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Abstract. Letω be the first infinite ordinal (or the set of all natural numbers)
with the usual order<. In §1 we show that, assuming the consistency of a su-
percompact cardinal, there may exist an ultrapower ofω, whose cardinality
is (1) a singular strong limit cardinal, (2) a strongly inaccessible cardinal.
This answers two questions in [1], modulo the assumption of supercom-
pactness. In§2 we construct severalλ-Archimedean ultrapowers ofω under
some large cardinal assumptions. For example, we show that, assuming the
consistency of a measurable cardinal, there may exist aλ-Archimedean ul-
trapower ofω for some uncountable cardinalλ. This answers a question in
[8], modulo the assumption of measurability.

0. On notation and Boolean algebras

An important way of constructing a desired ultrafilter onκ is to use the
construction of an ultrafilterE on the Boolean algebraB = P(κ)/D for
some filterD onκ as an intermediate step. The construction ofE has a great
deal of flexibility whenB contains a large free (orκ-free) subalgebra. In
this paper we always construct an ultrafilterE on B first such thatωB/E ,
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62 R. Jin, S. Shelah

the Boolean ultrapower ofω moduloE , has some desired properties, and
then useE to define an ultrafilterF on κ so thatωκ/F , the ultrapower of
ω moduloF , is isomorphic toωB/E . In each case a large cardinal is used
to constructD so thatB = P(κ)/D always contains a large free (orκ-free)
subalgebra.

[15] is recommanded for the general theory of the Boolean ultrapower
of arbitrary models. Here we give the definitions and facts needed in this
paper to keep it self-contained.

Throughout this paper we useκ, λ, η, etc. for infinite cardinals,α, β, γ,
etc. for ordinals, andk, l, m, n, etc. for natural numbers. LetA andB be
two sets. We denote byAB for the set of all functions fromB to A (except
in the case whenB is a Boolean algebra). We also writeκλ for exponents
in cardinal arithmetic, and this should be clear from the context. LetPκ(λ)
be the set of all subsets ofλ of size< κ. Let D, E ,F , etc. denote filters
or ultrafilters, and letB, C, etc. denote Ba or cBa,i.e. Boolean algebras or
complete Boolean algebras.

We shall not distinguish a Ba(B;∨,∧,−, 0, 1) from its base setB. For
anyS ⊆ B let

∨
S (

∧
S) be the least upper bound (greatest lower bound)

of S in B, provided it exists. By an anti-chain inB we mean a subsetA ⊆ B

such that for anya, b ∈ A, a 6= b impliesa ∧ b = 0. A Ba B hasκ-c.c. iff
every anti-chainA in B has size< κ. ω1-c.c. is called also c.c.c.

We writeC ⊆ B to denote thatC is a subalgebra ofB and for anyS ⊆ C,
if

∨
S = c in C and

∨
S = b in B, thenb = c. Hence we shall not distinguish∨

and
∧

in C or in B.
A B is called aκ-complete Ba or aκ-cBa iff for anyS ⊆ B, |S| < κ

implies
∨

S ∈ B. B is complete iff it isκ-complete for everyκ. ω1-complete
is also called countably complete. Givena ∈ B, leta0 denotea anda1 denote
−a. LetC ⊆ B. Then a sequence{aα : α < λ} in B is calledκ-independent
overC iff for any σ ∈ Pκ(λ), for anyh ∈ 2σ and for anyc ∈ C r {0} one
has

c ∧ (
∧

{ah(α)
α : α ∈ σ}) 6= 0.

A sequence inB is κ-independent iff it isκ-independent over{0, 1}. A
sequence{Cα : α < λ} of subalgebras ofB is calledκ-independent iff for
anyσ ∈ Pκ(λ) and for anyaα ∈ Cα r {0}∧

α∈σ

aα 6= 0.

We shall omitκ whenκ = ω. Let B beκ-complete. Then for anyS ⊆ B

we denote by〈S〉κ ⊆ B theκ-complete subalgebra ofB generated byS.
For anyB let B̄ denote the completion ofB. A BaB is calledκ-free iff there
exists aκ-independent sequence{aα : α < λ} in B such that

B = 〈{aα : α < λ}〉κ.
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Possible size of an ultrapower ofω 63

The cardinalλ above is called the dimension ofB. Note that ifκ<κ = κ,
then aκ-free Ba hasκ+-c.c.. A Ba is free if it isω-free. Given two Ba’s
B ⊆ C, a homomorphism1 r : C 7→ B is called a retraction iffr � B is an
identity map.

Let B beω1-complete. Let

ωB = {t : t is a function fromω to B such that

(1) ∀n 6= m (t(n) ∧ t(m) = 0) and(2)
∨

{t(n) : n ∈ ω} = 1.}.

