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THE JOURNAL OF SyMBoLIC Logic
Volume 35, Number 1, March 1970

ON THEORIES T CATEGORICAL IN |T|

SAHARON SHELAH!

ABSTRACT. Morley conjectured that if an infinite first-order theory T is cate-
gorical in the power |T'| > R, then it has a model of power < |T'|. Here we affirm
this conjecture for the case |T'|% = |T|.

§0. Introduction. Morley conjectured in [3] that if a theory T is categorical in the
power |T|, |T| > R,, then it has a model of power <|T|. (The power |T| of a
theory is the number of its sentences plus RX,.) Keisler (as mentioned in Ressayre [5])
proved this conjecture for the case |T'| < 2o, |T| regular.

The aim of this article is to prove the following theorem:

THEOREM 0.1. If a theory T is categorical in the power |T| and |T| = |T'|®o,
then T has a model of power <|T|.

DerNITION 0.1. Theory T is categorical in power A if all its models of this
power are isomorphic.

In this article we will not attempt to present all the possible results of the methods
employed here. Fuller developments will appear in [6], [7], [8]. It can be proved, by
Theorem 6.3, that if T'is categorical in |T|® = |T|, then T is a definable extension
of a theory of smaller power. Also, by slight changes in §§2, 3, it can be proved that
if T has only homogeneous models in the power |T'| > X,, then T has a model of
power <|T|.

In §1 we will define our notation and mention several known theorems which we
shall use. In §2 we define the rank of a type, and we define a theory to be super-
stable if every type has rank < co. (This is a generalization of Morley’s definition
in [3].)

In §3 we will show that a nonsuperstable theory has a model of power |T'| which
is not R, -saturated. From this we conclude that if T is categorical in |T| = |T'|¥o,
then T is superstable.

In §4 we define prime model over a set 4, 4 = |M| (M a model of T) and we
prove the existence of prime models for superstable theories.

In §5 we prove some properties of indiscernible sequences.

In §6 we use the results of §5 to prove the main theorem.

§1. Notations. Every ordinal is the set of all smaller ordinals, and every cardinal
(power) is the first ordinal of its power. We shall use «, B, y, i, j, k, I, for ordinals,
«, A for cardinals, m, n for natural numbers. 8 will be a limit ordinal. If 4 is a set,
its power is denoted by |A|. The domain of a function F is denoted by Dom(F)
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and its range by Rang(F). If F, G are functions, then F is said to extend G, or to
be a continuation of G if Dom(G) < Dom(F) and for all @ in Dom(G), F(a) = G(a).
If Fis one-one, F~! will denote the inverse function. F = G/A4 if Dom(F) = A and
G extends F. A sequence 7 is a function whose domain is an ordinal, which is called
its length and will be denoted /(7). If 7 is a sequence, then 7; = #(i) (=the value of
the function at i). The sequence 7 will sometimes be denoted and defined as
{f:i < I()). We shall frequently not distinguish between ¢, and <{¢;:i < 1). If
A,Baresets A — B={aec A:a¢ B}.

T will designate a fixed first order theory in the language L with the equality sign.
We shall use x, y, z for variables, X, y, Z for finite sequences of variables, ¢, ¢ for
formulas of L. We shall write ¢(x, - - -, X, 1) for ¢ if all the free variables occur-
ring in ¢ are in {Xo, - - *, X, 1}. M, N will denote models of 7. If M is a model, |M |
will be the set of its elements, and thus M| will be its power. We write M k
dlag, -+, a,_1) if ap, -+, a,_,€|M| and ¢[ao,---, a,_,] is satisfied by M. The
model M 1is said to be A-saturated if for every sequence of formulas
(bi(x,P):i < iy < A) and sequence <b;: i < iy < A, of sequences of elements of
M, if for every finite set I < i, thereis a c € | M| s.t. i € I implies M F ¢,[c, b;], then
there is a c € | M| s.t. for all i < iy, M F ¢,[c, b;]. Let A, be 22" and let M, be a
(2%) *-saturated model of T of power > |T|. (The proof of the existence of such
a model, and information about other properties of saturation can be found in
[4], [2]. The definition of saturation in [4] is slightly different from ours.)

