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THE JOURNAL OF SYMBOLIC LoGIC
Volume 54, Number 4, Dec. 1989

THE NUMBER OF PAIRWISE
NON-ELEMENTARILY-EMBEDDABLE MODELS

SAHARON SHELAH!?

Abstract. We get consistency results on I(4, T}, T) under the assumption that D(T) has
cardinality > | T'|. We get positive results and consistency results on IE(4, T, T).

The interest is model-theoretic, but the content is mostly set-theoretic: in Theorems 1-3,
combinatorial; in Theorems 4—7 and 11(2), to prove consistency of counterexamples we
concentrate on forcing arguments; and in Theorems 8—10 and 11(1), combinatorics for
counterexamples; the rest are discussion and problems. In particular:

(A) By Theorems 1 and 2, if T < T, are first order countable, T complete stable but X,-
unstable, A > N, and |D(T)| > X, then IE(4, T;, T) > Min{2%,1,}.

(B) By Theorems 4, 5, 6 of this paper, if e.g. V = L, then in some generic extension of V not
collapsing cardinals, for some first order T < Ty, |T| =N, |T;| =N,, |D(T)| =N, and
IENR,,T,,T)=1.

This paper (specifically the ZFC results) is continued in the very interesting work of Baldwin
on diversity classes [Bl]. Some more advances can be found in the new version of [Sh300] (see
Chapter III, mainly §7); they confirm 0.1, 0.2 and 14(1), 14(2).

Here we continue [ShA1, VIII, §1], improving results and showing complemen-
tary consistency results. We let T < T, be complete first order theories. We want to
know what we can say about I(4, Ty, T) (see below) and IE(4, Ty, T) under various
assumptions on T and on the cardinals, where:

I(A, Ty, T) is the number of models of T, up to isomorphism, of cardinality A
which are reducts of models of T;.

IE(A, Ty, T) = Max{|K|: K a family of L(T)-reducts of models of T, of cardin-
ality A no one elementarily embeddable into another}.

IE(T,, T) is defined similarly.

(If there is no maximal | K|, and the supremum is y, we write IE(4, T;, T) = x~,and
say y~ < yand (VO < )0 < x~.)

D,(T)= {p: p a complete type in L(T) consistent with T in the variables
XgsresXn—1)-
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1432 SAHARON SHELAH

D(T) = p<o Du(T).

By Ehrenfeucht and Mostowski [EM, if [D(T)| > |T,| then I(, Ty, T) > | D(T)|.
By Keisler [K], if |T|=|T;|=N, and |D(T)| >N, (hence=2%°) then
I(4, Ty, T) > Min{2* 2%}, Trivially, | < IE(1, Ty, T) < I(A, T,, T) < 2*.

About the consistency results we were influenced by the related results on trees:
Silver [Si], who proved the consistency of the Kurepa hypothesis, and Mitchell
[M], who proved the consistency of “no NX,-tree”.

Let us review the relevant results and the open questions from [ShA1, VIII, §1],
[Sh100], and [Sh135]. Our new results are mostly in Cases C and D.

Notation. We set xdéflTl and u = |T;|, where T < T, are complete first order
theories.

Case A: T unstable. By [ShAI1, VIII, 3.3], I(A, T;, T) = 2*for 2 > |Ty| + N, (see
also [Sh300, Chapter III, §37).

By [Sh100] it is consistent that there is an expansion T, of the theory T =
Th(Q, <) (= the theory of dense linear order with no extremal points), such that
|Ty| =N, and IER,, T}, T) = 1 holds.

By [Sh175, §1] and [Sh175a] (which replaces [Sh175, §2]), for T = T,,, & the
model completion of the theory of graphs, for many A it is consistent that for some
T, |Ti| = A IE(LT,,T) = L.

By [ShALl, VIII, Theorem 2.2], for A regular > |T,|, IE(A, Ty, T) = 2* and for
A>|T|, IE(A, Ty, T) > 2° for every regular 6 < 1.

If u¥° < 1 < 2*and |T;| < y, then, by [Sh136, Theorem 0.1, IE(A, T,, T) = 2*

0.1. Conjecture. For A > |T,|, IE(A, T,, T) = 2*

Case B: T stable unsuperstable. By [ShA1, VIII, §2], for A > |T;| we have
I(A, T;,T) = 2% and IE(4, Ty, T) > 2* when p < A is regular.

By [Sh100] it is consistent that there are T, T, such that | T| = X, |T;| = X, and
IR, T, T)=1.

By [Sh136],if | T;| < u® < A < 2* then IE(4, T;, T) = 2*.

Here in Theorem 2, we prove that if x =pu =8, and N, < A< 2%, then
IE(A4, T, T) = 2%

0.2. Problem. Is IE(A, T,, T) = 2* when A > | T}|?

Case C: T superstable, |D(T)| =N,, k=u=N,, and T No-unstable. By
Theorem 1 below, for 2 > N, IE(4, T;, T) > Min{2% 2,}. (This improves results
from [ShA1, VIIIL, §17.)

Remember that if T is superstable and |D(T)| > 2°, then T is stable in 6 iff
0 > |D(T)|.

Main Case D: |D(T)| > |T;|". By Ehrenfeucht and Mostowski, I(4, T;, T) >
|D(T)|. By Fact 3, below (improving [ShA1, VIII, 1.2(2)]), IE(A, Ty, T) = |D(T)|®e.

We have a number of results which show the relative consistency of certain values
for I(A, T, T) and IE(A, Ty, T). The technical lemma underlying these results is
Lemma 4. We prove there that in an appropriate forcing extension of the set-
theoretic universe the category of members of PC(T}, T) and elementary embedding
is described by the containment relation among subalgebras of an algebra N} (for
each cardinality). In the later results we force again to require this algebra to have the
desired pattern of subalgebras.

Now the following are consistent.
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1) By 8(2) and 4 it is consistent that k = X, u = k™, |D(T)| = 2%° > y, and for
every 0 > uwe have I(0, T,, T) = IE(0, T,, T) = 2%°.

2) In D(1) above, we can by Lemma 7 replace k = Ng and p =X, by X, <k =
k<%, u = k, and |D(T)| = 2" is an arbitrarily large cardinal.

3) We then can change cardinal arithmetic with no change in the value of
IE(A, T;, T) (see 5A).

4) We can have k = k=¥, 2 arbitrarily large, and, for every | T| = k and |T}| <
2% if |D(T)| > k* then (|D(T)| = 2*and) I(4, T,, T) = IE(4, T;, T) = Min{2%,2%"}.
[Just add many (i.e. > (2¥)") (Cohen) subsets to «.]

5) Previously cardinal arithmetic was bounded by the covering lemma. Starting
with supercompacts, we get (see 11(2)) consistency of: k strong limit singular of
uncountable cofinality, and, for some T and T, with |T| =k and |Ty| = x*, A =
k*,|D(T)| = k** and IE(A, T,, T) = 1. Also others.

6) If x =|T| =|Ty| is strong limit of cofinality &, |[D(T)| > |T|, under some
set-theoretic assumptions (large filters on arbitrarily large y < k) we get (k™°,0)-
freedom (see [ShA 1, Chapter VIII, §17); hence IE(4, Ty, T) > Min{2%,2*"} for 1 > k.
Whether this can be proved in ZFC is open (see 13).

Case E: [D(T)| = |T;|*. Note that by Case D (see 6) there), this is sometimes
impossible. Now it is consistent that IE(N,,T,,T) =1, IK,, T}, T) =X, |T| =
No, |T;| = N, and 2%° = X, = |D(T)| (see Conclusion 6 (based on Lemma 4, with
k = N, and 1 = ¥,)). Also for regular k > X it is consistent that IE(4, T\, T) = 1,
I(A,T,,T)=«*,|T| =k = k** =|Ty|,and |D(T)| = k* (by Lemma 7).

In fact (by 11(1)), if « is strong limit singular of uncountable cofinality, there are
always suitable T and T, such that |T| = |T;| = , |D(T)| = «*, and IE(x*, T}, T)
= 1,1.e. we prove examples exist, rather than merely proving they may exist. Adding
many Cohen subsets restrict our freedom for regulars (see (4) of Case D above).

But results from Case C apply here. Also see D(5).

Case F: There is a family of x independent formulas in T. See 10(2)(B). By
[ShAL, VIIIL, 1.10], if « = |Ty| = | T| and there is a k-tree with u branches then we
have (y, Ty, T)-freedom; hence for y > k

IE(y, T,, T) > Min{2%,2%}

(see also Remark 12).
Notation. Standard; remember that |A4| is the cardinality of A, but |N| is the
universe of a model N and || N|| is its cardinality.

* * *

THEOREM 1. Suppose T < Ty, T, countable, and T complete, superstable but N ,-
unstable. Then, for A > N,

IE(A, T,,T) > Min{2%,2,}.

REMARK. 1) As this supersedes [ShA1, VIII, 1.8], we give a complete proof not
based on it.

2) We can replace “|Ty| = ¥,” by “MA1,|” or even “R is not the union of |T;]
nowhere-dense subsets”, but then we should demand A > |Ty| and |S,| = |Ty|".

3) In Chapter VIII of [ShA1], we proved that for pairs of theories (T, Ty)
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satisfying the hypothesis of Theorem 1 we have I(4, Ty, T) > min{2* 1, }. The proof
proceeded by two different cases: VIII, 1.7(2) for A > 2% and VIII, 1.8 for 4 < 2%,
The second argument in fact yielded IE(4, T;, T) > 2¥°, while the first did not. To
improve the result for IE, we have redesigned the proof from [ShA1, VII] and
“souped up” the one from [ShA1, VIII]. The added energy comes from the trees U,
defined in Fact 1.B.

