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ON THE NUMBER OF AUTOMORPHISMS 
OF UNCOUNTABLE MODELS 

SAHARON SHELAH, HEIKKI TUURI, AND JOUKO VAANANEN 

Abstract. Let <r(2l) denote the number of automorphisms of a model 91 of power to,. We derive a neces­

sary and sufficient condition in terms of trees for the existence of an 41 with mi < <r(*il) < 2"'. We study 

the sufficiency of some conditions for <r(9l) = 2°". These conditions are analogous to conditions studied 

by D. Kueker in connection with countable models. 

The starting point of this paper was an attempt to generalize some results of 
D. Kueker [8] to models of power coy. For example, Kueker shows that for count­
able 91 the number CT(91 ) of automorphisms of 91 is either < co or 2m. In Corollary 13 
we prove the analogue of this result under the set-theoretical assumption I(a>): if 
I(a>) holds and the cardinality of <Hisa>1, then a{%) < cu, or cr(9I) = 2"". In Theo­
rem 16 we show that the consistency strength of this statement + 2"" > a>2 is that 
of an inaccessible cardinal. We use ||9l|| to denote the universe of a model 91 and 
|9I| to denote the cardinality of ||9I||. Kueker also proves that if |9I| < to, |93| > to, 
and 91 = 93 (in Lxa>), then cr(9I) = 2ffl. Theorem 1 below generalizes this to power 
co,. If 91 and 93 are countable, 91 # 93 and 91 -< 93 (in L ^ J , then we know that 
<T(9I) = 2"\ Theorem 7 shows that the natural analogue of this result fails for models 
of power a>y. Theorem 14 links the existence of a model 91 such that |9I| = a^, 
(o^ < tr(9I) < 2°", to the existence of a tree T which is of power col, of height co,, 
and has cr(9I) uncountable branches. 

We use 91 =rai 93 to denote that 3 has a winning strategy in the Ehrenfeucht-
Frai'sse game G(9I,93) of length a^ between 91 and 93. During this game two players 
3 and V extend a countable partial isomorphism n between 91 and 93. At the start of 
the game n is empty. Player V begins the game by choosing an element a in either 91 
or 93. Then 3 has to pick an element b in either 91 or 93 so that a and b are in different 
models. Suppose that a e 91. If the relation n u {(a, b)} is not a partial isomorphism, 
then 3 loses immediately, else the game continues in the same manner and the new 
value of n is the mapping % u {(a, b)}. The case a e 93 is treated similarly, but we 
consider the relation n u {(b, a)}. The length of our game is c^ moves. Player 3 wins 
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AUTOMORPHISMS OF UNCOUNTABLE MODELS 1403 

if he can move col times without losing. The only difference between this game and 
the ordinary game characterizing partial isomorphism is its length. M. Karttunen 
and T. Hyttinen have proved [3], [4], [7] that 91 =ai 23 is equivalent to elementary 
equivalence relative to the infinitely deep language M M 1 . It may also be observed 
that 91 =mi 93 is equivalent to isomorphism in a forcing extension, where the set of 
forcing conditions is countably closed [9]. For the definition of Moorai and other 
information of =Ml the reader is referred to [3], [4], [7], [ 9 ] - [ l l ] . Our treat­
ment is self-contained, however. The definition of the language Mooroi is not needed 
in this paper. 

One of the basic consequences of 91 =mi 53 is that if 91 and 23 both have power 
cou then 91 s 23 [7]. The proof of this is similar to the proof of the corresponding 
result for countable models. 

We note in passing that there is a canonical infinitary game sentence cp^ (see [3], 
[4] or [7]), a kind of generalized Scott sentence, with the property that 23 (= cp^ iff 
91 =mi 23 for any 23. So if 91 =mi 23 happens to imply that 23 has power < « ! , then 
<pa characterizes 91 up to isomorphism. 

The authors are indebted to Wilfrid Hodges for his help in the early stages of 
this work and to Alistair Lachlan and Alan Mekler for suggesting improvements. 

THEOREM \. If a model of power ojt is =m-equivalent to a model of power >OJU 

then it has 2'°' automorphisms. 
For the proof of this theorem we define the following game G(2I) where 91 is a 

model of power OJ1 : There are cov moves and two players 3 and V. During the game 
a countable partial isomorphism n is extended. At each move V first plays a point 
to which 3 then tries to extend n. V can tell whether the point is to be on the image 
side or in the domain side. Moreover, 3 has to come up with two contradictory ex­
tensions of n, from which V chooses the one the game goes on with. 3 wins if he can 
play all coj moves. 

A model 91 is called perfect, if 3 has a winning strategy in G(9I). 
PROPOSITION 2. / / 91 =mi 23 for some 23 of power > o „ then 91 is perfect. 
PROOF. Let S be a winning strategy of 3 in the Ehrenfeucht-FraTsse game. An 

S-mapping is a partial isomorphism between 91 and 23 arising from S. We describe 
a winning strategy of 3 in G(2l). During the game 3 constructs S-mappings a: 91 -»23 
and p: 23 -» 91 simultaneously with the required n. The idea is to keep n = p <> a. 

Suppose now V plays x and asks 3 to extend the domain of % to x. If x $ dom(cr) 
( = dom(7r)), 3 uses S to extend a to x. Likewise, if a(x) $ dom(p), 3 uses S to extend 
p so that <J(X) e dom(p). Let n(x) = p(a(x)). This completes the first part of the 
move of 3. 

For the second part, 3 has to come up with %' and n", which are contradictory 
extensions of n. For any b e 23, S gives some s(b) e 91. If b $ ran(tr), then s{b) £ 
dom(7t). As |23\ran(<7)| > |9l|, there are b # b' e 23\ran(a) with s(b) = s(b'). We ex­
tend p using S first to get an element a so that p(b) = a and after that we extend p 
further to get p(b') = a'. Now a # a', since b ^ b' (Figure 1). Now we can define %' 
and n". In the first case we extend a so that o(s{b)) = b and we let n' — p ° a. (Note 
here that we do not extend a to b'. It is not necessary to keep ran(ff) = dom(p).) In 
the second case we extend a so that a(s(b)) = b' and we define K" = p ° a. Because 
n'{s{b)) ¥" n"(s(b)) the two extensions are contradictory. • 
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1404 S. SHELAH, H. TUURI, AND J. VAANANEN 

FIGURE 1 

PROPOSITION 3. / / 91 is perfect, then <r(2l) = 2"". 
PROOF. Suppose S is a winning strategy of 3 in G(2I). Let us consider all games 

in which V enumerates all of 91 Each such play determines an automorphism of 
21. Since V has a chance of splitting the game at each move, there are 2Wl different 
automorphisms. • 

This ends the proof of Theorem 1. • 
Now we define a game that characterizes the elementary submodel relation for 

the language Mxe>1. Suppose 91 £ 23. We describe the game G<(91,23). The game 
resembles very much the ordinary Ehrenfeucht-Fraisse game between 91 and 23. 
The difference is that at the start of the game V can pick a countable set C of ele­
ments of 91 and set, as the initial partial isomorphism, n = {(a,a)\a e C}. Then V 
and 3 continue the game like the usual Ehrenfeucht-Fraisse game extending n. 