For any ultrafilterE on B let ∼E denote the equivalence relation onωB

such thats ∼E t iff
∨

n∈ω(s(n) ∧ t(n)) ∈ E for any s, t ∈ ωB. For any
t ∈ ωB let tE denote the equivalence class containingt. ThenωB/E is the
set{tE : t ∈ ωB} together with the total order<E , which is defined by
letting sE <E tE iff

∨
m<n(s(m) ∧ t(n)) ∈ E . We shall write< instead of

<E when the meaning is clear. Note that if one identifies eachn ∈ ω with
(tn)E , wheretn(n) = 1 andtn(m) = 0 for anym 6= n, thenωB/E is just
an end-extension ofω. To make it more intuitive we often write[[s < t]]
and [[s = t]] for the terms

∨
m<n(s(m) ∧ t(n)) and

∨
n∈ω(s(n) ∧ t(n)),

respectively.
SupposeD is a filter onκ and letI be the dual ideal ofD. We often write

P(κ)/D instead ofP(κ)/I, the quotient Boolean algebra ofP(κ) modulo
I. For anyA ⊆ κ let [A]D denote the equivalence class ofA in P(κ)/D.

SupposeD is a countably complete filter onκ. Then the Boolean algebra
B = P(κ)/D is countably complete, and for anyAn ⊆ κ one has

[
⋃
n∈ω

An]D =
∨
n∈ω

[An]D.

Let E be an ultrafilter onB and let

F = {A ⊆ κ : [A]D ∈ E}.

Then it is easy to see thatF is an ultrafilter onκ extendingD. We want to
show thatωB/E andωκ/F are isomorphic.

For anyf ∈ ωκ let f̂ be a function fromω to B such thatf̂(n) =
[f−1(n)]D. Then it is easy to check that̂f ∈ ωB. Let i be the map from
ωκ/F to ωB/E such thati(fF ) = f̂E .

Lemma 0.1. (folklore) The mapi is an isomorphism fromωκ/F to ωB/E .

1 r : C 7→ B is a homomorphism iffr(a∨ b) = r(a)∨ r(b), andr(−a) = −r(a). Hence
one hasr(a∧ b) = r(a)∧ r(b), r(0) = 0 andr(1) = 1. Note thatr(

∨
S) may not be same

as
∨{r(a) : a ∈ S}.

Sh:626



64 R. Jin, S. Shelah

Proof. We show first thati is a well-defined one-one function, which pre-
serves the order. This is because that for any two functionsf, g ∈ ωκ, one
has

fF < gF ⇔ {α < κ : f(α) < g(α)} ∈ F ⇔⋃
m<n

(f−1(m) ∩ g−1(n)) ∈ F ⇔ [
⋃

m<n

(f−1(m) ∩ g−1(n))]D ∈ E .

But one has also[ ⋃
m<n

(f−1(m) ∩ g−1(n))

]
D

=
∨

m<n

([f−1(m)]D ∧ [g−1(n)]D)

=
∨

m<n

(f̂(m) ∧ ĝ(n)).

So it is true that

fF < gF ⇔ f̂E < ĝE ⇔ i(fF ) < i(gF ).

Then we show thati is onto. Given anyt ∈ ωB, by countable complete-
ness we could chooseAn ⊆ κ inductively such that{An : n ∈ ω} is a
partition ofκ and[An]D = t(n). Define anf ∈ ωκ such thatf(α) = n iff
α ∈ An. Clearly,i(fF ) = tE . 2

Remark 0.2. By this lemma to find an ultrafilterF onκ such thatωκ/F has
some desired properties, it suffices to find a countably complete filterD on
κ and an ultrafilterE on B = P(κ)/D such thatωB/E has such properties.

1. Strong limit cardinal as the size of an ultrapower ofω

An ultrafilter F on κ is called uniform iff |A| = κ for everyA ∈ F . An
ultrafilterF onκ is called regular iff there exists a familyC ⊆ F such that
|C| = κ and for any infinite subfamilyC0 ⊆ C,

⋂ C0 = ∅.
The study of the cardinality of ultrapowers started in the 1960’s. The

subject is very closely related to the regularity of ultrafilters. Regular ul-
trafilters were introduced in [4] and [7]. It was proved there that ifF is a
regular ultrafilter onκ, thenωκ/F has size2κ. So it is natural to ask whether
it is possible to have an ultrafilterF on κ such that the size ofωκ/F does
not have the form2κ for anyκ. In fact, Chang and Keisler asked this in the
following forms (see page 252 of [1]).

Question 1.1. Is it possible that the cardinality of an ultrapower ofω is a
singular (strong limit) cardinal?
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Possible size of an ultrapower ofω 65

Question 1.2. Is it possible that the cardinality of an ultrapower ofω is a
strongly inaccessible cardinal?

The original form of Question 1.1 in [1] has no requirement for the
cardinality to be a strong limit cardinal. Since the cardinal2κ could be
singular, we would like to make it more specific by requiring the singular
cardinality be also a strong limit.

