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ABSTRACT

We prove that two basic questions on outer measure are undecidable.
First we show that consistently

e every sup-measurable function f: R2 — R is measurable.
The interest in sup-measurable functions comes from differential
equations and the question for which functions f: R2 —s R the Cauchy
problem

¥ = flz,y), ylwo)=yo
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has a unique almost-everywhere solution in the class AC(R) of locally
absolutely continuous functions on R.
Next we prove that consistently

e every function f: R — R is continuous on some set of positive
outer Lebesgue measure.
This says that in a strong sense the family of continuous functions (from
the reals to the reals) is dense in the space of arbitrary such functions.

For the proofs we discover and investigate a new family of nicely de-
finable forcing notions (so indirectly we deal with nice ideals of subsets
of the reals — the two classical ones being the ideal of null sets and the
ideal of meagre ones).

Concerning the method, i.e., the development of a family of forcing
notions, the point is that whereas there are many such objects close to
the Cohen forcing {corresponding to the ideal of meagre sets), little has
been known on the existence of relatives of the random real forcing (cor-
responding to the ideal of null sets), and we look exactly at such forcing
notions.

0. Introduction
The present paper deals with two, as it happens closely related, problems con-

cerning real functions. The first one is the question if it is possible that all
superposition-measurable functions are measurable.

Definition 0.1: A function f: R* —s R is superposition-measurable (in
short: sup-measurable) if for every Lebesgue measurable function g: R — R
the superposition

foR— Rz f(z,9(z))

is Lebesgue measurable.

The interest in sup-measurable functions comes from differential equations
and the question for which functions f: R2 — R the Cauchy problem

v = flz,y), y(xo) =40

has a unique almost-everywhere solution in the class AC;(R) of locally abso-
lutely continuous functions on R. For a detailed discussion of this area we refer
the reader to Balcerzak [2], Balcerzak and Ciesielski [3] and Kharazishvili [20].
Grande and Lipiriski [14] proved that, under CH, there is a non-measurable
function which is sup-measurable. Later, the assumption of CH was weakened
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(see Balcerzak [2, Thm 2.1]); however, the question if one can build a non-
measurable sup-measurable function in ZFC remained open (it was formulated
in Balcerzak [2, Problem 1.10] and Ciesielski [7, Problem 5], and implicitly in
Kharazishvili [20, Remark 4]). In the third section we will answer this ques-
tion by showing that, consistently, every sup-measurable function is Lebesgue
measurable.

Next we deal with von Weizsécker’'s problem. It has enjoyed considerable
popularity, and it has origins in measure theory and topology. In [27], von
Weizsicker noted that if

(*) non(N) o min{|X| : X C R has positive outer Lebesgue measure} = ¢,
then

(®) there is a function f: [0,1] — [0, 1] such that the graph of f is of (two
dimensional) outer measure 1 but for every Borel function g¢: [0,1] —
[0,1] the set {z € [0,1] : f(z) = g(z)} is of measure zero.
Then he showed that (®) implies
(®) there is a countably generated o-algebra A containing Borel(]0, 1]) such
that the Lebesgue measure can be extended to A, but there is no extremal
extension to A.
So it was natural to ask if the statement in (®) can be proved in ZFC (i.e.,
without assuming (*)). A way to formulate this question was to ask
(®)yw Is it consistent to suppose that for every function f: R — R
there is a Borel measurable function g: R — R such that the set
{z € R: f(z) = g(x)} is not Lebesgue null?

One can arrive at question (®),w also from the topological side. In [6],
Blumberg proved that if X is a separable complete metric space and f: X — R,
then there exists a dense (but possibly countable) subset D of X such that the
restriction f [ D is continuous. This result has been generalized in many ways:
by considering functions on other topological spaces, or by aiming at getting
“a large set” on which the function is continuous. For example, in the second
direction, we may restrict ourselves to X = R and ask if above we may request
that the set D is uncountable. That was answered by Abraham, Rubin and
Shelah who showed in [1] that, consistently, every real function is continuous on
an uncountable set. The next natural step is to ask if we can demand that the
set D is of positive outer measure, and this is von Weizsicker’s question (®)yw.
It appears in Fremlin’s list of problems as [9, Problem AR(a)] and in Ciesielski
[7, Problem 1}.

We will answer question (®),w in the affirmative in the fourth section. The
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respective model is built by a small modification of the iteration used to deal
with the sup-measurability problem (and, as a matter of fact, it may serve for
both purposes). We do not know if () fails in our model (and the question if
—(K) is consistent remains open).

Let us note that the close relation of the two problems solved here is not very
surprising. Some connections were noticed already in Balcerzak and Ciesielski
[3]. Also, among others, these connections motivated the following strengthening
of (®)yw:

(®)%y Is it consistent that for every subset Y of R of positive outer measure and

every function f: ¥ — R, there exists a set X C Y of positive outer
measure such that f [ X is continuous?
However, as Fremlin points out, the answer to (@)jw is NO:

PRrROPOSITION 0.2 (Fremlin [10]): There are a set Y C R of positive outer
measure and a function f: Y — R such that f | X is not continuous for any
X CY of positive outer measure.

Proof: Recall that a Hausdorff space Z is universally null if there is no Borel
probability measure on Z that vanishes at singletons. By Grzegorek [15], there
is a universally null set Z C R of cardinality non{A') (see also {11, Volume
IV, 439E(c)]). Pick a non-null set ¥ C R of size non(A) and fix a bijection
Ny —2.

If X C Y is such that f [ X is continuous, then we may transport Borel
measures on X to Z, and therefore X is universally null and thus Lebesgue
null. (See also [11, Volume IV, 439C(f)].) |

The notion of sup-measurability has its category version (defined naturally by
replacing “Lebesgue measurability” by “Baire property”). It was investigated in
E. Grande and Z. Grande [13], Balcerzak (2], and Ciesielski and Shelah [8]. The
latter paper presents a model in which every Baire-sup-measurable function has
the Baire property. Also, von Weizséicker’s problem has its category counterpart
which was answered in Shelah [24]. What is somewhat surprising, is that the
models of [8] and [24] seem to be totally unrelated (while for the measure case
presented here the connection is striking). Moreover, neither the forcing used
in [8] (based on the oracle-cc method of Shelah [26, Chapter IV]), nor the one
applied in Shelah [24], is parallel to the method presented here.

The present paper is a part of the authors’ program to investigate the family
of forcing notions with norms on possibilities, and we here further develop the
theory of those forcing notions introducing measured creatures. This enrichment
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of the method of norms on possibilities creates a bridge between the forcings of
[21] and the random real forcing (including the latter in our framework), and
we present here w*-bounding friends of the random forcing. Though they are
not ccc, they do make random not so lonely. [One of the points is that we know
many forcing notions in the neighbourhood of the Cohen forcing notion (see,
e.g., Rostanowski and Shelah {22], [23]), but this is the first time that we find
many relatives of the random real forcing.]

Our presentation is self-contained, and though we use the notation of [21], the
two basic definitions we need from there are stated in somewhat restricted form
below (in 0.3, 0.4). The general construction of forcing notions using measured
(tree) creatures is presented in the first section, and only in the following section
do we define the particular example that works for us. The forcing notion
QP (K*,Z*,F*) (defined in section 2) is the basic ingredient of our construction.
The required models are obtained by CS iterations of Q" (K*,X* , F*); in the
fourth section we also add in the iteration random reals (on a stationary set of
coordinates).

Let us point out that “measured creatures” presented here have their ccc
relative which appeared in [23, §2.1].

Notation: Most of our notation is standard and compatible with that of clas-
sical textbooks on Set Theory (like Bartoszyriski and Judah [4]). However, in
forcing we keep the convention that the stronger condition is the larger one (i.e.,
p < ¢ means that ¢ is stronger than p).

(1) R2° stands for the set of non-negative reals. For a real number r and a set
A, the function with domain A and the constant value r will be denoted
TA.

(2) For two sequences 7,v we write ¥ < n whenever v is a proper initial
segment of 1, and v < 7 when either v < 5 or v = 1. The length of a
sequence 1 is denoted by 1h(n).

(3) A tree is a family T of finite sequences such that for some root(T) € T
we have

(Vv € T)(root(T) dv) and root(T)dv<dneT =>veT.

(4) For a tree T, the family of all w-branches through T is denoted by [T,
and we let

max(T) ef {veT: thereis no p € T such that v < p}.
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If n is a node in the tree T', then

sucer(n) = {v € T:n <av&lh(v) =1lh(n) +1} and
T ={veT:nQv}
A set F C T is a front of T if

(vn € [Tk e w)(n Tk € F).

(5) The Cantor space 2¢ (the spaces of all functions from w to 2) and the
space [[;., Ni (where N; are positive integers thought of as non-empty
finite sets) are equipped with natural (Polish) topologies, as well as with
standard product measure structures.

(6) For a forcing notion P, I'p stands for the canonical P-name for the generic
filter in IP. With this one exception, all P-names for objects in the exten-
sion via P will be denoted with a dot above (e.g. 7, X), but we do not
notationally distinguish between objects in the ground model and their
names in the forcing language.

(7) For a relation R (a set of ordered pairs), rng(R) and dom(R) stand for
the range and the domain of R, respectively.

(8) We will keep the convention that sup(@) is 0. Similarly, the sum over an
empty set of reals is assumed to be 0.

Let us recall the definition of tree creating pairs. Since we are going to
use local tree creating pairs only, we restrict ourselves to this case. For more
information and properties of tree creating pairs and related forcing notions we
refer the reader to [21, §1.3, 2.3].

Definition 0.3: Let H be a function with domain w.
(1) A local tree-creature for H is a triple

t = (nor, val, dis) = (nor|[t], val[t], dis[t])

such that nor € R2?, dis € H(®;) (i.e., dis is hereditarily countable),
and for some sequence 1 € [, ., H(i), n < w, we have

0#valC {(nv):nave [] HE}.

i<In(n)
(Thus for (n,v) € val we have lh(v) = Ih(n) +1.) For a tree-creature t we
let pos(t) def rng(val[t]).
The set of all local tree-creatures for H will be denoted by LTCR[H], and for
N € Upew [icn H(Z) we let LTCR,[H] = {t € LTCR[H] : dom(val[t]) = {n}}.
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(2) Let K C LTCR[H]. We say that a function £: K — P(K) is a local
tree composition on It whenever the following conditions are satisfied.
(a) Ift € KNLTCR,[H], n € [];.,, H(7), n < w, then %(t) C LTCR,[H]
and t € L(t).
(b) If s € E(t), then val[s] C val[t].
(c) [transitivity] If s € L(t), then (s) C I(¢).
(3) f K C LTCR[H] and X is a local tree composition operation on K, then
(K,X) is called a local tree-creating pair for H.
(4) We say that (K,Z) is strongly finitary if H(m) is finite (for m < w)
and LTCR,[H] N K is finite (for each 7).

Definition 0.4 (see [21, Definition 1.3.5]: Let (K,Z) be a local tree-creating
pair for H. The forcing notion Q¢ (I, ¥) is defined as follows.

A condition is a system p = (t, : # € T) such that

(@) T CUpew [icn, H(7) is a non-empty tree with max(T') = 0,

(b) forallneT,t, € LTCR,,[H] N K and pos(t,) = succr(n),
(c)4 for every n < w, the set

{veT: (VpeT)(v<p= norlty] >n)}

contains a front of the tree T'.

The order is given by:

(ty :n € T") <(t2:n € T?) (remember, this means that (t2
stronger than (t} : 7 € T')) if and only if

T? C T' and t2 € (t)) for each 4 € T2

If p=(t, : n € T), then we write root(p) = root(T"), T? = T, t} = t, etc.

The forcing notion Qf*®(K,X) is defined similarly, but we omit the norm
requirement (c)4. (So Qj*® (K, X) is trivial in a sense; we will use it for notational

2:neT?is

convenience only.)

1. Measured creatures

Below we introduce a relative of the miztures with random presented in [23,
§2.1]. Here, however, the interplay between the norm of a tree creature t, the
set of possibilities pos(t) and the averaging function F; assigned to t is different.

BaAsic NoTATION. In this section, H stands for a function with domain w and
such that (Vm € w)(|H(m)| > 2). Moreover, we demand H € H(X,) (i.e.,, H s
hereditarily countable).
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Definition 1.1:
(1) A measured (tree) creature for H is a pair (¢, F) such that ¢t €
LTCR[H] and
F:[0,1]P%®) — [0,1].
(2) We say that (K, %, F) is a measured tree creating triple for H if
(a) (K,X) is a local tree-creating pair for H,
(b) F is a function with domain K, F : ¢t — F;, such that (¢, F}) is a
measured (tree) creature (for each t € K).
(3) If (K,%,F) is as above, t € K, X C pos(t), and (r, : v € X) € [0,1]%,
then we define Fy(r, : v € X) as Fi(r} : v € pos(t)), where
X r, ifvelX,
"= {0 if v € pos(t) \ X.
We think of F; as a kind of averaging function. At the first reading the reader
may think that pos(t) is finite and

> {ry : v € pos(t)}
[pos()]

For this particular function, our construction results in the random real forcing,.

