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1. Introduction

In [3], Gitik and Shelah answered a question of Fremlin’s [2, P1]. They showed that it is possible to con-
struct a model of set theory in which the continuum is real-valued measurable in a way that is different from
Solovay’s original construction of such a model [5]. Solovay used a measurable-length sequence of random
reals. Fremlin’s general question is, what properties of Solovay’s model are artefacts of the construction, and
which follow from the fact that the continuum is real-valued measurable. The paper [1] extends this line of
investigation. It gives yet another construction of a model with the continuum being real-valued measurable,
and isolates a measure-theoretic property which differentiates between this model and Solovay’s.
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It is natural to ask what happens when measure is replaced by category. The analogue of Solovay’s forcing
is the addition of a measurable-length sequence of Cohen reals, equivalently forcing with the open subsets
of the product space 2 for x measurable. The analogue of real-valued measurability, which holds in this
model is the following.

Definition 1.1. A cardinal & is Cohen measurable if there is a k-complete ideal I on x such that P(x)/I is
isomorphic to a Cohen algebra.

Here a Cohen algebra is the completion of a notion of forcing adding a certain amount of Cohen reals
(the finite support product of copies of 2<“), equivalently, the Boolean algebra of regular open subsets of a
space 2% for some X.

One would expect that a modification of the notion of forcing from [1] would yield a model in which the
continuum is Cohen measurable. This follows the intuition that category is easier than measure. It turns
out however that this is not easily done; that construction heavily relies on the existence of measures on
measure algebras. In other words, with category we have fewer tools because we cannot say “how much
more or less meagre” is one open set compared to another; there is no real number value that can answer
such a question.

In this paper we give a new construction of a model in which the continuum is Cohen measurable. Rather
than drawing on [1], we adopt a technique from [4]. Whereas the statement in [1] differentiating the new
model from Solovay’s was somewhat ad-hoc, we now obtain a natural property of the continuum, which was
first shown to be consistent in [4].

Theorem 1.2. Let  be a measurable cardinal such that 2% = k™. Then in a forcing extension, k = 280 s
Cohen measurable, and every function f:2% — 2% is continuous on a non-meagre set.

In contrast, in [4], Shelah showed that in a model obtained by adding Cohen reals, some function from
2“ to 2% will not be continuous on any non-meagre set.

1.1. Proof of Theorem 1.2

The general idea is to use a finite-support forcing iteration P = (P,, Q) of length s (where x is a
measurable cardinal) which is “mostly Cohen”. We will specify a stationary subset S of S§ = {a <k :
cf(a) = Ny }. This will be the set of locations « at which we can choose Q,, to be a notion of forcing other
than Cohen forcing. The intention is to use a carefully chosen variant of Shelah’s notion of forcing from [4],
to add instances of continuity on a non-meagre set. Exactly how we choose them will be determined using
a diamond sequence on S. The guessing power of the diamond sequence will be sufficient to guess, for each
function F:2¢ — 2¥ in VPr sufficiently much about F, so that at some point a € S, Q, will add both
the definition ¥ of a continuous function, and a non-meagre set A on which F will equal ¥. The fact that
the iteration P is mostly Cohen will be also used to show that the non-meagreness of A is preserved from
step a+ 1 all the way up to step . Further, S will be made sufficiently sparse, so that the deviations on §
from Cohen forcing do not aggregate too badly to prevent us from making x Cohen measurable. One aspect
of this is that Q, will be determined by only few of the Qg (8 < «). We will call these “iterations with
restricted memory™”.

The proper definition of what we do at steps a € S actually relies on a structural analysis of what we
have done up to that stage. For that reason we define for each ordinal 4, classes 5(S) of forcing iterations of
length 6 which could be the one chosen up to stage §. Once we develop the general theory of these iterations,
we can then use the diamond sequence and give non-circular instructions at each step, how to choose the
next Qs. In the construction of P we will only use the fixed stationary set S C x and naturally use only
ordinals § < . However in the verification that in V?+, k is Cohen measurable, we also need to consider the
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extension of P by an elementary embedding j witnessing the measurability of . In particular we will need
to consider B;(,)(j(S5)), where in our ambient universe j(x) will not even be inaccessible and j(.S) will not
be a stationary subset of j(x). Hence we will give a general definition of the classes B;(.9), for any ordinal
0 and any subset S C Sgl (Definition 4.2). The restriction S C ¢ does not conflict with the plan for the
recursive definition of the eventual P; for S C x and § < &, Ps(S) will only depend on S N é.

We will show the following. For (4) below, we say that a set S reflects nowhere at a set of ordinals A if
for all limit v € A of uncountable cofinality, SN+ is not stationary in v. We note that if S C Sgl and v <90
has countable cofinality then there is an w-sequence cofinal in « and disjoint from S, so “non-reflection” at
7 is automatic.

Proposition 1.3. Let § be an ordinal and let S C S;‘il.

(1) Suppose that V.C W are transitive models of set theory, and that X} = XYV . Then membership in Ps(S)
is upward absolute between V and W : (Bs(S))V C (BVs(S)W.

(2) If 6 is an inaccessible cardinal, then for all P € Ps(S):
(a) Ps C Hs.
(b) In VFs, § = 2%,

(3) If & is an inaccessible cardinal and >(S) holds, then there is some P € Bs(S) such that in Vs, every
function f:2% — 2% is continuous on a non-meagre set.

(4) Ifa <6, a ¢ S and S reflects nowhere in the interval (a, 8], then for all P € Ps(S), Ps /Py is equivalent
to a Cohen algebra.

(5) If k is a measurable cardinal and 2% = k™, then there is a forcing extension W of V, preserving the
measurability of r, in which there is a stationary subset S C S{ and a normal ultrafilter embedding
72 W — N with critical point k such that:
(a) ©(S) holds; and
(b) in W, j(S) reflects nowhere in the interval (k, j(k)].

Note that (5b) means that for § € (k,j(k)] of uncountable cofinality, there is, in W, a club of § disjoint
from S. Such a club will often not exist in N.

Theorem 1.2 is then proved as follows. Obtain a forcing extension W given by (5) of the proposition, and
work in . Pick an iteration P € 9B, (S) given by (3). The desired model is WF=. By (2b), in WFx, x = 280,
and by (3), in WF= every function f:2% — 2¢ is continuous on a non-meagre set.

Since P,, C H, (2a), j |p, is the identity on P, and the iteration j(P) is an extension of the iteration P,
so for a < j(k) we write P, for j(IP)o; we note that j(P,) = IPj(.). We conclude that P, <Pj.). Now in N,
F(P) € B (4(9)), so by (1), 5(P) € B;()(4(S)) in W as well. Since r is regular in W and j(S) C Si(f),
k ¢ j(S). Since j(S) reflects nowhere in the interval (k,j(x)], by applying (4) in W to s, j(k), 7(S)
and j(P), we see that in WFx, P;(x)/Ps is equivalent to a Cohen algebra. However, as is well known (but see
Proposition 5.1 for completeness), because j is a normal ultrafilter embedding, in W= there is a k-complete
ideal I such that P(x)/I is isomorphic to the completion of P;(,)/P,, and hence to a Cohen algebra. Thus
in WP, k is Cohen measurable. This completes the proof of Theorem 1.2.

1.2. Structure of the paper

In Section 2 we settle notation, give basic definitions and recall some facts about forcing iterations,
equivalence to Cohen algebras, and the forcing from [4], which as we mentioned will be one of the important
ingredients of this paper.

In Section 3 we define a broad class of forcing iterations, from which elements of the collections P;(.S)
will be taken. These are the iterations with “restricted memory”.
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In Section 4 we define the classes Ps(S). We easily observe that (1) and (2) of Proposition 1.3 hold. In
this section we also prove (4).

In Section 5 we deviate a little from the proof of Theorem 1.2. Apart from giving a proof of the iso-
morphism of j(P)/P and P(x)/I (Proposition 5.1), which is mostly given for completeness, we show how
to obtain the conclusion of Theorem 1.2 if we are willing to start with a supercompact cardinal, equipped
with a suitable stationary subset. In this case we do not need the preparation forcing which gives us (5).

In Section 6 we prove (3) of Proposition 1.3. In Section 7 we prove (5) of Proposition 1.3.

2. Preliminaries
We fix some notation and recall some basics.
2.1. Complete embeddings

Let P C Q be partial orderings. A restriction of Q to P is a function i:Q — P such that: (1) ¢ is
order-preserving; (2) for all ¢ € Q, ¢ < i(q); (3) @ [p= idp; and (4) for all ¢ € Q, every p < i(q) in P is
compatible with ¢ in Q.

Note that if there is a restriction of Q to P then for all p,q € P, p Lp ¢ if and only if p Lg p; and every
dense set D C P is pre-dense in Q. In this paper we write P < Q if there is a restriction from Q to P. This is
equivalent to the usual notion in case P and QQ are complete Boolean algebras and P is a sub-algebra of Q.

