp[ t(e)h] .

e=1n
(C) If in (B), T (xq, ..., X,) isreduced and the t(e) are distinct, then equality holds.
PROOF.
(A) Immediate.
(B) We prove by induction on a that

min  Dp[te)h]=a = Dp| T(at(l), ""at(n)] > a
e =1n

and this suffices. For a= 0or a limit, it is trivial. For a= §+ 1, by the assumption and
definition of depth, there are s(e) € I, h(s(e)) =t(e) and Dp(s(e),h) > g . Then

min Dp [s(e),h] = B, hence by the induction hypothesis Dp [ t (as(l)’ ey as(n))’ fl] > 8
e

but
fl( T (as(l)’ e as(n))) = 1 (at(l)’ vees at(n))’ hence
Dp [t (ay(1y, s aymyhs h] = B+ 1= a
(C) 1t suffices to prove by induction on q that ,
.Dp [T (at(l)’ vy at(n)),fl] > g = Dp(t(e),h) > a
(for alle). For a = Oor a alimit ordinal, this is trivial. For a= g+ 1, by the definition of
depth, there is a reduced term ¢ (x15 -+ X;py) and distinct s(e) (e = 1,m) such that
@) h (0 @1y - 3gm)= T (ag1ys o By and
(ii) Dp [ 0 (ag(1ys s ag(m)>h 1> B.
By (ii) and the induction hypothesis Dp[ s(e)h] = g fore = 1,m.
By (i) and the definition of h,
9 Cn(s(1))y - 2h(s(m))) = T @1y - 2(n)):
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As T (xy, ..., X)) is reduced and the t(e) are distinct,
{t1), ..., t(n)} < {h(s(1)), ..., h(s(m))} . So for each e =1,n thereisk,,1 £k, < m
such that t(e) = h(s(k,)) hence Dp[t(e),h] = Dp[s(k,),h] + 1=+ 1= qa .
LEMMA 1.2.:Let hy, h2 be functions from B into B which commute i.e.
hjohy = hgoh;.Thenforany x ¢ B

Dp[ x,hy ] <Dp [ho(x), hy] .
PROOF :We prove by induction on a that

Dp[x,h;] = a » Dp[hy(x),hy] > a.
For @ = 0, or g alimit ordinal, it is immediate.
g +1.
If Dp[x,hy]> g+1, thenforsomeye B,h;(y) = xand Dply,h;]=§.

So hy(hg(y)) = hy o hy(y) = hgohy(y) = hg(hy(y)) = hy(x), and by the induction
hypothesis Dp[ho(y),hj]1 > 8 (asDpl y, 1'11] >  )hence
Dp[hy(x),h;] > Dp[hg(y),hy] + 128 +1=a.

For a

LEMMA 1.3.: Let {a, :t ¢ I} freely generatesF_ ,J S L |I-]] =|I| ,J= U J
a y g \ | <o) o

andlet B = Cl{a; :t ¢ J}. Then we canfind f € G)\ , so that
(A)if t € I, then Dp[a;,f]= a
B)ifg e G)\ , g and f commute, and g maps B into B, then for every a < a (0),

: V)
tel], .g@e Cl{as seaéﬁ<a(0gﬁ}

(C) every function g from {a; :t € J} into B satisfying the condition from (B), can be
extended to an endomorphism of G)\ , commuting with f and mapping B into B
(D) f is the form mentioned in 1.1.

PROOF : By renaming we can assume I-] = I U{<0,t, > :te ] ,a <a(0)

0
2(n) > 0, n adecreasing sequence ordinals,  0)< a}U {<1,t,n> :0 < n <w!}

and we identify €0, t, < >) and <1,t, 0 > witht. Let us define a functionh on I :
(i) fors e IO h(s) = s
(i) forte J, C0,t,n <@ ) el
h( Cot,p"<p ) = <0,t, n>
(iii) forte J,h(<1l,t,n> )=< 1,t,n+1>
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Let f be h as defined in lemma 1.1. It is easy to prove that ifte J, 2(n) = n,
then Dp [ <0,t,n> ,h]= n (n-1). Hence (A) follows immediately by 1.1 (C), and
fe G)\ by 1.1 (A). As for part (B),if g ¢ G)\ commutes with f, g maps B into B,

te Ja ,ya < a0),letg@a)= o (as(l), - as(n)) be reduced. As g maps B into B,
g(a;) e B, hence necessarily s(e) ¢ Jfore =1,n;solets(e) € Ja (e)° By 1.1(C)and a
remark above '

Dp [g(ap). f1 = Dp [0 (ag(y)> - as(e)),f]= mein Dpls(e),h] = rr;in a (e).

On the other hand by lemma 1.2, as g commutes with f,
a =Dpla;,f] =Dp [ga),f].
Combining both we get a < a (e) fore= 1,n. Hence g(a;) € Cl {a;:t e Jﬁ ,
a < B <a(0)},so weproved (B).
As for (C), extend g to a function g from { a;:te I} into F)\ ,by :
if g(t) = = (at(l)’ ey at(n))

ot _
et g)( )= TE 0 k), m> <0, 1@n> " <0 k) 0> )

a
<0,t, 7
g1(@< 1t )= T (ac Lt(1),m> »2< 1,K(2), m> > < L,t(n), m > )
and gy(ay) = ag fors e IO.
It is easy to check that g is well defined (because t € Ja ,te) € J 8 = a £ f)
and it has a unique extension to gy € G)\ . In order to check that go and f commute,

it suffices to prove that for every s € L f o go(ag) = g o f(ag) which is quite easy.