Fy(ry : v € pos(t)) =

However, in general, our averaging function does not have to be additive (as
long as it has the properties stated in 1.2 below), and the result is not the
random forcing (and this is one of the points of our construction). Also having
F; depend on t allows us to “cheat”: if we do not like the results of our averaging
we may pass to a tree creature s € X(¢) (dropping the norm a little) with an
averaging function Fy that is better for us.

Regarding the requirements of 1.2, note that they are meant to provide us
with some features of the Lebesgue measure, without imposing additivity on
the averaging functions F; (specifically see 1.2(5)).

Definition 1.2: A measured tree creating triple (K, X, F) is nice if for every
teK:
(a) if {r, : v € pos(t)),(r!, : v € pos(t)) C [0,1], r, < r, for all v € pos(t),
then
Fy(r, : v € pos(t)) < Fy(r,, : v € pos(t)),

(B) if nor[t] > 1, {n} = dom(vallt]), r,,r%,rl € [0,1] (for v € pos(t)) are such
vily A
that 70 +rl > r, and Fy(r, : v € pos(t)) > 272"

, then there are real
numbers co,c; and tree creatures sg, $1 € L(t) such that

co+er=(1-2"2""YE(r, : v € pos(t))
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and
(®) if £ < 2, ¢g > 0, then nor{sg] > nor[t] — 1, pos(s¢) C {v € pos(t) :
rt > 0}, and

Fy,(r,, v € pos(se)) 2 ce,

(7) if b€ [0,1] and 7, € [0,1] (for v € pos(t)), then
Fy(b-r, :v € pos(t)) =b: Fi(r, : v € pos(t)),

(6) if {r, : v € pos(t)) C[0,1], & > 0, then there are r;, > r, (for v € pos(t))
such that for each (v’ : v € pos(t)) C [0,1] satisfying r, < r}) < 7}, (for
v € pos(t)) we have

Fi(r!) : v € pos(t)) < Fy(r, : v € pos(t)) +¢.

(Why do we have r)’s above? Only to avoid notational difficulties
when 7, = 1 for some v. Otherwise, one may think that we demand just
Fi(r!, . v € pos(t)) < Fi(r, : v € pos(t)) +€.)

From now on (till the end of this section), let (K, %, F) be a fixed strongly
finitary and nice measured tree creating triple for H. Note that then
the condition (c)4 of Definition 0.4 is equivalent to

(€)s (Vk € w)(3n € w)(Vn € T?)(Ih(n) > n = norft,] > k).

PROPOSITION 1.3: Lett € I. Then:
(e) If r, = 0 for v € pos(t), then Fi(r, : v € pos(t)) = 0.
(¢) If {r, : v € pos(t)) C [0,1], € > O, then there are r,, < r, (for v € pos(t))
such that for each (r!! : v € pos(t)) C [0, 1] satisfying v, < rl) < r, (for
v € pos(t)) we have

Fi(r, : v € pos(t)) — e < Fy(r,) : v € pos(t)).

Proof: (¢) Follows from 1.2(y) (take b = 0).
(¢) If Fy(r, : v € pos(t)) < g, then any r| < r, (for v € pos(t)) works. So
assume Fy(r, : v € pos(t)) > € and let

_ Fi(r, 1 v € pos(t)) — /2

b= R, v € pos(D)

Then 0 < b < 1. For v € pos(t) put

T‘I _ —1 lf r, = 0,
Y7 1b-r, otherwise.
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We are going to show that these r},’s are as required. To this end suppose that
(rty . v € pos(t)) C [0,1] is such that v, < r!l <r, (for all v € pos(t)). Then
also b-r, <rll (for v € pos(t)) and by 1.2(c,y) we get

Fy(r! : v € pos(t)) > Fy(b-7, : v € pos(t)) = b- Fy(r, : v € pos(t))

=F(r,:vepos(t) —e/2> F(r, :v€pos(t))y —e. 1

Definition 1.4: Let p = (t? : n € T?) € Qff** (K, T).

(1) For a front AC TP of TP, we let T[p, Al ={n€T?:(3p€ A)(n Q p)}.

(2) Let A be a front of T? and let f: A — [0, 1]. By downward induction on

n € T[p, A] we define a mapping “i, 4: Tlp, A] — [0,1] as follows:

o if n € A then i 4(n) = f(n),
o if ,LLZJ;A(I/) has been defined for all v € pos(t}), n € T[p, A] \ 4, then

we put 41 4 (1) = Fip (4 4(v) : v € pos(tD)).
(3) For n € T? we define

uE () =inf{p£[n] () : Ais a front of (T?)[" and f =14},

and we let ¥ (p) = pF (root(p)).
(4) For e € {0,4} we let*

Q™ (K,%,F) = {p € QU (K, ) : uF (p) > 0}.
It is equipped with the partial order inherited from Q"¢ (K, X).

PROPOSITION 1.5: Assume p € @ (K, %) and A is a front of T?.
(1) If fo, f1: A — [0,1] are such that fo(v) < fi(v) for all v € A, then

(V1 € Tp, A (L4 (n) < 1l 4 ().
(2) If fo: A—[0,1], b€ [0,1], and fi(v) =b- fo(v) (for v € A), then
(v € Tlp, AN (il 4 () = b- 4 ().

(3) If A’ is a front of T? above A (that is, (W' € A')(3v € A)(v < v')) and
n € Tlp, A], then %, (n) <y ().

Definition 1.6: Let p € Qff**(K, %, F).
(1) A function p: T? — [0, 1] is a semi-F-measure on p if
(Vn € T?)(u(n) < Fa(u(v) 1 v € pos(t}))).

(2) If above the equality holds for each n € TP, then p is called an F-
measure.

* “mt” stands for measured tree
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PROPOSITION 1.7: Let p € Q¢ (K, X).
(1) If u: TP —» [0,1] is a semi-F-measure on p, then for each 1 € T? we have
p(n) < pp ()
(2) If there is a semi-F-measure p on p such that p(root(p)) > 0, then p €
Q (K, X, F).
(3) If p € Qf*(K,%,F), then the mapping 1 + ug(n): TP — [0,1] is an
F-measure on p.

LEMMA 1.8: Assume p € Qf*(K,Z,F) and 0 < ¢ < 1. Then there isn € T?
such that pf(n) > 1—e.

Proof:  Assume towards a contradiction that uf,‘(n) <1l-—¢forall neTP
Choose inductively fronts A, of T? such that

o Ay = {root(p)},

* (\{77 € Ap1)(Fv € A)(v am),

o fpatl () <1—eforallv e Ay
Note that then (by 1.5(1,2)) for each k < w we have

1 n
p(p) < prpatt (root(p)) < (1 —g)**.

Since the right hand side of the inequality above approaches 0 (as k — o), we
get an immediate contradiction with the demand uF (p) > 0. |

Definition 1.9: A condition p € Q*(K,X,F) is called normal if for every

n € T? we have ug (n) > 0. We say that p is special if for every n € T? we have
F _2111(1])+1

pp () 2 2 -

ProposiTiON 1.10:
(1) Special conditions are dense in Q§* (K, X, F). (So also normal conditions
are dense.)
(2) If p is normal, and A is a front of TP, then pF (p) = ”1{, 4(root(p)), where

flv) = N,I:(V) (forve A).

Proof: (1) Let p € Q" (K,X,F); clearly we may assume that nor[t?] > 1
for all n € T?. Also we may assume that uF(p) > 3/4 (remember 1.8) and
h(root(p)) > 4.

Fix nn € T? such that NE () >2~ for a moment. Let 1 < @ < 2. For each
v € pos(th) pick a front A, of (T?)} such that

. _olh{y)+1 _9oth(y)
o if i (v) <2727, then u;ﬁ,',”AV(V) < g2

2”1(1})
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_olh(m+
2 then p ﬁ,’}"AU(V) <a-py V).

o if ,ug(u) >2 :
Let Xo = {v € pos(th) : py(v) < 9-2"MY T X, = pos(t?) \ Xo, 7, =
1
f05 4, (¥), and
TZ _ Ty lf v E )(g,
v 10 ifrve X e
Apply 1.2(B) for t8,79,rl,r, (note that Fy(r, : r, € pos(th)) > 15 ()

2-2"") to pick s&, 5% € £(¢2) and 2, cf such that
0151 n 01 €1

v

__2lh(v,)

A+t =(1-2 M (., 2 v € pos(t])),

and
®)® if £ < 2, ¢¢ > 0, then nor[s?] > nor[t?] — 1, pos(s7) C X, and
(4 [4 7 [4

Fyglr, : v € pos(s})) 2 ¢f.

o—albtm+1

Note that, if ¢§ > 0, then ¢§ < Fsa(r, : v € pos(s3)) < , and thus

hin)+1

cf>(1- 2‘2"‘("))&; (ry : v € pos(t])) — 272 > 0.
Also, letting r} = min{a - pf (v), 1},

Fo(ry :v €pos(st)) < Fou(ryiv e pos(sy)) < a- Fi (,uf,'(u) : v € pos(s})).

Together

(Ko (1=272"")Fy (r, v € pos(t]))—272"""" < a-Fyg (uF (v) : v € pos(s}))-
Since (I,X) is strongly finitary, considering @ — 1 (and using 1.2(4)), we

find s, € E(tF) such that nor[s,] > nor[th] — 1 and ,ug(u) > -2

v € pos(sy), and

for all

2“\(»))-{-1

Fy, (1 (v) : v € pos(sy)) + 27
1 _ 2_2]1\(!,)

pr (n) = Fyp (pp (v) : v € pos(th)) <

IhGr}

Note that also, as 2~ < ;LE (n),

2]]1(11)'41

__olli(ay) _ _oth(n)
pEaa-272"") —2 > pF(m)(1 - 22",

80
(#4) () - (1 - 2"2"") < Fy, (uF (v) : v € pos(sy)).

Now, starting with root(p), build a tree S and a system ¢ = (s, : n € S)
such that succg(n) = pos(sy). It should be clear that in this way we will get
a condition in Q¥¢(K, ) (stronger than p). Why is ¢ in Q" (K, Z,F)? Let
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k* > lh{root(q)), A = {vr € S : lh(v) = k*} and f = 14. Using (**), we may
show by downward induction that for every n € T[q, A] we have

k*~1

ok —ot(n)
pham > e [ @=27) > ppm) - (1-2227")
k=Ih(7n)
9lh(n)+1

> g2 (1- 22_211«1;)) > 9~
Now we may easily conclude that ¢ € Q" (K, %, F) is special.

(2) Let A be a front of 77, p normal (so, in particular, ug(l/) > 0 for v € A).
Fix a > 1 for a moment.

For each v € A pick a front A, of (T?)!] such that u;ﬁ:{ (v) < a-pg(v). Let
B =\J,cs4, and f(v) = ug(r/) for v € A. By downward induction one can
show that for all p € T'[p, A] we have ,u;fB (py<a- u;;, A(p). Then, in particular,
we have

uF (1) < ps(root(p)) < a- il 4 (root(p)),

and hence (letting @ — 1) ¥ (p) < “i, Alroot(p)). The reverse inequality is even
easier (remember 1.5(1)). |

LEMMA 1.11: Let p € Q" (K, X) be a normal condition such that p¥ (p) > 5,
nor(t?] > 2 for all n € TP, and let ko = lh(root(p)) > 4, 0 < e < 27 (1+ko),
Suppose that B is an antichain of T?, and that for each v € B we are given a
normal condition g, > p*! such that

root(q,) =v and puF(g,)>1-¢.

Then at least one of the following conditions holds.
(i) There is a normal condition q € Q" (K, X, F) such that

q>p, root(q) =root(p), and TINB =4.

