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UNIVERSAL GRAPHS
AT THE SUCCESSOR OF A SINGULAR CARDINAL

MIRNA DZAMONJA AND SAHARON SHELAH

Abstract. The paper is concerned with the existence of a universal graph at the successor of a strong
limit singular x of cofinality Ro. Starting from the assumption of the existence of a supercompact cardinal,
a model is built in which for some such x there are z** graphs on u* that taken jointly are universal for
the graphs on u*, while ¢ > 4™

The paper also addresses the general problem of obtaining a framework for consistency results at the
successor of a singular strong limit starting from the assumption that a supercompact cardinal « exists. The
result on the existence of universal graphs is obtained as a specific application of a more general method.

§0. Introduction. The question of the existence of a universal graph of a certain
cardinality and with certain properties has been the subject of much research in
mathematics ([FuKo], [Kj], [KoSh 492], [Rd], [Sh 175a], [Sh 500]). By universality
we mean here that every other graph of the same size embeds into the universal
graph. In the presence of GCH it follows from the classical results in model theory
([ChKe]) that such a graph exists at every uncountable cardinality, and it is well
known that the random graph ([Rd]) is universal for countable graphs (although
the situation is not so simple when certain requirements on the graphs are imposed,
see [KoSh 492]). When the assumption of GCH is dropped, it becomes much harder
to construct universal objects, and it is in fact usually rather easy to obtain negative
consistency result by adding Cohen subsets to the universe (see [KjSh 409] for a
discussion of this). For some classes of graphs there are no universal objects as
soon as GCH fails sufficiently ([Kj], [Sh 500, §2]), while for others there can exist
consistently a small family of the class that acts jointly as a universal object for the
class at the given cardinality ([Sh 457], [DjSh 614]). Much of what is known in the
absence of GCH is known about successors of regular cardinals ([Sh 457], [DjSh
614]). In [Sh 175a] there is a positive consistency result concerning the existence of
a universal graph at the successor of singular g where y is not a strong limit. In this
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paper we address the issue of the existence of a universal graph at the successor of a
singular strong limit and obtain a positive consistency result regarding the existence
of a small family of such graphs that act jointly as universal for the graphs of the
same size.

In addressing this specific problem, the paper also offers a step towards the so-
lution of a more general problem of doing iterated forcing in connection with the
successor of a singular. This is the case because the result about universal graphs
is obtained as an application of a more general method. The method relies on
an iteration of (< k)-directed-closed # > x*-cc forcing, followed by the Prikry
forcing for a normal ultrafilter & built by the iteration. The cardinal x here is
supercompact in the ground model. The idea is that the Prikry forcing for & can
be controlled by the iteration, as & is being built in the process as the union of
an increasing sequence of normal filters that appear during the iteration. Apart
from building &, the iteration also takes care of the particular application it is
aimed at by predicting the Z-names of the relevant objects and taking care of
them (in our application, these objects are graphs on x*). The iteration is fol-
lowed by the Prikry forcing for &, so changing the cofinality of x to N;. Before
doing the iteration we prepare « by rendering its supercompactness indestructible
by (< &)-directed-closed forcing through the use of Laver’s diamond ([La]). Un-
like the most common use of the indestructibility of x where one uses the fact
that « is indestructible without necessarily refering back to how this indestruc-
tibility is obtained, we must use Laver’s diamond itself for the definition of the
iteration. We note that the result has an unusual feature in which the iteration
is not constructed directly, but the existence of such an iteration is proved and
used.

Some of the ideas connected to the forcing scheme discussed in this paper were
pursued by A. Mekler and S. Shelah in [MkSh 274], and by M. Gitik and S. Shelah
in [GiSh 597], both in turn relaying on M. Magidor’s independence proof for SCH
at J, [Ma 1], [Ma 2] and Laver’s indestructibility method, [La]. In [MkSh 274, §3]
the idea of guessing Prikry names of an object after the final collapse is present,
while [GiSh 597] considers densities of box topologies, and for the particular forcing
used there presents a scheme similar to the one we use (although the iteration is
different). The latter paper also reduced the strength of a large cardinal needed for
the iteration to a hyper-measurable. The difference between [GiSh 597} and our
results is that the individual forcing used in [GiSh 597] is basically Cohen forcing,
while our interest here is to give a general axiomatic framework under which the
scheme can be applied for many types of forcing notions.

The investigation of the consistent existence of universal objects also has relevance
in model theory. The idea here is to classify theories in model theory by the size
of their universality spectrum, and much research has been done to confirm that
this classification is interesting from the model-theoretic point of view ([GrSh 174],
[KjSh 409], [Sh 500], [DjSh 614]). The results here sound a word of caution to this
programme. Our construction builds z*+ graphs on g% that are universal for the
graphs on u*, while 2#° > u** and u is a strong limit singular of cofinality Ry. In

this model we naturally obtain club guessing on S;’j‘: for order type u, and this will
prevent the prototype of a stable unsuperstable theory Th(“w, E,),<. from having
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a small universal family, see [Sh 457], [KjSh 447]. Hence the universality spectrum
at such u* classifies the prototype of a simple unstable theory (the theory of a
random graph), as less complicated than the prototype of a stable unsuperstable
theory, contrary to the expectation. A possible conclusion is that in order to
obtain a classification into as few as possible nicely defined classes one should
concentrate the investigation of the universality spectrum as a dividing line for
unstable theories only on the case A™ with 4 = A<*, as the case of the successor of
a singular is too sensitive to the set theory involved. Perhaps just working with A%
where A = A!71 is a reasonable (as this rules out this particular example), or simply
admitting the possibility of Th(“w, E, )., and the theory of the random graph
being incompatible is a possible approach.

There are several further questions that this paper brings to mind. From the point
of view of model theory it would be interesting to determine which other first order
theories fit the scheme of this paper and from the point of view of graph theory one
would like to improve the result on the existence of 4** jointly universal graphs
to having just one universal graph. Set-theoretically, we would like to be able to
replace ¢ an unspecified singular strong limit by x4 = J,,, as well as to investigate
singulars of different cofinality than Xy. We did not concentrate here on obtaining
the right consistency strength for our results, suggesting another question that may
be addressed in the future work.

The paper is organised as follows. The major issue is to define the iteration used
in the second step of the above scheme, which is done in certain generality in §1.
We give there a sufficient condition for a one step forcing to fit the general scheme,
$0 obtaining an axiomatic version of the method. In §2 we give the application to
the existence of ™+ universal graphs of size u* for u the successor of a strong limit
singular of cofinality 8.

Most of our notation is entirely standard, with the possible exception of

NotatioN 0.1. For o and ordinal and a regular cardinal & < a, we let

SeE g <a:cf(p) =k}

§1. The general framework for forcing.

DerNITION 1.1, Suppose that & is a strongly inaccessible cardinal > ¥N,. A func-
tion h: k = # (k) is called Laver’s diamond on « iff for every x and A. there is an
elementary embeddingj: V' — M with

(1) crit(j) = x and j(x) > 4,
(2) "M C M,
(3) ((r)(k) = x.