Obviously, a positive answer to either Question 1.1 or Question 1.2 would
imply the existence of a uniform non-regular ultrafilter. Since the existence
of a uniform non-regular ultrafilter was unclear in the early 1970’s, when the
first edition of [1] was published, people were more interested in a general
question of Chang and Keisler concerning the existence of uniform non-
regular ultrafilters. A lot of work has been done since then for solving the
general question. On one hand, Prikry [17], Ketonen [9], Donder [2], etc.
showed that one may need to assume the consistency of some large cardinals
to construct a uniform non-regular ultrafilter. For example, Donder proved
that if there is no inner model containing a measurable cardinal, then (1)
every uniform ultrafilter on a singular cardinal is regular, (2) every uniform
ultrafilter on a regular cardinalκ with (κ+)K = κ+ is regular, whereK is
the Dodd-Jensen core model. On the other hand, Magidor [14], Laver [13],
Foreman, Magidor and Shelah [3], etc. showed that it is possible to construct
a uniform non-regular ultrafilter with the help of some large cardinal axioms.
For example, in [3] it is proved that, assumingκ is a huge cardinal andµ < κ
is a regular cardinal, there is a forcing extension preserving every cardinal
6 µ, in which there exists a uniform (fully) non-regular ultrafilter onµ+.
However, as far as we know, neither Question 1.1 nor Question 1.2 has been
answered yet. In this section we are going to give positive answers to both
questions by assuming the consistency of a supercompact cardinal. First,
we need to introduce the Laver-indestructibility of a supercompact cardinal.
See [5] or [6] for the basic facts of supercompact cardinals

A supercompact cardinalκ is called Laver-indestructible iffκ remains
supercompact in anyκ-directed closed forcing extension. The reader should
consult [12] to see how one makes a supercompact cardinal Laver-indestruct-
ible by aκ-c.c. forcing of sizeκ.

Theorem 1.3. Supposeκ is a Laver-indestructible supercompact cardinal.
Letη > κ be such thatη<κ = η and letλ 6 2η be such thatλκ = λ. Then
there exists an ultrafilterF onη such that|ωη/F| = λ.

Remark 1.4. Note thatλ could be a singular strong limit cardinal, say,
λ = η = iκ+(κ). So Theorem 1.3 answers Question 1.1. If one assumes that
there is a strongly inaccessible cardinalλ aboveκ, then Question 1.2 could
also be answered. But the next theorem shows that this extra assumption is
not necessary.
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66 R. Jin, S. Shelah

Theorem 1.5. Supposeκ is a Laver-indestructible supercompact cardinal.
Then there exists an ultrafilterF onκ such that|ωκ/F| = κ.

Let κ be a strongly compact cardinal andλ > κ. Then it is well-known
(Lemma 33.1 of [5]) that anyκ-complete filter onλ could be extended to
aκ-complete ultrafilter onλ. Note that a supercompact cardinal is strongly
compact.

Lemma 1.6. Supposeκ is a Laver-indestructible supercompact cardinal.
Letη > κ be such thatη<κ = η and letκ 6 λ 6 2η. Then there exists aκ-
complete filterD onη such thatB = P(η)/D has aκ-free dense subalgebra
C ⊆ B of dimensionλ.

Proof. Let P = Fn(λ, 2, κ) (see page 211 of [11] for the definition) be
the forcing notion for addingλ Cohen subsets ofκ. Note thatP isκ-directed
closed. By Laver-indestructibilityκ is still supercompact inV P. Suppose
G ⊆ P is aV -generic filter andg =

⋃
G. Theng is a function fromλ to

2 in V [G]. In V one can choose a sequence{Aα : α < λ} of subsets ofη
such that for anyσ ∈ Pκ(λ) and for anyh ∈ 2σ one has

|
⋂
α∈σ

Ah(α)
α | = η,

where we denoteA0 = A andA1 = η r A for A ⊆ η. The existence of
such a sequence is guaranteed byη<κ = η (see page 288 of [11]). InV P

the set{A
g(α)
α : α < λ} forms aκ-complete filter base. Hence there exists

anκ-complete ultrafilterHg onη extending{A
g(α)
α : α < λ}. Now back in

V we define
D = {A ⊆ η : 
 A ∈ Hġ}.

It is clear thatD is aκ-complete filter inV . Let I be the dual ideal ofD.

Claim 1.6.1. For anyσ ∈ Pκ(λ) and for anyh ∈ 2σ one has
⋂

α∈σ A
h(α)
α

6∈ I.

Proof of Claim 1.6.1. Since for anyα ∈ σ

h 
 Ah(α)
α ∈ Hġ,

Then one has
h 


⋂
α∈σ

Ah(α)
α ∈ Hġ.

Hence one has

6
 η r
⋂
α∈σ

Ah(α)
α ∈ Hġ. 2(Claim 1.6.1)
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Possible size of an ultrapower ofω 67

Claim 1.6.2. If A 6∈ I, then there exists aσ ∈ Pκ(λ) and anh ∈ 2σ such

that
⋂

α∈σ A
h(α)
α r A ∈ I.

