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Abstract. Letw be the firstinfinite ordinal (or the set of all natural numbers)
with the usual orde. In §1 we show that, assuming the consistency of a su-
percompact cardinal, there may exist an ultrapower,afhose cardinality

is (1) a singular strong limit cardinal, (2) a strongly inaccessible cardinal.
This answers two questions in [1], modulo the assumption of supercom-
pactness. 1§2 we construct severalArchimedean ultrapowers afunder

some large cardinal assumptions. For example, we show that, assuming the
consistency of a measurable cardinal, there may existechimedean ul-
trapower ofw for some uncountable cardin&l This answers a question in

[8], modulo the assumption of measurability.

0. On notation and Boolean algebras

An important way of constructing a desired ultrafilter ens to use the
construction of an ultrafilte€ on the Boolean algebrd = P(x)/D for
some filterD on k as an intermediate step. The constructiofi bas a great
deal of flexibility whenB contains a large free (ot-free) subalgebra. In
this paper we always construct an ultrafileon B first such thats® /¢,
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the Boolean ultrapower ab modulo&, has some desired properties, and
then usef to define an ultrafiltetF on « so thatw”/F, the ultrapower of

w moduloF, is isomorphic tau® /£. In each case a large cardinal is used
to constructD so thatB = P(x)/D always contains a large free (efree)
subalgebra.

[15] is recommanded for the general theory of the Boolean ultrapower
of arbitrary models. Here we give the definitions and facts needed in this
paper to keep it self-contained.

Throughout this paper we use ), n, etc. for infinite cardinalsy, 3, v,
etc. for ordinals, and, [, m, n, etc. for natural numbers. Let and B be
two sets. We denote hy” for the set of all functions fronB to A (except
in the case whem is a Boolean algebra). We also writé for exponents
in cardinal arithmetic, and this should be clear from the contextA.éh)
be the set of all subsets ofof size< k. Let D, £, F, etc. denote filters
or ultrafilters, and leB, C, etc. denote Ba or cBag. Boolean algebras or
complete Boolean algebras.

We shall not distinguish a B@; \, A, —, 0, 1) from its base s&B. For
anyS C Blet\/S (/A S) be the least upper bound (greatest lower bound)
of S in B, provided it exists. By an anti-chain Biwe mean a subset C B
such that for anyi, b € A, a # bimpliesa A b = 0. A BaB hask-c.c. iff
every anti-chaimd in B has size< k. wi-c.c. is called also c.c.c.

We writeC C B to denote that is a subalgebra @ and foranyS C C,
if /S =cinCand\/ S = binB, thenb = c. Hence we shall not distinguish
VandA in CorinB.

A B is called ax-complete Ba or &-cBa iff forany S C B, |S| < &
implies\/ S € B. B is complete iff itisks-complete for every:. w;-complete
is also called countably complete. Giver B, leta® denotez anda' denote
—a. LetC C B. Thenasequende,, : « < A} inBis calledx-independent
overC iff for any o € P, (), for anyh € 27 and for anyc € C \ {0} one

has
cAN(A\{all® :aeo}) #0.

A sequence iB is x-independent iff it isk-independent ovef0,1}. A
sequencegC,, : a < A} of subalgebras db is calledx-independent iff for
anyo € P.(\) and for anya, € C, ~ {0}

/\aa;éO.

aco

We shall omitx whenx = w. Let B be k-complete. Then for ang C B
we denote by S), C B the k-complete subalgebra @ generated bys.
For anyB let B denote the completion @&. A BaB is calledx-free iff there
exists ax-independent sequenge,, : & < A} in B such that

B=({aq:a <A}
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The cardinal\ above is called the dimension Bf Note that ifs<* = &,
then ax-free Ba has<'-c.c.. A Ba is free if it isw-free. Given two Ba’s
B C C, a homomorphistr : C — B is called a retraction iff- [ B is an
identity map.

Let B bew;-complete. Let

w® = {t : tis a function fromw to B such that

(1) Yn # m (t(n) At(m) = 0) and(2) \/{t(n) :n € w}=1.}.

