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ABSTRACT

We, for any natural n, construct an N, -free abelian groups which have few
homomorphisms to Z. For this we use “Rp-free (n+1)-dimensional black boxes”.
The method is hopefully relevant to other constructions of R,.-free abelian groups.

RESUMEN

Para cualquier natural n, contruimos un grupo abeliano libre N, el cual
tiene pocos homomorfismos hacia Z. Para esto usamos R, cajas negras libres
(n + ¢)-dimensionales. El método es relevante para otras construcciones de gru-
pos abelianos N;-libres.
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Annotated Content

81 Constructing Rg(x)41-free Abelian group

[We introduce “x is a combinatorial k(*)-parameter”’. We also give a short cut
for getting only “there is a non-Whitehead R (x)+1-free non-free abelian group”
(this is from 1.6 on). This is similar to [5, §5], so proofs are put in an appendix,
except 1.14, note that 1.14(3) really belongs to §3.]

§2 Black boxes

[We prove that we have black boxes in this context, see 2.1; it is based on the
simple black box. Now 2.3 belongs to the short cut.]

§3 Constructing abelian groups from combinatorial parameter

[Forx € Kf(lz*) 41 we define a class Gx of abelian groups constructed from it and

a black box. We prove they are all Ni(x)+1-free of cardinality |T'|* +Rg and some
G € Gx satisfies Hom(G, Z) = {0}.]

§4 Appendix 1
[We give adaptation of the proofs from [5] with the relevant changes.|
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0 Introduction

For regular 6 = R,, we look for a 6-free abelian group G with Hom(G, Z) = {0}.
We first construct G and a pure subgroup Zz C G which is not a direct summand. If
instead “not direct product” we ask “not free” so naturally of cardinality 4, we know
much: see [1].

We can ask further questions on abelian groups, their endormorphism rings, simi-
larly on modules; naturally questions whose answer is known when we demand N;-free
instead R,-free; see [2] . But we feel those two cases can serve as a base for significant
number of such problems (or we can immitate the proofs). Also this concentration is
reasonable for sorting out the set theoretical situation. Why not # = R, and higher
cardinals? (there are more reasonable cardinals for which such results are not ex-
cluded), we do not fully know: note that also in previous questions historically this
was harder.

Note that there is such an abelian group of cardinality Ry, by [7, §4] and see
more in G6bel-Shelah-Struiingman [3]. However, if MA then Ny < 2% = any R,-free
abelian group of cardinality < 2™ fail the question.

The groups we construct are in a sense complete, like “Z. They are close to the
ones from [5, §5] but there S = {0,1} as there we are interested in Borel abelian
groups. See earlier [8], see representations of [8] in [10, §3], [1].

However we still like to have 8 = R, i.e. R -free abelian groups. Concerning this
we continue in [11].

We shall use freely the well known theorem saying

Theorem 0.1 A subgroup of a free abelian group is a free abelian group.

Definition 0.2 1) Pr(), &): means that for some G we have:
(a) G=(Ga:a<k+1)
(b) G is an increasing continuous sequence of free abelian groups
(©) [Grrr] A,
(d) Gut1/Gq is free for a < k,
(e) Go = {0}
(f) Gg/Guisfreeifa <8<k
(9) some h € Hom(Gy;Z) cannot be extended to A € Hom(Gyx41,Z).

2) We let Pr=(, 0, k) be defined as above, only replacing “Gy41/Gq is free for o < k"
by “Ge+1/Gy is O-free.
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1 Constructing Ni)+1-free abelian groups
Definition 1.1 1) We say x is a combinatorial parameter if x = (k,S,A) =

(k*, 8%, A*) and they satisfy clauses (a)-(c)
(@) k<w
(b) S is aset (in [5], S = {0, 1},

(¢) A C k(w8 and for simplicity |A| > Ng if not said otherwise.

1A) We say x is an abelian group k-parameter when x = (k,S,A,a) such that
(a),(b),(c) from part (1) and:

(d) ais a function from A x w to Z.

2) Let x = (k*,8%,A%) or x = (k*,8%,A*,a%). A parameter is a k-parameter for
some k and Kﬁ%’*)/ K fE*) is the class of combinatorial /abelian group k(*)-parameters.
3) We may write aj instead a*(n,n). Let wi,m = w(k,m) = {€<k:t+#m}.

4) We say x is full when AX = k() (wg),

5)If AC A* let x | A be (B, 8%, A) or (k,8%,A,a ] (A x w)) as suitable. We may
write x = (y,a) if a = a*,y = (k*, §%, A%).

Convention 1.2 If x is clear from the context we may write k or k(x), S, A, a instead
of k%, 5% A*, a*.

A variant of the above is

Definition 1.3 1) For § = (S, : m < k) we define when x is a S-parameter: 77 €
AX AT < KX S5 1 € 9(Sm).
2) We say @ is a (x, x)-black box or Qr(x, X) when:

(@) X = (xm :m < k*)
(b) & = (g : 7 € A%)
(c) a5 = (@gmn:m<E*n< w) and A mm < Xm

(d) if hy s A%, — xm for m < k* then for some 7€ A* we have: m < k*An < w =
hm(71 1 (m,n)) = ag.m.n, see Definition 1.4(a) below on “7 1 (m,n) and AX.

2A) We may replace x by x if ¥ = (xe : £ < k*). We may replace x by A* (so say
Qr(A*,x) or say @& is a (A, x)-black box).
3) We say a parameter x is S-full when A* = H “(Sm).

m<k
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Definition 1.4 For an k(*)-parameter x and for m < k() let

(a) AX =Ax,m={ﬁ:ﬁ=(m:€§k(*)) and 7im € “>S and £ < k(x) AL £ m =
Me € “S and for some 7' € A we have n <w,7=7%"1(m,n)} where
7=17"1(m,n) means 7, =, In andfsk(*)/\fyémzk»ng:né}

(b) Alkq 8 U{AX :m < k(%))
() m(@) =miffe A%

Definition 1.5 1) We say a combinatorial k(x)-parameter x is free when there is a
list (7® : & < a(*)) of A* such that for every a for some m < k(*) and some n < w
we have

() 75 1 (m.n) & {0, 1 (m,n) : B < a}.