(ii) There is a normal condition ¢ € Qf* (K, X, F) such that

* ¢ > p, root(q) = root(p), u* () > (1 - 27%)uF(p), and
e TYN B is a front of T, and ¢¥} = ¢, for v € TYN B, and
o if € T?, 1 <v € B, then norft]] > nor[t?] -

Proof: Let eg = 2172 (for £ < w); note that (e¢)? = 2ep41.
Fix k > Ih(root(p)) for a while. Let A be a front of T? such that

{veB:lh(v)<k}CA and (Ve A)(v¢ B=lh(v)=k).
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By downward induction, for each v € T|[p, 4], we define v, rL € [0,1] and
$9,sL € T(t?) such that
(o) fve AN B, then % =0, r} = uF(q,).
(8) If v € A\ B, then 0 = pf (v), rl = 0.
(v) v eTlp A\ 4, lh(v) = m, then:
if ,ug(u) (1—¢g)- 2";;(1 — 3e¢) < em, then % =71 =0,
elserd +7l > pf(v)-(1-¢)- 51— 3er).
Clauses (), () define r%,rl for v € A; s9,s. are not defined then (or are
arbitrary).
Suppose 1 € T[p, AJ\ 4, Ih(n) = k- 1. If ug(n) (1—-¢)-(1-3e-1) < €g—1,

then we let 70 =71 =0 (and 59, s are not defined). So assume now that

pp () - (1—€) - (1 - 3ep1) > exa.
Then also (as 9 +r} > uF (v) - (1 —¢€) for v € pos(t?))
Fp(rd +r1) wepos(th) > py () - (1 —¢)
> pf () (1—€)- (1-3eps) 2 exa >270,

and we may apply 1.2(8) to pick r9,r; and s), s} € X(t?) such that
() r9+r) > (L—ex—1)-Fu(rd+r i v € pos(th)) > py (1) (1—¢)- (1 - 3ex—1),
(i) if rf > 0, £ < 2, then nor[st] > nor[th] -1, pos(s5) C{v € pos(t?) : r; > 0}
and Fy (rf : v € pos(st)) > rk.
Suppose now that n € T[p,A]\ 4, lh(n) = m —~1 < k-1, and r,r. have
been defined for all v € pos(t}) (and they satisfy clause (v)). If

k-1
wp () (=€) [T (1=3er) <em-,

f=m~—1

then we let 7 =r] =0 (and 59, s; are not defined). So assume

k-1
prm-(1—e)- JT (1-3e) >emr.

{=m—1
Then for v € pos(t}) we let
. rO+rl ifrd+rl >0,
v em otherwise,
and we note that
k-1

Fy(ry:vepos(t?)) > puE(m) - (1=¢)- [] (1 =3e0) > emn > 2777

£=m
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Applying 1.2(8), choose %t € Z(th) and co,c; such that co + 1 >
(1~ em—1)Fu (ry : v € pos(th)) and
e if cg > 0, then pos(t®) C {v € pos(tf) : ) +r, = 0}, nor(t°] > nor[t?] - 1
and Fio(r? : v € pos(t%)) > co,
e if ¢; > 0, then pos(t') C {v € pos(t?) : ) +r, > 0}, nor[t'] > nor{t?] —
and Fu(r? : v € pos(t!)) > .
Now look at the definition of 2. If co > 0, then Fyo(r} : v € pos(t®)) < e, so
co < em < (em—1)%. Therefore

k-1
Fy(ry :vepost)) > e > (1—em—1) -y (n) - (1—¢) - [T (1 - 3es) - em
¢=m
k-1
Z(I—em_l)up( 1l-¢g)- H(1—3eg)—em 1up (1 —¢)- H(1—3€e
f=m

277:.—1

k—1
=y ()1 —e)- J] (1 =3e)- (1 - 2em—1) > em-1- (1 = 2em-1) > 27
{=m

Hence we may apply 1.2(5) again and get 7, r; and s) , 8y € T(t') C E(t7) such
that
r?, + r}, > (1 —em-1) Fa(r}:v € pos(t'))
k-1
> u]l:(n)(l —£)- (1-3es) - (1—2em-1)-(1—em_1)

{=m
-1

>up n)-(1—¢)- H (1 — 3ey),
£=m—1
and if rf > 0, € < 2, then pos(sf) C {v € pos(2) : rf > 0}, nor[s 1> nor[t”] 2
and Fie ( : v € pos(s )) > rg Thls finishes the definition of 9,7, s and s!
for v € T[p A).
Note that (as ko > 4)

k—1

1 3
e+ Z3e€< Sko+1 +6- Z 2f S Stz
£=ko £=kg
Therefore,
k—1
uf (root(p)) - JT (1 - 3ee) - (1 —€) > pf (xoot(p)) - (1 — (e + D 3e))
t=ko l=kg

3 1 29
> /'l'p (IOOt(p)) (1 2k0+2 ) > 2 32 > e}‘()
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Hence also (by (7))

k-1

3
ug(root(p))(l - W) < ,ug(root(p))- H (1-3e)-(1-¢) < rf,’oot(p) +r300t(p).
£=ko
Now, if rfoot(p) > 0, £ < 2, then we build inductively a finite tree S}“ C

T[p, A] as follows. We declare that root(S}) = root(p), sf(’)’;t(p) = st ot(p)?

succgy (root(p)) = pos(se’k ). If we have decided that n € SF, n ¢ A (and

root(p)

75 > 0), then we also declare s5F = s¢, succgs (1) = pos(sy*) (note rf > 0 for

v € pos(s5*)).
Then, if S§ is defined, S8 N B = @, and, if S¥ is defined, SF N A C B. Also,
if we “extend” S§ using pl*! (for v € S5 N A), then we get a condition ¢t > p

def

such that ¥ (¢§) > 10,5, = r*. Likewise, if we “extend” Sf using g, (for

and

1 def 1,k

v € SN A), then we get a condition ¢¥ > p such that uF (¢5) > r =7

= "root(p)
If for some k > lh(root(p)) we have r:* > (1 — 27%0),F(p), then we use the
respective condition ¢f to witness the demand (ii) of the lemma. So assume

that for each k > lh(root(p)) we have r1* < (1 — 27%0),,F (p), and thus

. 3 1 1
> (1= oS (0) = (U= 556t (0) = grme” (0) > 0,

Apply the Kénig Lemma to find an infinite set I C w\ (ko + 1) such that for all
kK K" el k<k <k”, we have

(Vn € SE)(th(n) < k = n e S§" & = s24").

Then S = {n : (V°k € I)(n € 55)}, s§ = s%F (for sufficiently large k € I
determine a condition ¢ witnessing the first assertion of the lemma. 1

LEMMA 1.12: Assume that 7 is a Q* (K, &, F)-name for an ordinal, n < m < w
and p € Q" (K, £, F) is a normal condition such that ¢F (p) > 1, and nor(t?] >
n+ 2 forn € T?. Let ko = Ih(root(p)) > 4. Then there is a normal condition
g € QP (K, %, F) such that
(a) ¢ > p, root(q) = root(p), 1F (q) > (1 — 27%)uF (p), and
(b) (Vn € T9)(nor[t]] > n), and
(c) thereis a front A of T? such that for every v € A:
o the condition ¢\¥] forces a value to 7,
. ,uf(l/) > %, 1h(v) > ko,
o if v In€TY, then norft]] > m.

Proof: Let B consist of all ¥ € T® such that
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(a) h(r) > ko and there is a normal condition ¢ € Q" (K, Z, F) stronger than
pl*) and such that root(q) = v, uF (g) > (1-2~+ka)) (vy € T9)(nor[tf] >
m), and for some front A of 77, for every 7 € A:
(®) pF(n) > 7/8 and the condition ¢l decides the value of 7,
and
(B) no initial segment of 57 has the property stated in (a) above.
Note that B is an antichain of T?, and BNT?" # { for every condition p’ > psuch
that root(p’) = root(p) (by 1.8). For each v € B fix a condition g, witnessing
clause (a) (for v). Now apply 1.11: case (i) there is not possible by what we
stated above, so we get a condition ¢ as described in 1.11(ii). It should be clear
that it is as required here. |

THEOREM 1.13: Suppose that p € Q*(K,Z,F), and 7, are Q" (K, T, F)-
names for ordinals (n < w). Then there are a condition q > p and fronts A,, of
TY (for n < w) such that for each n < w and v € A,,, the condition ¢*! decides
the value of 7,.

Proof: We may assume that p is normal, ko = lh(root(p)) > 4, ¥ (p) > %, and
nor[th] > 3 for n € T?. We build inductively a sequence {gn, An : n < w) such
that
(1) ¢n € QP*(K,Z,F) is a normal condition, root(g,) = root(p), ¢n < Gny1,
9 =D,
(2) Ap, C T+t is afront of T+ (Vv € A,)(3y € Any1)(v < 1),
(3) if ¥ € Ap, then ¥ () > §, and for each n € T9+! such that v <7 we
have nor[ty**'] > n +4,
(4) if root(p) A < v € A,, then tI"** = ]+,
(5) for each v € A,, the condition (gn41)! decides the value of 7,
(6) 1 (gns1) 2 TIZEy (1 =279 - 1" (p).
The construction can be carried out by 1.12 (g1, Ao are obtained by applying
1.12 to p and 7o; if gp41, An have been defined, then we apply 1.12 to 7,41 and
(gny1)) for v € A,; remember 1.5). Next define ¢ = (t# : n € T9) so that
root(g) = root(p), each A, is a front of 79, and if root(p) <n < v € A, then
td = t3"*!. It is straightforward to check that ¢ is as required in 1.13. |

COROLLARY 1.14: Let (K,X,F) be a strongly finitary nice measured tree cre-
ating triple. Then the forcing notion Q* (K, X, F) is proper and w*“-bounding.

Let us recall the following definition.
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Definition 1.15 (Goldstern [12, Definition 7.17]): Let (P, <p) be a definable
forcing notion, P C w*, and let epdp be a relation on PP x [P}*. We say that
(P, <p,epdp) is a Souslin® proper forcing notion if
(1) <p is an analytic subset of w* x w*, epdp is a T} set (both definitions are
with a parameter r),
(2) for each (p, A) € P x [P]“, epdp(p, A) implies that A is predense above p,
(3) if (M, €) is a countable model of ZFC*, r € M and p € PM then there is
a condition ¢ € IP stronger than p and such that
(x) if A€ M and M |= “A is predense above p”, then epdp(q, 4).

Souslint proper forcing notions are nep, so the results of [25] apply to them;
see also Kellner [17], [18] and Kellner and Shelah [19].

COROLLARY 1.16: Let (K,X,F) be a strongly finitary nice measured tree-
creating triple. Let P = QP (K,%,F) and for p € P and A € [P]¥ let

ep(hP(pa/4) <
there is a front F C T such that (¥n € F)(3p' € A)(p' < pl).

Then (P, <,epdp) is a Souslin® proper forcing notion.

The arguments for properness (and Souslin® properness) of the forcing notion
QPt(K, %, F) is essentially an Axiom A argument. However, to have an explicit
representation of what was discussed above in the language of Axiom A, we
need a small technical adjustment to our forcing.

Definition 1.17:  Let (K, %, F) be a strongly finitary nice measured tree-creating
triple and p € QP (K, X, F).
(1) For n < w let

1 1
Bu(p) = {n €17 uf (1) > 3&Hv € T7 v < e () > 5} =}

(2) We say that the condition p is super normal if it is normal and for each
n < w the set By (p) is a front of T?.
(3) Let @"(K,%,F) = {pe€ QP (K,%,F) : p is super normal}.

ProprosITION 1.18: Q5" (K, X, F) is a dense subset of Q@ (K, Z, F).

Proof: It follows from the proof of 1.13 — the condition ¢ constructed there is
super normal. |
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Definition 1.19: Let n < w. We define a binary relation <, on Q" (X, %, F)
by: p <, q if and only if (p,q € Q" (K, %, F) and)

(a) p<q (in @ (K, X, F)), root(p) = root(q), and

(8) Tp, Bn(p)] C T? and (Vn € Tp, Bn(p)])(t% = t?r?;)v and

(y) if n € T? and nor[t]] < n, then ¢] = th,
(6) if n € Bn(p), then pf (n) > (1 —727"7*) - uy (), where

r= min(E Q) — 1+ v € Tl Ba(p)le w5 () > 3))

ProrosiTION 1.20:

(1) For each n < w, <, is reflexive and <,41C<,C<.

(2) If a sequence (py, : n < w) C Q" (K, X, F) satisfies (Vn € w)(pn <n Pnt1),
then there is a condition q € Q" (K, X, F) such that (Vn € w)(Prt1 <n q)-

3) If T € Q(K,Z,F) is an antichain, p € Q"(K,%,F), n < w, then
there is a condition ¢ € Q" (K,X,F) such that p <, ¢ and the set
{r € T : r,q are compatible} is finite.

4) Ifp,q,r e GP(K,E,F),n€wandp <py1 ¢ <py1 7, thenp <, r.

Remark 1.21: The relations <, on Q" (K,%,F) are not exactly like those
needed to witness Baumgartner’s Axiom A (see Baumgartner [5, §7]). However,
the properties stated in 1.20 are enough to carry out the arguments of [5, §7].
We will use this in 4.7.