For any ultrafilter€ on B let ~¢ denote the equivalence relation off
such thats ~¢ ¢ iff \/,,c,(s(n) A t(n)) € € for anys,t € w®. For any
t € w® let tg denote the equivalence class containinghenw® /¢ is the
set{te : t € wB} together with the total ordet ¢, which is defined by
letting se <¢ te iff \/,,_,.(s(m) At(n)) € £. We shall write< instead of
<¢ when the meaning is clear. Note that if one identifies eaehw with
(tn)e, Wheret, (n) = 1 andt,(m) = 0 for anym # n, thenw® /€ is just
an end-extension ab. To make it more intuitive we often writps < ¢]
and[s = t] for the terms\/, _ (s(m) A t(n)) and\/, . (s(n) A t(n)),
respectively.

Suppose is afilter onkx and let/ be the dual ideal ab. We often write
P(x)/D instead ofP(x)/1, the quotient Boolean algebra Bfx) modulo
I. For anyA C & let [A]p denote the equivalence classAin P(k)/D.

Supposé is a countably complete filter on Then the Boolean algebra
B = P(k)/D is countably complete, and for any, C s one has

Let £ be an ultrafilter oB and let
}":{Ag,«;:[A]DES}.

Then it is easy to see tha# is an ultrafilter onx extendingD. We want to
show thatu® /€ andw” /F are isomorphic.

For anyf € w” let f be a function fromw to B such thatf(n) =
[f~1(n)]p. Then it is easy to check thgt € wB. Leti be the map from
w" | F towB /€ such thati(fr) = fe.

Lemma 0.1. (folklore) The mapi is an isomorphism from"* / F to w® /€.

! . C~ Bisahomomorphismiff(aVb) = r(a) Vr(b), andr(—a) = —r(a). Hence
one has(a Ab) = r(a) Ar(b), r(0) = 0 andr(1) = 1. Note that-(\/ S) may not be same
as\/{r(a):a € S}.
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Proof. We show first that is a well-defined one-one function, which pre-
serves the order. This is because that for any two functiopse w”, one
has

fr<gref{a<n:fla)<gla)}eF &

UGt mng myeFe [ mng ) c&.

m<n m<n

But one has also

So itis true that

fr < gr & fe < ge = i(fr) <ilgr).

Then we show thatis onto. Given any < w®, by countable complete-
ness we could choosé,, C « inductively such tha{A, : n € w}is a
partition of x and[A,]p = t(n). Define anf € w" such thatf(a) = n iff
a € A,. Clearly,i(fr) =ts. O

Remark 0.2. By this lemma to find an ultrafilteF on« such that,* / F has
some desired properties, it suffices to find a countably completeTiltar
x and an ultrafilte€ onB = P(x)/D such thats® /& has such properties.

1. Strong limit cardinal as the size of an ultrapower ofw

An ultrafilter 7 on « is called uniform iff|A| = « for everyA € F. An
ultrafilter 7 on « is called regular iff there exists a famiy C F such that
|C| = « and for any infinite subfamilg¢, € C, (N Co = 0.

The study of the cardinality of ultrapowers started in the 1960’s. The
subject is very closely related to the regularity of ultrafilters. Regular ul-
trafilters were introduced in [4] and [7]. It was proved there thakiis a
regular ultrafilter ons, thenw” / F has size”. So itis natural to ask whether
it is possible to have an ultrafiltef on x such that the size @§*/F does
not have the forn2” for anyx. In fact, Chang and Keisler asked this in the
following forms (see page 252 of [1]).

Question 1.1. Is it possible that the cardinality of an ultrapoweruwpfs a
singular (strong limit) cardinal?
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Question 1.2.Is it possible that the cardinality of an ultrapowerwpfs a
strongly inaccessible cardinal?

The original form of Question 1.1 in [1] has no requirement for the
cardinality to be a strong limit cardinal. Since the cardigalcould be
singular, we would like to make it more specific by requiring the singular
cardinality be also a strong limit.

