Sh:377

The Journal of Symbolic Logic

http://journals.cambridge.ora/JSL

Additional services for The Journal of Symbolic Logic:

Email alerts: Click here
Subscriptions: Click here
Commercial reprints: Click here
Terms of use : Click here

THE
JOURNAL OF
SYMBOLIC
LOGIC

(o

On the number of automorphisms of uncountable models

Saharon Shelah, Heikki Tuuri and Jouko Vaananen

The Journal of Symbolic Logic / Volume 58 / Issue 04 / December 1993, pp 1402 - 1418

DOI: 10.2307/2275150, Published online: 12 March 2014

Link to this article: http://journals.cambridge.org/abstract_S0022481200020661

How to cite this article:

Saharon Shelah, Heikki Tuuri and Jouko Vaananen (1993). On the number of automorphisms of
uncountable models . The Journal of Symbolic Logic, 58, pp 1402-1418 doi:10.2307/2275150

Request Permissions : Click here

CAMBRIDGE JOURMNALS

Downloaded from http://journals.cambridge.org/JSL, IP address: 132.174.254.159 on 23 May 2015



Sh:377

THE JOURNAL OF SYMBoLIC LoGic
Volume 58, Number 4, Dec 1993

ON THE NUMBER OF AUTOMORPHISMS
OF UNCOUNTABLE MODELS

SAHARON SHELAH, HEIKKI TUURI, AND JOUKO VAANANEN

Abstract. Let o(2 ) denote the number of automorphisms of a model U of power w,. We derive a neces-
sary and sufficient condition in terms of trees for the existence of an U with v, < a(A) < 2. We study
the sufficiency of some conditions for o(2) = 2°'. These conditions are analogous to conditions studied
by D. Kueker in connection with countable models.

The starting point of this paper was an attempt to generalize some results of
D. Kueker [8] to models of power ;. For example, Kueker shows that for count-
able A the number o(A) of automorphisms of W is either <w or 2*. In Corollary 13
we prove the analogue of this result under the set-theoretical assumption I(w): if
I{w) holds and the cardinality of U is w,, then ¢(A) < w, or g(A) = 2°'. In Theo-
rem 16 we show that the consistency strength of this statement + 2! > w, is that
of an inaccessible cardinal. We use ||| to denote the universe of a model A and
|| to denote the cardinality of ||||. Kueker also proves that if || < w, |B| > w,
and A =B (in L), then o(A) = 2°. Theorem 1 below generalizes this to power
w,. If AW and B are countable, A # B and A < B (in L), then we know that
(W) = 2°. Theorem 7 shows that the natural analogue of this result fails for models
of power w,;. Theorem 14 links the existence of a model A such that || = w,,
w; < o(W) < 2%, to the existence of a tree T which is of power w,, of height w,,
and has o() uncountable branches.

We use A =, B to denote that 3 has a winning strategy in the Ehrenfeucht-
Fraissé game G(, B) of length w, between A and B. During this game two players
Jand V extend a countable partial isomorphism 7 between 2 and B. At the start of
the game = is empty. Player V begins the game by choosing an element a in either ¥
or B. Then 3 has to pick an element b in either 2 or B so that a and b are in different
models. Suppose that a € . If the relation m U {(a, b)} is not a partial isomorphism,
then 3 loses immediately, else the game continues in the same manner and the new
value of 7 is the mapping = U {(a, b)}. The case a € B is treated similarly, but we
consider the relation 7 U {(b, a)}. The length of our game is w; moves. Player 3 wins
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if he can move ; times without losing. The only difference between this game and
the ordinary game characterizing partial isomorphism is its length. M. Karttunen
and T. Hyttinen have proved [3], [4], [7] that A =, B is equivalent to elementary
equivalence relative to the infinitely deep language M,,,,. It may also be observed
that A =, B is equivalent to isomorphism in a forcing extension, where the set of
forcing conditions is countably closed [9]. For the definition of M, and other
information of =, the reader is referred to [3], [4], [7], [9]-[11]. Our treat-
ment is self-contained, however. The definition of the language M, is not needed
in this paper.

One of the basic consequences of A =, B is that if A and B both have power
w;, then W = B [7]. The proof of this is similar to the proof of the corresponding
result for countable models.

We note in passing that there is a canonical infinitary game sentence ¢ (see [3],
[4] or [7]), a kind of generalized Scott sentence, with the property that B = g iff
A =, B for any B. So if A =, B happens to imply that B has power <w,, then
@q characterizes U up to isomorphism.

The authors are indebted to Wilfrid Hodges for his help in the early stages of
this work and to Alistair Lachlan and Alan Mekler for suggesting improvements.

THEOREM 1. If a model of power o, is =, -equivalent to a model of power > w;,
then it has 2°* automorphisms.

For the proof of this theorem we define the following game G(U) where 2 is a
model of power w, : There are w; moves and two players 3 and V. During the game
a countable partial isomorphism = is extended. At each move V first plays a point
to which 3 then tries to extend #. V can tell whether the point is to be on the image
side or in the domain side. Moreover, 3 has to come up with two contradictory ex-
tensions of 7, from which V chooses the one the game goes on with. 3 wins if he can
play all w, moves.

A model U is called perfect, if 3 has a winning strategy in G().

ProPOSITION 2. If A =, B for some B of power >w,, then N is perfect.

PROOF. Let S be a winning strategy of 3 in the Ehrenfeucht-Fraissé game. An
S-mapping is a partial isomorphism between U and B arising from S. We describe
a winning strategy of 3 in G(). During the game 3 constructs S-mappings ¢: U - B
and p: B — A simultaneously with the required n. The idea is to keep n = p - .

Suppose now V plays x and asks 3 to extend the domain of x to x. If x ¢ dom(o)
(=dom(m)), 3 uses S to extend o to x. Likewise, if o(x) ¢ dom(p), 3 uses S to extend
p so that o(x) e dom(p). Let n(x) = p(g(x)). This completes the first part of the
move of 3.