Now (D) holds by the definition of f.
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§ 2. SIMPLE PROPERTIES EXPRESSIBLE IN FIRST-ORDER LOGIC.
LEMMA 2.1. : Each of the following properties (in a full subcategory K) is expressible by
formulas (of L) :
(A) proj (f) - which means f is a projection
(B) f is an automorphism, aut(f) in short
(C) g is a projection, and Rn(f) < Rn(g)
(D) g is a projection, Rn(f fRng) < Rn(g)
(E) g is a projection, Rn(f,) < Rn(g) fore = 1,2, 3 and

[f3 [Rn(g) )= [f] [ Ra@g)] o [fy MRn(g)]

(F) g, f are projections and Rn(g) = Rn(f).
REMARK : Clearly for any f ¢ Hom(A, B), Rn(f) is a subalgebra of B.
PROOF : We give the expression or an indication of it in each case

A)yfof =1

B)(Tg, A)(fog = gof =1,) [ 1 -theidentity of A define by

(VB)(fe Hom(B,A)> hof= f)]

(C) proj (g) Agof-=f.
As g is a projection, x € Rn(g) ® g(x) = x. Hence when proj (g),and f : B > A,
g: A Al :

gof =f = (VxeB) @fkx)=1(x)) ® (Vx)[f(x) ¢ Rn()] =
® Rn(f) < Rn(g)
(D) proj (g) A gofog= fog

(the proof similar to the previous one)
(E) proj (g) A iz ] gof;= f; A fjofgog = fgog
(F) Immediate by (C).
CLAIM 2.2.
(A) If B is the range of some projection f € G)\ , then any homomorphism h : B~ B
(B considered as a subalgebra) can'be extended to anh’ e G?\
(B)If B =Cl{a;:te J}where] STand {a;:t € 1} freely generates Fy .thena
homomorphism h : B + B is onto B iff for some homomorphismg : B> B hogis
the identity.

PROOF.

(A)Clearly ho f € G)\ extend h and its domain is F)\ .

(B) Clearly if h o g is the identity (on B), then for any y € B,g(y) e Band h(g(y)) = vy,

hence h is into B.
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tand

Let h be onto B, so for every t € J, a, = h(t t(as(l,t)’ ...)) for some term T
s(e,t) € J. There is a unique homomorphism g : B >~ B, g(a;) = t t(as(l,t)’ ...). Clearly for any
t € J,hog(a;) = a; hence h o g is the identity.

REMARK. Sabbagh had proved that «f is one-to-one» and «f is onto» are (first-order)
definable in Catx .
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§ 3. BEAUTIFUL TERMS.
DEFINITION 3.1.: The term <t (X5 - Xp,) 18 called beautiful if

(A) For any term o (x], ..., X))

1.1 1 2 2 n n, _
t(0o (xl, x2, X" ), 0 (xl, ey X2 )y ooy O (xl, s X)) =
1.2 n 1 n 1 n
o 5 veey X1), 5 vrey X0), ey y sen
(T (xl, x1 xl) T (x2 x2) T (x X))

is an identity (of F>\ )

(B) 1( T(xi, x;, v xrll), T (x%, vy x121 )s ees ‘r(x'll, v x:: D=1 (xi, xg, - xz )
is an identity

©€) T (x,...,x) = x isanidentity.
REMARK : The beautiful terms for n > 1 cause us much trouble. For the free abelian group,
only x is beautiful and reduced. However, if F is a free algebra of the identities

T(Ty(x), Ta(x)) = x, Ty(T(x,y)) = x and To(T(x,y))= y and Tg(x,y) = T(T(x), T2(y)),
then the identities which hold in (| F)\| ; T3) define a variety for which T3(x,y) is a

beautiful term.
LEMMA 3.1.
(A) The set of beautiful terms is closed under substitution, i.e. if

0 (X715 s xn), T (X1 oo xn(i)) (i =1, ...,n) are beautiful terms, then so is
*
o (Y1 = Yi) = 0(t 105(1,1) ¥j(1,2) = Yj@n(1)) T2052,1) =) -+

Tk (jk, 1y Yjck,2) = Yjck,n(k)))

(B) x is a beautiful term, and there is no other beautiful term T (x) ;

and T(xq,..,X,) = X is beautiful.
(C) The two-place beautiful terms ( T(x,y)) generate by substitution all the beautiful terms.
PROOF.
(A) The checking has no problems.
(B) By the third demand in Def. 3.1 ; the second phrase - by checking.

O If t=1xp, .0, xp), (n> 2)let Ty(xy) = T (X, ..., X, ¥)
To(X]s ey X 1) = T(X]s o5 X 15 Xp1)- SO T (Xp5 00y Xp) =
To(X]5 =+ Xp.95 T1(Xp.15 X)) 18 an identity as
To(Xys n Xp9, T(xy15%y)) =
T(XYs o X 2> T1(Xp.15 Xp)s T1(xp.15 Xp)) =
TT(X]5 00 X1 )5 oey T(Xp 95 w0y Xy 9)y T(Xp 15 woes Xy 15 Xp)s T (X 15 o0 X150 X)) =

T (xl, veey Xn_z, Xn_l, Xn).
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So we can prove our assertion by induction on n.
DEFINITION 3.2. : The beautiful Boolean algebra of a variety is the Boolean algebra B such that

(1) Its elements are beautiful terms of the form T(x,y) (x,y here are fixed).

(2) Its zero is y, its unit is x.

(3) The intersection is defined by

Tp(xy) O1o(xy) = 11 (Ta(xy),y) = 19 (T1(xy), y)-

(4) The complement is define by T(x,y)%= T(x,y) where T (x,y) = T ’(y,X).
DEFINITION 3.3. : For any filter T of B, let & be the relation (defined on elements of
members of Cat)

a ~pbiffa = t(b,a)iffb =1 (ab)
and it is similarly defined on each Hom(A,B), A, B € Cat (see Def. 3.4 (A)).
DEFINITION 34. :
(A)Iff; : A > B (in Cat), T a beautiful term, 7 (f{, ..., f,)) : A > B is defined by
T (fy, - f)@) = T(f1(a), -y £1(a))
(B)If A; (i = 1,...,n) belong to Cat, T a beautiful term, the algebra T (Aqs oo A,

is defined as follows :
i < > . . < a>= < >
its elements are < aj,...,a > wherea; € Ajand <ay, .. a, by, . b,

iff for each i, a; ~ 7 b; where T; is the filter generated by T (y, ..., y, X, y, .., ¥)
i

(the x-in the ith place) ; for a term 0 , 0(< ai, vens al > , < a2 ey al > y ) =
' n

<o (ai, a%, "), 0 (a;, ag, L)y

(C) If f; : A; > B, (in Cat) T a beautiful term, then
Ty, e ) 1 T (A A > T(By, ., By)
is defined naturally.
REMARK : There is an ambiguity in the definition of T (fy, ..., f,,) s so when both definitions

n
are meaningful we prefer (A) ; and even better :in (B) if A A ] Aj= AorT (xy, . Xp) = X
1=

is an identity, we make T(Ap, .., A)= A;. Infact T(Ay, ...) is essentially defined up to
isomorphism.