Obviously, a positive answer to either Question 1.1 or Question 1.2 would
imply the existence of a uniform non-regular ultrafilter. Since the existence
of a uniform non-regular ultrafilter was unclear in the early 1970’s, when the
first edition of [1] was published, people were more interested in a general
guestion of Chang and Keisler concerning the existence of uniform non-
regular ultrafilters. A lot of work has been done since then for solving the
general question. On one hand, Prikry [17], Ketonen [9], Donder [2], etc.
showed that one may need to assume the consistency of some large cardinals
to construct a uniform non-regular ultrafilter. For example, Donder proved
that if there is no inner model containing a measurable cardinal, then (1)
every uniform ultrafilter on a singular cardinal is regular, (2) every uniform
ultrafilter on a regular cardinal with (k)% = x* is regular, wherex is
the Dodd-Jensen core model. On the other hand, Magidor [14], Laver [13],
Foreman, Magidor and Shelah [3], etc. showed that it is possible to construct
a uniform non-regular ultrafilter with the help of some large cardinal axioms.
For example, in [3]itis proved that, assuming a huge cardinal and <
is a regular cardinal, there is a forcing extension preserving every cardinal
< u, in which there exists a uniform (fully) non-regular ultrafilter pn.
However, as far as we know, neither Question 1.1 nor Question 1.2 has been
answered yet. In this section we are going to give positive answers to both
guestions by assuming the consistency of a supercompact cardinal. First,
we need to introduce the Laver-indestructibility of a supercompact cardinal.
See [5] or [6] for the basic facts of supercompact cardinals

A supercompact cardinal is called Laver-indestructible iff remains
supercompact in amy-directed closed forcing extension. The reader should
consult[12] to see how one makes a supercompact cardinal Laver-indestruct-
ible by ax-c.c. forcing of sizes.

Theorem 1.3. Suppose: is a Laver-indestructible supercompact cardinal.
Letn > « be such thay)<" = n and letA < 2" be such that” = \. Then
there exists an ultrafilte onn such thafw”/F| = A.

Remark 1.4. Note that\ could be a singular strong limit cardinal, say,

A =n = 3,+(k). So Theorem 1.3 answers Question 1.1. If one assumes that
there is a strongly inaccessible cardinabovex, then Question 1.2 could

also be answered. But the next theorem shows that this extra assumption is
not necessary.
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Theorem 1.5. Suppose is a Laver-indestructible supercompact cardinal.
Then there exists an ultrafilteF on x such thajw” /F| = k.

Let x be a strongly compact cardinal ahd> . Then it is well-known
(Lemma 33.1 of [5]) that any-complete filter on\ could be extended to
ar-complete ultrafilter or\. Note that a supercompact cardinal is strongly
compact.

Lemma 1.6. Supposes is a Laver-indestructible supercompact cardinal.
Letn > x be such thaty~* = np and letsx < A < 2". Then there exists &
complete filte® onn such thal3 = P(n)/D has ax-free dense subalgebra
C C B of dimension\.

Proof. LetP = F'n(A,2,k) (see page 211 of [11] for the definition) be
the forcing notion for adding Cohen subsets af. Note thatP is x-directed
closed. By Laver-indestructibility: is still supercompact iiv?. Suppose
G C Pis aV-generic filter angy = JG. Theng is a function fromA to
2in V[G]. In V one can choose a sequercé, : o < A} of subsets of)
such that for any € P, (\) and for anyh € 27 one has

) 441 =0,

aco

where we denotel® = A andA' = n ~ A for A C 7. The existence of
such a sequence is guaranteed)by = 7 (see page 288 of [11]). I

the set{Ag(a) : a < A} forms ax-complete filter base. Hence there exists

ank-complete ultrafiltef, onn extending{ A%® : & < A}. Now back in
V we define

D={ACn:IFAeH}
Itis clear thatD is ax-complete filter inV/. Let I be the dual ideal oD.

Claim 1.6.1. Foranyo € P.(A) and for anyh € 27 one hag) ., Al
1.

