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SACCHARINITY

JAKOB KELLNER AND SAHARON SHELAH

This paper is dedicated to the memory of Greg Hjorth.

Abstract. We present a method to iterate finitely splitting lim-sup tree forcings along non-wellfounded
linear orders. As an application, we introduce a new method to force (weak) measurability of all definable
sets with respect to a certain (non-ccc) ideal.

Introduction.

Non-wellfounded iterations. We introduce a method to iterate lim-sup finitely
splitting tree forcings along linear, non-wellfounded orders.

There is quite some literature about non-wellfounded iteration. E.g., Jech and
Groszek [4] investigated the wellfounded but non-linear iteration of Sacks forcings.
Building on this, Kanovei [7] and Groszek [5] develop non-wellfounded iterations
of Sacks forcing. In spirit, their construction is close to the construction of this pa-
per, but the implementation is quite different. Zapletal gives an illfounded iteration
construction in the framework of “idealized forcing” [15], it seems that his results
give some of the properties of our construction (e.g., w®-bounding) for a more
general class of forcings, cf. his Theorem 5.4.12.! Regarding finite support, Bren-
dle {1] developed finite-support non-wellfounded iteration constructions, based on
the second author’s method of iterations along smooth templates [13]. Brendle’s
paper also contains the important observation by Hjorth (answering a question of
Hechler) that it is impossible to have an illfounded iteration of forcings that all add
dominating reals.

Measurability. As an application of our method, we introduce a new way to force
measurability of definable sets.

In the seminal paper [14] Solovay proved that in the Levy model (after collapsing
an inaccessibie) every definable set is measurable and has the Baire property.
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In [11] the second author showed that the inaccessible is necessary for measura-
bility, but the Baire property of every definable set can be obtained by a forcing P
without the use of an inaccessible (i.e., in ZFC). This forcing P is constructed by
amalgamation of universally meager forcings Q. So every Q adds a co-meager set
of generics and has many automorphisms, and the forcing P has similar properties
to the Levy collapse. The property of Q that implies that Q can be amalgamated
is called “sweetness” (a strong version of ccc). One can ask about other ccc ideals
than Lebesgue-null and meager (or their defining forcings, random and Cohen),
and classify such ideals (respectively forcings) according to whether they behave
like Cohen or like randoms see, e.g., Sweet & Sour [10].

For (non-ccc) ideals corresponding to tree forcings Q, forcing measurability can
be much simpler, see Section 6 about the Cohen model. In this model, all definable
set are Q-measurable (e.g., Marczewski measurable for @ = Sacks forcing). The
proof is a simpler version of Solovay’s: Cohen forcing is homogeneous and adds
subtrees S € QN V[G] to all T € Q N V such that all branches of S are Cohen
reals.

In this paper, we introduce a new construction that gives a variant of measurability
(weak measurability, as defined in 3.3) for all definable sets: Instead of iterating
basic forcings Q that have many automorphisms and add a measure 1 set of generics,
we use a Q that adds only a null set of generics (a single one in our case, and this
real remains the only generic over ¥ even in the final limit). So Q has to be very
non-homogeneous. Instead of having many automorphisms in Q, we assume that
the skeleton of the iteration has many automorphisms (so in particular a non-
wellfounded iteration has to be used).

We use the word Saccharinity for this concept: a construction that achieves the
same effect as (an amalgamation of) sweet forcings, but using entirely different
means.

Acknowledgments. We thank the referee for pointing out many typos and unclar-
ities, and for providing section 6.

Annotated contents.

Section 1, p. 1155: We define a class of finitely splitting tree forcings with “lim-
sup norm”: The forcing conditions are subtrees of a basic finitely splitting
tree that satisfy “along every branch, many nodes have many successors”.

Section 2, p. 1160: We introduce a general construction to iterate such lim-sup
tree-forcings along non-wellfounded total orders. It turns out that the
limit is proper, w®-bounding and has other nice properties similar to the
properties of the lim-sup tree-forcings itself.

Section 3, p. 1170: We define (with respect to a lim-sup tree-forcing Q) the ideals
I and I¢ (the < 2™-closure of I). These ideals will generally not be ccc.
We define what we mean by “X is weakly measurable” and formulate our
application: Assuming CH and a Ramsey property for O (see Section 5),
we can force that all definable sets are weakly measurable. (This section
requires only Section 1.)

Section 4, p. 1172: Assuming CH, we construct an order / which has many au-
tomorphisms and a cofinal sequence (j4)acw,. We show that the non-
wellfounded iteration of Q along the order I forces that 2% = X5, that I° is
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nontrivial, that for every definable set X “locally” either all or none of the
generic reals #;, are in X and that the set {#,: 6 € w,} is of weak measure
lintheset {n;: i € I'}.

Section 5, p. 1177: We assume a certain Ramsey property for 0. We show that

{n;: i € I'} is of weak measure 1. Together with the result of the previous
section this proves the application.

Section 6, p. 1181: We give a brief comparison with the Cohen model. (This

§1.

section requires only Sections 1 and 3.)

Finitely splitting lim-sup tree-forcings. We will define a class of finitely split-

ting tree forcings with “lim-sup norm”. The simplest example is Sacks forcing.
Such forcings (and generalizations) have been investigated by many authors, e.g.,
in [9] under the name QY*® (see Definition 1.3.5 there).

1.1.

Basics. Let us first introduce some notation:

DEerFINITION 1.1. Let T C 0<% be a tree (i.e., T is closed under initial segments),
lets,tcw<?, ACT.

We write sequences as (@), ..., a,) oras(ai, ..., a,). In particular, () denotes
the empty sequence.

e s =< t means that s is a restriction of ¢ (or equivalently that s C 7).
e 1 is immediate successor of s if ¢ = s and length(z) = length(s) + 1.
e succr(?) is the set of immediate successors of ¢ in a tree T. If the tree T is

clear from the context we will also write succ(z).

Nodes s and ¢ are compatible (s || ¢), if they are comparable, i.e., if s < ¢
ort < 5. Otherwise, s and ¢ are incompatible (s L 1).

The order in forcing notions is usually chosen such that ¢ < p means that g is
stronger than p. We try to stick to Goldstern’s alphabetic convention [3, 1.2]:
Whenever two conditions are comparable the notation is chosen so that the
variable used for the stronger condition comes “lexicographically” later.
Two forcing conditions p and p’ are compatible (p || p’), if there is a ¢
stronger than both p and p’. Otherwise, p and p’ are incompatible (p L p’).
Tl .= {s € T:s |t} (SoTMisatree) If T is clear, we might also just
write [7].

Tin:= {t € T: length(z) < n}.

e AC Tisachainifs || s forall s, € 4.
e b C T is a branch if it is a maximal chain.

If there exists a ¢ € b with length » then this ¢ is unique and denoted by b [n.
A C T isanantichain if s | ¢ for all s # ¢ € A. Unless noted otherwise, we
will assume that antichains are nonempty.

A C T is a front if it is an antichain and every branch b meets 4 (ie.,
b Al=1).

t < A stands for: “t < s forsome s € A”.

T4, ={tew<®: 1< 4}.