M, is an elementary submodel of M, if |M;| < |M,| and for every formula ¢(x)
and every sequence b of elements of M,, M, E $[b] iff M, F ¢[b]. If we do not
specify otherwise, every model will be an elementary submodel of M,,. It is easy to
see that M, is an elementary submodel of M, iff |M;| < |M,|.

A, B, C will designate sets included in |M,|; a, b, ¢ will denote elements of
| M,|, and a, b, ¢ will denote finite sequences of elements of |M,|. b is “from 4> if
all the members of the sequence belong to A. Instead of M E $[5] we can write
F¢[b] since the particular model M (which is an elementary submodel of M,) does
not matter. For a set 4 there is a model M such that |M| = 4 (i.e., such that M is
an elementary submodel of M,) iff for every sequence 5 and formula ¢(x, ) if
F(3x)é(x, b) then there is a € 4 such that F$[a, b]. (This is the Tarski-Vaught test.)
If not mentioned otherwise, when writing M or A we demand implicitly |M|,
|4] < 2%.

A function F will be called an elementary mapping if Dom(F), Rang(F) < |M,|
and for every formula ¢(xo, « - -, X,—1)and by, + - - , b, .1 € Dom(F), k¢[bo, - -+, bn_1]
iff FS[F(bo), - -+, F(b,-1)]. (Clearly an elementary mapping must be a one-one
function.) F, G will denote elementary mappings. From the properties of saturated
models it is known that if M, is A;-saturated, |4]| < A;, |Dom(G)| < A, then there
is an extension F of G s.t. Dom(F) = 4 U Dom(G). Fis an automorphism of M if
Dom(F) = Rang(F) = |M|. Without loss of generality we assume that every
elementary mapping F with finite domain can be extended to an automorphism of
M(see [4]).

Actually, we shall frequently use a language wider than L which contains, in
addition, for every a € | M,| a name which will be a itself. p is an n-type over 4 if p
is a set of formulas of the form ¢(x,, - - -, X1, &) Where b is a sequence from A.
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g, p, r will designate types over |M,|. p extends g if ¢ < p. ¢ realizes p if for every
(X, + + 5 Xn_1, b) € p, E$[C, b]. When we say type we shall mean a noncontradic-
tory type, i.e., for every finite subset of it, there is an element which realizes the
finite subset. (From the definition of M, it follows that if p is a type over A4,
|4] < (2%)*, then there is a sequence b realizing p.) p is a complete n-type if for
every sequence b from A and every formula ¢, ¢(xo,-++,Xn_1,b)Ep or
(X0, + * *» Xn_1, D) € p. Unless mentioned otherwise, every type is a 1-type.
S(A) will be the set of complete (1-) types over 4. Every sequence <by, -+, b,_1>
realizes a complete n-type over 4, which will be called ““the type that {bq, -« +, b,_1>
realizes over A.” If n = 1, this type belongs to S(4), i.e., every element b realizes a
type in S(A4). It is known that every n-type over a set A has an extension which is
a complete n-type over 4. Define p/4 as {y ep:{J} is a type over A}. Define
F(p) as
{5b(x0’ crty Xp-1, F(ao): Y F(am)) : ')b(xO: ttty Xp-1,40s 0y am) ED;
Qo - -+ , Ay, € Dom(F)}.

The definition and properties of ultrapowers can be found in [1], [2]. Assume D
is a nonprincipal ultrafilter on w (the set of the natural numbers). It is known that
there is an elementary mapping from M into M®/D; thus without loss of generality
we can assume that this mapping is the identity, and that M®/D is an elementary
submodel of M,. It is known that M ©/D is an 8;-saturated model. It is also known
that if p,, is a type over | M | which is realized in M and p,, ,; 2 p, (thisfor alln < ),
then U, <P, is realized in M®/D.

It is known that if M is a model of T, 4 = |M|, then M has an elementary sub-
model M;, A € |M,|, of power <|T| + |4]|. Clearly if M omits (i.e., does not
realize) a type p over A, then M, also omits it.

