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ABSTRACT

We give a full solution to the question of existence of indiscernibles in
dependent theories by proving the following theorem: For every 6 there is
a dependent theory T of size 6 such that for all k and §, Kk — (0)7,1 iff
K — (6);“’. This means that unless there are good set theoretical reasons,

there are large sets with no indiscernible sequences.

1. Introduction

Indiscernible sequences play a very important role in model theory. Let us recall
the definition.

Definition 1.1: Suppose M is some structure, A C M, (I, <) is some linearly
ordered set, and « some ordinal. A sequence a = (a;|i € I) € (M*)! is called
indiscernible over A if for all n < w, every increasing n-tuple from a realizes
the same type over A. When A is omitted, it is understood that A = (.

A very important fact about indiscernible sequences is that they exist in the

following sense:
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Fact 1.2 ([TZ12, Lemma 5.1.3]): Let (I,<y), (J,<y) be infinite linearly or-
dered sets, a some ordinal, M a structure and A C M. Suppose b = (b;| j € J)
is some sequence of tuples from M®. Then there exists an indiscernible sequence
a = (a;| i € I) of tuples of length « in some elementary extension N of M such
that:

* For any n < w and formula ¢, if M = ¢(bj,,...,b;,_,) for every
Jjo <J +++ <J jn—1 from J, then N = ¢(ai,,...,a,, ,) for every
1o <y " <Jip_1 fromI.

This is proved using Ramsey and compactness.

Sometimes, however, we want a stronger result. For instance, we may require
that given any set of elements, there is an indiscernible sequence in it. This
gives rise to the following definition:

Definition 1.3: Let T be a complete first order theory, and let € be a monster
model of T (i.e., a very big saturated model). For a cardinal k, n < w and an
ordinal 0, the notation k — (0)r,, means:

* For every set A C €™ of size k, there is a non-constant sequence of
elements of A of length § which is indiscernible.

This definition was suggested by Grossberg and Shelah in [She86, p. 208,
Definition 3.1(2)] with a slightly different form.*

As we remarked above, the mere existence of indiscernibles as in Fact 1.2
follows from Ramsey. It is therefore no surprise that if a cardinal A\ enjoys a
Ramsey-like property, then for any countable theory T' we would have A— (w)7 .

For a cardinal k, denote by [k]<“ the set of all increasing finite sequences of
ordinals below «.

Definition 1.4: For cardinals x,6 and an ordinal , the notation k — ()5

means:
x For every function f : [k]<“ — 6 there is a homogeneous sub-sequence

of order-type 4 (i.e., there exists an increasing sequence (;|i < 0.) €

%k and (c,|n < w.) € “O such that f(as,,...,q;, ,) = c, for every

i0<"'<in_1<5).

1 The definition there is: x — (0)7,n if and only if for each sequence of length & (of n-
tuples), there is an indiscernible sub-sequence of length §. For us there is no difference
because we are dealing with examples where £ # (1)1 . It is also not hard to see that
when ¢ is an infinite cardinal these two definitions are equivalent.
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PROPOSITION 1.5: Let &, 8 be cardinals and § > w a limit ordinal. If k — (8)5%,
then for every n < w and every theory T of cardinality |T| < 0, k — (§)7.n.-

This will be proved below; see Proposition 5.1.

Definition 1.6: For an ordinal «, the Erdés cardinal x(«) is the least non-zero
cardinal \ such that A — (a)5%.

The cardinal k() may not always exist, indeed, it depends on the model of
ZFC we are in.

Fact 1.7 ([Kan09, Proposition 7.15]): Suppose a > w is a limit ordinal; then:

(1) For any v < k(a), k(o) = (@)5%.

(2) k() is an uncountable strongly inaccessible cardinal.

In [She86, p. 209] it is proved that there is a countable simple unstable theory
such that for a limit ordinal § > w, if K — (§)r,; then k — (§)5“. It is also
very easy to find such a theory with the property that if x — (§)7,1 then
k — (0)S¥ (T would be the model completion of the empty theory in the
language { Ry, m|n, m < w} where R, , is an n-ary relation).

There it is conjectured that in dependent (NIP) theories (see Definition 2.1
below), such a phenomenon cannot happen:

CONJECTURE 1.8 ([She86, p. 209, Conjecture 3.3]): If T' is dependent, then for
every cardinal p there is some cardinal X such that A\ — ()71

By Proposition 1.5, if x(u) exists then Conjecture 1.8 holds for p and every
theory T (regardless of NIP) with |T'| < s(u).
In stable theories, Conjecture 1.8 holds in any model of ZFC:

FACT 1.9: For any X satisfying A = N7, At — (A7,

This was proved by Shelah (see [She90]), and follows from the local character
of non-forking.
Conjecture 1.8 also holds in strongly dependent? theories:

Fact 1.10 ([Shel2]): If T is strongly dependent, then for all X\ > |T|,
:\TH()‘) — (AT)q, for alln < w.

2 For more on strongly dependent theories, see Section 6.
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Conjecture 1.8 is connected to a result by Shelah and Cohen: in [CS09], they
proved that a theory is stable iff it can be presented in some sense in a free
algebra with a fixed vocabulary, allowing function symbols with infinite arity.
If this result could be extended to saying that a theory is dependent iff it can
be represented as an algebra with ordering, then this could be used to prove
Conjecture 1.8.

In the previous paper [KS12, Theorem 2.11], we have shown that:

THEOREM 1.11: There exists a countable dependent theory T such that:
For any two cardinals 1 < k with no uncountable strongly inaccessible cardi-

nals in [, K], K # (W)1,1-

Thus, if V' is a model of ZFC without strongly inaccessible cardinals, then
Conjecture 1.8 fails in V' (so this conjecture is false in general). Still, one might
hope that this is the only restriction. However, we show that in fact one needs
Erdés cardinals to exist. Namely, we show that there is a dependent theory, of
any given cardinality, such that the only reason for which Conjecture 1.8 could
hold for it is Proposition 1.5, thus getting the best possible result.

MAIN THEOREM A: For every 6 there is a dependent theory T of size 6 such
that for all cardinals x and limit ordinals 6 > w, kK — (8)71 iff K — (8)5%.

Note that by Fact 1.7, Main Theorem A is a generalization of Theorem 1.11.

It was unknown to wus that in 2011 Kudaibergenov proved a
related result, which refutes a strong version of Conjecture 1.8, namely, that
Jotw (w+1T]) = (p)p,. He proved that for every ordinal a there exists a
dependent theory (we have not checked whether it is strongly dependent) T,
such that |To| = |a| + ®o and 3, (|Tw|) 7 (Ro)p, ; and thus seem to indicate
that the bound in Fact 1.10 is tight. See [Kud11]. ’

ACKNOWLEDGEMENT. We would like to thank the anonymous referee for a very
careful reading and many useful remarks.

1.1. THE IDEA OF THE PROOF. The theory T is a “tree of trees” with functions
between the trees. More precisely, for all ) in the base tree S = 2<% we have a
unary predicate P, and an ordering <,, such that (P,, <;) is a discrete tree. In
RO P, — Prf(l’) for i = 0,1. The idea

addition, we will have functions G77 (i)
is to prove that if x /4 ()5 then k /4 (§)7,1 by induction on &, i.e., to prove
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that we can find a subset of P of size x without an indiscernible sequence in
it. For k regular but not strongly inaccessible or x singular the proof is similar
to the one in [KS12]: we just push our previous examples into deeper levels.

The main case is when « is strongly inaccessible.

We have a function ¢ that witnesses that x 4 (§)5* and we build a model
M. In this model, the base tree will be w and not 2<%, i.e., for each n < w
we have a predicate P,, with tree-ordering <,, and functions G,, : P, — Py,41.
In addition, Py C k. On P, we will define an equivalence relation E, refining
the neighboring relation (x,y are neighbors if they succeed the same element)
so that every class of neighbors (neighborhood) is a disjoint union of less than
x many classes of E,,. We will prove that if there are indiscernibles in Py, then
there is some n < w such that in P,, we get an indiscernible sequence (t;|i < 4.)
that looks like a fan, i.e., there is some u such that ¢; At; = u and ¢; is the
successor of u, and in addition ¢; and ¢; are not E,, equivalent for ¢ # j.

Now embed M, into a model of our theory (i.e., now the base tree is again
2<¥) and in each neighborhood we send every E, class to an element from
the model we get from the induction hypothesis (as there are less than x many
classes, this is possible).

By induction, we get there is no indiscernible sequence in Py and finish.

1.2. DESCRIPTION OF THE PAPER. In Section 2 we give some preliminaries on
dependent and strongly dependent theories and trees. In Section 3 we describe
the theory and prove quantifier elimination and dependence. In Section 4 we
deal with the main technical obstacle, namely the inaccessible case.

In Section 5 we prove the main theorem. In Section 6 we give a parallel result
for w-tuples in strongly dependent theories.

2. Preliminaries

NoTATION. We use standard notation: a, b, ¢ are elements, and @, b, ¢ are finite
or infinite tuples of elements.
¢ will be the monster model of the theory (i.e., a very big, saturated model).
For a set A C €, S,,(A) is the set of complete n-types over A, and SI(A) is
the set of all quantifier free complete n-types over A. For a finite set of formulas
with a partition of variables, A(Z; %), Sa(z;5)(A) is the set of all A-types over A,
i.e., maximal consistent subsets of {(Z,a), ~p(Z,a)| ¢(Z,7) € A& ac AW},



Sh:975

64 I. KAPLAN AND S. SHELAH Isr. J. Math.

Similarly, we define tpa s,y (b/A) as the set of formulas ¢(Z,a) such that
©(Z,9) € A and € = (b, a).

When o« and 8 are ordinals, we use left exponentiation o to denote the
set of functions from 8 to «, so as not to confuse with ordinal (or cardinal)
exponentiation. If there is no room for confusion and A and B are some sets,
we use AP instead. The set o< is the set of sequences (functions) J{"a|y < 8}.
Similarly, for a set A, A<# = J{A"|y < B}.

For a sequence § (finite or infinite), we denote by lg(s) its length. If f is a
function from some ordinal «, then lg(f) = a.

DEPENDENT THEORIES. For completeness, we give here the definitions and ba-
sic facts we need on dependent theories.

Definition 2.1: A first order theory T is dependent (sometimes also NIP) if
it does not have the independence property: there is no formula ¢(z,7) and
tuples (a;,bs|i < w,s C w) from € such that € |= ¢(a;, bs) iff i € s.

We recall the following fact, which is a consequence of both the so-called
Sauer—Shelah lemma (apparently first proved by Vapnik and Chervonenkis, then
rediscovered by Sauer and again by Shelah in the model theoretic setting, more
or less at the same time) and the fact that if a theory has the independence
property then there is a formula (z, ) with lg(z) = 1 that witnesses this:

FacT 2.2 ([She90, II, 4]): Let T be any theory. Then for all n < w, T is
dependent if and only if [0,, if and only if [J; where for all n < w,

O, For every finite set of formulas A(Z,y) with n = lg(Z), there is a
polynomial f over N such that for every finite set A C M = T,

1Sa(A)] < F(IAD.

STRONGLY DEPENDENT THEORIES. In [Shel2, She09], the author asks what is
a possible solution to the equation dependent / x = stable / superstable. There,
he discusses several possible strengthenings of NIP, namely strongly’ dependent
theories for [ = 1,2,3,4. These are subclasses of dependent theories and each
one refines the previous one. Strongly' dependent theories are usually just
called strongly dependent, and strongly? theories are sometimes called strongly ™
theories. These two classes and related notions (such as dp-rank) were studied
much more than the other two, so we will not mention strongly? or strongly*
dependent theories. For instance, strongly? dependent groups are discussed in
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[KS13]. The theories of the reals and the p-adics are both strongly dependent,
but neither is strongly? dependent.
Here are the definitions:

Definition 2.3: A theory T is said to be not strongly dependent if there
exists a sequence of formulas (¢;(Z, 7;)) (where Z, §; are tuples of variables), an
array (a;;|i,j < w) in € (where lg(a; ;) = lg(¥;)) and tuples (b,|n : w — w)
(1g(b,) = 1g()) in € such that = ¢;(by,,a; ;) < n(i) = j.