(We will use this downwards-closure only for finite sets 4. Then T4, isa
finite tree.)

If 4 and A’ are antichains, then A’ is stronger than A if for each 1 € 4’ there
isa s € 4 such that s < ¢ (cf. Figure 1).
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FI/

FiGURre 1. F’isstronger than F, F" is purely stronger than F.

e If 4 and A’ are antichains then A’ is purely stronger than A if it is stronger
and for each s € A thereis a r € A’ such that s < ¢ (cf. Figure 1).

e 1im(7T) are the maximal branches of 7. We use this notation only for T that
are “pruned”, i.e., have no finite maximal branches; then lim(7") C w® is the
closed set corresponding to T.

We are only interested in finitely splitting trees (i.e., succ(¢) is finite forall ¢ € T).
Then all fronts are finite. Note that being a front is stronger than being a maximal
antichain. For example, {0"1: n € w} is a maximal antichain in 2<%, but not a
front.

ASSUMPTION. Assume Tmax and 4 satisfy the following:
e T is a finitely splitting tree.
e 4 assigns a non-negative real to every subset of succr,, () for every t € Tpax.
e 4 is monotone, i.e., if A C B then u(4) < u(B).
e The measure of singletons is smaller than 1, i.e., u({s}) < I.
o For all branches b in Ty, limsup,,_, . (u(succ(bln))) = oo.

Note that such a T, has to be perfect.

DerNITION 1.2 (The tree forcing Q).
e If T is a subtree of Tyax and ¢ € T, then ur(t) is defined as the measure of
the T-successors of ¢, i.e., ur(t) := u(succr(z)).
o O consists of all subtrees T of Tmax (ordered by inclusion) such that along
every branch b of T

lim sup(ur(bin)) = cc.

So Tuax itself is the weakest element of Q.
For example, Sacks forcing can be defined in this way: Set Tiax := 2<%, and for
t € Tmax and 4 C succ(z) set

length(¢) if |A]=2,
) o {eneth() iA1=
0 otherwise.

Then a subtree T of 2<? isin Q iff T is a Sacks tree, i.c., iff along every branch there
are infinitely many splitting nodes.?

2This example is “atomic” in the following sense: For anode s € 7 thereisan 4 C succ(s) such that
1(A) is large but u(B) < 1 for every B & A. In this paper, we will be interested in “finer” norms. In
particular we will require the Ramsey property defined in 5.4.
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DerFINITION 1.3. A (finite or infinite) subtree T of T,y is n-dense if there is a
front F in T such that ur(¢) > nforeveryt € F.

LemMa 1.4. (1) A subtree T of Tiax is in Q iff T is n-dense for every n € N,
(2) “T € Q" and “T <o S” are Borel statements, and “S L T" is 1} (in the real
parameters Ty, and u).

ProOF. (1) —: If D, := {s € T: pr(s) > n} meets every branch, then
F,:={seD,: (Vs'Zs)s" ¢ D}

is a front.

«: If b is a branch, then b meets every F,, i.e., ur(b|m) > n for some m. Since
wur(btm) is finite, lim sup(u7(b]n)) has to be infinite.

(2) Since Thax is finitely splitting, “F is a front” is equivalent to “F is a finite
maximal antichain”. -

A finite antichain A4 can be seen as an approximation to a tree: “A approximates
T” means that 4 is a front in 7. If A’ is purely stronger than 4, then 4’ gives more
information about the tree T that is approximated (i.e., every tree approximated by
A’ is also approximated by 4). And, informally, a stronger antichain approximates
smaller (i.e., stronger) trees.

We will usually identify a finite antichain F and the corresponding finite tree T, .

DEFINITION 1.5. o A finite antichain F is n-dense if T'Z “ldn 1 #-dense.
o F = (Fy)new is a front-sequence, if F,, is n-dense and purely stronger
than F,,.

e A front-sequence F and a tree T € Q correspond to each other if F, is a
frontin T for all n.

FacTs 1.6. o If F is nu-dense and F' is purely stronger than F, then F' is
n-dense as well. (This is not true if F' is just stronger than F )
o If T € Q then there is a front-sequence corresponding to T .
o If F is a front- sequence then there exists exactly one T € Q corresponding
to F, which we call im(F). It is the tree

im(F) = {t € Tpar: (Fi €)1 < F},
or equivalently
im(F) := {t € Tpay: (Vi € @) (3s € F)t || s}.
LEMMA 1.7. Assume that Q is a finitely splitting lim-sup tree-forcing.

(1) If T € Qandt € T then TY € Q. (Sometimes this fact is formulated as “Q is
strongly arboreal”.)
(2) The finite union of elements of Q is in Q.3
(3) The generic filter on Q is determined by a real n defined by \~o {n} =
Nr €6y im(T); or equivalently: 1 is the union of the stems of the trees in GQ
It is forced thatn ¢ V and that T € Gg iff n € lim(T).
For every T € Q andt € T, t <nis comp~atible with T. (In other words:
TWi4ny) )

30 is generally not closed under countable unions.
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(4) (Fusion) If (T;)ice is a decreasing sequence in Q and F is a [front-sequence
such that F; is a front in T; for all i, then lim(F) <g T;.

(5) (Pure decision) If D C Q is dense, T € Q and F is a front of T, then there is
an S < T such that F is a front of S and for every t € F, Sl € D.

(6) Q is proper* and w®-bounding.

SKETCH OF PROOF. (1) and (2) and (4) are clear. (1) and (2) imply (5).

(3): Let G be Q-generic over V, and define X := (.. im(7T'). Since lim(Tinax)
is compact, it satisfies the finite intersection property. So X is nonempty. For every
T € G and n € o there is exactly one ¢ € T of length n such that Tl € G. So X
has at most one element.

If r € V, then the set of trees S € Q" such that r ¢ lim(S) is dense: If r is a
branch of T € Q then pick an m such that g7 (r[m) > 2. Since singletons have
measure less than 1, r[m has at least two immediate successors in 7', and one of
them (we call it ¢) is not an initial segment of r. So S := Tl forces thatn # r.

Assume towards a contradiction that # € lim(T') for some T € Q¥ \ G. Then
this is forced by some S € G. In particular S can not be a subtree of T'. So pick an
s € S\ T. Then S < S forces that # ¢ lim(T), a contradiction.

If T € Qand ¢ € T then T forces that ¢ < .

(4) and (5) imply that Q is w®-bounding and satisfies a version of Axiom A (with
fronts as indices instead of natural numbers).> So we get properness. (We will prove
a more general case in 2.24.) -

So a front can be seen as a finite set of (pairwise incompatible) possibilities for
initial segments of the generic real #. In the next section we will generalize this to
finite sequences of generic reals instead of a single one.

1.2. Some additional facts needed later.

LemMmaA 1.8. If'S € Q and the forcing R adds a new real r € 2%, then R forces that
there isa T <g S such that im(T) NV = 0, and moreover im(T) NV remains
empty in every extension of the universe.

PROOF. Assume S corresponds to the front-sequence F. Without loss of gener-
ality we can assume that along every branch in S there is exactly one split between
F,_; and F, and this split has measure > n.