THEOREM 1.2 (Laver, [La]). Suppose that & is a supercompact cardinal. Then
there is a Laver’s diamond on «.

HyrotHEsIs 1.3. We work in a universe V' that satisfies

(1) & isasupercompact cardinal, @ = c¢f(8) > k* and GCH holds at and above «,
(2) Y =T &y =7*and
(3) h: & — # (k) is a Laver’s diamond.
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REMARK 1.4. (1) It is well known that the consistency of the above hypothesis
follows from the consistency of the existence of a supercompact cardinal. We in
fact only use the y-supercompactness of k.

(2) With minor changes, one may replace y = T by x being strongly inaccessible
> 6.

DEerINITION 1.5 (Laver, [La]}. We define
R=(R},Rp: a<kf<r),

an iteration done with Easton supports, and a strictly increasing sequence {4, :
a < k) of cardinals, where R, and 4, are defined by induction on a < & as follows.
If

(1) A(a) = (P, 1), where 4 and « are cardinals and P is a R} -name of (< a)-
directed-closed forcing, and
(2) (V< a)[ig <al,
welet Ry & P and 1, & 1. Otherwise, let R, & {0} and A, & SUPg, Ap-
The extension in R} is defined by letting
p <q <= [Dom(p) C Dom(q) & (Vi € Dom(q))(q I i IF “p(i) < q(i)”)].
(where p denotes the weaker condition).
ReMARK 1.6. The forcing R} used in this section is Laver’s forcing from [La]

which makes the supercompactness of # indestructible under any (< x)-directed-
closed forcing.

CONVENTION 1.7. Definitions 1.9 and 1.12, Claim 1.13 and Observation 1.14 take
placein ¥, £ V&,

OBSERVATION 1.8. k* < cf() =0 < y =Y",2° =¢* foro > kand Y/ =T
still hold in ¥, as Rang(h) C #(k), and & is still supercompact.

DerINITION 1.9. By induction on i* < y we define the family %, as the family
of all sequences

O=(Pi.Qidi:i<i*=1g(0))

which satisfy the following inductive definition, and we let Zy < |J,_ . =%

(1) P; C #(x) (and each P; is a forcing notion, which will follow from the rest of
the definition),

(2) each P; satisfies the y-cc and for i < j the forcing notion P; is completely
embedded into P; by the identity function,

(3) Q; is a P;-name of a forcing notion (hence a partial order with the least element

o,) which is a member of # () (hence of cardinality < |T|),
(4) Ifo(l) > K, then P; = Uj<i Pj,

(5) A; is a canonical P;.,-name of a subset of &,

(6) Letting G; be P;-generic over V1, then in V1[G}],

(a) welet NUF £ {2 : @ a normal ultrafilter on s}, and
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(b) for every @ € NUF we are given a (< x)-directed-closed forcing notion
0L € #(x)"[%! whose minimal element is denoted by § 0

(7) With the notation of (6), we have that Qi[Gi]is

{0} UNUF U {{@} x 0, : @ € NUF},

e order on Q;[G;] 1s given by letting

(8) The order on Q;[G,] is given by letti

x<yiff[x=yorx=0or(x =2 € NUF & y € {x} x Q5) or

x=(2,x*),y =(2,y*) forsome & € NUF and Q,, = “x* < y*”],

(9) We have (we adopt the usual meaning of “canonical” below, see [Sh -f], I. 5.12.
for the exact definition)

(i) pisa function with domain C i
@), (i) j € Dom(p) == p(j) is a canonical P;-name

Pi= of a member of Q; ’
(iii) |SDom(p)| < & (see below)
ordered by letting
p <q <= [Dom(p) C Dom(q) & (Vi € Dom(q)){(q I i IF p(i) < q(i))],
where

(Definition 1.9 continues below)

NorartioN 1.10. (A) For i < i*, and p € P;, we let the essential domain of p be
st | ' “p(j) € {} UNUF U
S Dom(p) =< j € Dom(p): = |p | jlrp, {(2.0y): 2 e NUF}”| [~

(B) For i < i* and p € P; we call p purely full in P; iff: S Dom(p) = @ and for
every j < i we have
p 171k, “p(j) € NUF".

If i is clear from the context we may say that p is purely full in its domain.
(C) Suppose that i < i* and p € P; is purely full in P;, we define
def

Py P - p <gq &foreach j < i,
i/P=19€P: q | jIF“q(j)is of the form (Z, x) for some x” | ’
with the order inherited from P;.

(Definition 1.9 continues:)

(10) Foreveryi < i* and p € P; which is purely full in P; we have that P; / p satisfies
0-ccand P;/p € # (x).

OBSERVATION 1.11. If 0 € #p and i < 1g(Q), then P;.; = P; x ;.

DEFINITION 1.12. (1) We define the family %, as the family of all sequences

Q=(Pi.Qidi:i<y)
such that
i<y=01i€ X
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def

Welet P, = U, Pi.

(2) Suppose that Q € #," and (p; : i < x) with p; € P, are purely full in P,
and increasing in P,, where {; défmin{c : pi € P} (soifi < jthen p; = p; [ ().
We define

Py/ Uiy Pi E{g € Py: (Vi< Qg 1 & € Py/pil}
with the order inherited from P,.

CramM 1.13. (1) If 0 € Hp, then for all i < Ig(Q), we have that P; is (< &)-
directed-closed.

(2) Similarly for 0 € %,

Proor OF THE CrLamM. (1) Given a directed family {p, : @ < a* < &} of con-
ditions in P;, we shall define a common extension p of this family. Let us first let
Dom(p) & Uacer Dom(pa). For j € Dom(p), we define p(;) by induction on ;.
We work in VIP’ and assume that {p, | j : a <a*} C Gp,.

If j ¢ Uycqr S Dom(p,), then notice that there is at most one & # @ such that
for some (possibly more than one) o < o* we have p, [ j IF “pa(j) = 27, as the

family is directed. If there is such &, we let p(j) £ @, otherwise we let p(j) = 0.
If j € Uycar S Dom(ps), similarly to the last paragraph, we conclude that there
is a name Z such that

[a <o* & j € SDom(pa)]= pa | j IF “pali) € {2} x QL.