2. The forcing

In this section we define a nice, strongly finitary measured tree creating triple
(K*, Z*,F*), and we show several technical properties of it and of the forcing
notion Q' (K*,~*, F*). This forcing will be used in the next two sections to
show our main results 3.2 and 4.15.

For each k < w, fix a function y;: w — w such that

22k+7
+ 10g2(1 + 2__22k+7) .

op(0) =257 and @G +1)> (22 + 1) pi(d)

Let Nj, = 2'+Uogz(ex(k+1)] (where |r] is the integer part of the real number r),
and let H*(k) = 2Nx.
Let K* consist of tree creatures t € LTCR[H*] such that
o dis[t] = (ki, ne, 4, 91, Pr), where ny < ky < w, ng € [, H(4), 9: 15 2
partial function from Ny, to 2 such that |g| < ¢y, (ks — ny), and

0#P C{feH"(k):9:Cf},
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e nor(t] = n,,
o val[t] = {(m,v) ;e Qv E High H*(i) & v(k:) € P.}. (So pos(t) = P;.)
The operation £* is trivial, and for ¢t € K*:

Tt)={se K" :ns=n & ns <ny & g: C gs & P, C P;}.
Finally, for t € K* and (r, : v € pos(t)) C [0,1] we let

Fi(r, :vepos(t)) =
min{2/H= N -Z{r,, :h C v(k) € P;} :his a partial function from Ny, to 2,
g: Chand |h\ g <2%+3}.

(So this defines F* = (F} : t € K*).)
It should be clear that (K*,X* F*) is a strongly finitary measured tree cre-
ating triple. (And now we are aiming at showing that it is nice, see 1.2.)

LEMMA 2.1: Assume that t € K*, nor[t] > 1, and ¢’ is a partial function from
Ny, to 2 such that ¢’ D g, and |g' \ g:| < 2**3. Furthermore, suppose that
ry € [0,1] (for v € pos(t)) are such that

272" <ol Nu Sy e pos(t) & o' C vk} E a

Then there is s € £*(t) such that
(@) norls] =norld] - 1, ¢' C g,
(8) Fi(r,:v€pos(s) >a-(1-272""),
(v) ifh is a partial function from Ny, to 2 such that g, C h and |h\ gs| < 2%++3,

then
Y {ry v €pos(s) & h Cu(ks)}
INk, —|h]

is in the interval [F}(r, : v € pos(s)), F(r, : v € pos(s)) - (1 + 2‘2“3)].

Proof: Let k =k, n =n;.

We try to choose inductively partial functions g from N to 2 such that

(8) 9’ =90 C g1 S lge\ o] < £- 243,
(b)e 2l9el=Ne . 34y, 1 v € pos(t) & ge C v(k)} > a- (1+272"7)E,

Note that in (b)g, the left hand side expression is not more than 1, so if the
inequality holds, then (as a > 2-2+%)

2k+3
14 < k7Y
log, (1 4 2-2°77)

(@)
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Consequently, in the procedure described above, we are stuck at some £y satis-
fying (). Let

gs = goyy MNg=n-—1, ks =k, ns=mn, Ps={f€Ptigeo§f}‘

So this defines s, but we have to check that s € I'*. For this note that
22k+6

< k—ng).
log, (1 4 2-2%%+7) — Pulls = o)

lgs| < 1g' + €o - 272 < oy (k —n) + 289 4

(So indeed s € K*, and plainly s € ¥*(t).) Also note that

92k 47

219e1=Ne . Z{r,, :veEpos(s)}>a-(1+27 )b e g > a.

Now, suppose that u C Ny \ dom(gs), |u| < 2%*+3. Let h: u — 2. We cannot
use gs"h as gg,+1, so the condition (b)s,4+1 fails for it. Therefore

b, def 5)g.|+1h|~Ne, Z{r,, :v € pos(t) & gs"h C v(k)}

<a- (1 n 2_22k+7)l0+1 — a* . (1 + 2_22k+7

).

CrAIM 2.1.1: For each h: u — 2, we have

by > a* - (1— 272",

Proof of the claim: Assume that hg: v — 2 is such that by, < a*-(1— 2‘2k+4).

We know that by, < a* - (1 +272""") for each h: u —» 2, so

a* - 2Neloel < Z{r,, : v € pos(s)}

<a* - (1=272") oNe=lodl=lul 4 g (1 4 2727y (2lul — 1) . gNe—lgl=lul,
Hence

22k+7

)- (@ —1)

2k+7
),

& 3 . 3
and so 2~ < 92 L 9= < glul 92T £ 922" o ontradiction.
| ]

vl < (1-272"") (1427
_ 2'""(1 + 2_22k+7) _ (2_2k+4 + 2__

Consequently, we get that

ok+4 ok+3

Fi(ro:vepos(s) 2a*-(1-27%")>a-(1-27""),

so s satisfies the demand (5).
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But we also know that for each partial function h from Nito 2,if g, C h and
|h\ gs] < 25+3, then
2_22k+7

22k+7

by <a* (1+2~ )SF:(T,,:VE[)OS(s))-l

_ 2_2k+4

);

2k+3

< Fi(r,:vepos(s)) (142~

and thus s satisfies the demand (7) as well. [ |

PROPOSITION 2.2: (K*,%*,F*) is a nice (strongly finitary) measured tree
creating triple.

Proof: Clauses 1.2(a,, ) should be obvious, so let us check 1.2(5) only.
Let t € K*, k = k¢, r9,rl,r, be as in the assumptions of 1.2(8). So in
particular

2lgel=Ne . Z{r,, v € pos(t)} > F{(r, : v € pos(t)) > 272 5 o=

2k+3

For £ < 2 let ap = 2l9:1=Nu . 5l . ¢ pos(t)}.

First, we consider the case when both ag and @y are not smaller than 2~
Then we may apply 2.1 and get so,s1 € £*(t) such that nor[s;] = nor(t] — 1,
pos(s¢) C {v € pos(t) : rf > 0} and

o Fy, (rf : v € pos(sg)) > ap- (1 -2~

2k+3

2k+3

).
Then

2k+3

coter > (ao+a) - (1-272")> Fr(r, v € post) - (1 — 272",

and we are done.
So suppose now that a; < 22", Then

ar—g > 297N N e Ly e pos(t)) - 277 > 272 g2t 5 g2t

and using 2.1 we find s1_¢ € £*(t) such that nor[s;_g] = nor(t] -1, pos(s;_¢) C
{ve pos(t) :rl=¢ > 0}, and

SR (r v € pos(si_g)) > aye - (1 272

S1—¢
> (F7 (ry - v € pos(t)) — 2727%) . (1 — 2727
1) (1—272" 422" _ 92
)-(1—272") 422 (272" _ o
) (1—27%) 4272 992t _ o=
y-(1-2"2").

)

ok+3
) _ 2_2‘u+3 " 2_2k+4
)—27

ok+3

ok+3 ok+3 _ok+4
+2

(
> FY(r, 1 v € pos(t)
= F}(r, : v € pos(t) o2
( (t)

> F{(r, : v € pos(t
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The following lemma and the proposition are, as a matter of fact, included in
2.6, 2.7. However, we decided that 2.3 and 2.4 could be a good warm-up, and
also we will use their proofs later.

LEMMA 2.3: Assume that:

(i) te K*, norlt] > 1, k =k, v €0,1],

(ii) (ry :€ pos(t)) € [0,1], a = Fy(r, : v € pos(t)), v+ a > 2702,
(iii) Y is a finite non-empty set,
(iv) for v € pos(t), u, is a function from Y to [0, 1} such that

v Y] < Z{uu ryeY}
(v) fory € Y we let

u(y) = sup{b :there is s € £*(¢t) such that nor[s] > nor[t] — 1 and
b < Fi(uu(y) : v € pos(s))}.
Then

(1 2—2’C Z{U ‘Y € Y}.

va Y]

Proof: Let k =k, N = Ny,, g = g¢.
First note that

52|9|—N.%.|_)1?_|. Z Z“”(y)

vepos(t) yeY
1 1
—_- e — . ZIQI—N. uuy)
v 1Y z; ( 2wl
yE€ vEpos(t)

Let C & {y e Y : 2l9l-N. epos(y W (¥) > 2-2"""}. For each y € C we may

use 2.1 to pick s, € £*(t) such that nor[s,] > nor[t] — 1 and

Fy (uu(y) : v € pos(sy)) > 9lgl-N | Z J(y) - (1 — 2—2k+3)

vepos(t)
Hence,
a<l‘|Y\C|_ _2k+3+l L.ZF;,,(UV(?J):VEPOS(%))
“v Y v Yy s 1 2=
1 b+ 1 1 1
S;'2 7'm'1—'pm‘zu(y)
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Consequently,
: : > Cu(y) > y u(y)
— 272y (1 - 9Py ¢ e < e
and hence 5 )
. u(y
va(l—27%") < —1’%—'— ]

PROPOSITION 2.4: The forcing notion QP*(K*,T* F*) preserves outer
(Lebesgue) measure one.

Proof: Assume that A C [] ; 1s a set of outer (Lebesgue) measure 1. We
are going to show that, in V@i TF) it is still an outer measure one set.
Let T be a QPt(K*,$* F*)-name for a tree such that ' C Uicw [ Ni
and the Lebesgue measure m“*({T]) of the set [T] of w-branches through T'

z<w
n(K*

is positive, and suppose that some condition p forces “| ]ﬂ A=10". Take a
condition ¢ > psuch that

(a) q is special (remember 1.10) and lh(root(q)) = kg > 5, and nor(t{] > 2
for all § € T9, and pF (q) > 2

(B) for some p € Hj<n Nj, n < w, the condition g forces that mle([(T)!]]) -
Hj<n Nj > %’

(7) for some ko < k1 < k2 < -, letting F; = T9N[], ... H*(m), we have
that for each v € F, the condition ¢*! decides the value of 7N [Licnti N
(remember 1.13).

Fix 1 < w for a moment, and let Y; = {y € [],,,,, N; : p 9}

For v € T[q, Fj] and y € Y; we let

u, (y) = sup{u¥ (¢') :¢' is a condition stronger than ¢ and such that
root(¢') = v and (Vg € TY )(nor[t%] > nor[t]] ~ 1)
and ¢ IFy € T}.

CLAIM 2.4.1:
Ifn€Tlq, Fi), ko <1h(n) = k < k;, then

ki—1

8 1_[(1—2‘2 AVl () <> {ugly) 1y € Vil

[If k = k;, then we stipulate Hl" (1 —2- ¥y=1]

Proof of the claim:  We show it by downward induction on n € T[g, F;]. If
k = 1h(n) = k;, then ¢l" decides T'NY;, and if ¢[" forces that y € T'NY;, then
un(y) > gy (1). Hence, by (8), we have § - |Yi| - pif " (n) < T{uq(y) 1y € Vi}.
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Let us assume now that k = lh(n) = k;—1. Apply 2.3to tn’ = Y Y, u,
defined as before the formulation of the clalm and Ty = uq “(v) (for v € pos(tl)).
Note that, as ¢ is special, uq () > 22" 50 4 Ft%(rl, : v € pos(t])) =

Tuf (m) > > 2-62" Also note that

(x) u(y) defined as in 2.3(v) is uy(y).
[Why? First suppose that u(y) < u,(y). By the definition of u, we may find
¢ > ¢ such that root(¢') = 5, nor[t?] > nor[td] —1for v € T7 ,and ¢’ Ik y € T,
and pF" (¢') > u(y). Note that ug,* (v) <uy(y) for all v € pos(t%'), and thus

u(y) < 1 (q') = Fy (g (v) v € pos(t) < Fyy (un(y) : v € pos(t])).

By the definition of u(y), the last expression is < u(y), a contradiction. Now
suppose u(y) > uy(y). Take s € £*(t}) such that nor[s] > nor[t{] — 1 and
Fy(uy(y) : v € pos(s)) > uy(y); clearly we may request that u,(y) > 0 for
v € pos(s). Let z, < u,(y) (for v € pos(s)) be positive numbers such that if
zy <1y < u(y) for v € pos(s), then F(r, : v € pos(s)) > uy(y) (compare
1.3). Pick conditions ¢/, such that u¥ (¢)) > z,, ¢, as in definition of u,(y),
and let ¢’ be such that root(q') = n, t‘},’ = s, and (¢')M = ¢, for v € pos(s).
Then ¥ (¢') > u,(y) giving an easy contradiction.]

Thus we get

ki~1

T @) (=227 ¥ < S {un) sy € Vi,

8

as required.