Definition 2.4: A theory T is said to be not strongly? dependent if there ex-
ists a sequence of formulas (p;(Z, §i, i—1, - - -, Jo)| ¢ < w), an array (a; ;|4,j < w)
in € (where lg(a; ;) = lg(:)) and tuples (b,|n : w — w) (Ig(b,) = lg(z)) in €
such that = @i (by, Gij, Gi—1 y(i—1), - - - > Go,n(0)) < N(i) = j-

See [Shel2, Claim 2.9] for more details.
We will use the following criterion:

LEMMA 2.5: Suppose T is a theory such that for every number n < w there
exists some number N, < w such that for every finite set of formulas A(Z,y)
with n = 1g(Z), there is a polynomial f over N of degree < N,, such that for
every finite set A C M =T, |Sa(A)| < f(JA|). Then T is strongly? dependent.

Proof. Suppose not; then by Definition 2.4, we have a sequence of formulas
(0i(Z, Yis Yi-1,---,Y0)|7 < w) and an array (a;;|i,7 < w). Suppose N =
Nigz) < K < w. Let [ be a bound on lIg(a; ;) for i < K, and for j < w
let A; = U{Uaiyli < K,j" < j}. Let A(@;y) = {@i(Z,%i,....70)li < K}.
So the number of A-types over A; is at least jX (as the number of functions
n: K — j). By assumption, [Sa(4;)| < c¢-|A4;|N <c-(l-j-K)N for some
c € N. But for big enough j, ¢- (I-j - K)¥ < jK—contradiction.

TREES. Let us remind the reader of the basic definitions and properties of trees.

Definition 2.6: A tree is a partially ordered set (A, <) such that for all a € A,
the set A, = {x|z < a} is linearly ordered.

Definition 2.7: We say that a tree A is well ordered if A, is well ordered for
every a € A. Assume now that A is well ordered.

e For every a € A, denote lev(a) = otp(A<,)—the level of a is the order
type of A-,.
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The height of A is sup{lev(a)|a € A}.

e a € Ais aroot if it is minimal.

e A is normal when for all limit ordinals §, and for all a,b € A, if 1)
lev(a) =lev(b) =9, and 2) A<, = Acyp, then a = b.

If a < b then we denote by suc(a,b) the successor of ¢ in the direction
of b, i.e., min{c < b|a < c}.

o We write a <g,c b if b = suc(a, b).

e We call A standard if it is well ordered, normal, and has a root.

For a standard tree (4, <), define a A b = max{c|c < a&c < b}.

3. Construction of the theory

In this section we shall introduce the theory T, attached to a standard tree .S.
Then, for S = 2<%, this theory (or a variant of it, given by adding constants)
will be the theory that will exemplify Main Theorem A.

In the first part, we construct the theory TSv which is universal (i.e., all its
axioms are of the form Vzp where ¢ is quantifier free). As we said in the
introduction, the idea is that for every n € S, we have a predicate F,, and
whenever 17 <guc 72 there is a function from P,, to P, . Then we would
like to take a model completion T of this theory (see below). If we put no
further restriction on the theory T¢, this is easily done (using AP and JEP,
see below), and the model completion will be the theory of dense trees with
functions (if S is a finite tree, then it is even w-categorical). This is what we
did in [KS12, Theorem 2.11], but this does not seem to suffice to deal with
inaccessible cardinals. For that reason we further complicate the theory by
making the trees discrete, adding successors and predecessors. This requires
some constraint on the functions involved— “regressiveness”—which is needed
for quantifier elimination.

Recall that for a given (first order) theory 7 in a language L, a model
companion of T is another theory 7’ in L such that every model of T can
be embedded in a model of 7" and vice versa and in addition 7" is model
complete, i.e., if M; is a substructure of My and M;, My = T’, then M; is an
elementary substructure of Ms. A model companion of a theory is unique if it
exists. A model companion 7" is called a model completion when for every
model M of T, T" U Diag.;(M) is complete (Diag,(M) is the theory in the
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language L U {cy|a € M} that contains all atomic formulas that hold in M). If
T’ is a model completion of T' and T is universal, then 7’ eliminates quantifiers
for non-sentences. If in addition 7" has JEP (see below), then T’ is complete.
For more, see, e.g., [Hod93].

A theory T has the joint embedding property (JEP) if given any two
models A, B of T, there is a model C' and embeddings f: A — C,g: B — C.

A theory T has the amalgamation property (AP) if given any three mod-
els A, B and C of T, and embeddings f: A — B, g : A — C, there is a model
D and embeddings h: B — D, i: C — D such that ho f =iog.

By [Hod93, Theorem 7.4.1], if a universal theory T in a finite language is
uniformly locally finite (i.e., there is a function f : w — w such that for all
M |= T and finite A C M, the size of the structure generated by A is f(|A|)) and
has AP and JEP, then it has a model completion T” which is also w-categorical
(this is related to Fraissé limits). In [KS12, Theorem 2.11] we used exactly
this criterion to construct the model completion. Here, however, substructures
are not finite (since we have the successor function), so we cannot apply this
theorem.

Instead, we show that the class of existentially closed models of TSv is elemen-
tary (recall that a model M of a theory T is an existentially closed model of
T if for any extension N O M such that N | T, every quantifier free formula
o(x) over M that has a realization in N has one in M). In fact we show that
every two existentially closed models of T§ are elementary equivalent (this uses
the fact that TSv has JEP). We call their theory T's. In the process we show
that Ts also eliminates quantifiers. Thus, this is the model completion of TSV .

In the second part, we show that Ts is dependent, and that if S is finite then
it is strongly? dependent (using Lemma 2.5 and quantifier elimination).

Finally, we add constants to the language so that its cardinality will be 6,
and call the resulting theory T&.

THE FIRST ORDER THEORY. The language:
Let S be a standard tree, and let Lg be the language:

{Pn7 <7]7 /\7]7 G’rh,nzusuc’r]u prenu hm’r]' 7,M1,7M2 € 57 m <suc 772}7

where P, is a unary predicate, <, is a binary relation symbol, A, and suc, are
binary function symbols, Gy, »,, pre, and lim, are unary function symbols.

Definition 3.1: Let L'y = Ls\{pre,,suc, |n € S}.
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The theory:

Definition 3.2: The theory T g says:

(P, <y) is a tree.
e m F#n= P, NP, =0.
e A, is the meet function: z A,y = max{z € Pz <, 2& 2z <,, y} for
x,y € P, (so its existence is part of the theory).
e suc, is the successor function—for xz,y € P, with « <, y, suc,(z,y) is
the successor of x in the direction of y. The axioms are:
— Vo <, y(z <, suc,(z,y) <, y), and
— Vo <, z <,y sucy(z,y)[z = x V z = sucy(z,y)].
o lim,(z) is the greatest limit element below x. Formally,
— lim, : P, = P,, Yalim,(z) <, z, V& <, y(lim, (z) <, lim,(y)),
— Vo <, y(lim, (suc,(z,y)) = lim,(z)), Yalim, (lim,(z)) = lim, (z).
e Let the successor elements be those z’s such that lim,(z) <, =, and
denote

Suc(P,) = {z € P,|lim,(z) <, x}.

e pre, is the immediate predecessor function from Suc(F;) to P, —
VY # lim, (z)(pre, (v) < z Asuc,(pre, (v), z) = ).
o (regressiveness) If 1 <gc 72 then G, ., satisfies:

Gm-m : SuC(Pm) - P772

and if x <,, y, both z and y are successors, and lim,(z) = lim,(y),
then Gy, 1, () = Gy (1)

e In all the axioms above, for elements or pairs outside of the domain of
any of the functions A, lim,, Gy, ,,,suc, or pre,, these functions are
the identity on the leftmost coordinate, so, for example, if (z,y) ¢ P,? ,
then x A, y = 2.

Remark 3.3: We need the regressiveness axiom so that 7 would have a model
completion. Indeed, suppose S = {0,1} and we remove this axiom, and suppose
that 7" is a model completion of TSv . Then every model of T is an existentially
closed model of T¢. Suppose M | T and a <}! b € Suc(P}M). Then if b
is greater than suc)!(-- - (suc}! (a,b))) for every finite number of compositions,
then there is some a <’ ¢ <{’ b in M such that G{’)(c) # G}’ (b) (because

there is an extension of M to a model of T where such a c exists). So by
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compactness there is some n such that for every model M | T and every
a <} b € Suc(PM), if b is greater than n successors of a, then there is some ¢
with a <{ ¢ <{* b and G{, (c) # G}, (b). But there is a model M’ of T¢ with
some a <§!" b such that b is the (n + 1)’th successor of a and G} is constant
on the interval (a,b]. Since every model of T4 can be extended to a model of T'
this is a contradiction.

MODEL COMPLETION. Here we will prove the existence of the model completion
TS of Tg.

Notation 3.4: If 51,55 are standard trees, we shall treat them as structures
in the language {<suc, <}, so when we write S; C Sy, we mean that S; is a
substructure of S5 in this language (which means that if b is the successor of a
in Sy, it remains such in Ss).

When M is a model of Ty, we may write <, suc, etc. instead of suc,, <, etc.

or sucfy , <2/[ etc. where M and n are clear from the context.

Remark 3.5: Let S be a standard tree. The following is not hard to see:

(1) T¥ is a universal theory.
(2) T¢ has the joint embedding property (JEP).
(3) If S1 € S5 then Tgl - ng and, moreover, if M = TSV2 is existentially
closed, M | Lg, is an existentially closed model of Tgl.
We will need some technical closure operators.

Definition 3.6: Assume S is a finite standard tree.

(1) Suppose ¥ is a finite set of terms from Lg. We define the following
closure operators on terms:
(a) c(2) = SUU{A(Z)|n €S} =X U {ts1 Ay ta|ti,t2 € X,n € S}
(b) clg (E) =XU U{Gmﬂlz (E)| m <suc 72 € S}
(©) el (2) = SUUlim, (5)| 7 € 5},
(d) c”% () = clZ (el (13 (- - (clZ (el (<17 (£))))))) where the num-
ber of compositions is the length of the longest branch in S.
(6) ¢l5,.(%) = Ufsuc,(52) U pre, (S)] n € S} U,
(£) cl¥() = ™ (el (2))-
(2) Denote 1@ = 1% and for a number 0 < k < w, dd®¥(%) =
ol (a®5(9)).
(3) If = (t;]4 < n) is an n-tuple of terms then cl® (%) is cl°({t;|i < n}),
and similarly define the other closure operators for tuples of terms.
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(4) For a model M = T¥, and @ € M <%, define c1”®(@) = (c1”°(z))™ (a)
where T is a sequence of variables in the length of a. Similarly define
¥ (@), el (a), clg (@), ¢l (@) and 1™ (a@). For a set A C M, define

S (A) = 1% (a) where @ is an enumeration of A, and similarly for
the other closure operators.

We will usually omit the superscript S when it is clear from the context.

CLAIM 3.7: Assume S is a finite standard tree. For A C M |= T4, cl°(A)
is closed under A, lim, and Gy, ,, for all n and m <gue 12 in S. So it

is the substructure generated by A in the language L'y (recall that Ly =
Ls\{pre,,suc, [n € S}).

Proof (sketch). Note that cliim (clr(A)) is closed under lim,, and A,, for alln € S.

For n < w, let cl®™(A) = clg(clim(cla(- - (cla(chim(cla(A4))))))) where
there are n compositions. For n € S, let 7(n) = [{v € S|v < 5}, so l® =
)0 (max{r(n)|nes})

Let B O A be the closure of A in M under A,, lim, and G, ,, for all n and
M <sue M2 in S. Then B is in fact cI®®)(4) = U{c1®™ (4)|n < w}. Now,
by induction on r(n) it is easy to see that BN P, = %M Ay P,. Hence
B =cl’(A).

Cramv 3.8: Assume S is a finite standard tree. For every k < w, there is
a polynomial f such that for every finite subset A of a model M of T¢,
1™ (A)] < f5(JA]). Moreover, we can choose ff so that it is linear (i.e.,
of degree 1).

Proof. The fact that fks exists is trivial. For the moreover part, letting U =
{A, G,lim, suc}, it is enough to show that there are {dg € N|O € U} such that
for every finite A, O € U, |clg(A)| < dp - |A].