We write 91 :<roi 23 if 3 has a winning strategy in the game G_<(91,23). If 91 ~<on 23 
and 91 /23 , then we write 91 -<rai 23. It can be proved that the relation 91 <M l 23 
holds if and only if 91 is an elementary submodel of 23 relative to the language 
M0Dar In this definition the formulas of MQOt0l may contain only a countable num­
ber of free variables. The proof is very similar to the proof of the fact that 91 =mi 23 
is equivalent to elementary equivalence of 91 and 23 [7], [3], [4]. 

We describe the game G< (91,23), which is more difficult for 3 to win than 
G^(91,23). The length of the game is coj, and it resembles the Ehrenfeucht-Fraisse 
game. During the game 3 must extend a countable partial isomorphism n: 91 -* 23, 
and at each move the rules are the following: 

(i) if a e 91, a $ dom(7r), and a $ ran(7i), then V can move a e 91 and demand 3 to 
extend n to n u {(a, a)}; 

(ii) if a e 91 {a e 23), then V can move a e 91 (a e 23) and demand 3 to extend n 
so that a e dom(7i) (a e ran(7i)). 

We write 91 <mi 23 if 91 £ 23 and 3 has a winning strategy in the game G<(91,23). 
If 91 <M1 23 and 91 # 23, then we write 91 <rai 23. 

Our aim is next to prove that if 91 <rai 23 for some 23, then there are TH auto­
morphisms of 21. 

LEMMA 4. Let (2IJa<(5 (8 limit) be uncountable models such that: 
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AUTOMORPHISMS OF UNCOUNTABLE MODELS 1405 

(i) 91. £= 31, if a < p; 
(ii) 9Iy = {J^Wjfyisalimit; 
(iii) W.<0lWa + iifa<5. 

Let 91^ = (J.<l59I.. Then 910 ̂ m 9ta. (77ie an'ry o/ relations and functions must be 
finite.) 

PROOF. For simplicity of notation, we assume that in the games G^(9J,93) and 
G<(91,93) at each round a, 3 extends the partial isomorphism n by just a single 
ordered pair (aa,ba), where a. e 91 and ba e 93. 

For each a < 5, let o. be 3's fixed winning strategy in G<(91., 9la+1). 
We describe a winning strategy for 3 in G_<(9I0,9Lj). We modify the game 

G«;;(9I0,9Ia) so that V and 3 only move at infinite limit ordinal rounds, which is 
clearly equivalent to the original game. At each round y < co1, 3 also constructs a 
sequence sy of length 5 + 1 such that sy(a) e 91. for all a < 5. At limit rounds y, 3 first 
constructs sy and then extends the partial isomorphism n in the game G^(9I0,9I5) 
by (a, b), where a = sy(0) and b = sy(6). 

Before round y > co, we assume that the following conditions are true: 
(1) For all a < S, the sequence ((s£(a), s£(a + l)))£<y is a play in G<(9l.,9l. + 1) 

according to 3's winning strategy o.. 
(2) For all e < y,se is continuous, that is, if £ is a limit ordinal and se(£) = a, there 

is C < £ such that for all ( < a < £, se(a) = a. 
(3) Suppose a is in the range of some sequence sc,e<y, and a is the least ordinal 

such that a e Ax. Then there is an ordinal fi such that [a, /?] = {<!; | for some e < y, 
sB(^) = a}. If y is a successor, then /? is a successor ordinal or 5. If y is a limit, then 
/? = * 

V starts the game G^(9l0,9Ia) by choosing the countable set C of elements of 9I0. 
3 chooses as the first sequences s„, n < w, constant sequences whose values enu­
merate C. Let us consider round y in the game, where y is an infinite limit. In general 
there are two cases. 

First the case where V picks a e 9I0 as his yth move. If there is some se such that 
sE(0) = a, then 3 responds by s„(<5) e 91^ and defines sy = se. Else, by (3), 3 can move 
a e 91,, and choose the appropriate constant sequence as sy. The inductive hypoth­
eses are met, and we can let sy + n = sy for n < co. 

Suppose then V picks b e 91,5 as his yth move. Again, if for some e < y ss(5) = b, 
we are done. Else, let us construct the required sequence s r Let a0 be the least ordi­
nal such that b e 9Iao and s£(a0) # b for all e < y. Note that by hypothesis (3) and 
condition (ii) of the lemma, a0 = fS0 + 1 for some /J0 (or a0 = 0). We define sy(P) = b 
for all P > fi0. Let c be the response of 3 according to axo if V continues G< (91^, 9Iao) 
by moving b e 91.0. Let sy(/?0) = c. Then we continue the construction of sy by 
downward induction. 3 then moves sy(0) e 9I0 in the game G^(9t0,9Ia). Similarly, 
by a closing procedure, 3 can construct sy+„, n < co, so that clause (3) is satisfied at 
y + co. • 

PROPOSITION 5. / / 91 is of cardinality cot and 91 <rai 93 for some 93, then 91 =mi 93 
for some 93 of power co2; whence, 91 is perfect. 

PROOF. We may assume 91 and 93 both have power cox. Thus, by remarks pre­
ceding Theorem 1, 91 s 93. We construct a sequence (9la)a<£1)2 of models so that 
each is isomorphic to 91, 91. c 91^ if a < ft, and 91. <ai 91 . + 1 for all a < co2. We 
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handle the successor step by identifying 9Ia with 91 via the isomorphism. Then from 
93 we get 3Ia+1. At limits we take the union of models. Lemma 4 makes sure that 
the union is isomorphic to 91, if it is not of power a>2. • 

So, if 91 fulfills the condition of Proposition 5, then it has 2°" automorphisms. 
The proof of the following result shows that 91 <rai 93 is a much stricter condition 
than 91 <r a i 93. 