As ~Qf@ is forced to be (< x)-directed-closed (see (6)(b) of Definition 1.9), we
can find in VIP’ a condition ¢ such that ¢ > p;(a) for all @ < a* such that
def

j € SDom(p,). Let p(j) = (2, q) for some such g.
(2) Follows from (1) as y = cf(x) > . *1.13

OBSERVATION 1.14. Suppose that Q € #f, i< j < yand p € P;, q € P; are
purely full in their respective domains, while p < ¢. Then
(1) Dom(p) =i C j = Dom(g) and o € Dom(p) = p(a) = ¢g(a).
(2) Suppose that r € P;/p. Then defining r + g € P; by letting Dom(r + ¢q) =
- j
Dom(qg) and letting for & € Dom(r)
w [ r(a) ifa € Dom(p)
(r+4)e) = { gla), otherwise,
we obtain a condition in P;/q.
(3) For r,r; € P;/p we have that
(o) ry and r, are incompatible in P;/p iff r; + ¢ and r, + ¢ are incompatible in
Pj/q.
(B) ri<pypr2 <= ri+q<pr2+q.
(4) P;/p <o P;/q where f(r) & r + q. We also write f = f,,.
s Pq
(5) Suppose that the sequence p = (p; : i < x) satisfies that each p; € Py, is purely
full in P;,, and the sequence p is increasing in P,, where

Cid=“min{c: pi € P}
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and ({; : i < y) is strictly increasing. Then P* = P,/ Ui, pi is isomorphic to the
limit of a (< &)-supported iteration of (< «)-directed-closed 8-cc forcing.

(6) For every r € P,, there is ¢ > r with S Dom(q) = S Dom(r) and p purely full
in some P;, such thatg € P;/p.

ConveNTION 1.15. This Convention applies to Observation 1.14(5) above.
(a) Justified by Observation 1.14(5), in the case that each {; = &; + 1 in the sequel
we may abuse the notation and write

P* mlim(Py, [(pi 1 &), Q% )2 i< 2),

even though this is not literally an iteration of forcing (since the iterands are not
specified at each coordinate). We do this to emphasize the sequence (~Qf, @ i< 1),
whose importance will become clear in the Main Claim 1.18.

(b) Since f ,, are usually clear form the context we simplify the notation by not
mentioning these functions explicitly.

Cram 1.16. Suppose that 0 € ¥, and ¢ is a P,-name of an ordinal, while
p € P, is purely full in its domain. Then for some j < y and g wehave p < g € P;,
and ¢ is purely full in P;, and above g we have that ¢ is a P;-name (i.e f is a
P;/g-name).

ProoF oF THE CLamM. Given p € P, purely full in its domain, and suppose that
the conclusion fails. Let i < y be such that p € P;. We shall choose by induction
on { < 6 ordinals i; and y; and conditions p; and r; such that

(i) ir € [i,x) and (ir : { < 0) is increasing continuous,

(ii) p; € P;, is purely full in P;, with po = p and p; < pe for{ <&,
(lll) pr <y with r ”_P)( “! = ))c”,
(iv) r; is incompatible with every r; for & < {,
(V) pr & User pe for ¢ alimit,
(VI) re € Pl'g+| /pC+1-
We now explain how to do this induction.

Given p; and i;. Since we are assuming that ¢ is not a P;, -name above p, it must
be possible to find r; and y; as required. Having chosen r;, (by extending r, if nec-
essary), we can choose p as required in item (vi) above, see Observation 1.14(6).
This determines i;.,.;. Note that iy, < y as P o qu P;.

However, completing the induction we arrive at a contradiction, as letting p* «

Uz<o ¢ We obtain a condition purely full in its domain. Hence P o Psup i/ P
has 0-cc, but {r; + p* : { < 8} forms a set of § pairwise incompatible conditions
in P. *1.16

ConvVENTION 1.17. Now we go back to V, i.e., the Main Claim 1.18 takes place
mVy.

MaIN Cram 1.18. Suppose
(@) Q =(P:i,Q:, 4;: i < x)is an R} -name for a member of ¥
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(B) j: V — M is an elementary embedding such that TM C M, crit(j) = &,
¥ < j(x) and
((h)(x) = (Py. 1)
(such a choice is possible by the definition of Laver’s diamond).

Considering j((R},Ra,4a : a < k)) in M (as for B < x we know that
(RY. Ra, ko : < B) € #(x)), by its definition we see that
(R, Ras e @ < K)) = (RE, Ra, Ao : a < j(K))
and R, = P, while 4, = y. Hence j(R}) = R} * P, x R* for some R} x P,-name

R* € M for a forcing notion, which is forced to be (< y)-directed-closed.
We also let

Q' = (Pl Q. 4+ i <j(0)) Ei((Pi, Qi dli s i< 1))

Then in V2« the followmg holds: wecanfinda@ = (o, : i< y), p* =(pF: i< ))
and §* = (q7 = ('¢:,%¢:) : i < x) such that

(a) {a; : i < y) is strictly increasing continuous and each a; < y,

(b) p} € Py, is purely full in P, 1,

(c) p* is increasing in P,,

(d) For every i < y, we have §* | i € M® and in MR~ we have
(p;.'qi,%q:) € P, x R* * Py

while (p},'q;) € P, x R*,

(e) In MR« we have that for y < ¥

((pr.'qi.%qi) : i <y)isincreasingin P, * R* x Psup,<, i(a1)>

(f) In M A<, it is forced by (p},,, 'gi+1) that 2,11 is an upper bound to

{ilr): re GP Qa,u)}

(g) If B is an R/ -name of a Py, ,-name of a subset of , then for some R} * P,-
name tp for a truth value (i.e., an ordinal € {0, 1}, 1 standing for “true” and 0 for
“false”):

(1) In ¥ we have that (Og;, p,+1) forces tp to be a Py, 11/ p},-name,

(2) M [(@R*' Pivs ‘I,+1) I+ “k € j(B )lﬁtB 1],

(h) In MR< | either
(Pior.ai) F s € §(4a,)”.
or p IFp, that
“thereisno g = ('¢.%2g) >gespr g} With

~ jley)+1
q H’“R. «2 (’(al)) Z"P-;(D‘i)‘“ {j(r) T re GPQ,-*Q&; » } and k € j(ffia,-)” »

[Note that j(4a,) is a P( )+1-name for a subset of j(x).]
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(i) If cf (i) > 6, then in ¥ R=*F= we have p?(a;) € NUF and specifically

" BIG 1. Bisa P, /(p! | a;)-name for a subset of k
pi ai)_ .,[ Pa,-]' and!.B[GPal]:]

PrOOF OF THE MAIN CLaM. Consider (R, R;, 4; : & < i < j(k)) over R * P,
in M. By the inductive definition of R; (see Definition 1.5), which is preserved
by j, we have that R; is a name for the trivial forcing whenever 7 is not such that
(VB < i)Ag < i. Since (j(h))(k) = (P, x) we have that for every i satisfying
k < i< x, R; is a name for the trivial forcing. For y < i < j{k), we have that R;
is a name for a (< y)-directed-closed forcing in M, soin ¥ as well, as <*M C M.
Similarly we conclude that l’;( ;) hames a (< y)-directed-closed forcing notion, for
all { < y. This observation will be used repeatedly and in particular will enable
us to use the master condition idea in the induction below. In particular, we can
conclude that R, is (< x)-directed-closed. By the choice of j,

IFj(rs) “each Pi/p is (< x)-directed-closed for p € P; purely full in P;.”

Now we choose (o4, pf,¢) € MR by an induction on i carried in V. We start
with ap = 0, p§ € P; any condition purely full in Py, and g5 = 0.
Choice of p}, ., g7, and c;4;.