If P C Q then we let Q/P be the P-name for the sub-ordering of Q on Q/Gp = {g € Q : forallp €
Gp,p Lo q}. Forqe Qand p e P, pl- g € Q/P if and only if every r < p in P is compatible with ¢ in Q.
Thus, if i is a restriction of Q to P then for all ¢ € Q, i(q) IFp ¢ € Q/P. Also note that p IFp ¢ ¢ Q/P if and
only if p Lg g. Further, for p € Pand g € Q,if p IFp ¢ € Q/P then p IFp i(q) € Gp (every p’ < p is compatible
with ¢ in Q, and so (by applying ¢) compatible with i(g) in P.) Thus i(q) is essentially the weakest condition
forcing that ¢ € Q/P (only lack of separativity could cause it to not literally be the greatest such condition).
Thus, if G C P is generic, then for all ¢ € Q, ¢ € Q/G if and only if i(q) € G.

Fact 2.1. Let i:Q — P be a restriction. If D C Q is dense, then in VF, D N (Q/P) is dense in Q/P. In
particular, for every g € Gp and every g € Q/P = Q/Gp there is some ¢ < q,g in Q/P.

Fact 2.2. Suppose that P < Q < R; let i be a restriction of Q to P and j be a restriction of R to Q. Thenioj
is a restriction of R to P. In V¥, Q/P < R/P.

For the following fact, recall that a map i:Q — P is called a dense homomorphism if it preserves
order and incompatibility, and its range is a dense subset of P. If there is such a map, then P and Q are
forcing-equivalent.

Fact 2.3. Let P C Q, and suppose that i: Q — P is a dense homomorphism. Suppose that i is an idempotent:
i [p=idp. Then i is a restriction of Q to P.

Fact 2.4. Let P C Q, and suppose that i:Q — P is dense. If Q <R then in Ve =VF R/Q = R/P.
2.2. Embeddings into a Cohen algebra
For a set X, we let C'(X) be the finite support product, indexed by X, of one-dimensional Cohen forcing

C = (2<%, %). We let C(X) be the completion of C(X) (the complete Boolean algebra of which C'(X) is a
dense subset). For disjoint sets X, Y we write C(X,Y) for C(X UY). We let C = C(1).
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We say that a partial ordering (a notion of forcing) P is equivalent to a Cohen algebra if there is a dense
embedding of P into C(X) for some X. We write P ~ C(X).

If X CY then there is a natural embedding of C(X) into C(Y'), which is complete. It induces a complete
embedding of C(X) into C(Y).

We will make use of the following lemma. It is surely known; we include a proof for completeness.

Lemma 2.5. Let P < Q, and suppose that P ~ C(X). Let Y be a set. The following are equivalent:

(1) Ikp Q/P ~C(Y);

(2) Every dense embedding of P into C(X) can be extended to a dense embedding of Q into C(X,Y).

(3) There is a dense embedding of P into C(X) which can be extended to a dense embedding of Q into
C(X,Y).

We will be imprecise and write “Q/P is (equivalent to) a Cohen algebra” when we mean that for some
YeV,

IFp “Q/Gp is equivalent to C(Y")”.
Proof. In this proof, for neatness, let R = 2% be Cantor space.

Assume (1), we show (2). Let j be a P-name for a dense embedding of Q/P into C(Y). Let ¢ — ¢ [p be a
restriction map. For ¢ € Q and p < ¢q[p, let U(p, q) be the supremum of the set

Ulp.a)=)

where we think of the elements of C(Y') as regular open subsets of RY, and A C* B means that A\ B is
meagre.
Let i: P — C(X) be a dense embedding. For ¢ € Q, let

Cc(Y
( ){D C RY is clopen, and p lFp D C* i(g)}

k() =Y {ilp) xU(p,q) : p<qle}.

Let go,q1 € Q. Say ¢1 < ¢o. Then ¢ [p< qo [p, and for all p < q1 [p, U(p,q1) € U(p,qo). Hence
k(q1) € k(qo)-

Suppose that k(go) and k(q1) are compatible; let £ C R* and D C RY be clopen such that E x D C
k(go)Nk(qr). First find pg < go |p such that ENi(pg) # 0 and DNU (po, q0) # 0. Find Ey and Dy clopen such
that Egx Do C (Ex D)N(i(po) x U(po, qo))- Find p1 < ¢1 [p such that EyNi(p1) # 0 and DoNU (p1,q1) # 0.
So po and p; are compatible in P; let p € P extend both; p forces that j(go) and j(g1) are compatible, so p
forces that gp and ¢ are compatible in Q/Gp, and so gg and ¢; are compatible.

Let E x D be clopen. There is some p € P such that i(p) C* E. There is some p <p p and some g € Q
such that p IF ¢ € Q/Gp & j(¢) C* D. In particular, p Lo ¢; let ¢ <g P,¢. Then q [p< p [p= p. For any
r < ¢[p we have i(r) C* E and r IFp j(q) C* D, so U(r,q) C* D. It follows that k(q) C* E x D.

Let p € P. Then p forces that p is compatible with every ¢ € Q/Gp. It follows that U(p,p) = RY. For
let D C RY be clopen. In P, densely below p we can find p’ for which we can find some ¢’ € Q with
p' k¢ € Q/Gpand p’ IF j(¢') C* D. Since p’ also forces that p and ¢’ are compatible, it forces that j(p) N D
is nonempty. Hence p forces that j(p) is dense, i.e. that j(p) =* RY. Hence k(p) = i(p) x RY.

Assume (3), we show (1). Let i: P — C(X) be a dense embedding, and let k:Q — C(X,Y) extend i. Let
G be P-generic, and let 7€ be the Cohen generic sequence in RX. In V[G], for ¢ € Q/G let j(q) be the
section k(q)zc which is an open subset of RY .
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Let go,q1 € Q/G. If ¢1 <g qo then k(g1) C k(qo) (we use maximal representatives, i.e., regular open sets)
and so j(qo0) € j(q1)-

We show that if pI- ¢ € Q/G and p I+ D C j(q) (for some clopen D) then i(p) x D C* k(q). Suppose not;
find some clopen E and C such that E x C' Ci(p) x D but E x C' is disjoint from k(g). Find some p < p
such that i(p) C E. Since p forces that #¢ € E, it forces that C is disjoint from j(g), which is impossible.

Suppose that j(go) and j(q1) are compatible; let p € G force that D C j(go) N j(g1) for some nonempty
clopen subset D of RY | and that qo,q; € Q/G. Then i(p) x D C k(qo) Nk(q1). For densely many p < p (in P)
there is some ¢ <g ¢o,q1 such that p IF ¢ € Q/G. For let p’ < p. Let ¢ <g qo, q1 such that k(g) N (i(p) x D)
is nonempty. Let p < p’ such that i(p) x D’ C k(q) for some nonempty clopen D’ C D. Then p I q € Q/G.

Let D C RY be clopen. Given p € P, find some q € Q such that k(q) C i(p) x D. Find some p < p and
some D’ C D such that i(p) x D' C k(g). SoplFq€ Q/G and j(q) CD. O

2.3. A restricted form for iterations

All partial orderings have a greatest element, usually denoted by 1.

We restrict ourselves to two-step iterations of the following form: PP is a partial ordering, (R, <) is some
partial ordering, and S is a P-name for a non-empty upward-closed subset of R (in particular, IFp 15 € S);
we assume that as a name, S C P x R. We then let P .S be the collection of pairs (p,s) € P x R such that
plF s € S, ordered as a sub-ordering of P x R. We note that if P < Q (with restriction ), then Q/P is a
P-name for an upward-closed subset of Q. The map ¢q +— (i(q), ¢) is a dense embedding of Q into P x (Q/P),
so these notions of forcing are equivalent.

Fact 2.6. Suppose that P < Q with i: Q — P a restriction. Let S C Q X R be a Q-name for an upward-closed
subset of a partial ordering R. Then the map (q,s) — i(q) is a restriction of QS to P.

Under the hypothesis of Fact 2.6, P < Q % S. Here we identify P with its image in Q * S under the map
p+— (p,1). In particular, of course, Q < Q x S.

For the following note that if P<@Q and S C P x R is a P-name for a subset of R, then S is also a Q-name
for a subset of R.

Fact 2.7. Suppose that P < Q with i:Q — P a restriction. Let S C P x R be a P-name for an upward-closed
subset of a partial ordering R. Then:

(1) Forallqe Q and s € R, qlkg s € S if and only if i(q) Fp s € S. In particular, forp e P, plkp s € S
if and only if plkg s € S.

(2) S is also a Q-name for an upward-closed subset of R.

(3) The map (q,s) — (i(q), s) is a restriction of Q.S to P« S.