ProOOF OF THEOREM 1. The assumption that the theory is superstable and not
totally transcendental is used to obtain m,, m, < w and a countable set of definable
(without parameters) equivalence relations {E,(X; y): n < w} < L(T) such that:

() Ig() = lg(7) = m, + m,, o

(i) if M is a model of T and a € ™+|M|, then the set {@"b/E,: b € ™| M|} is finite,

(iii) if, for e = 1, 2, 1g(a,) = n,, 1g(b,) = n,, and a, " b,E,a,"b,, then a, = a,,

(iv) E, . refines E,, i.e, for every n < w, XE, ,, y implies XE,y, and

(v) there are (in some model M of T) ¢, for n e ®2 such that [Ig(n) > n and
lg(v) > nimply ¢,E,c,<>nln=vln]c,I m,=c,|m,andlg(c,) =m, +m,.

The existence of this set of equivalence relations was proved in III, 5.1-5.3 of
[ShA1].

Clearly without loss of generality we may expand the theory T;. Let {¢,: n € ©72}
be new constants in T;, and suppose

T, 2 {E,(c,,¢,):n I n=v][n,lgn),1g() = n}
U {TE,(G,,¢,):nn# v nlgh)lgwv) = n}.
Also without loss of generality suppose that T; has Skolem functions (and the

axioms saying it has Skolem functions belong to T;).

We will use the following fact [for a sequence 7 let # = (i7[1]: 1 < lg(77)> and
a5 = o1 iy " Ggzy -1 ~

Fact 1.A. There exists a model M =T, and there exists {a,: ne€ 2} < M|,
a,l m, = a,l m,lg@a,) = m, + m, and

g =n&lgv)2n=[nIn=vln< E(,a,]

such that: for every sequence of terms T(X) € L(Ty), if m x (m, + m,) = 1g(x), m, +
my, = lg(f)s f(i) r m, = (? r ma)(x f md)’ and my = m, X (ma + mb) [le for 176 M(wz)’
©(az) [ mg = (T m,)(@y;m,)], then there exists n; < w such that the following two
requirements are met:

(1) For n> n; and i, v € ™(“°2) with no repetitions, [ m,=v|m,, if | #k =
Al n# 4Lkl nand (VI <m)[f[l] ] n=V[l]|nl, then, for every pe™(“2), p|
m, = i | m, implies

E,(t(az), ©(ap)) < E,(T(a5), T(ap))-

(2) For n = n;and i, v e ™("2), each with no repetition, 7 | m, = v | m,, if there are
k>n and 1y, v; € ™(“2) such that 7 E,(1(ay;,), T(a;,)), for | <m, i, [1]11 n=n[l],
w1l n=v[l],and

(VLi <m)[n 1] =w[i1< 7] =v[i]],
then for every i*, v* € ™(“2) satisfying n*[1] | n = q[11, v*[1] | n = v[I] (for eachl
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Il <m),and
(VLi <m)[n*[1] = v*[i] <711 = v[i]]
we have
TE,(T(@g), T(@s)).

ReMARK. This is really the only place where we use countability.

PROOF Use Theorem [ShA1, VII, 3.7] to satisfy requirement (1) by letting
oL (x*2)E E, (x"z, F(z)"z)forl < I} < w, where the F, are such that {F(2): | < I}}
is a complete set of representatives for {x"Zz/E,: X}, possibly with repetition.
(Remember T, has Skolem functions, and by compactness there is [* which does not
depend on z.) Requirement (2) is fulfilled by trimming the perfect tree and renaming.

We will use the following combinatorial fact, which is slightly stronger than
Sierpinski’s lemma on almost disjoint sets of integers:

Fact 1.B. There are W(x) = o, {W, < w: n € “2}, and {U,: n € 2} such that for all
n € “2 the following requirements are met:

(0) W(*) and W, are infinite subsets of .

(1) U, is a perfect tree, i.e. U, < ©>2 is downward closed, { ) € U,, and

Vpe U, IveUlp=vllg) Av*<0>eU Av"{l)eU,].
(2) p,ve U, p # vandlg(p) = I(v) = h(p,v) € W, where h(p, v) is the length of the
largest common initial segment of pand v, ie.
h(p,v) & Max{n <w:pl v| n}.

(3) Foralln, # 172 € “2 and every p € U, and v € U,, there are three possibilities:
(@) h(p,v) e W,, " W,,, or (b) h(p,v) € W(*) or(c)p < v orv < p.

(4) W) W, = .

(5) For distinct n,v from ©2, W, n W, is finite.

Proof. By induction on n define k(n) = k, < w and the set W,(x) < k(n), and for 5
€ "2 the sets U, < *™=2 and W, < k(n), such that in the end (this imposes natural
restrictions on them)

[ne“2=W,nk,= Wy, U,n*">2 = U, ., W(*) " k(n) = W,(+)].

nin>
For the induction step, choose k'(n) = k(n) + n, and for n € "2 let
Up=U,u{vt):veU, n*™2 1 < n;
thus
(Ve ™2 A U)3pe ™2 nUNHp>v].
Define W, () = W,() U [k(n),k'(n)]. Fix an enumeration {r,: k < 2"} of "2. Let
k(n +1 )defk (n) + 2"*1. For n € "* 12, there are unique k < 2" and i < 2 such that
n=mn"<i). Let
U UL U {v:vekt V22 y ki) e UL,
[ki(n) +1<lg) A (I # 2k + 1) = v(k'(n) + 1) = 0],
[K'(n)+1<lg) A (I =2k+ 1) =v(k'(n)+1)=1i]}
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and W, = W,, u {k'(n) + 2k + 1}. It is easy to verify that this construction pro-
vides a family of sets as required.

Continuation of the Proof of Theorem 1. Assume 4 < 2%°, and fix an enumeration
{ne: & < 2%} = “2. Let the set

S:c{pe®2:(Vn<w)plnel,l}

be of cardinality |T,|*. Fix {pf:i <|Ty|" } = S.. We call S < “2 large if for every
n<wandveSwehave|{pe S:p|n=v!ln}| >|T|. Notethat, forevery S = “2 of
cardinality > |T|, for some S; < S we have that |S,| < |T;| and S — S, is large.

For X = 4 let My be the Skolem hull of {a,:n€ (J:.xS:}, and put M, E
ML L(T). In order to prove the theorem it is enough to assume X, Y < 1 and
X ¢ Y, and show there does not exist an elementary embedding f from My into My.
Let £ € X — Y. For the sake of contradiction suppose f: My — My is an elementary
embedding. For v € S let f(a,) = T;(i;). So there are $* = §, which is large, and 7,
and an integer n, such that [ve S* =1, =7 A lg(#,) = ny] and, without loss of
generality,

:E(ﬁv) r m, = f(av r ma) = (% r ma)(ﬁﬁfme)‘

Notation. For n € UCEySC let (1) be the unique element of Y such that n € S,
(this element is unique by Fact 1.B, (1) and (2), and the choice of the S).

Fact 1.C. We can find a large S** < S*, ky, < w, and 17, € "(“2) with the following
properties:

0) n #veS** = h(n,v) > k,. ‘

(1) For veS**, (VI < no)[ii,[111 ko = 7io[111 ko] and {,[111ko: 1< no} are
pairwise distinct.

(2) ko > n..

(3) For each | < ny either {if,[1]:ve S**} = {i[I]1} or the elements {ij,[l]:
v € S**} are pairwise distinct.

@) Wen (W) U Ui<no Wiggotny) < ko-

(5) For each 1< ngy, either {((i7,[11):ve S**} = {{(H[!])} or the elements
{@,[1]): v € S**} are pairwise distinct.

Proof of 1.C. Left to the reader.

MAIN LEMMA 1.D. If v # p € S**, then there is an | (<ngy) such that h(v,p)
= h(7,01.7,[1).

This lemma was proved in the course of the proof of Theorem 1.8 of VIII of
[ShA1], but for the convenience of the reader we will prove it below. But first we use
it to conclude the proof of Theorem 1. .

Since S** is large, clearly we can choose {v, € S**: « < w} such that foralln < w
we have v, # v, and v, | n=v,|n (fix first v,, and pick the other elements by
largeness of the set).

Applying Lemma 1.D, for n < w let ], < n, be such that

h(vy, va) = h(n,,,[1],11,,[1,])-
Since [v, € $** < §,], clearly by 1.B(2) h(v,,,v,) € W;, hence also
h(#,, U, 1., 1) € Wes
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and by 1.C(1) k, < h(,,[1,], 1, [1,]). From this it follows by 1.C(4) that

h(,,, 1.1, 7,,[1.]) ¢ W(*)
and that

) h(ﬁvw[ln]s ﬁv"[ln]) ¢ I/I/E(ﬁo[l,.])'

By 1.B(2),as [n € S; = /\,n | ne U] we know {7,_[l,], 7,,[l,]} is not a subset of

Syaon.n- Hence, by 1.C(5),{(7,,,[1,]) # {(,,[1,]). So by 1.B(3) (applied to (7,,,[1,]) [ k
and (i7,,[1,]) | k, k large enough) we have

h(ﬁvm[ln]s ﬁv" [ln]) € VV;(!,,),

where {(I,) = {(77,,,[1,]) (as (b) there is discarded above, (c) is trivially false; so (a)
there holds and we get the statement above).