2) We say a combinatorial k-parameter x is §-free when x [ A = (k, 5%, A) is free for
every A C A* of cardinality < 6.

Remark 1) We can require in (%) even (3F°n)ne(n) ¢ u{nf) e <k, g < a,n’ <
wl.

At present this seems an immaterial change.

Definition 1.6 For k() < w and an abelian group k(*)-parameter x we define an
abelian group G' = Gy as follows: it is generated by {z : m < k() and f € AX} U
{yan:n <wand 7€ AX} U {2} freely except the equations:

XMin (M Ygme1 = Yan + a5,z + E{zﬁ1<m,n> tm < k(%))

Explanation 1.7 A canonical example of a non-free group is (Q,+). Other examples
are related to it after we divide by something. The y’s here play the role of provided
(hidden) copies of Q. What about z’s? For 1 € A we consider (y;, : n < w), as
a candidate to represent (Q, +), k(x) + 1 “chances”, “opportunities” to avoid having
(Q, +) as a quotient, say by dividind K by a subgroup generated by some of the z’s.
This is used to prove Gy is not free even not R, +1-free which is necessary. But for
each m < k(*) if (Zz(mm) : m < w) are not in K, or at least T n for n large
enough then Q is not represented using (Ysm i M < W); s0 we have k(x) + 1 “ways”,
“chances”, “opportunities” to avoid having (y5» : n < w) represents (Q, +) in the
quotient, one for each infinite cardinal < Rg(xy. This helps us prove Ry (s)-freeness.
More specifically, for each m(x) < k(x) if H C G is the subgroup which is generated by
X ={zp<mn> :m #m(+) and 7 € K+« S) and m < k(x)}, still in G/H the set
{y7.n : 7 < w} does not generate a copy of Q, as witnessed by {Za1<m(s)n> 10 < w}.

As a warm up we note:
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Claim 1.8 For k(*) < w and k(*)-parameter x the abelian group Gy is an Ry-free
abelian group.

Now systematically

Definition 1.9 Let x be a k(*)-parameter.

1) For U C¥“S let Gy = G be the subgroup of G generated by Yy =Y = {z} U
{ynn 1€ AN+ and < W {Zg1<mmn> :m < k(x) and 7€ AN &(*)‘H)(U)
and n <w}. Let Gy = Gy™* be the divisible hull of G and G+ = Glgy:
2) For U C “S and finite u C “S let Gy, be the subgroup 2 of G generated by
U{Guuu\(ny) 1 1 € u}; and for 7 € ¥®2[ et Gu,; be the subgroup of G generated
by U{Guunik<to(s) and ko) © € < Lg(i)}.

3)For U C“Slet Zy = Ep = {the equation M, ,, : 7 € AN M+ and n < w}. Let
Evw = Efy = U{Eusqu(ay) : B € u).

Claim 1.10 Letx ¢ K.

0)If Ui C Uy C¥S then G, C G, C G*.

1) For any n(%) < w, the abelian group G, (which is a vector space over Q), has
the basis YJ(*) =A{z} U{ysne 17 € AN KO+ U {zZa<mm> 1 m < k(x),7 €
ANEO+HYY) gnd n < w}.

2) For U C %S the abelian group Gy is generated by Yy freely (as an abelian group)
ezcept the set Zy of equations.

3) If m(*) <w and U,, C“S for m < m(x) then the subgroup Gy, + ...+ GUpuy—1
of G is generated by Yy, UYy, U, U Yum(,‘)_1 freely (as an abelian group) except the
equations in Sy, U Ey,U...U EUm(,.)_x-

34) Moreover G/(Gy, + ...+ GUpnuy_1) 18 Ry-free provided that

® if 10, .., M(w) € U{Un : m < m()} are such that

(Ve < k(%)) (3m < m(x))[{no, . .., mee) \{me} € Upm)

then for some m < m(x) we have {0, -+, Mgy} € Unn.

4) If m(x) < k(*) and U, = U\U; for € < m(x) and (U, : ¢ < m(*)) are pairwise
disjoint then ® holds.

5) Guu C Guuw ifUCYS and u C “S\U is finite; moreover Guu Spr Guuw Cpr G.
6) If (Us : a < a¥)) is C-increasing continuous then also (Gu, + @ < a(x)) is C-
increasing continuous.

NIfULCU, CUC“S andu C “S\U is finite, [u| < k(x) and Up\U, = {n} and
v=ulU {77} then (GU,u + GUgUu)/(GU,u + GU1Uu) 18 isomorphic to GUIUU/GUl,’U'

8) IfU C*S andu C “S\U has < k() members then (GuutGy)/Guy is 1somorphic
to Gy/Gyy.

%note that if u = {5} then Gy =Gy
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Discussion 1.11 : For the reader we write what the group Gy is for the case k(*) =
0. So, omitting constant indexes and replacing sequences of length one by the unique
entry we get that it is generated by Ynn (forn € “S,n < w) and =, (for v € w>8)
freely as an abelian group except the equations (PDYnnt1 = ypn + Zyin.

Note that if K is the countable subgroup generated by {z, : v € “>2} then G/K is a
divisible group of cardinality continuum hence G is not free. So & is Nj-free but not
free.

Now we have the abelian group version of freeness, see generally 1.13,

Claim 1.12 The Freeness Claim Let x € Ki(a).

1) The abelian group Guuu/Gu ts free if U C %8, u CYS\U and [ul <k < k(x) and
U] < Regay—i-

2)IfUCYS and U] < Rix), then Gy is free.

Claim 1.13 1) If x is a combinatorial k(x)-parameter then x is Re(ey1-free.
2) If x is an abelian group parameter and (k*, 8%, A*) is free, then Gy is free.

Proof. 1) Easily follows by (2).
2) Similar and follows from 3.2 + Def 3.3 as easily G belongs to Gy,).

Claim 1.14 Assume x € Klg?*) is full (i.e. AX = k(1w (gxyy)),

1)IfU C“S and U] > (|S] + Ro)T*M+D)  4pe (k(*) + 1)-th successor of |S] + Ro.
Then G is not free.