2.4. Forcing continuity on a non-meagre set

We fix notation for the notion of forcing from [4]. In full generality, let P be a notion of forcing, and
let 7 = (n:);,,, and ¢ = ((i);,, be two sequences of P-names for reals (in this paper, elements of Cantor
space 2¢). We let Sh(7, () be the P-name for the notion of forcing which adds the definition of a continuous
function which makes the map 7; — (; continuous on a non-meagre set. Technically, the conditions in

PP % Sh(7, ¢) will be pairs (p, a,¥), where:

s peD;
e a is a finite subset of wy;
e U is a finite, (strict) order-preserving map from 2<% to 2<%  and:
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(1) p forces that every element of dom ¥ is an initial segment of n; for some ¢ € a; and
(2) Ifi€a, (0,7) €W and plrp o < n; then plkp 7 < (.

A condition (g, b, P) extends a condition (p,a,¥) if ¢ extends p in P, a C b, and ¥ C &. Note that
this is an example of a two-step iteration which obeys the restrictions above: Sh(7,¢) is a P-name for an
upward closed subset of R where R consists of pairs (a,¥) where a is a finite subset of w; and ¥ is a finite,
(strict) order-preserving map from 2<% to 2<¢, ordered by C on both coordinates. Note that R C H(w;)
and |R| = ;.

Shelah’s notion of forcing starts with P = C(w;). Letting ; be the name for the Cohen real added by
C({2i}) and ¢ be the name for the Cohen real added by C({2i + 1}), Shelah uses C(w;) * Sh(#, (). We
denote this simply by C(w;) * Sh.

Proposition 2.8. (See [4].)

(1) In VE@1)*Sh there s a non-meagre subset of {n; : i < w} on which the map n; — (; is continuous.
(2) For all i < wy, C(2i) < (C(w;1) * Sh) and (C(wy) * Sh)/C(2i) is equivalent to a Cohen algebra (of
dimension Ny ).

3. Iterations with restricted memory

Let P = (P,, Qa) o <5 be a finite support iteration. For a < 0, we think of the elements of P,, as sequences
of length a. As above, we suppose that all successor steps are “V-based”, in the sense that for all a < ¢
there is some partial ordering (R, <) in V such that Q, is a P,-name for an upward-closed subset of R,
and the ordering on Py = P, x Q, is inherited from the one on P, x R,. It follows that Ps is a subset of
the finite-support product @, _; Ra of the R,’s, with the inherited ordering. That is, for p,q € Ps, p <p; ¢
if and only if for all @ < 4, p(a) <g, ¢(a). Below, we will always assume the existence of such ambient
orderings R,.

For u C § we let

]PJu:{pE]P)(; : forallozGCg\U’p(O‘):l}’

with order inherited from Ps. Technically we should have called this P, 5. However, if u C o < 6 then Py, 4
and P, s are naturally isomorphic by appending a sequence of ones, so we ignore the difference between
them. Under this identification there is no conflict between the two meanings of P, for oo < §. Note that P,
is upward-closed in Ps. If w C v C § then P, C P,,.

Now the main point is that usually, unless v = « is an initial segment of §, P, will not contain much.
For example, if 0 ¢ u, but to define each Q, (for @ > 0) we need access to Qp, then P, will contain very
little, since each condition in P, knows nothing about QQy. In the other extreme, if the iteration is actually
a product, no Q, needs any information about any other Qg, and in this case, for any u C §, P, is just
the product restricted to u, which behaves perfectly nicely; in particular, P, < Ps. As we mentioned in
the introduction, we will be using iterations which are not quite products but for which each Q, needs
information from “not so many” Qg for f < «, and so for many sets u C § we will have P, < Ps. In other
words, each Qg will have “restricted memory”. A memory template for the iteration PP specifies, for each a,
which Qs (for 8 < @) are needed to compute Q.

Definition 3.1. A memory template (of length §) is a sequence u = (u,), 4 such that for all a < 4,

e u, C a; and
o if 3 € u, then ug C u,.
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The second condition is a natural transitivity requirement: if Qg is needed to compute Q,, and Q, is
needed to compute Qg, then certainly Q. is needed to compute Q. Note that if u is a memory template
of length § and o < 4, then u[, is a memory template of length a.

Definition 3.2. Let u be a memory template of length §. A finite support iteration P = (Pa, Qa) s is a
u-iteration if for all @ < §, Q, is a Py, -name. (We will show below that in this case, P, < Ps, which means
that this definition makes sense.)

Here we assume as above that as a name, Q,, is a subset of P, x R, (where R, is the ambient partial
ordering for Q, mentioned above).

Definition 3.3. Let u be a memory template of length §. A subset u of § is u-closed if for all o € u, u, C u.

So each u, is u-closed. Note that each o < § is u-closed, indeed if u C § is u-closed and o < § then uNa«
is u-closed. A subset of a < § is u-closed if and only if it is u [,-closed.

Let P be an iteration of length &, and let w C . For p € P5 we define a é-sequence p [, by letting, for
a <9,

pla), if o€ u;

pr“(a):{l, if o ¢ u.

Note that for all p € Py, p[,= p. In general, p [, may not be an element of Ps, again, because erasing part
of its head may cause us to lose the evidence for its tail being in Ps.

Lemma 3.4. Let u be a memory template of length 6, let P be a u-iteration, and let u C v C & be u-closed.
Then for all ¢ € Py, q4€ Py, and the map q — q [, is a restriction of P, to Py (so P, <P, ).

Proof. By induction on J. First, suppose that § is a limit ordinal and that the lemma holds for all a < 6.
That the lemma holds for § follows from the fact that P is of finite support, so viewed as sequences of length
below ¢, we have P, = |J,.s5Pvna, and P, = J
v N« are u [4-closed subsets of a.

Next let § be any ordinal and suppose that the lemma holds for é; we show it holds for § 4+ 1. Of course
the point is that if w C §+1 is u-closed and § € w, then us C w. Then wN4§ is u [s-closed, and by induction
and by Fact 2.7, Qs C P,ns X Rs is also a P,ns-name for an upward-closed subset of Rs.

Let u C v C § + 1 be u-closed. There are three cases:

a<s Puna; and noting again that for all o < d, u N« and

o If § ¢ v then the lemma for u and v follows from the fact it holds at stage ¢.
o If § € v but § ¢ u then the lemma for u and v follows from Fact 2.6 applied to P = P, and Q = Pyns.
e If § € u then the lemma for u and v follows from Fact 2.7 applied to P = Pyns and Q = Pyrs. O

For the rest of this section, let u be a memory template (of length ) and let P be a u-iteration.
Porism 3.5. Let u C § be u-closed and suppose that u has a greatest element a. Then Py, = Pyna * Qq.

Let p,q € @, Ro and suppose that for all o < 6, p(a) and g(«) are comparable in R,. Then we can
define p A ¢ = min(p, q) € @ R, by taking at every « the smaller of the two values p(«) and g(«); p A ¢ is
the greatest lower bound of p and ¢ in €@ R,. An induction on § shows that if p,q € Ps then p A ¢ € Ps as
well, and so p A q is the greatest lower bound of p and ¢ in Ps, similarly in P, for any u-closed u such that
p,q € Py.

Please cite this article in press as: N. Greenberg, S. Shelah, Models of Cohen measurability, Ann. Pure Appl. Logic (2014),
http://dx.doi.org/10.1016/j.apal.2014.05.001




Sh:1039

APAL:2401

N. Greenberg, S. Shelah / Annals of Pure and Applied Logic o e e (o e e0e) o 0o 0—0 0 9

In particular, in the situation above (v C v C § are u-closed), if ¢ € P, p € P, and p < ¢ [, then
p A q € P, is the greatest lower bound of p and ¢ in P,.

For the next lemma, note that if u,v C § are u-closed, then u N v and u U v are also u-closed. The map
from P, to Py, x P, given by g — (¢ [4,qlv) is injective, and preserves both order and non-order.

Lemma 3.6. Let u,v C § be u-closed. In VEunv | the map ¢+ (qu,qlv) is a dense embedding of Py /Pune
into (]P)u/Puﬂv) X (]P)U/]PUQU)'

Proof. Let H C P,n, be generic; work in V[H|. Certainly if ¢ € Py, /H then as q [unw€ H and (¢ [y) [uno=
q lurw (and similarly for v), again we have ¢ [,€ P,/H and ¢ [,€ P,/H. So the map j(q) = (¢ u,q [v) is
indeed from P, ,/H to (P,/H) x (P,/H).

We show that the range of j is dense. Let (p,q) € (P,/H) x (P,/H). Then p lunv, ¢ [uns€ H; find some
g € H extending both. Then g A p € P, and so (g A p) A ¢ € Py,uy; since its restriction to uNwv is g, we see
that (g Ap) Aq € Puuw/H. And j(g ApAq) = (g Ap,g A q) extends (p, q).