§2. Ranks of types.

DermniTION 2.1, (1) We define TR, by induction on «: TR, is the set of types p
over |M,| such that there is ¢ < p, |q| < X,, and ¢ has <A, continuations in
S(|Mo]) — Us<eTRy. (Clearly o > B implies TR, = TR;.)

(2) If pe TRy — \UJ,<sTR, then Rank(p) = B and if for all 8, p ¢ TR,, then
Rank(p) = .

(3) The ranks are ordered by the natural ordering of the ordinals with the addi-
tional stipulation that co > « for all ordinals .

(4) If for all p Rank(p) < oo, we say that T is superstable.

THEOREM 2.1. (1) If p < q then Rank(p) > Rank(g).

(2) For every type p there is q < p, |q| < R,, such that Rank(p) = Rank(q).

(3) There is oy such that for every p, Rank(p) < «, or Rank(p) = co.

(4) If Rank(p) = oo, |p| < Ry, then p has > A, continuations in S(|M,|) which
are of rank co.

) If {pi:i < ip} is a set of > Ay continuations of p in S(M,), Rank(p) < oo,
then there is an i < iy such that Rank(p) > Rank(p,).

Proor. (1) If Rank(g) = «, then for every 8 < «, ¢ ¢ TR;. Thus for all ¢, < ¢
such that |¢;| < R, ¢, has >, continuations in S(|M,|) — U, <sTR,. Thus for
every ¢; < p, |q1] < R, g1 has > A, continuations in S(|M,|) — U, <,TR,. Thus
p ¢ TR;, and Rank(p) > B. Since this is true for all B < «, Rank(p) > « = Rank(g).
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(2) If Rank(p) = o, then by definition there is ¢ < p, |g| < R, such that g has
< A continuations in S(|My|) — U, <.TR,. Thus Rank(g) < e. On the other hand,
since ¢ < p, Rank(q) > «. This proves Rank(q) = Rank(p).

(3) Since the types over |M,| form a set, the o’s for which TR, — (Jg<,TR; # 0
form a set, and thus there is an ordinal «, larger than all of them. This «, satisfies
the required condition. (It is not hard to find a bound for «, and to show that if it
is the last one to satisfy the condition then for every « < o, there is a type p with
Rank(p) = «.)

(4) Since Rank(p) = o, p¢ TR,,; and thus every g < p with |g| < R,, in
particular p, has more than A, continuations in S(|M,|) — TR,,. Each one of them
has rank oo, since its rank is > «,.

(5) Assume Rank(p) = « and for all i< i, Rank(p;) = «; thus by
(1) Rank(p;) = . By definition there is a ¢ < p, |g| < R,, which has <A, con-
tinuations in S(|M,|) — U,<.TR,. Since all the p;’s are such continuations, we
have a contradiction, thus proving (5).

THEOREM 2.2. If p is a type over A, then there is a type q, |q| < R, such that
p VU q is atype over A which has no continuation of smaller rank in S(A). (Clearly if
p is finite then p U q is finite, and if p is a type over a finite set then p U q is a type
over a finite set.)

Proor. Since the ranks are well ordered, there is a ¢; 2 p in S(4) of minimal
rank. By Theorem 2.1(2) there is ¢ < g3, |g| < Xo, such that Rank(q) = Rank(g;).
Clearly p U g is a type over A. If g, 2 p U g, g2 € S(4), then

Rank(g,) < Rank(p U q) = Rank(q,)

= inf{Rank(gs): g3 2 p Y ¢, g5 € S(A)} < Rank(gy).
Thus Rank(g,) = Rank(p U q). Thus all the continuations of p U g in S(4) are of
the rank Rank(p U ¢). This clearly implies also that all the continuations of p U ¢
to a type over 4 are of the same rank.

TreOREM 2.3. (1) If F is an automorphism of M, and p is a type, then Rank(p) =
Rank(F(p)).

(2) If F is an elementary mapping and p is a type, then Rank(p) = Rank(F(p)),
where p is a type over Dom F.