2) If |S*| > Ri(e)+1 then Gy is not free.

3) Assume x € K,?é’*), ISFI+Xe < Agy1 for € < k() and [AX| > Asy and G € Gy (see
§3) then G is not free.

Proof. 1) Assume toward contradiction that Gu is free and let x be large enough,;
for notational simplicity assume [U| = Rg k(s)+1, this is O.K. as a subgroup of a free
abelian group is a free abelian group where No = |S|. We choose N; by downward
induction on £ < k(*) such that

(a) N is an elementary submodel 3 of (H(y), €, <})
(6) IINell = [Ne M Rayk(a)] = Rase and {¢: ¢ < Rape} C Ny

(€) (g : 7 € A’ék(*)),(y,—,,n *7 € A* and n < w),U and Gy belong to N, and
Net1,. .., Ny € Ne.

Let Go =Gu NN, a subgroup of Gy. Now

3H(x) is {2: the transitive closure of z has cardinality < x} and <% is a well ordering of H(x)
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(*)o Gu/(Z{Ge: € < k(%)}) is a free (abelian) group [easy or see [6], that is:
as Gy is free we can prove by induction on & < k(*)+1 then G/(E{Grxy41-e
¢ < k}) is free, for k = 0 this is the assumption toward contradiction, the
induction step is by Ax VI in [6] for abelian groups and for k = k() + 1 we get
the desired conclusion.)

Now

k()
(*)1 letting U} be U for ¢ = k(*) + 1 and ﬂ (Nm NU) for £ < k(x); we have: U}

m={
has cardinality Ro for £ < k(x) + 1
[Why? By downward induction on ¢. For ¢ = k(x) +1 this holds by an assump-
tion. For £ = k() this holds by clause (b). For £ < k(*) this holds by the choice
k(*)
of N, as the set ﬂ (NmNU) has cardinality Noqe11 > N, and belong to N,
m=£+1
and clause (b) above.]

(*)2 Uf =: U}, \(NeNU) has cardinality o) for £ < k(x)
[Why? As IU,_;I_H] =RNpp1 >N = “Ne” > INe ﬂUl.]

-1

(*)s for m < €< k(x) the set U3, , =: U2 [ N: has cardinality Ro,.,

m
[Why? By downward induction on m. For m = ¢ — 1 as U} € Ny, and U] =
Notet1 and clause (b). For m < ¢ similarly.]

Now for ¢ = 0 choose n; € U2, possible by (*)2 above. Then for ¢ > 0,¢ < k(*) choose
m; € U§,. This is possible by {*)3. So clearly

(*)a m; € U and n; ENmNU & L#m for &,m < k(x).
[Why? If £ = 0, then by its choice, M € U, hence by the definition of U? in
(¥)2 we have n: & N, and i) € U}H hence ; € Neyy N n Niy by (%)1 so
(*)a holds for £ = 0. If ¢ > 0 then by its choice, m; € U, but US , C UZ by
(*)a so mf € U? hence as before M € Netw1N...N Ny, and n; & Ne. Also by
£-1
(*)3 we have n} € ﬂ Ny s0 ()4 really holds.]

r=0

Let 7% = (n; : ¢ < k(x)) and let G’ be the subgroup of Gy generated by {Zr<mms
m < k(x) and ) € ¥¥1U and n < w} U {Yan €U but fj £ 7* and n < w}.
Easily G¢ C G’ recalling G; = N, N Gy, hence E{Ge: L <k(x)} C G, but Ygr0 ¢ G’
hence

(*)5 yar0 € S5{Ge : £ < k(x)}.

But for every n
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(*)s Yqe a1 — Yigun = E{-’077'1<m,n> tm < k(x)} e E{G,:t < k(*)}.
[Why? Tiri<mmn> € Gy, as * f(k(*)) + 1\{m}) € Ny, by (*)4]

We can conclude that in Gu/ 32{Ge : € < k(x)}, the element Yrr0+2°{Ge: € < k(x)}
is not zero (by (x)s) but is divisible by every natural number by (*)s.

This contradicts (%)g so we are done.

2),3) Left to the reader. |

2 Black Boxes

Claim 2.1 1) Assume k(*) <w,x =x" and A = Ty (x), 8 = A, Ag(ey = FO+L(w gy

or just Sp = xp = :le(x),/\?" = Xxe for £ < k(+) and Agy = H “(S¢) and
£<k(x)

xk) = (k(*), X, Agay) s0 x is a full combinatorial (Se : € < k(x))-parameter. Then

A has a x-black boz, i.e. Qr(Axken, x), see Definition 1.3.

2) Moreover, x has the (x, : ¢ < k(x))-black boz, i.e. for every B = (Bj:nj€ A’ék(*))

satisfying clause (c) below we can find (hg : 7 € A) such that: -

(a) hy is a function with domain {11 (m,n) :m<k(x),2<n< w}
(6) h4(71 (m,n)) € Byjem,n>
(¢) Byi(m.ny s a set of cardinality I (x)

(d) if h is a function with domain AZi(.y such that k(77 | (m,n)) € Bi1<mn>) and
a¢ < Jo(x) for € < k(%) then for some 1 € A* kg C h and 7(0) = a, for
0 < k(%)

) Assume x¢ = A\, x4y = Xity for £ < k(x). If Sp = A, for simplicity £ < k(x),x
18 a full combinatorial (S, k(x))-parameter, and [Bat<mons| < Xk(x) for 1 € A* then
we can find (hy : 7 € A*) as in part (2) replacing Je(x) by Ae, moreover such that:

(e) if 1 € A then ¢ is increasing

(f) if Ae is regular then we can in clause (d) above add: if Ey is a club of Ae for
¢ < k(%) then we can demand: if 7 € A* then for each ¢ for some a; < A¢ we
have ne € “(E, U {a}})

(9) #f e 1s singular of uncountable cofinality, \e = £{Ag; : i < cf(A,)}, cf(Ae) =
Ai ¢ increasing with § we can add: if ug C cf(Ag) is unbounded, Ey; a club of Ay
then ne € “(E; ¢ U {a}}) for some i € u,.