Proof of Claim 1.6.2. SupposeA 6∈ I. Then

6
 η r A ∈ Hġ.

So there exists anh ∈ P such that

h 
 η r A 6∈ Hġ.

This means that
h 
 A ∈ Hġ.

We now want to show that
⋂

α∈σ A
h(α)
α r A ∈ I, whereσ = dom(h).

Suppose not. Then

6
 η r (
⋂
α∈σ

Ah(α)
α r A) ∈ Hġ.

Hence there existsh′ ∈ P such that

h′ 

⋂
α∈σ

Ah(α)
α r A ∈ Hġ.

This implies

h′ 

⋂
α∈σ

Ah(α)
α ∈ Hġ andh′ 
 A 6∈ Hġ.

Let σ′ = dom(h′). For anyα ∈ σ′ ∩ σ one has

h′ 
 Ah(α)
α ∈ Hġ andh′ 
 Ah′(α)

α ∈ Hġ.

Henceh(α) = h′(α). Soh ∪ h′ ∈ P. But this contradicts

h 
 A ∈ Hġ. 2(Claim 1.6.2)

Let aα = [Aα]D. By Claim 1.6.1 the sequence{aα : α < λ} is κ-
independent. LetC = 〈{aα : α < λ}〉κ. Then by Claim 1.6.2C is dense in
B = P(η)/D. 2

Now we are ready to prove the theorems.

Proof of Theorem 1.3. Let λ 6 2η be such thatλκ = λ. Let D be aκ-
complete filter onη obtained in Lemma 1.6 such that the BaB = P(η)/D has
aκ-free dense subalgebraC ⊆ B of dimensionλ. It is clear that|C| = λ and
every elementa in B is the least upper bound of an anti-chain inC. SinceC
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hasκ+-c.c., every anti-chain inC has size6 κ. Hence|B| 6 |C|κ = λκ = λ.
This shows that for any ultrafilterE on B one has|ωB/E| 6 λω = λ.

We now want to show that there exists an ultrafilterE on B such that
|ωB/E| > λ. Let{aα,n : α < λ, n ∈ ω} be aκ-independent sequence inC

such that
C = 〈{aα,n : α < λ, n ∈ ω}〉κ.

For eachα < λ let tα ∈ ωB be such that

tα(0) = −(
∨
n∈ω

aα,n) and tα(n + 1) = aα,n ∧ −(
∨

m<n

aα,m).

Let E0 = {[[tα < tβ ]] : α < β < λ}.

Claim 1.3.1. E0 has the finite intersection property.

Proof of Claim 1.3.1. Since[[tα < tβ ]] ∧ [[tβ < tγ ]] 6 [[tα < tγ ]], then one
needs only to show that for anyα0 < α1 < . . . < αk in λ∧

n<k

[[tαn < tαn+1 ]] 6= 0.

Choose anym0 < m1 < . . . < mk in ω. Then one has∧
n6k

tαn(mn + 1) =
∧
n<k

(tαn(mn + 1) ∧ tαn+1(mn+1 + 1))

6
∧
n<k

[[tαn < tαn+1 ]].

But one has also that∧
n6k

tαn(mn + 1) =
∧
n6k

(aαn,mn ∧ (
∧

l<mn

(−aαn,l))) 6= 0

by the independence ofaα,n’s. 2 (Claim 1.3.1)

LetE be an ultrafilter onB extendingE0. Then there is a strictly increasing
sequence{(tα)E : α < λ} in ωB/E . Hence|ωB/E| > λ. Now the theorem
follows from Lemma 0.1. 2

Proof of Theorem 1.5. Again by Lemma 1.62 one can find aκ-complete
filter D such thatB = P(κ)/D has aκ-free, κ+-c.c. dense subalgebra
C ⊆ B of dimensionκ generated by aκ-independent sequence{aα,n : α <
κ, n ∈ ω}. Let tα ∈ ωB be same as in the proof of Theorem 1.3 for every
α < κ. For any successor ordinalα letCα = 〈{aβ,n : β < α, n ∈ ω}〉κ and

2 The full strength of supercompactness is not necessary here; for example,2κ-
supercompactness suffices.
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Possible size of an ultrapower ofω 69

for any limit ordinalα < κ let Cα =
⋃

β<α Cβ. Note that for any successor
α Cα is atomic, for any limitα Cα is notκ-complete, and for anyα < κ
|Cα| < κ. It is easy to see thatC =

⋃
α<κ Cα. For eachα < κ let

Dα = {
∨

A : A is a maximal anti-chain inCα}.

Claim 1.5.1. The set(
⋃

α<κ Dα) ∪ {[[tα < tβ]] : α < β < κ} has the
finite intersection property.