We define an R-name of a sequence of finite antichains (F,,) the following way
(cf. Figure 2): If n is even, we “take all splits”, i.., F, is the set of nodes in F,
that are compatible with F,_,. If n is odd, then we add no splittings at all: for
every s € F,_, we put exactly one successor ¢t € F, of s into F,,, namely the one
continuing the r(%51)-th successor of the (unique) splitting node over s. It is clear
that the sequence (F,) defines a subtree T of S that is in Q.

“There even are generic conditions for arbitrary countable transitive ZFC models M, similarly to
Suslin proper. Sometimes this is called “totally proper”.

5In the formulation of fusion and pure decision we could use the classical Axiom A version as well:
Define F,,T to be the minimal #-dense front, i.e.,

Fl={teT:ur(t)>n& (Vs 2 ) ur(s) < n},

and define T <, Sby T < S and F,J = FS. It should be clear how to formulate fusion and pure
decision for this notion, and that this proves Axiom A for Q. But in 1.7, we do not use this notion,
instead we (implicitly) use the following one: T <, S means that 7 < S and 4 that is a front in both
T and S. The reason is that this is the notion that will be generalized for the non-wellfounded iteration.



Sh:859

SACCHARINITY 1159

F,

g\

K

FIGURE 2. An example for S and its subtree T (bold) when r(0) =

Assume V' is an arbitrary extension of V' containing an R-generic filter G over V.
If # € im(T[G]) N V, then r[G] can be decoded in ¥ using S and #. This is a
contradictiontol-g r ¢ V. =

We will also need the following family of definable dense subsets of Q:
DErFINITION 1.9. Fix a recursive bijection i from « to 2<“. Assumethat f: o - w
is strictly increasing and that 4 C w.
e Forg € 2%, define A4} :={n € w: y(n) < g}.
. QAf is the set of all T € Q such that for all splitting nodes ¢ € T, length(z) is
in the interval [f (n), f(n + 1) — 1] for some n € 4.
e T € Q has full splitting with respect to f ifforalln € wand ¢ € T of length
f{(n+1) thereis an s < ¢ of length at least f (n) such that ur(s) > n.
. D}pl is the set of all T € Q such that either T € Qﬁ.: for some g € 2¢

orT 1pSforallge2®and S € Q,{W'

Of course the notions @/ and Dj,pl depend on the forcing Q (i.e., on Ty, and u),
so maybe it would be more exact to write Qj; [Tmax, #] etc. However, we always
assume that the Q is understood. 3.3).

LeMMA 1.10. Assume that f: «w — o is strictly increasing and A, B C .

(1) Ifg # g’ then Ay N AY, is finite.

) 04 =0. IfA is finite then Q% =

) Q4N Qs =0p IfA C B, then Qj C Q4.

) IfT <o SandS € Q} then T € Q7.

) For every T € Q there is a strictly increasing [ such that T has full splitting

with respect to f .

(6) If T € Q has full splitting with respect to [ and |A|= W then there is an
S <o T such that S € Q.

(7) Ds/pl is an (absolute definition of an) open dense subset of Q (using the param-
eters f, Tpax and p).%

(2
3
(4
(5

6%y = {Ag'”: g € 2“} is an almost disjoint family, but not maximal. So of course Q(X;) :=
Use X Qf C Q is not dense. We add the incompatible conditions to get the dense set D;pl. One could
ask whether Q(X) is dense for a m.a.d. family X. The following holds:
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(8) Inany extension V' of V the following holds: Ifr € 2°\ V and S € QAfW, then
T Ly SforallT e VﬁD}pl.

ProoF. (1)—(4) and (6) are clear.

(5): Let T be an element of Q. Assume we already constructed f(n). Let N be
the maximum of u7(t) for ¢ € T|f(n). Thereis an N + n + 1-dense front F in T'.
Let f(n + 1) be the maximum of {length(z): ¢ € F}.

(7): “T is incompatible with all S € Q 4y ” is absolute, since it is equivalent to

(Vg €27) (VS C Tmw) [S# Q) v T 10 5.

which is a I1} statement.
(8): Letr €2°\ Vand T € VﬂD;pl. IfT e Q/fw for some g € 2° N V', then
4

g # r,s0 AY N A! is finite and Q/fiw n Qj:w is empty. If on the other hand T is
T &
incompatible with all S € Qj:w in V" then this holds in ¥’ as well.

Assume f'(n) > f(n) for all n € w. Define h(n) by induction: h(n + 1) =
S'(h(n) + 1). If T has full splitting with respect to f, then T has full splitting
with respect to h: h(n) < f(h(n)), since f is strictly increasing. f(h(n) + 1) <
f'(h(n)+1) = h(n+1), and there are 4 (n)-dense splits between the levels 1 (h(n))
and f(h(n) + 1). So there are n-dense splits between the levels A(n) and h(n + 1).
So we get:

LEMMma 1.11. If V' is an w®-bounding extension of V and T € Q' then there is
a strictly increasing h € V such that (in V') T has full splitting with respect to h.

§2. A non-wellfounded Iteration. In this section we introduce a general construc-
tion to iterate lim-sup tree-forcings Q; (as defined in the last section) along non-
wellfounded linear orders 7. It turns out that the limit P is proper, “-bounding and
has other nice properties similar to the properties of Q; itself. If I is wellfounded,
then P is equivalent to the usual countable support iteration of (the evaluations of
the definitions) Q;.

2.1. Conditions and approximations, the nw-iteration.

DrrFINITION 2.1. Let I be a linear order. Fori € T weset I; :={j e I: j<i}
and analogously we define I<; and I..;. We also set I, 1= 1.

(a) Forevery f thereisam.a.d. family X such that Q(X) is not dense.
(b) (CH) For every f thereis a m.a.d. family X such that Q(X) is dense.
Proof: Fix f. A node s € Tmax has level m if f(m) < length(s) < f(m +1). S € Q has unique
splitting if S has at most one splitting point of level n forall n € w. Forevery T € Qthereisan S <o T
with unique splitting.
For (a), fixa T € Q with unique splitting. Set ¥ := {4 € [w]%0: (VS <p T} S ¢ Qf'}. Y is open
dense in ([w]®¢, C), therefore thereisam.a.d. X C Y.
For (b), list 0 as (Ta)acw,» and build By € [w]™0 by induction on & € w;: Findan § <y T, with
unique splitting. If some S’ <y S isin Q'[’?ﬂ (f < a) (or equivalently in Q(Jie[ 8, for some | € w,

Bos- -, Bi-1 < a), then just pick any almost disjoint Ba. Otherwise enumerate (Bg)gcq 85 (Cnlrew,
and construct B, and S/ <p S inductively: At stage n, add a split of S to S’ whose level is not in
U,n<y Cm, and use some bookkeeping to guarantee that S” € Q. Let B, be the set of splitting-levels

of §’.
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FIGURE3. An approximation g: u = {i, j}, Tlax = 259, Thax = 3°°.
Pos(g) = Pos<;(g) = {(a!.59). (4}, b)).(a). b7). (a].b3). (a. Y)}.
(a): viewed as function: g(i)(()) = {a?,a!}. g(j)({a})) = {b9.b}} etc.
(b): viewed as tree, the heights labeled with {0} U u.