Proof.  Part (1) follows form part (2) which follows from part (3), so let us prove
part (3). To uniformize the notation in 2.1(1), i.e. 1.3 and 2.1(2),(3) we shall denote:
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@1 hg(f1 1 (m,n)) = ab3)...
Note that without loss of generality By = |B;| and we use (x),m,n = hy(7 1 (m,n)
for 7 € Ay, < k(x) and n < w. We prove part (3) by induction on k(x). Let
Ak = A* and without loss of generality S; = A,.

Case 1: k(x) =0.
By the simple black box, see [9, IT1,§4], or better [4, VL,§2], see below for details
on such a proof.

Case 2: k() =k + 1.
Let

®2 of = (a’g‘m,n 171 € Ag,n < w,m < k) witness parts (2), (3) for k, i.e. for x*,
hence no need to assume x* is full,

S0 A = Ay, x = Xk(+) and let H = {h : h is a function from Ag to x}. So

H| < (/\))‘:0 = X. By the simple black box, see below, we can find (71,7 :n €“A) such
that

®3 (a) hy=(hyn:n<w)and hyn € H for pe@)

B f=(f:ve “>X) and f, € H for every such v and o < A and
p € “>X is increasing then for some increasing 7 € “\ we have p <7 and
n<w= h,—,,n = fﬂf"

(7)  if c¢f(A) > N and E is a club of A then we can add U{n(n) :n <w}eE.

[Why? First assume x = A. Let (9a = (gae : £ < ng) : @ < A) enumerate “>H such
that for each § € “>H the set {@ < X: go = g} is unbounded in A. Now for neEYA
and n < w let by, = In(k),n for every k large enough if well defined and nl(n+1)n
otherwise. So clause (@) of ®3 holds and as for clause (B)of @3, let f = (f, : v € “>))
be given, f, € H.

Assume p € “> ) is increasing. We choose @, by induction on n < w such that:

O4 (a) on=p(n)if n < Lg(p)
(B) an<Xdandap, >an, ifn=m+1

(1) if n > £g(p) then oy, satisfies g, = {fiapsecm : m < ).

Now n =: (an : n < w) is as required in (8) of ®3; to get also (v) of ®3 we should
add in clause (3) of @4 then a, > min(E\a,,).

Second, if x > A but still x < ARo, let (Ga : @ < x™0) list “>H, and let ho:ix — A
for n < w be such 4 that o < 8 < x = (Vn)(hn(a) # ha(B)) and let cd: A — > )
be one to one onto. Now for ne“Xand n < w let hpn be g, where o is the unique
ordinal @ < x such that for every k < w large enough (cd(n(k)))(n) = hn(a) so in

4recall (VN ) means “for every large enough n < w”
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particular (¢g(cd(n(k)) : k < w) is going to infinity or hy,n is not well defined; in fact,
we can use only the case £g(cd(n(k)) = k; stipulating k., € “{0} when not defined.
So we have defined (hy» : 7 € “A\,n < w). Now we immitate the previous argument:
clause (8) of ®; holds.

Next we shall define a*®*) = (a:—c,,(;,)'n 17 € Apgpr,m < k(*),n < w) as required; so
let 77 = (ne : £ < k(*)) € Ag(s) we define df—,(*) = <a§],(:r3,n :m < E(x),n < w) as follows:

Os if k) € “A and (n, . .. sMi(s)—1) € Ak then for m < k(x) and n < w

(a) if m = k(x) then a,’;,(,;)'n = Mgy n ({105 -+ -3 M) =1)) < A

(B) if m < k(*), i.e. m < k then a,’-;'(:,?m = a’grk(*)’m’n < Am.

Clearly a’,—;,(;m)'n < Am in all cases, as required, (in clause (a),(b),(c) of 2.1(2) and

(e) of 2.1(3). But we still have to prove that (‘3‘?7,(;1),n 07 € AL m < k(x),n < w)
witness Qr(x*(*), x), see Definition 1.3(2) this suffices for 2.1(2), little more is needed
for 2.1(3); just using () of ®3 and the induction hypothesis.
Why does this hold? Let h be a function with domain A’é’:(i) as in part (3) and
ay < A for £ < k(x). -

For v € “> A let f, : Ax = X = Ag(y) be defined by: f,({(ne: € < k) = h({ne: £ <
k)"(v)). So by ®3 above for some increasing Mk(xy € “A we have g, (0) = o}, and

O n<w= f,,;(‘)[n = hn;(*),n.
Now substituting the definition of f we have

Or (Mo,..., M) EAL AR <w= hn;(‘),n(no, oo Mk) = h({na, . .. ,nk,n;;(*)[n)).
Substituting the definition of &* we have

. k(*
©s if (no,...,mk) € Ax and n < w then a<("0) YYYY Moy > = h{{no,. .. :Uk»ﬂ;’:(*) [ n)).

Now we define a function A’ with domain A’é’;c by: iffj € A’é’; then /(7)) = (7" (M)
So by the choice of & in ©; we can find (1, ... Mty € Ag with no repetitions
such that 77 (0) = a} for £ < k and in ®,

Oy mL<kAn<w= a’{na """" nehml = P ((ng,- - mg) 1 (myn))).

Let 7* = (mg, ..y M) = 0G5+ -y 1)
Note that

Ouo if m < k,n <wthen K (i 1 (k,m)) = h((7 (k,m))" (i) = h(7* 1 (k,m)).
Now by ®g + ®19 and @s(f) this means

®11 if m <k and n < w then i), = (7" 1 (k,m)).
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So by putting together ®s + ®1; we are clearly done, i.e. we can check that
(M35 +Mk»Mis)) 18 as required. |

Conclusion 2.2 For every k < w there is an Rg1-free abelian group G of cardinality

Ji+1 and pure (non-zero) subgroup Zz C G such that Zz is not a direct summand of
G.

Proof. Let x = 2% and x be a combinatorial k-parmeter as guaranteed by 2.1.
Now by 2.3(2) below we can expand x to an abelian group k-parameter, so G is as
required.