For the second part, 3 has to come up with =’ and =", which are contradictory
extensions of n. For any b € B, S gives some s(b) € . If b ¢ ran(o), then s(b) ¢
dom(n). As |B\ran(s)| > ||, there are b # b’ € B\ran(o) with s(b) = s(b’). We ex-
tend p using S first to get an element a so that p(b) = a and after that we extend p
further to get p(b’) = a’. Now a # a’, since b # b’ (Figure 1). Now we can define n’
and n"'. In the first case we extend o so that a(s(b)) = b and we let 7’ = p - . (Note
here that we do not extend o to b'. It is not necessary to keep ran(s) = dom(p).) In
the second case we extend ¢ so that o(s(b)) = b" and we define n”° = p o g. Because
n'(s(b)) # m"(s(b)) the two extensions are contradictory. O
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FIGURE 1

ProOPOSITION 3. If U is perfect, then a(U) = 2.

PROOF. Suppose S is a winning strategy of 3 in G(2). Let us consider all games
in which V¥ enumerates all of 2. Each such play determines an automorphism of
. Since V has a chance of splitting the game at each move, there are 2 different
automorphisms. O

This ends the proof of Theorem 1. O

Now we define a game that characterizes the elementary submodel relation for
the language M, . Suppose A = B. We describe the game G (U, B). The game
resembles very much the ordinary Ehrenfeucht-Fraiss¢é game between U and B.
The difference is that at the start of the game V can pick a countable set C of ele-
ments of A and set, as the initial partial isomorphism, = = {(a,q) | aeC}. Then V
and 3 continue the game like the usual Ehrenfeucht-Fraissé game extending 7.

We write ¥ <, B if 3 has a winning strategy in the game G(%, B). [f A <, B
and A # B, then we write A <,,, B. It can be proved that the relation A <, B
holds if and only if U is an elementary submodel of B relative to the language
M., In this definition the formulas of M, may contain only a countable num-
ber of free variables. The proof is very similar to the proof of the fact that 2 =, B
is equivalent to elementary equivalence of U and B [7], [3], [4].

We describe the game G_ (U, B), which is more difficult for 3 to win than
G (YU, B). The length of the game is w,, and it resembles the Ehrenfeucht-Fraissé
game. During the game 3 must extend a countable partial isomorphism 7: % — B,
and at each move the rules are the following:

(i) if a e A, a ¢ dom(rn), and a ¢ ran(n), then ¥V can move a € A and demand 3 to
extend 7 to 7w U {(a, a)};

(ii) if a € U (a € B), then ¥V can move a € A (a € B) and demand 3 to extend =
so that a € dom(=n) (a € ran(n)).

We write U <, B if A < B and 3 has a winning strategy in the game G (U, B).
If A<, Band A # B, then we write A <, B.

Our aim is next to prove that if A <, B for some B, then there are 2°* auto-
morphisms of 2.

LEmMMA 4. Let (N,), s (0 limit) be uncountable models such that:
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(i) A, U if o< B

(i) A, =, %, if yis a limit;

(i) A, <, Wopy if a <4
Let Uy =), ,U,. Then W = A (The arity of relations and functions must be
finite.)

Proor. For simplicity of notation, we assume that in the games G_(, B) and
G (U, B) at each round o, 3 extends the partial isomorphism 7 by just a single
ordered pair (a,, b,), where a, € Wand b, € B.

For each a < 9, let g, be 3’s fixed winning strategy in G_(U,, A, . ).

We describe a winning strategy for 3 in G(¥,,U;). We modify the game
G.(Uy,U,) so that V and d only move at infinite limit ordinal rounds, which is
clearly equivalent to the original game. At each round y < w,, 3 also constructs a
sequence s, of length 6 + 1 such that s (a) € U, for all « < . At limit rounds y, 3 first
constructs s, and then extends the partial isomorphism 7 in the game G_(%,,A;)
by (a, b), where a = 5,(0) and b = 5,(9).

Before round y > w, we assume that the following conditions are true:

(1) For all & < g, the sequence ((s,(2), s, (@ + 1))),<, is a play in G_(A,, YU, ,)
according to 3’s winning strategy o,.

(2) Foralle < v,s,is continuous, that is, if £ is a limit ordinal and s,(¢) = a, there
is{ < ¢suchthatforall{ <a < & s.(a) = a.

(3) Suppose a is in the range of some sequence s,, € < y, and a is the least ordinal
such that a € A,. Then there is an ordinal § such that [o, 8] = {£|for some ¢ < 7,
s,(¢) = a}. If 7 is a successor, then f is a successor ordinal or 4. If y is a limit, then

a<éd

¥ starts the game G_(Uy, W) by choosing the countable set C of elements of A,,.
3 chooses as the first sequences s,, n < w, constant sequences whose values enu-
merate C. Let us consider round y in the game, where y is an infinite limit. In general
there are two cases.

First the case where V picks a € 2, as his yth move. If there is some s, such that
5,(0) = g, then 3 responds by s,(0) € U; and defines s, = s,. Else, by (3), 3 can move
a € A, and choose the appropriate constant sequence as s,. The inductive hypoth-
eses are met, and we can let s, ., = s, forn < w.

Suppose then V picks b € A, as his yth move. Again, if for some ¢ < y s5,{6) = b,
we are done. Else, let us construct the required sequence s,. Let o, be the least ordi-
nal such that b € W, and s,(ay) # b for all ¢ < y. Note that by hypothesis (3) and
condition (ii) of the lemma, aq = f, + 1 for some f, (or o, = 0). We define 5,(§) = b
for all > B,. Let ¢ be the response of 3 according to g, if V continues G (A, , U, )
by moving b e U, . Let s,(f,) = c. Then we continue the construction of s, by
downward induction. 3 then moves s,(0) € U, in the game G (U,, ;). Similarly,
by a closing procedure, 3 can construct s, . ,, 1 < , so that clause (3) is satisfied at
Y+ . O

PrOPOSITION 5. If Wis of cardinality w, and N <, B for some B, then A =, B
for some B of power w,; whence, W is perfect.