NOTATION : If X€ = < x€, ...x® > then
0 m-1

T (io, wees in'l) =<1 (xg, x}), )y r(x(l), xi, )y e >
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LEMMA 3.2, :

(A) The beautiful Boolean algebra is really a Boolean algebra.

(B) For any filter T of B and A ¢ Cat, ®7 isan equivalence relation over A, and even a
congruence relation, so A/~q is defined and € Catand 1 (x,y) € T implies the identity
T (x,y) = xholdsin A/~

(C) For any f; : A > B (in Cat) and any beautiful t, © (fy, ..., f,)) is a homomorphism
from Ainto B.If A = B, f; a projection then t (fy, ..., f)) is a projection.

(D) If A; e Cat, 7 is beautiful then T (Ay, ..., A) € Cat.

(E)If f; : A;> Bjin Cat, T beautiful then

T (fs o) i T (AL AP > T By, s Bn) is in Cat.

(F) If T < B is an ultrafilter, for the category {A/ ok A e Cat} , there are no beautiful
terms. It is the category of the variety, whose identities are those of V and

{t(x,y) =x:1 € T} . Thisholds for filters T too.
PROOF : Easy.
LEMMA 3.3.:

(A) For every T(x,y) = T o(y,x), let T, be the filter generated by 1 o(x,y). Then any
A e Cat is the direct product of A/’~~'T1 and A/ “»’Te .In A/ ‘t‘Te » Te(Xy)= x isan
identity.

(B) If our variety V is the modules over a ring R, then the beautiful two-place terms are

ax + (1-a)y where a is in the center of R and is idempotent (i.e. a = a).
PROOF : Easy.
LEMMA 3.4.: Let T be a beautiful term.
(A) Let K < Cat be a subcategory, such that for f; : A > Bin K, t(fy,..,f,)isinK.
In the proper language L* (i.e. with variables for objects, and for morphisms, and a partial

operation of composition, and the relation f € Hom(A B) plus our 1) for every first order

formula ¢O(f1, v s Al’ ...), there is a finite set ¢ of formulas of L* with the same free

variables such that :
(1) t)O e d

(ll) if g-l H Bl(l) -> B1(2) s gl =T (gll, veey g:l), then the sets

o) = {9 (fy,...;Ap, .)€ ¢ :KF ¢[gjl,gj2,...;B1,... 13
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totally determine @ * e {¢(f1, w3Ay, ) e K Folgg,g9, 3By, 1}
hence in particular the truth of ¢ O(gl’ ;Bl, )
(iii) if in (ii) the © J’s are equal then "= @],
(B) We can expand L by letting in variables for elements, and more terms of our variety ;

and also let in (ii) gj :Bl __ ~ Bl _;and the same conclusion holds, provided that we are
i

i(1) i(2)
careful for the question when
T(Bi(l,l)’ Bi(1,2)’ W) =1 (Bi(2,1)’ Bi(2,2)’ o).
REMARK : This is just a varient of Feferman Vaught [ FV] , as refined by Weinstein [W]
and Galvin [G] .
PROOF :

(A) We define ¢ = ¢ s by induction on the structure of ¢ ().
0

Let ‘rj(x,y) = T(Y, wer ¥ X, ¥y oy ¥) (X - in the jth place) for j = 1,n.

If ¢0 is fl € Hom (A'l(l)’ Al(2)) or Al = A] let ¢'¢0 = { ¢0}

%, T k) T T k@Ot fq sl Ll U

(if t(fg)is not defined, h = 1 (f,g) is false)
If ¢0= fk = T(fk(l), eny fk(n)) let

¢>¢0 = {fk =1 (fk(].)’ s fk(n)): j= Ln}u {¢O}
If ¢0=_|w or ¢0= tljl A ¢/2 then @¢O = Q‘l/ U {¢0}, ®¢O= leu @wz U {CPO}resp.

If q‘;O = (Zg)y then ¢ = {(qg)wl 2 a boolean combination of Qd).

¢
0
It is now easy to prove (ii) by induction and (jii) follows trivially by choosing
gl = g foralli,j.
i 7

(B) Left to the reader.
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§ 4. DEFINING ARBITRARY SETS WITH PARAMETERS.

THEOREM 4.1. : There is a formula P such that the following holds. Let K be a full

‘ m
subcategory of Cat, and F# € K. Suppose A,B € K, |Al + B] € u,and Fi @i <i(0) < H* )
is an m-tuple of members of Hom (A,B). Then we can find g (from K) such that :

K= ob [fg] iff =t (Fyyr o Fin)

for some beautiful term T andi(l) <.. < i(n).
REMARK : (1) The f * are added as individual constant during the proof, in order not to mention
1

them explicitely during the proof. In the end, we include them in g.
(2) Let ¢}l’ = ¢b,

PROOF : Let {a; :t € 1"} freely generate F; ,and let J © " u = | )] = |I*-J| . For

notational simplicity let J = {<a,> :a,8< u}, a = aP  andi(0)= &
a

<, >
(as we can allow repeations).

MAIN LEMMA 4.2. : There is a formula ¢ (f), such that G“ = ¢ [f] iff there is a beautiful
T =T (X, . X,) and ordinals a (1), ..., a (n), so that for every f < u , f(ag )=

B B
T(aa a1y veey aa (n)) .

PROOF OF 4.1 FROM 4.2 :
Let f; : Fu > A, be such that it maps {ag :a<pul ontoA,and

f:) (aﬁ )= f ag). Let iTi = <f?, ...,f;n'1> ,and let f; :F# - B, he such that

,€

*
0
f;,e (ai ) = fz Of:;(aﬁ ), fore < m.