Proof of Claim 1.5.1. We show by induction onγ that the set

(
⋃
α<γ

Dα) ∪ {[[tα < tβ]] : α < β < γ}

has the finite intersection property. This is trivial whenγ = 0 or γ is a
limit ordinal. Let’s assume thatγ = β + 1 for someβ < κ. It suffices to
show that for anya ∈ ⋃

α<β Cα r {0}, for any set of maximal anti-chains
A0, A1, . . . , Ak ⊆ Cβ and for anyα < β

a ∧ (
∧
n6k

∨
An) ∧ [[tα < tβ ]] 6= 0.

Since
∨

n∈ω tα(n) = 1 there is anm ∈ ω such thata∧ tα(m) 6= 0. It is easy
to see thata ∧ tα(m) ∧ tβ(m + 1) 6= 0 becausetβ(m + 1) is independent
overCβ anda∧ tα(m) ∈ Cβ . Now using the maximality ofAn’s one could
find an ∈ An for eachn 6 k inductively onn such that

a ∧ tα(m) ∧ tβ(m + 1) ∧
∧
n6k

an 6= 0.

This finishes the proof because

a ∧ tα(m) ∧ tβ(m + 1) ∧
∧
n6k

an 6 a ∧ (
∧
n6k

∨
An) ∧ [[tα < tβ]].

2(Claim 1.5.1)

By Claim 1.5.1 one can find an ultrafilterE on B extending the set

(
⋃
α<κ

Dα) ∪ {[[tα < tβ]] : α < β < κ}.

Clearly,{(tα)E : α < κ} is a strictly increasing sequence of lengthκ in
ωB/E . Hence|ωB/E| > κ. We need to show that|ωB/E| 6 κ.

Claim 1.5.2. For any maximal anti-chain{bα : α < κ} in C there exists
a δ < κ such that

∨{bα : α < δ} ∈ E .
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Proof of Claim 1.5.2. Note that|Cα| < κ for any α < κ. Using the
inaccessibility ofκ one could show that there exists aδ < κ such that
{bα : α < δ} is a maximal anti-chain inCδ. Hence

∨{bα : α < δ} ∈ E .
2(Claim 1.5.2)

Claim 1.5.3. For anyt ∈ ωB there exists ans ∈ ωC such thattE = sE .

Proof of Claim 1.5.3. SinceC is dense inB andC hasκ+-c.c., then there
exists a maximal anti-chain{bα : α < κ} in C, which refines{t(n) : n ∈
ω}, i.e. for anyα < κ there exists ann ∈ ω such thatbα 6 t(n). By Claim
1.5.2 there is aδ < κ such that

∨{bα : α < δ} ∈ E . Defines ∈ ωC such
that

s(0) = (
∨

{bα : α < δ, bα 6 t(0)}) ∨ (−
∨

{bα : α < δ})

and
s(n + 1) =

∨
{bα : α < δ, bα 6 t(n + 1)}

for everyn ∈ ω. Here we use the fact thatC is κ-complete andδ < κ. It is
now easy to check that

[[t = s]] =
∨
n∈ω

(t(n) ∧ s(n)) >
∨

{bα : α < δ} ∈ E .

Hence|ωB/E| 6 |C|ω = κ. Now the theorem follows from Lemma 0.1.
2

2. λ-Archimedean ultrapowers

Let L be any first-order language including symbols for number theory, say,
N,+, ·, < andS. An L-structureA is called a (standard or nonstandard)
model of PA (PA stands for Peano Arithmetic) iff(N A; +A, ·A, <A, SA) is
a (standard or nonstandard) model of PA (respectively). Given a cardinal
λ, a modelA of PA is calledλ-Archimedean iff|NA| = λ and for every
n ∈ NA, |{0, 1, . . . , n}A| < λ.

In [8] Keisler and Schmerl asked whether one could find an ultrapower of
a standard model of PA, which isλ-Archimedean for some cardinalλ > ω.
It is clear that the question remains same if one replaces the standard model
of PA by (ω;<). If F is a regular ultrafilter onκ, thenωκ/F will never
beλ-Archimedean for anyλ > ω because there exists anx ∈ ωκ/F such
that |{y ∈ ωκ/F : y < x}| = 2κ = |ωκ/F| (see, for example, [10]).
So a positive answer to the question implies the existence of a uniform
non-regular ultrafilter.

In this section we construct severalλ-Archimedean ultrapowers under
some large cardinal assumptions.

First, we list some lemmas needed in the proof of theorems.
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Possible size of an ultrapower ofω 71

Lemma 2.1. (Sikorski)LetB be a cBa andB ⊆ C. Then there is a retraction
r fromC to B. Furthermore, ifI is an ideal ofC andI ∩ B = {0}, then one
could require thatr(a) = 0 for everya ∈ I.