Proof of Claim 1.6.1. Since for any € o
hiF AN e 3,

Then one has
hik () AL € H,.

aco

Hence one has

¥~ () AM® € Hy. O(Claim 1.6.9

aco
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Claim 1.6.2. If A ¢ I, then there existsa € P,.(\) and anh € 27 such
that(),.. A" A€l

aco ‘T

Proof of Claim 1.6.2. Supposed ¢ I. Then
Fn~AecH,
So there exists ah € P such that
hiFn~Ad&H,.

This means that
hiF A e 7‘[9.

We now want to show thaf),, ., AN (A € I, whereo = dom(h).
Suppose not. Then

P~ () AR < A) € My

aco

Hence there existe’ € P such that

Wk () AR A e Ay

aco

This implies

W () ALY € Hg andh! - A & Hj.

aco

Leto’ = dom(h'). For anya € ¢’ N o one has
W AR € 34, andh’ IF AP e H,,.
Henceh(a) = h/(a). Soh U I’ € P. But this contradicts
hi-AeH; O(Claim1.6.2

Let a, = [Ax]p- By Claim 1.6.1 the sequende, : o < A} is &-
independent. Le€ = ({aq : @ < A}),. Then by Claim 1.6.Z is dense in
B=P(n)/D. O

Now we are ready to prove the theorems.

Proof of Theorem 1.3. Let A < 2" be such that® = ). Let D be ax-
complete filter om obtainedin Lemma 1.6 such thattheBa- P(n)/D has
ar-free dense subalgebfaC B of dimension\. Itis clear thatC| = A and
every element in B is the least upper bound of an anti-chairtinSinceC
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hasx*-c.c., every anti-chain i has size< x.HenceB| < |C|® = \F = \.
This shows that for any ultrafiltef onB one hagw®/£| < A = A,

We now want to show that there exists an ultrafifeon B such that
|wB/E| = A Let{ann : @ < A, n € w} be ax-independent sequenceln
such that

C=({aan:a<Anew},.

For eachy < ) lett, € w® be such that

ta(0) = —(\/ tan) and ta(n+1) = aan A —(\/ aam)-

new m<n
Let& = {[[ta < tg]] ra< f< )\}
Claim 1.3.1. &, has the finite intersection property.

Proof of Claim 1.3.1. Since[t, < tg] A [tg < t,] < [ta < t,], then one
needs only to show that foramyy < a1 < ... < agin A

/\ ltan < tan..] # 0.

n<k

Choose anyng < my < ... < my inw. Then one has

/\ ta, (mn +1) = /\ (tan (M + 1) Ata, s (Mng1 + 1))
n<k n<k

g /\ IItOén < tOCn+1:[|’
n<k

But one has also that

/\ tan (mn + 1) = /\ (aan,mn A ( /\ (_aan,l))) 7& 0

n<k n<k l<mn
by the independence af, ,'s. O (Claim 1.3.1)

Let& be an ultrafilter of extendingy. Thenthereis a strictly increasing
sequence (tq)e : a < A} in wB/E. Hencelw®/E| > A. Now the theorem
follows from Lemma 0.1. O

Proof of Theorem 1.5. Again by Lemma 1.6one can find a-complete
filter D such thatB = P(x)/D has ax-free, k*-c.c. dense subalgebra
C C B of dimensiork generated by a-independent sequenée,, ,, : o <
k,n € w}. Lett, € w® be same as in the proof of Theorem 1.3 for every
a < k. Forany successor ordinaletC, = ({ag,, : f < o,n € w}), and

2 The full strength of supercompactness is not necessary here; for exa®fiple,
supercompactness suffices.



Sh:626

Possible size of an ultrapower of 69

for any limit ordinala: < r letC, = (U4, Cg. Note that for any successor
a C, is atomic, for any limita C,, is not k-complete, and for ang < «
|Cy| < k. Itis easy to see thdl = | J,,_,. C,. For eachy < k let

a<k

Do ={\/ A: Ais amaximal anti-chain i, }.