Letf; :F#‘*F# maps { a; :t € 1*} onto {ag:ﬁ<#}
b S f .
Let d>m (fO, -y 1y.1) says that there is .F“ -> FM , such that ¢(f) and

* * *
A fgof of = f

ofof .
e <m 1

€
PROOF OF 4.2 :

We partition our proof to three cases [ it suffice to prove each one separately, and then
by comining the formulas and choosing the parameters for each case, we can easily find a

unique formula | .

We shall use § 2 freely : and restrict ourselves to Fﬂ and G# .



Sh:61

14 Saharon SHELAH

Casel : u = R

0
Let f; € G# be such that f; (@) = ag foreacht e I" and fi* € G# (i = 3,7) be such that :

* o tiae £ 0 ¢*,m m
t I - h f = N f =
€ J implies i(at) aO 5 (an) a

’f* my _ m+1,
n+1 4(an) 2

n
fr@m) = a" andf" (aM) = a9, £ @M )= an. Let By = Cl { a%:ny,
S n m 7 ' n n 6 n n n
By =Cl{a™:nm}, B =Cl {a0}.
n 0 0
Clearly there are first order formulas ¢ o(X) such that :
(1) ¢1(f) says that f | B isinto By and it commutes with f5 [ B,
(by 2.1 D, as f; is a projection, and Rn f; = By)
(2) ¢ (f) says that ¢, (f) and f r By is into Bg and it commutes with f; i By
(3) ¢ 5 (f) says that o (f) and for any g, 95 (g) implies that f | By
and (f; ogo f; ) [ By commute.
(4) ¢4 (f) says that¢ g (f) and (fsofof;of) rBO = (fzof) B
*

(5) ¢5 (f) says that ¢, (f) and (f;of) A B, =1, rBO

(6) ¢ (f) says that for some *,f* [ Bg = f | By and ¢ 5 (f") where Bg= cl{ alt im < w)

0

Now we notice

* . 0y - 0 0
(1) G, = ¢y f] 1fff(an) = T(an+2(l)a 80 (k)

[ Clearly the «if» part holds ; for the other direction, as f(ag ) € By,

) (for some 1,2 (i), for every n)

f(ag )= (a0

2(1y """ a(;‘ ® ) for some 1, 2 (i) ; apply f; n times and we get our result ] .

@°) G, = op(f] iff f@™) = t(@™ )

ey am
n+% (1)° 77 n+f (k)

the «if» part is immediate, and for the «only if» use 1" , and appl £* m times on the
p y PPy t,

right side
3" G, F £1iff f(aM) = 7 (a™ ooy 2 % (i) disti
(__) Gﬂ ¢ g [fli (an, ) =1 (an 2@y 7 an &) ), (the £ (i) distinct) and

T(x1, -, X)) satisfies condition (A) for being beautiful.

[ Suppose GM = ¢3 [f ], then clearly G“ = ¢o[f] hence by (2*) for some t , 2 (i),
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for every nm f(a’h) = T(a® ) qy " 1))
mo)

Now for every term ¢ (x},--, xp) letg € G, be such that g(a?) = 0 (a::l RETESL o

So clearly f;)ogof; (a:l) =o(a?+ 1,...,am+P).By(2*),Gk = ¢o9lgl ,hence
n

by ¢3’s definition, (f; ogo f; Yo f[ ag] = fo (f; ogo f; ) | ag |, computing we get

1
T(a(al(l) 2(1))9 o ( 2(2) 2(2)) * 0(32 (k) o fl:,)(k)))
- 1 1 22 a2 p p
a(t(a SL(I)’ vy @ z(k) T (a N (1) ., a . (k))’ . T(a 2(1), ooy al(k) ).

As this holds for any ¢ , we prove that T satisfies condition (A) from Definition 3.1. The
other direction in (3*) should be easy now |.

(4-*) : G“ = ¢4 () iff G)\ = ¢glfl,and thet from (3*) satisfies condition (B) from
Def. 3.1.

[ Assuming G#F*— ¢3 [f], Tasin (4*), f; ofo f; of [ By = f; of [ By is equivalent

to the equality of

T S SR X X

f Of("vl ) =t (T @ L1y Sl(k))) LG " R(k))
andfsofofsof(ao) = f50f0f5 (T (az(l) . !L(k)»
= f o f(t (a 2'(1) 2 (k) )
e £ (1) jL(l) 2(2) Y2 L) 2 (k)

f5('r('r (al 1 31(2)’ o)y T(al?,(l) , a u2) )y ey T(A (1)’ 9“(2) ve))

_ L(1) 22) 2(1) 2(2) a2

=T ( T(al (1) »a 2(1), '")a T(a 9,(2) ’al (2) 9 o0y )’ T(af, (k) ’ (k) ")
This clearly is equivalent to condition (B) from Def. 3.1 onT, The other direction is easy. ]
(ED G“= ¢ 5 [f]iff f(a:l) = T (ax‘z ay 32_2 (k)) (the £ (i) are distinct) where

T(X]s wes X)) 18 beautiful.

[Because, assumlngG = ¢4, f of rB = f rB is equivalent to aO- T (a " aO)]

(6__)G“F=¢6 [f]lfff(aO)‘T(a )

all
L) Yk)

for some beautiful 7,and £ (i) < w,forevery n <w.
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[Immediate, by (5), noticing f; 0 f; o f; is a projection onto Bg].
So we clearly finish case I.
CaseIl: = | ] |isregular >R0.