ProoOF. We may assume 2 and B both have power w,. Thus, by remarks pre-
ceding Theorem 1, A = B. We construct a sequence (A,),.,, of models so that
each is isomorphic to A, A, = WA, if « < f, and A, <, A, for all x < w,. We
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handle the successor step by identifying 2, with 2 via the isomorphism. Then from
B we get A, , ;. At limits we take the union of models. Lemma 4 makes sure that
the union is isomorphic to 2L, if it is not of power w,. 0

So, if A fulfills the condition of Proposition 5, then it has 2! automorphisms.
The proof of the following result shows that A <, B is a much stricter condition
than A <, B.

—

PROPOSITION 6.
N<, B=>U <. B

but
<, B+A<, B

ProoF. The first claim is trivial. For the second consider the following models.
There is one equivalence relation R in the vocabulary. The model 2 contains simply
w, equivalence classes of size w;. The model B > A contains one additional equiv-
alence class of size w,. Then it is very easy to see that 3 wins G (U, B). But V can
win G_(2,B) in two moves. First V chooses some b e B, b ¢ U. Let n be ¥’s re-
sponse. Let a € A, A = R(a, n~ (b)), a ¢ ran(n) v dom(rn). Then V demands 3 to
map a identically. 0

If A and B are countable, A # B, and A < B (relative to L), then a(A) = 2°,
This would suggest the analogous conjecture for uncountable models: if || =
IB| = w, and A <, B, then o(W) = 2°*. But this conjecture is false, as the follow-
ing counterexample constructed by S. Shelah shows.

THEOREM 7. Let k > @ be regular. There are models M, < M,, M, # M,,
[, | = |IM,| = Kk such that

(i) forevery A < || ||, |A| < k, there is an isomorphism from I, onto M which
is the identity on A,

(ii) o(M,) < k.

REMaRK. Hence, M, <, M, but there is no M, such that M, =, M, and
|9;| > «, as then o (M) = 2*.

Proor. We first define such Mt; and MM, with the vocabulary L = {R,|0 < <k,
d limit}, where R; has & places and |R3"| = {RP"?| = k. We can then replace these
models (in Proposition 8) by models with a vocabulary consisting of just one binary
relation.

We define 4, A,, f% and y,, & < k, such that

() w<y,<kforall o < k and (y, |oz < K is increasing and continuous;

2) yo=w,if a>0is alimit, theny, = Uﬂ<a/p’ andif a=f+1,theny, =7, +v;
3) A, ={i<vy,|ieven}, A = {i <«k|ieven};

) f*1is a 1-1 function from x onto 4 mapping y,,, onto 4, ;;

) f* maps the interval [yg, v+ ) onto [y5,75+1) N A for f > «;

) f*] A, is the identity function on A4;

) f% o < K, are defined using free groups (see the construction of f* below).

The definition of y, and A, is clear from (1)-(3). We now describe the construc-
tion of f% o < k. If B <k, let TS = {sf|a < B} and T%, = {( { )"! |« < B} be sets
of arbitrary symbols. Let T; be the set of all sequences t = g, - -- g, such that

(TH 0<n<w;
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(T2) gy e TH v Th,

(T3) 1f n > 0, then g, = sﬁ,

(Td) 6, e T¢, = 0,., e Tl forall 1 <k <n;

( ) (akva)( Gk’ak+l} = ‘m*(sg)il})'

Thus we see that Ty is a subset of the normal forms of the free group generated
by {s#|a < B}. If t = 6,--- 0, € Ty and s& € T%, then we define the operation s -
in the following way:

(a) if o, #(s¥) ' or 1 = &, then s¥ - 1 = sP5, - .- 6, (ie., just concatenate);

(b) if 6, = (s?)" !, thens? -1 =0,---0,.

It is easy to check that s# - 7 e T. Thus, - is defined like the multiplicative operation
for the free group.

LEMMA A. Lett,1' e Tyand a < B. If T # v/, thensh -1 # s - 7',

Proor. Straightforward. i

For each a < k, let

foralll <k <mn;

{(Terj) |72 € €< Vpun}
list the set
B={t)|teT .t # 3. j<y.j¢ A}
without repetitions in such a way that
Eisevenif and only if 6F € T3,

where we denote 7, = o7 af,f

If (z,j) € P, for some o < «, Tet (1, j) be the unique ¢ such that (1, j) = (7, j;).
Now we define f* a < x (see Figure 2). For ¢ < k let

€ ife<y,andee A,,

146 E(sa, ) ife<y,ande¢ A,,
&) =
Ssa T f) il 7, <€ <y,yy and e = C(t, ),
E(sh-1,j) ifyp<e<yper, B> ande= ¢, )).

We have to check that f* is well defined, that is, &(s2 - 7, j) and &(s# - 7, j) must
be defined above in appropriate conditions and their values must be even. We
check only £(s% » 7, j), the other case is similar. Suppose y, < ¢ < 7,,, and ¢ = &(x, j).
Then te T, t# . Let t=0;---0,. If 6; 3 (s2)" !, then s2+1 = s%0,---0, # .

A
S TR A 2
i
1 |
T 1 1
YaHYB Y[}+l

FIGURE 2
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Thus, &(s%- 1, j) is defined and it is even since s? € T?%. Suppose ¢; = (s%)”'. Then
s2e1=0,+--0,. Now n>2 by (T3) and o, € T% by (T4). Thus, 6,---0, # J and
E(s2+1,j)is defined and even.

LemMma B. Conditions (4), (5), and (6) above are met.