Proor. (1) We will prove by induction on « that p € TR, iff F(p) € TR,. As-
sume that this is true for all 8 < « (for « = 0 this is a void assumption). If p € TR,
then there is p; < p, |pi| < Ny, and p, has <A, continuations in S(|M,|) —
Us<eTRs. If F(py) has > A, continuationsin S(|M,|) — Up<oTRs, and{p': i < Af}
is a set of A such continuations, then, since F~! is also an automorphism,
F-Y(p") = p; and i # jimplies p* # p’ for all i, j < Ag.

P e S(|My|) and p* ¢ Uz <TRs, and hence by induction hypothesis F~1(p) €
S(|Mo|), F~Y(p) ¢ Us<eTRs. Thus p; has >A, continuations in S(|M,|) —
Up<eTR;, contradiction. Thus p € TR, implies F(p) € TR,. In the same way
F(p) e TR, implies p = F~Y(F(p)) € TR,. Thus Theorem 2.3(1) is proved.

(2) By Theorem 2.1(2) there is p; < p, |pi| < Xy, such that Rank(p,) =
Rank(p). Clearly there exists a finite set 4 s.t. p; is a type over 4, and thus F/4
can be extended to an automorphism G of M,. Thus, using (1),

Rank(p) = Rank(p,) = Rank(G(p,)) = Rank(F(p,)) = Rank(F(p)).
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Thus Rank(p) > Rank(F(p)). In the same way, since F~! is also an elementary
mapping, Rank(F(p)) = Rank(F~*(F(p))) = Rank(p). Thus we have proved
Theorem 2.3(2).

THEOREM 2.4. (1) If p is a type, there exists anr € S(|M,|) such that Rank(r) =
Rank(p),p = r.

(2) If p is a type over A, and p has > Ay continuations in S(A), Rank(p) < oo,
then at least one of them is of rank < Rank(p).

PROOF. (1) Suppose there is no such r. Let o = Rank(p), and let
{piti < k < | M,|} be the set of types such that |p;| < X,, & = Rank(p) < «;
and let ¢; = A ysep, . Suppose ¢ 2 p, ¢ 2 {1 i < k} and g€ S(|M,|). Since
g 2 p, Rank(g) < « If Rank(g) < «thenthereisag; < g, |q:] < X, Rank(q,) < e.
Thus g, = py, for some iy < k, and (= A sep,, $) €9, {$: ¢ €pi, = 41} S q. Hence
g is not consistent, so Rank(g) = «, a contradiction.

Therefore there is no such g, and by the compactness theorem there exists a finite
contradictory subset of p U {—y;:i < k}. Hence there exist ¢;,---, ¢, €p,
¢t =y, -0, 9" = ¢y, such that Af_id— VL 4. Let B = max;.; oy =
max, -3 n(Rank(p;)) < «. Every{¢’} has <A, continuationin S(|M,|) — U, <;TR,.
Hence also {\/],¢’} and {¢;: i = 1,-- -, n} have <A, continuation in S(|M,|) —
Uy<sTR,. We can conclude Rank(g) < Rank({¢;:i=1,---,n})) <B<e a
contradiction.

(2) If{p;: i < Ag}are continuations of p in S(A4), such that Rank(p;) = Rank(p),
then by (1) each of them has a continuation of the same rank in S(|M,|), and we
get a contradiction by Theorem 2.1(5).

§3. A theory which is not superstable has a model which is not X,-saturated.

THEOREM 3.1. If Rank(p) = oo, |p| < R,, then there is a sequence of formulas
{¥i(xo, @): i < 2TY)*} such that for all j < 2'")*

Rank(p U {th(xo, @) : i < j} U {—i(x0, @))}) = 0.

Proor. By Theorem 2.1(4) p has > A, continuations of rank oo in S(|M,|). Let
{pi:i < A§} be Ay of these continuations (all different). For a formula i define
Y° = ¢, Yy = = and let » denote a sequence of ones and zeroes.

Define i, = ¢,(x,, a,) by induction on /() so that if the formula ¢, is defined for
all i < I(n) then the type g, = {($,)"": i < I(n)} is contained in one of the p,’s.