LetI" -] =1 U (cabnsiacu, bcn,dfd =R 0 <ol

- g.n _ . _ . .
lIO ’ U , and let us denote a_ a<a,[3,n S3 where Hy=H. But for using in case III,

we from now up to the end of the proof of claim 4.3, assume only p, = u ) M s

regular. For each limit § < py ,cf 6 = RO choose an increasing sequence § (n) (n< w) of
ordinals < § , whose limit is § ; such that foreach g <uy,n< w,{ &< By g = 8(n)}
is a stationary subset of u j (see e.g. Solovay [So] ). Let us define some f:’s , by defining

£ () (t € I*) understanding that when f * (a;) is not explicitely defined, it is ag. So let,
e

e
fora <u, B<u1,f;(ag)= ag,f; a a

* By .0 = 8§ \y= ,6,0 .
f6(aa) aa,andwhenZS <pyp.cfd =R (aa) a ;

By_ 0 ¢, By_ B e+ B,_ a
(a )" aa$f4(a )—aO’fS(aa) aB ’

, f
0 7

# By _ B e*, Bi_ B e* 85m = .8 .n+]
cf B #RO‘* f7(aa)—aa ,f8(aa) a, ,f8(aa ) a ,

¥aBy = 2B §¥(gdm = ,8(n - 0 - .0 .
fg(aa)-aa,fg(aa )—aa( ).LetBO Cl{ao},Bl Cl{aa.a<u},

B2= Cl{a

O™

:B<myl, Bg=Cl{ ag ta<pu, B< /.11} ,

B, = Cl1 {afz3 ,ag’“: a< p, < py,n <wl andB5=Cl{ag,ag’":ﬁ<pl,n<w},

B =Cl{af:8 <p ,cf8=R}B = Cl{aP: a< , cfg =
6 {aoﬁ Hy cff o'By C{aaau,ﬁ<u1 cff RO}

*

Clearly f; , f; " are projections onto By , By , Bg resp. and let f:O L 12

9 11
be projections onto By, , Bs , Bg resp.

k]

Now we apply lemma 1.3, with { «,f>:a<pu, B < “1} for J, and

{«a,B>: a<pu} for Jﬁ ,and 1" for I, and get f:g € G?\ as mentioned there.
Let the first order formula ¢ ; (f.g) says that f.g are conjugate to f; , Rnf, Rng € Bg
and thereish e GM commuting with f; g and mapping Bg into itself, such thatho f = g.

We shall write ¢(f,g) also in the form f < g.So by 1.3, if f,g are conjugate to f; and
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0,_ .8 0, _ B B (k)
f(ao) aa ,g(aO) =T (aa (1),...,aa ®

Let the first order formula ¢ 2(f) says that fBz , T P Bs, £ ] BO’ f f B6 are into B3, B4,BI,B7 resp.

) thenf < g iff f < (1) A ... A B= 6 (k).

and for any g conjugate to f; ,if Rng € By ,then g < fog; and f ! Bs commute with

f; R f; ,f; and f r B3 commute with f;.

CLAIM 4.3 : G?\ k= ¢ [f] iff foreach § <u 1

f 0 = ﬁ 9 ey B L] f B ,n = T ﬁ’n vee B,n
(30) T(aa 1) aa(k)) (ao ) (aa 1’ ’aa(k)‘)

for some 1 , a (e) (which do not depend on g !).
PROOF : Assume G“ =¢9 [f],and let

Wy - @BD TBD (B ke
0" 8 Ta@.D) a8 a (B, KB

a (B .e) increase with e,w.l.o.g. By part of ¢o saying :g conjugate to f; » Rng € By implies

)

g < fog; it follows that § < v (8 ,e) (choose g such that g(ay) = ag) ).

As pjisregular, u; > RO,forany BO < Iil

sup {7y (Be):e=1,..,k@B)B< BO} < #1 , hence

S ={50: BO < M and <[3O,lé e < k(B)implies v (B ,e) < 30}

is an unbounded subset of My and by its definition it is closed.

Now we shall prove that for § € S,cfé = RO implies v (8 ,e)= & . For suppose

v=v(8 & 0) # & then as said above § <7 (8 ,eO). As & 1(n) is increasing (as a function of n)
and its limit is § 1 (or & 1(n) is not defined) for some n < w big enough, 8 <y (8 ,eo) (n), and
vy (8 ,el) # v (8 ,e2) = v(8 ,el) (n) # v (8 ,e2) (n) (when they are defined).

As !B 6 is into B7 necessarily v (8 ,€) has cofinality ¥ 0’ and as f PBS commutes with f;

5.0 v(5,1),0 v(6 ,2),0
a ) = b (a ,» a ’
0 a(s,l) a@® ,2)
Asf st commutes with f;

( )

s, vG.Dn y(32n

s Qo) a2
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Asf | B5 commutes with f;

y(8,1) (m) v (8,2)(n)
a a

6(n)
f = , o
@y =75 @ois a (8.,1) )
1
and s (a ZE‘Z,’I; (n)’ ...) isreduced (by the choice of T and of n).
1
But f(ag (n)) is equal also to T ) (aZS3 E:;:li, ...) which is reduced too.

Hence 1 (& ’CO) () € {y (8 (n)e):1= e = k(5 (n))}
but on the one hand § <y (§ ,eO) (n) by the choice of e0 and n,

and on the other hand §(n) < § = y(§(n)e)< & as § e S, contradiction.

Hence ~(§.) =8 forevery 6 € S.

Now forevery B <u_ nweknow { § < pu :cfd = RO,B(n) =81}

l’
is stationary, so thereis & € S,cfé = 80 such that § (n) =8 .
As before we can show that f(af) () ) =T 5 (n) 8 (n) )

5 Ca(s.1y " a(s,Kk(5)
s @MEOD 6 kG w)

5(n) a(8(n),1) 7 a(8(n)k(s(n)
Hence v (8 (n),e) e { §(n)} for each e, hence v (& (n),e) = & (n), thatis y (8 ,e)

av(ﬁ 1)
a@,1)y

) and the last is reduced.

for each g and e. Hence, as 8 ( ...) isreduced, the ordinals a (8 .e),

1 £ e £ k(g ) are distinct.
Asf r B3 commutes with f; , for every §

0 0 0 0

)= 70 0.1y " % (0 k(0))

"5 Cae1y T e (B k)

As the a (B ,e) are distinct, necessarily {a (8.e) : 1 £ e < k(e)} =
{a (0,) :1 =< e = k(0) },but as a (B ,e) is increasing with e (for each § , by the choice of
TB( , «y)) necessarily a (B.e) = a(0.,6),k(g ) = k(0) and we can assume that =T

Now clearly as before

6 ’n B’n
f =
@™ =Ty Gy 01y )
So we finish one direction of claim 3.3 where as the other is immediate.
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Let (b3 (f) say that f maps B2 into B3 and if there-ls fl 6.1 B2 f 'Bz and ¢2(f1).