Now suppose kg < k = lh(n) < k; — 1, and we have proved the assertion
of the claim for all ¥ € pos(t]). We again apply 2.3, this time to v =
z Hg‘_lll 1-— 2"2t), and 3, u,, 1, = ,u}:'(u) (for v € pos(t?)) and Y;. We note
that

7 A _ ot 7 gy _9t F*
3 1;[ (1-272 g1 (v 2 v € pos({])) =3 H (1-272) q(n)
: :k
zz (1 21_2k+1) 2_2k+1
8
> 962"

so the assumptions of 2.3 are satisfied. Therefore we may conclude that

ki~

—

(1=272) ) - (1 =27 Wl < S {uy(y) sy € i),

£=k+1

i~
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as needed. This finishes the proof of 2.4.1. |

Applying 2.4.1 to n = root(q) we get

ki—1
Z ’ H (1 - 2-_21) . ,U,F* (q) < Z{uroot(q)(y) ‘Y € Yl}
= |YZ| ,

t=ky

and hence $u¥" (q) - |Y;] < ¥ {ttroot(q)(¥) : ¥ € Y;}. Then necessarily

T < 1y € Vi thonin(®) 2 71 @)

(remember uF (q) > 3). Let Zi = {y € Yi : troor(p) (y) > };,u q)} and note

that
mLeb({x € H Nj:zl(n+19) € Zi}) >4 H Ny
J<w j<n
Look at the set {x € [],., Ni: (3% < w)(z [ (n+1) € Z;)} — it is a Borel

set of positive (Lebesgue) measure, and therefore we may pick z € A such that
(3%i < w)(z | (n+1) € Z;). For each i < w such that z | (n + 1) € Z; choose a
condition ¢; € Q" (K*,X* F*) such that

o g > g, root(g;) = root(q), uF (g:) > 3uF (g), and

e (Vn € T%)(nor[ty] > nor[t§] — 1), and

e gilFz [ (n+i)eT.
By Konig’s Lemma (remember (K*, £*) is strongly finitary) we find an infinite
set I C w such that for each 7 < jo < 71 from I we have

T%0 A H H(k) =T nJ[ H(k) and (Vne T%)(h(n) < k; =t = t5").
k<k; k<k;
Let ¢* = (s, : n € S) be such that root(S) = root(q),
S=|J{neT%:jel&i<j&lh(y) <k,
el

and if n € S, then succs(n) = pos(s;) and s, = t¥ for sufficiently large ¢ € I.
It should be clear that ¢* € Q*(K*, *, F*) is a condition stronger than ¢, and
it forces that o € [T]N A, a contradiction. |

Remark 2.5: Tt follows from 1.16 and the proof of 2.4 that (the definition of)
the forcing notion P = Q'* (K'*, £* F*) satisfies:
(V) For any transitive model N of ZFC*,
N [E “P is a Souslin™ proper forcing notion and it forces that

the old reals are of positive outer Lebesgue measure”.



Sh:736

Vol. 151, 2006 MEASURED CREATURES 87

By Kellner and Shelah [19, Corollary 9.4], any CS iteration of forcing notions
satisfying (©) (in particular, a CS iteration of Q" (K*,£*, F*)) preserves the
outer measure of sets from the ground model.

LEMMA 2.6: Assume that:

() te K*,nor(t] > 1, k=k >1,v€[0,1],

(i) (ry € pos(t)) € [0,1], a = Fy(r, : v € pos(t)), y-a > 2702,
(iii) Y* is a finite set, Y = Y* x Ng,
(iv) for v € pos(t), u, is a function fromY to [0,1] such that

yor YIS fw(y) iy ey},
(v) for y = (yo,y1) € Y* x Ny, and € < 2 we let
u(y, ) = sup{b :there is s € £*(t) such that nor[s] > nor[t] — 1 and
(Vv € pos(s))(v(k)(y1) =€) and
b < F(uy(y) : v € pos(s))}.
Then
— 2k 7
e (1-27%) < 5 |YlZ{uy, ryeY &< 2}
Proof: Let k =k, N = Ni, g = ¢g;. Note that

a=F}(r, :v € pos(t)) < 2=V 2{7 : v € pos(t)}

S2|9|—N.%.|%|_. Z Z(Z{uu Yo, ¥1) : (Yo, 1) €Y & v(k)(y1 E})

vE€pos(t) £<2

S (2 St v € post) & b = )

(y0,y1,£)€Y x2

Let C consist of all triples (yo,y1,€) € Y* x N x 2 such that y; ¢ dom(g) and
21NN (o, y1) v € pos(t) & v(k)(y) = €} > 277,

and fix (yo,y1,¢) € C for a moment. Let g': dom(g) U {y1} — 2 be such
that ¢ C ¢’ and ¢'(y1) = €. Apply 2.1 (to t,¢’ and w,(yo,y1) for v € pos(t),
g C v(k)) to pick s = s(yo,y1,€) € *(¢) such that nor[s] > nor(t] - 1, ¢’ C gs
and

F} (uy (yo, 1V € pos(s _
Reltootn) 2 CDONEN) 5 ot 5 o, 1) v € pos(t) & o' € w().
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Next note that J]%l <27 5o

__1 - p—
T Z (219! N AZ{uu(yo,Zh) :v € pos(t) & v(k)(y) = f})
(y0,y1,0)€Y x2\C
< lgl + l g2kt < _l_ gl=2*t3
v-N v 0%
Therefore,
a = g1-2+?
e
+ 1 1 Z Fs*(yo,yl,z)(uu(yo,yl) : v € pos(s(yo,y1,7)))
v 2. . T 5_ok+3
v 2 (yo,y1,0)€C 1-2
1 ok+3 1 1 1
<-4 : =37 u(y,0).
- . _ 9-—2k+3 )
! v 2 1-2 (y,0)eC
Hence,
_ok+3 _ok+3 1
(ya—2"2")(1-2"7") < VD] ST uly,o),
(y,0)€Y x2
and therefore, as ya > 2752 and k > 1,
ok 1
va(l—272 )S_(Yx2| Z u(y, ). 1

(y,£)€Y x2

Let W be the canonical Q" (K*, ©*, F*)-name for the generic real (so W is
a name for a function in [], . H*(7) such that p IF root(p) C W). Also, let A
be a name for the function from [], _ N; to 2¥ such that h(z)(i) = W (i)(z()).
Clearly, h is (a name for) a continuous function.

Now comes the main property of the forcing notion Q" (K*, £*, F*).

PROPOSITION 2.7: Suppose that A C [],.,, Ni x 2¥ is a set of outer (Lebesgue)

measure 1. Then, in V@& (K".ZF") the set
{x €[] NVi: (z.h(z)) € A}
i<w
has outer measure 1.
Proof: Assume, towards a contradiction, that 7" is a Qprt(K*,T*, F*)-name for

a tree included in {J, ., [T, Ns, and p € Qf*(K™*, £*, F*) is a condition such
that

P lFggpe(ice 5o we) “mP*([T]) > 0 and (Vz € [T])((z, h(z)) ¢ A)".
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(Here, m ¢ stands for the product measure on [], <w Vi) Passing to a stronger
condition and shrinking the tree T' (if necessary) we may assume that
(@) p is special and lh(root(p)) = ko > 5, and nor(t}] > 2 for all # € TP, and
uF (p) > %,
(B) for some p € [];,, Nj, n < ko, the condition p forces that

mLeb [p] H N; > !

j<n

() forsome ko < ky < kg < -+, letting F; = TPN[],, .., H*(m), we have that
for each v € F;1,, the condition p[ v] decides the value of TN IL; i<k
Fix i < w for a moment, and let Y;** = {y € [[,,, N; : p Q y}.
Let v € F;, and for v € T[p[""],FiH] and y € Y;** let
u, (y) = sup{pF (p') :p' is a condition stronger than p and such that
root(p’) = v and (Vn € T”l)(nor[tf;] > nor[t]] - 1),
and p' Ik y € T}.
So we are at the situation from the proof of 2.4 (with ¢ there replaced by p),
and we may use 2.4.1 to conclude that

kiy1—1

® g T Q=270 10 i 00) < Tfun) sy € 1),

t=k;
Now, for each v € T{p, F;] we define u}: Y;** x 2[0():k) 4 [0, 1] by
u, (y, ) =

sup{ 7 ) :p’ is a condition stronger than p and such that
root(p') = v and (Vn € " )(nor[tf)] > norfth] — 1),
and p' I “y € T & (¥j € [Ih(v), k) (W () (w(7)) = 0 (i))"}-
(If v € F}, so Ih(v) = k;, then 202):6:) = (@} and u®(y,0) = u, (y).)
CLAamM 2.7.1: Ifn € Tp, Fi], ko <1h(n) =k < k;, then

kig1—1

IT =27y e 25 uf () < S {uiy, 0) : (3,0) € X2},

=k

7

where X} = Y;** x 2l ki),

Proof of the claim: The proof, by downward induction on 7, is similar to that
of 2.4.1, but this time we use 2.6.
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First note that if & = k;, then our assertion is exactly what is stated in (®).
So suppose that n € T'[p, F}], Ih(n) = k < k;, and that we have proved our claim
kiy1—1 ¢

for all v € pos(t}). We are going to apply 2.6 tot = th, v = 7 g TS, (1-27%),

={y | (k;\{k}):y € Y*} x 2+1h) (and ¥ = Y* x Nk being interpreted

v 2?"“’“’), and r, = " (v), and w,(y,0) = u}(y,0) (for v € pos(t),

(y,0) € X!), so we have to check the assumptions there. Note that (as p is
special)

kiy1—-1
* 7 3 3
v-F(ry v €pos(t)) =v- M,I: (n) > 5 H 1- 2_21) L g-2H N g—6:2¢
e=k+1
(so the demand in 2.6(ii) is satisfied). Also, by the inductive hypothesis, for
each v € pos(th) we have

YY" x Nel-ry €Y {up(w,0) : (y,0) € Xi}

(so 2.6(iv) holds). Finally, note that if (y,0) € Y;* x 2k+15) ¢ < 2 and

o': [k, k;) — 2 is such that o' (k) = £, o' [ [k+1,k;) = o, then u(y, 0, €) defined

by 2.6(v) is uy(y,0’) (by the same argument as for (x) in the proof of 2.4.1).
So, by 2.6, we may conclude that

kiy1—1
I a2 -2 2 2
e=k+1
<D {up(y,0) : (w,0') € X3},
as needed. 1

In particular, it follows from 2.7.1 that

1ﬁ1(1—2-2l P () < 2 koot (:9) 1 0 )eY-**><2[’”""k")}
e Vo] 2o !
—~hKkQ

and hence

Z{U‘root(p) (y,0): (y,0) € Y x 2[1:0,};,-)}
|Y**| 2L —ko .

%MF (p) <

Let m [[;cp, N — 2% be such that 7(y)(j) = (root(p)(5))(y(5)). Now we
define:

Zi= {(y70) € Yz** 2[k0 k) : root(ll (ya )

1 .
1 (@)}, and
ZF ={(y,0) € ;" x 2% 1 m(ylho) = o [ ko & (

y,0llko, ki) € Zi}.
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Note that |Z;7| = |Z;| > 2|+ x 2lkoka)| > & Hf:n Nj - 2%—ko and therefore

1Z;t] 1
2% Tk, N~ 2ko+2 T, 4 N;

Now we may finish like in 2.4: the set

{(wo,wl) S H NJ‘ X 2% : (3001, < W)((QI() ”Ci,il?l rk@) € Z:_)}
J<w

is a Borel set of positive (Lebesgue) measure, so we may choose (zg,z1) € A

such that for infinitely many ¢ < w we have (zo{ki, z1[k;) € Zi+ . For each such

i pick a condition ¢; > p such that

e root(g;) = root(p), ¥ (g;) > %uF‘ (p), and
o (Yn € T%)(nor[t¥] > nor(t?] — 1), and
o gk “xo [ k; € T and (V5 € [ko, ki))(W (j)(20(5)) = 21(j))"-
By Koénig’s Lemma, we may find a condition ¢ € QJ"t (K*, Z*, F*) stronger than
p, and an infinite set I C w such that
(®) ifi<jarefrom I, thenit+1<jand

%0 [ Me=T'n [ Niand (¥ € T%)(h(n) < kiyy =t =12).
k<kiy1 k<kiyi

Then clearly ¢ IF “zo € T & h(zo) = ,”, a contradiction. ]

3. The first model: sup-measurability

To prove the first of our main results, let us start with a reduction of the sup-
measurability problem.

LEMMA 3.1: The following conditions are equivalent:

(E);up Every sup-measurable function f: Rx R — R is Lebesgue measurable.

(R)2,, For every non-measurable set A C R x R there exists a Borel function
f: R — R such that the set {z € R : (z, f(x)) € A} is not measurable.

(R)3,p For every non-measurable set A C 2* x 2¢ there is a Borel function
f:2¥ — 2¢ such that the set {x € 2* : (z, f(z)) € A} is not measur-
able.