If I(n) = O, since p; # p,, thereis i, € p;, = € po. Let ¢, = . If ,; is defined
for all j<I(n), and there are at least two types p?, p? € {p;: i < A} which continue
q», then there is a ¢, ¥ € p!, —¢ € p2. Then we define ¢, = . If there are no two
such types, ¢, will be undefined.

Now for all p e {p;: i < A} we can easily find n = 7, such thatg, < p and is the
only continuation of ¢, among the p;’s. If for all p, I(»,) < (2!7!)*, then

M= e i < A < s i) < @7 = TR < @) = 227 < 2,
(Here we used the definition of X, as 22'™.) Contradiction. Thus there is a p such
that I(n,) = (2'"))*. Define, for i < 2')*, ¢(xo, @) = [¢y,i(x0, @p,)]"™»?. Since
for all j < 2T)*, p U {i(x0, @) : i < j} U {—y(x0, a;)} is included in one of the
pi’s, its rank is > Rank(p;) = oco. This proves the theorem.
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THEOREM 3.2. If T is not superstable then it has a non-Xi-saturated model of

power |T|.
Proor. Define by induction N, and p, for n < o such that N, is an elementary
submodel of Ny, 1, | No|l = |T|. pais a type over |N,|, |pa| < o, there is no ele-

ment in N,_; which realizes p,, p, S p,.1, and Rank(p,) = co. It is easy to see
that in this case | ,<,N, is a model of T of power |T|, and U, <,p, is a type of
power X, over |, <N, which is not realized there. This will prove the theorem.

For n = 0 let N, be an elementary submodel of M, of power |T|, po ={ }
(Since T is not superstable, there is a p with Rank(p) = . Butp, = { } < p and
thus Rank(p,) = Rank(p) = oo, Rank(p,) = 0.)

Assume that N, p, are defined. Since Rank(p,) = oo, by Theorem 3.1 there is
{thi(x0, @;): i < (2'7)*} such that for all j < (2'7!)*, Rank(g,) = oo where g; is
defined as gq; = p, U {¢i(x0, @) 1 i < j} U {—¢;(x0, @)}. (And, of course, g; is a
type, i.e. consistent.) For a € N, define I, = {i < 2'")*: HKi(a, @))}. Since there
are <|T| sets I, and (2'7')* i’s, there are k, I < (2'")*, k < [, and a € | N,,| implies
kel, iff Iel,. Define p, .1 = p, Y {(x0, @), —pi(x0, @)}, and let N, ., be an
elementary submodel of M, of power |T'| which includes |N,| U Rang(a,) v
Rang(@).

Since for all a € |N,| we have kg (a, a,) <> $i(a, @), it is clear that no a realizes
Pr+1- AlsO p, S p,i1 S ¢, and thus p, ., is a consistent type of rank co. Of course
|Pn+1] < Ro. Thus all the conditions of the definition are satisfied and the theorem
is proved.

THEOREM 3.3. If |T|% = |T| then T has a R,-saturated model of power |T|.

Proor. Let M be a model of T of power |T'|, and let D be a nonprincipal ultra-
filter on w (the set of natural numbers). Then, as stated in the introduction, M®/D
is a N;-saturated model, and |M?/D| < |M|* = |T|% = |T]|.

THEOREM 3.4. If T is categorical in |T'|8o = |T| then T is superstable.

ProOF. Immediate from Theorems 3.2 and 3.3.

§4. On prime models.

DerFINITION 4.1. (1) p will be called an isolated type over 4 if p is a type over A
and there is a finite set B < 4 such that Rank(p) = Rank(p/B) and p/B has no
continuation in S(4) of smaller rank, and Rank(p) < co.

(2) B = A will be called prime over 4 if B = AU {a;:i < iy} and for every
i < iy, a; realizes an isolated type over 4 U {a;:j < i}.

(3) M will be called a prime model over 4 if | M| is prime over 4 and every type
over a finite set contained in || is realized in M.

THEOREM 4.1. (1) If T is superstable, then over every A there is a prime model
M (such that |M| = AV {a;: i < i°, where a; realizes an isolated type over A; =
AVia:i<j).