Given pr and o; in VR, We have (recall Convention 1.15) that

pilailke, “|Q% | <T&Gg  C Pant/pi”

=pf o)

Hence in M, letting X; & {j(r) : r € Qpa,*Qai( )} we have
s o
(@R{ P71 o)) g “Xi € C Pja)+1 18 directed and j(p; (i) IF |X:] < 1.7
j(x

In ¥V}, we have that the forcmg P, 1/p? is a f-cc forcing notion of size < 7T,
hence there are < T - T = Y canonical Py, 1/ p}-names for a subset of . Let us
enumerate them in a limit order type as (52‘“ (< (i +1) < T), with

(*) Bf)-H = A,‘.

This choice for i + 1 helps us to fulfill clause (h) for i. By inductionon ¢ < {*(i +1)
we choose p'+1 purely full in its domain, increasing continuous with (, q'+1 =
("git, 2q’“) increasing with {, oj*! increasing with { and ¢ pin as follows.

Let pit' & pr, it € o, and it € g7 _
Coming to { + 1, let G be a R} x P, generic over V such that (@g., pé“) €G.
In M[G] we ask “the {-question”:

Is it true that there is no g satisfying the following condition (*x),, which means
(@) ¢ =("9.%q) ZRwP o1 {gi*': ¢ <{}and
(B) ' lbp “Pq > Xi &k €§(B)” & *q € Pl /(P Tilar™) +1)2

(Here 2q > X, means that 2q is above every condltlon in X;, which then guarantees
that clause (f) is satisfied).
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Case 1. If the answer is positive, i.e., for no ¢ do we have that (**)q holds in M,
we define t Bir! €0 (hence a R} * P,-name for a truth value), and define

i+1 __ (1 i+l 2 i+1
qé“ ( q2+1’ ‘Ié_,_l)

to be any R} * P,-name for a condition in R* * ff(  such that

(Ors. 1) Ik it} 2. 1gfr"”
for every ¢ < ¢, and
Oz, e ) e P 2 U0 E <0 &2 > X7

~ (e :+1)

The choice of ‘qéi‘l is possible by the induction hypothesis and the fact that

IFgsvp, “R™ is (< yx)-directed-closed”.

Let us verify that the choice of ZqEﬁ is possible. Working in M we have that
(Or;. P} lg}1}) forces X to be a (< k)-directed subset of P, of size < y. Hence

iff = 0 we can choose 2g'*! to be forced to be above X;. We can similarly choose
qéill for{ > 0.

Case 2. If the answer to the { question is negative, so there is g satisfying (x*),.
we let tp £ 1 and choose gty = (lqzill,zqéﬂ) in M exemplifying the negative
answer,

At any rate, th isa R} * P,-name for an ordinal By Claim 2.19, in VR there

1 1 Uitk i
is aéjl > aé* and a purely full in its domain pg p'+ with pzfrll € Paéﬂ such
that tpin isaP, i1 /pCH-name

For ¢ limit, let o/+1 sup<<¢ agt, it = e t<¢ Py, and g/ not defined.

At the end, we let a,+1 suka “(it1) ag T I'and p},1 any purely full condition in
Po i+ With pfy > Urcre gy pC I and g}, such that

Or;. pi) & “gi 2geepy, @™ C< G+ DY

1

Choice of p;, ¢} and o; for i < y limit. We let oy < sup, i<i @j and choose p}
Po,+1 purely full so that p; > Uj<; p}, and if ¢f (i) > 6, then

(o) B[Gp,:Bisa P, /(p] | a;)-name for a subset of «
pi and t[Gp, ] = 1 '

Recall that M C M so ((a;, p}.q;) : j < i) € M. Condition (f) is satisfied by
the definition of the order in P,, (and j(P,,)). It follows by the construction and
standard arguments about elementary embeddings and master conditions that

pi Tailkp, “pila;) € NUF”.
Then we can choose g; so that (B-, p}.q;7) > (@R;,pj,q}‘) for all j < i and

gt > {i(r): re Gp,, }, which is again possible by the observation at the beginning
of the proof. *1.18
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CoNcLUsiON 1.19. In Vy, if Q € Zf, (pf : i < x) and (o : i < x) are as

guaranteed by Main Claim 1.18, letting @; & p*(«), it follows by Observation

1.14(5) that
P=(Po,/(p} 1 ). QF,: i< 1)

is an iteration (see Convention 1.15(a)) with (< &)-supports of (< k)-directed-
closed 6-cc forcing. In addition, there is a club C of y with the property that

in VIP *
(Di:i€C & cf(i) > 0)
is an increasing sequence of normal filters over x, with
i € C & cf(i) > 0]1= P,,/(p | ;) It “D, is an ultrafilter over x”.

If§ < y satisfies cf(6) > & then U;s pf forces over P, that |
over « which is generated by cf(J) sets.

i<s Z i us an ultrafilter
DerNITION 1.20. (In VR<) Given Q = (Pi, Qi 4; : i < ) € #;. Wesay

that Q is fitted iff there is a continuous increasing sequence (a; : i < y) of ordinals
< x, and a sequence (p} : i < y) of conditions each purely full in its domain with

PF € Pa,s1, such that letting 9 < p .
(Poy+1/(p} | i), ¢ gl_ i< )
is an iteration with (< &)-supports of (< «)-directed-closed §-cc forcing, and

Cf(i) > 6= ”-Pa,»ﬂ/(Pf fa) “{1,’ (S 2,’”.

CruciAL CLam 1.21. (In V&) The following is a sufficient condition for Q €
Z, to be fitted:
There is a pair (R, &) such that:

(1) R is a function such that for every forcing P with |P| < Y in #(x) and a P-name
Z of a normal ultrafilter on x we have that R[IP, ] is well defined and is a P-name
of a forcing notion of cardinality < T,

(2) for every purely full in its domain p € P, and i € Dom(p), we have that
plilk QL =RIP/(p i) pli)]".

(3) his a function such that for every forcing P with |P| < T in # () satisfying the
0-cc and a P-name & of a normal ultrafilter on «, h(P, &) is well defined and is a
P-name hp g of a function kp o) : R[P, 2] — Z such that for every purely full in

its domain (if this makes sense for P) p € P, and i € Dom(p) it is forced by p [ i
that:

“for every inaccessible k' < & and every (< x')-directed family g of
conditions in R[P;/(p | i), p(i)] of size < k. such that

reg=r"€Mhp ) pm(r),

there is ¢ > gsuch thatq I- ' € 4;.”
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RemaRrk 1.22. The condition in Claim 1.21 is sufficient for the present application
in §2. It may be weakened if needed for some future application. Really, the
condition to use instead of it is that in item (h) of Main Claim 1.18, for all i of
cofinality < @, we are “in the good case”, i.e., the first case of item (h). However,
we wish to have a criterion which can be used without the knowledge of the proof
of the Main Claim 1.18, and the condition in Claim 1.21 is one such criterion.