Claim 2.3 1) If x is a combinatorial k-parameter such that Qr(x, 2R0) then for some
a, (x,a) is an abelian group k-parameter such that h € Hom(Gx, Z) = h(z) = 0.

2) For every k there is an Ng41-free abelian group G of cardinality Jx41 and 2 € G a
pure z € G as above.

Proof. 1) Let & witness Qr(x, 2%). We define Ord — Z by :(a) isaifa <w,is —n
if « = w+n < w+w and zero otherwise. For each 7] € A* we shall choose a sequence
(ag.n : m < w) of integers such that for any b € Z\{0} for no ¢ € “Z do we have

®j; for each n < w we have

nlens1 = Cn + agnb + Z{e(@gmn) 1 m < k() }.

This is easy: for each pair (b,cg) € Z x Z the set of sequences (agn : n < w) € ¥Z
there is a sequence {cop,ci,Cz,...) of integers such that X holds for them, so the
choice of {agn : 7 < w) is possible.

Now toward contradiction assume that h is a homomorphism from Gy to 2Z such
that h(z) = bz,b € Z\{0}. We define h' : A%, — x by M'(7) = nifn < w and
h(zp) = nz and K (7) =w +n if n <w and h(zy) = (-n)z.

By the choice of &, for some 7j € A* we have: m < kAn <w = R'(7 1 (m,n)) =
Qiimon- Hence h(Zi(m,n)) = {agmn)z for m < k,n <w.

Let ¢, € Z be such that h(ys,n) = cnz. Now the equation My, in Definition 1.6
is mapped to the n-th equation in ®j, so an obvious contradiction.

2) By part (1) and 2.2. |

Remark 2.4 1)We can replace x by a set of cardinality x in Definition 1.3. Using
Zz instead of x simplify the notation in the proof of 2.3.

2) We have not tried to save in the cardinality of G in 2.3(2), using as basic of the
induction the abelian group of cardinality Ry or N;.

Claim 2.5 1) If xo = Xg“,me = 2%m gnd Am = Xm for m < k there is a X-full X
such that (x,X)-black box exist.
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Conclusion 2.6 Assume pg < ... < fig(s) are strong limit of cofinality Ro (or po =
No), e = ug, xe = 2H¢.

Then in 2.1 for 7 € A* we can let h;,, has domain {7 € A}, : [vg = e for
C=m+1,...,k(x)}

3 Constructing abelian groups from combinatorial
parameters

Definition 3.1 1) We say F is a p-regressive function on a combinatorial parameter
X € th(’*) when: S* is a set of ordinals and:

(a) Dom(F) is A*

(b) Rang(F) C [AX U A%, 5%

(c) for every 7j € A* and m < k(x) we ® have sup Rang(nm,) > sup(U{Rang(vn) :
v € F(7)}); note g € A* or v € Ay, as F(7) is a set of such objects.

1A) We say F is finitary when F(7) is finite for every 7.

1B) We say F is simple if n(,)(0) determined F(7) for 77 € A*.

2) For x, F' as above and A C A* we say that A is free for (x, F') when: A C A* and
there is a sequence (7j® : a < a(*)) listing A’ = AUU{F(7) : 7 € A} and sequence
(€ : o < a(*)) such that

(@) o < k(¥)
(b) ifa < a(x) and 7* € A then F(7%) C {7°,7° 1 (m,n): B < a,n <w,m < k(*)}

(c) if & < a(*) and 7* € A then for some n < w we have 7% 1 ({a,n) ¢ {7° 1
(o,n): B<a,nf e AyU{R’:B<a}.

3) We say x is 0-free for F is (x, F) is p-free when x, F are as in part (1) and every
A C A¥ of cardinality < 0 is free for (x, F).

Claim 3.2 1) Ifx € Klg?*) and F is a regressive function on x then (x, F) is Rg(o)41-
free provided that F is finitary or simple.

2) In addition: if k < k(x), A C A* has cardinality < Ry and @ = (uy : 7] € A) satisfies
uz € {0,...,k(¥)}, lug| > k, then we can find (7% : & < Ne)y (lo ta < Ri), (ng 1 <
Ng) such that:

(a) AC{7%:a <N}

(b) if o € A then £y € ugo,ng < W

Sactually, suffice to have it for £ = k(%)
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(C) ﬁa 1 (eouna> ¢ {ﬁﬂ 1 (Eaxna> 5ﬂ < Of}U {ﬁﬂ : ﬂ < a}.

Proof. 1) Follows by part (2) for the case k = k(x),us = {0,...,k(*)} for every
7€ A.
2) So we are assuming X € K;E’*),F is a regressive function on x,k < k(x), A C A*
has cardinality < Ry and without loss of generality A is closed under 77 +— F(7) N AX,
We prove this by induction on k.
Case 1: k=0.
Subcase 1A: Ignoring F.

Let (7% : o < |A]) list A with no repetitions (so a < [A] = a < R = ®g). Now
a < |A| = uge # 0 and let £, = min(uze) < k(x). Hence for each o < |A| we know
that 8 < a = 7° # 7%, hence for some n = ny 5 < w we have 7 | (€o,na.a) # 7° 1
(eavnaﬁ)'

Let ng = sup{na,g: 8 < o), it is <w as @ < w. Now ((€y,n4) 1 @ < |A]) is as
required.
Subcase 1B: 7 € A = F(7) is finite.

Let (n® : o < |A]) list A, we choose w; by induction on j < j(x),7(*) < w such
that:

(a) w; C|A| is finite

(b) j €wjn

(c) if o € wy then F(7*)NA C {7*: 8 € w;}
(d) wjcsy =|A] and wp =0

(€) w; Cwjyr and j(z) = w = wjm) = U{w; : j < jx)}

No problem to do this (for clause (c) use “F is regressive, the ordinals well ordered).
Now let (B(j,4) : ¢ < 4}) list wj41\w; such that: if 45,45 < ¢} and PPl ¢
F(77%U+2)) then 41 < 4p; we prove existence by F being regressive. Let (5;; : i < 4}*)
list U{F(7%) : @ € w1 \w; NAXN{F(7%) : « € w;}.
Let of = Z{i}{}, + 1} : §(1) < j}. Now we choose p. for € < o] for j < j(x) as
follows:

(a) pQ;+i =Vj; ifi < Z;*

(0) Pagigeas =770 if 4 <35

Lastly, we choose ng,4+; < w for i < z; as in case 1A.

