Sh:195

ISRAEL JOURNAL OF MATHEMATICS, Vol. 51, No. 3, 1985

A CONSTRUCTION OF ALL
NORMAL SUBGROUP LATTICES OF
2-TRANSITIVE AUTOMORPHISM GROUPS
OF LINEARLY ORDERED SETS

BY

MANFRED DROSTE** AND SAHARON SHELAH®
* Fachbereich 6 — Mathematik, Universitit Essen, 4300 Essen 1, FRG ; and
" Institute of Mathematics, The Hebrew University of Jerusalem, Jerusalem, Israel

ABSTRACT

We give a complete classification and construction of all normal subgroup
lattices of 2-transitive automorphism groups A(Q)) of linearly ordered sets
(@}, ). We also show that in each of these normal subgroup lattices, the
partially ordered subset of all those elements which are finitely generated as
normal subgroups forms a lattice which is closed under even countably-infinite
intersections, and we derive several further group-theoretical consequences
from our classification.

§1. Introduction

An infinite linearly ordered set (“‘chain”) (Q, =) is called doubly homogene-
ous, if its automorphism group, i.e. the group of all order-preserving permuta-
tions, A ((2) = Aut(({}, =£)), acts 2-transitively on it. Chains ({}, =) of this type
and certain normal subgroups of their automorphism groups A (1) have been
used, e.g., for the construction of infinite simple torsion-free groups (Higman [8])
or, in the theory of lattice-ordered groups (/-groups), in dealing with embeddings
of arbitrary I-groups into simple divisible I-groups (Holland [9}]); for a variety of
further results see Glass [7]. In this paper we classify and construct all normal
subgroup lattices N(A ({2)) of the groups A (), if (2, =) is a doubly homogene-
ous chain. Our classification does not assume the class of all doubly homogene-
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ous chains ({), =) to be given. As a main consequence we obtain that in each of
these lattices N(A (£2)), the partially ordered set of all those elements which are
finitely generated as normal subgroups forms a lattice (under inclusion) which is
even closed under countable intersections. Furthermore, we obtain several
structure results on N(A (1)) first proved in [5], [2] again as consequences of our
analysis (see Corollaries 2.14, 2.15), and we solve an open problem of [5; p. 124]
(cf. Corollary 3.16).

Let (2, =) be a doubly homogeneous chain in the following. Obvious normal
subgroups of A(Q) are R(Q) (L(£2)), the group of all automorphisms with
support bounded on the left (right), respectively, and B({2)= R() N L(£).
According to Higman [8], B({}) is always simple and contained in every
non-trivial normal subgroup of A (€1). Holland [9] and Lloyd [11] showed that if
the cofinality cof({}) (coinitiality coi({2)) of () is countable, then the group
R(Q)/B(Q) (L()/B()) is simple. Contradicting [12], Ball [1] presented a
certain class of doubly homogeneous chains  with cof({2)=N, where
R(Q)/B(Q) is not simple. In [5], one of the present authors showed for any
doubly homogeneous chain ) that if cof (1) # 8., then R(£2)/B(£2) has indeed
uncountably many normal subgroups; furthermore, any subnormal subgroup of
A(Q) is normal. Moreover, in [5] the lattice N(A(Q2)) was shown to be
isomorphic to a certain lattice depending only on the structure of the Dedekind-
completion ({, =) of (Q, =) (cf. also Ball and Droste [2]). Further group-
theoretical properties of the lattice N(A (1)) will be contained in [6].

Our main result mentioned above and consequences are stated explicitly in §2.
Here we construct to each doubly homogeneous chain ( a pair of trees of a
certain type defined independently of ({1, =) and to these trees a corresponding
lattice, which is shown to be isomorphic to the partially ordered subset of
N(A () consisting of all finitely generated non-trivial normal subgroups of
A (). The proof, which is contained in §3, uses the characterization of [5] of the
lattice N(A(2)) mentioned above and is based on an analysis of certain
convergence properties of fixed point sets of automorphisms of €). In order to be
self-consistent, all the background results developed in [5] (see also [2]) which
are employed here are reviewed. Then in §4 we prove conversely that each tree
of the given type can be realized through a doubly homogeneous chain ({2, =).

§2. The main results

Recall that a tree (T, =< ) is a partiaily ordered set with a smallest element such
that for each a € T the set {b € T | b = a} is well-ordered. Linearly ordered sets
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will also be called chains. If (T, =) is a tree and & # A C(T, =) a chain, an
element x € T is a strict upper bound of A if x > a forall a € A let M, always
be the set of all minimal strict upper bounds of A. We also write M, = M, for
a € T. Hence M, = iff a is a maximal element in T. As usual, in the following
cardinals are identified with the least ordinal of their cardinality. For a mapping
f, let a’ denote its value at a.

DerFiNiTION 2.1, We will consider trees (T, =) with a mapping ®: T —{1,2, 3}
and order-relations =, on M, for each a €T with M,# such that the
following conditions are satisfied:

(DIfa €T and a®=2,then M, = and theset{x ET l x < a} is non-empty
and contains no maximal element.

Q) If a €T and M,# D, then

(i) |M.] is a regular uncountable cardinal;
(i) (M.,=.)is well-ordered (inversely well-ordered) and isomorphic (anti-
isomorphic) to |M, |, if a®=3 (a®=1), respectively;
(iii) x*=1 (x*=3) for all x EM, if a®=3 (a® =1), respectively.
(3) If &# P C(T, =) is a chain which contains no maximal element, then
either (i) [Mp|=1 and M7 ={2},
or (ii) [Mr|=3 and M3 ={1,2,3}.

NotatioN. Let Mid(T)={a € T |a®=2, |Mycri<a| =3}, the set of all
“middle” points of T (in a sense explained later), and T~ = T\Mid(T).

Let Jr (9.) be the class of all trees (T, =) satisfying these conditions and, in
addition, (min T)* =3 ((min T)*=1). We put 7 =9 U J,.

Note that any T € J has either precisely one or uncountably many elements.

DEFINITION 2.2 of a filter B(T)on T for TE T
For each a € T with M, # &, let

B.={CCM,

C is closed and unbounded above (below) in M, },

if (M.,=.) is well-ordered (inversely well-ordered), respectively. We call a
subset B C T big, if there is a set A C B which satisfies min(T)E€ A and the
following three conditions:

(i) if a€A, then {x € T|x<a}gA;

(i) if a €A with M,#J, then A N M, EB, ;

() ifaeT, X={xeT , x <a}CA, and X is non-empty and contains no

maximal element, then Mx C A.

Let B(T) be the set of all big subsets of T.
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It is easy to see that B(T) is a filter on the set T (i.e., in the power set of T)
and, in particular, closed under countable intersections, since each B, (a €
T, M, # ) has this property.

NotaTioN. Let TE J, a EMid(T) and Mycrje<a;={y,a,z} with y*=1,
a®=2, z*=3. Then we also write y = a,, z = as.

DEeFINITION 2.3. For T € 7, let T™ be the set of all subsets A of T satisfying
the following conditions:

i) {x ET|x<a}gA for each a € A;

(i) if a EMid(T) and A N{a,,a:} #J, then a €EA;

(i) if a€ T, a®=2 and {x ET|x <a}C A, then a €EA.

Note that (T", C) is a partially ordered set closed under arbitrary intersec-
tions, hence B(T)N T" is a filter in (T", C) which is closed under countable
intersections. Furthermore, for each A C T satisfying the conditions (i)-(iii) of
(2.2) we have A€ T".

DEerINITION 2.4 of the partially ordered set (T*, =) for TE T

For two subsets X, Y € T" we put X = Y if there existsa BEB(T)N T —
or, equivalently, B€ B(T) — with XNBCY, and X~Y if X=Y and
Y =X Let [X]={YE T |X ~ Y} be the equivalence class of X € T" with
respect to ~, and let T* = {[X]| X € T*}. We define [X]=[Y] for X, Y € T
by X=Y. Then (T* =) is a partially ordered set which is closed under
countable infima by the remarks following Definition 2.3.

Clearly, (] is the smallest and [ T] the largest element of T*, and [{min T}] is
the smallest element of T*\{[Z]}. Moreover, if T has only one element, then
B(T)={T}, T"={D, T} and | T*|=2. Conversely, | T*| =2 implies | T|=1.
Next we give a further still easy but non-trivial and important

ExaMmrLE 2.5. Assume that each maximal chain in T € 7 has precisely two
elements. Then T=T ={a}UM, where a =min T and (M,,=.) is well-
ordered (inversely well-ordered) and isomorphic (anti-isomorphic) to « =
|M, |=|T|, aregular uncountable cardinal, if T € Tr (T € J.), respectively. A
subset BC T is big iff a€B and BNM, D C for some C € B,. Also,
T*={A CT|a€A}U{D} and for A, B € T"\{2} we have [A]=[B]in T*
if ANCCB for some C€ B,. Thus (T*\{[J}]}, =) is isomorphic to the
Boolean algebra A (k) = P(x)/$(x), where here P () is the power set of k and
F(x) the ideal of “thin” subsets of k (a subset A C« is called “thin”, if
A N C = for some subset C C « which is closed and unbounded above 1n «;
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cf. [10; p. 58]). In particular, under the assumption of this example the structure
of (T*, =) is uniquely determined by x =|T].

If Q) is an infinite chain and k €N, A(€)) is called k-transitive if for any subsets
A,BCQ with |A|=|B|=k there exists « € A(Q) such that A® =B, The
following remark is well-known.

REMARK 2.6.  Let ({2, =) be an infinite chain. The following are equivalent:

(1) A(Q) is k-transitive for some k €N with k =2,

(2) A(Q) is k-transitive for any k EN with k =2,

(3) Qisunbounded, and any two intervals [a, b]a,[¢,d]o(a,b,c,d EQ, a < b,
¢ <d) are order-isomorphic.

If one of these conditions is satisfied, ({2, =) is called doubly homogeneous.

For a group G, let (a)={N |a € N < G}, the normal subgroup of G
generated by @ € G, N(G)={N ' {1} # N < G} the set of all non-trivial normal
subgroups of G, and

N(G)={(a)| a € G\1}C N(G),

the set of all non-trivial normal subgroups of G which are generated by a single
element. Then we have the following

PRrOPOSITION 2.7 ([5: Prop. 6.3]).  Let € be a doubly homogeneous chain. Then
(N(A(Y)), C) is a join-semilattice, i.e. (a)-(B)E N{(AQ)) for all a,BE
A\{1}, and (N(A(Q)), C) is a complete algebraic (in particular distributive)
lattice isomorphic to the lattice of all ideals of (N:(A((), C).

Because of this result, which follows immediately from [3; Theorem XIII 18]
and [7; Theorem 2.3.1], Ni(A (£2)) coincides with the set of all compact elements
of the complete algebraic lattice (N(A (), C) (cf. [3; Theorem VIII 8)), i.e.
with the set of all elements of N(A ({2)) which are finitely generated as normal
subgroups, and it suffices to examine the structure of the semilattice N,(A (Q2)). If
(A, =), (B, =) are partially ordered sets, let (A, =) X (B,=<) be the set A X B
together with a partial ordering defined by (a,b)=(a’,b")iff a=<a'and b = b’
(a,a' €A, b,b' € B). We now come to our

MAIN Taeorem 2.8. Up to isomorphism, the partially ordered sets
(Ni(A(€)),C), where () ranges through all doubly homogeneous chains, are
precisely the partially ordered sets (T5,=)X(T* =), where T, €J,, T, € Ix.
Moreover, these partially ordered sets are lattices which are closed under countable
infima.
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This theorem follows immediately from Theorems 2.9-2.11 given below which
even sharpen (2.8). We proceed as follows. In Construction 2.16 we will define
for each doubly homogeneous chain Q) two trees T,(Q) € Tr, T, () € J... Then
we show:

THEOREM 2.9. Let Q be a doubly homogeneous chain and T, =T, (Q}),
T.=T,(Q)). Then the partially ordered sets (N(R(Q)),C) and (T?,=),
(N(L(),C) and (T%, =), and (Ni(A(Q)),C) and (T%,=)X(T%, =), respec-
tively, are isomorphic.

Here the fact that T*, T%, T% X T* have smallest elements is reflected by
Higman’s result (see (2.13)) that B(Q) is the smallest element of N,(R((2)),
Ni(L(€)), Ni(A(Q)), respectively. The proof of Theorem 2.9 is given in §3. It
heavily uses methods developed in [5] (cf. also {2]) concerning fixed point sets of
automorphisms a € A (£2). The necessary background results are reviewed at
the beginning of §3.