It is easy to check that for every 8 ; for some T, 7 (e) :

By_ 8 B
G“F= ¢g [f] & f(aO)- 'r(a'y( 1y a7( K )).

Let ¢4(f) say that f maps B2 into B ¢3(f), and if ¢ 3(g), then

3’
gofsof fﬁ'g =f50f0f50g ng and f;ofof;offﬁ'g = f;of rﬁg and

f; of | 53 = f; fgg . (note that 'Eg =Rn f; ). Asin case I we can check that

G# = ¢y [f] | f(a?))— TO(a'y( 1y 2 ( )) (w.Lo.g. reduced)

and T 0 is beautiful.

Case Il : p a singular cardinal.

We give this case with less details.

We let #1 <p and Bl, B2, B3 be as in case I, u 1 regular, y > RO . By case I1
we can define f:’s properly, so that, for some ¢ 0 G - o0 () iff there are 1 and

distinct a.1 y ooy @ o so that for each < u L f(a%) = T(ail . ag n).
0
Let ¢l (f) say that f(éf0 ) € B2 and for every g, ¢ 0 (g) implies that
0
(fog) i 30 =(gof) f&g . It is easy to check that Gk = ¢ 1 g iff there are 0 and

distinct 8 (1), ..., B (m) such that for every a , f(ag) = a(af(l) ) oy af (m) ),

o satisfying (A) of Def. 3.1.
As p | isregular, we can use case 1. So there is ¢ 2 such that Gy = 2[f] iff there are

a beautiful term ¢ and distinct 8 (i) such that for every a , f (ag )=0 (aﬁ (1), . af (m))'
Let g = X u(@), p(@)<u ,p()increasing. '
i <cfu

We just prove that for every 7 < cfu , there is * as constructed in case II and above,
Y

such that

@) G)\ k= ¢ 2[f, f; ] iff there are a beautiful term o and distinct 8 (i) < u('yf ,

0= 1
such that for every @ < u ,f(a;) = 0 (af( ), .., ag(m))
B

(ii) ?: (0) is a projection onto C1 { &, : @< k, B < u(Y) )
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Checking the construction carefully, we see that :

if T, o arebeautiful terms, § ()< 1 (7, Y = 1,..m, ¢ =1,..,n)

and for every a < u f(a ) = 9(a, 6() - 3( ))the G F~¢2(f'r(f 7 ).

1 n
Now checking the proof of 4.1 from 4.2, the existence of the f y mentioned above,

is sufficient to prove 4.1 when i(0) < y.
Hence there are  ¢3 and g* such that

G = ¢ if, g ] iff f=t (f ) for some beautiful t. So let the formula

y () o 7( )
¢ [f,g ] say «there is fl , such that q> [fl ,E* ] and for every fz which satisfies

43 [fz ,g*¥] ARn f_'l(O) € Rn ?2 (0) satisfies also 62 (f, f2 1 ».
Clearly G# = ¢ [f,g*] iff for some beautifui tand § (i)< p ,forevery a < p ,

g (L)

f(a2> =@l ) and ¢4(f; ofo f;,g*) is our desired formula.

THEOREM 4.4 : We can find formulas ¢P, ¢4, 6T ¢ X (in the language of G, ) such that
for any ultrafilter T € B, A ., and free set of generators {at tel} € F and

fy € F)\ defined by fi(ay) = a ; there st e G)\ such that fO = f; for some t and
(A)G, oP [£,"] #ff = 1(f, ,..) for some beautiful T .
1

(B) For any f,g, (see Def. 3.3)

Gy ¢Cditg; i) it oD (£,T7] A P [gf] and f =

(C) For any h : 1~ 1 and fge G)\

T ®

.6 f,g:T"] implies ¢°9 ( ho fhog;f)
(D) For any two-place relation R on the class of ¢ ®d -equivalence classes, there isg ¢ G

such that for any fl’f2 € G)\
b= 4T S s b FF A b B eq eq > R
G)\ ¢ [fl,fz,g] iff ¢ [fl,f ] ¢ [fz,f ] <f1/¢ ,f2/d> €
(E) G)\F= oX [ flifff ¢ G)\ is a projection onto some Cl {Te(at(e,l)’ L)ie< n

(for some n <, beautiful 7, ,and t(e,l), ... € I

PROOF : The set
R= {<fg>:f,ge {T(ft(l), ...) + T beautiful, t(e) e 1"}
and for some T (x,y) € T,f=1 (g[f)}
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is closed under beautiful terms, hence by 4.1 is definable by some ¢.
This observation suffice for (A), (B). Now (C) is a statement on NT , in fact, which is easy

to verify.
Now (D) follows by (C), as by (C) we can define arbitrary one-place functions from the set

of ¢®d(X,Y; ?*)-equivalence classes into itself, so by Rabin [ Ra] , we can define arbitrary
relations. Lastly, (E) follows by 4.1.

Now any such subalgebra is the range of a projection, because by Def. 3.1 and 3.1 (A)
we can assume the subalgebra is

B =cl {‘[‘ (at(i,O), at(i,l), ceey at(l,m_l)) (1< n} .
Choose b ¢ B and let
h(@g) = (cy(t,0) - 5(t,m-1))

where Co(t) = At if for some i, t(i,j) = t and Cs(t,j) = b otherwise.
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§ 5. INTERPRATING SET THEORY IN A CATEGORY.
Here K will be a full subcategory of Cat,
Ae K> Al <2%and A <2*> F, e Kand |L(V)] < A" (in fact

(YA <>\*)(3y§)\)(F“ e K) suffice).

In the formulas from 4.4 we now put Fu explicitely as a parameter.