We show that j preserves incompatibility. Let qo,q1 € Pyuw/H, and suppose that j(qo) and j(q1) are
compatible in (P,/H) x (P,/H); let (hy,hy) < j(q0),7(q1) witness this. Find some s € P,u,/H with
J(8) < (ha, hy). S0 8T < by < o Tus @1 [o and s [, < hy < Qo [, @1 o, and we conclude that s < g, q1. O

Thus, the filters K C P, u, generic over V correspond to the filters G C P, and H C P, with G generic
over V., H generic over V[G] and G NPy, = H NPy, with K ={gAh : g€ G & h € H}.

Porism 3.7. Let u,v C § be u-closed and let H C Pyn, be generic. If (p,q) € (Py/H) x (P,/H) then there
is some h € H such that (h Ap) A q € Pyiy.

Lemma 3.8. Let u,v C & be u-closed. In V¥, the map q — q |, is a dense embedding of Py, /P, into
Pv/Puﬁv-

Proof. Let G C P, be generic, and let H = G N Pyn,. Since Py, /G C Pyuy/H, and we noticed that if
q € Pyuy/H then q[,€ P,/H, the map i defined on Py, /G defined by g — ¢, is indeed into P,,/H. It is
order-preserving.

The map ¢ is onto P,/H. For let p € P,/H; 30 p[y,= D [urw€ H C G, s0 p € Pyu,/G, and p = i(p). It
remains to show that ¢ preserves incompatibility.

Let j:Py,u,/H — (P,/H) x (P,/H) be the dense embedding q — (q [, ¢ [). For ¢ € Puy,/H, we have
q € G if and only if ¢ € Py, /G and so j7 G x (P,/H)] = Puuy/G.

Let ro,71 € Puuy/G, and suppose that i(rg) and i(r1) are compatible in P, /H. Since rq 4,71 [,€ G, it
follows that j(rg) and j(r1) are compatible in G x (P,/H); let (g,p) € G x (P,/H) extend both j(rg) and
j(r1). By Porism 3.7 there is some h € H such that r = (h A g) Ap € Pyuy. Since (hAg) € G, r € Py, /G
extends both rg and 1. O

Corollary 3.9. Let u C v C § be u-closed, let a < § and suppose that uN [, §) = v N [a, ). Then in VP,
P, /P, is equivalent to Pyna/Puna-

Proof. Immediate from Lemma 3.8, since v =uU (vNa)and uNa=uN(vNa). O
Corollary 3.10. Let u C v C § be u-closed. Let 8 < 8. Then in VE«, Pyrg/Pung < Py /Py and in VEeons

PPy, Py
Pvﬂﬂ /Puﬂﬁ Puu(vﬁﬁ) .

Please cite this article in press as: N. Greenberg, S. Shelah, Models of Cohen measurability, Ann. Pure Appl. Logic (2014),
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Proof. For neatness, let v=vNp and u = uNP = uNw. First, let G C P, be generic and H = GNPy. The

previous lemmas show that in V[G], Ps/H < Py, /G and Py /H ~ Py, /G. Since P, < Py < P, Fact 2.2
shows that Py, /G < P, /G, so overall, P;/H < P, /G. But also, Fact 2.4 shows that in V[G]F?Y¥,

P,/G  P,/G
Pouu/G  Py/H'

Let K C Pyua/G be generic over V[G], and let K = K NP;. Then interpreted in V[G, K],

P,/G _ .-
P@/H - Pv/K’
and
P,/G
— =P, /K.
o)) 0/

So P,/K =P,/K, and this is what needs to be shown. 0O
Finally, we show:

Lemma 3.11. Suppose that ¢ C § is unbounded in §. Let w C v C § be u-closed. Then in Ve,

]P)v/]P)u = U Pvﬁﬁ/Puﬁﬁ-
BEc

Proof. This is only interesting if § is a limit ordinal. Let G C IP,, be generic; for § € ¢, let Gg = G N Pyng.
We already know that P,ng/Gg C P,/G. Let p € P,/G. Since P, = UﬁeC}P’mg, for some 8 € ¢ we have
p € Pynp. Since plung= (P [u) [unp and p[g€ G, we have p[,~p€ G and so p € Pyng/Gs. O

4. S-iterations

Fix an ordinal § and a set S C Sgl. We wish to define the class P5(S) of iterations of length § which are
“mostly Cohen” but on elements of S are allowed to deviate from being precisely Cohen.

Definition 4.1. A memory template u of length § is an S-memory template if:

(1) For alla € §\ S, u, = 0;
(2) For all o, |u,| < Ny; and
(3) For all « € S, every € SN a which is a limit point of u, is an element of u,.

Definition 4.2. Let u be an S-memory template of length §. A u-iteration P is a u-quasi-Cohen iteration if:

(1) Foralla« € 6\ S, Qy = C is 1-dimensional Cohen forcing;

(2) For all & < 6, Ry, C H,, and |Rs| < Ny (where recall that R, is the ambient partial ordering from
which Q, is taken as a subset); and

(3) Forall a € S, for all B € a\ S, Py, ufa}/Pu.np is equivalent to a Cohen algebra.

We let 5 (S) denote the set of iterations P of length § which are u-quasi-Cohen iterations for some S-memory
template u.

Please cite this article in press as: N. Greenberg, S. Shelah, Models of Cohen measurability, Ann. Pure Appl. Logic (2014),
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Having defined 9Bs(.5), we note that the definition is upward absolute provided 8; does not change; this
gives us (1) of Proposition 1.3 (note that in an extension in which X; is collapsed, S is no longer a subset
of S§,, and so in that universe P5(S) is not defined). Let P € 9B5(S). If ¢ is an inaccessible cardinal then
the fact that R, C H,, for all @ < ¢ implies that Ps C Hs. Further, since in this case |0 \ S| = 0, and each
Q. for a ¢ S adds a Cohen real, in VFs, 2% > §. To show that 2% < § in V5 we prove a general lemma
which will be useful later as well.

Lemma 4.3. Let § be any ordinal and S C Sﬁl. Let P € Ps(S), and let n be a Ps-name for a real. Then
there is some u-closed set u C & of size at most Xy such that n is a P,-name.

Proof. Let u be an S-memory template which witnesses that P € s(S). Let M < V (you know what we
mean) of size N; such that wy C M, with 4, 5, u, P,n € M. Let u = M N§. First, observe that u is u-closed.
If & € u then @ € M and so u, € M. Since wy C M and |u,| < Vy, uy C M, so u, C u.

We claim that P,, = Ps N M. In one direction, let p € Ps N M. Then the support supp(p) of p is finite
and is an element of M, and so supp(p) C M. In the other direction, let p € P,,. Since supp(p) is finite and
is a subset of M, it is an element of M. For each a € u, R, € M and since |R,| < N1, R, C M, and so, for
all a € supp(p), p(a) € M. It follows that p [supp(a

For n < w, let A, be the set of conditions p € Ps such that p IFp, o < n for some o € 2™. Then A, is
dense in Ps, and so A, N M is dense in Ps N M. Since P, < Ps, we see that A,, NP, is dense in Ps, whence
n is a P,-name. 0O

y (restriction as a function) is in M, whence p € M.

In order to show that (4) of Proposition 1.3 holds, we prove something stronger, which is necessary
elsewhere but also for the inductive proof.

Definition 4.4. Let u be an S-memory template of length §.

(1) Let u C v C 6 be u-closed. We say that v is a u-straight extension of u if for all f € v NS, if uN G is
unbounded in S then 8 € u. We write u <y v.
(2) A u-closed set u C 0 is u-straight if every u-closed set v 2 u is a u-straight extension of u.

Note that:

e =y Is a transitive relation. Also, if u C v C w are u-closed and u <y w then u <y v.

e A u-closed set u C § is u-straight if and only if u <y 4, i.e., if and only if for all 5 € S, if uN g is
unbounded in g then g € u.

o Forall a € S, uy U{a} is u-straight.

o If u CJis u—closed and o € 4 \ S then u N« <y u. In particular, every a € 0 \ S is u-straight.

We also remark that in Lemma 4.3 we can require u to be u-straight, not merely u-closed. This is because
every u-closed subset of § of size N; is contained in a u-straight subset of N; of the same size; there are
at most Wy-many d € S which are limit points of u; adding each of those, and for each such 4, adding us,
results in a set of size Ry (as every us has size at most N;); repeating w times gives the desired u-straight
set.

Proposition 4.5. Let P € B5(S), witnessed by u. Let u C v C § be u-closed. Suppose that:

o U=y v; and
o S does not reflect at any limit point of v \ u.

Then P, /P, is equivalent to a Cohen algebra.

Please cite this article in press as: N. Greenberg, S. Shelah, Models of Cohen measurability, Ann. Pure Appl. Logic (2014),
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Note that Proposition 4.5 implies (4) of Proposition 1.3.

Proof. By induction on §.

First suppose that ¢ is a limit ordinal. Fix u C v C § satisfying the hypotheses of the proposition.