(2) In the above model for every I < i° thereisnandj, < j; < --- < j, = l such
that for all m < n a;, realizes an isolated type over A L {a;,,---, a;, _.}.

PrOOF. (1) Define i, for k < w and g, for i < i, by induction on k such that
ip = Ur<olx and k < [ implies i, < i,. Assume that it is defined for all k; < k.
Ifk=0,i,=0.If £k = + 1, let i, be any ordinal such that {p;: i, < j < i} is
the set of types over finite subsets of 4 U {a;:j < i;}. Define by induction a; for
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i; < i < iy. Assume that it is defined for all i < j and let g be an-isolated type in
S(4 U {a;: i < j}) which continues p, (the existence of such a type was proved in
Theorem 2.2). Let a; be an element which realizes q. By definition, 4, = 4 U
{a;:i < i,} is prime over A.

Assume ¢ is a type over a finite set B = 4,. We must show that ¢ is realized by a
member of A;. Since B is finite there is n < w such that B < 4 U {a;: i < i,}, and
thus there is j, i, < j < i,+1, with ¢ = p,. Clearly g; will realize q.

It remains to be proved that there is an M with |M| = A,. By the Tarski-Vaught
test (see §1) it is sufficient to prove that if F(3x)¢4(x, a), and a is a sequence from A4,,
then there is b € 4, such that Fé[b, a]. But {¢(x, @)} is a type over a finite set = A4,.
Thus, by the above, there is a b as required and that proves (1).

(2) By the definition of {a;: i < i°}, for every i there is a finite set I; < {k: k < i}
such that if p' is the type that a; realizes over 4 U {a;:j < i} then p*/(4 U {a;: j € I})
has no continuation in S(4 U {a;: j < i}) of smaller rank. If we find jo, - - -, j, =/
such that for all m < n, I;,, < {jo,- -, jm-1} this will clearly prove the theorem.

Define E, by induction onn < w: E; = {l} and E, ,; = \U{J;: i € E,;}. It is easy
to see that E, is a finite set since the finite union of finite sets is finite. Let o, =
max{i: i € E,}. Since E, is finite, the maximum exists. Also for every n, a,,; < «,
since &, ., € E, 1 = \J{I;: i € E,} and thus there is an i € E,, «,,, € I, and hence
ans1 < i < max E, = a,. (We have used the fact that I, < {k: k < i}.) Since the
ordinals are well ordered, there is no descending sequence of ordinals, and there-
fore there is n, for which E, is the empty set. If Un<n,En = {jo»* - 5 jm} and j, <
Ji < +++ < jn then j, = [ and this proves Theorem 4.1(2).

§5. Indiscernible sequences.

DeriNiTION 5.1. (1) The sequence a = <a;: i < k) is indiscernible over A if for
al n<w and every i <:--<i, <k, jo<---<j. <k, the sequences
@i+ + 5 Ay )y Lajy + + + 5 @;, » Tealize the same type over 4. We shall always assume
that k >wand for /I < klet @ =<{a;:i <[y and A, = AV {a;:i < I}. We use
this notation when it is clear what 4 and a are. Also, we shall always assume that
a, # a,.

(2) In the above notation p,(a) will be the type {)(xo, @, - - * » a@;,, b) : b asequence
from A4; form < n, i,, < land j, < n, for my, my < 1, in, > i, iff ju, > ju, and
Fdldn 1, G55 - -+ » @5, BI}. (For I < k py(@) is the type that g, realizes over A,.)

THEOREM 5.1. If a = {a;: i < k) is an indiscernible sequence over A then p,(a)
is a complete (consistent) type over A, for alll < k.

Proor. If! < k, q, realizes p,(a) and the claim follows. Assume / = k. If there
is a contradiction in p,(a) then there is a contradiction in a finite subtype g of
pi(@). By changing the order of the variables of the formulas in g and adding dummy
variables, there will be a contradiction in {f(xo, @is - + - » @i, &) : m < mo} Where
b is a sequence from A,i;<---<i, Thus E=(E@x)(Amn<ndn(XosTigs* * *5ai,,D))
and E—(3x)(An<ngfm(X0s G0 * + 5 Apy b)). But EA 1 < n¥m(@n 41, @05+ * * » @y b), con-
tradiction. Thus Theorem 5.1 is proved.