PROPOSITION 6. 

91 <rai 93 => 91 <ai 93 

but 

91 <ai 93 =£ 91 <„, 93. 

PROOF. The first claim is trivial. For the second consider the following models. 
There is one equivalence relation R in the vocabulary. The model 91 contains simply 
a)x equivalence classes of size co1. The model 23 =3 51 contains one additional equiv­
alence class of size co1. Then it is very easy to see that 3 wins G.^91,93). But V can 
win G<(91,93) in two moves. First V chooses some b e 93, b £ 91. Let n be V's re­
sponse. Let a e 91, 9t N= R(a,n~l(b)), a $ ran(7t) u dom(7i). Then V demands 3 to 
map a identically. • 

If 91 and 93 are countable, 91 ̂  93, and 91 < 93 (relative to LXJ, then <r(9I) = 2m. 
This would suggest the analogous conjecture for uncountable models: if |9l| = 
|93| = Wi and 91 -<mi 93, then cr(9I) = 2a\ But this conjecture is false, as the follow­
ing counterexample constructed by S. Shelah shows. 

THEOREM 7. Let K > co be regular. There are models l'))il c 9JJ2, 9JJ, / 9J}2, 
ISRil = |SR2| = K such that 

(i) for every A a \\$Jll\\,\A\ < K, there is an isomorphism /rom9J}2 ontoStf?! which 
is the identity on A; 

(ii) oCWlJ < K. 
REMARK. Hence, 9ft t <K 9JJ2 but there is no 9ft 3 such that Will =K 9ft 3 and 

|9ft3|>K,asthen<7(9ft1) = 2'c. 
PROOF. We first define such 99^ and 9ft2 with the vocabulary L = {Rd | 0 < 5 < K, 

S limit}, where Rd has 6 places and |R™'| = \Rf2\ = K- We can then replace these 
models (in Proposition 8) by models with a vocabulary consisting of just one binary 
relation. 

We define A, Ax, fa, and ya, a < K, such that 
(1) o) <yx< K for all a < K and <}>„ | a < K> is increasing and continuous; 
(2) y0 = co, if a > 0 is a limit, then ya = (Jp < 5 (yp and if a = 0 + 1, then yx = yp + yp; 
(3) Ax = {(' < ya| i even}, A = {i < K\ i even}; 
(4) f is a 1-1 function from K onto A mapping yx + l onto Aa+i; 
(5) f maps the interval [y^y^ + i) onto [y^fy + i) n A for /i > a; 
(6) fx \ Ax is the identity function on Ax; 
(7) fa, a < K, are defined using free groups (see the construction of f below). 
The definition of ya and Aa is clear from (l)-(3). We now describe the construc­

tion of f°, a < K. If /? < K, let Tft = {sf | a < /?"} and T£at = {(s£)_' | a < /?} be sets 
of arbitrary symbols. Let Tp be the set of all sequences x = ai---an such that 

(Tl) 0 < n<co; 
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AUTOMORPHISMS OF UNCOUNTABLE MODELS 1407 

sh • a„ (i.e., just concatenate); 

(T2) ak 6 Tf, u T L for all 1 < k < n; 
(T3) if n > 0 , thena„ = sjj; 
(T4) <7k 6 T£al => ok + le Tf, for all 1 < k < n\ 
(T5) -.(3fc,a)(K,fft+1} = {s£,(s2r1}). 
Thus we see that T̂  is a subset of the normal forms of the free group generated 

by {sf | a < p}. If T = a, • • • a„ e 7̂  and sf e Tf,, then we define the operation sf • T 
in the following way: 

(a) if (7i # (sf)"' or i = 0 , then sf • T 
(b) if a, = ( s2 r 1 , then sS.T = ff2---ff11. 

It is easy to check that .sf • T 6 Tp. Thus, • is defined like the multiplicative operation 
for the free group. 

LEMMA A. Let i, T' e Tp and a < P- If % # T', r/ien sf • T # sf • T'. 
PROOF. Straightforward. D 
For each a < K, let 

{(W«)|?« < C < 7a+l} 

list the set 

P,= {(T,j)\*eTa,T*0,j<ya,JtAa} 

without repetitions in such a way that 

£ is even if and only if o^ e T"t, 

where we denote î  = cr^ • • • oz£ • 
If (z,j) 6 Pa for some a < K, let £(1,7) be the unique £ such that (i,y) = (T^,/ .) . 

Now we define fx, a < K (see Figure 2). For e < K let 

/"(<0 

e if £ < yx and £ e Ax, 

£{s*x,c) if £ < y a a n d £ ^ / 4 a , 

Z(sl-x,i) if y a < £ < ya + 1 and£ li?,j\ 
£(s£ • ?,j) if fy < e < I V 1 , j8 > a, and £ = £(T, j). 

We have to check that f* is well defined, that is, <̂ (s" • z,j) and £(s£ • z,j) must 
be defined above in appropriate conditions and their values must be even. We 
check only £(s£ • x,j), the other case is similar. Suppose ya< £ < ya + t and e = £(T,;'). 

Then T e Ta, T ^ 0 . Let T = at ••• a„. If ^ ^ {s^T1, then s* • i = s ^ • • • a„ + 0. 

A 

1, 

r 

FIGURE 2 
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1408 S. SHELAH, H. TUURI, AND J. VAANANEN 

Thus, £(s£ • x,j) is defined and it is even since s* e T*t. Suppose cx = (sj) '. Then 
s«. T = o-2 • • • t7n. Now n > 2 by (T3) and CT2 e T*t by (T4). Thus, a2 • • • an # 0 and 
£(s£ • T, j) is defined and even. 

LEMMA B. Conditions (4), (5), and (6) afroue are met. 
PROOF. From the definition of f we see easily that f maps yx+1 to Ax+1 and 

[V/I>7/J+I)
 t o [ŷ »y/j + i ) n ^ if /? > a. We show first that f* is a 1-1 function K -* A. 

Suppose eY =£ s2. We prove /"(e^ ^ /a(e2). There are several cases of which we 
treat the two most interesting. The proof in other cases is similar or trivial. 