We can choose djj,, = 2 and dg = 9lSI%,

For O = A, note that for all a € M,

cla(AU{a}) = cla(A) U {a, max{a A, b|b € A}}

where a € P, (this follows from the fact that if a Ab < DAY then a AV = aAb).
So by induction on |A4], | cla(A)] < 2|A].

For 00 = suc, note that for @ € M such that for no b € A, b > a,
clsuc(A U {a}) C clsuc(A) U {a,pre,(a),suc,(a’,a)} where a € P, and

!

a’ = max{b € Alb <, a} (it may be that this set is empty or that a is a
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limit element, so the closure may be smaller). Hence by induction on |A|,
| clsuc(A)] < 3|A].

Remark 3.9: Note that although the degree of fi in Claim 3.8 is 1, the coeffi-
cients do depend on k and S.

Definition 3.10: Assume S is a finite standard tree.
(1) For a term ¢ of Lg, we define its successor rank as follows: if suc

and pre do not appear in ¢, then rq,.(t) = 0. For two terms ¢, to:
Tsuc (Suc; (t1, t2))=max{rsuc(t1), rsuc(t2) }+1, Tsuc(pre, (1)) =Tsuc (t1) +1,
Tsue(t1 A t2) = max{rsuc(t1), Tsuc(t2)}, Tsuc(Gryms (t1)) = Tsuc(t1) and
Tsuc(limy, (£1)) = 7suc(t1).

(2) For a quantifier free formula ¢ in Lg, let 75,c(¢) be the maximal rank
of a term appearing in .

(3) For k < w and an n-tuple of variables z, denote by Ai’s the set of all
atomic formulas ¢(Z) in Lg such that for every term ¢ in ¢, t € cl®(z).
Note that since c1®) () is a finite set, so is AZ’S.

CLAIM 3.11: Suppose S is a finite standard tree. Assume that M =T, n < w,
@€ M" and % a tuple of n variables. Then c1'®) (@) = {tM(@)| reuc(t(z)) < k}.

Proof. The inclusion C is clear. The other direction follows by induction on k
and t.

For instance, suppose reuc(t(Z)) = k and t = G, »,(t1); then by induction
there is some ¢ € cl®(z) such that t}(a) = 37 (a). If t2(a) ¢ Suc(PM),
then #37(a) is not in the domain of G —and so t"(a) = t5"(a). If t3'(a) €
Suc(P}'), then by the proof of Claim 3.7, there is some
ts(z) € 0D (el (1*V(Z))) such that 3 (@) = 3 (@) (if k = 0, then
ts(z) € A®TM(Z)). So ty = Gy (ts) € A (z) and tM(a) = t¥(a). If
t = s1 /Ay S2, then by induction there are s3, s4 € 1™ (z) such that tM(a) =
sM(a@) A, s} (a). Since cl® (@) is closed under A (by Claim 3.7), there is some
s5 € cl™(z) such that t™(a) = s (a).

Definition 3.12: Suppose S is a finite standard tree and k < w. Let My, My =T4.
(1) Suppose n < w and @ € M, b € M}. We say that a =} b if there is
an isomorphism of L'y-structures from A® (@) to 1™ (b) taking a to b

(recall that L = Ls\{pre,,suc, |n € S}). In this notation we assume
that My, My are clear from the context.
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(2) If A C My, B C M are two finite subsets of M; and Mas, we write
A % B when f extends some L's-isomorphism f' : A®(A) = a®(B)
such that f'(A)=B. So this is equivalent to saying that B={f(a)|a €A},
(ala € A) =5 (f(a)|a € A) and f | 1™ (A) witnesses this.

Recall (from the notation section in the beginning of Section 2) that for a
finite set of formulas A, by writing A(Z;y) we mean that we assign to it a
partition of the free variables appearing in it. In that case, for b of the same
length as Z, tpa(z;5) (b/A) is the set of formulas ¢(Z,a) such that ¢(z,7) € A,
a € AW and € = ¢(b,a). If the partition (7;7) is clear, then we omit it from
the notation.

Recall also that Ai’s is the set of all atomic formulas ¢(Z) in Lg such that
for every term t in ¢, t € c1®(z).

Definition 3.13: Suppose S is a finite standard tree. For M = T, a € M<%,
A C M afinite set, and k < w, let tpy (a/A) = tpAi@,s(d/A) where 1g(Z) = 1g(a)
and g is of length |A|. This is the k-type of @ over A.

In Definitions 3.10, 3.12 and 3.13, we omit S from the superscript when it is
clear from the context.

CrAaM 3.14: Suppose S is a finite standard tree. Assume My, Ms = TSV. As-
sume that a € MJ',b € M} for some n < w, T a tuple of n variables and assume
k < w. Then the following are equivalent:
(1) @ =4 b.
(2) tpg(a) = tpy(b).
(3) For every quantifier free formula ¢(Z) in Ls with rec(p) < k,
My = p(a) & Ma = o(b).
(4) The tuples (t(@)|t € c1®(z)) and (t(b)|t € ¥ (z)) have the same
quantifier free type in L.

Proof. (1) implies (2): assume @ =, b and f : 1% (a) — ¥ (b) is an L's-
isomorphism taking @ to b. It is easy to see by induction on ¢ and k that for
every term t € cI™(z), f(t(a)) = t(b), and so tp, (@) = tpy(b).

(2) implies (3): this follows from Claim 3.11—for every term ¢(Z) with rank
Fsue(t) < k there is a term ¢ € cl®(z) such that M, |= /(@) = t(a). By
induction on k and ¢, one can show that, since tp, (@) = tp,(b), Ms = t'(b) =

t(b) and this suffices. For instance, suppose t = s1 A, s2. By induction, there are
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s, 54 € cl®(z) such that s (a) = 53" (@) and sy (a) = s} (a) and the same
equations hold with My instead of My and b instead of @. Since 1™ (a) is closed
under A, there is some s5 € cl™ () such that M; = ss(a) An s4(a) = s5(a), so

s (@) = max{s™ (a)|s € ¥ (z), M, |= s(a) <, s3(a),s4(a)}.

By (2), the same equation holds if we replace M; with M, and @ with b. Since
™ () is closed under A, it follows that M, = s3(b) Ay 54(b) = s5(b).

(3) implies (4): since formulas in Ly do not increase the successor rank, this
is clear.

(4) implies (1): the map taking (@) to t(b) for every term t € cI®(z) is a
well defined isomorphism of L structures.

Similarly, we have:

CLAIM 3.15: Suppose S is a finite standard tree. Let M = Tg, n<w,abe
M™, T a tuple of n variables and k, ki, ks < w.

(1) If @ = b, then there is a unique isomorphism that shows it. Namely,
for each t € ¥ (z), the isomorphism f must satisfy f(t(a)) = t(b).

(2) Assume ky > k1. Then a =y, b implies @ =y, b.

(3) Ifaa’ =y bb' then a =4 b.

(4) If @ =j41 b, witnessed by f, then cl(a) % cl(b).

(5) If S’ C S, and a = b then a Efl b (when a and b are considered as
tuples in My | Lgs and My | Lg/).

Before proceeding to prove the main quantifier elimination lemma, let us give
two more important definitions:

Definition 3.16: Suppose S is a standard tree. Suppose M = Tg, n € S and
a,b € Pé”. We say that the distance between a and b is n if a <, b and b is
the n-th successor of a or vice-versa. We say the distance is infinite if for no
n < w the distance is n. Denote this by d(a, b) = n.

For a set A C M [= T4, we denote by Suc(A) the set of all successors in A.

Definition 3.17: Suppose S is a standard tree, n € S, M |= TSV and A C M. Let
R} C Suc(A)? be the following relation: (z,y) € Ry iff lim(z) = lim(y) and
and y are comparable (z <, y or y <, z). Let N;;‘ be the transitive closure of
R;;‘ (so it is an equivalence relation on Suc(A)).
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So the equivalence relation ~,, determines the function G, ,/ for n <s. 7’
from S: if a,b € PM for M |= T¢ and a ~) b, then G,y (a) = G,y (b).

LEMMA 3.18 (Quantifier elimination lemma): For every finite standard tree S,
and my,n, k < w, there is ma = ma(m1,k,S) < w such that if:

o My, My = Tg are existentially closed,
e a€ M} andbe My,
o d Emg Bﬂ

then for all ¢ € M} there is some d € M% such that ¢a =,,, db.
(Note that mo does not depend on n.)

Proof. The proof is by induction on |S|. Given S, we will show that the lemma
holds for all m; and k. Without loss of generality £ = 1: by induction one can
choose ma(my,k + 1,5) = ma(ma(m, k,5),1,5). We may also assume that
my > 0.

We may assume that mqo(mq, k,S") > max{m,k,|S’|} for all " C S (by
enlarging ms if necessary).

For |S| = 0 the claim is trivial because T¢ is just the theory of a set with no
structure.

Assume 0 < |S|. Let 1 be the root of S, So = {no} and partition S as
S = UJ{Si|i < m} where for i > 1, the S;’s are the connected components of S
above 79 (note that S; C S, see Notation 3.4). Let

mo = ma(ma, 1,5) = max{2ma(m1, K, S;)|1 <i <m} +2mq + 1

where K = 3.
Suppose M7, Ms, a and b are as in the lemma and let ¢ € M.
By assumption there is a unique Ly-isomorphism f : cl(m2)(d) — cl(m2)(13).
For i < m, let Ps, = \/[{P)|n € Si}, A; = ™) (@) N Pgl and B; =
™) (B) N P

Since @ =y, b, it follows that c1(™2(m1:5:50) (5 ﬁ cl(m2(ma K50)) ()
m2(mi, 18,04
and in particular A; % B; (see Claim 3.15 (4) and (5)).
ma(mu, 18,04

We divide into cases:

CasE 1. c ¢ P,;Wl for every n € S.
Here finding d is easy due to the fact that M; and M, are existentially closed.

CASE 2. c € ngl for some 1 < i < m.
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Si,f .
A; ———— B, (as subsets of M; | Lg, and Ms | Lg,), so by the in-
ma(m1,K,S;)

duction hypothesis (and by Remark 3.5 (3)) we can find d € M, and extend
f1d™)(4,) to an L' -isomorphism f” : A™({c} U 4;) = ™) ({d} U By)
taking ¢ to d. Note that f’ is also an L'-isomorphism. It follows that

Fra™@u s ™) (ca)

is an L)-isomorphism from ¢ (c@) to ¢1™)(db) that shows that ca =, db
(note that Pé\jl N el™) (ae) = A; for j # 4 and that if x € ™) (ae) N Pé‘:fl
then z € cl™) ({¢} U A;), and so the domain is indeed 1™ (ca)).

CASE 3. c€ Py,.

For notational simplicity, let < be <;,;, lim be lim,,,, ~ be ~,, and A be A, .

Let A} = (@) n P (so this is the closure of a inside P,, under A and
lim), By = I () n PM2, F = ™) (A) U {c}) N P and n; = min(S;) for
1<i<m.

Note that F is really just cl{™) (c1© (45 U {c})).

Say that an element of F' is new if it is a successor and is not ~%-equivalent
to any element from Ay (note: Ay and not Ap). We will prove the following

claim:

Cram I: (1) There are at most K many ~'-equivalence classes of new
elements in F'. For each one choose a representative. Enumerate them

as (¢|l < K’y for K' < K.
(2) There is a model Mj of T§ , an L’ -isomorphism f" and d' € M} such

that M} D PMz, /1 Ay = f, AU {c} 2225 By U{d'} and f'(c) = d

mi
(so the domain of f' is F).
(3) Moreover, for | < K', f'(¢;) are pairwise non-~Ms-equivalent and they
are not ~s-equivalent to any element from Suc(Pp'?).

Suppose first that Claim I holds.
For 1 <i<mlet ¢ = Gy, (1)
Si, f

Fix 1 < i < m. By assumption, A, ————— B;, so by the induction
mao(m1,K,S;)

hypothesis there are dj € M, for | < K’ and an L -isomorphism g; extending
£ 1el™)(A;) such that g;(ci) = di and A; U{ci|l < K"} 222 B;U{di|l < K'}.
mi
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CrAM 11: There exists a model M3 = T4 satisfying Pé‘g[f* = P,g\fé, Ms 2O M

and G%?m(f’(cl)) =d} forl < K" and 1 <i <m.