Now check.
Subcase 1C: F is simple.

Note that F(7) when defined is determined by 7(,)(0) and is included in {7 €
Ak U A* o sup Rang(ve() < men(0)}. So let u = {nk()(0) : 7 € A} and
u* =uU {sup(u) + 1} and for a € u let Aq = {77 € A : M) (0) = a} and for a € U
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let Aco = U{Aq : @ € u}. Now by induction on 8 € u* we choose {(7%,£;) : € < €g)
such that it is a required for A.,. For § = min(u) this is trivial and if otp{u N G)
is a limit ordinal this is obvious. So assume o = max(u N 3), we use Subcase 1A on
Aq, and combine them naturally promising £, = k() = n, > L.
Case 2: k =k, + 1 and |A| =Xy

Let (A. : € < Ry) be C-increasing continuous with union A, |A14e| = Rg,, Ag = 0,
each A, closed enough, mainly:

®; if it € Ae for i < i(¥) <w,p € A and {pe: € < k(x)} C {n}: € < k(x),i <i(*)}
then g € A,

®; A. is closed under 77— F(7}) N A*.
Next

n

© if € < Ng, 7 € Aey1\Ac then ul = {€ € ug: for every or just some n < w for
some 7 € A, we have § 1 ({,n) =1 (£,n)} has at most one member.

[Why? So assume toward contradiction that 7 € A.y; and £(1) # €(2) belong to
uj;. Hence by the definition of uj, there are 1, % € A, and n;,m2 < w such that
71 <€1,7]1> e vt [ (fl,ml) and 7 1 (81,172> = p? 1 (22,772). Now m < k(*) = for
some i € {1,2},m < & = nmis (71 (€,ni))m = m € {pe : p € Ac. Hence
{ne: €< k(x)} C {pe:€<k(x)and p € Ac}. So by ®; we have 7j € A, so we are
done.]

Apply the induction hypothesis to Ac41\A. for each € and get (7%, le.anca)
a < afe)) such that 79% 1 (€£ ;,ne,0) & {7P 1 {le g, nep) : B < a).

Let a, = Z{ale) : € < |A]} and a = E{a(() : ( < e} + B,a < afe) let n* =
8,8, = leg,Na = Me,g. 1. we combine but for Acy1\A, we use (ug\uj; = 7 €
Acy1\Ae), s0 Jug\uz| > k-1 =k,. ]

Definition 3.3 For a combinatorial parameter x we define Gx, the class of abelian
groups derived from x as follows: G € Gy if there is a simple (or finitary) regressive
F on A* and G is generated by {ygn : 71 € A*,n <w}U{zy : 7 € A%y, } freely except
Xin (MD¥nn+1 = Unn + 0 n2an + 2 {Za1<mm> 1M < k(x)}
where
® (a) bﬁ,n €z
(b) 24n is a linear combination of {z; : # € F()\A*} U {ygn : 7 € F(7) NAX
and (Vm < k(x))(71 1 (m,n)) € F()}.
Claim 3.4 Ifx € K,ﬁg’*) and G € Gy (i.e. G is an abelian group derived from x),
then G is Ry(s)+1-free.

Proof. We use claim 3.2. So let H be a subgroup of G of cardinality < Rg(.). We
can find A such that
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(*) {(a) A C A* has cardinality < Ry,

(b)  every equation which Xa = {Z51<m,n>, Yan i M < k(*),n <w,j € A}
satisfies in G, is implied by the equations in Ty = U{Rj; ., : /j € A}

(C) HCG)= (zﬁ1<m,n>,yﬁ,n /RS Am< k(*),n < W)G-

So it sufices to prove that G, is a free (abelian) group.

Let the sequence {(7%,€,) : & < a(*)) be as proved to exist in 3.2. Let U = {a <
a(*) : 7* € A}U{a(*)} and for o € U let X3 = {T761<m.n> : B € aNU, m < k(x) and
n <w}and X} = X0U{7? : B € a\U}. So for each o € U there is i = (Ng,e : € € v,)
such that: £, € vo C {0,...,k(*x)},nae < w and X2, \XL = {Zi1<t,n> 1 £ € vo and
n € [Nae,w)}.

For a < a(*) let Gro = ({ygpn,%s : B € UNa and ¥ € Xé})cA- Clearly
(Gaa : @ < a(x)) is purely increasing continuous with union Gy, and Gag = {0}.
So it suffices to prove that G a+1/Ga,q 18 free. If o ¢ U the quotient is trivial by a
free group, and if & € U we can use £, € v, to prove that is free giving a basis. |

Conclusion 3.5 For every k(x) < w there is an Ny(,y;;-free abelian group G of
cardinality A = Jg(.)41 such that Hom(G,Z) = {0}.

Proof. We use x and (hj : ] € A*) from 2.1(3), and we shall choose G € Gx. S0 G
is Ng(ay+1-free by 3.4.

Let § = {((al,ﬁz) 1< il)A((bj,Dj,nj) 17 < j1> T <w,a; € Z,7; € A’ék(*) and
J1 <w,bj € Z,v; € AX,n; < w} (actually S = A%, suffice noting 7; = (v : € <

k(%))).
So |S| = Ag(xy and let p be such that:

(@) p={(p*:a <)

(b) 7 lists S

(c) p* = ((af, ) : i <ia) (b, 75,nF) 1 § < ja) 50 7f = (V5,1 € < k(x))
(d) sup Rang(nfy.)) < o, sup Rang(vf,)) < if i <ia,j < Jja.

Now to apply Definition 3.3 we have to choose z, (for Definition 3.3) as S{azs, :
i< i} + E{b;‘y,—,;x'na tJ < Ja} and 25 = zp, (o) for 7 € A* then for f € A* we

7

choose (bgn : n < w) € “Z such that:

® there is no function A from {z;}U{ysn : n < w}U{Zarcmn> 1 m < k(x),n <w}
into Z satisfying

® (a) h(zg) #0and

(b)  h(zs<mms>) = ha(f 1 (m,n)) for m < k(x),n <w
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(c) foreveryn

(n nh(Ygme1) = h(Yan) + banh(zg) + Z{(zq1<mn>): m < k(x)}.