THEOREM 5.2. Assume T is superstable.

(1) If <a;:i < k> is an indiscernible sequence over A and k, + w < k, then
<ai: ko < i < k) is an indiscernible sequence over Ay,.
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(2) If p is a type over A, and {a;: i < k) is an indiscernible sequence over A, then
p has no continuation in S(A,) of smaller rank iff p has no continuation in S(A,) of
smaller rank.

) Ifp e S(A), a;: i < k) an indiscernible sequence over A, p has no continuation
in S(A,) of smaller rank,p < g€ S(Ay), ip < -+ < ip < k,jo <--- < j. <k, and
b a sequence from A then

'ﬁ(xo, igs* *° ai,,’ B) €q lﬂ l)l'(xm a!oa tt aj,.: b_) €q.

(4) If a realizes type p € S(A,) and p/A has no continuation in S(Ay) of smaller
rank where {a;: i < k) is an indiscernible sequence over A, then {a;:i < k) is an
indiscernible sequence over A U {a}.

Proor. (1) Immediate.

(2) Assume that p has a continuation ¢ in S(4,,) of smaller rank. Let g, be any
continuation of ¢ in S(A4,). Then Rank(q;) < Rank(q) < Rank(p) and thus p has
a continuation in S(4,) of smaller rank.

Assume p has a continuation g in S(4,) of smaller rank. In this case there is
71 < q, |q1] < X, such that Rank(g;) = Rank(q) (by Theorem 2.1(2)). Thus there
exist i, < --- < i, such that g, is a type over B = A U {a; : m < n}. Define an
elementary mapping F such that Dom(F) = B, forain 4 F(a) = a and F(a;,) = a,
for m < n. It is easy to see that F(q;) 2 p and F(q,) is a type over A, ; thus it has
a continuation ¢, € S(4,). We have Rank(g;) < Rank(F(q,)) = Rank(q,) =
Rank(g) < Rank(p), i.e. p has a continuation in S(4,) of smaller rank. Thus we
have finished the proof of (2).

(3) Without loss of generality, assume k < (2%)*. By Theorem 5.1(2), and since
M, is (2*)*-saturated, it is easy to see that it is possible to define a; for k < i <
(2%)* = k, such that <{a;: i < k;) is an indiscernible sequence over A (a; will be
an element realizing p;({a;:j < i))).

Assume P(x,, @y, - * - 5 i, b) €q, —P(xo, aj, - - - , a;,, b) € q. Let g; be a continua-
tion of g in S(4y,), / an ordinal <k;, i,, j» < /. Without loss of generality assume
$(xos @py + -+ 5 Ay 4y D) € g1 (for otherwise take —i instead of ¢ and interchange the
i’s and j’s). For every & < k; let ¢; = y(xo, @s,- -, @544, b). Since for every
8; < 8, < k, the sequence

<a61’ cr s Ay tns Aoy " * ° s a62+n>9 <ajoa RPN/ 73 £/ T al+n>
realize the same type over A4, we have that for all §; < 8; < ky, q; U {—¢s,, ¢5,} is
a consistent type over 4,,, thus having a continuation g(8,, 8,) in S(4,,).

On the other hand p has no continuation in S(4,) of smaller rank (by part 2
of this theorem) and thus by Theorem 2.4 p has <A, continuations in S(4,).
For every such continuation p corresponds a set I(p) = {6: 8 < k;, ¢; € p}. Since
there are <A, such sets and |{8: 8§ < k,}| = (2%)*, there are §; < &, < k, such
that for every continuation j of p in S(4y,), ¢s, €p iff ¢;, € p. But q(8;, 8,) con-
stitutes a counterexample. Thus, the claim is proved.

(4) Follows directly from (3).