(R)sp Foreveryset A C ], Nkx2¥ of outer measure one and inner measure
zero, there is a Borel function h: []..,, N. — 2¥ such that the set

{we [[ N : (@, h(z)) € A}

k<w
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is not measurable.

(Here, the sequence (N}, : k < w) is the one defined at the beginning of

the second section.)
Proof: The equivalences (R);,, & (R)2,, © (R)3,, are well known (see Bal-
cerzak [2, Proposition 1.5]; also compare with the proof of Ciesielski and Shelah
[8, Corollary 3]).

(R)&p = (8)3,,: Assume ()4, and suppose that A C 2% x 2¢ is a non-
measurable set. Then we may find a closed set C' C 2% x 2% of positive Lebesgue
measure and such that

o for each € 2, the set {y € 2¥ : (z,y) € C} is either empty or is of
positive Lebesgue measure,
e for every Borel set D C C of positive measure, both AN D # @ and
D\ A # 0 (that is, both ANC and C'\ 4 are of full outer measure in C).
By shrinking C' if necessary, we may also pick a Borel isomorphism 3 = (g, 1) :
C — [1i<w N x 29 such that
o if (.’L‘,y), (37,7:‘/’) € C, then ¢o(z,y) = ¢o($/,y’) er=1,
e if B C C is Borel, then B has measure 0 if and only if its image [B] has
measure zero.
Now note that the set [A] has outer measure 1 and inner measure 0 (in
Ii<w Nix2¥), so we may apply (IZ!);‘Up to get a Borel function h: [], ., Nx —
2 such that the set {x € [, Nx : (z,h(x)) € ¥[A]} is not measurable. Let
B={ze€2¥:(Fy)((z,y) € C)}, and let f*: B — 2 be defined by

(z, f*(2)) = ™ ((Yo(z, 9), M(¥o(z,9))))

for some (equivalently: all) y such that (z,y) € C. Easily f* is a Borel function.
Take any Borel extension f: 2¥ — 2 of f* — it is as required in (R)3,, for A.

(R)3,, = (B)gyp: Even easier. (Note that, since all Ni’s are powers of 2, we
have a very nice measure preserving homeomorphism ¥*: [], ., Ny — 2.)

THEOREM 3.2: It is consistent that every sup-measurable function is Lebesgue
measurable.

Proof: Start with universe V satisfying CH. Let Q = (P,,Q, : o < ws) be
countable support iteration such that each iterand Q, is (forced to be) the
forcing notion Q'*(K™*,X* F*) (defined in the second section; of course it is
taken in the respective universe VF=). It follows from 1.14 (and {26, Ch. VI,
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2.8D]) that the limit P, is proper and w*-bounding. Also it satisfies Rs-cc,
and consequently the forcing with P, does not collapse cardinals nor changes
cofinalities (and IFp,, “c = Ry").

We are going to prove that

Ibp,, “every sup-measurable function is Lebesgue measurable”.

By 3.1, it is enough to show that IFp,,, (&);‘up. To this end suppose that A is a
P,,-name for a subset of []; ., N x 2* such that both A and its complement
are of outer measure one. By a standard argument using Rg-cc of P, (and the
fact that each P, for o < wy has a dense subset of size R;), we may find 6 < we
of cofinality w;, and a Ps-name Ajs such that

. 3 .
e, “An (][ Mex29)V =457, and
k<w
tkp,“As has outer measure 1 and inner measure 0”.

Let & be the Ps4i-name for the continuous function from [] k<w Nk to 2¢ added
at stage -+1 by Q5 = (Q (K*,T*, F)V'? (as defined right before 2.7). Then,
by 2.7 (applied to As and to its complement), in VFs+1 the set

d f . .
Xs = {IE € H Ny : (.’13,]7,(1))) € Ag}
k<w
has outer measure 1 and inner measure 0. Now, in VPé+ we may use 2.5
to conclude that P,,/Psy1 preserves the Lebesgue outer measure of sets from
VPs+1, Consequently,

Ikp,,, “the set X5 and its complement have outer measure one”,

finishing the proof. |

Remark 3.3: Note that for the iteration (lP’a,Qa s o < we) to work for the
proof of 3.2 we do not need that all iterands are Q* (K*, £*, F*). It is enough
that for some stationary set Z C {6 < ws : cf(6) = w1}, for every @ € Z, we
have IFp_ Q, = QPt(K*,=*,F*), and that the forcings used in the iteration
are such that each P,,/Psy1 preserves non-nullity of sets from VPs+1, So, in
particular, we may use in the iteration also other forcing notions satisfying ()
of 2.5. This will be used in the next section, where we will add the random
forcing “here-and-there”.
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4. Possibly every real function is continuous on a non-null set

The aim of this section is to show that a slight modification of the iteration
from the previous section results in a model in which every function f: R — R
agrees with a continuous function on a set of positive outer measure. Let us
start with a reduction that shows how the tools developed earlier are relevant
for our problem.

PROPOSITION 4.1: Assume:
(a) the condition (X)3,, of 3.1 holds,
(b) for every function f*: 2¥ —— 2% there are functions fi, f» and a set A
such that

o AC2¥and fi: A — 2% is such that the set
{(e, fi(2) s € A} C 2% x 2

has positive outer measure,
o fy:2¥ x 2¢ —» 2¥ js Borel, and
o (Vz € A)(f*(z) = fa(z, f1(2))).
Then for every function f: R — R there is a continuous function g: R — R
such that the set {z € R : f(z) = g(x)} has positive outer measure.

Proof: Assume f: R — R. Let ¢: R — 2“ be a Borel isomorphism preserving
null sets (see, e.g., [16, Thm 17.41]), and let f* = po foy™!. Let fi, fo, A be
given by the assumption (b) for f*. Put A* = {(z, fi(z)) : z € A} C 29 x 2¥.
We know that 4* is a non-null set (and consequently it is non-measurable), so
applying (E)gup we may pick a Borel function go: 2 — 2% such that the set

BY (zed: fi(x) = go(z)}
has positive outer measure, and so does ¢~ ![B]. Let gi: R — R be defined by

g1(z) = 07 (f2(0(), 90 ((2)))).

Clearly g; is Borel and for each z € ¢~![B] we have g, (z) = f(z). Finally, using
Lusin’s theorem (see, e.g., [16, Thm 17.12]) we may pick a continuous function
g: R — R such that the set {z € p~![B] : g1(z) = g(x)} is not null (just take
g so that it agrees with g; on a set of large enough measure). |

The iteration of 3.2 will be changed by adding random reals on a stationary
set. So just for uniformity of our notation we represent the random real forcing
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as QP (K™, 27, F"). Let H"(4) = 2 (for ¢ < w). Let K" consist of tree creatures
t € LTCR[H"] such that

o dis[t] = (k¢, 7, Py), where ky < w, 1 € [[;p,, H"(4), § # P C 2, and

e nor(t] = k,

o vallt] = {(n:,v) : e Qv € [[,op, H'(6) & v(ke) € P}
The operation X7 is trivial:

L'#)={s€e K" :ns = & P; C P;}.

For t € K" and a sequence (r, : v € pos(t)) C [0,1] we let

F{(r, :v € pos(t)) = 2 {ry V2€ pos(t)}.

It is easy to check that (K", X", F") is a (nice) measured tree creating triple for
H", and that the forcing notion Q" (K7, X", F") is (equivalent to) the random
real forcing.

Like in 3.2, we start with universe V satisfying CH. Let

Z C {6 <wq:cf(d) =wi}

be a stationary set such that {§ < wy : cf(d) = w1} \ Z is stationary as well. Let
Q = (P4, Qu : @ < wy) be countable support iteration such that

o if a € Z, then Ibp, Q, = QP (K™, 7, F7),

o if @ € wy\ Z, then Irp, Qq = QP (K*, T*, F*).
We are going to show that

IFp,,, “every real function is continuous on a non-null set”,

and for this we will show that the assumptions of 4.1 are satisfied in VFPw2,
First note that Py, IF (X)3,, (see 3.3; remember 3.1). To show that, in VFez,
the assumption (b) of 4.1 holds, we need to analyze conditions and continuous

reading of names in the iteration.

Definition 4.2: Let (I,X,F) be a measured tree creating triple for H (say,
either (J(*, Z* F*) defined in the second section, or (K", £",F") defined above).
(1) A finite candidate for (I{,X,F) (or just for (K,X)) is a system s =

(sn : 1 € S\ max(S)) such that
¢ 5 C UncoIlic,, H(3) is a finite tree, s, € K NLTCR,[H] for 5 €

S\ max(S),

e max(S) C [],.,, H(?) for some m = ht(s) (we will call this m the

height of the candidate s),
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o if n € S\ max(S), then succg(n) = pos(sy).
We may also write root(s) for root(S) (and call it the root of the candidate
s), and write max(s) for max(S).

(2) Let FC(K,X) be the family of all finite candidates for (K, X).

(3) For candidates s% s! € FC(K,L), we say that s' end-extends s°
(in short: s® <¢,q s') if root(s!) = root(s®), ht(s') > ht(s®) and, letting
st = (s¢ : p € St \ max(S¢)), we have S° C ! and (Vn € S°\ max(S°))
(3 =s1).

(4) We say that a condition p € @5{“0(1{, ¥) end-extends a candidate s =
(8n :m € S\ max(S)) € FC(K, L) if

¢ root(p) = root(s), S C T?, and
e s, =t} for n € §\ max(S), and
o pF (v) > 0 for all ¥ € max(S).

Definition 4.3:
(1) A finite pre-template is a tuple

t = (w',k* ¢, V) = (w,k,c, )

such that
(a) w is a finite non-empty set of ordinals below wq, w = {ag,...,a,}
(the increasing enumeration);
let z; berif a; € Z, and z; be x if a; € wa \ Z,
(B) ki w — w, € = (Capr- - Can)s Y = (Vags -+ > Van) (We treat ¢,V as
functions with domain w),
(7) cag € FC(I%0,£79), ht(ca,) = k(ao), Yoo = {(8) : s € max(cq,)},
and for 0 < ¢ < n:
(0) ca;: Yai_, — FC(R®,X%) is such that ht(cq, (7)) = k() for each
veE J&)i_lv
Vo = {77 Wa,) 1 7= (Vays-- s Vai_,) € Vai_1 & Vo, Emax(cq, (7))}.
(We think of elements of Y, as functions from {cp,...,a;} with
values being sequences in appropriate [] j<k(ar) H*(j5).)
V., will be also called Y, or V¢,
(2) We say that a finite pre-template t’ properly extends a pre-template t
(and then we write t < t') if
(@) wt Cwt, and (Va € wt)(kt(a) < k¥ (), and
(8) let w* = {ag,...,a,} (the increasing enumeration).
If & = min{i < n: a; € w'}, then for every (va,,...,Va,._,) €

t' t it
Veare_, We have ci,, Zend oo Vays - Vage _y)-
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If ¢ > ¢* is such that a, € wt and k < £ is such that aj is the
predecessor of a, in w*, then for every (Vag, ... Va,_:) € .)7;',_1 we
have

(Vo Tk (o) i<l & a; € wt) € y;k and

b, (Va, 1K) i <& a; € W) Zend €&, (Vao» -+ »Var_y)-

(3) For an ordinal ¢ < w; and a finite pre-template t we define the restriction
t' =t | ¢ of t in a natural way: w¥ = w*n(, k¥ =kt Jwt, ¢t =ct | wt
and Yt = J* | wt'. (Note that t [ ¢ < t.)

(4) We say that finite pre-templates t,t’ are isomorphic if |wt] = |w¥]|, and
if h: wt —s wt is the order preserving isomorphism, then

o hwtNZ]=w* NZ, and
ekt =kt oh, ct =ct oh,and Yt = J* oh.
We also may say that h is an isomorphism from t to t'.

Definition 4.4: By induction on n = jw*| — 1 we define
(a) when a condition p € P,,, obeys a pre-template t, and
(b) if wt = {ag,-..,an}, ? = (Vags-- - Van) € Vi, and p € P, obeys t, then
we define a condition pl*”! € P, stronger that p.
First consider the case when n = 0. Let t be a pre-template such that w* = {ag}
and let p € P,,,. We say that p obeys t if

t »

plaolkp,, “p(ao) end-extends the candidate ;)"

If p obeys t as above, and ¥ = (v4,) € Vi, , then plt?! is defined as follows:

o p" | (w2 \ {ao}) = p | (w2 \ {ac}), and

o Pt g ke, “plt7l(ag) = (p(ag)) ol
(Plainly, p!**! € P,,,; remember the last demand in 4.2(4).) Now, suppose that
wt = {ag,...,an} (the increasing enumeration; n > 0), and that we have dealt
with n — 1 already. We say that a condition p € P,, obeys t if

e pobeys t [ a,, and

o for every 7 = (Vag,- -+ Van_y) € V&, _,, the condition pit'*~7 | o, forces

(in P,,) that p(a,) end-extends the candidate ¢, (7).