E.g. for each p € “2 we can try b2 = p(n) and assume toward contradiction that
for each p € “2 there is h, as above. Hence for some ¢ € Z\{0} the set {p € “2:
ho(z5) = c} is uncountable. So we can find p1 # p2 such that hy, = ¢ = hp,(z)
and py | (le|+7) = p2 | (Je}+ 7). So for somen > |c|+ 7,01 [ n = p2 [ n and
p1(n) # p2(n). Now consider the equation (x), for hp, and hp,, subtract them and
get (p1(n) — p2(n))c is divisible by n!, clear contradiction.

So G € Gy is well defined and is Ri(,)41-free by 3.4. Suppose h € Hom(G,Z) is
non-zero, so for some o < Ag(y), M(za) # 0 (actually as G'=zz:0€ A’ék(*)}>c isa
subgroup such that G/G" is divisible necessarily h | G* is not zero hence in 2.1(2) for
some 7 € A%y, we have h{(zp) # 0. Let y = {F} and so by the choice of (ks : 7 € A)
for some 7 € A*,n(,)(0) = o and we have hy = h | {Ta1<mn> : m < k(*),n < w}
By ® we clearly get a contradiction. |

Remark We can give more details as in the proof of 2.3.

Conclusion 3.6 °rm For every n < m < w there is a purely increasing sequence
(Gq : & € wy + 1) of abelian groups, Go,Gp/Gq are free for @ < f < wy and
Guns1/Gu, is Nu-free and for some h € Hom(Gy,Z) has no extension in Hom(G,+1,Z).

Proof. Let G,z be as in 2.2. So also G/Zz is N,-free. Let Go = {{z})¢ for
a <wy, Gyt =G

4 Appendix 1

Notation 4.1 If 7* € AX, and 7 = 7* | {¢ < k(x) : £ # m} and v = 75, then let
T, = Tze. (See proof of 1.12).

Proof of 1.8. Let U C “S be countable (and infinite) and define G, like G restricting
ourselves to n¢ € U; by the Léwenheim-Skolem argument it suffices to prove that Gy,
is a free abelian group. List A N**)+1 without repetitions as (7; : ¢ < t* < w), and
choose s; < w by induction on t < w such that [r < t&#, [ k(x) =7 [ k(x) =0 =
{mpmy [€: L€ [se,0)} N {7y [ €2 L€ [$r,w)}]

Let

Y1 = {Zmq.:m <Ek(x),7 € k@+M\Mm} and v € @2}

Y, = {xm,,—,,,, . m=k(x),7 € **)U and for no ¢t < t* do we have

T_’=f’t fk(*)&lle{nt,k(*) [Zst§€<w}}
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Yz ={ypn:t<t andne [s¢,w)}. Now

(¥);1 Y1UYeUYaU {2} generates GY;.

[Why? Let G’ be the subgroup of G, which Y, U Y2 U Y3 generates. First we prove
by induction on n < w that for 7 € U and v € ™S we have Tk € G'. It
Ti(s),nw € Yz thisis clear; otherwise, by the definition of Y2 for some £ < w (in fact
¢ =n) and t < w such that £ > s; we have 7 = 7, | k(*),v = Ne.k(e) | L.

Now

(@) Ys,e1> Yitee BTE inY; CG

(0) T, 5 1{i<k(x)iEm}w belong to Y1 C G' if m < k(x).

Hence by the equation Xy, in Definition 1.6, clearly Te(s), 7.0 € G’ Soas Y, CG' C
%;, all the generators of the form Zy, 5., with each 1 € U are in G'.

Now for each t < w we prove that all the generators ¥z, n are in G'. If n > sy then
clearly yz,.n € Y3 € G'. Soit suffices to prove this for n < s; by downward induction
on n; for n = s; by an earlier sentence, for n < sy by ®5.. The other generators are
in this subgroup so we are done.]

(x)2 Y1 UY2UY3U {z} generates Gy freely.
[Why? Translate the equations, see more in 5, §5].]

Proof of 1.10 0), 1) Obvious.

2),3),4) Follows.

5) Let (ne : £ <m(x)) list w,Up =U U (u\{ne}) so Guu =Gyg -+ GU,p(ay-1- First,
Gy € Guuy follows by the definitions. Second, we deal with proving Guu Cpr Guuw:
So assume z* € G,a* € Z and a*2* belongs to Gy, + ... + Gu,.., 80 it has the form
S{bini<mem> 11 < (0} + S{ciynsn; ¢+ J < J(x)} +az with i(*) < w,j(*) < w
and a*,b;,c; € Z and v;, 7, 7]; are suitable sequences of members of Uesy, Uesy» Ur(s)
respectively where £(¢), k(j) < m(x). We continue as in [5].

6) Easy.

7) Clearly Uy Uv = U2 U u hence Gu,uu € Gu,uw = Gu,uu hence Gy + Gu,uu is a
subgroup of Gy,u + Gu,uu, SO the first quotient makes sense.

Hence (GU,u + GUQUu)/(GU,u + GU;Uu) is iSOl’l’lOI‘phiC to GUzUu/(GUzuu n (GU.u +
Gu,u))- Now Gy, v € Guyuw = Guouw & GuutGu,uand Gu v € Gup = Gua\v =
Guw C Guu + Guyu- Together Gy, v is included in their intersection, i.e.

Gu,uu N (Guu + Guyuw) include Guy,o and using part (1) both has the same
divisible hull inside G*. But as Gy, is a pure subgroup of G by part (5) hence of
Guy,uv. So necessarily Gu,uu N (Guu + Guyu) = Gu, v, 50 a8 Guyuu = Gu,uy We are
done.

8) See [5]. ]

Proof of 1.12 1 ) We prove this by induction on |U]; without loss of generality
lu] = k as also k' = |u| satisfies the requirements.
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Case 1: U is countable.