(a) Suppose et < ya, et <£ Ax and e2 e [ya,yx+1). Let £2 = £(x,j). Since x + 0, by 
Lemma A s« • x # s\. Thus, / " ( e j = £(s«,El) / £(s£ • T, ; ) = f'(e2). 

(b) Suppose ei,e2GCya,7a+i)- Let ^ = ^ , 7 ! ) and £2 = £(T 2 , J 2 ) . If ^ # ; 2 , 
then the claim is clear. If j1 = j 2 , then xx # i2 and by Lemma A s* • xx / s\ • x2 and 
again the claim holds. 

Next we prove that f is onto. Let 5 e A. We try to find ?. < K for which 3 = ./"(fi). 
If 8 e Ax, then we set E = 5. Suppose then 5 e[ya,yx+1)r\ A. Denote 8 = £(x,j), 
where x = ax • • • a„, x =£ 0. We know al e T", since <5 is even. 

(a) If n = 1, then T = s£ by (T3) and we set e = 7. 
(b) If n > 1 and ax = s£, then we set e = <l;(er2 • • • a„,j). 
(c) If n > 1 and ^ # s£, then e = £((s£)-1<7i • • • ff„,;'). Here £ is defined and (T4) 

fulfilled because ax e T"t. 
Suppose then <5 e [^, ^ + x) n X, /J > tx. 

(a) If (Tj = sf, then n > 1 by (T3) and E = £(a2 • • • on,j). 

(b) Ifc^ # s j , then e = £ ( ( s J r V ••*.,./)• 
Thus, we have proved that f: K -» A is 1-1 and onto. Now (4), (5), and (6) are 

clear. D 
If a < K, let y(tx) denote the unique ft for which yfi < a < fy + 1. Let G! be the 

group of permutations of A generated by {fp(f"Y' | a, /? < K}. Let G2 be the group 
of permutations of K generated by {{fpYlfa\<x, fi < K}. 

We are ready to define the models. We define Tll and 9Ji2 as follows: 
(i) 112̂ 11 = A; 
(ii) ||an2|| = K; 
( » i ) « f k = { < ' o ' 2 - ' - V - - > £ < « , £ e v e n | 3 ^ G , ( A 8 < a e v e n 0 ( g = £ ) } , fc= 1 , 2 , 0 < 

a < K, a limit. 
LEMMA C. 9JJ, <=9J!2. 

PROOF. Suppose <i£|e < a even) e J?™1. Thus, there are k < w, ar,fir < K, for 
1 < r < k such that (using (f^f^Y'Y1 = fXfY1) 

A fHfrlffi(fn)'l-fHrr\h) = * 
E<a even 

If y < K is chosen large enough, then by (6) f{iE) = is and fy(e) = E for all £ < a, 
£ even, and thus, 

A UTlf%f'r1f2)-((f'k rmrrTm = e. 
£ < a even 

But this means <;'E | £ < a even) e R™2. The other direction is similar. • 
LEMMA D. For each a, f is an isomorphism from 9J?2 onto W.l which is the iden­

tity on Ax. (Hence, Gk is a group of automorphisms of 93Jk.) 
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PROOF. Suppose <J'£ | e, < a even) e R™2. Then 

A (frT,-(flhrlf'k(ic) = e. 
t.<a even 

If y is chosen large enough, then 

A nfr T' • • • (/"T '/•*(/")- \r(h)) = £, 
t: < a even 

which means </a(i£) | E < a even) e R™'. The other direction is similar. • 
Since K is regular, Lemma D proves part (i) of the theorem. To show (ii) it is 

enough to prove the following lemma because |G,| < K. 
LEMMA E. GX is the group of all automorphisms of^il^. 
PROOF. Let g* e AUT(9JJ1), g* i Gx. Let G\ be the group generated by 

{fP(f*yl |a*/f < °}- As K is regular, by taking successive closures we can find a 
limit ordinal 5 < K such that 

((51) g* maps A6 onto A3; 
(52) for every geG\,g*\Ai * g\ Ad. 

(In fact the set of such 5 is a closed unbounded subset of K.) 
Let iE = g*(e) for e < a, a = ys, s even. As g* e A\JT((,IH1) and <e | e < a even) e 

Rf\ there is some gt eG , with /\e<([eveng^i) = E. Let g = g^1 e G r T h e n 

A 9(e) = h-
£<ct even 

Thus, g* \ Ad = g \ As. By (32) g \ Ad $ {h \ Ad | h e G\}, and by (51) g maps As onto 
itself. To get a contradiction it is enough to prove 

(r) If g e Gx and # f A6 $ {h \ As \ h e G\], then g does not map As onto itself. 
PROOF OF (r). So let 

g = ffk(f"k)-l-f1(f'ri 

be a counterexample with /c minimal. Clearly, a; # ft and aj+1 # ft by the mini­
mality of /c. 

As g $ G\, for some 1 < r < k, ar > 3 or ft > 5 holds. If ar > 5, then we can 
consider gT1 = fi(ffil)~i •••/'"'( f ^ ) ' 1 , which is also a counterexample with k 
minimal. Thus, we may assume without loss of generality that ft > 5 for some r. 
Let 

p. = max({ar|r e {\,...,k}, ar < 5} u {ft \r e {l,...,fc}, ft < 5}) + 1. 

Let £0 e /la be arbitrary. We denote 

4 = fHnk\ 
Thus, 4 = g(£0). For i = 0,.. . , /c, let 

b<, = max{/i,ft,...,ft}. 
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LEMMA F. Suppose £0 e As. Then y(^,) < max{ft<i + 1,3} for i = 0,...,k. 
PROOF. By induction. First, y(£0) < 3. Suppose y(£;) < max{bSl + 1,6}. From 

the definition of f we see y((/a)_1(e)) < y(e) for all a,e. Thus, y(t]i+l) < y(^). 
We see also that if y(fa(e)) > y(e), then y(/a(e)) = a. Thus, y(£i+1) < yfe+i) or 
y(^ + i) = ft+i- In both cases y(£i + 1) <max{b<( + 1 + 1,3}. D 

LEMMA G. For all 1 < i < k, either ft < fr<,_! or af < b<,_!. 
PROOF. Suppose ft > fr<,-! and a, > b<,-i. Since fr<,-i > /i, this implies 

a;,ft > £. Thus, a,,ft > maxjb^;.! + 1,<5}. Suppose £0 e ^ is arbitrary. By 
Lemma F y ^ ^ ) < max{b s i . 1 + 1,<5} and by (6) / f t ( / " ' ) _ 1 U, - i ) = £,-i- But 
now we see 

ffk(fkr1-fi(rr1\Ai 

= fk(far1---f^i(faitr1fPi-i(r r'---fPi(rrl\Ad, 
a contradiction with the minimality of k. D 

The following lemma shows that g maps £(s£, 1) outside Ad, which contradicts 
our assumption and proves (T). 