§6. On theories T categorical in |T'|.
THEOREM 6.1. There is an indiscernible sequence a = {a;: i < 8) over A = 0.
ProoOF. See [9].
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THEOREM 6.2. If T is superstable and @° = {a;: i < 8) is the sequence mentioned
in Theorem 6.1 then there is a prime model over A, = {a;:i < w} omitting
Po(Kat i < w)).

Proor. By Theorem 4.1(1) there is a prime model M over A4, such that |M| =
{b;:i < i} U A, and for allj < iy, b; realizes an isolated type over {b;: i < j} U 4,,.
If p(@®) is realized in M then there is j < i, such that b; realizes it, and thus by
Theorem 4.1(2) there is a sequence j, < --- < j, = j such that for all m < n,
¢m = by, realizes an isolated type g, over 4, U {co, -, Cn_1}. Thus, there are
finite sets B,, < A, such that ¢,/(B,\Y{co, ", Cm-1}) has no continuation in
S(A4, Y {co, -, Cn-1}) of smaller rank. Let B = Up<aBn S {00, -+, a1}, [ < w.

Leta, = c,; since ¢, realizes p,(a®), {a;: i < w + 1) is an indiscernible sequence.
We shall show by inductiononm < n + 1that<{ag;:/ < i < w + 1) isindiscernible
over{c;:i < m} U {a;:i < [}. For m = 0, by Theorem 5.2(1),<a;: I < i< o + 1)
is an indiscernible sequence over {@;:i < I} = {¢;:i < m = 0} U {a;: i < [}. Now
assume validity for m and we shall prove for m + 1. By definition, the type which
c,, realizes over {¢;: i < m} U {a;: i < I} has no extension in S(4, Y {¢;:i < m})
of smaller rank. Thus, by Theorem 5.2(2), this type has no extension in
S(A,+1Y{c:i < m}) of smaller rank. By Theorem 5.2(4) it follows that
{a;:1 < i < o + 1> is an indiscernible sequence over {a;:i < [} U {¢;:i < m} U
{ea}={ai<BV{c:i<m+ 1}

We have proved that for every m < n + 1, {a;:1 < i < w + 1) is an indis-
cernible sequence over {a;:i < I} U{¢;:i < m}. In particular, this is true for
m=n+ 1,andsince ¢, €{a;:i < I} U {c;: i < n + 1} it follows that for all / < i,
j< o+ 1, Fa, = ¢, iff Fa; = ¢,. But ¢, = a,; therefore a,,.; = ¢, = a,. Since
{a;:i < o + 1) is an indiscernible sequence, a, = a;, in contradiction to the
definition. Thus p(a®) is omitted in M.

THEOREM 6.3. If T is categorical in |T| = |T|% then T has a model of power
<|T|. Furthermore, this model can be chosen so that every type over a finite set is
realized.

ProoF. By Theorem 3.4, T 'is superstable. By Theorem 6.2, T has a prime model
M in which there is a sequence a® = <{g;: i < w) indiscernible over the empty set
A, and in which p,(a®) is not realized. Since M is a prime model every type over a
finite set is realized in it and thus if |M| < |T| the theorem is proved. Assume
|M]| = |T|. Then by the downward Lowenheim-Skolem theorem there is an
elementary submodel M; of M such that {a;:i < w} S |M,|, |M,) = |T|, and
Po(a@®) is omitted. We will show that 7" has a model of power |7’| which cannot be
isomorphic to M.

Let N, be any model of T of power |T'|. By induction define N; for i < N;: N,
is defined, N;., = N{/D (D is a nonprincipal ultrafilter over w), and if i = § limit
number then |N,| = Ui<s|NVi|. Clearly | Ny, | = |T|. Assume a® = <q;:i < w) is
an indiscernible sequence in Nx,. Then there is i < X; such that |V;| 2 {a;: i < w}.
Since p,(@?) = Un<oPa(@®) and U, <np(a@®) is realized in N, for all m < o, clearly
(@) is realized in N, . ;. Therefore Ny, is not isomorphic to M, in contradiction to
the categoricity of T in |T|. Thus the theorem is proved.

ReMARK. It can be proved similarly that if 7 is categorical in A, A% = A, then T
has a model of power <A.

6—17.8.L.
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