ProoF oF THE CruciaL Cram. By Conclusion 1.19 it suffices to show that under
the assumptions of this Claim, in the proof of Main Claim 1.18 we can choose
(it i< x), {pr:i<y)yand{q; : i< x) so that for every i with cf(i) > 6, the
answer to “the Oth question” in the choice of q{*l is negative, i.e., there is ¢ such
that (%), holds. The proof is by induction on such ;. We use the notation of Main
Claim 1.18.

Given i with cf (i) > 6. Hence we have

BaP,/(p; | a;)-name]| 4
r i) = B G,’ . - ' = 9,’.
pile) {~[ ] for a subset of x and tp = 1 -

In M we have

" I {ilr)(j(es)) : j(r) € X:} is (< k)-directed of size <
Re Pi-di i(%), x is inaccessible and (Vr)[k € j(hp,(,- rai)’l,l,(ai)](r))]

(The last statement is true by the definition of &; and ¢ B, no matter what
B/ pe 1. pr (a (1) is forced to be.)

By the assumption (3) and elementarity, applying j we have that the answer to
the “0th question” is negative. *1.21

DeriNiTIoN 1.23. (In VR<) Given 8 = cf(6) € (k, y). We define %7 in the same
way as %, , but with a freedom of choice for Qy. Namely, to obtain the definition
of Z; from that of %, we
(A) Initem (6) of Definition 1.9, require i > 0,

(B) We let Qp be any (< &)-directed-closed cardinal preserving forcing notion in
# (x) that also preserves T% = Y.

Cram 1.24. (In ¥ R<) Main Claim 1.18, Conclusion 1.19, Definition 1.20 and
Claim 1.21 hold with %, replaced by 7.

PROOF OF THE CLAIM. As in VR<*@ k s still indestructibly supercompact and
10 =17. *1.24

Discussion 1.25. (1) In the present application, we need to make sure that cardi-
nals are not collapsed, so we have 8§ = k™ and Qg is chosen to have a strong version
of xk*-cc which is preserved by iterations with (< )-supports.

(2) Clearly, Claim 1.21 remains true if we replace the word “inaccessible” by e.g.,
“strongly inaccessible”, “weakly compact”, “measurable”.

(3) As we shall see in section 2, the point of dealing with a fitted member of %
is to be able to control the Prikry names in the forcing that will be performed after
the iteration extracted from %, namely the Prikry forcing over U;;2; for some d.

The point of 4; is to give us a control of this ultrafilter in the appropriate universe.
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§2. Universal graphs.

THEOREM 2.1. Assume that it is consistent that there is a supercompact cardinal.
Then it is consistent to have a singular strong limit cardinal & of cofinality w with
25" > k**, on which there are x** graphs of size x* which are universal for the
graphs of size ™.

Proor. We start with a universe V' in which &, T and y satisfy Hypothesis 1.3,
with § = x* (in particular s* < T = Y*'). Let R} be the forcing described in
Definition 1.5. We work in ¥ &<, which we start calling V from this point on. As
we shall not use 4 and R any more, we free the notation 4 and R, to be used with
a different meaning in this section.

DEFINITION 2.2. Let Qp be the Cohen forcing which makes 2°° = T by adding
T distinct st -branches {5, : o < T} to (*">2)" by conditions of size < &, so no
cardinal is collapsed and in the resulting universe

e cachy, € K
e a< f<T =1, #1npand
e (<kT=|{a [ a< T} <k

Let7 = (54 : a < &™) befixed for the rest of the section, and let uslet ¥y o V[Gg,].

NOTATION 2.3. If @ is a normal ultrafilter on a measurable cardinal &, let Pr(2)
denote the Prikry forcing for &.

Discussion 2.4. The idea of the proof is to embed “@-named graphs” into a
universal graph. We use an iteration of forcing to achieve this. As we intend to
perform a Prikry forcing at the end of iteration, we need to control the names of
graphs that appear after the Prikry forcing, so one worry is that there would be too
many names to take care of by the bookkeeping. Luckily, we shall not be dealing
with all such names, but only with those for which we are sure that they will actually
be used at the end. This is achieved by building the ultrafilter that will serve for the
Prikry forcing, as the union of filters that appear during the iteration. To this end,
for every relevant & we also force a set 4 that will in some sense be a “diagonal
intersection” of &, so its membership in the intended ultrafilter will guarantee that
ultrafilter contains & as a subset.

DEFINITION 2.5. Suppose V' D ¥V is a universe in which 2=, 77 is fixed as per
Definition 2.2, while x is measurable and Z is a normal ultrafilter over x. Working
in ¥, we define a forcing notion Q & QL .7 as follows.

Let M = (Mo = (%, Ra) : a < T) list without repetitions all canonical
Pr(2)-names for graphs on x*. By canonical in this context we mean names of the
form

1S U e x {C0)
{<E<kt
where each & is a maximal antichain in Pr(2). Then 1¢ is a subset of [x*]?
and we identify it with a graph g = g(z) on k* by letting {{, £} form an edge iff
{ < ¢ and for some p € ¥ N G we have (p, (. 6) € 7 or ¢ < { and for some
p € ;NG wehave(p, (£,{)) € z. (Note thatif p € Pr(2) and g isa Pr(Z)-name
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such that p I “g is a graph on x*”, then there is a canonical name 7 as above such
that p I ¢ = z.) In the list M we understand that M, is the model with universe
kT where R, is the graph relation obtained by some graph g(z) as above. For
definiteness we pick the first such list in the canonical well-order of # (). Elements
of Q are of the form

p=(A?,B? u?, fP = (fl: a €ur)),
where
(i) 47 € [k]<",
(i) B? € 2 N P([x\ (Sup(4”))]),
(i) u? € [X]°*,
(iv) For a € u”, we have that fZ is a partial one-to-one function from x* with
| Dom(f%)| < x, mapping { € Dom(f%) to an element of {4 [ {} X &,
(v) For a, B € u?, forevery x’, x", if
F20) = FO) £ £ = £5(x"),
then for every w € [4P]<™
(w, BP) Irpyg) “Ma = Ra(x', x") iff Mp |= Rp(x', x")”.

In addition, for every w € [47]<* and every a € u? and x', x" € Dom(f;’),
the condition (w, B?) decides in the Prikry forcing for & if M, satisfies
Ba (xl’ xll).
We define the order on Q by letting p < ¢ (here q is the stronger condition) iff

{(a) AP is an initial segment of 49,

(b) 47\ 47 C B?,

(c) B? 2 BY,

(d) u? Cul,

(e) For a € u?, we have f£ C f&.

CrAmM 2.6. Suppose that Q = Q;mﬁ is defined as in Definition 2.5. Then in V'':

(1) Q is a separative partial order.
(2) Suppose that G is Q-generic over V', and let in V'[G]

A*E\ J{4: 3B.u. /(4. B.u. f) € G}
Then A* is an unbounded subset of k and A* C* B forevery B € 9.