PrROOF. From the definition of f* we see easily that f* maps y,,, to 4,,, and
[V ¥p+1) to [vg, v5+1) N A if f > a. We show first that f/*is a 1-1 function x — A.
Suppose ¢, # ¢&,. We prove f*(,) # f*(e;). There are several cases of which we
treat the two most interesting. The proof in other cases is similar or trivial.

(a) Suppose &, < y,, & ¢ A, and &, € [,,7.+1)- Let e, = &(z, j). Since T # &, by
Lemma A s3 -7 # s5. Thus, f%(¢,) = &(s%,61) # E(85- 1, j) = *(ey)-

(b) Suppose &;,¢&; € [V4,Va+1)- Let & = &(1y, 1) and g, = &(1a, )2). I jy # Ja,
then the claim is clear. If j, = j,, then 7, # 7, and by Lemma A s%- 1, # s3 - 1, and
again the claim holds.

Next we prove that f*is onto. Let 6 € 4. We try to find ¢ < x for which 6 = f*(e).
If 6 e A,, then we set ¢ = 6. Suppose then d € [y,,7,+1) N A. Denote é = &(1, j),
where 1 =g, -~ g,, T # . We know g, € T}, since J is even.

(a) If n = 1, then 7 = s; by (T3) and we set ¢ = j.

(b) If n > 1 and g, = s%, then we set ¢ = &(g, -+ 0, ).

(¢) If n> 1 and o, # s%, then ¢ = &((s3) ‘o, - 0,, j). Here ¢ is defined and (T4)
fulfilled because o; € T%,.

Suppose then 6 € [y5,75+1) N A, f >

(@) If 6, = 5%, thenn > 1 by (T3) and & = &(0, -+~ Gy, J).

(b) If 6, # s&, then ¢ = &((s¥) oy -+~ 0y, J).

Thus, we have proved that f*: k — 4 is 1-1 and onto. Now (4), (5), and (6) are
clear. O

If « < «, let y(«) denote the unique f for which y; < o <y, . Let G, be the
group of permutations of 4 generated by { f#( /)" |a, < k}. Let G, be the group
of permutations of k generated by {(f*)"'f*|a, f < k}.

We are ready to define the models. We define Wi, and M, as follows:

(1) [0l = A5

(i) 1M, |} = «;

(111) Ramk = {<1012 e i£~ ’ .>a<a,seven | Hg € Gk(/\s<aeven g(lr) = 8)}’ k = 1’2’0 <
o < K, o limit.

Lemma C. W, < M,,.

ProoF. Suppose {i,|¢ < « even) € R™. Thus, there are k < w, a,, f§, < k, for
1 < r < ksuch that (using (fA(f*)" ") = f*(f%™H

A S TS) f)T ) =
If y < k is chosen large enough, then by (6) f7(i,) =i, and f7(g) = ¢ for all ¢ < a,
¢ even, and thus,
<A ) SIHC TSP (> )TN ™)) =
But this means {i,| ¢ < a even) € R} The other direction is similar. O

LEMMA D. For each a, f* is an isomorphism from I, onto M, which is the iden-

tity on A,. (Hence, G, is a group of automorphisms of M,.)
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PROOF. Suppose (i, |¢ <« even) € R} Then

AN IS (BTG =

t<aeven

If y is chosen large enough, then

</\ SIS BTN = e
which means ¢ f*(i,)| ¢ < « even) € R}"". The other direction is similar. |

Since « is regular, Lemma D proves part (i) of the theorem. To show (ii) it is
enough to prove the following lemma because |G,| < k.

LEMMA E. G, is the group of all automorphisms of M.

PrOOF. Let ¢g* € AUT(I,), g* ¢ G,. Let Gj be the group generated by
{f5(f*) ' |a, B < 8}. As K is regular, by taking successive closures we can find a
limit ordinal § < « such that

(61) g* maps A; onto Ay;

(82) foreveryge G3,g*t A; £ g | As.

(In fact the set of such 4 is a closed unbounded subset of «.)

Let i, = g*(¢) for e < o, « = 75, € even. As g* e AUT(IN,) and <s|£ < o even) €

R there is some g, € G, with /\,_, .,end,(i,) =& Letg =g, ' € G,. Then

N\ gle) =i

Thus,g* [ A; =g | As. By (62) g | A5 ¢ {h| A;|h € G}}, and by (61) g maps A4, onto
itself. To get a contradiction it is enough to prove
(I If ge G, and g | A;¢ {h| A;|h e G}}, then g does not map A4, onto itself.
PROOF OF (I'). So let

g= [l SO

be a counterexample with k& minimal. Clearly, o; # f8;, and «;,, # f; by the mini-
mality of k. ’

As g¢ G4, for some | <r <k, o > 5 or f, >0 holds. If o, > &, then we can
consider g~ ! = fo(ff)~1... fo(fB)~1 which is also a counterexample with &
minimal. Thus, we may assume without loss of generality that f, > J for some r.
Let

p=max({o,|re{l,....k}, 0, <} U {B|re{l,....k}, B, <5}) + L
Let &, € A; be arbitrary. We denote

m = (""" (%)
& = "(m),

M = (fak)il(ékﬂ),
&= fﬂk(ﬂk)-
Thus, &, = g(&,). Fori=0,...,k, let

bsi = maX{,u,Bl,---’ﬁi}‘
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LEMMA F. Suppose &, € As. Then y(&;) < max{b_; + 1,0} fori=0,.. k.

Proor. By induction. First, y(&,) < §. Suppose y(£;) < max{b_; + 1 6}. From
the definition of f* we see y((f*)~(€)) < y(e) for all a,&. Thus, y(n;4,) < (&)
We see also that if y(f%(e)) > y(e), then p(f*()) = a. Thus, y(& . ,) <y(n+,) or
P(&i+1) = Biv1. In both cases y(&; 4 1) < max{b;, + 1,3} 0

LEMMA G. Forall 1 < i<k, either f; <b ., ,oro; <b .