So let {1} : £ < k} list u be with no repetitions, now if k = 0, ie. u = ¢ then
Guuw = Gu = Guu %0 the conclusion is trivial. Hence we assume u # 0, and let
ug = u\{v;} for £< k.

Let (7j; : t < t* Sw) list with no repetitions the set Ay,u := {f € AXNECFH (T Uu):
for no ¢ < k does 7] € k()41 (U U ug)}. Now comes a crucial point: let ¢ < t*, for
each ¢ < k for some 1y < k(x) we have nr., = v; by the definition of Ay,y, 80
Hrie: €<k} =k< k(*) + 1 hence for some my < k(x) we have £ < k = Tt # my
so for each £ < k the sequence 7 | (k(*) + 1\{m¢}) is not from {{ps : 5 < k(x) and
s#my)ips €YU U ug) for every s < k(x) such that s # mq}.

For each ¢ < t* we define J(t) = {m < k(x) ¢ {me : 8 < k(x)&s # m} is
included in U U ug for no € < k}. Somy € J(t) € {0,...,k(x)} and m € J(t) =
RV ELIORENE: m} ¢ kK()+INmY (U U wp) for every £ < k. For m < k(x) let
Ty = T {G<k(x):J# m} and 7, = Ty m,- NOW We can choose s; < w by
induction on t such that

(¥) ift1 <t,m < E(x) and 7}, = i}y then Nem Psg ¢ {nem 1€ €< w}.

Let Y* = {:cm,,—, € GUUu P Tm,g ¢ GUUuz for < k} U {y'r';,n < GUUu " Yan ¢ GUUu¢
for £ < k}.
Let

Yy = {zmgy €Y": fornot <t’ do we have m = my &1 = T}

Yo= {Tmaw €Y": Tm ¢ Y1 but for no ¢ < t* do we have
m=my & A= & nNum, 89 v < eme }

Ys= {yqn:¥nmn€Y" and n € [s,w) for the t <t7 such that 7 =7t}

Now the desired conclusion follows from

(1 {y+Guu:VE Y; UY; UY3) generates Guuu/Guu

(*)2 {y+Guu:y € Y; UY, U Ya) generates Guuw/Gu.u freely.

Proof of (¥)1. It suffices to check that all the generators of Guuu belong to
,UUu = (Yl UYUYs U GU'u>G'

First consider £ = Tm,5,, Where n € K+ Uu),m < k(x) and v € nS for
somen <w. Ifx¢Y* thenz € Gy, for some ¢ < k but Gyow, € Guu € Gluu
so we are done, hence assume T € y* Ifz € Y, UYaUY; we are done so assume
r¢ YUY UYs. As x ¢ Y; for some t < +* we have m = m;&i = ;. As Z ¢ Ys,
clearly for some t as above we have fy,m, | 5t SV IMm,- Hence by Definition 1.6 the
equation &y, » from Definition 1.6 holds, now g, ,n, Yae.n+1 € Gy, Soin order to
deduce from the equation that T = Zgl1<m.n> belongs to Gyuu, it suffices to show
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that zg; 1<jn> € Gy for each j < k(%),j # mq. But each such T 1<jn> belong
to Gl 8s it belongs to Y1 UYa.

[Why? Otherwise necessarily for some 1 < t* we have j = mp, Ty ; = Trm, a0d Trme i
sp Ay I NNy m, SOT > s, and as said above n > s;. Clearly 7 £tasmy =] # My,
nOW 88 Ty m, = Tlom, and 7t 7# 7 (88 ¢ £ 1) clearly nem, # Nrm,- AlSO -(r < t) by
(x) above applied with 7,1 here standing for t1,? there as Nrm, | 87 Mg I NN, mye
Lastly for if t <, again (*) applied with ¢,7 here standing for t1,t there as n > my
gives contradiction.]

So indeed z € Gyuu-

Second consider ¥ = Yipn € Guuow, fy ¢Y" then y € Guu C© Glyyy, 80 assume
yeY*. IfyeYsweare done, so assume y ¢ Y3, 0 for some t,7 = 7 and 1 < St. We
prove by downward induction on s < s¢ that yg,s € Gy, this clearly suffices. For
s = s, we have yg,s € Ys € Gyuws and if yg.s+1 € Gy, use the equation ®z,.s from
1.6, in the equation ¥zs+1 € GYyy., and the r’s appearing in the equation belong to

"o DY the earlier part of the proof (of (¥)1) so0 necessarily ys,s € Gy, 80 We are

done.

Proof of (x)2 We rewrite the equations in the new variables recalling that Guuu is
generated by the relevant variables freely except the equations of My » from Definition
1.6. After rewriting, all the equations disappear.

Case 2: U is uncountable.

As Ry < U] £ Rya)—ko necessarily k < k(x).

Let U = {pa : @ < i} where p = |U|, list U with no repetitions. Now for each
a<|Ullet Uq = {ps: B <a}andifa< || then ug = uU {pa}. Now

o1 (Guu+ Gu,ou)/Guw t @ < |U|) is an increasing continuous sequence of sub-
groups of Guuu/Guu
[Why? By 1.10(6).]

©2 Guu+ Guoun/Guu 18 free.
[Why? This is (Guu + Gouw)/Guw = (Guu + G.)/Gu,u which by 1.10(8) is
isomorphic to Gu/Gg, which is free by Case 1.]

Hence it suffices to prove that for each o < |U| the group (Guu+ GUgpion)/(Guaut
Gu,uu) is free. But easily

(3 this group is isomorphic t0 GUauue/GUa,ua
[Why? By 1.10(7) with Ua, Uas1, U, pa, u here standing for Uy, U2, U, 1,4 there.]

©4 Guyoua/GUaua 18 free.
[Why? By the induction hypothesis, as Ro + |Ual < U] £ Ri(r)=(k+1) and
g = b +1< K(x)]
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2) If k(*) = 0 just use 1.8, so assume k(*) > 1. Now the proof is similar to (but easier
than) the proof of case (2) inside the proof of part (1) above.

Received: Sep. 2006. Revised: Dec. 2006.
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