Let A € w be unbounded and let I* < n, be such that n e A = [, = I*; now for
every ne A we have h(v,,v,) € W; n W, (combine three facts from the previous
paragraph; remember that {(I*) = {(», [I])). But, since & ¢ Y, W, n W, is finite,
which contradicts the choice of {v,: « < w} as satisfying h(v,,,v,) > n.

PrROOF OF LEMMA 1.D. We have to show that for every p # v e S**(<S,) there
exists | < n, such that

h(p,v) = h(7, [11,77,[1).

Suppose n = h(p,v). Hence E,(a,,a,) A TE,, (a,,a,). For didactic reasons we first
suppose, for the sake of contradiction, that for every I < n, we have

.11 # m,[1] = h(n,[11,7,[1]) < n.

Since f is elementary, 1 E, . 1(7(a;,), 7(a;,)); now we can deduce by Facts 1.A(2) and
1.C(0), (2) that

L En(f(aﬁp)’ f(‘Ziv )),

again as f is elementary, 1 E,(a,,a,), in contradiction to E,(a,,a,). Now we deal
with the general case, i.e. we assume

(*) (VI < no)h(,[11,7,[11) # n.

We shall derive a contradiction.
Define 7 € "(“2)

n,l11 i a0 n#m,[1]1n,
i,[1]1 otherwise.

ﬁ[l]={

Clearly 7(a,) | m, = 7(a,,) [ m, = ©(a,,) | m,and 77 [ m, = #,I m, = 77, ] m,, and also
11 is with no repetition and <#[I] | n: | < n,) are pairwise distinct.

Since, by the definition of 1, for each I we have #1[1][ n = #,[I1]1 n, using (x) we
obtain n[I1[(n + 1) =n,[I]1[(n + 1). Let b = 7(a;). By reflexivity of the equiva-
lence relation we have E,,(7(a;,),7(az,)); by Fact 1L.A(1), E,. (7(a;),7(a;,)), ie.
E, . (b,7(az,)). Finally (as ™ E,,(7(a;,),7(a;,))), using transitivity of the equiva-
lence relation, we have 71 E, . (b, 7(a;, ).

By the definition of 7, for every | < n, we have 7[1] = #,[1] or h(#7[1],1,[1]) < n.
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But, since n > kg,

{7l ko: I <mg}l =no and {0 [ kot I < no}l = no.

So, by Fact 1.A(2), as —IE,,+1([;, 7(a;,)) (see above) we have ‘—1E,,(l;, 7(a;,)). But
E,(b,7(a;,)) (see above) and E,(t(a;, ), 7(as,)) contradiction.

So the proof of Theorem 1 for the case A < 2%is completed. How do we deal with
the case A > 2%°? We just need to revise Fact 1.A. Add to L(T;) countable many new
constants {d,: n < w}. Now prove the following variation of Fact 1.A:

Fact 1.E. There exists a model M = T,, and there exists {@,: n € ®2} < |M]|, such
that, for n,v e “2,

a,tm,=a,tm,, [nln=vln<E(a,a)l,

and {d,:n < o) is an indiscernible sequence over {a,:n € ®2} of distinct elements
such that for every sequence of terms T(x) € L(Ty U {d,:n < w}), m = I(X) (with m,,
my,, m, as in Fact 1.A) there exists n; < w such that the following requirements are met:

(1) For n>n, and 7, ve™(“2) with no repetitions, if 7| m, = vim,, [l #k
= n[l11n#n[k11n] and (VI <m) L1} n= V{11 n, then, for pe™(“2), plm,
= 71 m, implies E,(2(a), 7(a,)) <> E,(¥(@), T@,).

(2) Forn > n,and i, v € ™("2), each with no repetitions, if i [ m, = v | m, and there
are k > n and n,, v; € ™(*2) such that 1 E,(t(a;,), 7(a,,)), for | <m

m1tn=a0l1,  wl]1rn="v0]

and (VI, i < m)(,[1] = %[i] < 71[i] = V[i]), then for every i*, v* € ™(“2) satisfying
7*[1] I n=n[1] and v*[1] 1 n = v[I] (for each | < m) and

(Vi <m)[*[1] = v*[i] <701 = v[il]
we have
L En(f(aﬁ*), ?(EV‘»

The proof of the fact is done similarly to the proof of Fact 1.A, but in the place of
Theorem VIL.3.7, use Exercise VIL.3.1 of [ShA1]. Now we can blow up the models
by extending the sequence of indiscernibles {d,: n < w}. So we have 1, models in
power 4, as required. (J Theorem 1

THEOREM 2. Suppose T < T, are countable and complete, T is stable but not
superstable, and /. > |T,|. Then IE(Z, Ty, T) = Min{2%2,}.

REMARK 2.A. This gives new information only when 4 is singular <2*° and 2™°
< 2% (see [ShA1, VIII, 2.2]).

PrOOF. We combine the proof of Theorem 1 and VIII, 1.11.

For notational simplicity assume A < 2%°, and assume A > N, (see 2.A). Let @ be
asin VIII, 2.2 (or see VII, 3.6(2)),and let M = EM(°=4, ®), p, = tp(a,, U,<w a,,) (for
ne“i).

As in [ShA1, VII] we write M!, EM*, etc. for L(T")-structures, and M, EM, etc.
for their reducts to L.

Fact 2.B. Without loss of generality, the following conditions can be assumed to
hold:

(i) p,, is stationary.
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() Ifne“l{ntll<w}sJ<ciandn ¢ J, then
tpLn(@y, (J{a,: v € J}) does not fork over | ) ;.

<o
(iii) a@,t,, < a, for n € ®>A and m < lg(n).
(V) If 0y, ..o Myay and vy, ..., V(o) are distinct members of “=4,vy,...,Vu2) € “A, and
T=1(X1,.-5 Xn(1)> )71,...,)7,,(2,) is a sequence of terms from L(T,), then

tpL(T)(?(ay“s ey ay]"(”5 avl, v v,,(z)) EM(w>i - {vl 5. n(2)}’ (p))
is finitely satisfiable in
EM({n;Ii=1,...,n(0), I < lgn)} v {v[Li=1,...,n(2), ] < w},P).

(v) For n € ®A, tpyry(@,, EM(°A — {n}, ®)) does not fork over | )i <, a, -

Proof of 2.B. By the unsuperstability of T there are formulas ¢,(X, y,) € L(T) and
a, € M, M amodel of T, such that (Ig(a,) = 1 if n € °A and) the following conditions
()(1)-(4) hold:

(@) (1) If ne“iand ve"A then M' = ¢,[a,,a,]iff ntn=v.

(2) If n € 4, then tp[a,, | J{a,: v e ®>A}] does not fork over ( J,<,, @ytn-
(3) Forallve ®A, a,1o"a,;, "+ "a,," a, realize the same type in M.
Without loss of generality we can add
4) a,;ca,forne"landl<n<w
(as T is not superstable but is stable: see [ShA1, 111, 3.3]).

Now we can find @ proper for (“=4, T;) (see the definition in [ShA1, VIII]) such
that:

(p) For any o(X,,...,X,) € L(T') and v,,...,v, € 3w, there are p,,...,p, € °ZA
such that

(a) <vy,...,v,y and {py,..., p,» are similar, and

(b) EM‘(“’ 20,) = ¢la,,....a, 1iff M = ola,,...,a,]
This holds by the proof of [ShAl VII, 3.6].
Let M! = EM'(®21,®), . > N,. For n < w and 5 € "/, let

= {ve=A:for every | < n,v(l) € {j, n(j2) + j3: 1> j2-J3 < lgn)}
and, for [ > n (but <w), v(I) = 0 and Ig(v) < lg(y) or 1g(v) = w}

and for ne “Alet I, = {(ve“id:vlnel, ,for n < w, and for every large enough [
<o, v(l) = ().

For notation simplicity let h be a one-to-one function from {6 < A: 4 limit} onto
®>A. Let I = {n e ®*4, and for every n < lg(n), h(n(n)) =n! n}.

Let {7j(x): | < w} list the L(M!)-terms with X' = {(x,,: m < i). Let us define a,
fornel

If 1g(n) < w, then a, is the concatenation of sequences 7j(a,,,...,d,,) for which:
I < lg(n), i <lg(n) and for each m e {1,...,k}, v,, € I, (in some natural ordering). If
lg(n) = w, a, = a,.

Easily, <a,:n € I) generates M* < M, and without loss of generality it is in-
discernible in M!, and for appropriate @', (i)—(iv) of 2.B hold; so without loss of
generality they hold for &.

Now by (B), in EM(®21, ®), for n € “o, tpy1,(@,, | J{@,: v e ®*4 — {n}}) does not
forkover | J,<,, @, - Hence {@,: n € “w} isindependent over | J{a,: v e ©>}. Hence,
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for some countable S < “w, U{d,,e ®w — S} is independent over EM(“*w, P);
hence, by the indiscernibility of <a,:n € “*w), {a,:n € “w} is independent over
EM(*’w, ®). Similarly tp(a,, EM(°*1 — {5}, ®)) does not fork over EM(°74, ®),
hence over {a,1;: | < w}. So 2.B(i)—(v) all hold.

Fact 2.C. If ©>2 < S* = ©22, 7(X,y) is a finite sequence of terms of L(T)), 1
€ “7(S*), and v € ®7(“2 — S*), then tp, 1, [T(a;, a;), EM(S*, ®)] does not fork over
EM(°>2 o {il1]: | < 1g@)}, ®)

Proof of 2.C. By 2.B(iv), tpyn(T(a;,@;), EM(S*,®)) is finitely satisfiable in
EM(“>2 v {f[1]: | < 1g(77)}, ®). Now apply [ShA1,1IL,0.1].