PrOOF. Suppose B, > b.; , and o; > b_; ;. Since b_.;_, > u, this implies
a;, B; = 6. Thus, &, B; > max{b.;_, + 1,8}. Suppose ¢, € 4, is arbitrary. By
Lemma F y(¢;_,) < max{b;_, + 1,0} and by (6) f*(f*) (1) = &-,. But
now we see

fo(foy e fh () A
= fo(fo)The fRo(fren i fho fanTho, SR fa)yTIE 4,
a contradiction with the minimality of k. O
The following lemma shows that g maps &(s%, 1) outside A4;, which contradicts

our assumption and proves (I).
LemMA H. Let &, = &(s4, 1). Then for all

1<i<k

& is of the form ((shia’y---a},j,), where si<igh..-a, € T, and n;> 1. Hence,

(&) = be
PROOF. Suppose first that the claim holds for £;, i> 1. We prove it holds for &, . ;.

(a) Suppose o,y > b; = (&) Then ;. = (f**)7(¢,) = . By Lemma G
Bi+1 < bei. Now
$ivt fﬂ'“( &) = (S/‘;;'lspﬂo'iz”'o'f.pjil
Hence, the claim holds for i + 1.
(b) Suppose ;4 < b.; = y(£). Then
My = (f5)7UE) = EsBs) tsgiay 0, ),
where «;,; # B; by the minimality of k. Note that #,,, is odd. If §;,, > b_;, then
$iv1 = fﬂm(”lw 1) = §(S§§ii,'1.-+1),
and the claim holds for i + 1. If §;,, < b;, then
Eioy = Py ) = E(shZ (555 ) T spE0y 00 ),
where f;,, # ;. by the minimality of k and the claim holds.
Next we prove that the claim is true for i = 1.
(a) Suppose o, > b.o = p. Then , = &, = £(s%,1) and f; < b, = p. As above

we get & = L(sf,sh, 1)
(b) Suppose oy < b_, = . Then n, = &((sh) s, 1), where o, # p by the def-
inition of p. If B, > u, then & = &(sfi,my). If By < p, then & = (sh,(s4)” ‘s,’j,l).

Let &, = &(s,1). By Lemma H 9(&) = b, > 6, since B, > for some i.
Thus &, ¢ Az, which proves (I'). This ends the proof of Lemma E and the whole
theorem. O
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PROPOSITION 8. We can find models IR, and IR, which satisfy Theorem 7 and
have a vocabulary of one binary relation.

PROOF. Suppose M is a model of the vocabulary {R;|0 < é < k, 6 limit} such
that |2} = k, |RY) < x and R; has & places. We define a model 9 = F(9M) of one
binary relation R. Let

1] = ||90)) U ((@2)s<s5 ) [ M = Ry(ao, .. lycs,..), B < O]

The relation R holds in U exactly in the following two cases:

(i) if byby € |Ul, by = ((de)s<s, f1) and by = ((a,)y <4, P5), where B, < 55, then
U = R(by,by);

(ii) if b € ||| and b = ((a,), <4, ), then A = R(ay, b).

In other words, for each tuple («¢,), 5, such that M = Ry(ag,...,d,.;s,...) we add
é new elements to ||A||. The new & elements are well-ordered by R and for all § < 6
a, is in relation R with the fth added element.

Obviously, | F(9)| = «. It is a routine task to check that there isa 1-1 correspon-
dence between AUT(IM) and AUT(F(IM)). (Note that A = —13xR(x, a) iff a e ||W]].)
Thus, o(M) = o(F(M)). [t is also easy to see that if W <, W, then F(IN) <, F(N).
Let MM and I’ be the models constructed in Theorem 7. Let M, = F(WM) and
M, = F(I). O

We say that a chain of models (% ), . is continuous if A = U 2 forya
limit. A chain is an elementary chain if A, <, A, for all & < [3 If the relatlon S“,
were preserved under unions of continuous chains of models, then we could re-
place <, by <o in Proposition 5, as is easy to see. This raised the question of
whether <, is preserved under unions of continuous chains. Since Theorem 7
shows that <, cannot be replaced by <, it also proves that ﬁml is not always
preserved. Below we present also two other counterexamples. They are continuous
elementary chains of length @ and w;. The problem of whether < is preserved
under unions of continuous chains of length w, or greater is open to the authors.

We define the linear order #, which we shall use in the proofs below. The linear
order  consists of functions f: w — w, for which the set {n € | f(n) # 0} is finite.
If f,g en, then f < g iff f(n) < g{n), where n is the least number where f and ¢
differ. By =% we mean the restriction of 4 to those functions f for which f(0) < «.
Similarly, we define n="

Let & and 0 be arbitrary linear orders. By £ x 6 we mean a linear order where
we have a copy of ¢ for every x € 0. The order between the copies is determined
by 8. By 0 + £ we mean a linear order, where £ is on top of 6. If « is an ordinal,
then o* denotes « in a reversed order.

We first prove a lemma about #.

LEmMMA 9. (i) #2* = for all a,

(i)  x n=y forall n e w,

(i) n x a* =y forall o < w.

Proor. (i) Let f e #=* Simply map f to g € 5, where g(0) = f(0) — a and
gn)= f(n)if n #£0.