DEFINITION 5.1 : Let f be of the length of I~ (of 4.4) and let &(f,A) be the formula

saying (in K) :
(0)f, € End A (= Hom(A,A))

1) fO is a projection

2) ob (€4 31, A) implies g is conjugate to fO (sog € End A)

and ¢b(g1,1?,A) A ¢b(g2,f_,A) > go= ggofy

(3) ¢+¢ (g1-89  f, A) is an equivalence relation Ef_ over

f -
w A" {g : ob (g;f,A)} with >1 equivalence classes
“) ¢ b (g;T, A) implies  ¢* (g ; T, A) which impliesg ¢ End A A projg
(5) Suppose  ¢* (g A A) A ¢X (893 f, A), then there is a gg such that :

(i) ¢%X(g3:f,A) A Rngy € Rngg A Rngy € Rngy

(ii) if ob (84 ;f,A) A Rn g4 < Rngg

2

then Vv (Zg) [¢P(g;T,A) A Rng< Rng, A #9 (gy, g;f, A)
e=1

6) ® (81> 82 83 ; T, A) represent a pairing function on the set of Ef-equivalence classes

(DG ¢P (g T, A)(e= 1,6),he EndA,
@ (Vg [¢x(g;f,A) ARng; € Rng ARngy S Rng~> Rngg <Rng]

(i)hog,= g,,gfore= 123
thenfore = 1,2 ¢ ®d (g3, g,:f, A) = ¢ ®d (g¢, gov 33, A)

(at least one of them holds by (5))
(8) If ¢ X (g*, 1, A) then there is g; ,such that oP (gg ,f, A) and for each g'l‘

satisfying P (g*{ ,f,A) A Rn g’l* € Rn g* the following holds : —¢®d(g], g5 ; f,A) and
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4 -
for every g3, 84 satisfying A ¢ b (& > f, A) there ish ¢ End A such that
' 3

e =

hogt = g, hogs= g and(Vg) [¢ Pgfa)> 6P hogf )]

) I ¢b (8es f,A) (e = 1,2) then for some h‘ € EndA,hog, =g, .

1l

and (Vg) (4P @A) = 4P (hog T, A)

CLAIM 5.1 :
(A) For each A < )\*, let f

*

A€ End F)\ be as constructed in 4.4.

a . 3*
Then K= [fA’FR]
(B) Suppose K = ¢ [f, A]. Then

n+ 1 b = \ n
Q) mx A . $” (g ,f,A)and Rng,, { € C1 U . Rng,
e= e=

then

<=

¢eq (gn+ 1 ge ;EA)

e=1

@{g:9¢ b (g, f,A)} is closed under beautiful terms
(3) There is an ultrafilter T = T (f, A) such that

2 - -
’\1 ob (8¢ s A) implies ¢°9 (g, T(g},89), T, A) wheree= 1 ® T(x,y)e T ® e# 2.
e =

4) Ef has infinitely many equivalence classes

PROOF :
(A) Immediate.
(B) (1) Easy, by part ( 5) (and (4)) of Def. 5.1 (for n= 1, use (2)).
(B) (2), (3). By part (8) of Def. 5.1 we can define inductively g;' (i < w) such that

oP (g* . F, A)and if i < j, b @L,T,A) A ¢P (g2, T, A) then for some h € End A
hogt = glhogt = g%and(Ye) (4" @ F A)> ¢P(hog T A).
Let T (x,y) be a beautiful term .
Let us apply 3.4 to fbb, andget ¢ ={y,:e < k < w}
So there arei < j < ok such that Ak Ve (& f, A) = ¢ e (gj, f, A) hence

e <

s b (t(g; gj), 1, A). Now for any gl, g2 satisfying ¢b (gl, i-’, A) A ¢b (g2, f, A),
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2

there is h such that ho g = gl, ho g 8 and
(Vg) (42 (g, £, ) >0 P (ho g, |, A). Hence © (g1, 62)= h ¢ (g ) satisfy ¢ © (x.F.A) 5
hence (2) is proved. For (3) note that by (B) ¢4 (t (&> gj), gp > f, A), hence by (7)
for any g, g2 asabove ¢ ®d (t (gl,g2), g9,T, A) wherep= i q= 1.
(B) (4). By Def. 5.1, (7) and (8).

LEMMA 5.2 :
(A) There is a formula 5 such that

MK Fys [T, ,F [ A(TEA) [y @A)~ v2EA)]
@) I Kk ¢5(T,A] then for any subsetRofWi/'Ef-,, |R| <A™,
there is g* € K such that g/Ef- €eR ®» K = ¢T [g, g‘,?,A]

(3) Like (2), for a two-place relation R.
(B) There is a formula  t such that
if K= y® [f€,A®] (e = 1,2)then :
Kyt (1AL 12, 42) i T, Ay = T2, A2
(C) There are formulas €, 6 such that
(DK b= € [T,,F,1 A (YEA) [y©(EA) ~ v® [1,A))
@K =y Alja e (12, A21 A gt (7, AL 72 A7)
implies : for every g,l e W
b= i © Al
=2
pairwise non Efl-equivalent, i<Ac< 7\*) andgi2 e wf 9
A
there is h such that

1,27 Ty [ ol 1 A 42 2
0 [g-,g%hl = (Ti) [g E?lgl g E—;zgi]
(D) There is a formula ¢ ™ such that
MK F Y™ T FIAYEA Y™ EA)> ve @A)

@K kE y™ [f,A] implies Ei;has <" equivalence classes.
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PROOF OF 5.2 :
(A) Immediate by 4.1 and claim 5.1 (B) (2), (3) (for (3), use (2) and ¢ P ).
(B) Suppose K = y5 [T6,A°] (e = 1,2) and T = T, Al) = T (2, A2).

Fore =12 letg® ¢ ere (n< ) be pairwise non-E_-equivalent.
n A

fe

Let |A1| +|A2|é)\ <", let {aj:i< X w} freely generate F, ,andf, ¢ EndF,

A
be a projectiononto fa;: An<i <\ (n *+1)}

Letf * be such that

@i F, ) - grt

...),T  beautiful

By
0°9 g1 g2, T F)) @ 0P I Fy ) A Py T F))

and for some t(x,y) € T

g1 = 7 (82: 81)

Leth, maps {a;: An £ i< X\ (n+1)} onto Rngz.