We continue the proof of Theorem 2.

We can choose 4, (n < o) such that the set L(T) of formulas of T, is | )< 4y, 4,
finite and increasing, and for , v e “A

tp,,(@,, EM(®"4, ®)) = tp, (a@,, EM(°"4,®)) iff nln=v|n

[Why? Let {¥(x,7"): | < } list the formulas of L(T) with y' = {y;:i < n,). For
each [, for some k; < w,

tp,,,,|:5,,, U anln] and tpw:l:an’ U J'HMJ
n<w . m<k;

have the same R(—, {, 2)-rank, k, minimal. (Remember that lg(a,) = 1 whenn € 1)
Let 4, = {y;: | < n,k; < n} U {@,}. For some infinite set W < w, {4,:ne W) is
strictly increasing, and by renaming, etc., we get the conclusion.]

Next, by induction on n, define k(n), k,(n) and g,: "2 - *™2, with k(n) < k,(n)
<khn+ 1) <w, g,nl(n—1)<g,n (for ne"2), g, one-to-one, and [ne€"2
= Gn+ 11" <0D) [ ky(n) = gn vy (1" <1)) [ ky(n)], and (like () (2) from the proof of
VIII, 1.8) such that:

(%) Foraterm7(X,,...,X,_ ) there is m; such that (suppressing in 7 the sequences
n € ®>2 viewed as part of ) if m > m,, § a sequence of members of Range(g,,)
(without repetition) of length n — 1, n(*) < n,and similarly ¥ and there are sequences
7, and v; with #[1] < [1] € “2 and v[I] <[] e“2 [7[1] =v[,]=nl]=
vi[l;]] and

tP Ay (T(@5,) EM(F >4 U {1 [1]: 1 < n(x)} U {0 [1]: | < n(+)}, D))
# P Ay (T(@5,), EM(M ™72 U {i [1]: | < n(»)} U {n[1]: | < n(x)}, D)),
then, for any such 7, and v;,

tP 41 (T(@5,), EM(* =2 U {11, w[1]: 1 < n(%)}, ®))
# 1P 4 (T(@5,), EM( =2 U {,[11, % [1]: 1 < n(%)}, P)).

Now we define W(x), W,, U,, and S, as in the proof of Theorem 1. Then foru < 4

let M} be the Skolem hull of
Jo={a,;ne*>2}u {a,,: nel S(}’
Leu

and M, its L-reduct. It suffices to get a contradiction from the following: f is an
elementary embedding of M,,,into M,,,, where u(1), u(2) = A and £ € u(1) — u(2),
lu(1)] = [u(2)| = A. For neS,, let f(a,) = 7,(a;,,) and 1,0 € “"(Jyz)- By the 4-
system lemma there are S* < S, of cardinality |T;|* and n(0), w, 7, 77 such that

(a) forve S, 7, = Tand lg(n,.o) = n(0);
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(b) forle wand v e S*, 7, 0[!] = 7[1]; and
(c) for I < n(0), I ¢ w, the set {7, o[/]: v € S'} has no repetitions and is disjoint to

(ool l:veSL I <n(x), ' #1},

[since, without loss of generality, 7, , can be taken to have no repetitions].
By renaming, we can assume that 7, 77, (v € S*) are pairwise disjoint sequences
from ©”(J,(2)), and for v e S*

f(av) = ?(aﬁv, aﬁ)
Let S* = ©”2 | J;cuz) S; be aset of cardinality < |T;|such that ®>2 = S*, 77 € u’>(S*)
and f(Mg) < EM(S*,®). Now {a,:ne S'} is 1ndependent over M(®2) in M, u(2)5
hence { f(a,): n € S*} is independent over S = §*,|S?| > |T;|,and { f(@,): n € S?}is
independent over (EM(S*, @), f(M(“”2))) in M,,,. Also, without loss of generality,
for v e §2, 77, is disjoint to S*. So by 2.B(v), { (a,): n € S?} is independent over

(EM(S*,@), EM(®"2 v {7[1]: | < lg()}, @)

As those sets are models:
(**) For n,,n, € S?and n < w we have n, [ n = n, | niff

tp4, (7@, a;), EM(®72 U {ff[1]: 1 <lg(n)}, P))
= tp,,(T(@, ), EM(®>2 v {if[1]: | < 1g(in)}, ).

The rest is as in the proof of Theorem 1 (using () instead of 1.A(2)).

Fact 3. If T< T,, T complete, and |D(T)| > |Ty|*, then, for every A>T,
IE(A, Ty, T) = |D(T)|®.

REMARK 3.A. Of course, if |D(T)| = |Ty|*, still I(4, Ty, T) = |D(T)| for A > |Ty|.

Proof. Let M be a model of Ty, let a; € |[M| (for i < |D(T))) realize distinct types
from D(T),and {z;: i < A} an indiscernible sequence over {a;: i < |D(T)|} thatis not
trivial (i.e. z, # z,; and without loss of generality T; has Skolem functions, of
course). For w < |[D(T)|, let M}, be the Skolem hull of {a;:i e w} U {z;:i < 4}. For
w a subset of |D(T)|, let D,, be the set of types p € D(T) realized in M}, ie. D,
= {tpyn(b, @): b e M,,}. So it suffices to find a family {w;: i < |D(T)|*} of subsets
of |D(T)|, |w;| < 4,and D,,, & D,, for i # j(equivalently, for some « € w;, tp,(a,, &)
¢D,) As|D,| <|Ty| + |w|,1f |D(T)|“0 = |D(T)| this follows by Hajnal’s free subset
theorem. So we assume |D(T)|®° > |D(T)|. We can choose cardinals p, such that
[lo<otta = DT, |Ti|" < py < ptaq <|D(T)|, and each p, is regular. [If
|D(T)| < |T,|%° let u, = |T;|**; as |D(T)| > |T;|, clearly u, < |D(T)|, and the rest
iseasy. If |[D(T)| > | T |¥° (hence | D(T)| > |T;|%°), we let u = Min{k: k™ > |D(T)|},
so clearly u®° = |D(T)|¥° and p > |T;|¥° and (Vk < p)k™° < p,and cf(p) = Ny; now
we can choose u, < u as required.]

Let E, be the filter on y, generated by the closed unbounded subsets of u, and
the set {6 < w,:cf 6 > |Ti|}. For « < w and # € [1,<, 1, let D D{,,(,, i<1geny and
M, « M {0 i<igmy- Let So = (Um<w I li<m p- By induction on n < & we now define
S, such that:

(1) Sn+1 = Sn’

(ii) < ) €S,;

(iii) {n € S,: 1g(n) < n} = {n € S,4,:1g(n) < n};

(iv) S, is closed under initial segments;
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(v) forneS,, {y:n"<y) €S,} # Fmod Ey,);
(vi)if n € S,,1g(n) = n,n"<{y) € S,+,, and cf(y) > | T}, then, for some a, , <7,

(VVESn+1)[V r(" + 1) = f]/\<'))> A an,y < ﬁ < y = tpL(dﬂag)éD\'],

(vii) if n*<y,> and n"<{y,> € S, ,,, thena, , = a, ,,, and hence y;, > a, ,,.

There is no problem in the definition. For n = 0, S, is given, (i), (iii), (vi), and (vii)
require nothing, and (ii), (iv), and (v) are easily checked.

For n + 1, first for each n"<{y) €S,, 1g(n) = n, cf(y) > |T|, we choose §, , =
{veS,:v,n"<y) are comparable} satisfying:

(a) §,,, is closed under nonempty initial segments;

(b) if ve S, , and Ig(v) > n, then

{B:r’/\<ﬁ>esﬂ,7} ?I: @ mOdElg(v);
(c) for some a,, , < 7, for every ve S, , we have
[an‘y < ﬁ < '}) = tpL(aﬁ, Q) ¢ Dv]‘
Foreach v thereissuchana, ,(as|D,| < |T}|,cf(y) > |T}|),and any «;, ,, , , < a;, ,
<y, can serve. As cf(y) > |T;| = X,, by Rubin and Shelah [RSh117] (or see [ShA2,
Chapter XI, Lemma 3.5, p. 362]) «,, , S, , exists.

Now as E,y, is normal, for some «, and 4, < {y: n"<{y> € §,} we have 4, #
@ mod E,y,y and (Vy € 4,)a, , = a,. We let

Spv1=U{S,,: meS,, lgm) =nyeA,}.
Clearly (i)—(vii) hold.
So we have carried the induction on n. Let S, = (),<,S,. Clearly S, satis-
fies (i) (i.e. S, < S,), (i1), (iv), (v), (vi)’, and (vii).
(vi)" If n € S,,1g(n) = n,and n*{y) € S, then cf(y) > |T;| and, for some a, , < 7,

(VV € Sw)[v r(n + 1) = ’7A<V> A an‘y < ﬂ < y = tpL(aﬂ’ Q) ¢ Dv]
Let Lim S, = {n:1g(n) = w,n [ n€ S, for n < w}. Clearly
ILim S,| = [ ] uw = ID(T)I™,

and {M,: n e Lim S, } are as required. Alternatively: let F, be a one-to-one function
from I''= { ), 1<y ttm to |D(T)|, and for n € I" let

F,(n) = {o: a, belong to the Skolem hull of
{Fon 1 1): 1< 1g(m} v {dyin < o}},
Fy(n) = {F\(n) — Fo(n 1 1): 1 < 1g(n)}.

By [RSh, Theorem 2] there is a Iy < I such that, for a, n # v e I';, n ¢ F,(v). So we
can easily finish.