For every i € I we fix a finitely splitting lim-sup tree-forcing Q; (to be more exact,
we fix a pair T{,,, #'). In the application of this paper, each Q; will be the same
forcing Q.

DEFINITION 2.2 (Pre-condition). We call p a pre-condition, if p is a function, the
domain of p is a countable’ subset of I, and for each i € dom(p), p(i) consists of
the following:

e Dom?, a countable subset of dom(p) N I;, and
e a (definition of a) Borel function B : (a)“’)D(’mf - Q.

ReMARK 2.3. Theidea is that we calculate the condition Bf € Q; using countably
many generic reals (7;) jepom? that have already been produced at stage i. The
forcing conditions p of the non-wellfounded iterations will be pre-conditions that
satisfy additional properties, in particular: all Bf are continuous (on a certain
Borel set), i.e., if we want to know B/ up to some finite height we only have
to know (5;{m);c, for some finite # and m € w. Moreover, we will assume
that we will have “wellfounded continuity parts”. This will be explained in the
following, here just an example: Assume that I = w* = {...,3,2,1,0}, and each
Ti,, = 2<“. Let p be the pre-condition with Dom} = {n+1},i.e., Bf only depends
on the generic real 7,1, and Bf (x) = [0] if x(0) = 0 and B} (x) = [1] otherwise.
Then p is continuous, but will not be a valid condition, since it is not sufficiently
wellfounded.

We now define finite “approximations” to conditions of the iteration; they will
have the same role for the iteration that finite antichains have for Q (see, e.g.,
Lemma 1.7). The following definition looks rather unpleasant, but really is quite
simple, as Figure 3 hopefully demonstrates. (We first define approximations as
functions as in (a) of the figure; sometimes it is more useful to think of them as trees
as in (b), which will be described in 2.6.)

"This includes finite and empty.
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DEFINITION 2.4 (Approximation).

e g is an approximation, if g is a function with finite domain ¥ C I of the
following form: Let iy be the smallest element of u. We set Pos;,(g) := {()}.
By induction on i € u, we assume that Pos.;(g) is a set of sequences indexed
by the set {j € u: j < i}, and require the following: g(i) is a function from

Pos.;(g) to finite antichains in T ,,, and we set

Pos<;(g) ;= {@"b: a € Pos.;(g), b € g(i)(a)}.

If j is the successor of 7 in u, we set Pos<;(g) to be Pos<;(g).

e For any i € I U {oo}, we define Pos.;(g) as Pos<,(g), where j
max(dom(g) N I;) (or as {{)}, if dom(g) N I; is empty). We set Pos(g) :
Pos.o(g) and call it the set of possibilities of g.

e Ifi ¢ dom(g) or a ¢ Pos.;(g) we set g(i)(a) := {()} (i.e, the front in T/
consisting only of the root. This corresponds to “no information”).

o Let g be an approximation, J C I, and 77 = (1;);es a sequence of reals. Then
“i is compatible with g”, if there is an a € Pos(g) such that a; < #; for all
i € dom(g)NJ. If in addition J D dom(g), then this a is uniquely defined
and called 7]g. If J O dom(g) N I;, then a[l.; is uniquely defined, and
therefore we can set g(i)(7) == g(i)(@all;).

Ifb = (b;);cy isa sequence of elements of w<?, we define b to be compatible
with g if there is a sequence 7 extending b and compatible with g. If J 2
dom(g) and additionally each &; is long enough, then such a b defines a
unique a € Pos(g) called b|g; if J 2 dom(g) N I.; and additionally each b;
is long enough, then we can define g(i)(b) as above.

o If g and g are both approximations, then “g’ is stronger than g” if dom(g') D
dom(g) and for all 5 € Pos(g’) there is an a € Pos(g) such that b > a (i.e.,
b; = a; for all i € dom(g)). In this case a is 5 ]g.

Equivalently, g is stronger than g iff for all i € dom(g) and all b €
Pos.;(g’) there is a (unique) @ € Pos.;(g) such that b > & and the antichain
o' (i)(B) is stronger than g(i)(a).

o g is purely stronger than g if g’ is stronger than g and for all i € dom(g) and
b € Pos.;(g’) the front g/(i)(b) is purely stronger than g(i)(b[g).

e For u C dom(g), maxlength, (g) is max({length(a;): i € u,a € Pos(g)}).

maxlength(g) is maxlengthy,, (). Analogously we define minlength(g).

e gisn-dense at i € I, if i € dom(g) and for all 2 € Pos;(g), g(i)(a) is
n-dense for Q;. (See Definition 1.5.)

e For all 2 = (a;)ic, such that a; € T}, there is a (unique) approximation g
such that Pos(g) = {a}. We will call this approximation a as well.

Facts 2.5. e “stronger” is a partial order on the set of approximations; the
same holds for “purely stronger”.
o If'hy is stronger than g, then all i compatible with §y are compatible with g.

We could equivalently define approximations as trees, cf. Figure 3(b): Given an
approximation g, we can define an approximation-tree with ¥ = dom(g) labeling
the heights above the root, and the set of nodes at height i, € u is Pos<;, (g); the tree
order is just extension of sequences. Every such approximation-tree corresponds to
an approximation:
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Fact 2.6. Consider a finite tree where the heights above the root are labeled by
the increasing sequence u = {i1,...,in} in I. Assume that each node at height iy,
tree corresponds to an approximation, iff each branch has maximal height and the
successors of each node at level i,_; form an antichain in T);, ..

In particular, if we take a subset of the (maximal) branches in the approximation-
tree g, we get a “sub-approximation” §. A single branch a is a special case of such
a sub-approximation.

DEFINITION 2.7 (Approximation to p). Let p be a pre-condition.

e g approximates p, or: g is a p-approximation, if dom(g) C dom(p) and g is
an approximation with the following property: If i € dom(g), a € Pos;(g).
and 77 = (#7;) jepom? i compatible with @, then g(i)(a) is a front in B/ (7).

e gis an indirect approximation to p witnessed by g, if g’ approximates p and
¢’ is purely stronger than g.

ExampLE 2.8. The following trivial example should demonstrate the difference
between approximation and indirect approximation: Assume each T}, is 2<%, and
p is a condition with dom(p) = {i, j} for some i < j in I. Accordingly Dom?
has to be empty, and B is constant; we set it to have constant value [1]. We set
Domj-J = {i} and B}’ (x) = [x(0)], i.e., if the real x starts with 0 then B/ is [0] and
otherwise it is [1]. We define the approximation g by Pos(g) = {({),1)} and § by
Pos(h) = {(1,1)}. Then g indirectly approximates p, witnessed by b.

Now we can define the forcing P, the non-wellfounded countable support limit
along I':

DEFINITION 2.9 (The nwi-iteration P = nwf-lim;(Q;)).
e p € P means:

p is a pre-condition, and for all finite # C dom(p), i € uandn € w
there is a p-approximation g such that dom(g) D u, g is n-dense for i, and
minlength, (g) > .

e For p,q € P, g < p means:

for all p-approximations g there is a g-approximation h which is stronger

than g (so in particular, dom{g) D dom(p)).
¢ g <4 pif g < pand g indirectly approximates p and g.