Proof of Claim II. Since M3 =T¢ , My (= T¢ and Pé\fé 2 P>, the only thing
we must show is that G, ,, defined in Claim II is well defined and can be
extended to a regressive function. This follows directly from Claim I (3).

Define
g=f1d™ @ uf "™ (ac) U Jgi I ™ (ac)| 1< i< m}.

We claim that g is an L';-isomorphism extending f | A™)(@) from 1™ (ac)
to cl™)(ad') sending ¢ to d. It is easy to see that g is well defined as a
function. To see that it is an Li-isomorphism we only need to show that if
e € ™) (ac) is a successor and 1 < i < m, then GMs (f'(e)) = g:(GM1 (¢)).

10,7 10,7
Suppose e ~* b where b € Ag; then f(e) ~™2 f/(b), G, (e) = G}, (b) and
GMs, (f'(e)) = G5, (f'(b)). Now we are done since

GMa (f'(b) = GM2 (f(b) = F(GM, (b)) = g:(GM, (1)).

Suppose e is new. Then e ~* ¢ for some | < K’'. But then G)I (e) =

GMi (¢)) = ¢, and g;(cl) = di, while f'(e) ~M3 f'(c;), so GMz (f'(e)) =

10,74 ) 10Mi
G5, (f'(cr)) = dj by Claim II.

So ca =, d'b, ie., tp,, (ca) = tp,, (d'b), and if ¥ is the conjunction of all
formulas appearing in tp,, (ca) then Mz |= JzU(zb). As M, is existentially
closed there is some d € Mo such that ¥(db), i.e., ca =,,, db.

We will be done once we prove Claim I.

Proof of Claim I. Again we need to divide into cases:

CASE i. ¢ € Aj): there is nothing to do.

CASE ii. ¢is in a branch of Aj, i.e., there is ¢ < y € A{, and assume y is minimal
in this sense (it exists since Aj, is closed under A). We again divide into cases:

CASE a. There is no € A{, below ¢. This means that ¢ < x for all z € Ay,
and even for all x € A (since for all x € Ay, there is 2/ € Aj such that
lim(z) = lim(z2')), and that y = lim(y). There is exactly one ~-class of
new elements, which is [suc(c,y)].r. In this case (2) and (3) are easy: just
let d’ be a new element below P,;‘fz with the same distance from its limit as
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d(c,lim(c)) (which can be infinite, and if d(c,lim(c)) > 2m;, we can choose
d(d', lim(d')) = 2mq + 1).

CASE b. There is some = € A}, such that © < ¢. Assume z is maximal in this
sense.

If lim(z) < lim(y), then necessarily lim(z) < z < ¢ < lim(y) = y. If lim(z) <
lim(c), then there is one ~%-class of new elements—[suc(c,y)].r. Again (2)
and (3) are easy: let lim(d') be a new limit element below f(y) and above all
elements from M below f(y) and let d’ be with the right distance from lim(d").
If lim(x) = lim(c), then there are no new ~%-classes. Moreover, we can choose
M} =M, | L, and d' € Ms.

If lim(x) = lim(y) (so also = lim(c)), then again there are no new ~%-classes.
For (2) and (3), we must make sure that the distance between f(x) and f(y) is
big enough, so that we can place d’ in the right spot between them. In F\ Ay
we may add mj successors to ¢ in the direction of y and m; predecessors. This

is why we chose mo > 2mq + 1.

CASE iii. ¢ starts a new branch in Aj, i.e., there is no y € A{ such that ¢ < y.
In this case, let ¢/ = {max(c A b)|b € Aj}. Note that if there is an element in
cla (A U {e})\ Ao U {c}, it must be ¢. Adding ¢’ falls under Case ii above (if
it is indeed new), so the ~%'-classes of new elements will be those which come
from ¢’ as before, and perhaps more. Namely, it can be that lim(c) < ¢ (so
lim(¢) = lim(¢’)) in which case that is all, or we should add [suc(lim(c), ¢)].r
and [suc(c, ¢)].or.

By the previous case, we can first find M4 D P,f‘g[% an L -isomorphism f”

and d” € MY such that " | A = f, AyU{c’} 2225 BIULd") and f/(¢) = d".

my
Then we can just add a new branch starting at d” to construct Mj.

CramM 3.19: Let S be a finite standard tree. For every formula ¢(&) (with free
variables) there is a quantifier free formula ¢ () such that for every existentially
closed model M = T¥, we have M = i) = .

Proof. Tt is enough to check formulas of the form Jyp(y, T) where ¢ is quantifier
free and 1g(Z) = n > 0. Let k = rguc(¢). Let m = ma(k, 1, 5) from Lemma 3.18.
By Claim 3.14, if My, M = TSv are existentially closed and @ € M;,b € M, are
of length n and @ =, b, then M; = Jyp(y,a) iff My = Jyp(y,b).

Assume |AZ | = N and let {¢;|i < N} be an enumeration of A7, . For every
n:N =2 let o' (T) = N\icn @?(i) (z) (where ¢° = =p and @' = ).
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Let

R={n:N—=2/Fec MET§&Ice MM k= ¢} (e) Aye(y, )}

Let ¢(2) = V,cgry'(Z). By Claim 3.14 it follows that ¢ is the desired
formula.

COROLLARY 3.20: If My and M, are two existentially closed models of Tg,
then My = M> and their theory eliminates quantifiers.

Proof. Assume first that M; C My; then M; < Ms: for formulas with free
variables it follows directly from the previous claim, and for a sentence ¢ we
consider the formula ¢ A (z = x).

Now the corollary follows from the fact that the theory is universal (so every
model can be extended to an existentially closed one) and has JEP.

Definition 3.21: Let S be a finite standard tree. Let Ts be the theory of all
existentially closed models of TSv .

From Corollary 3.20 and the definition of model completion, we deduce:

COROLLARY 3.22: Let S be a finite standard tree. Then Tg is the model
completion of TSv . The theory Ts eliminates quantifiers. Thus TSV has AP.

NIP. In this section we will show that Ts is dependent. The idea is to count
the number of A-types for finite A over a finite set of parameters A, and to
show that this number is polynomial in |A|. Thus, from Fact 2.2 it follows that
Ts is dependent. In fact, we will show that we can find such polynomials fa
such that their degree does not depend on A, but only on the number of free
variables and on S. From this, by Lemma 2.5 we will conclude that T is not
just dependent but even strongly? dependent.

Definition 3.23: Suppose S is a finite standard tree. Assume A C M = Ts is a
finite set and k < w.

(1) We say that a,b € M are k-isomorphic over A, denoted by a Ei’k b
iff for some (any) enumeration a of A, aa =y ba.
(2) Similarly for tuples from M<%.

CLAIM 3.24: Suppose S is a finite standard tree. Assume M = TSV, k < w,
A C M is finite and a,b € M<%. Then a =4, b iff tpy(a/A) = tp,(b/A) iff
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for every quantifier free formula ¢(T) over A such that re(p) < Kk,

M E ¢(a) < ¢(b).
Proof. Follows from the definitions and from Claim 3.14.

PROPOSITION 3.25: Assume |S| = 1 and k < w. Then there is a polynomial
pr over N such that for every model M (= TS and for every finite set A C M,
HM/ =ax}| < pr(|A|). Moreover, we can choose (py| k < w) so that py, is linear
for all k.

Proof. As |S| = 1, we can forget the index n and write <,lim, etc. instead of
<y, lim,, etc.

Suppose M = Tg. Given a < b € M, the k-distance between them is defined
by

di(a,b) = min{d(a,b),2k + 1}.

Assume a € M and A C M is finite.

Let B = cl¥(A) and | = |B|. Recall that [ < f5(|A]) where f§ is a linear
function (see Claim 3.8). We will divide the possible k-isomorphism type of a
over A into finitely many cases, and in each case the number of possible types
will be linear in [ (so linear in |A|).

CASE 1. a ¢ P. Here there is no structure, so the number of types is |A| + 1.
CASE 2. a € P, and there is some b € B such that a < b. We further divide
into sub-cases:

CASE i. a € B. In that case there are at most [ types.

CASE ii. There is no b € B such that b < a. In that case, since B is closed

under A, a is smaller than b for all b € B. In this case it is enough to know the
k-distance between a and lim(a). So there are 2k + 1 types.

CASE iii. There is some b € B such that b < a. Choose bg,b; € B such that by
is minimal with the property that a < b; and by is maximal such that by < a.
Since B can also be viewed as a finite graph-theoretic tree and as such has [ —1
edges, we have at most [ — 1 such pairs.

CASE a. lim(bg) < lim(b1). Note that it follows that lim(by) = by.

Cask 1. lim(bg) < lim(a). Then the type is determined by the k-distance
between a and lim(a), so there are at most 2k 4+ 1 types here.

CASE 2. lim(bg) = lim(a). The type is determined by the k-distance between
a and by, so again there are at most 2k + 1 types.
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CASE b. lim(bg) = lim(by). In this case lim(by) = lim(a). The type is deter-
mined by the k-distance between a and by and the k-distance between a and
bi. So totally there are at most 4k + 2 types.

So in this case (Case iii) there are at most (I — 1) - (4k + 2) many types.

CASE 3. a € P, and thereisno b € B such that a < b. Let a’ =max{a A b|b€ B}.
Since there is some b € B such that o’ < b, the number of possible k-isomorphism
types of a’ over A is bounded by h(l) where h is a linear map. Fix tp;(a’/A).

CASE i. lim(a) = lim(a’). Here the type is determined by the k-distance
between a and a’, so there are at most 2k + 1 types.

CASE ii. lim(a) > lim(a’). Here the type is determined by the k-distance
between a and lim(a), so there are at most 2k + 1 types.
So in this case (Case 3) there are at most h(l) - (4k + 2) types.

Definition 3.26: Let S be a finite standard tree, and n < w. Say that S is
n-nice if there is a number N < w and a sequence of polynomials (pf |k < w)
over N, whose degrees are bounded by N such that for every model M TSv
and finite A C M, [{M"/ =4} < pg(|A]). Say that S is nice if it is n-nice
for all n < w.

From Proposition 3.25 we get:
COROLLARY 3.27: If |S| =1, then S is 1-nice.
LEMMA 3.28: Suppose S is a 1-nice finite standard tree. Then it is nice.

Proof. We may restrict our attention to models of Tg (i.e., existentially closed
models of Tg), since every model of TSV extends to a model of Ts, and the
number of k-isomorphism types can only increase.

The proof is by induction on n. For n = 1 this is the assumption, so assume
it holds for every I < m. Fix some polynomials (p |k < w,0 < I < n) that
witness [-niceness for all [ < n. We will show that the polynomials defined by
Phnit(X) = prr n(X)-pr1 (X+1) with & = ma(k, n, S) (see Lemma 3.18) bound
the number of k-isomorphism types. By induction, their degree is bounded by
a constant number, regardless of k.

We use Claim 3.24, namely that we can identify the number of k-isomorphism
types and the number of k-types (see Definition 3.13).
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Suppose A is a finite subset of a model M = Ts. For every k,m < w let
A" = A7V where lg(7) = m and lg(y) = |A|. Let Q = AQH(A). For each
type r € @, choose a realization (a,,b,) where lg(a,) = n. Let E be the
equivalence relation on @ defined by r E ' iff b, =4 b». Without loss of
generality, for all r,7/ € Q, if r E ' then b, = b.: choose representatives
(ri]i < 1) for all the E-classes. Fix some ¢ < [ and r E r;. Enumerate A
as a. Since b,a =y b;,a, by Lemma 3.18 there is some a. € M™ such that
arbra =y alby,a, ie., a b, =4y a.by,, so we can replace (a,,b,) by (a..,b,).
Now for each E-equivalence class C' C @, the map 7 ~ tpg (a,/A U {b,}) from
C to San(AU{b,}) is injective, so |C| < p} ,, (JA|41). The number of E-classes
is bounded by pf,71(|A|), so we are done.