M is called an algebra if L(M) has no predicates (only functions).

REMARK 3.B. Also, if |D(T)| > (|T;|%)* and 0 < |Ty|, then IE(A, Ty, T) > | D(T)|°.

In fact, as above it suffices to prove (use with u = |T;| and |D(T)| = ||M]||):

(*) If M is an algebra with u functions, u > 6 and |M|| > (u°)*, then M has
> ||M||° subalgebras, no one a subalgebra of another.

Clearly (x) holds: let {<a%: i < i, < 0): a < ||M||°} list the sequences of length < 6
from |M]|, let N, be the subalgebra of M which {a{:i < i,} generates, and let F(x)
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={B: B # o, N; = N,}; then |N,| < u + 6 = p, and now for each «
1{B: Ny < N} < ()" < [IM]l,

so by the Hajnal free subset theorem we finish.
* * *

Now we turn to consistency results.

LEMMA 4. Let k = k=%, 1 = ¥, N° an algebra with universe  and < k™ functions,
N! < N° a subalgebra, and [IN® — N*'| = L. Then for some k-complete forcing Q of
power A, satisfying the k*-c.c. (hence not collapsing cardinals nor changing cofinalities)
it is forced that:

For some complete T < T, |T| = k, |Ty| = k*, A = |D(T)|, T superstable, and for
some algebra N* with universe A the following holds:

(¥) Thereis a function H from PC(T;, T) onto {M: M = N*} (in the universe after
the forcing) such that, for M, M, € PC(T,, T):

(i) M, = M, iff H(M,) = H(M;) A [|My]| = |IM2]l;

(ii)) M, is elementarily embeddable into M, iff H(M;)< H(M;) A
||M1|| < |IM]l;

(iii) (a) {|N|: N < N*} = {IN|: N = N°} and

(b) {IN: N N*and [IN| = N D ={|IN|: N = N'}; and

(iv) Suppose for simplicity that there is no Erdés cardinal in K (the core model,
this holds if —0%). Thenany N < N*,|N| & |N*|(in V9),is the union of ¥, submodels
of N' from V (and if N° contains the functions definable in (K;, €), this holds for
N < N! too) [and if k > R, the union of N, models from V'is from V'].

REMARKS. 1) Part (iv) of () is usually not used, e.g. in Conclusion 6 (below); in
this case one can discard part of the proof.

2) Our aim is to show that I(4, T;, T) and IE(4, T;, T) may be small, even though
|D(T)| > |T,|. This lemma produces appropriate T and T; (in an appropriate
extension of our universe V) such that we have a strong a priori control over the set
of isomorphism types of models in PC(T}, T): they correspond to submodels of N *
which necessarily are submodels of N°.

Note that (iii) of (*) gives, e.g. upper ((a)) and lower ((b)) bounds to I(4, T}, T),
which in applications coincide.

3) If we assume only “in the core model K there is no 4, 4 — (w)3©”, then in (iv)
of () we should replace “N,-models” by “(< u)-models™.

PROOF. Let J = *>2in the sense of ¥ and u = 4 (just to later simplify reading this
proof as a proof of Lemma 7). So N° (and N*) have universe . For I = *>2 let

Br,(I)={ne*2: (VB <ol pel}

(so it depends on the universe of set theory). Let L(T) = {F,: n € J}, F, a monadic
predicate, and define

Ty = {(Y)P y(x)} U {(YX)[F(x) = P(x)]:v<neJ}
U {T1(3%)[B(x) A B(x)]: n # v are <-incomparable}
U {(VX)[B(x) = Pr05(x) vV Brgy(¥)]im € J}
U {(3x)P(x):ne J}.

T, is a complete theory with elimination of quantifiers.
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In the new universe V! = V¢ we shall define a family #; each f € 2 is a partial
n( f)-place function from *2 to *2 such that:

(¥), for every feP(n(f)-place) and #u,n,...,0,€*2 such that =
S5 Magy)) and every o < k there exists o < f < k,such thatif v;,..., v, €*2
and for every 1 <1< n(f)wehave v, =, fand f(v,...,v,)) is defined, then

f(nl’”'rnn(f)) ra =f(v19'-~9vn(f)) foc.
Wethenlet Ty =T, u T,y v Ty U T, ,, where:

Ty 0 = {(Vxy)[B(x) = B(g(x,y)]:ne J}
VA%, Y1921 # y2 = 9(x,p1) # g(x, ¥,)1}

T, = {(Vxl,...,x")[_ﬁ B (x) = Iz,(f(xl,...,xn»]:

=1
pl’.”’p"’pe‘]’fe'?;n = n(f)forsomc 7]1"“77]"6,(2:
p<f('71"",r,n)’ and

(Vm,---,"/n(f))[,/\l pi<n€"2=p< flm,...,n,) (f deﬁned)]}’

Ty, = {P,4(c,): n a sequence of zeros and ones of
length a limit ordinal < k,
(Vo <Igm)[n [« € J] and B < lg(n)}

(note that T, , can be waived now, but will be used in some later variations).

Now L, is the vocabulary of Ty, and T = T; n L. Clearly T is equal to T,, T
superstable, and |[D(T)| will be > |( J;<, Br,(J)| (in fact, equality holds).

In the forcing we shall also construct a function H,, one-to-one, from Br,(J) (in
V1) onto 4 such that:

(A) If jis in the subalgebra of N° generated by {j,...,j,} (S 4), then, for some
fe?,

H,'(j) = f(HG (1), Ha ()

(B) If j,ji,...,j,€ N (note: N!, not N°!) and
(Bf e PH'() = fH(J)s-- )],

then j is in the subalgebra of N' generated by {ji,...,j,}.
(C) DeFINiTION. Now for M € PC(T, T) and a € M we can define

Hya,M)=|){neJ: ME B(a)}, H.(M)= {Hya,M):ae M},
H(M) = {H,(H,(a, M)): a e M, Hy(a, M) € Br,(J)}.

Note that H,(a, M) belongs to Br(J) = UGSK Br,(J) — J, H(M) < Br(J), and H(M)
S |N% =p

We have to define the model N*.

(D) DerINITION. For f € &, we define F} as a complete n( f)-place function from
pto u:
H(f(HZ'(1)s-- s Ha ' (i) if defined,

FX(j seees .n =3; i
Tt dniry) {11 otherwise.
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Lastly, N* is N° expanded by the functions F¥(f € 2) (or we could use N* with
partial functions).

Let us check that T, T,, N* will be as required.

Note that

(*), H(M)is a submodel of N* of power < ||[M|| when M € PC(T,, T). [Why? By
(D) and (), and T;,, above.]

(*); If N = N*is a submodel and 4 > ||N]|, then for some M € PC(T,, T), || M||
= A, H(M) = N. [Why? Check.]

Note, however, that we shall use freely

(@) H(M,) = HM;) iff H(M,)=H/(M,).
(This follows from (%), (A), and (B), as
H(M,) = {H,(x): x € H(M)), x € *2}

and if x € | J;<, Brs(J) — J then always x € H(M,) (using T, ).

Now we check (*) of Lemma 4.

Claim 4.A. If in V2 there are 2 and H, satisfying (%), (A), and (B), then (x) of
Lemma 4 holds (N* is defined in (D) and H is defined in (C)) and 7, = k + |2|.

Proof of (i). Let M,e PC(T;,T). The implication “M; = M, = H(M,) =
H(M,) A ||M,|| = ||M,]|” is totally trivial. Now suppose NdzefH(Ml) = H(M,)
and || M, || = ||M,]. Hence, by (®) above, H,(M;) = H,(M,); callit Y. Then, for each !
=1,2, xe Y; as Y = H(M,), the set {a € M;: Hy(a, M;) = x} has cardinality ||[M,||
(use T,y < Ty, i.e. the function g). As || My|| = || M,||, there is a one-to-one function F,
from Al = {ae M,: Hy(a, M) = x} onto A} = {ae M,: Hy(a,M;) = X}

However, | M,| is the disjoint union of {4%: x € H,(M,)}, so FE (Uxey Fxis a one-
to-one function from M, onto M,. It is easy to check that it is an isomorphism.

Proof of (ii). Similar to (i) (remembering T has easy elimination of quantifiers).

Proof of (iii)(a). Suppose N = N* (in V9). We want to prove that [N] is closed
under the functions of N°. So suppose j is F(j;,...,j,), F a function of N°, and
assume that j,,...,j, € |N|. By (A) above, for some f € &, F;(j;,...,ja) = Jj (see (A)
and definition of F}). As F; is one of the functions of N*,and N = N*,clearly j € |N|
so we are finished.

Proof of (iii)(b). Use (B) above and the choice of N*.

Proof of (iv). Nate that (iv) is a direct consequence of Magidor’s covering
theorem (by [Mg2]; see the Appendix to the present paper for an explanation)
provided that we expand N ° by partial functions (not changing the set of submodels
of N°included in N!)such that, for every c € N® — N*',in (N, c) there are terms for
all functions definable in (K, €). (Remember, if 0* does not exist then K = L.)

The only thing which remains to be done is to force, i.e.

Claim 4.B. There is a forcing Q satisfying (*);, (A), (B), and |2| = k.

Proof. Let A = )<+ A;, the A/s being pairwise disjoint, with |4;| = A fori > 0,
such that [N!|< A, (remember, we assume in Lemma 4 that [N® — N'| = ). The
forcing Q is P+, where (P, Q;:i < k*,j < k") is a (<k)-support iteration.