CoroLLARY 2.10. Let ) be a doubly homogeneous chain. Then
(N:(A (), C), (N((R()), C), and (N(L(Q)),C) are lattices which are closed
under countable infima. N\(A(Q)) is closed under countable intersections.

Proor. It suffices to show the first assertion, since this implies the final
statement of the corollary. By Proposition 2.7, the three partially ordered sets
under examination are join-semilattices. Hence the result follows from T;(2) €
T, T,(QY) € Tr, Theorem 2.9, and Definition 2.4.

Note that the simple group-theoretical result that Ni(A (1)) is closed under
(even countably-infinite) intersections appears here as a consequence of our
set-theoretic characterization of (N1(A (1)), C). In fact, we have no other proof
for this result.

Conversely, in §4 we show that each tree T € J can be realized through a
doubly homogeneous chain ():

THeEOREM 2.11. Let T, € I., Tr € Tr. Then for any regular cardinal A with
A Z|T.|+|Tr| there exists a doubly homogeneous chain ({1, =) of cardinality A
and trees T,(QY), T.(Q) such that (T.,=.)=(T,=:), (Tr,=r)=(T.,=,) and
hence, in particular, (N(A(Q)),C)=(T%,=)X(T% =). Moreover, the set
(Q, =) can be chosen such that each point a €} has countable coterminality.

Here, an element x € (1 has countable coterminality if there are countable
subsets A, B CQ such that x =supA =inf B and a <x <b for all a €A,
b € B. Before proceeding, let us fix some
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Notation. AUB, U A; denote disjoint unions. If (M, <) is a partially
orderedset, A, BC M and x,y EM, let[x,y]a ={z EA x =z =y}, and write
A<B(A=B)ifta<b(asb)foralla€ A, bEB,andx=Aiff{x}=A;A
is called unbounded above (below) in M if there exists no x € M suchthat A = x
(x = A), unbounded in M if A is unbounded above and below in M, and
unbounded (unbounded above, below) if A is unbounded (unbounded above,
below) in A. A is called dense if for all a,b € A with a < b there exists q¢ € A,
such that a <c¢ <b.

Now let (€,=) be a dense unbounded chain. We let ({}, =) denote the
Dedekind-completion of ({1, =) and 0=0u {— 00,00} with —oe < x < for all
x €. We always consider ( as a subset of {), and if we have to distinguish
between different orders, a = b for elements aq, b € Q will always mean a =a b,
i.e. with respect to the natural order of Q. Whenever abe 0 with a < b, let
la,b]={z Eﬁl a =z =b}. Similarly, if ACQ, supA and inf A are always
taken in (@, =) if not specified explicitly otherwise.

We put cofe(a)=cofs(a)=min{| A | | ACQ, A<a, a=supA} for a €
Q U {}, the cofinality of a, and we write cof (a) if there is no ambiguity about the
chain Q. Similarly we put coi(a)=min{|A ||a CQ, a <A, a =inf A} for each
a EQU{ -}, the coinitiality of a. If a €0 and cof(a)= coi{a), let cot(a) =
cof(a), the coterminality of a. Let cof({2) = cof(x), coi({) = coi(—x), and
cot () = cof () if cof () =coi(Q). If ACBCH, A is called closed in B if
BN{supC, inf C}C A for any J# C C A.

As is well-known, any doubly homogeneous chain is dense and unbounded.

Next we wish to give two examples for the construction of the tree T,()) € T
which serve to obtain consequences of Theorem 2.9.

ExampLE 2.12. Let (£}, =) be a doubly homogeneous chain.

(@) For T, = T,(Q), we will have | T*| =2 iff T, = {} iff cof (1) =N,. In this
case, M, = and ©® =3, Similarly, T,(Q)={-} iff coi({}) = N,.

(b) Suppose k = cof (1) # N, and there exists a set A C {) such that A is closed
and unbounded above in Q with coi(a)=N, for each a € A. Choose a
well-ordered subset M C A such that M =k and M is closed and unbounded
above in (). We put T, = T,(Q2) = MU {»} and define a partial order =, on T,
such that a <,b iff a =, b €M, for any a,b € T,. Hence in (T,, =<, ) we have
M. =M and M, = for each a € M. Furthermore, put »* =3, a® =1 for each
a €M, and (M., =..) = (M, =q). In particular, T, € Jx and in T, each maximal
linearly ordered subset has precisely two elements. Hence by Example 2.5 we
have (T3\{[D]}, =) = ().
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Now we wish to use (2.12) to derive consequences of Theorem 2.9. First let us
note some basic and well-known properties of N(A ({})):

ProposITION 2.13.  Let ) be a doubly homogeneous chain. Then:

(a) Any normal subgroup of R(£)) or L(£}) is also normal in A ({}).

(b) B(Q)) is simple and the smallest element of N(A({))) and hence also of
Ni(A (D), Ni(R(Y)), and N.(L(Q)).

Here (a) has been generalized in [5; 6.15]; indeed any subnormal subgroup of
A(Q)) is normal in A (Q).

As a first consequence we obtain the following important result already
mentioned in the introduction:

CoROLLARY 2.14 ([5; Satz 6.34, Kor. 6.25]). Let ) be a doubly homogeneous
chain. Then:

(a) A(Q)), R(QY), L(Q) € Ni(A (D).

(b) There exist smallest normal subgroups Ny, N.,N;<tA() satisfying
B(Q)EN,CR(Q), B)EN.CL(Q), and N;ZL(Q)UR(Q). We have
Ni, N>, N;E Ni(A(QY)).

(c) R(Q)/B(Q) is simple iff cof (€)= N,.

(d) L(Q)/B(Q) is simple iff coi(})=N,.

(e) B(Q), R(QY), and L(Q) are all non-trivial proper normal subgroups of A ({})
if and only if cot(QQ) = N,.

Here in (c)-(e) the “if” part is due to Holland [9] and Lioyd [11]. In Ball [1],
(), (b), the non-simplicity of R (£2)/B({) and the subsequent Corollary 2.15 have
been proved under the special assumption that cof (€2) = N., coi({}) =N, and
there exists a subset A C{) which is closed and unbounded above in Q with
cot{a) =N, for each a € A.

ProoF. (a) This follows from Theorem 2.9 and the fact that [T,] ([T.],
(T 1.IT.D) is the largest element of (T}, =) (T1,=), (TTX T}, =)), respec-
tively.

(b), (c), (d). We prove the result for R(€)). The partially ordered set (T3, =
satisfies [D] < [{eo}] = T[]} If ¢:(T%, =)= (N(R(Q)),C) is any isomor-
phism (which exists by (2.9)), then [Z]* = B(Q2) and [T.]* = R(Q) by (a), and
thus we may put N, = [{}]*. Then by (2.12)(a) we have NS R(Q) ift [{»}] <[T.]
iff cof () # Ny. Now a symmetry-argument implies the result for L((2). Finally,
let Ny=N;-N;.

(e) By (c) and (d).
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As an immediate consequence of Theorem 2.9 and Example 2.12 we have

CoRroLLARY 2.15 ([5; Satz 7.14]; [1] if « =N,). Let Q be a doubly homogene-
ous chain with k = cof () # N,. Assume there exists a subset A C Q) which is
closed and unbounded above in Q0 such that coi(a) ==, for each a € A. Then
(N(R(O){B(Q)}, C) is isomorphic to the Boolean algebra A (x) defined in
Example 2.5.

For a generalization of this result see [5,6].

Notation. If (A;, <)), i = 1,2, are partially ordered sets, we write (A, =,)C
(A:,=,)ifft A\ICA;and, forall a, b€ A, a=,b iff a =,b. If an element a is
the supremum of a set Z C A, with respect to =, (and maybe not w.r.t. =,), we
write a =supa, Z. If I is a set of ordinals, L(I) denotes the set of all
limit-ordinals belonging to L

If (T, =) is a tree, we will call any chain P C T which is unbounded above in T
a path in T. Now we come to the already announced

ConsTRUCTION 2.16. For each doubly homogeneous chain ), we define a
“right” tree T, = T,()) € Jr and a “left” tree T, = T,(Q)E TF,.

ConsTrRUCTION OF (T, =,). By transfinite induction, we will define an index
set I, consisting of ordinals such that i € I, whenever 0 =i = m = max(l,), and
trees (T,, =<, )with T, C d foreach i € I, (T, =,)C(T,, =,)if i <j (i,j € L), and
(T,,=,):=(T.,=.). For each i€, and a €T; we will choose an element
a'€(W\T)U{a}; then we always put V,=[a’,a] ({a},[a,a’]) if a'<a
(a = a',a <a’), respectively; furthermore, let S; = T,-\U,<,~ T; and

Z ={a €S, ] a' < a,cof(a)#NRy,ora <a’,coi(a)# N}
For each i € I, (T, =;) will satisfy the following property:

(*) For any a,b €T, with a# b, we have either V, NV, =0, or V,C
Vo\{b,b'}, or V, C V. \{a,a'l; moreover, V, C V.\{a,a’} iff a <;b. All
elements of S; are maximal in (T}, =,).

In particular, b € V,\{a} implies a <;b and a €S, (a,b ET).

First, let To={=} and choose =’ € Q) arbitrarily.

Now let i Z0 and (T, =;), {a’ | a €T}, S, Z already be defined (j = i) such
that T satisfies (x). If Z =@, let (T,,<,)=(T, =), L ={j|j =i}, and our
construction is finished. (For example, for i = 0 this is the case iff cof ((}) = N, ; cf.
(2.12).) Now assume Z # . For each a € Z, with a’ < a note that V, N T, ={a}
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by the conclusion to (x). Let M, C(a’, a) be closed and unbounded above in
(a’, a) such that (M.,=g)=cof(a), in particular, (M,, =g) is well-ordered and
a =supaM,. For each x €M, choose an element x'€{) with x <x'<
min{z €M, | x < z}. Similarly, if a € Z, and a <a’, let M, C(a, a’) be closed
and unbounded below in (a, a’) such that (M., =g ) is anti-isomorphic to coi{a);
in particular, (M,,=g) is inversely well-ordered and a =infaM,. For each
x €M, choose x' €Q with max{z €M, |z <x}<x'<x Put Sy = U, M,,
and let (Ti+1, =..1) be the tree satisfying T;., = T.U S, (T, S)C(Tv, =in),
and x <;. b forx €T, bEM, C Sivi (a €Z)iff x €T, and x =;a. Then for
each a € Z,, the set M, indeed coincides with the set of all minimal strict upper
bounds of a in (Tivi,=in).

Finally, let i be a limit ordinal and (7},=;) and a’, V, (a € T}) already be
defined such that T; satisfies (*) (with i replaced by j) for each j <i. First note
that any path P of U, T is a maximal path if and only if P satisfies: Whenever
a € PN T, forj<i x €T, and x <;q, then x € P. Now for each maximal path P
of U,uiT let Vp= MNucr V. CQ. Then Vo#D by (+) and the Dedekind-
completeness of Q. Let ap, ¢, € Q with a; = ¢» and Vi =[as, ¢r]. If ap = cp, put
ab=apr and M%={ap}. If ar <cp, choose aj, by, cp€Q such that a, < ap<
by <cp<cp, and let bp=bp, M% ={ap, br, c»}. Note that these elements are
well-defined since if Q is another maximal path in U,-. T, (Q# P), then
Vo N Ve =3 by (*). Put

S =U{M, ,P maximal pathin |J T;},
=i
and let (T}, <, ) be the tree satisfying T, = U,_, ;U S, and a <;b for a,b € T, iff
a,b €T, and a <;b for some j <i, or else a € U,.;T,, b €M, CS. for some
maximal path PCU,.,T, with a €P. Note that if there exist no paths
PCcU, T, weget S =@and U T,=T,=T.
After at most |Q| steps our construction of T, =(T,, <, ) will be finished.

Noration. If i € L(L) and Q is a path in U,.; T}, let P be the uniquely
determined maximal path of U, T, containing Q. We put Vo = Vs, ao = ay,
ahr=ap,...,M5=M7+. Hence now we have M= M, in (T,,=,) for any path

0 in U, T, i €L(L)).

ConstrucTION OF (T;,=;). Exactly as for (T,,=,); we only start with
To={—} and (—®) €Q such that (— ) <o,

DermnimioN  2.17. For T=T.(Q}) or T=T/(Q), we always define
&:T—{1,2,3} by a®*=3 (2,1) [a €T] if a'<a (a’' = a,a < a’), respectively,
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and we put (M,,=.)=(M,,=g)if a €T, M,#J. Then T.(Q)E T, TH{OQ)E

T..