(i1) We prove the claim by induction on »n. Suppose y x n = 1. Clearly, <t =y,
thus,n x n=p~'. By()n=n®'.Sonx(n+ 1) =p~ + 9>l =

(iii) We prove this by induction on a. The successor step is easy because
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n + n = 5. Suppose then that « is a limit ordinal. Let («,),.,, be an increasing se-
quence cofinal in o. Then a =), ., 2,4+, — %,. All the differences in the sum are
<, SO we can use our induction assumption and we get n X a* = 5 x w*. Thus,
the limit case is reduced to showing that # x w* = n. We describe the isomorphism.
First, we map the topmost copy of 5 in w* x nto {f € n| f(0) > 0}. This mapping
goes as in (i). Then we map the next copy of 7 to {f e n| f(0) =0, f(1) > 0}, and
continuing in this way we get an isomorphism. [

PROPOSITION 10. There exists an elementary chain (,), <., of models of cardi-
nality w, such that

Aq K, U o,
for all n.

PrROOF. We let U, = n x n. Then the union of the chainis U =y x w. We can
choose an increasing sequence of points in 2 so that the length of the sequence
is w and the sequence has no upper bound in 2. It is not possible to find such a
sequence in any ,. Thus, it is clear that no U, is an elementary submodel of 2.

It remains to prove that our chain is really an elementary chain. We start to play
the game G(¥,,A,,), m > n. First V chooses a countable set C in A, which is
mapped identically to 2,,. Some of the points of C are in the topmost copy of # in
A,. Let o < w, be so big that none of these points f has f(0) > «. We form an
isomorphism between U, and 2, so that it maps the points in C identically. We
map the part y x (n — 1) + #~% in U, identically to ,,. The remaining part of A,
is #=* and thus is isomorphic to . The remaining part of ¥, is isomorphic to
n + # x (m — n) and thus is isomorphic to #. So we get an isomorphism between
the remaining parts. Now 3 can win the game simply by playing according to our
isomorphism. O

PROPOSITION 11. There exists an elementary chain (W), <,,, of models of cardi-
nality w, such that

w0 K, U U
for all . In this chain ., = | ), A, if y is a limit ordinal.

PrOOF. We let A, =  + n x o*. Then there is a descending w,-sequence in
A ?DUKO)' A, but there is no descending w,-sequence in any 2 . This shows that
QI!I w1

We have to prove that our chain is elementary. We start to play the game
G (U,,Ay), where o < f. First, V chooses a countable set C of points in 2. Let
J < w, be so big that for no f e C f(0) > 0. We form an isomorphism between
our models so that it maps the points in C identically. First we map the part n x a*
in U, identically to ;. We map the part #~° in the bottom copy of » in U, again
identically to ;. Now it remains to map n>° to #=* + 5 x y*, where 3 = f — .
But according to Lemma 7 (i) and (ii), these both are isomorphic to #, so we get the
isomorphism between 2, and ;. Then 3 wins the game by playing according to
this isomorphism. O

We shall now consider a totally different kind of condition which also guaran-
tees perfectness. Let I{w) denote the assumption (taken from [2]) that
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“there is an ideal I on ®, which is w,-complete, normal, contains all sin-
gletons {a}, o < w,, and
+

has a dense subset K such that every descending chain of length <w, of
elements of K has a lower bound in K.

REMARK. [(w) implies that [ is precipitous and hence that w, is measurable in
an inner model. On the other hand, if a measurable cardinal is Levy-collapsed to
,, I{w) becomes true [1].

We prove that I{w) implies CH. Suppose 2¢ > w,. Let T be a full binary tree
of height w + 1. Let 4 = {r € T|height(t) = w}, |4] = w,. Let I be the ideal
on A given by I{w). Now it is very easy to construct f, < --- < t, < --- and
Xo2---2X, 2, n <w, such that height(r,} = n, X, e K, and for all ae X,
a >t holds. Now (), . X, contains at most one element, a contradiction.

THEOREM 12, Assume [(w). If a model N of power w, satisfies a(N) > w,, then
W is perfect.

Proor. (Inspired by [2].) Let I satisfy I{w). We may assume [ is an ideal on
a set AUT of automorphisms of power w,. We describe a winning strategy of 3
in G(A). Let X < AUT and f € X. We say that f is an I-point of X if for all count-
able m < f, we have that [n] n X € [, where [n] = the set of all extensions of .

Claim. Every X € I"* has an I-point.

Otherwise, every f € X has a n, © f with X n[n,] € I. Because CH holds, there
are only w, countable 7. This implies X < UfexX N [7,] € 1, a contradiction.

The idea of 3 is to construct a descending sequence (X,), <., of elements of K.
We denote by =, the countable partial isomorphism at stage «. The descending
sequence is chosen so that for all f € X, n, < f holds.

Suppose the players have played « moves. Then V demands 3 to extend n, to a
point x and give two contradictory extensions. For example, ¥ demands x to be on
the domain side. Because functions f can have only w, different values at x and
I is w,-closed, we can find Y € I*, Y = X, such that all the functions in Y agree at
x. Now let f be an I-point of Y, and let f be an I-point of Y\{f}. Because f and
S are two different mappings, we can choose countable 7 = f and n’ < f” so that
7 and 7" are contradictory extensions of 7, and they are defined at x. Now we can
choose X e Kand X' e K,(X,X'c Y)sothatforallge X n cgandforallge X’
7’ < g. The extensions n and 7’ are the demanded contradictory extensions. For
example, if V picks n, thenwe set X,., = X and n,,, = 7.

Limit steps in the game do not cause trouble because countable descending
chains in K have a lower bound in K. O

COROLLARY 13. Assume I(w). Then the following condition (%) holds:

(*) If Wis a model of power w, then the conditions .

(i) o(W) > w,,

(1) o(A) = 2%,

(ii)) A is perfect
are equivalent.