We let Q, be {f:f a partial function from 4 to {0, 1}, |[Dom f| < k}, ordered by
inclusion. Clearly in V2 the cardinality of Br,(J)"®is 4 (remember that 4 = 1*), s0
let (B;:i < A) be a partition of it into A pairwise disjoint sets each of cardinality 4.
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Next we define (in ¥2°) H,, a one-to-one function from B, onto A4,.
We now define, by induction on i, a function H; and Q; € V" such that:
(«) H; e V*is a one-to-one function such that

RangeH, = (J4;, |JBr,(J))"”—~ () B;=DomH,
j<i ji<i i<j<a
and H;extends H, when 0 < y < i[in our present proof we can somewhat simplify].
Let N° =(|N° | Fy)p < pwy» Where f(*) < k™. Let Iﬂ, be an ng-place function, and let

F; ; be the partlal ng-place function from Br, (J )V " into itself, defined by
(¥)a Fpilvysoyvy,) = viff

Viso-osVnp VE Dom H;  and - Fy(H;(vy), ..., Hi(v,,)) = H;(v).

Now we have
(B) For some f; = B(i) < B(*), Q; is the family of pairs ( f,g), where f is a partial
function from

{50, n@) V) B i V) = v}

into k, g = <{g,: { < {(0), {(0) < k, and g, is an n(f;)-place function from J to J
(remember that J = (*>2)¥) such that:
(a) each of f, g.({ < {(0)) has domain of cardinality <x;
B i s Vupans V) = &, 9e(Prs- -5 Pugpay) = p» and /\;'(:ﬁf” py <"v, then
p <v,and
(c) suppose g,(p},. ..,pf,(,,(,-))) = p'for I = 1,2; then
(i)lg(p}) = lg(pb) = -+ = Ig(Pugay) = le(p"), and
(i) if A% pi < p?, then p' < p2.
The order is natural.
There is no problem to carrying out the definition, and each Q, is x-complete and
satisfies the k*-c.c. in a strong sense, e.g. (x) of [Sh80, p. 297] with x replacing ;.
Clearly for i < k™, P, is k-complete; it also satisfies the x*-c.c. (prove directly, or
quote [Sh80] or the proof of Baumgartner’s axiom). Hence
Br,(J)V"™ U Br,(J)"
So H, © (Ji<x+ H; is a one-to-one function from Br,(J)"™" onto A.
By any reasonable bookkeeping we can choose the f; (i < k™) such that, for every
B < B(x), for k* ordinals i, §; = ﬁ
We now define for each i < k* and { < k a partial n(f;)-place function F>%,in VP,
from Br(J)"™ to Br(J)"™: F>*(vy,..., Vugaay) = Vil Vis- o> Vagginy» ¥ € BrK(J)VP nd
for every o < k for some f <k and (f;9) € Gy, v1a is an initial segment of

gg("l MB,..., V(i) I B).
Let F¢ be a (complete) n(p;)-function from Br(J)"™ to Br(J)""

F2(vy, ..., Vapqy)  if defined,
v otherwise.

F:;(vl""svn(ﬂ(i))) = {

It is easy to see that F$ is well defined, F{* satisfies the requirement (*); (on
members of #), and that (see (%), for the deﬁmtlon of Fy ,):

(*)s FB..t(vls svn(ﬂ(t))) =vV= \/g<xF (Viseees n(;z(z») = v and
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(#)6 1 FOSVis ey Vupay) = v @0 Vi, Yooy € Br(J)"" then
Ep (Vs s Vagay) =V and  (veBr(J)"")

(by the genericity of Gg,).

Welet 2 = {F*%: i < k", { < k}.Sodemand (A) holds by ()s. It is easy to check
condition (B) too (remember that [N!| < B,) (the values of F: not in F; . giveasa
result a new branch).

So we finish the proof of Lemma 4.

Claim 5. (1) If R is a forcing notion (in V'2) which does not increase Br,(J), and

“

&

”»

<k*

>

U Br,(J)
then the conclusion of 4 still holds in V2*® (and only T, , increases).

(2) If, for example, R = Ry * Ry, R, is adding N, Cohen reals, and R, is WX,-
complete, the assumption of 5(1) holds.

REMARK 5.A. This claim enables us to get various situations. For example, start
with V = L; we choose k = N, and A = N, we force as in Lemma 4, and then we
let (in V) R, be adding X, Cohen reals, and R, be (in ¥ ¢**°) adding N3, subsets to
Nj:

R, = {f: f a partial function from X3, to {0, 1} of cardinality < N3},

ordered by inclusion. Now in V; = ((V2)®°)R! no cardinal of L is collapsed, 2% =
N, if & < 3ora > 31,2% = N;,if 3 < « < 31 and for some complete first order T
c T, T is superstable,

|T| = N143 |T1| = le’ |D(T)| = st-

Assume we have started with N equal to some (4, f,,, %), <x+.n<w> Where { f: n < @}
is a list of the functions with finite arity, from 4 (=,;) to 4, definable in (L,+,€),
and N! is the closure of x* under f, (n < w). Then X5 <A =14, T;,T) = Nys
(remember N °in L is a Jonsson algebra, and the forcing adds no new subalgebra (see
4(*)(iv) and its proof).

Of course also IE(A, T;, T) = X ,5 (see Fact 3). If we had started with 4 = N¢, we
would have gotten IE(A, T, T) = 1.

Proof of Claim 5. (1) Look at the proof of 4 and notice that in our proof of
(1)—(iv) of () of 4, all that we used holds in V2*%; i.e. in the proof of (i)—(iv) of (¥)
of 4 we need only @, which holds by our assumptions (using T, , < T).

2) Well known.

Conclusion 6. If in Lemma 4 (or Claim 5) A = k**, we can get that I(A, T;, T) = A
and IE(A, T,, T) = 1 (in fact {M/=: M € PC(T, T), || M|| = A} is linearly ordered by
elementary embeddability, and has order type 7).

We shall return to the proof shortly.

REMARK 6.A. Really the T and T, we got in Conclusion 6 satisfies 1E(T;, T)
= Ny ie. there is any finite but no infinite family of models in PC(T;, T'), no one
elementarily embeddable into another. (In fact the order type of the class PC(T,, T)
under elementary embeddability is 4 x cardinals, i.e. to {(i,0): i an ordinal < 4,0 a
cardinal}, with the partial order: (i;,6,) < (i,,0,) iff i; <i, & 6, <0,

REMARK 6.B. |D(T)| > |Ty| = IE(T,, T) = N,
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Proof of 6.B. Let n < w. We choose by induction on m < n a model M, e
PC(T,, T) of cardinality |T;|*"~™), realizing < |T;| types from D(T), such that one
of them, p,,, is not realized in My, ..., M,,_;s0 IE(T}, T) > nfor each n. Moreover,
if |D(T)| > |T,| and A < |D(T)|, then for u > |D(T)|** there are M* e PC(T;, T),
||M%|| = p for i < A, such that [i < j A u(1) < u(2) < M*Y can be elementarily
embedded into M4]. (Use Ehrenfeucht-Mostowski models.)

Proof of 6.We shall apply Lemma 4 with N° = (4, F,i);<,+, F a two-place
function from 4 to 4 such that, for each < A*, {a: & < } = {F(B,i): i <™}, and
N'is NO restricted to k* (without loss of generality, F maps x* to k*). So we get
T < T,, complete first order theories, with |T| = k, |T;| = k*, and T superstable.

We want to see what is K = {M,|L:||M,|| =4, M, E T;}. We really are
interested in isomorphism types, i.e. K' = {M/~: M € K}; let M, <., M, if M, is
elementarily embeddable into M,. Now, by 4(x)(i), (ii), (K', <) is isomorphic to
({IN|: N = N*}, <), and, by 4(x)(iii)(a), {IN|: N = N*} is a subset of {a:a < 4}.
However we know that it is closed under increasing unions (by the definition of N
< N*); hence, for some closed subset C of 4, {{N|: N = N*} is C U {4}. By the
“elementary submodels existence”, C is unbounded in 4. So K’ is isomorphic to
(C v {4}, <) (where C is a closed unbounded subset of 1), which is isomorphic to
A+ 1,<)SoI(A T, T) =4 IE(A4, T, T) = 1, and we can prove the rest as well.

LEMMA 7. If k > Ry and k < p < A, thenin Lemma 4 (and Claim 5) [i.e. we assume
K, A, and N satisfy the assumptions of 4], allowing Q to be only strategically k-
complete, we can have N* = N' = N° have universe u, and |T;| = k.

REMARK 7.A. The main improvement in 7 is “|T;| = k” rather than “|T}| = k*”
from 4. Also we can more easily control |T|, |T;|, |D(T)|, and 2* (and cardinal
arithmetic in general).

However, the weakening of x-completeness means that e.g. preservation of
supercompactness is more delicate.

PRrOOF. First we shall force (by Q,, defined below) a subtree of *>2 with p
branches (in the well known way). For A < *>2, let us define

5(4)= {lg(n: n € 4}
and
06={(A4,B,Y)A<**2,BS<*2,AnB=(,|A| <k, |B| <k,
A closed under initial segments,
Y a partial two-place function from u X k to 4 of power < k,
Y(x,{) < Y(x, &) when (both are defined and) { < ¢,
Y(x,{) €2, and if Y(a,{)is defined then Y(«, &) is defined for
every & < 6(A),
neA= /\i—o1n"<l> € Aand (Vn € B)lg(n) < 5(A), and

VneAEIveAlinSv AvesM2 A A vryeA],
y<d(A)
8(A) is a successor ordinal}

and the order of Q, is

(A1,By,Y,) <(A,,B,,Y,) iff A, S A4,,B,<B,,Y,CY,, A = A, n =)

Let Qf = {f: f a partial function from 4 to {0,1}, |Dom f| < x}, ordered by
inclusion.
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It is easy to see that Q, E Q% x Qb is strategically x-complete of power 4, and
”_Q 662)( — A?’,
If G§ = Qf is generic over V let

JIG41 = | J{A: (3B, Y)[(4,B, Y) € G&]}.
For o < pand n € *2 (from V[G{]) let Hy(n) = a if
(V< x)(3A,B,Y)[(4,B,Y) e G§ A Y(o,0) = n [ (].