Claim 1.5.1. The set(l,., Do) U {[ta < tg] : @ < 8 < s} has the
finite intersection property.

Proof of Claim 1.5.1. We show by induction on that the set
(U Do) U{Jta <tg] :a < p <~}
a<ly

has the finite intersection property. This is trivial when= 0 or v is a
limit ordinal. Let’'s assume that = 5 + 1 for someg < «. It suffices to
show that for any: € (U, 3 Ca ~ {0}, for any set of maximal anti-chains
Ag, Aq, ..., A, C Cgand for anyo < 3

(/\V A4n) Alta < tg] #0.
n<k

SinceV/, ., ta(n) = 1thereisam € w suchthat At,(m) # 0. Itis easy
to see that A to(m) A tg(m + 1) # 0 becauseég(m + 1) is independent
overCg anda A t,(m) € Cg. Now using the maximality ofl,,’s one could
find a,, € A, for eachn < k inductively onn such that

aNto(m) Atg(m+1) A /\an;éO
n<k
This finishes the proof because
anta(m) Atgm+1)A N an <an (N An) Ata < ts]-
n<k n<k
O(Claim 1.5.1)
By Claim 1.5.1 one can find an ultrafiltéron B extending the set
(I Do) U{lta <tsl :a < B <k}
a<k

Clearly, {(ta)s : @ < K} is a strictly increasing sequence of lengthin
wB/€. Henceglw® /€| > k. We need to show that®/&| < k.

Claim 1.5.2. For any maximal anti-chaifib, : @ < x} in C there exists
ad < ksuch that/{b, : o < §} € £.
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Proof of Claim 1.5.2. Note that|C,| < « for any o < k. Using the
inaccessibility ofx one could show that there existsia< « such that
{ba : @ < d} is @ maximal anti-chain if©5. Hence\/{b, : o < §} € £.

O(Claim 1.5.2)

Claim 1.5.3. For anyt € w® there exists an € w® such thate = s¢.

Proof of Claim 1.5.3. SinceC is dense iB andC hasx™-c.c., then there
exists a maximal anti-chaifb, : « < x} in C, which refines{t(n) : n €
w},i.e.foranya < x there exists an € w such thab,, < ¢(n). By Claim
1.5.2 there is @ < « such that\/{b, : a < ¢} € &£. Defines € w® such
that

$(0) = (\/{ba : @ < 8, ba <LO)}) V (= \/{ba : @ < 6})

and
s(n+1) :\/{ba:a<5, bo <t(n+1)}

for everyn € w. Here we use the fact thétis x-complete and < k. Itis
now easy to check that

[t=s]=\/(t(n) As(n) > \/{ba: <5} €&

new

Hence|w®/€| < |C|* = x. Now the theorem follows from Lemma 0.1.
O

2. A-Archimedean ultrapowers

Let £ be any first-order language including symbols for number theory, say,
N, +,., < andS. An L-structurel is called a (standard or nonstandard)
model of PA (PA stands for Peano Arithmetic) (fi/%; +2, .2 <% 5%) is
a (standard or nonstandard) model of PA (respectively). Given a cardinal
A, @ modelRt of PA is called\-Archimedean iff|[N*| = )\ and for every
n e N {0,1,...,n}% < A

In [8] Keisler and Schmerl asked whether one could find an ultrapower of
a standard model of PA, which lsArchimedean for some cardinal> w.
Itis clear that the question remains same if one replaces the standard model
of PA by (w; <). If F is a regular ultrafilter o, thenw” /F will never
be A-Archimedean for any» > w because there exists anc w"/F such
that|{y € w*/F : y < z}| = 2¥ = |w"/F]| (see, for example, [10]).
So a positive answer to the question implies the existence of a uniform
non-regular ultrafilter.

In this section we construct severalArchimedean ultrapowers under
some large cardinal assumptions.

First, we list some lemmas needed in the proof of theorems.
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Lemma 2.1. (Sikorski)LetB be acBaand@® C C. Thenthereis aretraction
r from C to B. Furthermore, ifl is an ideal ofC andI "B = {0}, then one
could require that(a) = 0 for everya € I.