Note that if T=T,(Q) or T = T:(Q), a EMid(T), X ={x € T | x <ra}, and
My ={ax,bx,cx} with a%=1, b%=2, c%=3, then bx=a and ax=
mina(Mx) = a:, cx = maxa(Mx) = a; according to our notation. In this case we
have

al=supﬁ{xEX’x°’=1} and a3=infg{xEX|x"’=3}.

It seems justified to call a € Mid(T) a middle point of T since it was chosen “in
the middle” of the non-trivial interval [a;, a3}, i.e. ai < a < a;. Also, note that if
a € T™ with a® =2, then

a=supa{x €T l x<ra,x*=1}=infa{x €T l x <ra,x® =3}

Finally, for any a € T we have M, = iff one of the following three (mutually
exclusive) conditions holds:

(i) a'<a, cof(a)=N,, or a <a', coi(a)=No;

(i) {a}=M, where P={x€T ! x <ra} is unbounded above;

(iii) a EMid(T).

It is easy to see that the tree T, = T,({}) as constructed above is determined
uniquely iff cof({2) =N, and uniquely up to isomorphism iff cof({}) =8, or
coi(a) = N, for each a € Q). However, the structure of the set (T*, <) is always
independent of the choices which were possible in Construction 2.16. This
follows immediately from Theorem 2.9, but for the sake of completeness it
seems appropriate to include a sketch of a direct proof (Remark 2.18 will not be
needed later). Analogous remarks hold, of course, also for T,(2).

REMARK 2.18. Let T, = T.x(}) (k =1,2) be two “right” trees of {} con-
structed according to the requirements in (2.16). Then (T, =)=(T?%, =).

PROOF (sketch). For k =1,2, let I, be the index set corresponding to T, and
forany @ # A C Ty, let M’ be the set of all minimal strict upper bounds of A in
T.. We define a set W, C T, by transfinite induction. Put W, = {«}. If i € I, and
W.: C Ty, is already defined, let

Vk,i+l = U {Mln Mi

ac€EW,NZ,NZy;} and W= Wk,iU Vi1

If i€ L(L)and W,; C T, are already defined for each j <i, let

V= U{Ms|PC T, pathwith PC U W;} and Wi, = J Wi;U Vi

j<i Jj<i j<i
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We put Wi =U,c, Wi;. Then V=V, for each i€L, W,NT; =
W,N T7, and W, satisfies conditions (2.2)(i)~(iii) for Ty, hence W, € B(T,)N
T (k =1,2). We define a bijection f: W,— W, by putting a’ = b whenever
either a=b € W, NW, or a € W,NMid(T:), b € W,NMid(T>) satisfy {x €
T.|x <r a}={x € T| x <, b}. Then the map F: Tt~ T?%, defined by [A]" =
[B] whenever (ANW,Y =BNW, for A€ET;, BET;, establishes the re-
quired isomorphism.

It remains to prove Theorem 2.9 and Theorem 2.11. This will be done in §3
and §4, respectively. We remark that we keep the notation developed in this
section for the rest of the paper.

§3. Analysis of N,(A()))

This section is mainly devoted to the proof of Theorem 2.9. However, we will
also obtain some further structure results on N;(A (£2)) for doubly homogeneous
chains Q. For the convenience of the reader, we first summarize some back-
ground results developed in [5;§6] (cf. also [2]) which we will need here.

NoTaTION. Let () be a dense unbounded chain. For any set @# A C Q we
put

lii)n(A)={aE(_)U{oo}|a =sup{x €A |x <a},
li_ril(A)={a EQU{—w}la =inf{x EA [a<x},
lim(A) =lim(A) Ulim(A),

and we call A closed upwards (downwards) iff ]1m(A) CA (11m (A)C A), and
closed (or closed in Q) iff im(A)C A. Now we have

ProposITION 3.1 [S]. Let € be a dense unbounded chain.
(a) Let A; c{) (i €1) be closed upwards and A = Nic1A;. Then:
(1) A is closed upwards.
(2) If I is countable and a € Q U {«} satisfies cof(a)# N, and a € lilr)l(Ai)
for each i €I, then a € llm(A)
(b) Let cof (Q) #Ny and B C Q be unbounded above and well-ordered. Then
=lim(B)NQ C B is closed in (), unbounded above, and well-ordered with
cof(a) =N, for each a € A\lim(A).

NoTATION. Let again () be a dense unbounded chain. Each a € A(Q))
extends naturally to an isomorphism of {i which we will also denote by a; let
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Fa)={x€{|x*=x}, the fixed point set of « We put F(Q)=
{F(a)la € A(Q)}. Then we have

R(Q) = {a € A(Q)] M\F(a) is bounded below in {2}
and :
LO)={a €AY ] Q\F(«) is bounded above in £},

thus each a € R(Q) (a € L()) lives “on the right” (“left”) in £}, respectively.
We let id denote the identity map of {).

ProposITION 3.2 [5]. Let Q be a doubly homogeneous chain. Then:
(@) Q is dense and unbounded. Moreover, the sets {x Eﬂlcof(x)= No} and
{x Eﬂ{coi(x) =R} are dense in Q.
(b) For any set A c{l the following are equivalent:
(1) AeF);
) A is a disjoint union of open intervals each with countable
coterminality ;
(3) —>, o€ A, A is closed, and whenever a €A and cof(a)#N,
(coi(a) # W), then a € 111_1)1 (A)(a€E lir_n (A)), respectively.
(c) F(QY) is closed under countable intersections.
d) If « € A(Q)\{id}, there are a; € L(Q)\{id}, a, € R(Q\{id} with a = a, - a;
and (a)=(a)) - (a2).
(e) (N(A (@), ©)=(N(L @), C) X (Ni(R(@)), C).

Here (c) follows immediately from (b) and (3.1)(a), and the proof of (e) is

straightforward by using (d), which is well-known, the distributivity of N(A (Q})),
and (2.13).

NotaTion. For any set A cfl we put
S(A)={a€A|VbcEQ:b<a>[balZAa<c>[ac]ZA}
R(A)={aEA iVbE.(-Z:b<a >[bhalZA;IceN:a <¢[a,c]C A},
L(A)={a€A |3b eQ:b<a[balCA;VcEN:a<c Dac]Z A},
I(A)={a €A |3bcEQ:b<a<c[bc]C A}

then A =S(A)UR(A)UL(A)UI(A). If A =F(a) with a € A(Q), we also
write S(a)=S(A), R(a)=R(A), L(a)=L(A), I(a)=I(A). For « € A(Q))
we always have —»€ R(a)U S(a) and »€ L(a)U S(a), and, moreover,
a €EL(Q) (¢« ER()), « €EB(Q), a =id) iff *E L(a) (—2E R(a), *E L(a)
and —» & R(a), F(a)=ﬁ), respectively.
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ProposITION 3.3 [5]. Let ) be a dense unbounded chain and a € A(2). Then
R(a)U S(a) is closed upwards. If a € R(a)U S(a), a# —», and cof(a) # N,
then a Eli_rE(R(a) U S(a)). The symmetric assertions hold for L(a)U S(a).

The following theorem characterizes the structure of (N,(A (£1)), C ) by that of
@, =)

THEOREM 3.4 ([5; Satz 6.18]). Let Q be a doubly homogeneous chain and
a, B € A(Q). The following are equivalent:
(1) (@) C(B).
(2) There exists F € F({) such that the following two conditions are satisfied :
(i) S()NFCS(B);
(ii) whenevera, b € Fsatisfy a < b and [a,b] C F(B), then [a, b] C F(a).
Here it was an open question in [5; p. 124] whether under the additional
assumption that 87 id the above theorem can be simplified by leaving condition
(2i1) out. We will obtain a negative answer to this problem (see Corollary 3.16).
For the rest of this section let () always be a doubly homogeneous chain and
the trees T.({), T:({2) constructed according to (2.16). We now start our
examination of the structure of (N{(A({})),C).

NotaTioN 3.5. For T=T,(Q) or T =T,(Q) and A C{, let

=T NS(A)U{a EMid(T)|a:,a:€ A, [a1,a:}Z A))
N{a€T|{x €T |x <ra}CS(A)}.

We also write A, = A7, A, = Ay,

Our first goal is to prove the following structure theorem which establishes a
relation between the structures of (N.(A(€))),C) and (T%,=), (T'%, =) where
T, =Ti(), T, = T.(D).

THEOREM 3.6. Let € be a doubly homogeneous chain and T, = T,(Q)),
T, = T.(Q)). Then for a, B € A(Q)\{id} the following are equivalent:

(1) (@) C(B).

(2) There are A € B(T,), B € B(T,) such that (F(a)) N A C(F(B)): and
(F(a)). N B C(F(B))..

For the proof of this theorem we need some auxiliary results to which we now
turn.

LemMa 37. Let T=T,(Q), I=LorT=T(Q), I=1I. Assume that ACT"
satisfies
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(i) conditions (i), (i) of Definition 2.2;
(i) T"N M, CA for any path PCU,_. T; (i € L(I)) with P C A.
Then A is closed in §). Hence, in particular, T~ is closed in ).

PrROOF. Let@3#B C A and a € Q witha = sup B & B. We claim a € A. For
each xEB let B, ={y €EB lx =y}. If the following condition

(+) There exist elements i €I, b € Z,, v € B such that B, C V, and for all
X E€B, there are yEM,, zEB with x=y=z

holds, then for all x, y, z asin (+ ) by (i) there is y' € M, withy = y’and y' =z,
hence x =y'€ A N M,, showing a Eli_[1)1(A NM,)CA.

Now assume (+) is not satisfied. If i€, bEZ, vEB and B,C V,, let
x € B,\\M, such that [x,z]N M, = for all z € B,. Since min(M,)<x <b
(b<x)if b'< b (b < b'), there exists m =sup{y E M, ,y <x}EM, and m <x.
If M, is inversely well-ordered, then m & hm (M,;) and m < x <max(M,). Thus,
it m* —mm{yEMb,m<y} we have B, C(m m”). Thus B, C V,, (B, C V,.")
if b’<b (b <b'). This shows that by transfinite induction we can find a path
PpcU,T, (eL{)) with PCBCU,.T. Hence a=supP and a=
ar EM; N T by a&B. Thus a € A by (ii).

A symmetry-argument shows that A is closed in {).

The following remark will be used quite often.

REMARK 3.8. Let a €A(Q)), T=T.(f)) and a €T. Assume that X =
{xeT l x <ra} is non-empty, contains no maximal element, and satisfies
X C S(a). Then min(Mx)€ R(a)U S(a) and max(Mx)E L(a)U S(a). In
particular, a, € R(a)U S(«a) and a; € L(a)U S(a) if a € Mid(T).

Proor. According to our Construction 2.16, we have min(My) € li_r)n(X )C
li_r)n (S(a))C R(a) U S(a) using (3.3). Similarly for max(Mx). The last assertion
follows immediately from a; = min(Mx), a; = max(Mx) if a € Mid(T) as men-
tioned in the remarks after Construction 2.16.

LEMMA 39. Let FEF(Q) and U=FNT,. Then U, € B(T,).

ProOOF. Observe ® € U C T, . We show that U, satisfies conditions (i)-(iii) of
Definition 2.2. Here (i) is trivial. If a € U, with M, #J, then a € Z, N F for
some i €I, and U NM, =FNM, €B,, hence (ii) hoilds. Now let a €T,
P={xeT, Ix <7a}C U, and P# J contain no maximal element. Then either
M; ={as} or Mr ={as, bs, cp} with a, < by < ¢». Hence ar €1lim(P) C lim(F) C
F and ar € U,, since U = S(U). If | M, | = 3, similarly ¢; € U, and then b, € U,
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since [ap, cp]€ U. Thus M, C U, in all cases which shows (iii). Hence U, €
B(T,).

The following lemma is our main tool for establishing half of the equivalence
stated in Theorem 3.6.

Lemma 3.10. Let a, B € R(Q)\{id}. If there exists a B € B(T,) with (F(a)), N
B C(F(B))., then a €(B).

Proor. Let B € B(T,) satisfy (F(a)), N B C(F(B)). and w.l.o.g. also condi-
tions (i)-(iii) of Definition 2.2. We will construct an F € F({}) satisfying
conditions (2i,ii) of Theorem 3.4; then a €(B) by this theorem.