THEOREM 3.29: Suppose S is a finite standard tree. Then it is nice.

Proof. The proof is by induction on |S|. For |S| = 1 it follows from Proposition
3.25 and Lemma 3.28 (and for |S| = 0 it is obvious).

Assume 1 < |S|. By Lemma 3.28, it is enough to show that S is 1-nice.

Let ng be the root of S, Sy = {no} and let S = |J{S;|7 < m} where for
1 <i < m the S;’s are the connected components of S above 7. For ¢ < m, let
Ps,=\/{P,|n € Si}. Fori<m, let n;=min(S;). Suppose (p}, | k,n < w,i < m)
witness that S; are nice. Suppose the degree of pzn is bounded by N,, for all
k,n < w and ¢ < m. We may assume that p}'cyn < p};ﬂﬂ_l and NNV,, < Nj4, for all
k,n <wand i < m.

Assume A C M E TSv is finite and a € M. We will divide the possible k-
isomorphism types of a over A into finitely many cases. In each case we will have
a polynomial bound (in terms of |A|) on the number of types. This polynomial
will have degree at most m - Nx where K = 3. Since M, A and a were arbitrary
this will show that S is 1-nice.

Let A; = cl®(4) N Per

Casg 1. a ¢ P} for all n € S. In that case there are at most |A[ + 1 types.

CASE 2. a € P} for some 1 <i < m. It is enough to determine tpe(a/A;).
If tpi (a/A;) = tpy'(b/A;), then a =4, 1, b (by Claim 3.24), so there is an L,
isomorphism f’ : cl® (4;a) — 1™ (A4;b) taking a to b and fixing A;. Define
f ™ (4a) = ™ (Ab) by

(f' 1eA® (AU {a}) N P U (id | ™ (A4)).
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This is an isomorphism. Now, note that |A;| < f7%(JA|) which is linear in |A|
(see Claim 3.8), and the number of types over A; is bounded by pj (|4;|) <
Pha (f2(1AD).

CASE 3. a € Py,. Let B= AN P,/ First we determine tpy°(a/B); for this we
have at most p271(|A|) many possibilities. Fix one such type.

Suppose a E%‘j i b- Let f" be an L -isomorphism such that
Bu{a} % BuU{b}, f fixes B and takes a to b.

Let F =cd®(AU{a})N PM and F' = f'(F), so that f is an L' isomorphism
between F' and F’. By Claim I (1) in the proof of Lemma 3.18, there are at most
K (ie., 3) N,l‘];—classes in F that are not already in cl® (A); suppose there are
K’ < K such classes. Let b be an enumeration of B, and § a tuple of variables
of the same length. If (t;(x,7)|i < K') are terms from c1*% (z§) such that
the new classes are exactly {[t;(a, B)]Nf;o |i < K'}, then the new classes in F” are
{[t:(b, b)]N% li < K'}. This means that we can fix such terms depending only
on tp;°(a/B). Now it is enough to determine tpf’ (G, 1, (ti1(a, b)) 1 < K')/A;)
for each 1 <i < m.

Indeed, suppose that a,b and f’ are as above and moreover, for each 1 <
i < my (G (ti(a, D)1 < K'Y =g 4, (Grom (t1(b,0))]1 < K'). Let g; be an
L -isomorphism fixing A; witnessing this. Then

id [d®A)ufu | (g 1dP(AU{a}) N P
1<i<m
is an Ls-isomorphism showing that a =% b. This follows from the fact that if
e~ € then Gy, . () = Gy, (€). |
In this case there are at most pj , (|Al) - [licicm p}CK(f,f7(|A|)) types (here
we used the assumption that p}'C’K, < p};)K).

COROLLARY 3.30: Suppose S is a finite standard tree. Then Ts is strongly?-
dependent.

Proof. We will apply Lemma 2.5.

Let A(Z;§) be a finite set of formulas. By quantifier elimination, we may
assume that A is quantifier free. Let k = max{rs.(¢)|¢ € A} and m =
|Saz5) (A)]. Let {¢;|i < m} be a set of tuples satisfying all the different types
in Sa(z5)(A) in some model M of Ts. If i # j then tp,(¢;/A) # tpy(c;/A)
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(by Claim 3.24), so m < [{M'8(® / =, ;}|, and hence we are done by Theorem
3.29.

So far we mostly assumed that S is finite. Now we will let S be any standard
tree.

COROLLARY 3.31: Suppose S is a standard tree. If M = T, then since
Th(M) = | J{Th(M | Ls,)| So C S & |So| < No},

by Remark 3.5, Corollary 3.20 is true in the case where S is infinite. So Ty is
well defined in this case as well and it is in fact |J{Ts,| So C S & |So| < Wo}. It
eliminates quantifiers and is dependent.

ADDING CONSTANTS. We want to find an example of every cardinality, and so
we add constants to the language. For a cardinal 6, the theory Tg will be Tg
augmented with the quantifier free diagram of a model of T of cardinality 6.
The simplest thing to do is to add #-many constants that do not belong to any
P,. The problem with this approach is that the induction would not work in
the proof of the main theorem. So instead we put a tree of constants in every

P,. Formally:

Definition 3.32: Let S be a standard tree. For a cardinal 6, let
L% = LsU{e,ili<6,neS}

where {e, ;|1 < §,n € S} are new constants. Let Tg,e be the theory Td with the
axioms stating that for all n,n1,72 € S and 4, 5,4, j° < 6 such that n; <guc 72,

® ¢,; €F,

® i F = ey F ey

® £, v #* j/ = €y, Ny €n,5 = €n,i0 Ny €q, 575
o 7 <guc M2 = Gnl,ng (enl,i) = €ny,is

limy, (e, A €y,j) = eni Aey; and

sucy (en,i A €n,j, €n,i) = €n.i-

COROLLARY 3.33: Suppose S is a standard tree.

(1) T3 has JEP and AP.
(2) Tg’e has a model completion — Tg — that is complete, dependent and
has quantifier elimination.
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(3) Given any model M | Tg, there is a model M' = Tg’e satistying
M’ | Ls D M.
(4) If S is finite then TY is strongly® dependent.

Proof. (1) This follows from Corollary 3.22 (noting that JEP for TSv ? follows
from AP for T).

(2) Since Ts is the model completion of Td and Tg’e is the quantifier free
diagram of a model of TSV , Tg =TsU Tg Yisa complete theory. Since we only
added constants, Tg is dependent and has quantifier elimination.

(3) This follows from JEP for T4.

(4) This follows from Corollary 3.30.

4. The inaccessible case

In this section we will deal with the main technical obstacle in proving Main
Theorem A. The proof, which will be described in Section 5, is by induction
in the following sense: for S = 2<%, cardinals «,6 and a limit ordinal § > w
such that x /4 (8)5%, we will find a model M = Tg’e and a set A C P<];4 of size
|A| > & with no non-constant indiscernible sequence in A°. We are allowed to
use induction since A /4 (8)5¢ for all A < k. We divide into cases, namely x < 0,
 singular and x regular but not strongly inaccessible. The main problem is in
the remaining case, i.e., when & is strongly inaccessible. In all other cases, the
proof will follow by induction without using explicitly the fact that £ /4 (§)5%.

ASSUMPTION 4.1: Assume for this section that 0 < k are cardinals, 6 > w is a
limit ordinal and that k is strongly inaccessible such that k # (§)5%.

This section is divided into two subsections.

In the first subsection we define a class 7~ of models of 7.7¢ (here S = w, with
the tree structure being the usual order on w). We will analyze sequences of
elements in models in 7 that are close to being indiscernible. There are two main
results here. The first (Proposition 4.13) says that sequences (of singletons) that
are closed to being indiscernible can have two forms: “almost increasing” and
“fan”. “Almost increasing” means that s; As;41 < S;41 A Sit2, and “fan” means
that s; A's; is constant. The second result (Corollary 4.16) deals with applying
a specific definable map on sequences. Given an almost increasing sequence 3,
let H(5) =t where t; = G(suc(lim(s; A si+1), Si+1)) (where G is some G, 541,
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recall that here S = w). We will show that if applying H again and again we
always get an almost increasing sequence, then this almost increasing sequence
will satisty suc(lim(¢; A ti41),t:) = ;.

In the second subsection we will construct a model in 7 that uses explicitly
a witness of k /4 (0)5*. For this model, Py = k. We will show, applying the
analysis, that if we have an indiscernible sequence in Py such that applying
H to it again and again results in almost increasing sequences, then there is
a homogeneous sub-sequence of k of length §, contradicting the assumption.
So after applying H finitely many times we must get a fan. This model will
come equipped with equivalence relations on the trees P,, which refines the
neighboring relation (x,y are neighbors if they succeed the same element). The
point is that the number of classes inside a given neighborhood will be less than
k. This will enable us to use the induction hypothesis in the proof of Main
Theorem A.

The models in 7 will be standard in the following sense:

Definition 4.2: Suppose S is a standard tree. Call a model of TSV standard if for
every nn € S, (P,,<,) is a standard tree, and A,,lim,, suc,, are all interpreted
in the natural way (so lim,(a) is the greatest element < a of a limit level).

Let us fix some notation:

Notation 4.3: Suppose S is the standard tree w with the usual ordering. Assume
METS and 2,y € Pé”.

(1) When we say indiscernible, we shall always mean indiscernible for quan-
tifier free formulas.

(2) We say that = 0 (mod w) when x = lim(x). For n < w, we say that
r=n+1 (mod w) where z # lim, (z) and pre, (r) =n (mod w). Note
that for a fixed n, the set {z| z =n (mod w)} is quantifier free definable.
In addition, if M is standard, then for every x there is some n < w
such that z = n (mod w) (where n is the unique number satisfying
lev(z) = o + n for a limit ordinal «).

(3) Say that =y (mod w) if there is n < w such that = n (mod w) and
y=n (mod w).

(4) Instead of G, 41 we write Gy,.
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ANALYSIS OF INDISCERNIBLES IN 7.

Definition 4.4: Let T be the class of models M |= TV that satisfy:

(1) M is standard (see Definition 4.2).

(2) For t € P,, lev(G,(t)) <lev(t).

(3) Gy : Suc(P,) — Suc(P,) (i.e., we demand that the image is also a
SUCCESSOr).

(4) If (s;|i < 0) is an increasing sequence in Suc(P,) such that s; = s;
(mod w) for all i < j < 4, then i < j = G, (s;) # Gn(s;).

Notation 4.5: For M € T and n < w:
(1) We say that s,t € PM are neighbors, denoted by t E"P s when

{z|z <t} = {z|z < s}.

This is an equivalence relation. As P, is a normal tree, for ¢ of a limit
level its E"P-class is {t}.

(2) Let Suc(M) = [J{Suc(PM)|n < w}.

(3) 8, t and 7 will denote d-sequences, e.g., § = (s;]7 < ).

(4) If 5 is contained in some PM and n is clear from the context or insignif-
icant, then we write < instead of <,, etc.

Definition 4.6: Recall that given ¢* > w and an indiscernible sequence § =
(s;|i < 0%), its quantifier free Ehrenfeucht-Mostowski type (or in short, quan-
tifier free EM-type) is defined as (tp.;(so,...,sn-1)|n < w). In general, a
quantifier free EM-type is a sequence p = (p,|n < w) such that p, € SI(0).

We need the following generalization of indiscernible sequences for 7

Definition 4.7: A sequence § = (s;]i < ¢) is called nearly indiscernible (in
short NI) if:

(1) There is n < w and an EM-type p = (p; € ng((bﬂk < w) such
that if 49 < -+ < ip—1 < 0 and i; +n < i;4q for all j < k, then
(Sigs-++»8i,_,) | pr- (So for §* < ¢ every sub-sequence (s;;|j < 0%)
with 7; +n <441 < 6 is indiscernible and its quantifier free EM-type
is p.) We call this property sparseness.