LEMMA H. Let £0 = £(s£, 1). T/ien for all 

1 < i < k 

£; is of the form €(sbp-'02'
m'a'n->Ji)> where sbp-'a'2• • • u\. e Tb , and nt> 1. Hence, 

PROOF. Suppose first that the claim holds for £,-, i> 1. We prove it holds for ^j + 1 . 
(a) Suppose ai + 1 > fc<; = y(^). Then ^.+1 = (/°"t')~1(^) = £>• By Lemma G 

ft+1 < i<f. Now 

Hence, the claim holds for i + 1. 
(b) Suppose a i + 1 < fr<,- = y(^,). Then 

fI+i = (/"'tr1fe) = ftfer^i •••<>;••), 
where aj + 1 ^ ft by the minimality of k. Note that ni+l is odd. If ft+1 > /?<,-, then 

s , + i = / A + i ( ' / i + i ) = ^ : ; . f , - + i ) , 

and the claim holds for i + 1. If ft+1 < b&i, then 

^ + i = / A + ^ + i ) = «^1(sis
+

, ,r l s?, f i , f f ,2---<'j ' /) . 

where ft+1 # a, + 1 by the minimality of k and the claim holds. 
Next we prove that the claim is true for i = 1. 
(a) Suppose a! > b<0 = p. Then r\x = £,0 = £(s£, 1) and ft < b<0 = p.. As above 

we get & = fts^, 1).~ 
(b) Suppose <*! < b<0 = p. Then ^ = £((s£,) 'sjj, 1), where a! ^ /* by the def­

inition of p. If ft > p, then & = Us^nJ. If ft < /*, then £2 = (sJIX,)"1*?.J)-
• 

Let £(, = <̂ (ŝ , 1). By Lemma H y(£k) = b<k > 3, since ft > 3 for some i. 
Thus £k$ As, which proves (f). This ends the proof of Lemma E and the whole 
theorem. • 

Sh:377



AUTOMORPHISMS OF UNCOUNTABLE MODELS 1411 

PROPOSITION 8. We can find models Wy and 9J{2 which satisfy Theorem 1 and 
have a vocabulary of one binary relation. 

PROOF. Suppose W is a model of the vocabulary {Rd\Q < 5 < K, 8 limit} such 
that |SR| = K, \Rf\ < K and Rd has 3 places. We define a model 21 = F(W) of one 
binary relation R. Let 

p i | | = | | an | | uU{( (a« )«<* , /S ) | aB l= /? , ( a 0 , . . . , a „ < ( ! , . . . ) , / J<5} . 
<s 

The relation R holds in 21 exactly in the following two cases: 
(i) if bl,b2 e | |2 ' | | , by = ((aX<»,Pi) and b2 = ( (a j a < a , / i 2 ) , where /?, < /i2 , then 

3It=/?(b„fc2); 
(ii) if b e ||2I|| and b = ({aX<s,P), then 21 N K(a„,b). 

In other words, for each tuple (ax)x<s, such that SJJJ |= Rd(a0,...,ax<ij,...) we add 
5 new elements to ||2I||. The new <5 elements are well-ordered by R and for all fj < 5 
ap is in relation R with the /Jth added element. 

Obviously, |F(5R)I = K. It is a routine task to check that there is a 1-1 correspon­
dence between AUT(SK) and AUT(F(SR)). (Note that 21 N ~i 3xR(x, a) iff a e ||SK||.) 
Thus, (T(9W) = ff(F(9M))- It is also easy to see that if SW < K 9W', then F(3W) < K F(SB'). 
Let SIU and 9W' be the models constructed in Theorem 7. Let SJ^ = F(9JJ) and 
SR2 = F(9W'). • 

We say that a chain of models (2Ia)a<K is continuous if 21 = I J a < y 2 l a for y a 
limit. A chain is an elementary chain if 2Ia ^ m i 91 ̂  for all a < /?. If the relation ^ 0 ) 1 

were preserved under unions of continuous chains of models, then we could re­
place <vn by -<0)1 in Proposition 5, as is easy to see. This raised the question of 
whether ^ m i is preserved under unions of continuous chains. Since Theorem 7 
shows that < m i cannot be replaced by -<mi, it also proves that ^ W l is not always 
preserved. Below we present also two other counterexamples. They are continuous 
elementary chains of length co and a^. The problem of whether ^ m i is preserved 
under unions of continuous chains of length a>2 or greater is open to the authors. 

We define the linear order n, which we shall use in the proofs below. The linear 
order n consists of functions / : u> -> co^ for which the set {n e a> | f(ri) + 0} is finite. 
If / ' , g e n , then / < g iff f(n) < g(n), where n is the least number where / and g 
differ. By nK" we mean the restriction of n to those functions / for which /'(0) < a. 
Similarly, we define t]-". 

Let £ and 0 be arbitrary linear orders. By ̂  x 0 we mean a linear order where 
we have a copy of £ for every x e 0. The order between the copies is determined 
by 0. By 0 + £, we mean a linear order, where c, is on top of 0. If a is an ordinal, 
then a* denotes a in a reversed order. 