We abbreviate (T,=;)=(T,,=,) and I = I,. For each

a€S(a)NSPB)NBNZ, i€l
let
C.=M,NBN(R(a)US@)N(RB)US(B)) ifa'<a,
and
C.=M,NBN(L(a)US(a)N(L(B)US(B)) ifa<a

Since a € S(¢)N S$(B) and B satisfies condition (2.2)(ii), C, is closed and
unbounded above (below) in M, by (3.1)(a) and (3.3). Let U, = (lim(C,))\{a} C
C.. Then again U, € B, by (3.1)(b), and for later use note thatif a' <a (a <a’),
then for every w € U, U{a} with cof(w)# N, (coi(a)#Ny) we have w€E
lim (U.) (w € lim(UL)).

Now we define a set W C T~ by transfinite induction. Let W, ={«}. If W, C T,
is already defined for some i € I, let

Via= U {Ua

aEW.NZNS@)NSPB)} and Wiy=WU Vi C T
If i€ L(I) and W, C T, are already defined for j <1, let

Vi= U{T"NM,|PC U T,pathwith PC |J W} and W,=(J WUV,

j<i j<i j<i

We put W= Uiel W..

Step 1. We estabiish several properties of W.

(I) fweW xeT and x <rw, then x € WN S(a)N S(B).

() If x€T\S(e) and x'<x (x<x'), then [x,x)NW=0
((x,x 1N W =02).
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This follows immediately from (I), since (e.g.) any w € [x',x)N W satisfies
x <pw.

(III) W is closed in {).

We apply Lemma 3.7. If a€ WN Z NS(a)N S(B) for some i €I, then
U. € B., hence (3.7)(i) holds. It PC U,.; T; (i € L(I)) is a path with PC W,
then PC U, W, and T~ N M, C W, C W, which shows (3.7)(ii).

(IV) WCBN(R(a)U L(a)U S(a)). Moreover, if w € WN S(a), thenw €

S(B),andif w e WN R(a)(we&€ WN L(a)),thenw <w'(w' <w)and
w ER(B)US(B) (w EL(B)U S(B)).

Let weW. If we U, for some a€ W, NZ NS(a)NS(B), i €1 then
wEBN(R(a)U L(a)U S(a)) by definition; moreover, if w € R(a), we get
a'<a, hence w<w', and w € R(B)U S(B). Now let w E T" N M, for some
path PCU,.. T;., (i € L(I)) with PCU,.,W,.,. Then P C B, hence w € B,
since B satisfies conditions (2.2)(i, iii). Also P C{x € T |x <rw}C S(a)N S(B)
by (I). Hence either w = min(M;)E(R(a)U S(a))N(R(BYU S(B)) or w =
max(Mp)E (L(a)U S(a)) N(L(BYU S(B)) by (3.8). Consequently, w € R(a)
now implies w € R(B)U S(B) and w€E li_n)1(P)< lim(P), hence w<w' by
Construction 2.16. Similarly for w € WNL(a). If w& WNS(a), then
{xe Tlx <ra}CS(a)NS(B) by (I) and wE€ BN T as previously shown,
hence w € (F(a)). N B C(F(B)). and thus w € S(B).

(V) Let w& W and cof(w)#R (coi(w)#N,). If wE R(a)U S(a)

(w€E€L(a)U S(a)), then w El_i_n)1(W) (w El(ir_n(W)).

W.lL.o.g. assume cof (w) # Ny, and w € R(a)U S(a). If w’' < w, then w € R(a)
by (IV), hence (using (IV) again) w ES(a)N W N Z C S(B) for some i €1,
thus U, C W and w Elii’l)‘l(Uw). Now assume w=w'. If we& U, for some
a € WNZ NS(a)NS(B), then a’ < a, a € B by (IV), and again w €lim(U.)
as previously mentioned. Finally, let w € T~ N M, for some path PCU,.; T,
(i€ L(I)) with PC W. Now w < w’ implies w = q, Eli_n:(P)Q liI_I)‘l(W). Hence
w Eli_n)l(W) in all cases.

Step 2. Definition of F € F({}).

According to (IV) and (3.2)(a), for each w € W N (R(a) U L(a)) we can now
choose an element w € {) satisfying

(@) w<w<w, [w,w]CF(a), and coi(w)= N8y, if w € R(a),

(b) w'<w<w, [w,w]C F(a), and cof (W) =N, if w € L(a),

© [~ #]Z F(B) if w=%€ L(a);
moreover, if w, € WN R(a), w.€ WN L(a) (hence w,, w, € F(B8) by (IV)),
and w, = ar < ¢p = w; for some path PC U, T, (i € L(I)) with P C W, the
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choice of W, W, can be done such that, in addition to the other properties, also
[w:, w:] Z F(B) holds if [w,, wo] € F(a).

Also, let z €0 satisfy z <o, [ -, 2] C F(a) N F(B), and coi(z) = N,. Now

let
F=[-wzJUWU U [ww]Uu U [ww]
wEWNR (a) wEWNL(a)

We claim that F is closed in {). Assume X C F and x = sup X £ X ; we want to
show x EF. W.lo.g. let XN[—w,z]=. In case there are w € W N R(a)
(w € WN L(a)), a €X such that b €(w,w') (b €(w', w)) for all b € X with
a<bh, then WN(w,w)=J (WN(w',w)y=) by (lI), hence b E[w,w]
(b €[w,w]) for all b € X with a =b, thus x € F; otherwise for each b € X
there is an element w € W with b < w < x, and so we obtain a set Y C W with
x & Y and x =sup Y, thus x € W C F by (III). Hence, by a symmetry-argument,
F is closed.

According to our construction and to (V), we furthermore have a Eli_n;(F)
(a €lim (F)) for each a € F with cof(a) # No (coi(a) # Ny). Since — o, € F, we
conclude F € F(Q2) by (3.2)(b).

Step 3. We claim that F satisfies conditions (2i,1ii) of Theorem 3.4.

First we obtain S(a)NF = S(a)N W C S(B) by (IV), as claimed. Now let
x,yEF with x<y and [x,y]CF(B). We will show [x,y]CF(a). If
x,y E[—»,z], we immediately get [x,y]C F(a). On the other hand, the
assumption x = z < y leads to a contradiction in all cases: If ®» € L(a ), we have
2<<®=y [—» z]C F(B) and thus [z, 8] Z F(B) by (c); if © € S(a) and
cof ((2) = Ry, we obtain W ={w}, F=[—o, z]U{®}, y =2 € S(a)N F C S(B),
hence [x,y]ZF(B);, if »€S(a) and cof()#N8,, we have z<m=

min(U.)ER(B)US(B), thus [z,m]ZF(B), m=y and hence again

[x y]Z F(B).

Therefore we can now assume x, y & [ —, z] and, furthermore, x,y € WN
S(a), since WNS(a)CS(B). Thus by (IV) there are w;,w,€WN
(R{a)U L(a)) such that x € W,, y € W, if we put W, =[w,, w;] (W, =[w;, w;])
it w; € R(a) (wi € L()), for i =1,2. By (II), we obtain either W,= W, or
W,NW,=. If W,=W,, immediately [x, y] C W, C F(a) by construction. So
now let us assume W, # W,.

Since W: N W,= and x <y, we have W, < W.. In particular, this shows
[max{w,, w;}, min{w., w,}] C F(B). This yields a contradiction if max{w,, w} =
wy, since then w,E WNL(a)CL(B)US(B) by (IV). Hence w,<w,
w; € R(a), and similarly w, < w,, w, € L(a).
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Assume we had w, € U, for some a EWNZ NS(a)NS(B), i €L Then
a'<a by wER(a), thus M, and U, are well-ordered. Let w=
min{y € U, | w, <y}, then w; < w; < wi<w < w,. But w&[w3, w,) by (I), so
w<wi<w,<w, and [w:,w]C[x,y]C F(B). This contradicts w &€ U, C
R(B)U S(B).

This and a symmetrical argument shows that w; € T~ N M, for some paths
P.CU,.. T, (k. € L(I)) with P, C W, i =1,2. Since w, < W, < w}, wi< w,, we
get [Mp |=3 (i =1,2) and w(= ap, w.=cp,. We put a; = ap, ¢ = ¢p, (i =1,2)
for abbreviation. Hence x € W;C[ai,¢;] and y € W.C[a;,c;]. We claim
M;, = Mg,.

Assume Mp, # M;,. Since w; & S(a), T" N My, C W (i = 1,2), we do not have
¢:<ra; or a;<rc; by (I). Next observe that each x € T~ with x <;c, satisfies
x < a; = wi, hence x € S(B) by (I). Consequently ¢; = max(Mz) €E L(B)U S(B)
by (3.8); similarly a, € R(B)U S(B). Now we distinguish between four cases.

Case 1. Assume ai<a, Then [x,a4,)Clx,y]CF(B) contradicting
a;E R(B)U S(B).

Case 2. Let a,E€(ai,ai). Then a;<r{a,,c;}, a contradiction as already
mentioned.

Case 3. Let a,<a, and ¢, < a,. This contradicts x < y.

Case4. Assume a,< a, < ¢, < ;. Then ¢; < a; implies ¢, <ra, a contradic-
tion. Consequently a, < ¢; < c¢; = w;<y. But now [¢1, y] C[x, y] C F(B), a final
contradiction to ¢; € L(B)U S(B).

Thus My, =Ms,, wi=a;=a,, w,;=c;=¢;. Since [wi, W] C[x, y]C F(B),
from our construction of F it now follows that [w;,w;]C F(B), thus
be, € (F(B)).. But w,,w,€ WC F(a)N B, so by, € B since B satisfies condi-
tions (2.2)(i, iii). Hence by, & (F(a)),. Since {z € T | z <rwyi} C S(a) by (I), we
obtain [x, y]C[a:, ci]C F(a). Hence [x,y] C F(a) in all cases, and (3.4)(2) is
proved.

Now we can come to the

ProoF oF THEOREM 3.6. (1)—(2). According to Theorem 3.4, there exists
F € F(Q)) satisfying conditions (2i,ii) of (3.4). Let A =(F(B)NFNT:), B=
(F(B)YNFN T;),. By Lemma 3.9 we have B € B(T,). We claim (F(a)). N B C
(F(B)).. Let a €(F(a)). N B. Then {x €T, | x <,a}C S(a) N F C S(B) by con-
dition (2i) of (3.4). If a € T, , then a € S(a)N F C S(B). It a EMid(T,), then
ai,a; € F(a)N(F(B)N F) and [a, a;] € F(a), hence [a., a;] € F(B) by condi-
tion (2i1)) of (3.4), thus a € (F(B)),. This shows the assertion for B. By a
symmetrical argument, it follows also for A.
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(2)—(1). By (3.2)(d), there are a;,8: € L()\{id}, a2, B.€ R(D)\{id} with
a=aia, B =P B, (a)=(a) (a2, (B) = (B1) - (B2). We claim (a;) C (B:) for
i =1,2. If cof (1) # Ro (cof (2) = Ny), let y E and z € M., (z €E(]) satisfy y < z
and x* = x*, x® = x" for all x € Q with y = x. Let C =[z,%] N T,. Obviously,
CE€B(T) and (F(a)). N C = (F(a)). N C, (F(B)). N C =(F(B)). N C. Thus
(F(az)), N BN C C(F(B2) by (2), hence (a2) C (B2) by Lemma 3.10. By sym-
metry, we obtain (a;) C (8:). Hence (a) C (B) as claimed.

Next we want to use Theorem 3.6 to establish an isomorphism from
(N{(A(D),C) onto (T%,=)x(T* =), where T, = T.(Q)), T, = T.(2) as usual.
For this we will now derive in (3.11)-(3.15) some properties of sets A C € which
are of the form A = (F(a)), for some a € A(Q}). First we show:

LemMA 3.11. Let T = T,(Q). Then (F(a)), €T for any a € A(D).

ProOF. Let @ € A(Q)) and A = (F(a)),. Condition (2.3)(i) holds trivially.
Now let a € T such that X ={x € T | x <ra} contains no maximal element. If
a EMid(T) and A N{a,,a:} #J, then X C S(a) and a,, a; € F(a) by (3.8).
Since a; € S(a) or a;E S(a), we have [a;,as]€ F(a), in total a € A. This
shows (2.3)(ii). If, on the other hand, Mx={a} and X CA, then
a€R(@)US(@)N(L(e)US(a))=S(a) by (3.8), hence a €A, and thus
(2.3)(iii) holds.

Next we want to prove the converse to (3.11), namely that each set A € T*
(where T = T,(Q1)) is of the form A = (F(a)), for some « € R({2). Here we use a
result from [5] which characterizes all sets A C 8 of the form A = S(a) for some
a € A(QD).