(3) Fora < Y and a € ™, the set
def

Hoa={p€Q:acu’ &acDom(fE)}
is dense open in Q.

Proor oF THE CLAIM. (1) Routine checking.
(2) For o < k, the set
SaE{peQ: (3 2 a)lB € 471}
is dense open in V', hence A* is an unbounded subset of x in V/[G]. For B € &
the set
def

Fe={peQ: B”C B}
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isdense open. If p € #FpN G, then forany g € G withg > p we have 47\ 47 C B”.
Hence A* \ B C A*.

(3) Given p € Q,clearly thereisg > p witha € u?. Namely, we mayletfor p € Q
such that a ¢ u” an extension g be defined by 47 = A4?, u? = u? U{a}, f&é =10
and f3 = f} for f € u?. So without loss of generality o € u” and a ¢ Dom({ f%).
Applying the Prikry Lemma, for every b € Dom(f%) and w € [AP]<™, there is
B, » C B? with B, € & and such that

(w, Bup)|lpr(2) Mo = bRaa”.

Choose y < & such that (1o | a,7) ¢ Upe,» Rang(f /’,f ), which is possible as for
every relevant § we have | Dom(f})| < & and |u?| < k. Now we define ¢ by letting

A1E 47 BI Y N{B,y: w e [A]<™ & b € Dom(f2)} N B?, u? £ u” and
e[ fp if § # a
B fEu{(a,(na [ a,7))} otherwise.

To verify that ¢ is a condition we discuss 2.5(v). If 8 # a and x', x" € Dom(f4)
then (w, BY) decides in Pr(9) if M F Rp(x', x"") because already (w, B?) does
that. If x’, x" € Dom(f%) the conclusion follows similarly. If {x’, x"} D {a} then
the conclusion follows by the choice of BY.

Suppose that f(x') = fg(x’) # fi(x") = fg(x”) for some x' # x" and
a # B. If x',x" € Dom(f&) then

w, BY) Ibpyan) “Ma F Ro(x',x") &= MyE Ry
(@) “Ma F E M F Ry

because this is already true of (w, B?). So suppose without loss of generality that
x' = a. But y was chosen so that f&(a) = (54 | a,7)isnotin Rang(fg), hence the

condition 2.5(v) is satisfied. *2.6

DErINITION 2.7 (Shelah, [Sh 80]). Let A > X be a cardinal. A forcing notion P
is said to be stationary A*-cc iff for every {p, : @ < A*)in P, thereisaclub C C At
and a regressive £ : AT — A% such thatforalle, f € C,

[cf(a) = cf(B) = A & h(a) = h(B)]=> pa. pp are compatible.

TueoREM 2.8 (Shelah, [Sh 80], [Sh 546]). Suppose that 1<* = 1 > R,. Iterations
with (< A)-support of (< A)-directed-closed stationary A*-cc forcing, are (< A)-
directed-closed and satisfy stationary A*-cc.

Cram 2.9. Suppose that Q is as in Claim 2.6. Then Q is (< &)-directed-closed
and satisfies stationary k*-cc.

ProOF oF THE C1AIM. First supposethati* < kand {p; : i < i*}isdirected. For
i<i*let p; € (4, B ', f). Wedefined £ |J,_,. 4/, BE ;. B, u Z Uiyt
and for a € u we let f, © Ui fL. Itis easily verified that this defines a common
upper bound of all p;.

Hence Q is (< k)-directed-closed. Now we shall prove that it is x* -stationary-cc.
Let (p; : i < k*) begiven, whereeach p; = (4;, Bi,u;, fYand f; = (f} : a € u;).
Let U< (U{ui : i < k™}, hence U C Y and |U| < s*. Let us fix a one-to-one

enumeration of U in an order type < k*,s0 U = {a, : s < s* <k}

i<i*
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For i < k% let S; = {s : a; € u;} be an increasing enumeration and let

o; & otp(S;), hence 6; < k. Fors € S; let di & Dom(f} ) and for k < g; let

a,"( = «a iff & = a for the k-the element s of S;. Let y; < & be given by

yi Esup{y +1: G € )3 € Dom(f1L)) (L) = (na 1 L7))}-
For A € [k]<* and ¢ < & define a language
Zao ={Rups: we A k<o}U{<}U{gk: k<o}uU{P, 0O},
where each R, is a 2-place relation symbol, as is <, each g is a 1-place function

symbol and P, @ are unary predicates. Note that the size of this language is < k.
For i < k* define a model N; of #, ,, with the universe

yix {0yu | df x {1}
SES;
and the interpretation given by:

o P((a,b))iffb=0,

o Q(a,b))iffb=1,

e < is the partial ordering given by letting (v, a) < (B,b) iffa = banda <

as ordinals,
o ({a), ¢ b)eR, iffa=b=1and{ ¢ € dc’;],;, while

(w, B;) Irpr(z) “CRai &,
o 5.{(l,a)=(,b)iffa=0=b{=y0ora=1,b=0and
f‘l’L(C) = (’701;'( f(s V)

For each relevant A4, o consider the isomorphism types of models of 4, whose
universe is a disjoint union of two sets each of size < . There are < k such types
(because k<" = k), let us enumerate them as

{177 < B(4.0) <k}.

For i < k™ let B; be such that the isomorphism type of N; as a model of Zy, ,, is
A0

I My

;.
Let F from & x [£]<% x *>([k+]<*) x k& x k X [6+]<* be a bijection onto ™. Let

C beaclub of j < k' such that for j € C with cf(j) = x we have
F(o,A,{dy : k< a),B.7.S) < j < supdy,sup(S) < J,
k<o

and such that for all i < j we have sup{s : a; € u;} < j and
supU{Dom(fi) o €ut <

Such a club exists because £<* = k.

We define & : k* — &* by letting 2(i) = O unless i € C and cf(i) = , when
h(i) = F(o:, A;,{(d: Ni: s < i), Bi,yi,Si Ni). Hence h is regressive.

Suppose that i < j € C and cf(i) = cf(j) = & are such that £(i) = A(j), we
claim that p; and p; are compatible. In order to prove this we proceed with several
subclaims.

SuBcLAM 2.10. A4; = Aj and Gi =0j.
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PRrROOF OF THE SUBCLAIM. This follows from the choice of F and 4. *2.10
def def

LetA=A4;,=A4;,0 =0; =0;.
SuscramM 2.11. N; and N; are isomorphic as models of & ;.

Proor oF THE SUBCLAIM. This follows from Subclaim 2.10 and the fact that §; =
B Ik *2.11

SuscramM 2.12. If @ € u; Nu; then o = o) = o for the same k and a = a; for
some 5 < i.

PROOF OF THE SUBCLAIM. Since @ € u; and j € C is of cofinality x, we have that
a = oy for some s < j. Hence s < i by the choice of 4 and so @ = a} for some k.
Since S; Ni = S; N j we have that a = o as well. *2.12

Suscram 2.13. If o € w; Nujand { € di N di, then fi(¢) = f4(0).