REMARK. The definition of ¢ <p p is not equivalent to “for all i and 7, Bf (77) is
a subtree of BY(#).” (Informally speaking, we are only interested in “the generic 7,
not in “all 7”.) We will see in Lemma 2.23(6) that ¢ <p p is equivalent to: for each
i € I it is forced by ¢[P.; that B} (7) is a subtree of B/ (7), where 7 is the generic
sequence up to .

Facrts 2.10. o < is transitive, and for a fixed approximation g the relation <,
is transitive as well.

o If'hy is purely stronger than g then <y implies <.

e For every p € P, the approximations of p are directed: If g and g’ both
(indirectly) approximate p, then there is a b approximating p that is (purely)
stronger than both g and ¢'. In fact, every p-approximation ¥ has this property if
dom(h) 2 dom(g)Udom(g’) and if minlengthy,,)udom(gr) (b) is large enough.
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So in particular for every p € P there is an approximating sequence:

DEFINITION 2.11. An approximating sequence for p € P is a sequence (g, )nc,, of
approximations of p such that g, is purely stronger than g,, and g, is n-dense
for each i € dom(g,), and dom(p) =J,.,, dom(g,).

new
An approximating sequence contains all relevant information about p. In par-
ticular, g is an indirect approximation to p iff there is an n such that g, is purely
stronger than g. So if p and ¢ both have the approximating sequence (g, ).c.. then
p =* q (ie, p < g and g < p), furthermore g indirectly approximates p iff it
indirectly approximates ¢.
Approximating sequences provide an equivalent definition for P:

DEFINITION 2.12 (Alternative definition of the nwf-iteration P). Define thep.o. P’
as follows: g € P’ iff g is a sequence of approximations (g, ),c. such that g, is
purely stronger than g, and n-dense for every i € dom(g,). We define h < § as:
For every # there is an m such that b, is stronger than g,,.

LEMMA 2.13. There is a dense embedding® ¢: P' — P.

Proor. Given a sequence g € P’, define p = ¢(g) the following way: dom(p) =
Udom(g,). Fori € dom(p), set Dom! := dom(p) N I.;. Define T = B’ ()
as follows: If 7 is compatible with all g,, then let T be {r € T : (3n € w)t =
9,(i)(77)}. Otherwise, let n be maximal such that 77 is compatible with g,,, and let T
be {t € T} ,: 3s € g,(i)(7)) ¢ || s}. Clearly, B is a Borel function, B () € Q;
and each g, approximates p. Therefore (g,),c. is an approximating sequence for
p € P. Itis clear that ¢ preserves the order.

Let w map p € P to any approximating sequence for p. w: P — P’ preserves

order as well and ¢ (i (p)) =* p. Therefore ¢ is a dense embedding. -

Notes 2.14. (1) If g indirectly approximates p, then there is a ¢ =* p such
that g approximates ¢. (Just let ¢ correspond to an approximating sequence
of p starting with go = g.)

(2) Tt doesn’t matter whether the g, in an approximating sequence are approxi-
mations to p or just indirect approximations.

(3) It doesn’t matter whether g,,4; proves n-density for every i € dom(g,) or for
just some i,, provided that the sequence (i, ),ec. covers | Jdom(g,) infinitely
often.

(4) In Definition 2.2 of pre-condition, instead of requiring B/ to be a function
into Q;, we could have defined B’ to be a function to subtrees of 7}.,,. The
additional “n-dense” requirements on a condition guarantee B/ (7) € Q;
anyway (for generic sequences 7).

(5) Every approximation g can be interpreted as a condition in P, by

BP(7f) == {t: 1| g(i)(#)} for i € dom(g).
(Where we set g(i)(77) := {()} if 7 is incompatible with g.) Then g approxi-
mates itself,
(6) For any approximation g and # C I finite we can assume u C dom g: Just set

9(i) to be the constant function with value {()} for i ¢ domg. (Recall that
{()} is the “trivial front” corresponding to “no information”.)

84 is even an isomorphism modulo =*, where p =* ¢ if ¢ < pand g < p.
9=p
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(7) If g and b are approximations, we can assume without loss of generality that
dom(g) = dom(h).

(8) Forany U C I countableand p € P we can assume without loss of generality
that dom(p) 2 U. This is clear if p is interpreted as a sequence of Borel-
functions: just set Bf to be (the constant function with value) T}, for
i ¢ dom(p). If p is interpreted as sequence (g,)new Of approximations, we
have to set g,(i) to be (the constant function with value) T, N w*™ for
some sufficiently large k(n). (Using {(}} does not work here, since it does
not satisfy n-density.)

(9) So if ¢ < p we can assume dom(q) = dom(p), and if p is interpreted as
sequence (gn)ncw and g as (gn)nco then we can assume dom(g) =

dom(h).

2.2. Fusion and pure decision. We have seen: Every p € P corresponds to a
purely increasing sequence (g,) of approximations such that { jdom(g,) = dom(p)
and g, is n-dense for dom(g, ). The approximating sequences immediately prove
a version of fusion:

LemMa 2.15 (Fusion). Assume that (pu)rew is a sequence of conditions, {g,)nce
a sequence of approximations, and i, € dom(g,) such that:

® Dntl Sg,. Pns
e g1 is purely stronger than g, and n-dense for i,

o (ix)new covers|Jdom(p,) infinitely often.
Then there is a condition p,, such that p,, <g, pn for all n.

PrOOF. We already know that the sequence (g, ),c of approximations defines a
condition p,, such that each g, approximates p,,. If  approximates p,, then some
gm 18 stronger than §. Then g,, approximates p,, s0 py, < Pa. =

DEFINITION 2.16. § is sub-approximation of g if Pos(§) C Pos(g). (So in partic-
ular dom(g) = dom(h).)

Obviously any sub-approximation of g is stronger than g. In the interpretation
of approximations as trees, a sub-approximation is just a nonempty subset of the
(maximal) branches, see Fact 2.6.

LemMA 2.17 (Sub-approximation). Assume that g indirectly approximates p and
that by is a sub-approximation of g. Then there is a weakest condition stronger than p
and approximated by Yy, which we call pth.

Proor. Without loss of generality, we can think of p as an approximation-
sequence (g,)neco With g = go. We define approximations b, as follows: b, consists
of those nodes in the approximation-tree g, that are compatible with an element
of h. Then plh is the sequence (hx)neew- -

A special case of a sub-approximation is a singleton:
DEFINITION 2.18. Assume that g (indirectly) approximates p and @ € Pos(g). We

can interpret & as an approximation, a sub-approximation of g. Instead of p[a we
also write plél,
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CoROLLARY 2.19 (Specialization and pure decision). Assume that g indirectly ap-
proximates p and that a € Pos(g).