Suppose that v\ u is bounded below §; let a = sup(v\u). By Corollary 3.9, in VF« P, /P, is equivalent to
Puna/Puna- The conditions of the proposition hold for the pair (uNa, vNe) and so by induction, Pyna /Puna
is equivalent to a Cohen algebra.

Suppose then that v\ u is unbounded below . Then S does not reflect at §. Let ¢ be a closed, unbounded
subset of § disjoint from S (as mentioned above, this is by definition if ¢f(§) > wq; otherwise, we use the fact
that every element of S has cofinality X;). Let a < 3 be elements of c. By Corollary 3.10, in VFeneuwns)

P'Lmﬁ/Puﬁ,ﬁ
VOB UE — s /P one) U(un) -
]P)vﬂa/]Puﬂa f‘l,@/ ( n )U( OB)

Because a ¢ S, (vNa)U (uNB) <u (vNB). By induction, in VFuns,

Pvﬂﬂ/Puﬂﬁ
Pvﬂa/Puﬁa

is equivalent to a Cohen algebra. Further, if 5 is a limit point of ¢, then by Lemma 3.11,

P’UOB/PuﬁB: U Pl)ﬂa/Puﬂa-

accnf

Let G C P, be generic; for a < §, let G, = GNPyne. Using Lemma 2.5, by induction on o € ¢U {0} we
define an increasing and C-continuous sequence of sets (X, ) and an increasing and continuous sequence of
dense embeddings 0,: Pyna/Go — C(X4).

Now suppose that the lemma is known for §. Fix u C v C §+1 satisfying the hypotheses of the proposition.
For brevity, let w = uNJ and v = v N §. By induction, P;/Pz is equivalent to a Cohen algebra.

If § ¢ v then v = 0 and w = @. If § € u then by Corollary 3.9, P, /P, ~ P5/Pgz. We suppose, then, that
0 €\ u,sou=u.

Now there are two cases. If § ¢ S then P, = P; x C, so P, /P, = (P5/P,) x C and so is equivalent to a
Cohen algebra.

Suppose that 6 € S. Then u <y v implies that u is bounded below 6. Find some v € [supu,d) \ S (recall
that S does not, for example, contain successor ordinals). Since v is u-closed, us C v. We analyse P, /P, in
three steps. Let y = uUus U {d}.

(1) Py, /P, is equivalent to a Cohen algebra: this follows from induction as u <4 (yN~) (since yN~y C v).
(2) Py/Pyn, is equivalent to a Cohen algebra: by Lemma 3.8, Py /Py, ~ Py sy /Pusny, because us Ny =
(yNnvy)N(usU{0}) (by the definition of y); we then use the assumption that P is u-quasi-Cohen.

(3) P,/P, is equivalent to a Cohen algebra: here we note that since u <y v and us U {4} is u-straight, we
have y <y v. Certainly v \ y is bounded below ordinals at which S reflects as u C y. Since ¢ € y,v we

are back in a previous case. (Namely, by Corollary 3.9, P, /P, ~ P /Py where y =y Nd.) O

Remark 4.6. One way to think of Proposition 4.5 is by thinking of “rearrangements” or “relistings” of the
coordinates. In the situation described, v\ u can be re-ordered so that every initial segment (together with u)
is u-closed, and the corresponding partial ordering is equivalent to a Cohen algebra. We do not pursue this
formally here.

Please cite this article in press as: N. Greenberg, S. Shelah, Models of Cohen measurability, Ann. Pure Appl. Logic (2014),
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5. Toward Cohen measurability

The following is known; we add a proof for completeness.

Proposition 5.1. Let j: V — M = Ult(V, i) be a normal ultrafilter embedding witnessing that k is a measur-
able cardinal. Let P C V,, be a notion of forcing, and suppose that P< j(P). Then in V¥ there is a k-complete
ideal T on K such that P(k)/I ~ j(P)/P.

Proof. Let G C IP be generic over V. In V[G], let B be a complete Boolean algebra such that j(P)/G is a
dense subset of B (technically, its separative quotient is, we ignore this point).
For any sentence ¢ of the forcing language for j(PP) (with names from M7(®), let

Y(p)={pei®)/G : (plk;p) )™},

and let y(p) = 32" Y ().
Fact 2.1 tells us that for any ¢, y(=p) = =Py(p). Further, we note that if ¢ € G and g € Y () then

y(p) = 1, as g is compatible with every p € j(P)/G.

For a P-name A for a subset of k we consider y(x € j(A)). Let A and B be such P-names, and suppose that
g € Gand glkp A C B. Since j(g9) = g, we see that in M, g IF;p) j(A) C j(B), so y(j(A) C j(B)) = 1.
It follows that y(k € j(A4)) < y(k € j(B)). This shows that the map A — y(xk € j(A4)) induces an
order-preserving function v from P(x)VI¢! to B.

The observation above shows that for all A € P (k)¢ 1 (k\ A) = =B1p(A). Certainly ¢ (0)) = O and
’Q/)(Ii) = lIB%-

Let v < r, and let (D;),_ be a sequence of subsets of £ in V[G]. We can fix a sequence (4;) of P-names
for D;; we also fix a P-name Ay for |J;_, D;. In VI®) G(Ay) = Ui, J(Ai).

Since for each k < 7, Ay C Ay in VF,| we know that 1(Dy) < ¥(Ui<, Di), and so SPy(Dy) < (U, Ds)-
To get equality, note that by Fact 2.1, |J; ., Y (x € j(4;)) is dense below each p € Y'(x € j(Av)) (in j(P)/G).

This shows that ¢ is a k-complete Boolean homomorphism. So I = ker(¢)) is a k-complete ideal on & in
V[G], and ¢ induces an embedding of P(x)/I into B in V[G]. It remains to show that ¢ is dense.

Let p € j(P)/G. Recall that p is the normal ultrafilter generating j; so p = [p], for some p:x — P;
write p = (Pa)q<,- Define a P-name A for a subset of x by letting A = {(pa,) : @ < x}. Then for all
a<rkand g €P, ¢glFp a € Aif and only if ¢ IFp po € G. Hence in M, since x = [id],, for all ¢ € j(P)/G,
q ki) & € j(A) if and only if ¢ IF;p) p € Gj(p) if and only if in B, ¢ < p. Hence ¥(A[G]) =p. O

For the following proposition, let P € 9,.(S) and let j: V — M be an elementary embedding with critical
point . Write P for P,;. Since every p € P has finite support (in particular, support bounded below ), we
see that essentially j [p= idp and that in M, P = j(P),. Hence P < j(IP) (in M, but this is absolute).

Proposition 5.2. Suppose that  is 2%-supercompact. Suppose that S only reflects at inaccessible cardinals.
Let P € B..(S). Then there is an elementary embedding j:V — M given by a normal ultrafilter on  such
that j(IP)/P is equivalent to a Cohen algebra. Hence, in V¥, k is real-valued Cohen.

Note that the dense embedding of j(P)/P into a Cohen algebra is not necessarily in MF.

Proof. Let i:V — N be an elementary embedding with critical point « such that i(x) > 2" and N?" C N.
Let U be the ultrafilter on s generated by 4, i.e. A € U iff k € i(A). Let M = Ult(V,U) be the transitive
collapse of V* /U and let j: V — M be the associated elementary embedding. The triangle can be completed
by an elementary embedding k: M — N, defined by k([f]v) = (i(f))(k). Soi = ko j.

Please cite this article in press as: N. Greenberg, S. Shelah, Models of Cohen measurability, Ann. Pure Appl. Logic (2014),
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Since £ C N and U € N, we see that k [ ;.)€ N, and sov = k[j(x)] € N.In N, [v| = 2%, s0in N, v\ is
an Easton set (it is bounded below every inaccessible cardinal). The set v is i(u)-closed, where u witnesses
that P € P, (). For let v € v; let @ = k~1(7). Then k(j(u)a) = i(u),, and since [j(u)a| =Ry < K, k().
is a bijection between j(u), and i(u),. It follows that i(u), C k[j(k)] = v.

Also note that x ¢ i(S) (k is regular in N), and so £ <) v. In N, i(S) only reflects at inaccessible
cardinals and v \ k is bounded below these. Hence, the conditions of Proposition 4.5 hold and we conclude
that in N, P < i(P), and i(P),/P is a Cohen algebra; this is upwards absolute, so holds in V.

We claim that j(P) and i(IP), are isomorphic over P. Certainly, k[j(IP)] C i(IP) and & [;p is order-
preserving. However, since j(IP) is a finite support iteration, for each p € j(IP), k pointwise maps the support
of p to the support of k(p), and so k(p) € i(P),.