(2) Fori,j <dand k < w, tpys(si, -, 8itk) = thge(8j,- -+, 554%). We call
this property sequential homogeneity.
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Definition 4.8: A sequence 5 = (s;|i < 9) is called hereditarily nearly indis-
cernible (in short, HNTI) if:

For every term o(zg,...,Zn—1), the sequence t = (¢;|i < §) defined by ¢; =
o(Siy. vy Sitn—1) is NL

Remark 4.9: If 5 is HNI then it is NI, and for every term o(zg,...,Z,—1), the
sequence t = (t;|7 < 0) defined by t; = o(s;,...,8i+n—1) is HNL Indeed, for
any term 7(zq,...,Tx_1), let

T/(,To, e ,,’En_;,_k_z) = T(G(xo, e ,,’En_l), e ,U(xk_l, . ,.’L'n-g-k_g));

then the sequence 7 = (r;|i < §) defined by r; = 7(t;,...,tirk—1) is equal to
7'(8iy. .+, Sitn+k—2), thus it is NL.

Example 4.10: If § = (s;]i < 0) is indiscernible, then it is HNT.

Proof. Suppose o(xo,...,2n-1) is a term. If t; = o(s;,...,Si4+n—1), then any
sub-sequence of t = (t;|i < §), where the distance between two consecutive
elements is at least n, is an indiscernible sequence with a constant quantifier
free EM-type. This shows sparseness.

For sequential homogeneity, note that for a quantifier free formula ¢,

gﬁ(ti, e 7ti+k) = (p(O'(Si, ey Si+n—1)a e ,O'(SH_]C, ey Si+n+k—1))-

Let i,j < 0. As tpe(si,-- -, Sitntk—1) = tPqe(85, -5 Sj4ntk—1), it follows
that

tqu(t’ia s tige) = tqu(tjv o tigk).
Definition 4.11: Assume M € T.

(1) ind(M) is the set of all non-constant indiscernible sequences 5 € Suc(M)°.

(2) HNind(M) is the set of all non-constant HNI sequences 5 € Suc(M)°.

(3) ai(M) is the set of sequences 5 such that for some n < w, 5 € (PM)?
and $; A sj+1 < Si+1 A Sip2 (ai stands for “almost increasing”, note that
if 5 is increasing then it is here).

(4) ind;(M) is the set of all sequences § € ind(M) such that s; A s; is
constant for all ¢ < j < § (f stands for “fan”).

(5) ind;(M) is the set of all increasing sequences § € ind(M).

(6) indyi(M) = ind(M) Nai(M).

(7) Define HNind ;(M), HNind; (M) and HNind,;(M) similarly, but we de-
mand that the sequences are HNI.
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From now on, assume M € T.

Remark 4.12: If § € ai(M), then $; As;1, = $;As;41 forall2 <n <wandi < d
(prove by induction on n, using the fact that if a Ab < bAY then a A = aAb).

PROPOSITION 4.13: HNind(M) = HNind,;(M) U HNind ;(M).

Proof. Assume that § € HNind(M). Since § is NI, there is some n < w that
witnesses sparseness. As for i < j < k, s; A s; is comparable with s; A s,
by Ramsey there is an infinite subset A C w that satisfies one of the following
possibilities:

(1) foralli < j<keA, siNsj =5 \Sg, or

(2) foralli < j<keA siNsj <sjASg.
(Note that it cannot be that s; Asi < s; As; because the trees are well ordered.)

Assume (1) is true.

It follows that if i < j < k <l € A then s; As; = 55 A s = s A 5.
If n < j—14,k—j,l —k, then by the choice of n, the same is true for all
1 < j < k <l < dwhere the distances are at least n. Moreover, giveni < j, k <
such that n < j—4and n <1 —Fk, then 5; A sj = Smax{j,i}+n A Smax{j,i}+2n, and
the same is true for s A s;. It follows that s; A s; = si A 5.

Choose some 0 < i < n.

Assume for contradiction that sg A s; < $; A S9;; then by sequential homo-
geneity (s;o| @ < 0) € ai(M). In this case, by Remark 4.12, s9 A s; < s; A s9; =
SiASniti- But soASniti = Si/\Sniti, and so on the one hand sgAs; < s9ASpiti,
and on the other hand sg A s,;4+; < s;—together it’s a contradiction.

It cannot be that sg A s; > s; A s9; since the trees are well ordered.

So (again by the sequential homogeneity) it must be that so A s; = s; A sg; =

© = Spi A Spiti.- S0 necessarily so A s; < s A Spg, but in addition sg A s, =
S0ASni+i (since the distance is at least n) and so sg A $; = Spi A Sniti > S0 A Sni,
and hence sg A s; = Sg A Sni = So A Sn.-

It follows that s;, A Sig4+i = Sig A Sig+n = So A Sy, for every iy < . This is true
for all 4 such that ip +¢ < § and so s; As; = sg A sy for all ¢ < j < d. So in this
case § € HNind (M).

Assume (2) is true. Assume that i < j < k € A and the distances are at least
n. Then, as s; A s; < sj A s, it follows from sparseness that (sp.|a < §) €
ai(M) and that (sq, Sp+1, S3n, San, - - -) € ai(M). In particular, by Remark 4.12,
S0 NSy =80 N\ S3n =50 /\ Spt1.
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If s9 A s1 < 81 A s2, then 5 € HNind,; (M) by sequential homogeneity and we
are done, so assume this is not the case.

It cannot be that sgp A s1 > s1 A s2 (because the trees are well ordered).

Assume for contradiction that sg A s1 = s1 A s2. By sequential homogeneity
it follows that sg A s1 = sp A spt1. We also know that sg A s, = sg A Spt1,
and together we have so As; = sp A s,+1, and again by sequential homogeneity,
Sn A Sap+1 = Sp A Spt1, and so S, A S2p41 = So A sp,—a contradiction (because
the distances are at least n).

Definition 4.14: Define the function H : HNind,;(M) — HNind(M) as follows:
given 5 € HNind,;(M), let H(5) = t where t; = G(suc(lim(s; A si11), Si+1))-
(Recall that G = G,, where the sequence 5 is contained in P.)

Remark 4.15: H is well defined: if § € HNind,;(M) then H(S) is in HNind(M).
This is because t = H(5) is not constant—by Clause (4) of Definition 4.4 (it
is applicable: the sequence (s; A s;y1|¢ < d) is NI and increasing, so there
is some n < w such that s; A s;41 = n (mod w) for all i < §, and hence
(lim(s; A si+1)] @ < 0) is increasing).

As usual, we denote H(®)(5) =5 and H™(5) = H(H™~V)(5)) for n > 0.

COROLLARY 4.16: Let 5€ HNind,;(M). If for no n<w, H™(5) € HNind ;(M),
then for all n < w, H™ (5) € HNind,;(M). Moreover, in this case there exists
some K <w such that for alln> K, ift=H (5) then suc(lim(t; A ti11),t;)=t;.

Proof. By Proposition 4.13, it follows by induction on n < w that H™(5) €
HNind,;(M) and so H"*+1(5) is well defined.

For n < w, let 5, = H™(5), and let us enumerate this sequence as 3, =
<Sn7i|i < 5>

lev(im(sy,0 A $p,1)) < lev(sn,0) because lev(sy,0) is a successor ordinal (by
Clause (3) of Definition 4.4) while lev(lim(x)) is a limit ordinal for all z € M.

So lev(suc(lim(sp,0 A Sn.1))s Sn.1) < lev(sp,0), and so by Clause (2) of Defini-
tion 4.4,

(lev(sn0)|n < w)

is a <-decreasing sequence.
Hence there is some K < w and some « such that lev(s, o) = « for all K < n.
Assume without loss of generality that K = 0.
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Let n < w. We know that

lev(sn+1,0) <lev(suc(im(s,,0 A $n,1)sSn.1))
=lev(suc(im(sn.0 A Sn.1), $n.0))

<lev(sn,o).
But the left-hand side and the right-hand side are equal and
suc(im($pn,0 A Sn,1)s 5n.0) < Sn.0,

S0
suc(lim(s,.0 A $n.1)s $n.0) = Sn.0-

By sequential homogeneity, suc(lim(sy,; A Sn.i+1); Sn,i) = Sn,i for all i < 0, as
desired.

CONSTRUCTING A MODEL IN 7. By Assumption 4.1, we have a function
¢ : [k]<¥ — 6 that witnesses the fact that k /4 (§)5* (the letter ¢ stands for “col-
oring”). Fix ¢, and also a pairing function (a bijection) pr: 6 x # — 6 and pro-
jections 7y, o : 0 — 0 (defined so that 7 (pr(a, 8)) = o and m2(pr(«, 8)) = B).
For us, 0 is considered to be a limit ordinal. For an ordinal «, let Lim(a) =
{B < | B is a limit}.

Definition 4.17: F = Fy ,, is the set of triples f = (d, M, E') = (dg, My, E¢) such
that:

(1) M is a standard model of T{V@} and M = P} (i.e., M is just a standard
tree). Some notation:
(a) We write <¢ instead of <3/[f etc., or omit f when it is clear from
the context.
(b) Let Sucyipy (M) be the set of all ¢ € Suc(M) such that lev(t) — 1 is
a limit.
(2) E is an equivalence relation refining E™® (see Notation 4.5). Moreover,
for levels that are not o + 1 for limit « it equals E*. By normality E
is equality on limit elements, so it is interesting only on Sucjy, (M).
(3) For every E™ equivalence class C, |C/E| < k.
(4) dis a function from {7 € Sucjim (M)<“|n(0) < --- < n(lg(n) — 1)} to 0.
(5) We say that f is hard if there is no increasing sequence of elements §
of length § from Sucyy, (M) such that:
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For all n < w there is ¢,, < # such that for every ig < -+ < i,_1 <9,
A(Sigs---38i,_ 1) = Cn-
Example 4.18: Consider (k, <) as a standard tree. Let
f. = (¢ | Suciim(k), k,=) € F.
Then f; is hard.

Definition 4.19: Let f=(d¢, Mg, Fr) €F, let  be a variable and A C Sucym, (Ms)
be a linearly ordered set.

(1) Say that p is a d-type over A if p is a consistent set of equations of the
form

d(ag,...,an—1,2) =¢ wheren <w,e <O and ap < -+ < anp—1 € A.

(2) Consistency here means that p does not contain a subset of the form

{d(ag, ..., an_1,2) = &,d(ag,...,an_1,7) =€’}
for e #£ &',
(3) Say that p is complete if for every increasing sequence (ag, ..., an—1)

from A there is such an equation in p.
(4) If B C A, then for a d-type p over A, let

p | B={d(ag,...,an-1,2) =€ € plaog,...,an—1 € B}.
(5) For t € Sucyim(Ms),
dtp(t/A) = {d(ao, ..., an-1,2) = €|
ap < -+ < ap-1 € A an—1 <t de(ag,...,an-1,t) =€}

For an element ¢ € Sucim (M), t = p means that ¢ satisfies all the
equations in p when we replace d by d,.
(6) Let Sq(A) be the set of all complete d-types over A.

Now we define the function g from F to F.

Definition 4.20: For f = (Mg, dg, Ey) € F, define g = g(f) = (Mg, dg, Eg) € F
by:
o My is the set of pairs a = (I', ) = (I's, 7a) such that:
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(1) There is a < k such that
n:a— Suc,(Mg) and T': Lim(a) — Sg(Ms).

Denote Ig(I',n) = 1g(n) = . If « is a successor ordinal, let I ;) =
n(a—1) € Ms.
(2) For < a limit, '(8) € Sa({n(8)] B < B}).
(3) If 0 < «, then n(0) = T°(0) [ 0.
(4) For B’ < B < a, n(B") <¢ n(B) (n is increasing in M).
(5) If p’ < B < « are limit ordinals, then I'(8") C T'(8).
(6) If f/ < B < a and p' is a limit ordinal, then n(5) = T'(8).
(7) For 8 < a, there is no t <¢ n(B3) that satisfies
( ) te SuClim(Mf),
(b) n(B’) <¢t for all ' < B,
(¢) t =T(0) D, and
(d) t ET(8) for all limit 5" < S.
(8) The order on Mg is (I',n) <g (I',n’) if I'<I” and n<n’ (where
< means first segment). This defines a standard tree structure on
M,.
It follows that for a = (T', n), lev(a) = 1g(a).
o dg is defined as follows: suppose ap <g -+ <g an-1 € Sucim(Mg) and
a; = (i, m;).-
Let t; = lq, = mi(1g(a;) — 1) and p = T',,—1(lg(an—1) — 1). Let e € 0
be the unique color such that d(t,...,t,—1,2) =& € p. Then

dg(ag,...,an—1) = pr(e, c(lev(ap),...,lev(an—1))).

o Eg is defined as follows: (I'1,m1) Eg (I'2, n2) iff
— lg(m) = 1g(n2), so equals some «a < &,

—m [ B=mn BT B8="Ts|pforal 8 < a (so they are
E™_equivalent),

~14(0) 18 = T(0) | 0, and

—ifa=p8+nfor 8 € Lim(a) and n < w, then for all ay < ag <
< ag-1 < B,

dim (), ...,m(ag—1),m(B),z) = e T1(8) &
d(m2(ao)s - -, m2(ak—1),m2(B), z) =¢ € I'2(B).
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Note that it follows that if 1 < n, and (I'1,n1) E™ (T'2,72), then
T1(B8) = Ta(B) and 1 (8) = 1n2(8), so they are E-equivalent.