DEFINITION 3.12 [5; Definition 7.1]. A set A C {) is closed to the interior in )
if it satisfies the following conditions:

G If ooehg(A) (—wEhm(A)) then *€EA (-2 EA).

() I x €8 and x Ehm(A)ﬂhm(A) then x € A.

LemMA 3.13 [5; Lemma 7.3]. (a) If « € A(SD), then I(S(a)) = and S(a) is
closed to the interior in {).

(b) Let A C 8 be closed to the interior in Q and I(A) = Q. Then there exists an
a € AQ\{id} with S(a)= A such that [a,b]Z F(a) whenever a,b € F(a),
a <b, and [a,b] is a maximal interval in § with [a,b]N S(a)=@.

LemMma 3.14. Let T=T,(Q) and AET"*. Then ANT" is closed to the
interior in 0.
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ProOF. Let AET" and A=A NT". Obviously, —o¢& lim(A7). If
ooehl)n(A ), then cof () # Ny, *=rA” and *E A~. Now let x EQ. satisfy
X E lll])‘l AN 121 (A7). Then x € T™, since T is closed in {} by Lemma 3.7. If
x# x"and w.Lo.g. x' <x, there exists y € A~ with x' <y < x, hence x <ry and
x€A". Now assume x = x". Let y € T with y <,x and w.l.o.g. y < x. There
is an a€A” with y<a<x, hence y<ya and y € A. This shows
{yeT ] y<rx}C A. Since A €ET", we obtain x EA".

The following lemma contains the announced converse to Lemma 3.11:

LemMMA 3.15. LetT=T,(Q) and A € T". Then there is an o € R(Q)\{id} with
(F(a)). = A and S(@)=ANT".

Proor. Step 1. Construction of o € R({}).

According to Lemma 3.14, A" = A N T is closed to the interior in 0. Since
I(A™)=I(T)=, by Lemma 3.13(b) there is an element 8 € A (Q)\{id} with
S(B)= A" such that [a, b] € F(B) whenever a,b € F(B), a <b, and [a, b] is a
maximal interval with [a, b] N S(B) = . Since — & S(B), we have g € R(Q).
Let

Z={aeMid(T)|aZA,{xET|x<ra}CA}.

If a € Z, then a, € R(B) U S(B) by (3.8) and a, & S(B), since otherwise we had
@ €A and a €A by A € T, a contradiction. Thus a € Z implies a, € R(8)
and, by symmetry, a;€L(B). Now put B=F(B)UU.cz[a:,as]. Since
ai, as € F(B) for each a € Z, we get obviously B € F(Q)). Let a € R(Q) satisfy
F(a)=B.

Step 2. We show S(a)=S(B).

Clearly, S(a)C S(B). Let a €S(B)=A N T". Then a € F(a); it suffices to
show that a € R(a)U S(a), since then also a € L(a)U S(a) by symmetry,
hence a € S(a). So let x € Q) with x < a; we claim [x, a) Z F(a). We first note

(MIfx=y<z=a, zEA and (y,z)NA" =, then [x,a)Z F(a).

PrOOF OF (¥). For any b € Z we have b;Ehm(A 7), hence b; £ (y, z), and
2&[bi,bs) by A €T* and by, by € A. Thus (y, z)N U,ez[b1, bs) = @. Hence
[x, a)Z F(a), since otherwise (y, z) C F(a) and (y, z) C F(B), a contradiction to
z € S(B). This proves (*).

We now show [x, a) € F(a). Because of (*), we can assume a € hm (A7). We
distinguish between two cases.
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Case I. Assume either (+) a<a' and a €M, for some bET",
or{++)a'<a.

If (+) holds, we have a € li_r_r>1 (M,) since otherwise there is an element
d € M,U{b} with d’'< a and [d’, a)N T =, a contradiction to a Eligl(Aj c
l_igl(T~). Also a Eli_l:l)l(Ma) in case of (+ +). Hence, for c=b or c=a,
respectively, we have a € li_n)1 (M.) and y <y’ for each y € M.. Choose y € M,
with x<y<a Since a Eli_1_1)1(A”) and AET', we get D=
M. N(@y,a)NA #D. Let z=minD. Then z€ A~ and (y',z)NA~ =D by
A € T" and minimality of z. Now (*) yields [x,a)Z F(a).

CaseIl. Assume a < a'and a € M; for some path PC U, T; (i € L(L)).

Thus a = ar =min(M,) and X ={x €T |x <ra}CS(B) by AET". But
then Y =X NU,. T.. C S(B) satisfies Y C R(a)U S(a) by Case I Conse-
quently, a € li_n)l(Y) - li_r_r)l(R (a)U S(a))C R(a)U S(a) by (3.3) which proves
our claim. '

Step 3. We show a € R(Q)\{id} and (F(a)). = A.

If ©€ S(B), then » &€ S(a) by Step 2, and a#id. But if © & S(B), then
A =@, Z=C and F(a)=B =F(B) and again a#id by B#id. Thus
a ERO)\{id}. If a E(F(a)),NT or aEANT", then {x ET|x <ra}C
S(a)=S(B). Thisshows A N T~ = S(B)= S(a)=(F(a)). N T, and it remains
to prove that A NMid(T) = (F(a)), N Mid(T).

So let a eMid(T) and X ={x € TIx <ra}C T". We have to show that
a €(F(a)), iff a € A. First note that if X C A, by X C S(B) = S(«) and (3.8) we
obtain a.,as € F(a)N F(B).

Now if a € (F(a)),, we have X C S(a)N T =S(B)=A", a;,a: € F(a) and
[a1, as] Z F(a) = B. This shows a & Z by definition of B, thus a € A.

Conversely, assume a € A which impliess XCA by AET" and thus
ai,a;€ F(a)NF(B) as mentioned before. We claim [ai,a:]Z F(a). If
[a1,as]N S(B)#D, we use A ET" to obtain {ai, as} N S(B) #J, hence a, €
S(a) or a; € S(a), thus [ai, a;] Z F(a). Now assume [a1, as] N $(B) =. This
shows that if b € Z, then b,, b; & (a1, as); furthermore, b# a since a € A, thus
bi,b; Z[ai,as); also a&[bi,bs] since a €A, by,bs&A. Thus [by,bs]N
[ai,a) =D for any b € Z. Hence [a,, a;]C F(a)=B would imply [a;, as] C
F(B). But by XC A we have a, Eli_l_l)l,(S(B)), a; Elim(S(B)), so [ai,a;5) is a
maximal interval with [a,, a;] N S(B8) = 3. By our initial assumption on S, this
implies [a:, as] € F(B). Therefore [a1, as] Z F(a) also in this case, which shows
a € (F(a)),.

Now we are able to give the
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ProOF OF THEOREM 2.9. Because of (3.2)(e) and a symmetry-argument, it
suffices to show (Ny(R(Q)), C)=(T*, =). Define ¥ : Ny(R(Q))— T* by (a)’ =
[(F(@))], if @ € R()\{id}. The fact that ¢ is well-defined, surjective, and an
order-isomorphism follows from Lemma 3.11, Lemma 3.15, and Theorem 3.6
(cf. Lemma 3.10).

As an application of Theorem 3.6, we will now answer a question in [5; p. 124]
whether in (3.4) (1) & (2)) condition (2ii) is really necessary. The answer will be
positive.

CoROLLARY 3.16. Let () be a doubly homogeneous chain and T, = T,(Q),
T, = T,(SY). Then the following are equivalent:

(1) Whenever a, B € A(Q)\{id}, the existence of an F € F((}) with S(a)NF C
S(B) implies a € (B).

(2) Whenever T=T,,I=1L,0r T=T, I =1, then either |I| <N, orw € I and
T. NMid(T)N B = for some B € B(T).

(3) There are A€ B(T)), BEB(T,) such that Mid(T.))NA =0 and
Mid(T,)NB =@.

ProoF. (1)—(2). W.lo.g. assume T=T, I =1, w €I Let
A =T, \{a1,as|a € T, "NMid(T)} and B = T.\{a,a1,a;|a € T, N Mid(T)}.

Then A,BET", hence by Lemma 3.15 there are o, B € R(Q)\{id} with
(F(a)). = A, S(a)=ANT", (F(B)), =B, and S(B)=BNT". Thus S(a)=
S(B), and now (1) implies a € (B). By Theorem 3.6, there exists C € B(T) with
A N C C B. This implies

T, "\Mid(T)NC=A N T, NMid(T)N CC B N T, N"Mid(T) = 2.

(2)— (3). We prove the assertionfor T=T,, I = .. W.l.o.g. assume w € I and
that BEB(T) as in (2) satisfies conditions (2.2)(i)-(iii). Put C=
(T.,\Mid(T)) N B. We claim that C also satisfies (2.2)(i}~(iii). Here (i) is trivial. If
x€CN(T,\U,-.T), there is a path P C U, T, with x € M:, hence M, C
BN T, and |[M; | =1by (2). But since M, = {x} C T, we have cot(x) = Ny, hence
x & Z,. This shows (ii): If a€CNZ for i€, then i<w and M,NC =
M. N B € B,. Now (iii) is straight-forward. Thus C € B(T) and Mid(T)N C =
.

(3)—(1). Let A € B(T)), BE B(T,)asin(3), o, B € A(Q)\{id}, and F € F({2)
with S(@)NFCS(B). Put C=(FNTWNA, D=(FNT;)NB. Then
CE€B(T), D € B(T,) by Lemma 3.9. Furthermore, we have (F(a)) N T, N
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C C(F(B)) and (F(a)) NMid(T:) N C =, hence (F(a)): N C C (F(B)): and,
symmetrically, (F(a)), N D C(F(B)).. Now a €(B) by Theorem 3.6.

Now we want to use Corollary 3.16 to show that in general in Theorem 3.6
condition (2ii) cannot be left out. For instance, it is easy to construct a tree
(Tr,=r ) € I& such that all maximal linearly ordered subsets of (Tr, =r ) are
infinite and |M;| =3 whenever P C Tk is a countable chain not containing a
maximal element. Then by Theorem 2.11 there exists a doubly homogeneous
chain (), =) such that (T,(§2), =<,) = (Tr,=r ). Hence condition (2), and thus
also (1), of Corollary 3.16 is violated. We give a further example:

ExaMpLE 3.17. Let o =1 be an ordinal and assume that (), =) has
cardinality N, and is an n,-set, i.e. a chain such that whenever A, B C{} with
A <Band|A|,|B|<N,, there exists z € ) with A <z < B. In particular, Q is
doubly homogeneous (Chang and Keisler [4; Prop. 5.1.14]). Let T = T.({D).
Since cof({)#N, and any a €0 with cof(a)=N, (coi(a)=N,) satisfies
coi(a) # No (cof(a) # N,), we obtain w € I, and T, N Mid(T)N B# J for any
B € B(T). Hence condition (2) of Corollary 3.16 does not hold.

§4. Constructing doubly homogeneous chains

All of this section is devoted to proving Theorem 2.11. In our proof, we will
construct the chain ({1, =) as the union of a “good A-system” of “good A -sets”
(€, =). We will first define these notions and establish some properties of such
sets.

DEFINITION 4.1.  Let A be a cardinal. A chain (M, =) is called a good A -set, if
the following conditions are satisfied:

(1) [M|= A, and (M, =) is dense and unbounded;

(2) cot(a) =N, for each a € M;

(3) for all elements x, y € M with x <y there exists a set A C[x, y]#\M such
that |A|= A and cot(a) =N, for each a € A.

Obviously, any good Ne-set is isomorphic to Q, the set of all rationals. Now we
deal with the existence problem of good A-sets for arbitrary cardinals A:

LEMMA 4.2. Let A be a cardinal. Then there exists a good A-set (M, =) of
countable coterminality.

PrROOF. Let K be the set of all sequences (a;)ic. Of w ordinals a; satisfying
1 = a; < A which are eventually constant and even, i.e. there exists an i € w such
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that for each j =i, a; = a; is an even ordinal. We define a linear order on K by
ordering K lexicographically. Let L C K consist of all those sequences which are
eventually equal to 2. First we show:

(+) For all a €K there are yi,z« €L such that y, <a <z for each
k €N and a =sup{y« lk €N} =inf{z, |k €N} in K

Indeed, let a = (a:); € K. Fix j € w such that for each n 2 j, a, = q; is an even
ordinal. For each k €N, define yx = (y«)i, 2« = (2« )i € L such that y, = zi; = a;
if i <j+k yojx =1, Zijex = Gjex + 1, yu = 2z =2 if i > j + k. This establishes
(+). Next we show:

(+ +) Whenever x,y € L satisfy x <y, there exists a set A C[x, y]x\L of
cardinality A.