PROOF OF THE SUBCLAIM. By Subclaim 2.12 there is k such that a = o] = af,
which is a; for some s < i. By the choice of j we have sup(d’) < j, so by the choice
of h we have { < i. Since N; and N; are isomorphic, by the definition of < in these
models we have that ({, 1) is a fixed point of the isomorphism. Hence g ((¢,1)) is
as well, so there is a unique y such that

FLO) =a 18y) = FLO). *2.13

For every w € [A]<? and forevery o € u; Uu; and {,{’ € Uregiy
find B*%¢" such that

I
acy 9o WEcan

(w, B* Yoo ||“Ma E Ral(,C")”

Let B < B,NB NN, Uy L0 €diUdl B4 We claim that a common upper bound

of p; and p; is given by ¢ = (4, B,u = u; qu,f-) where f = (fo : a € u) and
Sfo=Ue it f ! . To prove this it suffices to prove the following two claims:

SuBcLamM 2.14. Suppose that o, § € u and { < {' are such that
fall) = f5(0) # fall) = f5(L").

Then for every w € [4]<“ we have
(w, Blpr(g) IF “Ma F Ra{(,{') <= MpF Rp((.).

PRrROOF OF THE SUBCLAIM. We have to do a case analysis.

Case 1. For some [ € {i, j} we have that o, € w; and {,{' € d/, ﬂdl’?.
The conclusion follows by the analogous properties of p;.

Case2. acu;Nu;,{ €di\ddand ¢ € d)\d..
We have ¢ ¢ d’, hence {' > j by the choice of &. Hence ¢’ ¢ d/", andso !’ € dl{. In
particular

FIEY = fall) = £ = £5(C).
Since { € d.\ d} wehave € [i, j) andso { € d}\d} and
fa0) = fall) = f5(0) = f(0).



Sh:659

UNIVERSAL GRAPHS AT THE SUCCESSOR OF A SINGULAR CARDINAL 383

In particular § € u; Nu;. Let {" be such that ({”, 1) € N; is the isomorphic image
of ({’, 1) under an isomorphism between N; and N;. Then

SR = FUC) = 150 = FE")
and so
1al0) = f3Q) # fall") = [
So for every w € [A]<® we have
(w, Bi)pr(a) IF “Ma F Ra((,{") <= MpF Rp((,(").

Let w € [4]<* be given. By the choice of the function R, for k such that o = o}
we have

(’U), Bi)Pr(@) IF “Ma = Ba(c’ C”)” iff <’LU, Bj)Pr(g) I “Ma = Ba(c: cl)”
and similarly for § in place of o. Hence
(w, B)pr(ar) IF “Ma F Ra((.') = MpF Rp((L)”

as required.

Case3. f € uiNu;,{ €dy\djand{' € d}\dj.
Symmetric to Case 2 with « replaced by S.

Cased. a €u;Nu;,{ €dind)and{’ € dj\d..
Asin Case 2, (' ¢ d. so{' > jandso (' ¢ d;;. Hence (' € d; N dJ and so
falC) = £ and £4(¢") = f§(L). Since € df wehave fo(() = f4((). Since
(ed wehavel < jso{<i. If{ € dé we obtain the desired conclusion because
p; € Q. Butifnot, then { € dj, hence f € u; Nu;andso{ € d/’}ﬁi =déﬂj,a
contradiction.

CaseS. f € uiNu;,{ €dyndjand{’ € dj\dj.
Symmetric to Case 4 with « replaced by f.

Case 6. o € u; Nu;and {' € di \ df while { € dJ \ d.
This case cannot happen because { < {'.

Case 7. Symmetric to Case 6 with « replaced by S.
Cannot happen for the same reason as Case 6.

Case8 a€wu;Nu;and (' €d.ndl.
If B € u; Nu, then we are in Case 1. If B € u; thensince {,{’ € d) wehave {,{’ < j
and so since @ € u; we have {,{' < i. Hence {,{' € dl’; and the conclusion follows
because p; € Q. If f ¢ w; then f € uj and {,{’ € din d/{, hence the conclusion
follows as p; € Q.

Case9. f € uiNu;and (' € djndj.
Symmetric to Case 8.

Case 10. o € u; \ujand f € u; \ u;.
Hence {,{' € d! and so {,{’ < j. Let k be such that § = a,f; and let ' = a}. By
the choice of /4 and the fact that N; and N; are isomorphic, we have that {,{’ < i
and ¢, ¢’ € di,, while

(w, Bi) Irpray “Mp E {Rp ("7 iff (w, B) Fpygy “Mp E {Rp(".
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Moreover [ ;3, ¢ =f é({ ) and similarly for {’. We get the desired conclusion by
applying this and the fact that p; € Q.

Casell. a € u; \u;and f € u; \ u;.
Symmetric to Case 10. *2 14

Suscram 2.15. Suppose that @ € u and {,{’ € Dom(f,). Then
(w, B)|lpr(@)“Ma F {RaL™.

Proor ofF THE SUBCLAIM. Follows by the choice of B. *2.15
This finishes the proof of the chain condition. *2.9

OBSERVATION 2.16. Suppose that & is a normal ultrafilter over x and Q is a
forcing notion such that

ko “@ C @' and @' is a normal ultrafilter over x”.

Then Pr(Z) <o.Q * Pr(2’), where e is the embedding given by
e((a, 4)) = (0. (a. 4)).

DErFINITION 2.17. Suppose that Q is as in Claim 2.6, while Q@ <oP, and 2 is a
P-name of a normal ultrafilter over x, extending @ U {4*}. For a < T we define
Gr?', intended to be a P * Pr(2)-name for a graph on {7, [ { : { < k*} x & (see
Claim 2.19 below), defined by letting for y’, " € {no 1 { : { < &} X &,

y'Ry" iff for some (p, (w, B?)) € G witha € u?, p € Q and [w] € [4P]<
and some x', x"" € Dom(f%)
we have f5(x') =y and fE(x") = y",
AND (w, B?) Ibp(g) “M o = Ralx', x")”.

NortatioN 2.18. Suppose that Q is as in Claim 2.6. For o < T let
fa‘?i‘u{fg:aew&pegg}.

Cramm 2.19. Suppose @ is as in Claim 2.6, while Q <oP, and @' is a P-name of
a normal ultrafilter over , extending @ U {4*} (equivalently, 4* € 2'). Then

(0,00, 4)) Ik pupr(gr) “f « i1s an embedding of M, into GJ‘?/.

PrOOF OF THE CLAIM. Let G be P * Pr(9')-generic with (@, (0, 4*)) € G and
suppose that x', x' are such that M,, = R,(x', x") in V[G]. Let {p*,(w, 4')) bea
condition in G that forces this. Without loss of generality, we have

(pT.(w. 4) > (0.(0. 47)).