REMARK. T. Jech has proved [5] it consistent that 2° = w,, 2°* > w, and there
is a tree of power w, with w, automorphisms. Hence, (¥) cannot hold without some
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set-theoretical assumption. We shall later show that the consistency strength of ()
is that of an inaccessible cardinal. Note that (x) implies CH.
The following result of S. Shelah shows a dependence between trees and the
number of automorphisms of an uncountable model.
THEOREM 14. Suppose that there exists a tree T of height w, such that
(1) T has A uncountable branches, where w, < A < 21,
(ii) each level in the tree has < w, nodes.
Then we can build a structure M of cardinality w, with exactly A automorphisms.
PrOOF. Let T, = {t e T | height(s) = o} and

G, = {X c T,||1X| < )
for each o« < w,. If X, Y € G,, we define
X+ Y=X\Y)u(Y\X),

ie, X + Y is the symmetric difference of X and Y. Clearly, + makes G, into an
Abelian group. Actually, G, is a linear vector space over the field Z, = {0,1}, but
below we need only to know that G, is Abelian.

Let G be the Abelian group which consists of all functions (w,-sequences)

sso; —> | G,
a<w)
where s(a) € G, and addition is defined coordinatewise (s, + s,)(a) = s,(a) + s,(2).
If B = (t,)y<w, 1S an w;-branch in 7, then B determines naturally a sequence b € G,
where b(a) = {t,}. Let G’ = G be the Abelian group generated by all sequences b
corresponding to w,-branches. (Equivalently, G’ is the vector subspace spanned
by such sequences.)

Suppose s € G’ is arbitrary. Then s = b; + --- + b, for some w,-branches
by,...,b,. Clearly, if t € T, then t € s(«) iff an odd number of branches b,,...,b,
passes through t. From this we see that if « < f§ and t € T, then

(*) t € s(o) iff ¢t has an odd number of successors in s(f).

Let M’ be a model of vocabulary {R|s e G’} such that

(i) 1]l = {s]se G');

(ii) P &= R,(sy,s,)iff s, = 5, + s.

The model 9’ is like an affine space where the set of points is ||| and the space
of differences G’ is kept rigid. Obviously, |M'| = 4 and AUT(IN’') consists of all
mappings n;, s € ||9V||, where n’(x) = x + s. Thus, 9’ has exactly 1 automorphisms.

Let M be a model such that

(i) Y] = {s ' a|s e ML, x < o };

(ii) the vocabulary of M is {F} U {R,|s € [|M||};

(iii) M &= R (s,,s,) iff the domains of s,s,,s, are equal and s, = s, + s (where
the sum is defined coordinatewise);

(iv) M = F(s,,s,) iff s, is an initial segment of s,.

Since |T| = w,, there are only w, countable initial segments of w,-branches and
M| = w,. We show that there is a 1-1 correspondence between AUT(IM’) and
AUT(IN). Let s € ||| be arbitrary. Then n, € AUT(IN'). We define from 7, an
automorphism 7, of M. If r € ||M|| and dom(r) = «, then n(r) = r + s | a. Obvi-
ously, if s # s’, then n, # 7.
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Suppose then 7 is an automorphism of 9. We denote by s5 a function, such
that dom(s%) = B and s&(x) = F for all « < f. We define s € G in the following
way. s | B = n(s4) for all f < w,;. We show that s e [[I'|. By (x) [s(a)| = [s(B)] if
a = . Since |s(a)| is finite for all «, there must be n and S such that |s(a)] = n for
all « > p. Thus, from (*) we see that from f§ up s determines some w,-branches
b,,...,b,, such that s (w,\B) = b [ (w,\f), where b = b; + --- + b,. It remains to
show thats (B + 1) =b[ (B + 1). Weknow s [ (B + 1) = n(s’" ) = s’ [ (B + 1) for
some s’ € ||M’||. Since s'(f) = b(f), (») implies that s’ (B + 1)=b[ (B + 1), and
thus, s = b e ||D'].

Now it is very easy to show that = = x,. Thus, there is a 1-1 correspondence,
and M has exactly 4 automorphisms, l

RemMark. If the tree T above is a Kurepa tree, then the resulting model I is
clearly not perfect.

We can modify the preceding proof to get a suitable model with a finite vocab-
ulary. We add to the model M the set {a,|s € |M||} of new elements and well-order
them with a new relation <. Then we can use these new elements to code the re-
lations R, into a single relation, and we get a finite vocabulary. This modification
does not affect the number of automorphisms.

Theorem 14 is of use oniy if the conditions in it are consistent with ZFC. We
show that this is indeed the case.

A tree T is a Kurepa tree if

(i) height(T) = wy;

(i) each level of T is at most countable;

(ii)) T has at least w, uncountable branches.

It is well-known (see, e.g., [6]) that Kurepa trees exist in the constructible uni-
verse. Let 9 be a countable standard model of ZFC + V = L. Let T be a Kurepa
tree in M. Let A be the number of uncountable branches in T. Now we use forcing
to get a model where 2 > 4. We utilize Lemma 19.7 of [6]. In 9t the equation
2<% =, holds. Let k > 4 be such that k' = . Let P be the set of all functions
p such that

(i) dom{p) € k x w, and |dom(p)| < w,

(ii) ran(p) = {0,1},
and let p be stronger than q iff p > q. The generic extension IN[G ] has the same
cardinals as 9 and IMM[G] = 2“* = k. P is a countably closed notion of forcing.
Hence, Lemma 24.5 of [6] says that the Kurepa tree T contains in Y[ G] just
those branches that are in the ground model. Thus, there are exactly 4 uncountable
branches in T also in the extended model M{G]. CH is true in L; therefore,
M[G] =2 = w, by the countable closure of [’. We have obtained a model M[G]
of ZFC + CH with a tree T, which has the properties (i)—(ii) of Theorem 14,

From Theorem 14 and the above remarks we obtain a new proof of Jech’s re-
sult [5].

If ZF is consistent, then ZFC + 2° = o, + “there exists a model of car-
dinality w, with 4 automorphisms, o, < A < 2°'” is consistent.

If we assume CH, we can prove the other direction in Theorem 14.
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PROPOSITION 15. Assume CH. Suppose that we have a model YR of cardinality w,
and I has A automorphisms, w, < A < 2°'. Then there exists a tree T of height w,
such that the conditions (1)—(ii) in Theorem 14 hold.