(1) pl@l e P, plal < p and a indirectly approximates p'®). If g < p and @ indirectly
approximates q, then g < pl?.
2) If g <q p, then g®) < pl%.
) Ifq < p® then thereis ar <y p such that rl® =* q.
) The set {pl®): @ € Pos(g)} is predense below p.
) Abusing notation, we denote with (i, a) the approximation g with domain {i}
such that g(i)(()) = {a}. Foralli € I, n € w the following set is dense:

(

3
(4
(5

{p € P: (3a € w") (i,a) approximates p}.

(Or, in the notation introduced later: We can densely determine the generic n;
up ton.) )

(6) (Pure decision) If D C P is open dense, and g indirectly approximates p, then
thereis anr <y p such that r'®1 € D for all a € Pos(g).

Proor. (1) and (2) follow easily from the definition.

(3) We set r to be g “below @” and p otherwise. Let p correspond to (gx)ncw
with go = g, and ¢ corresponds to (h,),ece With ho = & such that each b, is stronger
than g,. According to Note 2.14(9), we can assume thatdom(h, ) = dom(g,) = u,.
We define by induction on # a sub-approximation f, of g,: Let iy be minimal in u,,.
So Pos.;, (f,) = {()}. By induction on i € uy, define for all b € Pos;(f,)

(i)(b):= 5.(1) (B) if b is incompatible with b,,
Tl T . BYU{t € ga(i)(B): t L b,(i)(B)} otherwise.

It is clear that the possibilities of f, follow b, up to some i € dom g, and from then
on become incompatible with §, and follow g,. To be more exact: b € Pos(,)
iff b € Pos(g,) and for some i € dom(g,) U {oo}, @|l; is in Pos(h,) and either
i = occora; L bh,(i)(a). From this it follows that f, is purely stronger than g,, and
that the f, are an approximating sequence (converging to some r < p).

(4) If g indirectly approximates p and g < p, then there is a b stronger than g
approximating q. Let b € Pos(h) and @ = b g € Pos(g). Then ¢?! < ¢, pl@.

(5) Let b approximate p such that minlength{i}(h) > n. Let @ € Pos(h).
Then (a;) indirectly approximates pl4l < p. By 2.14(1) we can find a ¢ =" p
such that (a;) approximates g.

(6) Let Pos(g) = {ao,...,a;}. Pick go < pl®lin D, and ro <, p asin (3). So
r([)“O] € D. Pick q; < r([)”‘] in D and r; <4 ro as above, etc. Then r; has the required
property. —

ReMARK. Similarly, we can define conjunctions of two approximations g,g’.
More specifically: let us call g and g’ compatible if there is an b stronger than
both g and g’. Then for every compatible pair g, g’ there is a weakest approximation
g A g’ stronger than g and g’. If p and ¢ have incompatible approximations, then
they are incompatible (in Q). This can be used to define the conjunction of an
approximation and a condition (if the condition p corresponds to the sequence g,,
let p A b correspond to the sequence g, A b; it is the weakest condition stronger
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than p that is approximated by ). Similarly one can define the conjunction of two
conditions. However, all of this will not needed in this paper.

2.3. Restrictions. We now list some trivial properties of P regarding restriction:

DEFINITION 2.20. For i € 1 U {co} we define P; := {p € P: dom(p) C I.;}.
In particular, P = P.,. Analogously we define P<; fori € I.

Facts 2.21 (Restriction). Assume p,q € P andi, j € I U{oo}.

e Ifdom(q) D dom(p), g dom(p) = p and g approximates p, then q <y p.
pllci € Peiand p < pll;.
Ifp’ < pthenp'[l; < pll. If p € P then pll.; = p.
Letq € P.i, q < pll.. Defineq A p:=gqU pll>;. Thenq A p € P is the
weakest condition stronger than both q and p.
pll; is areduction of p (i.e., v’ € Po; andr’ < pll.; impliest' || p).
In particular, Po; < P.; (i.e., P; is a complete subforcing of P<;) fori < j.
If pll.; || qll<; and dom(p) Ndom(q) C I;, then p || q.
Similar facts hold for P<;. E.g., if i < j, then P<; < P;.

DEFINITION 2.22. Assume that j € J U {oo} and i < j, and that G.; is a P;-
generic filter over V.

e Since P; is a complete subforcing of P, the filter G.; N P<; =: Gg; is
P_;-generic over V. We set V., := V[G.;]. The canonical Q;-generic filter
over V; is called G(i). Analogously we can define V<; and G<; (which
turns out to be V;[G(i)] and G.; * G(i), respectively).

e In V; or V<; we define #; to be the union of all # € @<* such that (i, #) is
an approximation® of p for some p € G; (or G<;).

LeEMMA 2.23. Let i, j, G<; be as above, p € G;, and set fj = (1) 1.

(1) n; is a well-defined real. In particular we can calculate B (ij|Dom?) for all
g € P; abusing notation, we will just write B! (7).

(2) If g indirectly approximates p, then 7] is compatible with g.

(3) {mi} =N{lim B{(7): g € G;, i € dom(q)}.

(4) g € G<; iffn; € im(B! (7)) for all i € dom(q).

(5) (in V): q <p p iff dom(q) 2 dom(p) and q I+ n; € Lim(Bf (7)) for all
i € dom(p). ) .

(6) (in V): ¢ <p p iff dom(g) 2 dom(p) and q|1.; I+ Bl (%) C BF(§j) for all
i € dom(p). ) )

Proor. (1) By 2.19(5), the set of conditions g such that for some ¢ of length n
the approximation (i, #) approximates g is dense. Therefore #; is infinite. Also, if
s L t,if (i, ) is an approximation of ¢, and if (i, s) is an approximation of ¢’, then
q and ¢’ are incompatible. This shows that #; is indeed a real.

(2) According to 2.19(4), the set {pl?l: @ € Pos(g)} is predense below p. Let a
be such that pl%l € G. Any g € G that is stronger than pl?] and decides #; up to the
length of a; forces that 5; D a;. So 7 is compatible with & and therefore with g.

(3) Letn € w. We have to show that 7; [n € B! (7). First pick an approximation
g of ¢ with minlength (i) (9) > n. We already know that 7 is compatible with g, in

9as in Corollary 2.19(5).
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particular #; is compatible with g(i)(77). And g(i)(7) is a front in B/ (7), since g
approximates g. It remains to be seen that the intersection on the right-hand side is
a singleton; this is clear by genericity.

(5) One direction follows immediately from the definition of the order in P:
Assume that g < p and that i € dom(p). Assume towards a contradiction that
r < g forces thatn; ¢ lim(Bf (')) more specifically that ;[ M ¢ B (i7) for some M
(already determined by r). Pick a p- approximation g that has minimal height greater
than M at position i; and an r-approximation b stronger than g. Pick b € Pos(p)
and let @ € Pos(g) be the restriction. Then r*! forces that #;[M < a; < b; for any

b € Pos(h), but a; € g(i)(@) which is a front in B”(n) a contradiction.

For the other direction, let g approximate p and h approximate ¢ such that
dom(h) O dom(g) and the length of } is sufficiently large on dom(g). Then  must
be stronger than g, which shows that g < p.