In that case we also define plt7l for 7 = (Vay,-- - Va,) € V& :

o 7 Twy \ {an} = pltlen?lenl [wy \ {an},

o Pt [ an kg, “ptTan) = (p(am))lenl”.

Definition 4.5:
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A weak template is a =<-increasing sequence t = (t, : n < w) of finite
pre-templates such that

(Va € U w*)( lim k* (a) = oo).

n—;oo
n<w

We say that weak templates t,t’ are isomorphic if

o otp(U, ., wt") = otp(U,<, w*), and
o letting h: U, ., w* — U, wt be the order isomorphism, we
have that all restrictions h | wt» (for n < w) are isomorphisms from
tn to t.
(We will also call the mapping h as above the isomorphism from t to
t')
A condition p € P,, obeys the weak template t = (t, : n < w) if
supp(p) = U,<,, w*" and p obeys each pre-template t,, (for n < w).
A weak template with a name is a pair (t, 7) such that t = (t, : n < w)
is a weak template, and T = (7, : n < w) is a sequence of functions such
that 7,,: Vi —s 2", and if (v, : @ € wh+1) € Yi"*' | then

Tn(Va K (@) : @ € wh) < Tpy1 (Ve - @ € whe+1).

Let (t,7),(t',7') be weak templates with names. We say that they are
isomorphic provided that t and t’ are isomorphic, and the isomorphism
maps T to 7. (To be more precise, if h is the isomor plnsm from t to t/,
then for each n < w it induces a bijection g,: Yt ~— y*"; we request
that 7,, = 77, 0 gn.)
Let (t,7) be a weak template with a name, p € P, and let 7 be a P,,-
name for a real in 2“. We say that (p,7) obeys (t,7) if

¢ the condition p obeys the weak template t, and

e for each n < w and i € Yt+ we have: plt=7] Ibp,, 7 [ n=Ta(P).

LEMMA 4.6:

(1)
(2)

There are only countably many isomorphism types of finite pre-templates.
There are ¢ many isomorphism types of weak templates with names.

LEMMA 4.7: Suppose that 7 is a P, -name for a real in 2 and p € P,,. Then
2 2

there is a condition q € P, stronger than p, and a weak template with a name
(t,7) such that (q,7) obeys (t,7).

Proof: Let ¢ = (P, Q, : @ < wy) be a CS iteration such that
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(1) if a € Z, then Ibp, Q, = Q" (K", Z",F"),

(2) if @ € wo \ Z, then IFp, @, = Q" (K*,T*, F*)
(where @" is as defined in 1.17). Then P, is a dense subset of P, (remember
1.18). For F € [wy]<¥ and n € w we define a binary relation <g, on P} by
p <rn ¢ if and only if (p,q € P,,, and)
p < q and gfa lkpr, “p(a) <5 q(a)” for each o € F
(where <2 is a [P/ -name for the binary relation <,, on Q’a defined in 1.19). As
we said in 1.21, one can carry out the proofs of Baumgartner [5, §7] for <p,,
in particular getting the following two claims.

Cramm 4.7.1 (Baumgartner [5, Lemma 7.2]): Suppose that a sequence
((pn, Fr) : n < w) satisfies
(@) pn € P, Fy € [wp]<¥ (for each n < w), and

(b) Pn <Fpn+1 Pnt1, Fn C Fuq (for each n < w), and

(c) U{Fn:n <w}={supp(pn) : n < w}.
Then there is a condition p € lP’"A,2 such that p, <p, n p for alln < w.

CLAM 4.7.2 (Baumgartner [5, Lemma 7.3(c)]): Suppose that a < B < ws,
Fela]< n<wandp€P,. Let f be a P -name such that b, f € P
Then there are f € Pop and ¢’ € Py, such that p <r, q and q Itp, f=f.

Now we may start the actual proof of 4.7. The following observation should
be clear.

CraM 4.7.3: Suppose that t = (w,k,¢,)) is a finite pre-template and a con-
dition p € IP,,, obeys t. Let N = max(k(a) : @ € w) and F € [wy]<¥ be such
that w C F. Then p < n q implies that q obeys t.

The main part of the inductive construction of a weak template with a name
(t,7) as required in our Lemma will be done by the following claim.

CLAIM 4.7.4: Assume that a condition p € IP,,, obeys a finite pre-template
t = (w,k,¢,Y) and a is a P}, -name for an ordinal. Let N > max(k(a) : & € w).
Then there are a pre-template t' = (w',k’,c’,)') and a condition q € P|,, such
that

(1) t 2t/ w=w and (Va € w)(k(a) < k'(a)), and

(2) p <w,n q and q obeys t', and

(3) if 7 € Y., then the condition [t "} decides a.

Proof of the claim: We are going to show the claim by induction on |w|. First,
let us assume that w is a singleton, say w = {8}. Let m = N + 5. It follows
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from 4.7.2 that we may pick a condition py € P,,, and a IP’;i 41-hame o such that
P<wmpo and polre, a=ao.

Now, working in Vpif, we may choose a condition r € Q'ﬂ and an integer k' >
k(B3) such that

e po(a) <8 r and

e for each v € T™ with lh(v) = k', for some a’, we have 7 IF a9 = o/,
(possible by 1.12; remember that pg{c) is super normal). Next, back in V, pick
a condition ¢ € PPy, a finite candidate ¢'(8) and a system (a, : v € max(c'(5)))
so that ht(c'(8)) = k'(B) and the condition ¢[8 forces that k'(8),q(5),
(a, : v € max(c/(8))) are like ¥',7,(al, : v € T" & Ih(v) = k') above and ¢(5)
end-extends ¢(8). Let ¢ = ¢[87(q(8)) "pol[B + 1,w2) and let t’ be determined
by w, ' (8),k'(8). It should be clear that they are as required.

Now suppose that |w| = n+ 1 (and for n we are done). Let 8 = max(w). We
follow the procedure from the case when w is a singleton with small changes at
the end only. So let m = N + 5. Choose py € P,
that

and a P}, -name do such

2

P S‘w,m Do and Po ”‘p:d2 a= ('1,0‘

Then, in VP4, we may find a condition r € QB and an integer k' > k(8) such
that
e po(a) <8, r and
e for each v € T™ with lh(v) = ¥/, for some a!, we have ] I 4y = @/,
and let g(3) be a IP’;j—name for r as above.
Using the inductive hypothesis (for w \ {8}) we may pick a condition ¢’ € Py
and a pre-template t" = (w", k", ¢",Y"}) such that
(a) w" =w\ {8}, tlw" <t" and (Va € w")(k(a) < k"(a)),
(b) polB <w'.m ¢ and ¢’ obeys t”, and
(c) if 7 € Y, then the condition (¢')!t"-?] decides &', ¢(53) up to the level A’
and the respective values of a;,.
Let k/(3) be an integer larger than all the values forced to &’ by conditions of the
form (¢)[*"+% in (c) above. Now use the inductive hypothesis again to choose a
condition ¢* € P; and a pre-template t* = (wt,k*,ct, Y*) such that
(d) wt =w" =w\{B},t" <t* and (Va € w?)(k"(a) < kt(a)),
(€) ¢' <wr.m gt and ¢ obeys t*, and
(f) if € Y}, then for some finite candidate ¢(#) of height k'(3) and a
sequence (ay : 7 € max(c(7))) we have

(q+)[t+"7] Ikp: “q(f) end-extends () and q(B)™ IF 4g = ay’.
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Let ¢ = ¢t (q(8)) pol[B + 1,ws) and let t' = (w',k',c’,)') be a finite
pre-template such that w' = w, k'fwt = k* and k’(f) is as chosen earlier,
c'lwt = ¢t and if # € Y} then ¢j(P) is the ¢(7) given by (f) above, and )’ is
determined appropriately. It should be clear that ¢,t" are as required. B

Now we may easily finish the proof of the lemma. By a repeated use of 4.7.4
with a suitable bookkeeping we may construct a sequence (pp, Fy,ty, m,:n < w)
such that for each n < w:

(1) pn € P, F € [w2]<¥ and t, is a finite pre-template and p, obeys t,

and wt = F,, and m,, = max(k*(a) : @ € wt) + 7,

(2) if 7 € Y% then the condition (p,)*>?) decides the value of 7|n,

(3) P <Fy.mn Pty tn < togr and (Va € wh ) (kb (@) < kt»+1(a)),

(4) U{Fn : n € w} = U{supp(pn) : n € w}.

Finally we use 4.7.1 and 4.7.3. |

Note that there are weak templates t such that no condition p € P, obeys
t — there could be a problem with norms and/or measures! From all weak
templates we will select only those which correspond to conditions in P, (and
they will be called just templates; see 4.11 below).

Definition 4.8:
(1) A cover for a condition p € Qf*°(K*,L*) is the condition

g € Qe (K™, %)

defined so that root(p) = root(g), ¢ < p and:
if n € T?, k = lh(n), then nor{t]] = nor(t?], g,s = g,», and
Py ={f €H'(K): gy C f),
if n ¢ T, k = lh(n), then g;s = 0, P,y = H*(k) and nor(tf] = k.

(2) Let p € Qfee(K™*,T*), and let ¢ be the cover of p (note that 77 is a perfect
tree). The covering mapping for p is the mapping h,: [T7] — 2¢
defined as follows. First we define a mapping hp: T?7 — 2%: we let
hp(root(T9)) = (). Suppose that h,(n) has been defined, n € TY, and
say hy(n) € 2", n < w. We note that | pos(t?)| is a power of 2, and thus
we may pick k > n such that | pos(t})| = |2(7#)|. Now, h, maps pos(t})
onto {v € 2% : hy(t2) <1 v} (preserving some fixed well-ordering of H(R;)).
Finally we let hy(p) = {J,.,, hp(p [ n).

(3) The cover of a condition p € Q*°(K",X") is the condition p itself
and the covering mapping h,: [T?] — 2¢ is defined by h,(p)(n) =
p(no + n), where ng = lh(root(p)) (and p € [T?], n < w).
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Remark 4.9:

(1) The reason for “preserving some fixed well-ordering” in 4.8(2) is that we
want that the covering mapping can be read continuously from p: if two
conditions p, p’ agree up to level n, then also the covers and the covering
mappings agree up to that level. (This statement, however, should be
interpreted in the right way.)

(2) Suppose that p € Qj**(K*,X*) and ¢ is a cover of p. Then [T] is a
Polish space with the topology generated by {[(T?)[")] : n € T}. It is also
equipped with a probability Borel measure m such that for each n € T

we have
th(n)—1 a

m([(TQ)[n]]) — H glgt’”“l—Nk
k=no

where ng = Ih(root(g)). Plainly, the covering mapping h, is a measure
preserving homeomorphism from [T?] onto 2% (where 2 carries the stan-
dard product measure and topology). The measure m on [T7] will also be
called mbeb,

(3) If p, q are as above, p € QP (K*,X*, F*), then [T?] is an m-positive closed
subset of [T'7]; as a matter of fact we have

m((T?]) > ¥ (root(p)) > 0.

In 4.10 below we will show a kind of converse.
(4) The parallel statements for the case of p € Qff**(K",X") and/or p €
Qpt (K™, Z", F") should be clear.

LEMMA 4.10: Suppose that p € QPt(K*,S*, F*), and ¢* € Q" (K*,L*, F*) is
a cover for p. Let C C [TP?] C [T?] be a closed set of positive Lebesgue measure
in [T7"]. Then there is a condition p* € Q" (K*,£* F*) stronger than p and
such that [T?"] C C.

Proof: For t € K* let Fy: [0,1]P°(® — (0,1] be defined by
Y {r, : v € pos(t)}

Filry v € pos(t)) = =—F—n

This defines a function F on K*. Plainly, (K*, X*,F) is a nice measured tree
creating pair {we are going to use it to simplify notation only).

Let T C T? be a tree such that max(T) = @ and C = [T]. For n € T let
t, € £*(th) be such that

pos(ty) = sucer(n), nor[ty] =nor[th] and g, = ge.
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Let ¢ = (t, : n € T). It should be clear that (as C has positive Lebesgue
measure) ¢ is a condition in Q*(K*,*,F) (note: F, not F*!). Moreover,
possibly shrinking T" and C, we may request that

e norfty] >2forallneT,

o 4 (q) > 1/2, and pf (n) > 2~ foreachne T
(remember 1.10, or actually its proof). Let ko = lh(root(T)).