Indeed, let x =(x:);, y =(y:); €L and let j =min{i Ew |x,— < y;}. For each
ordinal v with 1= » <A, define an element a, = (a..); € K by putting a.. = x; if
iZj+1, a,;x2=x;2+v, and a,; =4 whenever i Zj+3. Then the set A =
{a, |1 = v < A} satisfies the assertion of (+ +).

Now define a =(a:);, b =(b:)i €K by a; =2, b, =4 for each i € », and put
M =(a,b)..Clearly |[M| = A, and (+ ) and (+ +) immediately show that (M, <)
is a good A-set of countable coterminality.

Nortation 4.3. Let ((2;,=) (i = 1,2) be dense unbounded chains such that
(Q1, £)C (2, =)and Q, is unbounded in Q,. Suppose a €Q,, A ={x €Q, ,x <
a},and B={y €(), |a < y}. If we have a =sup A = inf B in (),, and hence in
particular A (B) is unbounded above (below), then we usually identify a with
supa, A = infa, B as elements of {,; thus a € ,. Now let a € Q) or a €, and
0, C ZC0, Then we put

Ded(a,Q,Z2)={z EZI{x EQllx<a}<z<{y Eﬂ.]'a<y}}.

A pair (A, B) of non-empty subsets A, B CQ, is called a jump of Q, iff
0 =AUB, A<B, and A (B) is unbounded above (below), i.e. iff A =
{z Eﬂllz <a}, B={z EQ,Ia <z} for some a € Q,\Q;. A jump (A, B) of Q,
is called empty in (), iff there exists no x €, with A <x <B, ie. iff
Ded(sup A, £}, {},) =, and non-empty, if it is not empty. Let Jump({2,, {),) be
the set of all jumps of {}; which are non-empty in {),; there exists a (natural)
bijection from Jump (£, (),) onto {Ded(a, Q],Qz)l a €(),}. Note that we have
Ded(a,Q,,)={a} for each a€Q, iff for each z €O\, the pair
(xeM|x<z}iveiz<y})isajump of Q. As a further example to this



Sh:195

248 M. DROSTE AND S. SHELAH Isr. J. Math.

notation we remark that we have Q,CQ, iff Ded(a, Q:, Q)= {a} for each
a Eﬂz

DEerINITION 4.4, Let (4, =), (€}, =) be dense unbounded chains. Then (), is
a good subset of (), i.e. (}; C ), (good), if (U, =) C (2, =), Q is unbounded in
), and Ded(a, :,),) = {a} for each a €Q,.

Clearly, this relation is reflexive and antisymmetrical on the class of dense
unbounded chains. In the next two lemmas we show that it is also transitive and
has a closure property for unions of dense unbounded chains which are good
subsets of each other.

LemMmA 4.5. Let ()i,=), i =1,2,3, be dense unbounded chains such that
0, C O, (good) and Q, C Qs (good). Then , C (); (good)

ProoF. Clearly, (€, =)C (€, =) and £, is unbounded in ;. Let a € (},.
We claim that Ded(a,Q,Q:)={a}. Let A={x€EQ, | x<a} and B=
{ye, la <y}. By Ded{(a,Q;,Q,)={a} we obtain that no z €(), satisfies
A <z <a or a <z<B. Hence Ded(a, Q,,Q;) = Ded(a, ), Q,) = {a}.

Noration. If [ is a set of ordinals and (A:, =;) (i € I) are chains such that
(Ai,=:)C(A;,=;) whenever i <j, i,jEI we put (A, =)= U,E,(A,,_,-) iff
A=UqA and forall i €1, a,b € A, we have a <b iff a <b.

LEMMA 4.6. Let j be a limit-ordinal, (), <) (i <j) dense unbounded chains
such that (Q:,<)C(Q,=) whenever i <k <j, and (Q,=)=U.,;(Q;, =)
Suppose that for some i < j and a € ), we have Ded(a, Q:, ) C{a} whenever
i<k <j. Then:

(a) Ded(a,Q:, Q) C{a};

(b) if A, B C (), satisfy a =sup A =inf B in (), then also a =sup A =inf Bin
O, and a € (_);

(c) cofa(a)=cofa, (a), coia(a) = coig, (a).

In particular, if : C Qi (good) whenever i <k < j, then ); C () (good) for any
i<j

ProOF. Here (a) is clear by Ded(a, O, Q) = U,..;Ded(a, Q:, Q) C{a}, (b)
by (a), since no x € {) satisfies A <x < a or a < x < B, (c) immediately by (b),
and the final statement by (a).

Next we wish to find conditions for a chain of good A-sets ((%;, <), i <j, which
are sufficient to imply that (Q,=)=U,;(Q:, =) is again a good A-set.
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DEFINITION 4.7.  Let A be a cardinal, (;, =) good A-sets, and T, C (,\Q;, for
i=1,2. Then we call (£;,T\) a good subsystem of ({),, T>), i.e. (i, T1)C
(), T>) (good), if the following conditions are satisfied:

O UCQ (good), TICTeyand (WU T, =)C(LUT,, =)

(ID  |Jump(Q, )| <A

(IIl) If a € T, then Ded(a, ),V U T:) ={a}.

(V) If a € T>\T\, then Ded(a, (L, L) # .

V) If aeQ\Q, A={z€Q|z<a}, B=Ded(a,,Q), and C=
{ze ] a <z}, then

(i) B is unbounded,
(i) cof(A)=cot(B)=coi(C)=N,,
(iii) there are x,y € T such that, in Q,, we have A<x<B< y<C.

(VI) Whenever i €{1,2} and x,y €, with x <y, there exists a set A C
[x, y16.\(€: U T}) such that [A]=A and cot(a) =N, for each a € A.

Here, (IIT) says that if a € T;, then no b €0, U T, with b# a realizes the
same Dedekind cut in (), as does a; in this respect a can be thought of as a
“forbidden point” of 0,\(),. Condition (V) says that whenever (A, C) is a jump
of (1, and we obtain (), by “inserting” (precisely defined later) a set B into (),
between A and C, thus A < B < C in (), then B is unbounded with countable
coterminality, and the points of ,\(), corresponding to the jumps (A, B U C),
(AUB,C) of O, become forbidden points of (\(k, i.e. elements of Ts.
Condition (IV) is sort of converse to (V). Note that by (IV) we have
Jump (s, (1) = Jump (@, Q: U (T>\T})). Condition (VI) sharpens condition (3)
of Definition 4.1.

REMARK. In the situation of (4.7) and the notation of condition (V), we
always have x =sup A =inf B and y =inf C =sup B in {),.

ProorF. We only prove the first row of equations. First note that x €
l_il)n(ﬂ,z) N l(i_gl(ﬂa) by x € T,C (L. But any w €(Q, with A <w satisfies either
wEB or B<w, hence x <w by condition (V). Thus x Eli_n)l(Qz) implies
x =sup A. Similarly, x =inf B follows from x El(i{_n((b).

The following lemmas (4.8) and (4.10) establish an analogue to (4.5) and (4.6)
for the relation defined in (4.7).

LeMMA 4.8. Let A be a cardinal, (Q);,=<) good A-sets and T, Cc Q:\Q
(i=1,2,3). If (4, )T, T2) (good) and (L, T;) C(Qs, Ts) (good), then
(Ql s Tl) c (93, Tg) (gOOd)
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ProoF. We have ), C (}; (good) by Lemma 4.5, so conditions (), (VI) of (4.7)
are satisfied. For condition (II), let (A, B) be any non-empty jump of ), in {),. If
there exists z € O, with A < z < B, then (A, B)is a non-empty jump of €}, in £),.
Otherwise, if no z €(), satisfies A < z < B, let

*={x Eﬂa|3a EM:x=a} and B*={x Eﬂqlab €Q:b=x};

then ACA*, BCB* andsup A =sup A*, inf B=inf B* in {1, and (A*, B*)
is a non-empty jump of (), in (. This shows

Jump (1, Q5)| = [ Jump (@1, B)| + | Jump (L, Q3)| < A

For (III), let a€T.. Then Ded(a,Q,QUT)=1{a} implies
Ded(a, (), QU T3) = Ded(a, (L, U T;) = {a}. For (IV), let a € T;\T, and
A =Ded(a,1,Q5). If a€T,, W, T)CE,,T) (good) implies
D#Ded(a, U, L)CA If ag&T,, (L, T)C(Es,T5) (good) yields
& # Ded(a,),,):)C A. Hence A# J in any case.

For (V), let a € L\, A ={z €Q,|z <a}, and B = Ded(a, 0, Q). We first
show cof(A)=N,. If a €Q,, this is clear by (i, T:)C (&, T2) (good). So
suppose a (. Let D ={z €, |z <a}. First assume that for each z € D
there exists a w €A with z =w. Then clearly cof(A)=cof(D)=N, by
(Q, T5) C(Qs, Ts) (good). On the other hand, if there exists an element d € D
with A <d, we obtain A ={z €0, |z <d} and so cof (A) =R, by (O, T:)C
(., T) (good).

Next we show the part of (V) concerning B. Let b=inf BE(); and E =
B N{),. Note that if E#J, then E =Ded(e, {),,{),) for any e € E, and hence
inf E € E and coi(E) = 8, by ({1, T1) C (), T>) (good). We first show that B is
unbounded below. By way of contradiction, assume b € B. If b €(),, we obtain
inf E = b €(),, a contradiction. If b £ (), then the set Ded(b, (1, ;) is un-
bounded and hence contains elements smaller than b, contradicting b = inf B.
This shows b & B as claimed.

Now if E# and inf E =b in (s, then coi(B)=coi(E)=N,. Let e EE.
There exists x € T, C T with {z EQ,lz <e}<x < E. Thus x =inf E = b and
A <x < B as claimed. On the other hand, if E=@ or E£J and b <infE,
there exists an element f € (), with f <a and (b, fla, N Q. = . Hence (b, fla, C
F =Ded(f,{),,{s), b =inf F € T3, coi(B) =coi(F) =&, and {z E\().le <fi<
inf F < F by ({%, T>) C ({}s, T5) (good). But any z € (}, with z < a satisfies z <f,
thus A < b < B, establishing the first half of our claim for B. The rest of (V)
follows by a symmetry-argument.
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DErINITION 4.9. Let A be a cardinal, j <A an ordinal, ((;, <) good A-sets
and T, CQ:\Q; for each i <j. If (U, T,) C (O, T.) (good) whenever i <k <},
and O =Ui o, Te=Uie T, QU T, =)= U, (4 U T, =) whenever
k <j is a limit-ordinal, then ({X;, T;).; is called a good A-system.

LEMMA 4.10. Let A be an uncountable regular cardinal, j < A a limit-ordinal,
(i, =) good A-sets and T, C Q:\Q: for each i < j, such that (Qi, T)i<; is a good
A-system. If @, =U..;Q, T =U T, and QUT,=)=U, (L UT, =),
then (Q, <) is a good A-set, T; C 0,\Q;, and (X, T;) C (Q, T;) (good) for each
i1 <j. Hence (§i, T;)i<j+1 is a good A-system.

Proor. First we show that (€);, =) is a good A-set. Here, condition (1) of (4.1)
is obvious. For (4.1)(2), let a € ;. Choose i <j with a €();. Now Lemma 4.6
shows cotq, (@) = cot, (a) = No. Let us now check conditions (II), (VI) and hence
also (4.1)(3). Let i <j. Since

Jump(Q;, Q; U(T\T))= U Jump(Q, @ U(T\T))= U Jump(Qh, ),
i<k<j i<k<j

we have [Jump(Q;,Q;)| = = |[Jump(Q:,Q; U(T;\ T;)| < A, showing (II). Now let
x,y €Q; with x <y. Choose A C |x,y]s,\(Qi UT:) such that |A|=A and
cofq,(a) =N, for each a € A. Since |Jump(Q;,Q; U (T\T)))| < A, there exists a
set BC A with {B|=A such that for each a € B, the pair (A,, B,), where
A, ={z €, ,z <a},B,={z € Ia <z}, is an empty jump of Q; in Q; U T;,
thus a=supA, =infB, in {; and a€Q\(Q; U T;). This shows BC
Q\Q; UT), and by Lemma 4.6 we obtain cotq, (a) = cotq, (@) =N, for each
a €EB.