Proof. See page 70 of [16] for the first assertion. For the second assertion
one considers the fact thatcould be viewed as a subalgebra®fl. Then

one uses the retractionfrom C/I to B to induce a retraction from C to

B. O

Lemma 2.2. (folklore) LetB andC be twow;-cBa’s such thaB C C. Let
£ be an ultrafilter onB and £’ be an ultrafilter onC such thaté C &'.
Then the inclusion mapfrom w® /€ to w®/&’ such thati(te) = tg is an
elementary embedding.

See page 576 of [10] for a proof. From now on we shall vigly € as a
subset of,® /&’ via the embedding whenevei€ C &',

Lemma 2.3. (Exercise IV.3.35 of [19] or Lemma 1 of [10DetB andC be
twow;-cBa’s such thaB C C. Suppos€ is an ultrafilter onB, r : C — B
is a retraction and’ = r~1(€). Thenw® /£ is an initial segment ab©/&’.
Furthermore, for any € w® tg € W®/Eiff \/, . r(t(n)) € E.

Lemma 2.4. Let{B,, : o < ¢} beasequence of cBa’s for some limit ordinal
0 andB;, C be two Ba’s. Supposgk, C Bz C Bs € Candr,, : B, — B,
are retractions such that, g o rg, = 7, foranya < g <y < 4. Given

x € C, lety, € B, be such that

\/{T‘a’(s(a) ra<z, a€Bst <yq < /\{ra,(;(a) ta >z, a € Bs}

andy, = rq3(yg) foranya < g < 4. Then there exist retractions, :
(BsU{z}) — By suchthap, [Bs = 74,5, Pa = Ta,3°0s aNdpa () = Yo
foranya < 8 < 4.

Proof. Trivial.

Lemma 2.5. Let {B, : a < 6}, B;, C, o fOranya < v < ¢ be
as in Lemma 2.4. Then there exist retractigns: C — B, such that
Pa [ Bs = rq5 andp, = rq g o pg foranya < 5 < 9.

Proof. BylLemma 2.4 and Zorn’s Lemma, it suffices to show that for any
x € C there existy, € B, such that

\/{T’a,é(a) ra <z, a€Bst <ya < /\{Ta,a(a) ta>x, a€ B}
andy, = r4,3(ys) foranya < g < 6. Given anya < 0, let

U = \/{rmg(a) ra <z, ac B}
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and
Vo = /\{rmg(a) ta >z, a€ B}

for eacha < 4. Itis easy to check that, < r,g(ug) < ra5(vg) < va
foranya < § < 0. LetS be the set of all sequencééu,,b,) : o < d}
With uq < aq < bo < Vo @ndag < 74 8(ag) < 1q,8(bg) < by for any
a < 3 < 4. Define a partial ordegs on S such that

{{aa,ba) : a < 6} <s {{al,,b.) : a < 6}
iff aq < al, andd, < b, for everya < §. Suppose
T ={{{a®,b.): a0 < 6} : i €T}.
is a totally ordered subset &. Leta] = \/{d!, : i € I} andb] =
A{b:, : i € I} for eacha < 0. It is easy to check that the sequence
{(al ,b7) : a < 6} isin S and is an upper bound Gf. By Zorn’s Lemma

(e nde}

there is a maximal elemeftc,, d,) : & < d}in S.
Claim 2.5.1. r, g(cg) = cq @ndry g(dg) = d, foranya < g < 6.

Proof of Claim 2.5.1. Suppose not. Without loss of generality &t < §
be the smallest such that there existsagn< Gy with ¢, < 74,8, (¢5,)-
Now letc, = ¢, Whena > [y andéc, = rq,5,(cg,) Whena < Gy. Then
it is easy to check that the sequenge,,d,) : a < 0} isin S and is
strictly greater thaf (c,, d,) : @« < d}. This contradicts the maximality of
{{ca,da) : a < 6}. O(Claim 2.5.1)

Clearly the sequencc,, d,) : o < 0} is what we want. O

Theorem 2.6. Assumes is a Laver-indestructible supercompact cardinal
andn > k such thaty<* = n. Suppose\ < 2" such that?® < \ for any

6 < XA and\® = \. Then there exists an ultrafilteF on» such thatw/F

is A-Archimedean.