We first prove a lemma about n. 
LEMMA 9. (i) n~a = n for all a, 

(ii) n x n = n for all n e OJ, 

(iii) t] x a* = n for all a < col. 
PROOF, (i) Let / e n-x. Simply map / ' to g e n, where g(0) = / (0) — a and 

g(n) = f(n) if n * 0. 
(ii) We prove the claim by induction on n. Suppose n x n = n. Clearly, n<A =n; 

thus, n x n = n<[. By (i) n = n-\ So n x (n + 1) S n<l + n-1 = n. 
(iii) We prove this by induction on a. The successor step is easy because 
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n + n = n. Suppose then that a is a limit ordinal. Let (a„)„<M be an increasing se­
quence cofinal in a. Then a = £„<a>a

n+i — a„- All the differences in the sum are 
<a, so we can use our induction assumption and we get n x a* = n x co*. Thus, 
the limit case is reduced to showing that n x co* = n. We describe the isomorphism. 
First, we map the topmost copy of rj in co* x n to {/ e n | /(0) > 0}. This mapping 
goes as in (i). Then we map the next copy of ^ to {f e n\/(0) = 0, f(\) > 0}, and 
continuing in this way we get an isomorphism. • 

PROPOSITION 10. There exists an elementary chain (91„)„<(J of models of cardi­
nality fflj such that 

n<to 

for all n. 
PROOF. We let 9l„ = n x n. Then the union of the chain is 91 = r\ x co. We can 

choose an increasing sequence of points in 91 so that the length of the sequence 
is co and the sequence has no upper bound in 91. It is not possible to find such a 
sequence in any 9I„. Thus, it is clear that no 9I„ is an elementary submodel of 91. 

It remains to prove that our chain is really an elementary chain. We start to play 
the game G^(9l„,9tm), m> n. First V chooses a countable set C in 9I„, which is 
mapped identically to 9Im. Some of the points of C are in the topmost copy of n in 
9l„. Let a < coj be so big that none of these points / has /'(0) > a. We form an 
isomorphism between 9I„ and 9Im so that it maps the points in C identically. We 
map the part n x (n — 1) + n<ct in 9l„ identically to 9Im. The remaining part of 9I„ 
is n-" and thus is isomorphic to n. The remaining part of 9lm is isomorphic to 
n + n x (m — n) and thus is isomorphic to n. So we get an isomorphism between 
the remaining parts. Now 3 can win the game simply by playing according to our 
isomorphism. • 

PROPOSITION 11. There exists an elementary chain (9lJa<(0l of models of cardi­
nality coj such that 

s\i^ U «. 
a<wi 

for all a. In this chain $1 = 1 1 31 if y is a limit ordinal. 
PROOF. We let 91̂  = n + n x a*. Then there is a descending co,-sequence in 

91 = (Ja<(0 9la, but there is no descending consequence in any 9la. This shows that 
3 1 . ^ , SI.' 

We have to prove that our chain is elementary. We start to play the game 
Gi(9la,9l/J), where a < /?. First, V chooses a countable set C of points in 9la. Let 
6 < a>! be so big that for no / s C /(0) > 3. We form an isomorphism between 
our models so that it maps the points in C identically. First we map the part n x a* 
in 9Ia identically to 91^. We map the part n<d in the bottom copy of n in 1\a again 
identically to 9Lj. Now it remains to map n~d to n~d + n x 7*, where }' = /? — a. 
But according to Lemma 7 (i) and (ii), these both are isomorphic to n, so we get the 
isomorphism between 9la and 9l/;. Then 3 wins the game by playing according to 
this isomorphism. • 

We shall now consider a totally different kind of condition which also guaran­
tees perfectness. Let /(co) denote the assumption (taken from [2]) that 
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"there is an ideal / on cu2 which is uncomplete, normal, contains all sin­
gletons {a}, a < a>2, and 

7+ = {X £ io2\Xil) 

has a dense subset K such that every descending chain of length <co1 of 
elements of K has a lower bound in K". 

REMARK. /(O>) implies that / is precipitous and hence that to2 is measurable in 
an inner model. On the other hand, if a measurable cardinal is Levy-collapsed to 
<y2,1(co) becomes true [1]. 

We prove that I(a>) implies CH. Suppose 2'° > to2. Let T be a full binary tree 
of height w + 1. Let A £ {f e T|height(r) = co}, \A\ = io2. Let / be the ideal 
on A given by l(co). Now it is very easy to construct f0 < ••• < f„ < ••• and 
X0 2 • • • 2 X„ 2 • • •, n < o>, such that height(r„) = n, X„ e K, and for all ae X„ 
a > tn holds. Now f]n<01 Xn contains at most one element, a contradiction. 

THEOREM 12. Assume I (to). If a model 21 of power a>l satisfies er(s-H) > w,, then 
21 is perfect. 

PROOF. (Inspired by [2].) Let / satisfy I(a>). We may assume / is an ideal on 
a set AUT of automorphisms of power co2. We describe a winning strategy of 3 
in G(2l). Let X £ AUT and / e X. We say that / is an I-point of X if for all count­
able TI £ / , we have that [ft] n X e /+, where [71] = the set of all extensions of n. 

Claim. Every X e I+ has an I-point. 
Otherwise, every / e X has a n j - s / with X n [7^] e I. Because CH holds, there 
are only at1 countable n. This implies X £ {JfEXX ^ [ ^ ] e I, a contradiction. 

The idea of 3 is to construct a descending sequence (Xx)x<u>1 of elements of K. 
We denote by 7ia the countable partial isomorphism at stage a. The descending 
sequence is chosen so that for all f e Xxnx<= f holds. 

Suppose the players have played a moves. Then V demands 3 to extend na to a 
point x and give two contradictory extensions. For example, V demands x to be on 
the domain side. Because functions / can have only o^ different values at x and 
/ is co2-closed, we can find Y e I+, Y £ Xa such that all the functions in Y agree at 
x. Now let / be an /-point of Y, and let / ' be an /-point of Y \{ /} . Because / and 
/ ' are two different mappings, we can choose countable n c / and n' c / ' so that 
n and %' are contradictory extensions of nx and they are defined at x. Now we can 
choose X e K and X' e K, (X, X' £ Y) so that for all g e X n c g and for all g e X' 
71' c g. The extensions n and 71' are the demanded contradictory extensions. For 
example, if V picks n, then we set Xa+ x = X and na+1 = n. 

Limit steps in the game do not cause trouble because countable descending 
chains in K have a lower bound in K. • 

COROLLARY 13. Assume I(a>). Then the following condition (*) holds: 
(*) / / 21 is a model of power tx>l, then the conditions 

(i) cr(9l) > «!, 
(ii) ff(ffl) = T\ 
(iii) 21 is perfect 

are equivalent. 
REMARK. T. Jech has proved [5] it consistent that 2"' = ojt, 2Wl > a>2 and there 

is a tree of power coj with a>2 automorphisms. Hence, (*) cannot hold without some 
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set-theoretical assumption. We shall later show that the consistency -strength of (*) 
is that of an inaccessible cardinal. Note that (*) implies CH. 

The following result of S. Shelah shows a dependence between trees and the 
number of automorphisms of an uncountable model. 