It remains to show that k is onto i(P),. By induction on § < j(x), we show that k[;p), is onto i(P)ys).
This is preserved at limit stages since for limit § < i(x), i(P)uns = Uy<s i(P)ona- Let 6 < j(x) and suppose
that k[, is onto i(P)s) = i(P)urk(s)-
is an

As observed above, k [j(y), is a bijection between j(u)s and i(u)ys). It follows that & [

8

isomorphism from j(P);(uy, to i(P);(w)

P)j(u)s

k(8)

Recall that for some Rs C H,,,, j(P)s+1 = j(P)s * Qs, where Qs C j(P);(u), X Rs is a j(P);(u),-name
for an initial segment of Rs, and j(P)s+1 = j(P)s * Q5. Then k(Qs) = k[Qs] is an i(P);(u), ;,-name for an
upward closed segment of k(Rs) = Rs, and i(P)yniis+1) = i((P)unr(s) * £(Qs). For p € j(P)s and s € R,
pIFim), s € Qs if and only if k(p) Ik s € k(Qs) and this shows that & [
between j(P)sy1 and i(P)g541). O

is an isomorphism

W k(s 541

6. Continuity on a non-meagre set

Definition 6.1. Let x be an inaccessible cardinal and let S C & be stationary. A $(S) sequence is a sequence
(fs : 6 € S) of functions such that for each 6 € S, dom f5 C § is unbounded in 6, range f5 C Vs, and for
every set T C k unbounded in k and every function F:T — V,, for stationarily many § € S we have

F rdom fs— fé-

By replacing a function F: k — V,; by the function o — F' [, we see that (since x is inaccessible), a 3(.5)
sequence exists if and only if &(.S) holds. We will use this slight variant of the diamond because it is easier
to construct such a sequence.

The aim of this section is to prove (3) of Proposition 1.3: if x is inaccessible (in fact x > N3, 2% is
sufficient), 5 C S§, and <©(S) holds, then there is P € PB,(S) such that in VF, every function from 2% to
2% is continuous on a non-meagre set.

We fix such x and S. Below, for brevity, for § < & we write 5(S) for s(S N §). The construction of P
(together with a witness template u) will be by induction, so we explain how to obtain elements of J35(S)
from P, (S) for a < §. The following are immediate from the definition of PB;(.5):

o Let 6 < k be a limit ordinal. Then 93;(S) is the set of all finite-support iterations P of length § such
that for some S N d-memory template u of length §, for all & < 8, u [, witnesses that P[,€ PBa(S).
o Let § <k and let P € B;(9), as witnessed by u. Then u"(f)) witnesses that P x C € Ps,1(S).

For the rest of the section, recall that if j:P — Q is a dense embedding and ( is a Q-name for a real
then the pullback & = j~![(] is the P-name determined by p IFp £(n) = i if and only if j(p) IFg ((n) = i.
Similarly, if £ is a P-name for a real then the push-forward ¢ = j[¢] is the Q-name for a real determined by
q kg ¢(n) =1 if and only if the set of j(p) such that p IFp £(n) = i is dense below g¢.
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Lemma 6.2. Let 6 € S, and let P € P5(S), witnessed by u. Suppose that:

) w C ¢ is u-straight, and |w| < Ny;
2) for some set X, j: Py, — C(wy, X) is a dense embedding;
) ¢ is an unbounded subset of 6 which is disjoint from S;
) Forally €c, jlp
X, C X.

is a dense embedding of Pyny into Cey, X)) for some even e; < wyi and some set

wn~y

Fori < wy, let n; be the Py -name for a real which is the j-pullback of the Cohen name given by C({2i}), and
similarly let ¢; be the pullback of the name given by C({2i + 1}). Then u*{w} witnesses that P x Sh(#}, () €

Bs+1(5)-

Proof. We need to show that for all g8 € § \ S, P, * Sh(ﬁ,&)/ﬂ”wmg is equivalent to a Cohen algebra. Fix
such 8. Find some v € ¢ greater than . Since 8 ¢ S, wN B <y wN~. Since |w| < Xy and S does not reflect
at any ordinal of cofinality ®; (as S C S§, ), w is bounded below any ordinal at which S reflects. Hence, by
Proposition 4.5, IF’wM/IP’wmg is equivalent to a Cohen algebra.

It remains to show that Py, * Sh(7, ¢)/Pun, is equivalent to a Cohen algebra. As e, is an even ordinal,
Proposition 2.8 says that (C(w;) *Sh)/C(e,) is equivalent to a Cohen algebra. The names (7, ¢) are defined
so that the dense embedding j extends to a dense embedding of P,, Sh(ﬁ,g) into C(X,wy) * Sh. Then
P,, * Sh(7], ¢)/Puwny is equivalent to (C(X,w;) * Sh)/C(X,,e,). This in turn is equivalent to C(X \ X,) x
((C(w1) * 8h)/C(ey)), which is equivalent to a Cohen algebra. O

Lemma 6.3. Let P € B,.(S), witnessed by u. Suppose that p € P, forces that A C 2 has size Ny and is
meagre. Then there is some u-closed w C Kk of size Xy such that p € Py, A is a Py-name and such that
plFp, “A is meagre”

Proof. This is similar to the proof of Lemma 4.3. There is a countable sequence (T;) of P,-names for trees in
Cantor space (subtrees of 2<*) such that p forces that no [T}] contains a clopen set, and A C |J;[T;]. We pass
to an elementary submodel M of the universe of size X; containing all pertinent objects. Let (n, : o < wi)
be a sequence of P-names for reals such that p forces that A = {n, : @ < w;}. For each o and each n, the
set of conditions ¢ € P, for which there is some finite binary string ¢ of length n such that ¢ forces in P,
that o € |J; T; and 0 < 1, is dense below p, and so dense below p in P,, = P,, " M where w = x N M. Since
P, < P, and these statements are absolute, forcing them in P, and in P,, are equivalent. 0O

Lemma 6.4. Let P € B (S), witnessed by the S-memory template u. Let v C k be u-straight and suppose
that in VF», A C 2% is non-meagre and has size R1. Then A is also non-meagre in V=,

Proof. If not, then there is some p € P, which forces that A is meagre. By Lemma 6.3, there is some
u-closed w 2 v such that |w\ v| < Ny, p € P, and plrp, “A is meagre”. This is impossible, since Py, /P, is
a Cohen extension. 0O

For § < K, P € Ps(S) (witnessed by u) and a € 6\ S, we let p, be the name for the Cohen real added
by Qq = P(q}. Since p, is a Py,y-name, it is a P,-name for any u-closed set v containing .

Lemma 6.5. Let 0 € S, and let P € P5(S), witnessed by u.
Suppose that {a; : i < w1} s an increasing enumeration of an unbounded subset of 8, disjoint from S,
and that we have:
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o fori < ws, u-straight sets w; of size Wy such that a; € w;, w; C a1 and w; N, is a constant w*;

o sets Y, Z,W and dense embeddings j; of P, into C(Y,Z, W), such that j; [p,. is constant, a dense
embedding into C(Y); and ji lg,, is a dense embedding into C(Z) such that ji[pa,] is the Cohen real
added by C(Z);

o APy, -name n; for a real such that the push-forward j;[n;] (which is a C(Y, Z,W)-name for a real) is a
constant v*.

Let w = J,; w;. Then wU {0} is u-straight and there is a Py,-name Q for a notion of forcing such that:

e PxQePs1(9) (witnessed by u™(w)); and
o In VP*Q there is a non-meagre subset A of {pa, : i < w1} such that the map pn, — 1 is continuous
on A.

Proof. Since C(Y,Z,W) is c.c.c., there is a countable set X C W such that v* is a C(Y, Z, X)-name. We
replace W by W\ X. Also note that Z is countable.

We merge the embeddings j; as follows. We assume that Y and W are disjoint from w;. For i < w; fix
isomorphisms f; of C(Z) with C({2i}) and g¢; of C(X) with C({2¢ + 1}). Also fix sets A; (pairwise disjoint,
and disjoint from Y and wy) and isomorphisms h; of C(W) with C(A;). Let Ac; = J;/.; Av and A = A,,.

The product map ¢; = (ide(y), fi, gi, k) is an isomorphism of C(Y, Z, X, W) with C(Y, {2i,2i 4 1}, A;).
The composition 1); = ¢; o j; is a dense embedding of P, into C(Y,{2¢,2i + 1}, 4;). The map ¥; [p,,.
equals j; [p,. (a constant, dense embedding into C(Y')). Letting v; be the name for the Cohen real added
by C({i}), we have 9;[pa;] = V2.

w U {d} is u-straight since every limit point of w (other than 0) is a limit point of some w;. Let p € Py,.
For all but finitely many ¢ < w; we have p [, € Py+. In other words, PP, is the finite support product of
the Py, over the root Py«. Thus, the sequence ¥ (p) = (¢;(p) : i <wi) is an element of the finite support
product of C(Y, {2i,2i+ 1}, A;) over C(Y') which equals C(Y, w1, A), and ¢ is a dense embedding of P, into
C(Y, w1, A). Further, for i <wy, ¥ [p,,, is a dense embedding of Pyna, =Py, _, w, into C(Y,2i, A;).