Proof. By Lemma 1.6 there exists @complete filterD onn such that
B = P(n)/D contains a-free dense subalgebtaof dimensiom. Without
loss of generality let

C=({aan:a <\ necwl,

where{a, , : @ < A\, n € w} is ak-independent sequence(h For each
6< Alet

Cs = ({aan:a< B, ncw})x
and letBg = Cg. Note thatCy = By = {0, 1}. SinceCs hasx*-c.c., so
doesBgs. This implies that

B=B,= UIB%a
a<\
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becausef(\) > x. Also for eachd < X one has
Cal < |BI7" < A

HenceBg| < |Cgl® < A. Next we build an ultrafilte€s on Bg for every
B < A such thatw®s /&5 is a proper end-extension of’« /&, whena <
6 < A and
W /€y = U wBe /&,
a<A

We first construct retractions, ,, : B, — B, suchthat, , = r, gorg, for
anya < 3 <y < A. We want also, o+1(a) = 0 for everya € I, where
I, is the ideal inB, | generated bya,, : n € w} U{—=\/, c, Gan}-

Claim2.6.1. I,NB, = {0}.
Proof of Claim 2.6.1. Suppose: € I, N B,. Then there exists am € w

such that
a<(\ tam) V(= aan).
n<m new
So one has
an(— \/ aam)/\(\/ aon) =0
n<m new
Hence

This impliesa = 0 because of the independence{ef, ,, : n € w} over
B.,. O(Claim 2.6.1)

We constructr, g for anya < 3 < ¢ inductively oné whend < A.
Suppose we have already, 3 : o« < § < ¢} and want to find-, 5 for
everya < 4. Itis trivial whend§ = 0 or 1.

Case 1: §is alimit ordinal.
Apply Lemma 2.5 to obtain retractions, : Bs — B, such thatp, =
ra,8 ©pgforanya < g < 6. Now letr, 5 = pa.

Case2: §=0+1.

Apply Lemma 2.1 to obtain aretractien Bs — Bg suchthat:(a) = 0
for everya € Ig. Now letr, s = r, g or for everya < g andletrg s = r.
Clearly, the set of retractions', s : « < 0} is what we want.

Let& = {1} and lets, = ry,(£a). Itis easy to see thaly = 7, 1,(E3)
foranya < 8 < \. By Lemma 2.3,%5 /&5 is an end-extension of®> /€,
wheneven < 3 < \. Definef, € w®e+1 /£, such that

fa(0) \/aanandf(n—i—l = Gan N\ \/aam

new m<n
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ThenV/ ., Ta,a+1(f(n)) = 0. Hence by Lemma 2.3

(fa)£uss € WPt [Earr N WP /Eq,

i.e.wBe+1 /€, is a proper end-extension of*> /&,. It is also easy to see

that
WB/S = U wBQ/Ea,
a<<

whereB = By and€ = &), becaus® = J,,., B, andcf(A\) > w. Hence
|wB/E| = X. On the other hand, if € w®/&, then there is @ < A such
thatz € w® /E5. Hence

{y € w?/€ 1y <a} < |w /€| < [Byl® < A

This shows that® /& is A\-Archimedean. Now the theorem follows from
Lemma0.1 O

Next we show a different way to constructArchimedean ultrapowers.
The construction of a-Archimedean ultrapower in Theorem 2.8 needs only
to assume a measurable cardinal.

Lemma 2.7. Suppose > xandxisa\-supercompact cardinal ilr. Let/
be ax-complete normal ultrafilter o, () in V and letj be the elementary
embedding fronV’ to M/ = V7= /if induced by/. Supposd® C V. is a
cBaandj(B) = B« C,i.e.B = {j(p) : p € B} is completely embedded
into j(B). Then inV’® there exists a-complete filterD on (P, (\))" such
that P((P.(\)V)/D = C.