ProOOF. To avoid some complications, we assume that 9R has a relational vo-
cabulary. If not, we can transform the vocabulary to relational and that does not
affect the number of automorphisms. The tree T will consist of partial auto-
morphisms of M. Let (a,),<,, enumerate M. Let M, =M1 {a;|f < a}. We let
T = {f|f is an automorphism of some M, }. If f,g € T, then f < g iff g extends f.

Suppose f is an automorphism of 9. Let o < w, be arbitrary. It may be that
the restriction of f to M, is not a bijection from M, to M, but by taking succes-
sively closures we find f# > « for which f gives an automorphism of IR,. Thus, f
determines an uncountable branch in T.

For the other direction, if we have an uncountable branch in T, it is clear that
it determines an automorphism of 9. Thus, T has A uncountable branches.

The tree T may contain at most w; x w® nodes. Since we assumed CH, this is
equal to w,. So each level of T contains <, nodes. O

THEOREM 16. CH + (%) is equiconsistent with the existence of an inaccessible
cardinal. Also.CH + 2°* > w, + “for all N of power w,, 6(W) > w, implies
o(W) = 2“1 is equiconsistent with the existence of an inaccessible cardinal.

PROOF. Let A be a strongly inaccessible cardinal and u > 4 so that u = u™*. Let
P = Q x R, where Q is the Levy collapse of 1 to ¥, (see [6, p. 191]) and R is the
set of Cohen conditions for adding u subsets to ;. We show that V¥ I=(%). Sup-
pose p i o(A) > w;. We may assume, without loss of generality, that We V.
Hencg, there is a P-name f and peP so that pl-* ‘f is an automorphism of
and f ¢ V7. For any extension g of p let

f1={wp)|ql- fl@) =B}

Now for each extension g of p and for all countable sets A, B € w, there are ex-
tensions q° and g of g in P and an element a of w, so that

(i) Au{a} < dom(f*°)~dom(f?"),

(ii) B < ran(f?)nran(f?"),

(iii) f*'(a) # f(a).

Using this fact it is easy to see that p - “3 wins G()”. This ends the proof of one
half of the claims.

For the other half of the first claim we assume that CH + (*) holds. If N, is not
inaccessible in L, then there is a Kurepa tree with >N, branches, and hence, by
the remark after Theorem 14, a nonperfect model of cardinality w; with >,
automorphisms.

For the other half of the second claim we show that under our assumption ¥,
has to be inaccessible in L. For this end suppose N, is not inaccessible in L. Then
there is A S w, so that X3 = N, R4 = &, and GCH holds in L[A4] (see, e.g.,
Jech [6, p. 252]). We shall construct a tree with | nodes and exactly N, branches.
Let C be the set of 6 with w; < § < w, and L;[A] = ZFC- + “there is cardinal
w,; and there are no cardinals > w,”. Note that C e L[A4].

If y < f, we denote by (Ly[B],7) a model of vocabulary (€, U, U,), where U,
and U, are unary relations, the interpretation of U, is B, and the interpretation of
U, is the single element y € L,[B].
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We form the Skolem hulls in this proof by choosing as a witness the element
which is the smallest possible in the canonical well-ordering of the corresponding
model.

Fact A. An easy argument shows that if € C and y < 8, then there cannot be
any gaps between ordinals which are included in the Skolem hull of w, v {7} (or wy,
as 7y is definable in the model) in (Ls[ A7, 7).

Let B be the class of pairs («, (L;[B], 7)) e L[A], where L,[ B] = ZFC- + “there
is cardinal w, and there are no cardinals >w,”, B = A n ol8 o < @8]
y < B,and y > wislBl,

We define a partial ordering of these pairs as follows:

(o (Ly[BL.v) < (o', (Lg[B'].7")

if o <o, f < f, and (Ly[B],y) is the transitive collapse of the Skolem hull of
au {y'}in (Ly[B'],7"). We define a tree T as follows. Nodes of the tree are pairs
(a,(Ly[B],y)) € B with « < f < ,. The ordering of T is the same as that of B.
The cardinality of T is ;.

If G = (2, (Lg,[B:], 7)) ¢ < wy, is an uncountable branch in T, then the direct
limit of (Ly [B:1,7:), ¢ < wy, is isomorphic to some (L;[4],7), where ¢ € C. If
we denote by H, the transitive collapse of the Skolem hull of a U {y}, & < @, in
{Ls[A).7), then (o, H,), @ < wy, is a branch H in T. A straightforward argument
shows that G and H coincide. So the original branch G is, in fact, in L[A4]. Since
T has at most ¥, uncountable branches in L[ 4], it has at most N, uncountable
branches altogether. On the other hand, by Fact A above, T clearly has at least
N, uncountable branches. We have shown that T has ¥, nodes and exactly X,
uncountable branches. O

In this paper we have considered models of cardinality w, and games of length
w,. When we generalize the model theory of countable models to uncountable
cardinalities, many problems arise. We chose to concentrate our attention on w,,
because it offers the simplest example of an uncountable cardinal and even this
simple case seems to present enough problems. Naturally, the results in this paper
can be generalized to many other cardinalities x, i.e., we can consider models of
power k and games of length x. Theorem 1 through Proposition 6 above are valid
for any uncountable cardinal x. Proposition 10 can be generalized for any regular
uncountable cardinal x; thus, we get an elementary chain of length w for which
<, is not preserved under the union. From the ideas of Proposition 11 we obtain
the following result: if « is a regular uncountable cardinal, 4 is a successor cardinal,
and A < k, then there is an elementary chain of length A for which <, is not pre-
served under the union. Theorem 14, which shows a dependence between trees and
automorphisms, holds for any uncountable k. Proposition 15 has a counterpart
for any regular uncountable .
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