Fix an integer k > ko for a moment. Let A = {n € T : lh(n) = k} (so it is a

front of T'). For each € T'q, A], by downward induction, we define s, € £*(¢,)
and a real a,, € [0,1] such that

21!\(11)+1

k—~1
_ot+3
(%)y a2 [[ =277 pE ).
£=1h(n)
If n € A, then we let a, = 1 (and s, is not defined).
Suppose that a, has been defined for all v € pos(t,) so that (%), holds. Then

k—1
Fo o cveposty) > [ (1=2727) B, (1 ) : v € pos(ty))

2=lh(n)+1
kol £4-3 lh(y)+3
= JI a-27%") - pufm) >27?

(remember our requests on ¢). Consequently, we may apply 2.1 (for t = ¢,,
Ty, = a, and g’ = g;,) to pick s, € X*(t,) such that
(a) nor[s,] = nor(t,] — 1, and
(B) a, def Fy (ay v € pos(sy)) > (1 - -2y F, (a, : v € pos(t,)) >
ez (1 =272 - uf (-
This completes the choice of s,’s and a,’s. Now we build a system

(s:; 11 € Si \ max(Si))

such that Sy C Tlg,A] is a finite tree, root(Sy) = root(T), s& = s, and
succs, (17) = pos(st) for € Si \ max(Sk).

Next, applying Koénig Lemma, we pick an infinite set /] C w and a system
pr= (t;’;' neTP) e Q; (K*,Z*) such that root(T?") = root(T) and

nETY & ki ky €1& Ih(n) <ky < by = 7 = sk2.

It follows from our construction that necessarily p* € QP (K*,L*, F*), and it
is a condition stronger than p, and [T%"] C [T] = C. n
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Now we are going to introduce the main technical tool involved in the proof
that our iteration is OK. Fix a weak template t = (t,, : n < w) for a while. Let
wt =, wt and G = otp(w'), and let wt = (a¢ : ¢ < ;) (the increasing
enumeration). For ¢ < (; let z¢ be r if a¢ € Z, and x if a¢ € Z.

By induction on { < {; we define a space ZE and mappings
7r2: ZE — Q¢ (K*¢,2%) and 1/)2: Zg — (2.

First we let 28 = {#} and let n(@) € Qree (K, £%0) be the unique condition
end-extending all ¢t (for n < w, ag € w'*) (and 1[)2 @ =9).

g

Suppose now that { + 1 < {§ and we have defined ZE, ng and 1/12. We let

2 = {0 e 2 & s e o) T,

1<w

and let z2* = (20,...,2¢) = 27(%) € Z’g+1 (we ignore the first term “Q” of the
sequence z). To define ¢2+1 (2*), we let g € QfF*° (K®¢,5%¢) be the cover of the
condition m¢(2), and let h: [T9] — 2¥ be the covering mapping for m¢(2) (see
4.8). Put ¥t (2*) = v{(2) (h(z)). ]

If (+1 < ( then we also define 7r2+1(2*) as the unique condition in
Qfree (Wee+1, B¥¢+1) such that

t

o if n <w, wt = {ag,...,a¢,} (the increasing enumeration), and ¢, =

¢+1, ¢ <m, then m{,,(2*) end-extends
Cztx"(t (zCo [ Kt (aCu)» cee1 %y [ k' (a{z—l )

Suppose now that ¢ < ¢; is a limit ordinal, and that we have defined Zg, 7rg
and ¢ for £ < ¢. We put

ZE={(zp:p <) (VE< Oz : p <€) € 2D}

(again, above, like before and later, we ignore the first term “@” whenever
considering elements of ZE). The mapping 1/)2: Zg — (2¥)¢ is such that

YEE) [E=ol(z1€) (for z€ 2})

Also if, additionally, { < (g, then for 2 = (2, : p < () € ZE we let WE(E) be the
unique element of Q¢ (K'*¢, £%¢) such that

o if n <w, wt = {ag,...,a,} (the increasing enumeration), and (¢ = ¢,

¢ <'m, then rE(E) end-extends ct"! (zco Tk (agy)y--vy2¢,_y [ Kb (g, ).

ag
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Definition 4.11: Let t be a weak template, and w® = J, ., wt = (¢ : ¢ < ()
be the increasing enumeration. Also, for ¢ < (g let z¢ be r if a¢ € Z, and * if
ac ¢ Z. We say that t is a template if for every ( < (; and zZ € ZE we have

me(z) € QP (K¢, 5%, F).
LEMMA 4.12:

(1) Assume that p € P, and 7 is a P,,-name for a real in 2*. Then there are
a condition q € P,, and a template with a name (t,7) such that q¢ > p,
(g,7) obeys (t,7), w < ¢ < wi, and for some enumeration ((, : n < w) of
¢¢ we have:

(B) for everyn < w and Z € Zén,

uf (g, (2) 2 (1—27"719),

where F is suitably ¥” or F*.
[If a template t satisfies (B) for an enumeration { = ((, : n < w) of (g,
then we will say that t behaves well for (.]
(2) For every template t, there is a condition p € P,,, which obeys t.

Proof: (1) The argument given in the proof of 4.7 can be easily modified to
suit the current lemma (remember 1.8).
(2) Should be clear. [ |

For a countable ordinal ¢, the space (2¥)¢ is equipped with the product

Leb

measure m - of countably many copies of 2¢¥. We will use the same nota-

tion m®® for this measure in various products (and related spaces), hoping
that no real confusion is caused.

LEMMA 4.13: Let { < w;. Suppose that C C (2¥)¢ is a closed set of positive
Lebesgue measure. Then there is a closed set C* C C of positive Lebesgue
measure such that for each £ < (:

(®)%. for every §j € (2¢)¢, the set

(C)y = {7 € )9 57y e C)
is either empty or has positive Lebesgue measure (in (2¢)16:<)),
Proof: For aset X C (2¥), £ < ¢, and § € (2¥)¢ we let

(X)p F {5 € )9 g7y € X},
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We may assume that { > w (otherwise the lemma is easier and actually included
in this case). Fix an enumeration ¢ = {{, : n < w} such that {; = 0, and let

€0 = 91, mLeb(C), nyt = 2-—6(n+2)2 . (en)n+2‘

We are going to define inductively a decreasing sequence (C,, : n < w) of closed
(non-empty) subsets of C' such that Cp = €y = C and
(®) for each m < n and § € (2¥) we have
n

either (Co)y =0 or m"®((Co)g) >em-(1- Y 479
l=m+2

(Note that (®) implies m™P(Cp,) > eo- (1 ~ Y5, 47%); just consider m = 0.)
Suppose that C,, has been already defined, n > 1. Let {& : £ < £*} enumerate
the set
{Gnm<n& Cn <G}

in the increasing order. By downward induction on 0 < ¢ < £* we choose open
sets Uy C (2¢)%¢. So, the set Up« C (2¢)%¢" is such that (remember &+ = (,):

o (V7 € (24)% \ Up)(m=®((Cr)y) 2 ),

o mle®(C, N (Upr x (29)6n0)) < .
Now suppose that Up,...,Ups1 have been already chosen so that

23n+3 0~k
I

mP(C, N (Ug x (29)E09))) < (e
n—1

for each k € {¢+1,...,0*}. Let
U="Up x (2“)[5&1,() U---UUp X (2“’)[52*:()'

Note that (by our assumptions)

23n+3 £ —0—-1
N

€n—1

mUe (U N Cy) < (€5 —0) - (

Let & = (m and A = {§ € (29)%» : mL®((C, N U)y) > en/22"T2}. Note that

3n+3 . ¢*—f-1
b (4) - <t n ) < (-0 () e,

92n+2 en-1
and hence
23n+3 0 —f—1 22n+2 23n+3 0 —¢
mleb(4) < ( ) : .(e*~e).en<( ) e,
€n—1 €n—1 €n—1
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Pick an open set Uy C (2¢)» such that A C Uy and mbe®(Uy) < (222)¢ L ¢,

€n—1
Finally, we let Cpy1 = Cp \ U, (Ue x (2¢)€69)). 1t is easy to check that
Chny1 is as required.
After the sets Cy, are all constructed we put C* =1, <w On. 1t follows from
(®) that the demand (®)%. is satisfied for each £ < . |

THEOREM 4.14: In VP2, the condition (b) of 4.1 holds.

Proof: For a < wsy let &, be a Py-name for the generic real added at stage a
(so it is a member of 2 if a € Z, and a member of [[, _ H*(k) if o € wy \ Z).
Suppose that f* is a P.,,-name for a function from 2* to 2¥, and p € P,,,.

For each § € Z pick a template with a name (£,79), an enumeration {% =
(€ :n < w)of G = otp(wEJ), and a condition p° € P,,, such that
e (s > w, t% behaves well for ¢? (see 4.12(1)),
o P’ >pand (p°, f*(is)) obeys (E°,79),
o 5wt andwia\((s-i-l);é(?).
Using the Fodor Lemma (and 4.6(2)) we find a template with a name (t,7),
ordinals ¢* < ; = otp(w®) and € < wy, an enumeration ¢ = (¢, : n < w) of (;,
and a stationary set Z* C Z such that for each 4,6’ € Z* we have
(i) (t%,7%) is isomorphic to (£,7) by an isomorphism mapping ¢° to ¢, and
t=(th :n<w),7=(m:n<w),and
(i) otp(w? Né) =¢*, w* N6 C¢ and p e P, and
(i) B 1e=t 1¢
Let A be the P,,-name for the set {i; : § € Z* & p’ € Up,,} and let ¥
(24)l€"+1.6) — 2% be the canonical homeomorphism (induced by a bijective
mapping from w x [¢* + 1,(;) onto w). Now, in VFv2, we define a mapping
f1: A— v by:

fi(#s) = V@ (G s a € o) 1[C"+1,G))
(¢Ez is as defined before 4.11). Let p* = p® | § for some (equivalently: all)
de Z~.
CLAM 4.14.1:
p* IFp,, “the set {(z, fi(z)) : € A} has positive outer measure”.

Proof of the claim: Assume not. Then there are an ordinal £*, a condition g,
and a P,,-name D such that
b 655* <w2)qEP§"andq2p*a
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e D is a Pg.-name for a (Lebesgue) null subset of (2¢)[¢"$), and

o qlrp,,“ (V0 € Z*)(p® € Tp,, = ¥E (40 : a € w¥) [ [¢*,G) € D).
(Note that above we use the fact that the forcing used at § € Z is the random
real forcing, and the covering mapping at this coordinate is — essentially —
the identity. This allows us to replace (icg,z/)E: (To : @ € wE&) e +1,G)
by wg(dza € wEJ) I [¢*,¢).) Fix any 6* € Z* larger than &* and let
(a¢ : ¢ < ¢*) be the increasing enumeration of wt N 6* and let 2 = dqa., and
Z = (¢ : ¢ < ¢*). Note that the conditions p®" and ¢ are compatible. Also, as
#s» is (a name for) a random real over VP¢* we have

q lkp,.,, “the set
o def _ w * e) . R Lo~y A\~ -
BE {je @)Dyl (5 (564))(C)) 5 € D}

is null”.
Using Lemma 4.13, we may pick (a Ps«,1-name for) a closed set
C* C (2v)[7+1.6)
such that the condition q forces (in Pse41):
« C Yl ([ +1,G): 5 (as) a2 € 2L
e C*NB =4, and

o the condition (®)5C-* of 4.13 holds true for every € € [(* + 1, ().

(For the first demand remember that €% is well behaving, so the set on the
right-hand side has positive Lebesgue measure.) But now, using 4. 10, we may
inductively build a condition ¢’ € II”L,,2 stronger than both ¢ and p?” (and with
the support included in (6* + 1) Uw® ) and such that

) e >3]
¢ oy, U5 (ia € w® )T +1,G) ¢ B,
getting an immediate contradiction. |

Pick any 0* € Z* and let z = (2, : { < (*) be as defined in the proof of 4.14.1
above. Let E be a Ps:-name for the set

{(ro,m1) €2 x 2¢ : £7(ro) € 2.4y and Y. 1 (B (ro)) 07 (r1) € mg(ye)}.

So F is (a name for) a closed subset of 2% x 2¢. Let f, be a name for a Borel
function from 2¢ x 2¥ to 2¢ such that

if (ro,1) € B, and 9., (3 7(ro)) "0 (r1) = vk ({2 : ¢ < ¢F)),
then for each n < w

fo(ro,r1) [0 = Ta(ze 1 k5 (C) 1 ( € w'e)
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(remember (i)). It should be clear that f; is (a name for) a continuous function
and

p* ke, “(Vz € A)(f*(2) = falz, fi(x))),
finishing the proof. |

COROLLARY 4.15: It is consistent that
o every sup-measurable function is Lebesgue measurable, and
o for every function f: R — R there is a continuous function g: R — R
such that the set {x € R: f(z) = g(x)} has positive outer measure.
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