Let 62(glg? =02 (@l g?;hy,hy, £ 71,12 AL, A2 F, ) says:
ob (g%, T, A®) (e = 1,2) and for some g'i (e =1,2)

g E 8
and there is f, ¢b {, ?*, F)\ ) such that

Rnh,of € Rn gi and for every gg (e =12)
gg e End A® A projgg A Rnh of € gg‘* Rn gg < Rngg
Then ¢ 2 (gl, g2) iff there are beautiful 7 , and
n(1), ... such that
g® Efe T'(gfl(l)’ ..)fore =1,2
Let yt [F1, AL, 72, A2] saythat y° [f€, A®],e=1,2 and for some h 1,h2,f*, B, 92(g) %)=
- 02(gl, 2, b b, i1, 12,A1 A2, F*, B).

7l 72
define a one-to-one map from a subset of wi 1 into WF P and this set is infinite (i.e. is
A A
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ordered in an order of type w, see (A)).
We have just proved that

vS (%A% (e=1,2)and T(fL, Al) = T (@2 A2)implies ¢t [T1,AL;12, A2).
Suppose the conclusion holds, then clearly * [ e, A®] ; if T(xy) € T(i-’l, Al),
T(x,y) ¢ T(T’z, A2) we get contradiction by 3.4.
(C) The same proof as (B), essentially.
(D) Let ¢ m(f, A) says that  © (f, A) and there is Al such that for every?l, if
v t [1;, A ;?‘1, Al] (and there is at least one such ?1) then for some 2 and

automorphism h of Al .

©0) v©@ Al

(1) for some h, ¢ (gl, g2, }_1) define a map from the E_f2-equivalence classes onto the
Ef-equivalence classes

2)if ¢ b (gl, i2, Al) A b (g2, 2, Al) A —0€q (gl, g2, 2, Al)
then glohof(l) # gzohof(l).

For proving D(1) choose Al - Fy and f2 is chosen like f)\ , but the range of the
projections, is freely generated by RO elements. For D(2), if Ei-’ has > A" equivalence

classes, choose T1 such that Rn f(l) is finitely generatéd.
DEFINITION 5.2 : We say < g, f, A > represent the model (N,R) if :
g ¢ End A, and let { gi: i< a,*} be representatives of the Ei._,-equivalence classes, and let
J= {i<a®: (30 (¢ "(FglA) A (Tfy) ¢P(f,fg,g.T,A)] }
and there is H, a one-to one function from J onto R, and :
<H(@), HG) > € Riff (Ff fog) (4 T'tgf,A) A ¢P (ff9. 8 £, A)A ¢ P(ty, g &> f, A))
LEMMA 5.4 : There are formulas \[/f, V] h such that
(A) ¢f @, f, A) iff ym (f,A) and < g f,A > represent a well founded model
satisfying extensionality.
B) yh @l AL g2, 12, A2) ift T (e e A®) (e = 1,2) and
T, Al) =T (?2, A2) and < g% €, A® > (e =1,2) represent isomorphic models.
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PROOF : Easy by 5.3. 4
THEOREM 5.5 : In K we can interpret a model M)\ , consisting of u (V) disjoint copies of

H( 7\*) ( u(V) - the number of ultrafilters of B).

PROOF : Let the elements of the model be triples < g, f,A > satisfying h, Equality
to define by ¢ h, and € is defined naturally.

DEFINITION 5.3 :
(A) The model M = (A, ..., A, ; Ry, ..s Ry) (Aj-universes, R;-relations) is an explicitely

interpratable expansion of the model N = (A, vy ARy, e Rﬂ. ) if there are formulas
¢0,()'c), ¢,](i,§f), 1pj in L(N) (n <i € m,l < j £ k) and function F; (n < i < m)
i 1

such that
1) Fi is a function from {a:N = ¢ 0 [a] } onto A]
i

(2) Fi(@;) = F@y) iff N = ¢i1 (3}, 9]
(3)M ¥ R [Fiqy, G, ] iff NF= g5 [y, 1.

(B) The scheme of the explicite interpratable expansion is all the syntactical information
involved.

DEFINITION 5.4 :
If M® is an explicite interpratable expansion of N€ (e = 1,2) by the same scheme, and by the

function F€, and N 1 is a submodel of N2, then the function G, G t A‘1 = the identity
j i
(1 € i £ n),G(FXa)) = F2@) when Nl = 40 [a], is called the natural embedding of
] ] ]
M1 into M2.
CLAIM 5.6 : If in Def. 5.4, Nl is an elementary submodel of Ng then the natural embedding

of My into My is an elementary embedding.

PROOF : Trivial.

DEFINITION 5.5. : Let M(K) be the model with the universes and relations listed below :
(functions and partial functions will be encode by relations).

(A) Those of K.

(B)Ay ={<a,T>: a e H( )\*), Te SB)!} where S(B) is the set of ultrafilters of B.
E will be an equivalence relation on A; defined by : < a);, Ty > E <ag, T2> iff Ty= To.
Rj isdefined by : <a; ,Ty> Ry < ag,To> iff aj € ag and Ty= T,y
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(©) Ag =((car, T> :T e SB) Y raje H(\")} and

T
0

<a,T0> R2 (<aT,T> :Te SB) ) iff a=a
(D) A, = S(B)

F1(<a,T> )=T

F2(B, T) =B %Tfor an algebra B € K.

THEOREM 5.7 : M(K) is an explicitely interpratable expansion of K, assuming 2 LT 2",
REMARK : All the information we know on Eklof and Feferman problems mentioned in

the introduction can be easily extracted from this theorem. We assume 2 I L(V) | At
in order to simplify the definition of M(K).
PROOF : We go through Def. 5.5.

(A) No problem.

(B) Essentially, this was proved in 5.5.

(C) (D) Left to the reader.
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