Now we claim T; C ;\Q);. Indeed, whenever a € T, C 0,\(Q, (i <j), we have
a € Q,\Q; by Lemma 4.6, and

Ded(a,{2:;,Q; UT))= |J Ded(a,Q, Q% U Ty) ={a},
i<k<j

thus establishing also (4.7)(III). Lemma 4.6 also implies Q; C {); (good) for each

i <j. To finish the proof that (Q;, T;) C ({);, T;) (good) for each i < j, it remains

to check (4.7)(IV) and (V). Let i <j. For (IV), let a € T;)\T; and k < such that

a € T,.. Then

Ded(a, Qi, Q,) ) Ded(a, Q;‘, Qk) 75 ] by (Qi, T.) - (Qk, Tk) (good).

Finally, we prove (V). Let a € ;\(); and choose k < j such that a € (), thus
i<k<j Put A={z€, ’z <a}, B=Ded(a,Q, M), C=Ded(a, X, Q).
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Since (i, T:) C ({4, Ti) (good), we obtain cof(A) = Ry, and there is an element
x € T, C T, such that, in Q, we have A <x < B, B is unbounded below and
coi(B) =N,. Hence x =sup A =inf B in {; and thus also in {}; by Lemma 4.6.
Since A < C and x £ ();, we obtain A <x < C and thus x =inf B = inf C by
B CC. Hence C is unbounded below and coi(C)=coi(B)=N8,. Now a
symmetry-argument implies the rest of (4.7)(V).

Another essential technique for the proof of Theorem 2.11 is the following
natural inserting process. Suppose that (M, =) is a chain, (M, =, ) are pairwise
disjoint chains such that M N M; = for each i €I, and M’ = MU U, M.
Under certain additional assumptions we want to define a linear order =" on M’
which extends = and =, for each i € L First let a;, b, € M (J # Ai, B; C M) for
each i €I such that a;,<b; (A <B;)) and no x €M satisfies a; <x <b;
(Ai <x < B:). Whenever i,j € I, i # j, assume that either b; = g; or b; = a; (there
exist either a € A;, b € B; such that b = q, or a € A, b € B; such that b = a).
Then we say that we insert M, into M between a; and b; (A; and B;) for eachi € I
if we define the order = on M’ in the natural way such that

(M=)C(M',="), (M,S,)C(M,S'), and a<'M<b (A<M<B)

for each i € I Now assume in addition that (M, =) is dense and {a; l ielic
M\M. Then we insert M, into M at a; for each i €1 if we insert M; into M
between {x EMlx < &} and {y EMlai <y}foreach i€l

As an example we remark that if ({, =) is a dense unbounded chain, we
obtain (€, =) by inserting, for each jump (A, B) of (0, an element a = a(A, B)
into {) between A and B.

We will apply such an inserting-argument for the following

ReMARK 4.11. For each tree (T,=1)€ 7 there exists a linear order = on
T~ = T\Mid(T) — as described below — which is called the associated order on
T".

DEFINITION OF =. For each ordinal i let

T§={xETNI({yET|y<TX},§T)Ei} and S;=TA\U T,

j<i

and let h = h(T) be the least ordinal a such that T, =. Thus we have

Ts =min(T,=;), Trm=T;U U M.

a€s;
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whenever i < h (where M, is, as in §2, the set of all minimal elements of T~
above a), and

;=Y T70 UM T~ | P maximal path in U 77}
j<i j<i
whenever i < h is a limit-ordinal, and h is the height of T. By induction, we now
define linear orders = on T; for each i <h such that (T:,=)C(T;,=)
whenever i <j<h. Then we put (T",=<)=U,o,(T7,=). Of course, Ty is
trivially ordered.

So suppose 1 =i < h and let (T;, =) already have been defined for each j <.
First assume that i = k +1 for some ordinal k. Let Z = {a € Si | M, #}. For
each a € Z. we define a linear order on M} = M, U {a} by putting (M,,=,)C
M;,=)and M,<a (a<M,) if a®=3 (a®=1), ie. if M, is well-ordered
(inversely well-ordered). Now we define (T, =) such that (T,,=)C(T7,=)
and, for each a € Z; and z € T;\M,, we have (M,,=)C(T7,<)and z <M,
(M. <z)in (T7,=<) whenever

either zE Ty and z <a (a<z)in (Tx,=),

or 2z EM, forsome b EZ, withb<a (a<b)in(T:,=);

thus the points a € Z, are simply “replaced” by the chains (M;,=<).

It remains to consider the case that i is a limit-ordinal. Let P be a maximal
pathin U,.,T; and P, ={a €EP l a® = n}(n =1,3); we may assume P, < P; as
induction hypothesis. For Mz = M, N T~ C S7, we have either M; = {as} or
M7 ={ap,cp} with a? =1, cs=3, and we define a linear order on M5,
correspondingly, either trivially or by putting ar < ¢cp. Then define (T7,=) by
inserting, for each such path P, M; into U, .,(T;, =) between P, and P, i.e. we
put P; < My < P;. This defines our linear order = on T .

The subsequent remarks to the construction above will be used at the end
(Part IV) of the proof of Theorem 2.11.

REMARK 4.12. (a) We have min(7,=;)=max(T",=) (=min(T",=)) iff
TEIR (TETL).

(b) Whenever i+3<h, ai € Tivx (k=0,1,2,3), ag=1, and a <rai+
(k =0,1,2), then we have @p<a:<a;<a; in (T7,=).

© IfaeT ,a”=3,and M, #J, thenin(T™,=)wehave M, < a,(M,, =)is
an uncountable well-ordered set isomorphic to | M, |, and M, U{a} is closed in
(T™,=) such that a =sup M,.
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dIf aeT, a®*=3, M, =, and a#min(T,=), then there exists a
maximal element b in (T, =) with b <a.

(e) Suppose that i <h is a limit-ordinal, P a maximal path in U, T; and
P,={a EP|a¢=n} (n=1,3). If M, ={ar}, we have P,<ap, <P, and ap =
sup Py =inf P; in (T",=). If My ={ap, br,cp} with af =1, b2=2, cr =3, we
have P, < ap <cp < Ps and ap =sup P;, ¢, =inf P; in (T, =).

PROOF. (), (b), (c), (¢) follow immediately from T €  and the definition of
(T™,=). For (d), suppose a € T; (i <h). We distinguish between two cases.

If i is not a limit-ordinal, by a # min(T, <7 ) we have a € M, forsome c € T".
By a® =3 it follows that ¢* =1, hence (M., =) is inversely well-ordered, and
there exists a maximal element b in (M., <) with b < a. But now any other
element z € T~ with z < a satisfies z = b, since M, =J.

On the other hand, if i is a limit-ordinal, let P C U, T] be a maximal path
with P <a. By a €M, and since a®=3, we obtain Mr ={ap, bs,cr} with
ay=1, b2=2, c¥=3,and a=cp. If M,, =, put b =ap, and if M,,#J,
(M,,;, =) is inversely well-ordered, hence let b = max(M,,, =) to obtain the
assertion.

After these preparations, we can now come to the
ProoF oF THEOREM 2.11. Our proof can be divided into four main parts.

Part I. Preliminaries

If A is countable, we obtain | Tr | =| T | = 1. Hence we simply take {2 = Q and
identify T,(Q2) = {— o} (T,(Q) = {eo}) with T, (Tx), respectively. This shows that
we may assume from now on that A is uncountable and regular.

First, let (T, =) ((Tz, =)) be linearly ordered by the associated order on Tk
(T7), respectively, according to Remark 4.11. Then we extend these orders in
the natural way to obtain a chain (T U Tr, = )satisfying T7 < Tr. Now we will
constuct our chain (£}, =) such that, finally, T:UTRC ﬁ\Q.

We split A = UkexAe with |Ac|=A and minA, =k for each k €A By
transfinite induction, we will define good A-sets (};, =) and sets T; C Q\Q; for
each i € A such that (i, T;).e\ is a good A-system and T, = (Tk U To)\eo, —oo}.
(We will also have |[T;|= A for each i € A, but this is for our purposes of no
importance.) Furthermore, for each k€A we will define a bijection
b A = M., where M,:={(a, b, c, d)EQ‘,t| a <b <c¢<d}. Suppose i € A\ CA,
i* =(a, b, c,d) € M, say, and that Q..,, T;,, are already defined. Observe here
that k = min A, =i, thus O CQ; C€y.1. Then we will also define an isomor-
phism ¢ :[a, bla,.,— [¢, d]a.., with the following properties:
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(+) If we extend ¢ (in the uniquely determined way) to an isomorphism
¢ :[a,bla.,— [c d]s,.., then

(Ti+1 N [a’ b]ﬁm)‘ii =TinN [C, d]ﬁm .

(+ +) Whenever j,m €A, j<i, j € Aw, §; has been defined as above, and
i*% =j’ then |[a, blo,., = #;. (Here ¢ l A denotes the restriction
of the mapping ¢ to A.)

Then, as we will see later, (€, =)= U.c,(Q, =) satisfies the assertion of the
Theorem.

Part I1. Construction of our good A-system ()i, T:)iex

Let j € A, and assume that (;,=), T, ¢ for each i <j and ¢ foreachi €A
with i +1<j, are already defined such that (£2;, T:).<; is a good A -system of the
form described in Part I satisfying (+) and (+ +). We wish to define ((};, =), T},
and, provided that j =i + 1 for some ordinal, also ¢, such that (), T;)i<;+ is a
good A-system and (+) and (+ +) are satisfied correspondingly. Then we
always choose ¢; to be any bijection from A; onto M.

Step 1. Assume j =0

We choose a good A-set C of countable coterminality by Lemma 4.2. For each
pair (a,b) of points a,b € X = T; U T such that a <b and [a, b]x ={a, b},
choose a copy C.;, of C, let (), be the disjoint union of all these copies C,, (note
that by m; =max(T.,=)<min(Tk,=)=mz we obtain Q2D C,, ), and
define a linear order = on QU X by inserting C,, into X between the points a
and b. We put T, = X\{max(T&,=),min(T.,=)}. (T, might be empty; then
Qo = Cryme. If | Tr| =1, note for later purposes that cof(€2) = cof(Cm,m,) = No.)
All we have to check is that (), = ) is a2 good A -set and satisfies condition (V1) of
(4.7), but this is obvious.

Step 2. Assume that j is a limit-ordinal

We simply put Q,=U._Q, T,=U._T, and (QUT, =)=
Ui<;(Q: U T,,=). Then €, is a good A-set, T, CQ\Q;, and (Q, T.)i;.. is a
good A-system by Lemma 4.10, finishing this case.

Step 3. Assume that j =i +1 for some ordinal i € A

Let k€A satisfy i€EA; hence k=minA, =i Assume i*=X-=
(a,b,c,d)E M,, say, thus a,b,c,d €, CQ,; and a <b <c¢ <d. Let A be the
set of all n € A with n <i and n € A,, for some m € X such that n*» = X. We
distinguish between three subcases, namely A =, sup A € A, and sup A £ A.
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Case 1. Assume A=
The assumption guarantees that condition (+ +) is empty. By condition
(4.7)(VI), there are sets

A ={a,

n€Z}Cla,bls\(LUT) and B={b.|nE€Z}C|c,d)s\(Q UT)

such that cot(x) =N, foreach x € A U B, a. < a.., and b, < b, foreachn EZ,
and a =infA, b=sup A, c =inf B, d =sup B. Foreachn €Z, let C, (C))be a
copy of A, =(an, Grs)our, U{an, @usr} (Ba = (bn, bus1)our,U{bs, buui}) and .
() an isomorphism from A, (B.,) onto C, (C.). Put

Qj _='Qi+l =QiU U (An m\Qi)wntJ U (B" nQi)ﬂ;‘
nezZ

nez

and

T,=TU U (A\Q)™U U (B.\Q)"™
nez neEzZ

We define a linear order = on (); U T, by inserting, for each n €Z, C, into

O:UT, at b, and C, into ;U T; at a,... To be explicit, we thus have, in

particular,

(bnfl s bn )ﬂiUTi < Cn < (bn, bn+1)n,‘UT,-
and
a,"=minC,, arv,=maxC, €T,

for each n € Z. It follows directly from this construction that (), is a good A-set
and that Q; C ; (good). We claim (X, T;) C (£);, T;) (good). Condition (4.7)(I) is
clear, and (II) is obvious since |Jump(2;,;)|=|A U B|=N,. Conditions
(III), (IV), (V1) also follow directly from our construction. For (V), let a € Q,;\(};,
thus, e.g., a €(A, NQ,)" CC, for some n €Z. Then (V)(i) follows from
Ded(a, (X, Q) =(A, NQ)™, and (V)(ii)) from cofq,,, (b.)=cofg, (b.) =N =
coiq,,, (b.+1) and from cotq (A, N Q) =N, since coiq, (@) = cofq, (an+1) = No.
Condition (V)(iii) is immediate by construction, as noted above. Now (€2;, T.)i;
is a good A-system by Lemma 4.8 and induction hypothesis.