In particular, p* IFp “w € [4*]<%”. Considering P as Q * P/Q, let us write
(pT.(w, 4")) as (p. p'. (w. 4")). By extending p™ if necessary, we may assume that
A? D w, and then using the density of #., and Fy» ., we may also assume
that o € u” and x',x"” € Dom(f%). By extending further, we may assume that
pT Ik “4" C BP”. Then (p*, (w, 4')) extends (p, (w, B?)), hence the latter is in
G. Since p IFp “(w, BP)||py(g)Ra(x’, x")7, it must be that (w. B?) IFpyq) “M,
R, (x', x")”. Hence in ¥[G] we have that

yl — fa(xl)Ry” — fa(x”).
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On the other hand, suppose that in V[G] we have y' = fo(x")Ry" = fa(x")
and let {p, (w, B?)) exemplify this. In particular, (w, B”) forces in Pr(2) that
“My = Ro(x'.x")”, and since (p, (w, B?)) € G, we have that R,(x’, x"') holds in
VIG].

As it is easily seen that each f, is forced to be 1-1 and total, this finishes the
proof. *2.19

CramM 2.20. Suppose that Q and @' are as in Claim 2.19, while G is Q-generic
over V', Further suppose that H is a Pr(2’)-generic filter over V'[G] with (§, A*} €
H. Then in V'[G][H]. there is a graph Gr* of size k™ such that for every filter J in
Pr(2) satisfying

{0g.p): p€J}CG+HE{(g.5): g€ G &qlt“sc H”}
which is Pr(& )-generic over V', every graph of size «* in V'[J] is embedded into
Gr.
PrOOF OF THE CLAM. Define Gr* on Upcr{na [ { : { < K7} X K, hence |Gr*| =
k™, by our assumptions on 77. We let

Gr | “(a [ Ci)R(a 1 & )7 i GrE b= “(na [ C.0)R(7a [ £ /).
Then Gr* is a well defined graph, as follows by the definition of Q.

Given M a graph on k" in V'[J]. Let (w, 4) € J force in Pr(2) that M is a
graph on x*. By Observation 2.16, (0o, (w, 4)) forces in Q * Pr(Z') that M is
a graph on k™, so since (@g, (w, 4)) € G * H we have that for some « it is true
that M = M,[G][H]. Since (§g, (B, A*)) € G x H we have by Claim 2.19 that
M embeds into Gr? "in V! [G][H], but Gr? " embeds into Gr* by the definition of
Gr*. *2,20

CLam 2.21. Let & be a normal ultrafilter over x and 4 € @. Suppose that G is
a Pr(2)-generic filter over V. Then there is some G’ which is Pr(Z)-generic over
V' and such that (0, 4) € G' while V[G] = V[G'].

PROOF OF THE CLAIM. Let x = xg = U{s : (3B € @)(s.B) € G}, s0

G=G.={(s,B)ePr(Z): s Cxg CsUB}.

Now we use the Mathias characterization of Prikry forcing, which says that for an
infinite subset x of k we have that G, is Pr(2)-generic over V iff x¢ \ B is finite
for all B € . Hence x \ 4 is finite. Let y = xg N 4, so an infinite subset of &
which clearly satisfies that y \ B is finite for all B € &. Let G’ = G,, so G' is

Pr(2)-generic over V and (§, 4) € G'. We have V[G'] C V[G] because y € G
and V[G] C V[G’] because x \ y is finite. *2.21

CoNcLusioN 2.22. Suppose that @, @', G and V' are as in Claim 2.20 and H
is a Pr(2')-generic filter over V'[G]. Then the conclusion of Claim 2.20 holds in
V'[GIH].

ProOOF. The conclusion follows by Claim 2.20 and Claim 2.21. *2.22

Cram 2.23. Suppose that Q = (P;, Q;, 4; : i < x) € X, is given by determin-
ing Qp as in Definition 2.2 and defining Q%, = Q;[GP"] (as defined in Definition 2.5)
and 4; = A*, where 4* was defined in Claim 2.6(2). Then 0 is fitted.
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PrOOF OF THE CLAIM. We shall take R[P, Z] = Qg.pw if this is well defined (i.e.,

V'? satisfies the conditions on ¥’ in Definition 2.5) and R[P, 2] = {0} otherwise.
By Claim 1.21, it suffices to give a definition of A satisfying the requirements of that
Claim. Suppose that P, 2 are such that R[P, 2] is non-trivial, working in V' we
define

h= h[p,ga] . Q@ = Rﬂp,g] -9

by letting h(p) & B? for p = (A7, B?, uP, f?). We check that this definition is as
required. So suppose that &’ < « is inaccessible and g is a (< x')-directed family of
conditions in Qg with the property that for all p € g we have k' € B?. We define r
by letting

A E | JAP UL B E [\ BP\ {K'} 0" E Upegu?,
rcg PEg

and for a € u”, we let f], &y peg & acur [ &. It is easy to check that this condition
is as desired. *2.23

REMARK 2.24. The inaccessibility of x’ was not used in the Proof of Claim 2.23.

Proof of the Theorem finished.

To finish the proof of the Theorem, in ¥y let Q be as in Claim 2.23. By Claim 2.23
and the definition of fittedness, we can find sequences (p/ : i < y) and {o; : i < )
witnessing that Q is fitted. Let 9; o pila;) fori < x. If we force in Vj by

5 def

P* =m(Py, /(p} T i), Qo 1 1< ),

we obtain a universe V'* in which (9; : cf(i}) = ™) is an increasing sequence
def .
of normal filters over ., and & = | J;.g» 9 is a normal ultrafilter over . For,
Kt

in VPei/(pi o) e have that &; is an ultrafilter over x, and cf(y) > , while the
iteration is with (< k)-supports and k<* = k. Hence every subset of x in V*
appears as an element of ¥ 7=/ 1) for some i, and so @ is an ultrafilter.

Also, for every i € S, we have that 47 € 9. Let 9 be a P*-name for & of V'*.
Let

(Va < 6)(3p € (a,6))[ap = B and
E¥{s<y: @ﬂg’(n)'/opﬁ isa Pg/(pg | B)-name
and pp.1(f) = 2 N P ()" ]

Hence E isaclub of y. Letd € EN S%, be larger than x***. Force with P* [ 4,

so obtaining V7 in which 2%" > 2% > g+++ as each coordinate of P* [ 6 adds a

subset of x, and cardinals are preserved. In V) force with the Prikry forcing for
def

D5 = Uies5+ D;. Let W &f Vi[Pr(25)]. Fori € Si+, let Gr} be a graph obtained

in W satisfying the conditions of Conclusion 2.22 with &5 in place of 2’ and Z;
in place of @. Let C be a club of 6 of order type x**, and let g be its increasing
enumeration.

We claim that W is as required, and that

{Gripy i<w™ & cf(g(i)) =k}
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are universal for graphs of size x*. Clearly the cofinality of < in W is Rg and x is a
strong limit. Suppose that Gr is a graph on k™ in W and let Gr be a Pr(2j;)-name
forit. Hence, thereisa i < k** withcf(g(i)) = &* such that Gris a Pr(&Z,;))-name
for a graph on 1. The conclusion follows by the choice of Gr}. *7.1
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