THEOREM 14. Suppose that there exists a tree T of height a>1 such that 
(i) T has X uncountable branches, where u>i < X < 2""; 
(ii) each level in the tree has < co1 nodes. 

Then we can build a structure Sffl of cardinality co1 with exactly X automorphisms. 
PROOF. Let Tx = {t e T\ height(r) = a} and 

Ga = { Z c T a | | Z | < c o } 

for each a < m^. If X, Y e Gx, we define 

X+Y = (X\Y)VJ(Y\X), 

i.e., X + Y is the symmetric difference of X and Y. Clearly, + makes Gx into an 
Abelian group. Actually, Ga is a linear vector space over the field Z2 = {0,1}, but 
below we need only to know that Ga is Abelian. 

Let G be the Abelian group which consists of all functions (co1 -sequences) 

s-.w^ (J Gx, 
ot<toi 

where s(oc) e Gx and addition is defined coordinatewise (s, + s2)(a) = sv{ct) + s2(a). 
If B = (Oa<oi ' s a n ctvbranch in T, then B determines naturally a sequence b e G, 
where b(a) = \tx}. Let G' £ G be the Abelian group generated by all sequences b 
corresponding to Wj-branches. (Equivalently, G' is the vector subspace spanned 
by such sequences.) 

Suppose s e G' is arbitrary. Then s = bx + • • • + b„ for some a»rbranches 
b1,...,bn. Clearly, if t e Tx, then t e s(a) iff an odd number of branches bl,...,b„ 
passes through t. From this we see that if a < j? and te Ta, then 

(*) t e s(a) iff t has an odd number of successors in s(/?). 
Let W be a model of vocabulary {Rs | s e G'} such that 
(i) ||2K'|| = {s |seG'} ; 
(ii) Wl' \= Rs(sus2) iff s2 = sx+ s. 

The model 9JT is like an affine space where the set of points is ||9K'|| and the space 
of differences G' is kept rigid. Obviously, |9K'| = X and AUT(9M') consists of all 
mappings n's, s e ||9M'||, where n's(x) = x + s. Thus, 931' has exactly X automorphisms. 

Let 9J? be a model such that 
(i) ||9W|| = {sra|se| |aR'| | , «<<» ! } ; 
(ii) the vocabulary of W is {F} u {Rs\s e ||STC||}; 
(hi) 9JJ |= Rs(s1,s2) iff the domains of s,s1,s2 are equal and s2 = sa + s (where 

the sum is defined coordinatewise); 
(iv) 9JJ \= F(st,s2) iff st is an initial segment of s2. 

Since \T\ = co1, there are only a»i countable initial segments of co1 -branches and 
|9K| = (Oi. We show that there is a 1-1 correspondence between AUT(9JJ') and 
AUT(2R). Let s e ||8W'|| be arbitrary. Then n's e AUT(W). We define from n's an 
automorphism ns of 2R. If r e ||9W|| and dom(r) = a, then 7is(r) = r + s\ a. Obvi­
ously, if s # s', then ns # 7ts-. 
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Suppose then % is an automorphism of 9JJ. We denote by s% a function, such 
that dom(s^) = fi and s^(a) = 0 for all a < /?. We define s e G in the following 
way. s \ p = TT(4) for all /? < co,. We show that s e ||SR'||. By (*) |s(a)| > |s(j8)| if 
a > p\ Since |s(a)| is finite for all a, there must be n and /? such that |s(a)| = n for 
all a. > p. Thus, from (*) we see that from fS up s determines some CD, -branches 
bl,...,bn, such that s \ (co^P) = b \ (cox\P), where b = b, + ••• + b„. It remains to 
show that s T (j8 + 1) = & T (0 + !)• We know s \ (P + 1) = TI( / 0

+ ' ) = s' f (j5 + 1) for 
some s' e ||2R'||. Since s'(j?) = Z?(/?), (*) implies that s' \ (P + 1) = b \ (P + 1), and 
thus, s = b G ||SW'||. 

Now it is very easy to show that % = ns. Thus, there is a 1-1 correspondence, 
and 9J? has exactly X automorphisms. • 

REMARK. If the tree T above is a Kurepa tree, then the resulting model 50} is 
clearly not perfect. 

We can modify the preceding proof to get a suitable model with a finite vocab­
ulary. We add to the model 9JJ the set {as\s e ||9H||} of new elements and well-order 
them with a new relation <. Then we can use these new elements to code the re­
lations Rs into a single relation, and we get a finite vocabulary. This modification 
does not affect the number of automorphisms. 

Theorem 14 is of use only if the conditions in it are consistent with ZFC. We 
show that this is indeed the case. 

A tree T is a Kurepa tree if 
(i) height(T) = w1; 
(ii) each level of T is at most countable; 
(iii) T has at least a>2 uncountable branches. 
It is well-known (see, e.g., [6]) that Kurepa trees exist in the constructible uni­

verse. Let 9JJ be a countable standard model of ZFC + V = L. Let T be a Kurepa 
tree in 901 Let X be the number of uncountable branches in T. Now we use forcing 
to get a model where 2ra' > X. We utilize Lemma 19.7 of [6]. In 9JJ the equation 
2<<0> = co, holds. Let K > X be such that KM1 = K. Let IP be the set of all functions 
p such that 

(i) dom(p) E K x coi and |dom(p)| < cou 

(ii) ran(p)c{0, l} , 
and let p be stronger than q iff p => q. The generic extension 9JJ[G] has the same 
cardinals as $R and 2R[G] |= 2"" = K. P is a countably closed notion of forcing. 
Hence, Lemma 24.5 of [6] says that the Kurepa tree T contains in SD^G] just 
those branches that are in the ground model. Thus, there are exactly X uncountable 
branches in T also in the extended model 9J?[G]. CH is true in L; therefore, 
90i[G] \= 2a = coy by the countable closure of P. We have obtained a model 9Jf[G] 
of ZFC + CH with a tree T, which has the properties (i)-(ii) of Theorem 14. 

From Theorem 14 and the above remarks we obtain a new proof of Jech's re­
sult [5]. 

If ZF is consistent, then ZFC + 2m = coj + "there exists a model of car­
dinality coy with X automorphisms, cot < X < 2°"" is consistent. 