Proof. See page 70 of [16] for the first assertion. For the second assertion
one considers the fact thatB could be viewed as a subalgebra ofC/I. Then
one uses the retraction̄r from C/I to B to induce a retractionr from C to
B. 2

Lemma 2.2. (folklore) LetB andC be twoω1-cBa’s such thatB ⊆ C. Let
E be an ultrafilter onB and E ′ be an ultrafilter onC such thatE ⊆ E ′.
Then the inclusion mapi from ωB/E to ωC/E ′ such thati(tE) = tE ′ is an
elementary embedding.

See page 576 of [10] for a proof. From now on we shall viewωB/E as a
subset ofωC/E ′ via the embeddingi wheneverE ⊆ E ′.

Lemma 2.3. (Exercise IV.3.35 of [19] or Lemma 1 of [10])LetB andC be
twoω1-cBa’s such thatB ⊆ C. SupposeE is an ultrafilter onB, r : C 7→ B

is a retraction andE ′ = r−1(E). ThenωB/E is an initial segment ofωC/E ′.
Furthermore, for anyt ∈ ωC tE ′ ∈ ωB/E iff

∨
n∈ω r(t(n)) ∈ E .

Lemma 2.4. Let{Bα : α < δ} be a sequence of cBa’s for some limit ordinal
δ andBδ, C be two Ba’s. SupposeBα ⊆ Bβ ⊆ Bδ ⊆ C andrα,γ : Bγ 7→ Bα

are retractions such thatrα,β ◦ rβ,γ = rα,γ for anyα < β < γ 6 δ. Given
x ∈ C, let yα ∈ Bα be such that∨

{rα,δ(a) : a 6 x, a ∈ Bδ} 6 yα 6
∧

{rα,δ(a) : a > x, a ∈ Bδ}

andyα = rα,β(yβ) for anyα < β < δ. Then there exist retractionspα :
〈Bδ ∪{x}〉 7→ Bα such thatpα �Bδ = rα,δ, pα = rα,β ◦pβ andpα(x) = yα

for anyα < β < δ.

Proof. Trivial.

Lemma 2.5. Let {Bα : α < δ}, Bδ, C, rα,γ for any α < γ 6 δ be
as in Lemma 2.4. Then there exist retractionspα : C 7→ Bα such that
pα �Bδ = rα,δ andpα = rα,β ◦ pβ for anyα < β < δ.

Proof. By Lemma 2.4 and Zorn’s Lemma, it suffices to show that for any
x ∈ C there existsyα ∈ Bα such that∨

{rα,δ(a) : a 6 x, a ∈ Bδ} 6 yα 6
∧

{rα,δ(a) : a > x, a ∈ Bδ}

andyα = rα,β(yβ) for anyα < β < δ. Given anyα < δ, let

uα =
∨

{rα,δ(a) : a 6 x, a ∈ Bδ}
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and
vα =

∧
{rα,δ(a) : a > x, a ∈ Bδ}

for eachα < δ. It is easy to check thatuα 6 rα,β(uβ) 6 rα,β(vβ) 6 vα

for anyα < β < δ. Let S be the set of all sequences{〈aα, bα〉 : α < δ}
with uα 6 aα 6 bα 6 vα andaα 6 rα,β(aβ) 6 rα,β(bβ) 6 bα for any
α < β < δ. Define a partial order6S onS such that

{〈aα, bα〉 : α < δ} 6S {〈a′
α, b′

α〉 : α < δ}
iff aα 6 a′

α andb′
α 6 bα for everyα < δ. Suppose

T = {{〈ai
α, bi

α〉 : α < δ} : i ∈ I}.

is a totally ordered subset ofS. Let aT
α =

∨{ai
α : i ∈ I} and bT

α =∧{bi
α : i ∈ I} for eachα < δ. It is easy to check that the sequence

{〈aT
α , bT

α 〉 : α < δ} is in S and is an upper bound ofT . By Zorn’s Lemma
there is a maximal element{〈cα, dα〉 : α < δ} in S.

Claim 2.5.1. rα,β(cβ) = cα andrα,β(dβ) = dα for anyα < β < δ.

Proof of Claim 2.5.1. Suppose not. Without loss of generality letβ0 < δ
be the smallest such that there exists anα0 < β0 with cα0 < rα0,β0(cβ0).
Now let c̄α = cα whenα > β0 and c̄α = rα,β0(cβ0) whenα < β0. Then
it is easy to check that the sequence{〈c̄α, dα〉 : α < δ} is in S and is
strictly greater than{〈cα, dα〉 : α < δ}. This contradicts the maximality of
{〈cα, dα〉 : α < δ}. 2(Claim 2.5.1)

Clearly the sequence{〈cα, dα〉 : α < δ} is what we want. 2

Theorem 2.6. Assumeκ is a Laver-indestructible supercompact cardinal
andη > κ such thatη<κ = η. Supposeλ 6 2η such thatθκ < λ for any
θ < λ andλκ = λ. Then there exists an ultrafilterF on η such thatωη/F
is λ-Archimedean.