In the next claims we assume that f € F and g = g(f).

Remark 4.21: lev(a) = 1g(a) for a € Mg and a E™ b iff lev(a) = lev(b) and
ala=>b]aforall o <lev(a).

CrLAamM 4.22: g € Fy . and moreover it is hard.

Proof. The fact that Mg is a standard tree is trivial. Also, E refines E™ by
definition.

We must show that the number of E-classes inside a given E"P-class is
bounded.

Given a (partial) d-type p over My and t € Mg, let p' be the set of equations
we get by replacing all appearances of ¢ by a special letter x.

Assume that A is an E"P-class contained in Suciim (Myg), and that for every
a € A, lev(a) = a+ 1 where « is limit. Assume a € A and let

B = {x} Uim(n.)\{la}

(since A is an E"P-class, this set does not depend on the choice of a). Consider
the map ¢ defined by a + T'y(a)le. Then, a,b € A are E equivalent iff e(a) =
g(b). Therefore, this map induces an injective map from A/FE to this set of
types. The size of this set is at most 2/81T0F% But |B| = |a| < &, and 0 < &
by assumption, so |A/E| < k (as & is a strong limit).

g is hard: if 5 = (s;]i < 0) is a counterexample, then (lev(s;)|i < §) would
be a homogeneous sub-sequence, contradicting the choice of c.

PROPOSITION 4.23:
(1) For all a € Suc(Myg), levyy, (a) < levag(la).
(2) Assumet € Suciim(Mt). Then there is some a = (I',n) € Suc(Mg) such
that I, =t.

Proof. (1) Let levaz, (a) = a. Then (preg(n.(5))| f < «) is an increasing se-
quence below [, hence a < levyy, (1a).

(2) Let I be the set of ordinals «y for which there is a sequence ((I'n, 7o) @ < )
such that for every a < ~:

* (Tayna) € Mg; 1g(na) = «; it is an increasing sequence in <g; 1,(8) < t
for f < v and, if 8 is a limit, then 'y (8) = dtp(t/{n.(8")| 8’ < 5}).
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We try to construct such a sequence (I, 7o )| @ < ) as long as we can. By (1),
leva, (t) +1 ¢ T, so v < k and « must be a successor ordinal. Let § =~y — 1.

Define n = ng U{(B,t)}, I =T'3 unless § is a limit, in which case let I'(8) be
any complete type in x over {n(5’)| 3" < 5} containing

H{Ts(8) 8" € Lim(8)} U {d(x) = ds(t)}-
By construction, (I',n) € M.

Now we build a model in 7 using F':

Definition 4.24: (1) Define fy = . (see Example 4.18), and for n < w, let
£ = g(fn).
(2) Define Pn = an, dn = dfn and En = Efn.
(3) Let M, = U, .,
So PMe = p,.
(4) M. [= T when we interpret the relations in the language as they are

P, (we assume that the P,’s are mutually disjoint).

induced from each P, and in addition:

(5) Define GMe< : Suc(P,) — Suc(P,41) as follows: let a € Suc(P,) and
a’ = suc(lim(a),a). By Proposition 4.23, there is an element (', 1), €
Suc(Pp11) such that [y, = a’. Choose such an element for each a,
and define GM<(a) = (T',n)q.

COROLLARY 4.25: M. € T.

Proof. All the demands of Definition 4.4 are easy. For instance, Clause (2)
follows from Proposition 4.23. Clause (4) follows from the fact that if (s;] i < )
is an increasing sequence in P, such that s; = s; (mod w), then

(suc(lim(s;), s;)] @ < 0)
is increasing, so lg, (s;) # lg, (s, for i # j.

Notation 4.26: Again, we do not write the index f,, when it is clear from the

context (for instance, we write d(so, ..., sx) instead of ds, (so, . .., Sk))-

The following lemma and corollary will show that starting with any HNI
sequence in M, by applying H to it many times, we must get a fan.

LEMMA 4.27: Assume that § € HNind,;(M.) and ¢ = H(s) € HNind,; (M)
(see Definition 4.14) satisfy that for all i < §:

e suc(lim(s; A s;41),8i) = 84, and
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° suc(lim(ti A\ ti-‘rl)u ti) =1;.

Then, letting U; = suc(lim(si A Si+1), Si+1) and v = suc(lim(tl- A ti+1), ti+1) for
1<

(1) (d(u)|1 <i <) is constant.
(2) d(wigy ... ui,) = m(d(vig, ... vi,_,)) for 1 <ig < -+ < i, < § (recall
that 7 is defined by 71 (pr(i,j)) = 7).

Proof. (1) By definition, t; = G(u;). Denote t; = (T, n;). As (t; Atiy1|i < 0)
is an increasing sequence (because t € HNind,i(Mc)), 0 < lev(ty A t2). Let
p=T4%nat,(0) [ 0. Then p =T;(0) | O for all 1 < i (it may be that t; Atg =0
and in this case we have no information on tp). Assume that p = {d(z) = ¢}
for some € < 0. Then, by Definition 4.20, Clauses (3) and (6), d(n;(8)) = € for
all 1 <i< §and B <lg(n). As u; =1;, we are done.

(2) Denote v; = (I',,n}). By our assumptions on #, t; E™ v;, hence if £ is
increasing then v = ¢. Assume that it is not increasing. Then t; A t;11 < t;
so Um(t; Atip1) = t; Atig1. Let o = Bi + 1 = lev(t;) = 1g(n)); then B; is a
limit ordinal and ¢; [ 8; = v; | B;. So for 1 <4, I,(0) [ @ =T1,(0) | § = p and
Lot =101 B

Note that for 1 < 4, Iy, and [,, are both below w11 = ls,, (as v; < tiq1
and Iy, = u; < u;4+1), that they both satisfy p and that they both satisfy the
equations in T'(f3) for each limit 8 < f3;, so if, for instance, I}, < l,,, we will have
a contradiction to Definition 4.20, Clause (7).

So, in any case (whether or not ¢ is increasing), we have l,, = l;, = u;.

By choice of ¥ and the assumptions on ¢, v is increasing so d is defined on
finite subsets of it.

Assume 1 < 49 < -+ < iy, < 0. Then for every o < 6, by the choice of d in
Definition 4.20:

X wl(d(vio, e 7U7:n—1)) = iff
X d(ly, - lo;, 7)) =0 €l (Bi, ) iff

X d(lv, - lo;, ,x)=0€l] (Bi,_,) (because I} [ay, ,=T7%  Tai, )

In—1

iff

X d(lv, - lv;, |+l ) = o (this follows from Clause (6) of Definition
4.20) iff

X d(uig, .- .,ui, ) = o (because l,, = u;).
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COROLLARY 4.28: If § € HNind,;(M,), then there must be some n < w such
that H™ (5) € HNind ;(M.) (see Definition 4.14).

Proof. Tf not, by Corollary 4.16, for all n < w, H"™ (5) € HNind,;(M.). More-
over, there exists some K < w such that for all K < n, if £ = H()(5) then
suc(lim(¢; A tiv1),t;) = t;. Without loss, K = 0 (i.e., this is true also for 3).

CramM: If § is such a sequence, then for all n < w, d(ug, ..., u;, ) is constant
forall 1 <ig < - - <in_1 <§ where u; = suc(lim(s; A $;11), Si+1) for i < 9.

Proof of claim. Prove by induction on n using Lemma 4.27.
But this claim contradicts the fact that for all k£ < w, fj is hard.
The next lemma and corollaries are the main conclusion of this section:

LEMMA 4.29: If§s € HNind,;(M,) and t=H (5) € HNind (M), then =(v; E v;)
fori < j < 6 where v; = suc(lim(t;4+1 A t;), ;).

Proof. Let t =ty At1,s0t =1t; At; forall i < j < §. Let u; = suc(t,t;). As
t; 7& tj for i <j< 5, U; 7é Uj. In addition

Ly, <1y, = suc(im(s; A sip1),8i11) < Sip1 A Siyo

and (s; A s;4+1|% < §) is increasing, so [, and ly,; are comparable.

First assume that o = lev(t) > 0. Then I';(0) = T',(0) for ¢ < ¢. For all
i < j <0, ly ETy(0)]0, L, is greater than n,,(8) = n,(8) for all 8 < «
and I, |= 'y, (8) = I'¢(B) for all limit 3 < . So by Definition 4.20, Clause (7),
lu; = Ly, 80 My, =1y, for all i < j < 4.

But since u; # u;, it necessarily follows that I',, # I'y,. If a = 8+ 1 for
some 3, then by definition of the function g, I',, =Ty, [ @ =T'; (because I' was
defined only for limit ordinals). So necessarily « is a limit, and it follows that
lim(t) = t so v; = u;. Now it is clear that T, («) # Iy, (@) and, by definition of
E, =(v; E v;) for all i < j < 6.

If a« = 0, then as before v; = u; (because lim(t) = ¢). We cannot use the same
argument (because I't(0) is not defined), so we take care of each pair i < j < §
separately. If T',,(0) | § = T',,(0) [ 0, then the argument above will work and
=(vi Evj). I T, (0) [ 0 # Ty, (0) [ 0, then =(v; E v;) follows directly from the
definition.

Finally we have
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COROLLARY 4.30: If § € HNind,; (M), then there is some v € HNind (M)
such that v; = suc(lim(v;),v;), v; E*® vj but =(v; E v;) fori < j < 4.

Proof. By Corollary 4.28, there is some minimal n < w such that
t = H*V(5) € HNind f (M.).

Let v; = suc(lim(¢;41 At;),t;) for i < §. By Lemma 4.29, we have that v; E® v;
but =(v; E vj;) for i < j < § (in particular v; # v;). So necessarily t = t; A t; is
a limit and v; = suc(t, v;).

COROLLARY 4.31: If there is some 5 € ind(M.) such that s; € P for all
i < 6, then there is some v € ind;(M,) such that v; € Sucym(Me), v; E™ v;
but —(v; E vj) for i < j < 4.

Proof. Since Py = k, any sequence § in ind(M,) in Py must be increasing. So
by the last corollary there is some ¢ € HNind (M) like there. But then by
sparseness (see Definition 4.7) there is some n < w such that (v,;|i < J) is
indiscernible.

Remark 4.32: In this section it becomes clear why we needed to use discrete
trees and not dense ones (as in [KS12]). In Corollary 4.31, we started with an
increasing sequence in Py = k, and then applied a definable map on it, to get
a new HNI sequence §, but this sequence might be almost increasing and not
increasing (i.e., in ind,;). Since we wanted the coloring function d to be defined
on increasing sequences, we needed again to get an increasing sequence, so this is
done by taking s;As;11. This sequence is increasing, but in order for the coloring
d to affect the coloring of the original sequence (as in Lemma 4.27), we need this
definable map to give us a successor of s; A s;4+1. Trial and error has shown that
adding the function “successor to the meet” instead of just successor results in
losing AP, so we needed the successor function. The predecessor function is not
necessary (in existentially closed models, if > lim,(z), = has a predecessor),
but there is no price to adding it, and it simplifies the theory a bit.

5. Proof of the main theorem

In this section we prove Main Theorem A.
We start with the easy direction.
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PROPOSITION 5.1: Let &, 8 be cardinals and § > w a limit ordinal. If k — (8)5%,
then for every n < w and every theory T of cardinality |T| < 0, k — (§)7.n.-

Proof. For convenience, let Z; for ¢ < w be disjoint n-tuples of variables and let
L(T) be the set of formulas in T in {Z;]i < w}.