The isomorphism ¢; carries the name v* to a C(Y,{2i,2i + 1})-name for a real o;[v*]. In VEO) there
is a continuous function which in VC(¥>“1) maps the pair (vai, vait1) to @i[v*] = 1i(n;). Translating back,
letting j1; = 1~ 1[vgi11], in VF»* there is a continuous function which in VFv takes the pair (pa,, it;) to 7.

Let Q = Sh({pa,), {11;)). Then in VF»*Q there is a non-meagre subset A of {p,, : i < wi} on which the
map pa, — f; is continuous. On A, the map p,, — 7; is the composition of two continuous functions and
so is continuous. Finally, Lemma 6.2 shows that P[5 *Q € Bs;1(S). O

We now prove (3) of Proposition 1.3. Let (fs : 6 € S) be a 3(S5)-sequence.

By recursion we define P € B, (S) with a witness template u. At step 6§ < &, say we have already defined
u |5 and P |5 (taking limits at limit stages). In the interesting case, suppose that 6 € S. If dom f5 is a
set increasingly enumerated as {o; : i < wi} and fs(o;) = (w;,Y, Z, W, j;,n;) where the conditions of
Lemma 6.5 hold, then we choose us = w and Qs = Q for (w,Q) given by the lemma. Otherwise we let
us =0 and Qs = C.

This defines u and P € B,.(S). Now let F be a P,-name for a function from 2¢ to 2¢. Again recall that
for a € K\ S, po is the Qo = P4)-name for the Cohen real added.

By Lemma 4.3 (and the discussion after Definition 4.4), for @ € £\ S let v, be a u-straight set of size N,
such that F(p,) is a P,_-name. By increasing, we may assume that « € v,

Since |v,| = Wy, it is bounded below any ordinal at which S reflects. Then P, is equivalent to a Cohen
algebra (of dimension at most ®;). Of course P, (a+1)/Pv.na = P{q} is equivalent to a Cohen algebra (of
dimension 1), and since a + 1 ¢ S, P, /P, ~(a+1) is equivalent to a Cohen algebra. We can therefore find
sets Yy, Zo, Wy € V,,,, (all of size at most Ny, and Z, countable (or a singleton)) and a dense embedding k,
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of P, into C(Ya, Zo, We) such that &, [, . is a dense embedding into C(Y,) and kq IP(o, is the canonical
dense embedding into C(Z,,) (so kq[pa] is the Cohen real added by C(Z,)). We let vy = ko[F (po)]-

Since k \ S is stationary, there is some unbounded (indeed stationary) set T' C k such that for « € T,
Y., Zo, W, and v, are constant Y, Z, W and v*; and further, since k is inaccessible, v, N« is a constant w™
and j, [p,. is a constant j*. By induction we choose an unbounded 7" C T such that for o < 3 from 17,
Vo C B. For a € TV, let h(a) = (va, Y, Z, W, ja, F(pa))-

There is some § € S such that f5 = h[dqom f,- By restricting to a subset we may assume that dom fs =
{a; : i <w;} (increasing enumeration). Then letting w; = v, and n; = F(pa,), we see that the conditions
of Lemma 6.5 hold, and so, for the resulting w, in VF»uts} there is a non-meagre set A C {pn, : i < wy}
on which p,, + 1; = F(pa,) is continuous. By Lemma 6.4, A is non-meagre in V' as well. This concludes
the proof.

7. Consistency strength

We prove (5) of Proposition 1.3. Several ideas come from [3]|. Let x be a measurable cardinal. We want
to show that in a forcing extension W there are a stationary S C S§ and a normal ultrafilter embedding
J: W — N with critical point x such that:

(1) ©(S5) holds; and
(2) in W, j(S) reflects nowhere in the interval (x, j(k)].

We first add S and its diamond sequence. As indicated above, it is more natural to add a $(.5)-sequence.

Notation 7.1. Let I be the class of inaccessible cardinals and let T be its closure. For o < & let o™ be the
least element of I greater than a.

Definition 7.2. Let Q consists of the pairs p = (o, F') such that:

e o is a partial function from the ordinals to 2. The domain of ¢ is an Easton set (bounded below each
inaccessible cardinal). Further, for all 6 € I, the domain of & [[5,5) is an initial segment of [0,8%).

o Every a € 071{1} has cofinality ¥;.

o For all a < k of uncountable cofinality, if dom ¢ is unbounded in «, then 0=1{0} contains a club of «.

o F={f,:aco 1{1})is a sequence of functions such that for all a € o0=1{1}, dom f,, is a club of a of
order-type wy and range f, C a.

Extension in Q is given by extension in both coordinates.

As defined, Q is a class of conditions, and we will use only a set of these. For an interval of ordinals A,
we let Q4 be the set of conditions (o, F') € Q such that domo C A. We will be mainly interested in the
case A = k.

Definition 7.3. Let p = (0,F) € Q4. We define a condition p = (7, F) by defining o(5) = 0 for all
B € A\ domo such that 5N domo is unbounded in . Since we are only adding to dom ¢ limit points of
dom o, it follows that the limit points of dom o and dom ¢ are the same, and so p € Q4.

Let v be an ordinal, and suppose that (pz->i<y is a decreasing sequence from Q. If p; = (o;, F;) then we
let o<y = Ui, 00, Foy = U, Fi, and pey = (0<y, Fery). I p; € Qaa for all i < v, and cf(y) < (min A)™ it
may still be the case that p, ¢ Q, because of the non-reflection requirement. However, if in addition the
sequence witnesses non-reflection the we get closure.

Please cite this article in press as: N. Greenberg, S. Shelah, Models of Cohen measurability, Ann. Pure Appl. Logic (2014),
http://dx.doi.org/10.1016/j.apal.2014.05.001




Sh:1039

APAL:2401

18 N. Greenberg, S. Shelah / Annals of Pure and Applied Logic o e e (o e ee) o0 06—00e

Lemma 7.4. Let A be an interval of ordinals. Let v < (min A)*, and let (p;), ., be a decreasing sequence of

conditions in Q. Further suppose that for all i <y, p; extends p<;. Then p<y € Qa.

Proof. We only need to check the non-reflection condition. Let o have uncountable cofinality and suppose
that domo., is unbounded in a. We assume that for all i < v, a N domo; is bounded below «; let
B; = sup(dom o; N «). The sequence (o;) is continuous so {f; : i < v} is a club of a. By restricting to a
club of 7 € v, we may assume that 8; ¢ domo;, and in this case 0;(8;) = 5<;(8;) = 0. Thus, a club subset
of the 3; ensures that a does not prevent p., from being in Q4. O

This shows that Q4 is < (min A)*-strategically directed closed, and so < (min A)*-distributive. If A < &
is inaccessible, then |Qx| = A, and Q. = Qi x Q[ ). Since Q) is AT-distributive, this shows that Q,
preserves all cofinalities (and so, preserves all cardinals). Similarly, for any cardinal § < &, since |Qs| < §%,
(29)Ves < 6%, and Qp5,+) does not add subsets of . We conclude that any inaccessible cardinal in V' is also
inaccessible in V@,

Proposition 7.5. Assume 2% = k+. Then k is measurable in V@,
This is fairly standard (see for example [3, Claim 2.6]), but we include a proof for completeness.

Proof. Let j: V — M be a normal ultrafilter elementary embedding with critical point x; so M* C M. In M,
7(Qx) = Qj(x) = Qu X Qqix j(x)), Where Qy is absolute between V' and M (and j is the identity on Q).

In V there is a list (D;), ., of all dense open subsets of Qf\;{j(ﬁ))' [To see this observe that in M,
|Q%ﬁ)| = j(k) and 270) = j(k)*t, whereas (j(k)t)M = j(kt) and in V |j(s1)] = (k1)" = k1] In V we

can construct a filter H C Qf\g () generic over M by building a sequence of conditions (p;) with p;

i<kt
meeting D;; we can keep going by ensuring that p; extends p=;, noting that p.;, € M since M . C M.

Let G C Qy be generic over V. Since M[H] C V, G is also generic over M[H] and so G x H C Q%@ is
generic over M. We extend the embedding j to an embedding j: V[G] — M|[G x H]: for x € V@ we have
j(z) e M%) and we map z[G] to j(x)[G x H]. The fact that j(p) = p for all p € G is used to show this is

well-defined and elementary. O
If G C Q, is a generic filter, we let S = S[G] be the union of c~{1} where (o, F) € G for some F.
Lemma 7.6. In V@ S is stationary and &(S) holds.