Proof. By Lemma 1.6 there exists aκ-complete filterD on η such that
B = P(η)/D contains aκ-free dense subalgebraC of dimensionλ. Without
loss of generality let

C = 〈{aα,n : α < λ, n ∈ ω}〉κ,

where{aα,n : α < λ, n ∈ ω} is aκ-independent sequence inC. For each
β 6 λ let

Cβ = 〈{aα,n : α < β, n ∈ ω}〉κ

and letBβ = C̄β. Note thatC0 = B0 = {0, 1}. SinceCβ hasκ+-c.c., so
doesBβ . This implies that

B = Bλ =
⋃
α<λ

Bα
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becausecf(λ) > κ. Also for eachβ < λ one has

|Cβ | 6 |β|<κ < λ.

Hence|Bβ| 6 |Cβ |κ < λ. Next we build an ultrafilterEβ on Bβ for every
β 6 λ such thatωBβ/Eβ is a proper end-extension ofωBα/Eα whenα <
β 6 λ, and

ωBλ/Eλ =
⋃
α<λ

ωBα/Eα.

We first construct retractionsrα,γ : Bγ 7→ Bα such thatrα,γ = rα,β◦rβ,γ for
anyα < β < γ 6 λ. We want alsorα,α+1(a) = 0 for everya ∈ Iα, where
Iα is the ideal inBα+1 generated by{aα,n : n ∈ ω} ∪ {− ∨

n∈ω aα,n}.

Claim 2.6.1. Iα ∩ Bα = {0}.

Proof of Claim 2.6.1. Supposea ∈ Iα ∩ Bα. Then there exists anm ∈ ω
such that

a 6 (
∨

n<m

aα,n) ∨ (−
∨
n∈ω

aα,n).

So one has
a ∧ (−

∨
n<m

aα,n) ∧ (
∨
n∈ω

aα,n) = 0.

Hence
a ∧ (

∧
n<m

−aα,n) ∧ aα,m = 0.

This impliesa = 0 because of the independence of{aα,n : n ∈ ω} over
Bα. 2(Claim 2.6.1)

We constructrα,β for any α < β < δ inductively onδ whenδ 6 λ.
Suppose we have already{rα,β : α < β < δ} and want to findrα,δ for
everyα < δ. It is trivial whenδ = 0 or 1.

Case 1: δ is a limit ordinal.
Apply Lemma 2.5 to obtain retractionspα : Bδ 7→ Bα such thatpα =

rα,β ◦ pβ for anyα < β < δ. Now letrα,δ = pα.

Case 2: δ = β + 1.
Apply Lemma 2.1 to obtain a retractionr : Bδ 7→ Bβ such thatr(a) = 0

for everya ∈ Iβ. Now letrα,δ = rα,β ◦ r for everyα < β and letrβ,δ = r.
Clearly, the set of retractions{rα,δ : α < δ} is what we want.

Let E0 = {1} and letEα = r−1
0,α(Eα). It is easy to see thatEβ = r−1

α,β(Eβ)
for anyα < β 6 λ. By Lemma 2.3ωBβ/Eβ is an end-extension ofωBα/Eα

wheneverα < β 6 λ. Definefα ∈ ωBα+1/Eα+1 such that

fα(0) = −
∨
n∈ω

aα,n andf(n + 1) = aα,n ∧ (−
∨

m<n

aα,m).
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Then
∨

n∈ω rα,α+1(f(n)) = 0. Hence by Lemma 2.3

(fα)Eα+1 ∈ ωBα+1/Eα+1 r ωBα/Eα,

i.e.ωBα+1/Eα+1 is a proper end-extension ofωBα/Eα. It is also easy to see
that

ωB/E =
⋃
α<λ

ωBα/Eα,

whereB = Bλ andE = Eλ, becauseB =
⋃

α<λ Bα andcf(λ) > ω. Hence
|ωB/E| > λ. On the other hand, ifx ∈ ωB/E , then there is aβ < λ such
thatx ∈ ωBβ/Eβ. Hence

|{y ∈ ωB/E : y 6 x}| 6 |ωBβ/Eβ | 6 |Bβ|ω < λ.

This shows thatωB/E is λ-Archimedean. Now the theorem follows from
Lemma 0.1 2

Next we show a different way to constructλ-Archimedean ultrapowers.
The construction of aλ-Archimedean ultrapower in Theorem 2.8 needs only
to assume a measurable cardinal.

Lemma 2.7. Supposeλ > κandκ is aλ-supercompact cardinal inV . LetU
be aκ-complete normal ultrafilter onPκ(λ) in V and letj be the elementary
embedding fromV to M = V Pκ(λ)/U induced byU . SupposeB ⊆ Vκ is a
cBa andj(B) ∼= B ∗ Ċ, i.e. B ∼= {j(p) : p ∈ B} is completely embedded
into j(B). Then inV B there exists aκ-complete filterD on (Pκ(λ))V such
thatP((Pκ(λ))V )/D ∼= C.