If we assume CH, we can prove the other direction in Theorem 14. 
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PROPOSITION 15. Assume CH. Suppose that we have a model 5W of cardinality a>x 

and 9JI has X automorphisms, Wj < X < 2°". Then there exists a tree T of height coj 
such that the conditions (i)-(ii) in Theorem 14 hold. 

PROOF. To avoid some complications, we assume that 3W has a relational vo­
cabulary. If not, we can transform the vocabulary to relational and that does not 
affect the number of automorphisms. The tree T will consist of partial auto­
morphisms of $R. Let (aa)a<(01 enumerate SR. Let 9JL, = 9ft \ {ap \ P < a}. We let 
T = {f\f is an automorphism of some 9JLJ. If f,g e T, then / < g iff g extends / . 

Suppose / is an automorphism of 9R. Let a < a^ be arbitrary. It may be that 
the restriction of/ to 9Jia is not a bijection from yjla to 9J?a, but by taking succes­
sively closures we find P > a for which / gives an automorphism of W^. Thus, / 
determines an uncountable branch in T. 

For the other direction, if we have an uncountable branch in T, it is clear that 
it determines an automorphism of SU. Thus, T has X uncountable branches. 

The tree T may contain at most (oY x aja nodes. Since we assumed CH, this is 
equal to col. So each level of T contains < « ! nodes. • 

THEOREM 16. CH + (*) is equiconsistent with the existence of an inaccessible 
cardinal. Also-CH + 2ai > co2 + "for all 91 of power <w,, <x(9I) > wx implies 
cr(9l) = 2""" is equiconsistent with the existence of an inaccessible cardinal. 

PROOF. Let X be a strongly inaccessible cardinal and \i > X so that \i = fiHl. Let 
P = Q x R , where Q is the Levy collapse of X to K2 (see [6, p. 191]) and U is the 
set of Cohen conditions for adding \x subsets to Kt. We show that Vp lr-(*). Sup­
pose p lh cr(9t) > co1. We may assume, without loss of generality, that *H e V. 
Hence, there is a P-name / and p e P so that p lh " / is an automorphism of 91 
and / $ V". For any extension q of p let 

f" = {(a,p)\q\hf(a) = P}. 

Now for each extension q of p and for all countable sets A, B s co1 there are ex­
tensions q° and q1 of q in P and an element a of wl so that 

(i) A u {a} £ dom(/«°) n dom(/«'), 
(ii) B s ran(/«°) n ran(/"'), 
(iii) /*°(fl) # / ' ' (a) . 

Using this fact it is easy to see that p lh "3 wins GCH)". This ends the proof of one 
half of the claims. 

For the other half of the first claim we assume that CH + (*) holds. If K2 is not 
inaccessible in L, then there is a Kurepa tree with >K2 branches, and hence, by 
the remark after Theorem 14, a nonperfect model of cardinality a>l with >co1 

automorphisms. 
For the other half of the second claim we show that under our assumption K2 

has to be inaccessible in L. For this end suppose X2 is not inaccessible in L. Then 
there is A c ffll so that K^U1 = K2, KtM1 = Nl5 and GCH holds in L[X] (see, e.g., 
Jech [6, p. 252]). We shall construct a tree with Xt nodes and exactly K2 branches. 
Let C be the set of S with coj < 6 < u>2 and Ld[A~] \= ZFC- + "there is cardinal 
% and there are no cardinals >oV'- Note that C e L[\4]. 

If y < /?, we denote by (L^[JB],}>) a model of vocabulary (e, Uu U2), where t/, 
and L/2 are unary relations, the interpretation of U1 is B, and the interpretation of 
U2 is the single element y e L^,[B]. 
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We form the Skolem hulls in this proof by choosing as a witness the element 
which is the smallest possible in the canonical well-ordering of the corresponding 
model. 

Fact A. An easy argument shows that if 5 e C and y < 5, then there cannot he 
any gaps between ordinals which are included in the Skolem hull of wi u {y} (or co1; 

as y is definable in the model) in (Ld[/4],y). 
Let 93 be the class of pairs (a,(L/,[B],}>»6 L[/ l] , where L^[B] N ZFC- + "there 

is cardinal cu, and there are no cardinals ><x>j", B = A n co^"[B1, a < co'{"lB\ 
y < ft, and y > wL^m. 

We define a partial ordering of these pairs as follows: 

(a,(L/,[B],y))<(a',(L/r[B'],/)) 

if a < a', fi < /?', and (L/)[B],y) is the transitive collapse of the Skolem hull of 
a u { / } in (L/r[B'],y'). We define a tree T as follows. Nodes of the tree are pairs 
(a,(L/3[B],y)) e 93 with a < fi < wy. The ordering of T is the same as that of 93. 
The cardinality of T is Kt. 

If G = (a4,(Lp?[B?],y?)), t, < cou is an uncountable branch in T, then the direct 
limit of (Lp^B^y^), £ < Wj, is isomorphic to some (La[/4],y), where <5 e C. If 
we denote by Hx the transitive collapse of the Skolem hull of a u {y}, a < a>j, in 
{Ls\_A~\,y), then (a, HJ, a < ra,, is a branch / / in T. A straightforward argument 
shows that G and H coincide. So the original branch G is, in fact, in L[/4]. Since 
T has at most N2 uncountable branches in L[/4], it has at most X2 uncountable 
branches altogether. On the other hand, by Fact A above, T clearly has at least 
K2 uncountable branches. We have shown that T has Kt nodes and exactly K2 

uncountable branches. • 
In this paper we have considered models of cardinality col and games of length 

« , . When we generalize the model theory of countable models to uncountable 
cardinalities, many problems arise. We chose to concentrate our attention on cox, 
because it offers the simplest example of an uncountable cardinal and even this 
simple case seems to present enough problems. Naturally, the results in this paper 
can be generalized to many other cardinalities K, i.e., we can consider models of 
power K and games of length K. Theorem 1 through Proposition 6 above are valid 
for any uncountable cardinal K. Proposition 10 can be generalized for any regular 
uncountable cardinal K; thus, we get an elementary chain of length m for which 
t<K is not preserved under the union. From the ideas of Proposition 11 we obtain 
the following result: if K is a regular uncountable cardinal, X is a successor cardinal, 
and X < K, then there is an elementary chain of length X for which ~<K is not pre­
served under the union. Theorem 14, which shows a dependence between trees and 
automorphisms, holds for any uncountable K. Proposition 15 has a counterpart 
for any regular uncountable K. 
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