Easily Dom H, = Br,(J[G%]) in V[G%], and forcing with Q% adds no brahch to
J[GE], ie.

Br,(J[G§])"1%6* %8 = Br(J[G§])"1.

We proceed asin Lemma 4 with H, = H,,. Now P,. /P, is k-complete and satisfies the
stronger k*-c.c.

* * *

The following trivial fact is contained in the proof of 4:

Observation 8. 1) Suppose I is a tree (1 e, for xel, {y:I1E=y<x} is well
ordered), § < k a limit ordinal, || = k, B(s = Br(,(I) has power u, u > A, and for every
i <9, |Bry(I)| < k. Then, for some complete first order T with |T| =k, |D(T)| =
|D(T)| = p(in fact, if 1is a tree with k nodes and u branches, cf u > k, then there is
suchaT).

2) Suppose further that 2 is a family of partial functions from B = B; to B which
are continuous, i.e., if F €2 is an n-place function, n, n,...,n,€ B, « < 6 and
n = F(n,,...,n,), then, for some f < 9,

[v,vl,...,v,,eBé,v— (ViseensV /\ B=mlp=vla ”Ir“]

Then, for some first order complete T,, T < T,, |T| = k + |2|, and for y > |T,|:
a) I(x, T;, T) = Sb_,(B, f) e »,whereSb_,(B, f)feg, = the number of submodels
of (B, f)seq (i.e. subsets of B closed under each f € 2) of cardmallty <z
b) IE(y, T;, T) = Sb E(B, f);c», where Sb E(B, f)fsg, = the maximal number
of submodels of (B, f');.» with no one a submodel of another.

Proof. Read the proof of 4.

Discussion 9. Using Lemmas 4, 5, and 7, we can get many examples contradicting
conjectures of the forms, “if |D(T)| > |Ty|, then I(4, T, T) and IE(A, T}, T) are
large”. However they all can be obtained starting with L, hence cannot deal with
cases in which cardinal arithmetic contradicts the covering theorem.

Suppose we want |T| = k, k strong limit singular and | T} | is x or x*. By 10 below
(together with 8) we can get some results.

Fact 10. (1) Suppose 0 = cf k > N, (Vo < k)[6°% < k], 2° <k and k < y < k°.
Then there is a tree I with |I| = k, |Bry(I)| = x, and |Br,(I)| < k for o < k.

(2A) If x =" and Yo < k[c® < k], then, for some 2 as in 8(2), |?| = k and
SbEB, f)fep = 1.

(2B) Supposethat k < y < k°, yregular, {A;: i < 0 is increasingly continuous with
limit k, x = cf(I1;<¢ Af*)/D, D a normal filter on k, A** < K is regular (see [Sh111]
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and [Sh355] on existence: for each regular such y there are such D and A7*?; and note
that Magidor forcing for failure of 2* > k™ gives this for y = k** for a; = a), and,
finally, Vo < k[6® < k). Then there are T < Ty, |T| =|T| =k, |D(T)| = 3, and
thereisnow < D(T),|w| = |«|*, and models M} of T, for u < w such that for p € w,
M} realizes p iff p e u.

(2C) If k,{4;:i < 0>, D, y are as above, and y = k** and R, < 0 = cf «, then, for
some 2 as in 8(2), |?| = k and Sb(B, f);cp = 1.

REMARK. These statements are in fact just variants of Galvin and Hajnal’s results
[GH]. See also [Sh111], [Sh282], [Sh345, §4] and [Sh355].

Proof. (1) Without loss of generality, cf y > x. For a filter E on 6 and h € °Ord
(i.e., a function from 6 to ordinals), let #(h) = {#: 2 a family of functions from 6 to
Ord such that (Vf € 2)f <gh (ie, {i < k: f(i) < h(i)} € E), and (¥fi, f, € Z)(Va
<O)(fi(®) = fr(0) = fila= frl a)}.

Suppose E is §-complete extending the filter of all cobounded subsets of 6. There
is h € °%k and 2 € Fy(h) such that | 2| = k% [If k = Y, .o 4, 4; < K, let h(i) = Il;<:4;
and let H; be a one-to-one function from [];; 4; onto [[];<; ;. Now for n € [];<4 4;
let f,: 6 > k be defined by f,(i) = H;(n | i).] So there are h* € °k and 2* € Fy(h*),
|2*| > 7, such that h* is <g-minimal with this property, i.c.,

(Yh)[h <gh* A P € Fg(h) - | 2| < x]
(this holds since < is well founded, because E is 6-complete hence N;-complete).

As cf y > k > 2° there is A € E such that 2’ = { fe 2*: (Va € A)f(x) < h*(«)}
has power y. Let 2 be a maximal family satisfying (for our already chosen h* and A):

(a) ' € 2 c %;

(b) (Vfe Z2)(Vo e A)f (o) < h*(a);

(©) if fi, e a<0,and fi(a) = fo(e), then fy[a = fr T o

As 2’ satisfies (a), (b), (c), and as the conditions are finitary, there is such a maxi-
mal £,

Now |2| =y (by (), |2|=|?|=y; if |P|>y, for feP let = {ge?:
g <g f}.Now for f € Z we have |Z| < x [otherwise f contradicts the choice of h*],
so by Hajnal’s free subset theorem there are distinct f; e 2 (for i < |Z]), with
#j=f¢F]ie, [i#j="(fi <cf)] As|Z?| > (2°)* we get a contradiction
easily (using the Erdos-Rado theorem; see [Sh111, 2.2])).

LetI ={fli:f €% i< 0}, ordered by inclusion. Then I is a tree with level i of
power < |h* (Min(4 — i))| < x (use (b) and (c) for the first inequality and (b) for the
second). Note that for limit 6 < 6,

|Brs(I)| < H (1 + h*(j)) < k.

Let us now define B Bry(1); wé Claim it is exactly {b: f € 2}, where b, =
{fli:i<6}. Clearly, for f €2, b; € Br,(i). Suppose b = {g;: i < 0} € Bry(I), g; in
the level i of I, and [j <i=g; S g;]. Then g; = fi1i, e ? Let g =|)i<o9:.
Clearly 2 U {4} satisfies (a), (b), and (c), contradicting 2’s maximality except when
g € ?;s0 also Bry(I) < {b,: f € 7}.

(2A) In the proof of (1) choose <4;:i < @) increasing and continuous
[4 = {Ji<e 4], E any normal filter on 6. By induction on o < k™ we can choose

fu€ ]:Ioi?, (VB < 2)fy <g fa-

This content downloaded from 130.209.6.61 on Sun, 25 Oct 2015 20:13:26 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

Sh:262

NON-ELEMENTARILY-EMBEDDABLE MODELS 1451

So we could let h*(i) = A} [as, by the above,
(32 e Fh*)2] = x = k"],

h* is minimal by Galvin and Hajnal [GH]—and really this is proved below]. Then
choose 2 and I as in the proof of 8(1) (without loss of generality we can take 4 = 0).
Note: this £ is not the one for 8(2)! Choose for every i < 6 and « < A} a sequence
{gi(o B): B < a) such that g;(o, f) < 4; and [B; < B, < a = gi(, B) # gi(«, B>)].
Now for every set B < 6, B # ( mod E, ordinal j < 0 and ordinals y; < A;forie B
(not y; < A;!), letting y = {y;: i € B), we define a function G = Gy ; ;. It is a partial
one-place function from £ to £ (equivalently, from Bry(I) to Bry(1)) satisfying

(@) G(f*) = f"iff, for every i € B, f*(i) < f*(i) and g;[ f*(), f*()] = y:.

[Note: in (ff) below we prove also that G is a function, i.e. single valued.]

Now we note the following fact:

(B) G =Gy ;; is such that if G(f°)=f% G(f*)=f" (eB and fI({+1)
=1+ 1, thenf!T((+ 1) =f1(C+1)

[Why? By (c) in the proof of 10(1) it is enough to prove that () = (). By the
choice of g it is enough to prove that for some o« < A} we have f4({) < o, f°({) < «
and gi(o, fU(0) = ge(o, f°(0)). As G(f) = f*, we know that f%() < f°(() and
g:[fQC), f4O)] = y;. Similarly, as G(f*) = f*, we know that f%() < () and
giLf4C), f2(0)] = y;. So by a previous sentence it is enough to show that ()
= f({), which holds by an assumption of (f).]

The next fact to notice is:

(y) If 4 f? e 2 then, for some B, j, 7 (as above),

Gg,;7(f) = f* or GB.j.y(fb) = f
[Why? We know by (c) of the proof of 2(1) that {i < G: (i) = f*(i)} = &
mod E. So, possibly interchanging f* and f?, we have
B, = {i < 6: f%(i) > f*(i)} # & mod E.
Let us define g*: B; — 6:
g*(i) = Min{j < 6: g,( (). f*(0) < 4.
Forevery limiti € B;,g*(i) < i(as4; = (J;<;4)); so, by the normality of E, for some j
BY {ie B,: g*({i) = j} # @ modE.