Finally, we define an isomorphism ¢ from [a, b]a,,, onto [c, d]o,,, by putting
at=c¢, b"=d, | A.NQ=m|ANQ and ¢;'|B.NQ=n,|B.N Q.
Then the checking of (+) is straight-forward, finishing this case.

Case 2. Assume A A and n =supAEA
Let m €A satisfty n €A, and n®» = X EM,,,thusm=n<iand Q. CQ. C
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). Here we have to define {}; = (., and ¢; such that, in particular, ¢; extends
the isomorphism ¢, :[a, bla,.,— [¢, d]a.,., . First note that whenever (A, B) is a
jump of [a,b]a,.,, then (A%, B*) is a jump of [¢,d]ea,,,, and any jump of
[c,d)a, ., is of this form. We obtain (); U T; by inserting points into Q.1 U T,4s
between sets A and B (A* and B*) for certain jumps (A, B) of [a, b]a,.,- So
put ¢ |[a,bla,., = ¥, and let (A, B) be a jump of [a,b]a,.,, thus sup A =
inf B € 0,..1\Q,.1. We distinguish between 4 subcases.

Subcase (i). We assume that no x €[a, b)o, (y €[c, d]a,) satisfies A <x <B
(A% <y < B*), respectively, in ().

In this case, no point is inserted — neither between A and B nor between A ¥
and B*-. Observe that there exists a point x € T,.; with A <x < B iff there
exists a point y € T, with A% <y < B*, since (),., satisfies condition (+).

Subcase (ii). We assume that there exists a point x € [a, b]a, with A <x < B,
but no y €[c,d]o, with A* <y <B*.

First notice that x Z,.,, hence n+1<i Next we claim that there is no
z €c, d]r, with A% <z < B*. Indeed, assume there were such an element
2E€T. If z&T..i, we obtain Ded(z,Q,+1,:) A by (Qusr, Tns) C(Qi, To)
(good), in contradiction to the assumption of this subcase. If, however, z € T,
let ¢ =4, be the extension of ¥, to an isomorphism from [a, bls,,, onto
[c,d)s,.,. Then z'=z*" satisfies A<z'<B and z'E€T,., hence
Ded(z', 41, U T)) ={z'} in contradiction to the existence of x. This shows
our claim.

Now let D be a copy of the set C=Ded(x,Q,.:;,% UT;) and = an
isomorphism from C onto D. We insert D between A% and B*», let the points
of (CNQY ((CNT)") belong to ; (T;), respectively, and put ¢ |C =
7| CNQ.

Note that by (.41, Tn41) C (€, T:) (good) we have cof (A) = coi(B) = No, thus
cof (A*)=coi(B") =Ry, and CN (), and thus also D N{};, is unbounded
below and above and has countable coterminality. Furthermore, we have inf C,
supCECNT, hence A% <minD <D N, <maxD < B* and
min D, max D € T,. This implies (4.7)(V) for .,€};, T;, and any a’ € D N (Y,
since any z €()}; with z <a’ (a’'<z) satisfies z <min D (max D < z) by the
assumption of this subcase.

Subcase (iii). We assume that there exists a point y €[c, d]o, with A" <y <
B but no x €[a, by, with A <x <B.

We deal with this case symmetrically to (ii).

Subcase (iv). Assume that there are points x €[a, bla,, y €[c,d]o, with
A<x<Band A*» <y <B"%,
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Again note that x,y € Q.. and n +1<i We put

C = Ded(x, Q”+1,Qi), D =Ded(y, Q,.+1,Qi),

a'=infs,C, b'=supa,C, c¢'=infs,D, d'=supgD.

Observe a',b’,c’,d' € T,. Obviously, C=[a’,b'la, and D =[c’,d']s,. By
Q.41 CQ; (good) we obtain cof (A )= coi(B) = cof (A *) = coi(B*) = cot(C) =
cot(D)=N,. This shows that we can deal with the intervals [a’, b']a,, [¢’, d']q,
precisely as we dealt with the intervals [a, b]a,, [¢, d]o, in case 1, with the only
exception that the endpoints of the intervals belong to T; instead of ();. Thus,
both C and D are split into countably many subintervals, copies of these
intervals are inserted into D and C, respectively, to obtain ();, and the
isomorphism ; is defined accordingly.

It remains to show that if these constructions are performed for each jump
(A, B) of [a,b]a,.,, then our sets {);, T; satisfy the required conditions.

First note that the inserting processes have only been carried out if n +1 <i
and in this case at most [Jump(Qn.1,:)| No<A times, which implies
[Jump (£, ;)| < A. Now it is straight-forward to verify that {); is a good A-set,
and (X, T:) C (Q};, T;) (good) also follows immediately from our considerations.
Hence (£2,, T, ),<; is a good A-system by Lemma 4.8, satisfying the requirements
(+), (+ +) by construction.

Case 3. Assume A #J and s =supA £A

Obviously, s is a limit-ordinal and s =i Observe ), = U, Q,, T.=
U.-.T., and whenever n,m €A satisfy n <m, then ¢, |[a,b]nm= ¢, by
induction hypothesis and (+ +). This enables us to define an isomorphism
¥:[a, bla, = ¢, d]a, satistying ¢ I[a, bla,., = ¥. for each n € A, such that, if we
extend ¢ to an isomorphism ¢ :[a, bla, = [c, d]a,, then

(T. N[a,b]s,)* = T. N[c,d]a,.

Now we may continue precisely as in Case 2, only dealing with ), T;, ¢ instead
of Qu+1, To+1, ¥, in order to obtain a good A-set (), a set T; c,\Q; and an
isomorphism ¢ :[a, blo, = [c, d]o,, such that (@, T.)C(;, T;) (good),
% |[a,b]n, =y and

(T; N{a, b]ﬁi)l;i =T N[e d]ﬁ;'

Hence again (€}, T,),s; is a good A-system, completing this case and Step 3.
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Part III. The chain (1, <) is doubly homogeneous and satisfies cot(a) = N, for
each a €Q

Now suppose our good A-system (), T: ). is constructed as prescribed in
Parts T and II. We put Q=U,e,Q, T=U,e,T and (QUT, =)=
U.cx (1 U T, =). First we want to show that (©, <) is a doubly homogeneous
chain.

Indeed, let a, b, ¢, d € () satisfy a < b and ¢ < d. By Remark 2.6, we have to
construct an isomorphism ¢ :[a, b]o—[¢, d]a. Since Q is unbounded, we may
assume b < ¢ w.l.o.g. Choose m € A such that a,b,c,d €, and let I be the
set of all i € A such that i € A, for some k € A with k =Zm and i* =(a, b, c, d).
Note that |[I N Ay | =1 for each k € A with k = m, hence |I|= A and I is cofinal
in A. Thus Q= U, .., and for each i €I there exists an isomorphism
¥ :la, bla,,—[c, d)a,, such that whenever ijEI satisfty j<i, then
¥ '[a, blo,,, = ¢;. Hence we may define the required isomorphism ¢ simply by
putting ¢ I [a,bla,., = ¢ for each i €L

Secondly we show that cot(a) =N, for each a €(). Indeed, let i €A and
a €. Then coty, (a) =N, since ((4;, =) is a good A-set. Now Lemma 4.6
implies cota(a)=No.

Part IV. We claim that we may perform our Construction 2.16 such that
(TL, =L ) = (TI(Q), §1), (TR, =r ) = (Ty(Q), =, )

W.l.o.g. we only show (by transfinite induction) that (Tx, =x ) may be taken as
the tree (T.(2),=,), i.e. satisfies the construction requirements of (2.16).
Put m:=max(Tk, =)= min(Tk, = ). Observe that indeed Tx\{m}C T, C T C 0
by Lemma 4.6(b) or as in the proof of (4.10). In the following, we will have to
distinguish carefully between the orders (Tk,=<x), (T,(Q2),=<,) which are trees
and the chains (TR\{m},=)C ToC(QUT,=). As in Remark 4.11, we put
Tri={x € TEI({y € Tk ly <grx},=gr) =i} for each ordinal i; let h be the least
ordinal a such that Tr.=, thus Tr= U, Tri. For A C Tx, M, again
denotes the set of all minimal elements of (Tk,=&) above A.

Step 1. Start of the induction

First notice that we have m > T,, hence m >Q,U T, according to our
construction of ({), Ty) (see Part I, Step 1). By Q, C (), (good) for 1 =j € A and
Lemma 4.6, Q) is unbounded above in £). Hence we may identify m =« € {).
Next we choose ®' € () such that ' < min(Tz,=). This is in harmony with
Tk € I, i.e. m* =3, cf. Definition 2.17. Furthermore, if Tr = {0}, we have
cof((le) =N, by the construction in Part II, Step 1, hence cof()=N, by
m =supQo=supQin{), and thus Tg = T, (Q) is established in this special case.
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Step 2. Induction step from i to i +1

Next let i <h and a € Tx, and assume a’ <a, a® =3 (cf. (2.16); the case
a<a', a®=1is dealt with symmetrically). We distinguish between the cases
M, =0 and M, # .

First assume M., = J; we claim cof(a) =N, in ) (thus by (2.16) a has to be a
maximal element in 7,({}), in accordance with M, = ). If a = =, this was shown
above. Hence assume a# « now. By Remark 4.12(d) there exists a maximal
element b in (T, <) with b < a. Now by Part II, Step 1 the set {x €Qo|b < x <
a}is a good A -set of countable coterminality. This shows cofa(a) = cofa,(a) = No
by Lemma 4.6, as claimed.

Next assume M,#J. By Remark 4.12(c), we have M, <a in (Tk,=),
furthermore (M., =) is an uncountable well-ordered set isomorphic to | M, |, and
M, U{a}is closed in T,U {=} C ), such that a =sup M, in {,. By Lemma 4.6,
M, U{a} is also closed in O such that a =sup M, in Q. This shows M, =)=
cof(a) # No. We may assume a’ < M, by induction hypothesis; now choose, for
each x EM,, an element x'€Q with x<x'<{zE€M,|x <z} and also
max(M,, =)< x' if M,#@. Note that a® =3 implies x* =1 for each x EM,
which is in accordance with x < x'.

Hence in both of these cases the set (M,,=<) satisfies the construction
requirements in (2.16).

Step 3. Induction step for limit-ordinals

Here let i <h be a limit-ordinal, P a maximal path in U, Tx, and
P,={a€P|a®=n} (n=1,3). If aEP, (@EP;), let a* be the minimal
element in P above g, i.e. {a'}=PNM,, hence a* €P; (a*EP,) by a®=1
(@a®=3),and a<a* (a"<a); we put V., =[a,a”] (V. =[a", a]), respectively.
Note that V, D V, whenever a,b € P and a <z b (cf. (4.12)(b)). We have either
M, ={ap} with af=2 or My ={ap,br,cr} with af=1, b3=2, c2=3. If
M, ={ap}, we have P;<ar<P; and ar =supP,=infP; in T, by Remark
4.12(e), hence also in ) by Lemma 4.6, and thus N.er V. ={ar}. Weput ab= ar
according to (2.16) which is in harmony with af = 2.

If, on the other hand, IMpl =3, we have P;<ap < ¢p <P; and ar =sup P,
¢» =inf P; in T, by Remark 4.12(¢), hence again also in Q1 by (4.6), and thus
Noer V. =[ar,cr). By af=1 (c$=3), (M,,,=) (M.,,=)) is inversely well-
ordered (well-ordered), if it is non-empty, in which case we put a=
max(M,,, =) (¢ = min(M,,, <)), respectively. If M,, (M.,) is empty, put @ = ar
(¢ = ¢p). In any case we have ar =a < ¢ = c,. Now choose ab,cr€€Q and an
element xp € with ap =d <ap<xp <cp<&=cp in harmony with ap =1,
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c?=3. We have by € Te\T7 and b, £ {, but here we may identify b, with x»
and put by = by in harmony with b7 = 2. Hence the construction requirements of
(2.16) for limit steps are also satisfied. This finishes the proof that (Tx, =z )=
(.(0), =,).

With this, Theorem 2.11 is proved.
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