(4) follows from (3) and (5); (6) follows from (5) (see also the proof of
Lemma 2.25). -

2.4. Properness, bounding, continuous reading. As immediate consequence of
fusion and pure decision we get:

TueorEM 2.24. (1) P is w®-bounding. For every p and P-name t for an w-
sequence of ordinals there is a q < p such that q reads t continuously.'®

(2) Assume that the cofinality'! of I is > Wy, that G is P-generic over V and that
r € RYICl Then there is an i € I such thatr € RV<.

(3) P is proper.'?

(4) P forces that n; is a Q;-generic real over V.;.

(5) IfI = I+ 1, thennwf-lim; (Q;) = nwi-limy, (Q;) xnwf-limy, (Q;), the forcing-
composition of nwi-limy, (Q;) and (the nwf-limy, (Q; )-name for) nwf-lim, (Q;).

(6) If I = Xpe,Jp is the concatenation of the orders Jg along the ordinal ¢, then
nwf-lim;(Q;) is equivalent to the countable support limit (Pg, Op)pe:, where
Qy is (the Pg-name for) nwf-lim,, (Q;).

(7) If I is well-founded, then nwf-lim; (Q;) is the countable support limit of the Q;.

Proor. (1) Fix for every countable subset J of I an enumeration {j,,: m € w},
and denote {j,,: m € n} by first(n, J).

Assume 7 is a name of a real and p € P. We have to show that thereisa p, < p
and an f € ®® such that p, I+ 7(n) < f(n). Let po < p, £(0) € w be such that
po IF 7(0) = £(0), and let go approximate py. Assume that g, and p, are already
defined. We define pny1 <g, pn. f(n) and gu1 the following way: Let pny1 <, pn
be such that p!%l decides z(n) for every @ € Pos(g,), see 2.19(6). Let f (n) be the

n+1
maximum of the possible values for (n). Let g,4+ be a p,|-approximation stronger

1Tn more detail: Let (z(n))scw be a sequence of P-names for ordinals and p € P. Then there
is a g < p corresponding to a sequence (g )nee Of approximations, and there are functions f, from
Pos(gn) into the ordinals such that ¢!# forces t(n) = f,(@) foralla € Pos(g,). If each z(n) is a natural
number then this defines (in V) a continuous function F from (w®)4™(4) into w® such that ¢ forces
that F (7] dom(g)) = 7.

' We always mean the “upwards cofinality”, i.e., the minimal size of an upwards cofinal subset. 4 C /
is upwards cofinal if for every i € I thereisana € Asuch thata > i.

12P even is non-elementary-proper (nep), i.e., there are generic conditions for all (non-transitive,
non-elementary, but ord-transitive) countable ZFC models; cf. [12] or [8].
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than g, which is n-dense at every i € first(n,dom(p;)) U - - - U first(n, dom(p,)).
Then the sequence (p,)nce satisfies the conditions for fusion 2.15 so there is a
Po < pa. Clearly, p,, I 2(n) < f(n).

The same argument shows continuous reading of w-sequences: Now we do not
require 7(n) to be a natural number, and we do not care about the maximum possible
value; the rest is the same.

(2) The p,, above completely determines z, so if p, € P<;, then py, IFp 7 € V.

(3) is very similar to the above: Assume that N < H(y) and py € N. Let
{Dw: m € w} enumerate the dense sets in N. Assume p,, g, € N are already
defined. Find (in N) p,41 <, pn such that pEﬂl € D, foralla € Pos(g,), and pick
gyt € N big enough. Then we can (in V') fuse this sequence into a p, € P. Note
that dom(p,,) € N N I. If G is P-generic over V and Po € G, then p, € G and
{p: @ € Pos(g,)} is predense below p,, so some p”l € G, and pi*! € D, N N.

(4) is a special case of (5): Set I := I; and I, := {i}. So #; is V;-generic in
V<; and therefore in V., as well. "

(5) Set P := nwi-lim;(Q;), Pi = nwf-lim;(Q;), and P, (the P;-name of)
nwf-limp, (Q;).

There is a natural map ¢: p — {(p1, p2) from P to Py x P»: p; := pll1, and p; is
defined by dom(gz) :=dom(p) \ 1, and Bf)2 #) = B{’((;J,-)gell)ﬁ).

It is clear that ¢ preserves <. We claim that it is dense and preserves L. Assume
¢>(p) = (p1, p2), ¢(q) = (q1.92), and (r1.12) < (p1, p2). (q1.¢2). We have to find a
r' <p p.qsuch that ¢(r') < (ry,12).

ry forces that P2 @ and r; correspond to approximating sequences (g,, g,,)
and (gy). Asin (1) we can find an | < r| with an approximating sequence (Ba)
such that h, decides g;, (for i € {p,q,r}) in a way such that g, is stronger than
both g,, and gﬁ Then we can concatenate (h,) with the (g5) to an approximating
sequence to some ¥’ € P. Then ¥’ < p,q and ¢(r') < (r1,r2).

(6) By induction on ¢. The successor step follows from (5).Let cf(¢) > . Then
the nwf-limit as well as the cs-limit are just the unions of the smaller limits, and there-
fore equal by induction, If cf(¢) = w, then the nwf-limit as well as the cs-limit are

the full inverse limits of the iteration system, and therefore again equal by induction.
(7) follows from (6). 4

We will also use the following fact:

LEMMA 2.25. Assume that S is a P.;-name for an element of Q;, that q[I; reads S
continuously and that q \~ n; € S. Then q!1; forces that Bf (fj) <g, S.

PROOF. Assume otherwise. Then there is an approximation g of p = g[l.;.
an a € Pos(g) and a ¢ € T, such that pl@ forces 7 to be in Bf(77) but not in S.

max
Let @+ be a~t. Then a* is a possible value of some approximation of ¢, and gl@"]
forces that #; ¢ S, a contradiction. —|

ReEMARK. The iteration technique defined here also works for larger classes of
forcings, e.g., for the tree forcings Q§* of [9] mentioned already. If we assume
additional properties such as bigness and halving, we could also use lim-inf forcings.
It is also possible to extend the construction to non-total orders, or to allow T} ., '
to be P_;-names.



Sh:859

1170 JAKOB KELLNER AND SAHARON SHELAH

§3. The ideal I¢. To every tree forcing such as Q defined in Section 1 (and
many other tree forcings as well) there is an associated ideal I and a notion of
measurability. We will also use I°, the < 2% _closure of I, and the associated notion
of weak measurability. The application in this paper of a nw-iteration will be: for
certain Q we can force weak measurability for all definable sets.

DErFNITION 3.1. e The ideal T on the reals is defined by: X € I if for all
S € Qthereisa T < S such that X N1lim(7T) = 0.
e I is the < 2M-closure of I
e X has weak measure 1 if R\ X € I°. X has strong measure I, if R\ X € L.

NoOTES. e Of course these notions depend on the forcing @, so it might be
more exact to use notation such as Ig or I, ) etc. In this paper this is not
necessary, since we will always use a fixed Q.

e We use the phrase “measure 1” although the ideals [ and I are not related to
a measure (they are not even ccc).
e Of course, if CH holds, then I¢ = 1.
e T is always nontrivial (i.e., im(Tyax) ¢ I), but this is not clear for I°.
<

F: Q — Qs a witness for X € Iif F(S) < S and X Nlim(F(S)) = @ for all
Seg.