Lastly let y; = g,(f“(i), f(i)) for i € B. Now B, j, are as required.]

The last fact we need to note is

(6) The number of functions in {Gp ; ;: B, j,7 as above} is < k.

[Proof: trivial.]

By (), (y) and (6) we are finished.

(2B) Similar.

(2C) Use in addition the ideas in Baumgartner’s proof for the existence of small
clubs of 2. (X,) (see in [Mg2]).

Conclusion 11. (1) Suppose k is a strong limit of uncountable cofinality, or just as
in 10(2A). Then, for some complete first order T< T, of cardinality x,

I, T, T)=x" =|D(T),  IE(T,,T)=¥q.
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Also, if cf k > R, for some T = T, |T| = k, then
IE(x**, T, T)=xk"" = |D(T)|.

(2) Suppose k is supercompact. Without loss of generality (by Laver [Lv]), k is still
supercompact even if we force by any k-directed complete forcing notlon (and slightly
more; see Note (2) at the end of the paper) and still (Vy > k)2* = k"

Let Q, be any k-directed complete forcing notion, and suppose that inV, = V<:

(¥) Rp <0 =cf0 <k < po<py <A<y, ps=p,,and A* = A (the most inter-
esting case is k = jio). N is an algebra with universe y, with p, functions (each with
finite number of places) and such that no (< x)-strategicall y.complete (see Note (3) at
the end of the paper) forcing with the k* -c.c change the number of subalgebras, even if
we further force by rg. '

Then, in some generic extension V¢ of Vy = y Q:

(a) cardinals are not collapsed; the only change in the power set function is that 2*
becomes A;

(b) cf k becomes 0, and no larger regular cardinal changes its cofinality; and

(c) there are first order complete T< Ty, |T| =k, | Ty| = po, |D(T)| = iy (T has
only monadic predicates), with 1(y, Ty, T) = p, for y < py, and p3 < IE(y, Ty, T)<
(,u3)VQ°, where psy = (Sb(N))¥%°*°: for some (<k)-strategically complete forcing
with x*-c.c.

(3) In (2) we can allow 6 = R, if we demand k < po and |T| = k*.

REMARK 11.A. We can use | T| larger—any regular cardinal < p,.

ProOF. (1) We have the first possibility by 8(2) and 10(2A) (so T has monadic
predicates only). We have the second possibility by 8(2) and 10(2C).

(2) Apply Lemma 7 (for N and k) and get Q, V5, V¢, T,, and T. We have to
observe that Laver’s argument [ Lv] works (see Note (2) at the end of the paper).
Then we can apply Magidor forcing Mg [Mg 1] to shoot a club to x of order
type 0, with no cardinal collapse and the power set function preserved. Clearly Mg
satisfies k" -c.c.

So we just need:

Observation 11.B. Magidor forcing Mg from [Mg 1] (changing the cofinality of
10 0, where 0 = cf 6 > N,) adds no x branches to trees from V2.

For the proof, see Note (1) at the end of the paper.

We finish by noting thatin V¥ any subalgebra of N is a limit of 6 old subalgebras.
So the old T and T, work. Thus we finish the proof of Conclusion 11.

REMARK 12. In [ShA1, Chapter VIII, Theorem 1.10] we get results on I(4, Ty, T)
and IE(4, T;, T) under the following assumptions:

O =T = p

(ii) In T there is an independe:it family of u formulas (ie., Y;(x) € L(T) fori < 4,

and
E!x)(/\ Yi(x) A /\—u//] x)) eT

ieu jev
for any finite disjoint u, v).
(iii) There is a u-Kurepa tree with at least y u-branches (i.e. a tree of power p, with
u levels, each level of power <y, and x u-branches), and 4 is regular or strong limit.
Note that, by the previous independent results, we cannot prove a similar theorem if
we assume just the following natural weakened version of (ii):
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(*) u=2%* and there are ¢,(x) e L(T) for ne2~* such that, for every ne
42, { @, o(x)FMD=0: 4 < u} is consistent.

PrOBLEM 12.A. Is the assumption on the Kurepa tree necessary?

ProOBLEM 13. Fact 9, particularly 9.2(2B), leaves the following question open:

() If A is strong limit of cofinality X,, T = Ty, |T| = |T;| = 4, and |D(T)| > A
(hence |D(T)| = 2%), is there a w < D(T), |w| = |D(T)), and, for u = A and pu > |u|
+ A, amodel M , of cardinality u such that, for p e w, M , realizes p iff p € u?

For this a partition theorem on trees suffices.

(*); If A=Y, <uAnand, fori< i,

To={nne® An0) =in(l+1) <A},

f an m-place function from U i<2, T; into Ay, then there are T < T;, closed under
initial segments, and an infinite w € w and {y,: k € w) increasing, A = Y, u,

(Vi < Ao)Vn e Ti[lgn) e w— [{a: n* () € TH} = pygey]

such thatfori, <--- <i, < 49, k < w,and y,, v, € T;,, , and v, having length k, the
following equality holds:

f(rll""’rlm) :f(vb""vm)'

PROBLEM 14. Let T< T, be complete first order theories.
(1) If A > |T,| and T is not superstable, is IE(4, T,, T) = 2*?
A weaker version:
(2) If A > |T,| and T is stable but not unsuperstable, then IE(4, Ty, T) = 2*.
Note that by [Sh136] the open cases are when
(a) A is singular, and
(b) |T;|¥° > A or (Ix < A < 2%) [k strong limit of cofinality N,].
On the case A = 2% and the black box, see [Sh300, III, §4, 5, 6].
PrOBLEM 15. Can you have (y, u)-freedom, y = u* +|T|, and IE(y, T,, T) < 2%?

Appendix.

1. DeFiNITION. We say (V, W, 4,y,0, M) is a Magidor witness if the following
conditions hold:

(a) W< V are universes of set theory, W a (transitive) class of V. (So they have the
same ordinals.)

(b) M € W is a model with universe 4 and y functions.

(c) For every subalgebra M’ € V of M, M’ is the union of <6 subalgebras of M
which belong to W.

REMARK. So if (ord<%)Y = W (i.e. every set of ordinals of cardinality <6 in V
belongs to W), then every subalgebra of M from V belongs to W.

2. DerINITION. 1) We say (W, V) satisfies (4, x, 0)-Magidor covering if, for some N,
(V,W,4,x,0,N)is a Magidor witness.

2) If 6 = y, we omit it.

3. MAGIDOR COVERING THEOREM. If in K there is no Erdés cardinal (i.e.
A+ (wy)5® for every 4), then every submodel N (in V) of K, which is closed under all
primitive recursive functions (N < L, is more than enough) is the union of countably
many such constructible models.
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Final notes.

Note (1). Proof of 11.B. Straightforward from [Mg]. Let the tree be I. For every
condition q let h'% be its a-pure part. For every pure condition g and finite function
h let ¢ be the a-pure extension g’ of g with h¥) = h (maybe not defined). For
simplicity, without loss of generality we let n be a Mg-name of a k-branch, and p
a pure condition. For some pure extension g of p:

(%) For every a < 0 and § < 4, if q/“»®" is defined then:

(i) # 1 6 depends, above the condition q!<*®!. only on the forcing “below
{a, 8" (i.e. on the function restricted to «).

(ii) Moreover, for some finite w[a,d] < o, it depends only on the function
restricted to w[a, d].

(iii) Infact, w[a, 8] = w[a] when defined [this s straightforward by Magidor’s
proofs in [Mgl]].

So by Fodor’s lemma, for some stationary S < 0, forevery a € S, w[o] = w. Let h
be a function from w to 4 such that g < ¢ e Mg. So for every « € S (such that «
> Max Dom h) for a set A, < k unbounded in « (really belongs to D,, the ath filter
Magidor used) for every § € 4,, gV <> e Mgis >q"™; hence it forces a value 7, ;
ton|d.

Now any 7,, 5, and #,, 5, are comparable in the tree—as we can choose a3 < 6
and J; < k large enough so that

q[hu{<<11vr§1>v<<13‘63>)] e Mg’ q[hU(@z.éz)v(asvés))] = Mg

are well defined; so as 6,, 5, < 63 and o, &, < 05 necessarily 1, 5, < 1, 5, a0d 7, 5,
< Ngy.s,- S0 g™ already determines the branch.

Note (2). On this see Baumgartner’s work on squares above a supercompact.

Let h:x — H(x) be a Laver diamond (see [Lv]) and define an iteration
(P,Q;:i <k, j< k) with Easton support, [i <k = |P| <«], and: if (eg)iis
strongly inaccessible, Mahlo |P| < i, and h(i) is a P,-name of a forcing which is a-
strategically complete (see note (3), below) for every a < i, then Q; = h(i); if not,Q; is
trivial.

Now in V"< = V[G,] for a forcing notion Q to preserve supercompactness it
suffices that Q is a-strategically complete for « < k, and if j: V — M is an elementary
embedding, (j(h))(x) = Q, M° = M, where ¢ > 29, and G = Q is generic over
V[G,], then { j(p): p € G} has an upper bound in j(Q) in the universe M/ (or at
least there is G' < j(P,) generic over y, extending G, U {j(p): p € G}).

Note (3). Q is a-strategically closed if for each r € Q in the following game player I
wins: the play last « moves, and in the «th move I chooses P, e Q such that
r < p, A /\p<adp < Pa>and then player I1 chooses g, € Q such that p, < g,. Player I
wins if he always has a legal move.
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