Let {(a;|i < k) be a sequence of n-tuples in a model M = T. Define
c: [k]<¥ — L(T) U {0} as follows:

Given an increasing sequence n € k<%, if 1g(n) is odd, then ¢(n) = 0. If not,
assume it is 2k and that n = (a;|i < 2k). If Gag 0oy, = oy, Gy 5
then ¢(n) = 0. If not, there is a formula ¢(Zo,...,Tr—1) such that M |
O(Gags - Gagp_1 ) ANTP(Gays - - - Gagy,_; )» S0 choose such a ¢ and define ¢(n) = ¢.
By assumption there is a sub-sequence (a,,|i < 0) on which ¢ is homogeneous.
Without loss, assume that «; =i for i < 4.

It follows that (a;|i < d) is an indiscernible sequence:

Suppose there are some ig < i1 < -+ < ig9k—1 < d such that a;, ---a;,_, #
Ay, -+~ Gig,_,- Since d is limit there are some ordinals isg, ..., 43,1 such that
Top_1 < lop < -+ < i3gp_1 <O.

Since ¢ is homogeneous, there is a formula ¢ such that c((ig,...,i3k-1)) =
c({ig,...,i2k-1)) = ¢, meaning that

M E @iy, - Qi) NGy - oy Tigy_y)
and
ME @i,y Qige ) N @9(Qiggs - vy Qingo_y )
—a contradiction.
Now let ig < -+ < ix_1 < Jd be any increasing sequence. Let j < ¢ be
greater than ix_;. Then a;,---a;,_, = @+ Gj1(—1 = Go---ak—1 and we are
done.

From now on let S = 2<%,

As in Notation 4.3, when we say indiscernible, we mean indiscernible for
quantifier free formulas.

The proof uses the following construction:

Construction A: Assume S’ C S is such that v € S’ = v [ k € S’ for every
k < lg(v). Assume N |= T4 and that for every v € S, if v (e) ¢ S’ for
e € {0,1}, we have a model M: = Tg’e. We may assume all models are
disjoint. We build a model M = Tg’e such that M | L%, D N and: for every
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v e S and e € {0,1} such that v (e) ¢ S’ and for every n € S, Py = P,;wi

(e)"m

In general, for every symbol R, from L&, let RM = Réw v For instance,

(e )
eﬂ/{@yn’i = e,mf’ for i < 6 and Gﬂ/{ () mw (€ e G,71 o £OT 11 <sue M2-

The last thing that remains to be defined is Gi‘i/ o) After we have defined
it, M is a model. Moreover, for every tuple a € M and for every quantifier free
formula ¢ from Lg, there is a formula ¢’ generated by concatenating v (¢) to
every symbol appearing in ¢ such that ME = ¢(a) iff M = ¢/(@). In particular,
if I C M; is an indiscernible sequence in M, it is also such in M.

Main Theorem A follows immediately from Proposition 5.1 and:

THEOREM 5.2: Let S = 2<%, For any cardinals 0, k and a limit ordinal § > w,
K= (0)qe y il K — (6)5<.

Proof. We shall prove the following: for every cardinal £ and limit ordinal § > w
such that k 4 (6)5“, there is a model M = TVG and a set A C P< of size
|A] > k with no non-constant indiscernible sequence in A°. That will suffice
(because M can be extended to a model of TY).

The proof is by induction on x. Note that if k 4 (0)5* then also A 4 (§)5¢
for A < k. The case analysis for some of the cases is very similar to the one
done in [KS12], but we repeat it for completeness.

CAsE 1. K < 0. Let M |= TSV"G be any model and A = {e?gliﬁ < 0}.

CASE 2. k is singular. Assume that x = [J{\;|i < 0} where 0 < k and \; < K
for all i < o.

Assume that Ny, Ag are the model and set given by the induction hypoth-
esis for 0. For all ¢ < o, let M;, B; be the models and sets guaranteed by
the induction hypothesis for A\;. Let N; be a model of Tv,e containing M; as
substructures for all ¢ < o (it exists by JEP) and A; = [J{B:|i < ¢}.

Assume that {a;|¢ < o} C Ap and that {b;] U{N|l <i} <j < A} C B; are
enumerations witnessing that |Ag| > o, |B;| > XN\ U{N| 1 < i}

Let M’ = T{vo} be the standard model (see Definition 4.2) with P{;/[, =k and
<Y =e

Let N = T y be a model such that N | Ly 2 M'. Use Construction
A to build a model M E TSVG with M<> = Ny and M<1> = N, and define the



Sh:975

100 I. KAPLAN AND S. SHELAH Isr. J. Math.

functions GK«)) and GK(D as follows: for a limit @ < k and 0 < n < w, define
Gé‘;{<0> (@ +n) = Gmingj<o|a<x,} and GK<1>(04 +n) = by.

Let A=k = P%/. Assume that § = (s;|4 < ) is an indiscernible sequence
contained in A.

Obviously it cannot be that s; < sg. Assume that sg < s;. There are limit
ordinals a; and natural numbers n; such that s; = a; +n;, i.e., s; = n; (mod w).
By indiscernibility, n; is constant, and denote it by n. So (suc(sa;, $2i+1) =
S2; + 1|7 < 0) is an indiscernible sequence of successor ordinals.

(Gy,0y(s2i + 1)]i < &) must be constant by the choice of Ay, and assume
it is a;, for 79 < o. It follows that ag; € Ay \ U{Ni|! < ip}. This means that
G,y (82i + 1) = ba,, C By, for all i < o, and so az; must be constant. This
means that (s9;|i < d) is constant so also 3.

CASE 3. k is regular but not strongly inaccessible. Then there is some A < &
such that 2* > «.

Let My E TSV % and A4, C P{;/[“ satisfy the induction hypothesis for A\. Assume
that Ay D {a;|i < A} where a; # a; for i # j.

Let M' E T{VO} be a standard model such that P{y/ = 25 ordered by first
segment.

Let N |E T{v<’>9} be any model such that N | Lipy2M ’. We use Construction
A to build a model M |= T¢ using N and M} = M}, = Mo. We need to define
the functions G<>7<0> and G<>)<1>:

For f € P{;/[, such that lg(f) = a + n for some limit @ and n < w, define
Gé‘;{ ,(0> (f) = an- There are no further limitations on the functions Gé‘;{ ,(o> and
Gy /<1> as long as they are regressive.

Let A = 25* = P{;/[/. Assume for contradiction that (s;|i < ) is a non-
constant indiscernible sequence contained in A.

It cannot be that s; < sg, because by indiscernibility, we would have an
infinite decreasing sequence.

It cannot be that sg < s1:

In that case, (s;|i < §) is increasing. For all i < 4, let t; = suc(sa;, S2i41)-
The sequence (t;|¢ < 6) is an indiscernible sequence contained in Suc(P{y )
and so t; = n (mod w) for some constant n < w. Hence (Ig(t;) — n|i < §)
is increasing and (G (o) (t;) = @ig(t,)—n|? < 0) is a non-constant indiscernible
sequence contained in Ag—a contradiction.
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Denote r; = s9 A s;41 for @ < §. This is an indiscernible sequence, and by the
same arguments, it cannot decrease or increase. But since r; < sg, it follows
that r; is constant.

Assume that sg A s1 < 81 A so; then s1 A s9 < s9 A s3 and so

S2;i N 82441 < 82(i+1) A 82(i+1)+1 for all i < 5,

and again—(sg; A S2;11) is an increasing indiscernible sequence—we reach a
contradiction.

Similarly, it cannot be that sg A s1 > s1 A s2. As both sides are smaller than
or equal to s1, it must be that

So N\ s2 =389 N\Sy =581/ Sa.
But this is a contradiction (because if oo = 1g(sp A s1) then

[{s0(a), s1(a), sa(a)}] =3,

but the range of these functions is {0,1}).

CASE 4. k is strongly inaccessible.

Assume that My, Ay are the models and sets given by the induction hypoth-
esis for A < k. We may assume they are disjoint. Let N be a model of TSV’G
containing M) for A < k (N exists by JEP), and let A = [J{Ax| A < K} C N.
Recall that we have a function c¢ : [5]<* — 6 that witnesses the fact that
k # (6)57“, and that in Definition 4.24 we defined a model M. of T,J. Let
N = T.7? be a model such that N, | L, D M,. Let S’ = 1<% (finite sequences
of zeros). We may think of N, as a model of TSV,’Q. Denote 0,, = {0, ..., 0) where
1g(0,) = n.

We use Construction A and S’ to build a model M of TSV"G:

e Tor all n < w, let Moln = N.
e Define Ggi,onAu) as follows:
— Recall that Poj\f D PMe = My, . Assume that B C Sucyy, (PMe) is
an E" class. By definition, |B/Es,| < k.
— Choose some enumeration of the classes {¢;|i < |B/E¥, |}, and an

enumeration A|g/p, | 2 {ai|i < |[B/Ex,|} of pairwise distinct ele-
M

0,0, (1)
in ¢;) to a;. It is easy to see that if a E" b are distinct in

ments. Now, G maps every class ¢; (i.e., every element

Sucyim (PMe), then a and b are not ~e<-equivalent (see Definition
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3.17). This means that Gg/f 0. (1) is well defined. Outside of P,

define Gg/f 00" (1) arbitrarily as long as it is regressive.
Let A = Suchm(P{;JC), i.e., A = Sucim(k). Assume for contradiction that A
contains a J-indiscernible sequence.
By Corollary 4.31, there is n <w and an indiscernible sequence v in Suchm(PO]\f)
such that for i < j < 4, v; E™ v; but =(v; E v;). So <Gg/[ 0. >( v;)|i < d)is a

non-constant indiscernible sequence in Al[vo]Enb /B | @ contradlctlon.

Remark 5.3: Why in the definition of g (Definition 4.20) did we demand that
the image of 7 is in Sucyy and that I' is defined only in limit levels? Had we
given I' the freedom to give values in every ordinal, then the “fan” (i.e., the
sequence in indy) which we obtained in Lemma 4.29 might not have been in a
successor to a limit level, so we would have no freedom in applying G on it. As
T" is relevant only for limit levels, the coloring was defined only on sequence in
Suciim, so we needed 71 to give elements from there.

6. Strongly dependent theories

As we said in the introduction, in [Shel2] it is proved that Jjz+(A) = (AT)7
for strongly dependent 7" and n < w.

In [KS12] we show that in RCF there is a similar phenomenon to what
we have here, but for w-tuples: there are sets from all cardinalities with no
indiscernible sequence of w-tuples up to the first strongly inaccessible cardinal.
This explains why the theorem mentioned was only proved for n < w.

The example we described here is not strongly dependent, but it can be
modified a bit so that it will be, and then give a similar theorem for strongly
dependent theories (or even strongly? dependent), but for w-tuples.

THEOREM 6.1: For every 0 there is a strongly? dependent theory T of size
such that for all k and §, k — (8)7,. iff K — (0)5%.

Proof. Right to left follows from Proposition 5.1.

Forn <wlet S, = 2<” and let 7)Y be the theory T¢ (see Corollary 3.33). Let
T be the theory > : the language is {Qn|n < w} U{R"|R € L} } where
Q.. are unary predicates, and the theory says that they are mutually disjoint

n<w n

and that each @Q,, is a model of T?. Tt is easy to see that this theory is complete
and has quantifier elimination. Denote S = 2<% as before. If M is a model of
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T¢, then M naturally induces a model N of T' (where QX = (M x {n}) | L% ).
For all a € M, let fq € [],.,, QY be defined by f4(n) = (a,n) for n < w. Now,
if AC P{;/[ is any set with no J-indiscernible sequence, then the set {f,|a € A}
is a sequence of w-tuples with no indiscernible sequence of length 4.

By Corollary 3.33, it follows that each T, is strongly? dependent, and so also
T (this can be seen directly by Definition 2.4, or use an equivalent definition
using mutually indiscernible sequences [Shel2, Definition 2.3] and [Shel2, Claim
2.8 (3))).
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