Proof. LetG C Bbeal/-genericfilterandlet/ C CbeanM [G]-generic
filter. Let j be the embedding frori [G] to M[G][H] defined by letting
J(x) = (j(£))axn. It is well-known thatj is an elementary embedding.
Note thatV/ [G] C V[G] but M [G][H] is generally not a subclass BfiG].
ForanyA C (P.(\)Y in V]G] let

i(4) = ") € (j(D)ele,
whereA is aB-name ford and;”\ = {j(a) : a < A\} € M* C M.

Claim 2.7.1. i is a Boolean homomorphism frof((P,.(A))") to C in
VIG].

Proof of Claim 2.7.1. It suffices to show that is well-defined function.
The rest follows from the fact thatis an elementary embedding. Suppose
A; and A, are twoB-names for same set in V[G]. Then there exists a
p € G such that

plrg A; = As.
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By the fact thatj(p) = p one has
pIFeic j(A) = j(A)
or _ _
plFp ke 7(A1) = j(A2).
Sincep € G, then
VIG] E ke (7(A1)a = (j(A2))a-
Hence inV[G]

[i"X € (5(A1))cle = [") € (j(A2))cle.  B((Claim 2.7.1)
Let’s define a filterD in V' [G] by letting
D={AC (P.(\)" :i(4) =1c}.
It is easy to see thad ¢ V(] is ax-complete filter on(P,()\))Y.
Claim 2.7.2. P((P«(\)V)/D = CinVI[G].

Proof of Claim 2.7.2. It suffices to show thatis an onto map. Given any
a € C, leta be expressed d#7y, for someF’ : P, (\) = B in V such that
Fis notequal to any single € B modulol/. Let A be aB-name for a subset
of P.(\) in V such that for each € P.()\) one hago € AJg = F(o).
Sincej” A = [d]y, whered is the identity function fronP, (\) to P, (1)),

") € (i(d)cle = [ldu € ((A)ele = (o € Als - 0 € Pe(M)u
= [(F(0) : 0 € PO = [Flu = a.

Hencei is an onto map fromP((P.(\))")toC. O

Theorem 2.8. Supposex is a measurable cardinal such thét < 2~ for

anyf < 2¢. LetB, be the Boolean algebra for adding Cohen reals or
addingx random reals. Then iy 2~ there exists an ultrafiltef on x such
thatw” /F is 2"-Archimedean.

Proof. Obviously, x is x-supercompact. Lej be the elementary em-
bedding induced by &-complete normal ultrafiltet/ on . For any A
let B) denote the cBa for addiny Cohen reals (or random reals). Then
J(Bx) = Bj() = Bx * C, whereC is isomorphic to the cBa for addirzj
Cohen (or random) reals W% becausej(x) \ x| = 2*. By Lemma 2.7
there exists a-complete filterD on k such that

P(k)/D=C

in VB~ For any\ let B, denote the cBa for adding Cohen reals (or
random reals) i/ B~. Note thatC = BY,. SinceB) has c.c.c. for any,
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thenB). = U, <o~ Bl.,- By the facts thafB], |~ < 2" and there exists
an independent sequenge, , : n € w}in B, . overB, , for every

a < 2%, then, by a similar argument in the proof of Theorem 2.6, one can
construct anF such thato”/F is 2"-Archimedean. O

Remark 2.9. (1) Note that= = 2¥ in VB~ and it is impossible to have a
2“-Archimedean ultrapower by, -saturation. (2) We could have a more
general theorem with a much more genddal RestrictingB,, to be a cBa
for addingx Cohen or random reals is just for simplicity to illustrate the
idea.

Theorem 2.10. Suppose: is a supercompact cardinal aril; is as in The-
orem 2.8. Then i ®~ there exists an ultrafilte on \ for every\ > « with
A<F = Xand#“ < 2* for everyd < 2* such thats? /F is 2*-Archimedean.

Proof. Almost identical to the proof of Theorem 2.8.0
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