Proof. The 4(S) sequence is a modification of the sequence given generically by the second coordinate of the
forcing conditions. Let {fs5)sc g be the union of F where (o, F) € G for some . We show that in V=, for any
function h from an unbounded subset of k to «, there are stationarily many 0 € S such that A [4om f;= fs-
To then capture functions into V,, we compose the functions fs with some fixed bijection between x and V.
Let C be a Q,-name for a club of k, and let A be a Q-name for a function from an unbounded subset
of k to k.
Starting from an arbitrary pg € Q,, we define a decreasing sequence (p;) with each p; extending p=;,

and three increasing sequences (i), » (Ci)i<,, and (vi),.,,, such that:

1<wi

o a; <9 < aiq1 and G < agyr;
e p;lkg, o; € C;
o pilkg, v € domh & h(v;) = .

Let o = sup,;_,, a;. Define p* by extending p<,, by letting 0*(a*) = 1 and for = (y; = (). Then p*
forces that S intersects C' at o* and that h[qom f,. = fax. O
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Lemma 7.7. In V@ S only reflects at inaccessible cardinals.

Proof. Let a < & of uncountable cofinality be accessible in V@ then it is accessible in V as well. Let
p = (0,F) € Q. If domo N« is unbounded in «, then since 0~1{0} contains a club of a, p forces that S
does not reflect at . The collection of condition p = (o, F') such that dom ¢ N« is unbounded in « is dense
in Q,; we can always extend any given condition by sufficiently many zeros (on an interval if « is not a
limit of inaccessible cardinals, and on a club of « of order-type cf(«) otherwise). O

Our next step is to extend V@< to a model in which j(S) reflects nowhere in (x, j(x)]. As this is mirrored
below k, we look at A < k first.

We work in V. Let A < k. We let Ry be the collection of all functions C whose domain is I N (A, k] such
that for each § € dom C, C(J) C (A,9) is a closed set, bounded below § (so sup C(d) € C(d)). We order
R coordinatewise by end extension. We define a Q| .)-name Sy for an upward-closed subset of Ry. This
name consists of the pairs ((, F),C) € Q x) x Ry such that for all § € N (X, &], C(6) € o~ '{0}. Note
that since Q, = Qx X Qx x), Sx is also a Q,-name.

Proposition 7.8. In VO~*5x S refiects nowhere in the interval (\, k).

Proof. If § € (), ] is an accessible ordinal of uncountable cofinality, then by Lemma 7.7, in VO S is
disjoint from a club of § in V@ and hence also in any extension of V@,

Let 0 € (X, s] be inaccessible. As V@ *Sx V@5 it is sufficient to show that Sixx) (the generic
subset of [\, x) added by Q) )) does not reflect at ¢ in VO *S3 If G is a generic filter for Q) * Sa
over V then we let Ds be the union of C(§) where (p,C) € G for some p. It is clear that Dy is disjoint
from Sy ), and that Ds is a closed subset of sup Ds. We need to show that sup Ds = 6.

We work in V. Let v < 6; let ((0, F),C) be any condition in Qi ) * Sx. Since § N dom o is bounded
below 0, it is easy to extend o to ¢’ by adding sufficiently many zeros so that v € dom ¢’ and extend C to
C’ so that C’(0) intersects the interval [v,d). O

Proposition 7.9. In V@ S, is < \X-distributive.

Proof. It suffices to show that Qy . * Sy is < A* distributive in V. Then we argue that it has the same
property in VO, This relies on the fact that Qx| = A. For let f € V@ *Quxm*8x be a function from v < AX
to ordinals. We think of f as a Qy-name in Vx»*Sx. Define g(p,a) = 3 if p IFg, f(a) = B. The domain
of g has size less than A™ since |Qy| < A. Hence g € V. With g, any Qx-generic can calculate f and so
f € VO as required.

In turn we observe that for v < A%, all sequences of ordinals of length v in V@*$x in fact lie in V@ and
so in V@ proving the proposition.

Working in V', we show that Qpy .)*Sy is < A* distributive. Given a condition ¢ = (p, C) in Qyy ) *Sy, we
define ¢ = (p, C) by taking jp as above, and defining, for each limit point 3 of dom o (where p = (o, F')) which
is not already in dom o, for each inaccessible § > 3 such that dom o N [3,8) = 0, C(§) = C(6) U {B}. Since
for such § we have C(6) C 3, C(6) is indeed an end-extension of C(d), and it is clear that ¢ € Q[y x) * Sx.

We show that a dense subset of Qpy ) * Sy is < A*-strategically closed. Let T' be the set of conditions
((0, F),C) € Qjx k) * Sx such that:

e domo is a closed subset of x; and
e For all § € I N (A k], max C(§) = sup(dom o N §).

Extending a given condition ((o, F'),C) from Qj ) * Sx to a condition ((¢’, F'),C") in T is not difficult; for
each § € IN(A, k] we add € = sup(dom oNd) and also e+1 to domo’, and let ¢’(e+1) = 0 and e+1 € C’(9).
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Let v < A* and let (g;), < be a decreasing sequence of conditions from T such that for all i < =,

¢; extends g<;. Then g, € T. O

We can now prove (5) of Proposition 1.3. Starting with the measurable cardinal x such that 2% = k™, we
first work in V@< Since & is measurable in V@< (Proposition 7.5), let  be a normal ultrafilter on x in V@
and let j be the associated embedding from V@ into the transitive inner model P = (Ult(V @, p)) of V@,
Using p to average the notions of forcing Sy for inaccessible A < x (again, thinking of these as elements
of V@), we see that in P there is some notion of forcing S such that:

e in P, S is < k*-distributive;

e in PS5, j(S) reflects nowhere at the interval (s, j(k)].

Since P is an inner model of V@, S is an element of V@*. The model W we are after is V@*, Because
in V@ P is closed under taking sequences of length x, we see that S is < x*-distributive in V& as well.
This means that (V,;1)% = (V,41)". From this we conclude:

e In W, S is a stationary subset of x and $(.5) holds.
e p is a normal ultrafilter on x in W as well, and by taking the ultrapower W*/u, the embedding j can
be extended in W to an embedding (which we also call j) from W to an inner model N of W.

Finally, since P C V@ PS ¢ W. As non-reflection is upward absolute, j(S) reflects nowhere at the interval
(K, j(k)] in W as well. This concludes the proof.

References

[1] Sakae Fuchino, Noam Greenberg, Saharon Shelah, Models of real-valued measurability, Ann. Pure Appl. Logic 142 (1-3)
(2006) 380-397.

[2] D.H. Fremlin, Real-valued-measurable cardinals, in: Set Theory of the Reals, Ramat Gan, 1991, in: Israel Math. Conf.
Proc., vol. 6, Bar-Ilan Univ., Ramat Gan, 1993, pp. 151-304.

[3] Moti Gitik, Saharon Shelah, More on real-valued measurable cardinals and forcing with ideals, Israel J. Math. 124 (2001)
221-242.

[4] Saharon Shelah, Possibly every real function is continuous on a non-meagre set, Publ. Inst. Math. (Beograd) (N.S.) 57 (71)
(1995) 47-60, Buro Kurepa memorial volume.

[5] Robert M. Solovay, Real-valued measurable cardinals, in: Axiomatic Set Theory, Part I, Univ. California, Los Angeles,
Calif., 1967, in: Proc. Sympos. Pure Math., vol. XIII, Amer. Math. Soc., Providence, R.I., 1971, pp. 397-428.

Please cite this article in press as: N. Greenberg, S. Shelah, Models of Cohen measurability, Ann. Pure Appl. Logic (2014),

http://dx.doi.org/10.1016/j.apal.2014.05.001



http://refhub.elsevier.com/S0168-0072(14)00055-4/bib464753s1
http://refhub.elsevier.com/S0168-0072(14)00055-4/bib464753s1
http://refhub.elsevier.com/S0168-0072(14)00055-4/bib4672656D6C696Es1
http://refhub.elsevier.com/S0168-0072(14)00055-4/bib4672656D6C696Es1
http://refhub.elsevier.com/S0168-0072(14)00055-4/bib476974696B5368656C6168s1
http://refhub.elsevier.com/S0168-0072(14)00055-4/bib476974696B5368656C6168s1
http://refhub.elsevier.com/S0168-0072(14)00055-4/bib5368343733s1
http://refhub.elsevier.com/S0168-0072(14)00055-4/bib5368343733s1
http://refhub.elsevier.com/S0168-0072(14)00055-4/bib536F6C6F766179s1
http://refhub.elsevier.com/S0168-0072(14)00055-4/bib536F6C6F766179s1

	Models of Cohen measurability
	1 Introduction
	1.1 Proof of Theorem 1.2
	1.2 Structure of the paper

	2 Preliminaries
	2.1 Complete embeddings
	2.2 Embeddings into a Cohen algebra
	2.3 A restricted form for iterations
	2.4 Forcing continuity on a non-meagre set

	3 Iterations with restricted memory
	4 S-iterations
	5 Toward Cohen measurability
	6 Continuity on a non-meagre set
	7 Consistency strength
	References