Proof. LetG ⊆ B be aV -generic filter and letH ⊆ C be anM [G]-generic
filter. Let ĵ be the embedding fromV [G] to M [G][H] defined by letting
ĵ(x) = (j(ẋ))G∗H . It is well-known thatĵ is an elementary embedding.
Note thatM [G] ⊆ V [G] butM [G][H] is generally not a subclass ofV [G].
For anyA ⊆ (Pκ(λ))V in V [G] let

i(A) = [[j′′λ ∈ (j(Ȧ))G]]C,

whereȦ is aB-name forA andj′′λ = {j(α) : α < λ} ∈ Mλ ⊆ M .

Claim 2.7.1. i is a Boolean homomorphism fromP((Pκ(λ))V ) to C in
V [G].

Proof of Claim 2.7.1. It suffices to show thati is well-defined function.
The rest follows from the fact thatj is an elementary embedding. Suppose
Ȧ1 andȦ2 are twoB-names for same setA in V [G]. Then there exists a
p ∈ G such that

p 
B Ȧ1 = Ȧ2.
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By the fact thatj(p) = p one has

p 
B∗C j(Ȧ1) = j(Ȧ2)

or
p 
B 
C j(Ȧ1) = j(Ȧ2).

Sincep ∈ G, then

V [G] |= 
C (j(Ȧ1))G = (j(Ȧ2))G.

Hence inV [G]

[[j′′λ ∈ (j(Ȧ1))G]]C = [[j′′λ ∈ (j(Ȧ2))G]]C. 2((Claim 2.7.1)

Let’s define a filterD in V [G] by letting

D = {A ⊆ (Pκ(λ))V : i(A) = 1C}.

It is easy to see thatD ∈ V [G] is aκ-complete filter on(Pκ(λ))V .

Claim 2.7.2. P((Pκ(λ))V )/D ∼= C in V [G].

Proof of Claim 2.7.2. It suffices to show thati is an onto map. Given any
a ∈ C, let a be expressed as[F ]U for someF : Pκ(λ) 7→ B in V such that
F is not equal to any singlep ∈ B moduloU . LetȦ be aB-name for a subset
of Pκ(λ) in V such that for eachσ ∈ Pκ(λ) one has[[σ ∈ Ȧ]]B = F (σ).
Sincej′′λ = [d]U , whered is the identity function fromPκ(λ) to Pκ(λ),

[[j′′λ ∈ (j(Ȧ))G]]C = [[[d]U ∈ (j(Ȧ))G]]C = [〈[[σ ∈ Ȧ]]B : σ ∈ Pκ(λ)〉]U
= [〈F (σ) : σ ∈ Pκ(λ)〉]U = [F ]U = a.

Hencei is an onto map fromP((Pκ(λ))V ) to C. 2

Theorem 2.8. Supposeκ is a measurable cardinal such thatθω < 2κ for
any θ < 2κ. Let Bκ be the Boolean algebra for addingκ Cohen reals or
addingκ random reals. Then inV Bκ there exists an ultrafilterF onκ such
thatωκ/F is 2κ-Archimedean.

Proof. Obviously, κ is κ-supercompact. Letj be the elementary em-
bedding induced by aκ-complete normal ultrafilterU on κ. For anyλ
let Bλ denote the cBa for addingλ Cohen reals (or random reals). Then
j(Bκ) = Bj(κ) = Bκ ∗ Ċ, whereC is isomorphic to the cBa for adding2κ

Cohen (or random) reals inV Bκ because|j(κ) r κ| = 2κ. By Lemma 2.7
there exists aκ-complete filterD onκ such that

P(κ)/D ∼= C

in V Bκ . For anyλ let B′
λ denote the cBa for addingλ Cohen reals (or

random reals) inV Bκ . Note thatC ∼= B′
2κ . SinceB′

λ has c.c.c. for anyλ,
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thenB′
2κ =

⋃
α<2κ B′

α·ω. By the facts that|B′
α·ω|ω < 2κ and there exists

an independent sequence{aα,n : n ∈ ω} in B′
α·ω+ω over B′

α·ω for every
α < 2κ, then, by a similar argument in the proof of Theorem 2.6, one can
construct anF such thatωκ/F is 2κ-Archimedean. 2

Remark 2.9. (1) Note thatκ = 2ω in V Bκ and it is impossible to have a
2ω-Archimedean ultrapower byω1-saturation. (2) We could have a more
general theorem with a much more generalBκ. RestrictingBκ to be a cBa
for addingκ Cohen or random reals is just for simplicity to illustrate the
idea.

Theorem 2.10. Supposeκ is a supercompact cardinal andBκ is as in The-
orem 2.8. Then inV Bκ there exists an ultrafilterF onλ for everyλ > κ with
λ<κ = λ andθω < 2λ for everyθ < 2λ such thatωλ/F is2λ-Archimedean.

Proof. Almost identical to the proof of Theorem 2.8.2
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