So every X ¢ [ is contained in a set (\{w® \ im(F(S)): S € 0}.13

Lemma 3.2. 1is a non-trivial o-ideal.

Proor. This follows from fusion: Assume X; € I (i € w) and S = Sy € Q. Pick
any front Fy € Sg, s0 Sp = UteF0 S([)’]. For each t € Fy pick an S, < S([)'] such that
im(S1,) N X; = 0. Set Sy == U, cp, S1.1- S0 S1 € Q, and Fy is a front in §). Pick a
1-dense front Fy in Sy (purely) stronger than Fy. Iterate the construction. Fusion
produces a T < S such that im(7T) N X; = @ forall i € N. .

For example, if Q is Sacks forcing, then I is called Marczewski ideal. X € Tiff
in every perfect set 4 there is a perfect subset A’ of 4 such that A’ N X = §. So if
X is Borel (or if X has the perfect set property, e.g., X is Z}), then X € Liff X is
countable. I is not a ccc ideal: For 4 C w, set

Xy:={f€2?: (vn¢ A) f(n) =0}.
Clearly X4 N Xp = X4np, and | X4|= 2141, Soif {4;: i € 2%} is an almost disjoint
family, then { X4} is a family of closed sets not in [ such that X4, N X4, is finite for
i

For a Borel ccc ideal I, “X C R is measurable” can be defined by “there is a
Borel set 4 such that AAX € I”. (Usually the basis of the ideal is simpler, e.g.,
one can use open sets instead of Borel sets for meager, or G; sets for Lebesgue-
null.) Equivalently, X is measurable iff for every I-positive Borel set A there is an
I-positive Borel set B C A4 such that either BN X € I or B\ X € I. For non-ccc
ideals that do not live on the Borel sets, this second notion is usually the one used
to define measurability:

DeErFNITION 3.3. e X C R is measurable if for every T € Q there is an
S < T such that either lim(S) N X € Tor lim(S) \ X € L.

3Note that this is not a countable intersection.
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e X C Ris weakly measurable if for every 7' € Q thereis an .S <g T such that
either lim(S) N X € I° or lim(S) \ X € I°.

Since I is the bigger ideal, measurability implies weak measurability.
In the rest of the paper, we will construct a specific Q and a nwf-iteration P and
show that P forces all definable sets to be weakly measurable:

THEOREM 3.4. Assume CH and that Q satisfies the Ramsey property 5.4. Then
there is a proper, Xy-cc, w”-bounding p.o. P forcing that every set of reals which is
(first-order) definable using a parameter in L(R) is weakly measurable.

We will see in Lemma 5.5 that there is such a Q, and the Theorem will be proven
by 4.8, 4.10 and 5.8.

REMARK 3.5. Itis natural to ask whether in our forcing extension every definable
set is measurable (and not just weakly measurable, as stated in the theorem). This
seems unlikely, but it is not clear how to prove it. It is not even clear how to prove
that in our forcing model I # I° (i.e., that add(I) < 2%). (Of course, I = I¢ would
trivially imply that measurable sets and weakly measurable sets are the same, so in
particular that all definable sets are measurable.)

Let us first list some facts about (weak) measurability:

LEMMA 3.6. Every Borel set is measurable. The family of measurable sets is closed
under complements and countable unions; the same holds for weakly measurable sets.

Proor. Closure under complement is trivial.

Every closed set is measurable: Let X = lim(7”) be closed and T € Q. If there
isar € T\ T then S := Tl satisfies lim(§) N X = . Otherwise T C T’ and
S := T satisfies lim(S) \ X = 0.

Assume that (X;);e,, is a sequence of weakly measurable sets and that 7 € Q. If
forsome i € wthereisan S < T such thatlim(S)\ X; € I then the same obviously
holds for { J;,, Xi. So assume that foralli € w and 7’ < T thereisan § < T’
such that im(S) N X; € I¢. Now repeat the proof of 3.2.

The same proof also shows that the measurable sets are closed under countable
unions. -

I° could be trivial (i.e., cov(I) could be less than 2%). If I is “everywhere
nontrivial”, then I° and I are the same on measurable (in particular, Borel) sets:

LEMMA 3.7. Assume that lim(S) ¢ 1° for all S € Q. Then I° and 1 agree on
measurable sets. Le., if X is measurable and X € 1%, then X € 1.

Proor. Forevery T € Q thereisan S <g T such that im(S)NX € I: Otherwise
lim(S)\ X € I C I, a contradiction to X € I* and lim(S) ¢ I°. So by the definition
of [thereisa S’ <g S <g T such thatlim(S')NX =0. So X € L. .

Since any Borel set B is measurable, B € Liff (VS € Q) lim(S) € B, so we get:

FAcT 3.8. For a Borel code B, the statement “B € 1" is 11} and therefore invariant
under forcing.

On the other hand, since I is not a Borel ideal (i.e., not every X & I is contained
in a Borel set B € 1), there is no reason why X < I should be upwards absolute
between universes.
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For later reference, we will reformulate the definition of I If S € Q, X C @,
TeXandT' <g S T, thenlim(T")N(2°\Jgey im(R)) C lim(T")\lim(T) =
So we get:

LeMMA 3.9. If X C Q is predense then |y im(T) is of strong measure 1.

§4. An order with many automorphisms. In this section we assume CH. We will
construct an order I and define P to be the nwf-limit of Q along I. I is w,-like,'
has a cofinal sequence j, (& € @;) and many automorphisms. We show that these
properties imply that P forces the following:

o 2N — N,,

e [ is nontrivial (and moreover lim(S) ¢ I forall S € Q),

o for every definable set X, “locally” either all or no #;, are in X and
{nj,: 0 € wy} is of weak measure 1 in {5;: i € I}.

In the next section it will be shown that the set {;: i € I} is of weak measure 1,
which will finish the proof Theorem 3.4
First note that for any / with uncountable cofinality, P makes the old reals null:

LemMa 4.1. If I has cofinality > Ry and i € I then|-p Vo NHm(T ) € L.

ProoF. Let Gp be P-genericover V. If T € V[Gplthen T € V; for somei <
J < oo because of 2.24(2). Soin V< thereis an S < T such that lim(S)N V. =0
(in V<; and V[Gp] as well, according to 1.8). .

LEMMA 4.2. Assume that CH holds and that I is w;-like. Then

(1) P has the Ro-cc (and therefore preserves all cofinalities).
(2) P I-F CHforeachi € I and P I 2% = Ry,

Proor. (1) If |I;|< 2™ then |P;|< 2% There are at most |I;|Y< 2% may
countable subsets of |I;|. For each p € P; with a fixed domain and each j €
dom(p) there are 2% many possibilities for Dom/ and 2™ many possibilities for the
Borel definition B.

If CH holds, then the usual delta system lemma applies: If 4 C P is a maximal
antichain of size X, then without loss of generality the domains of p € 4 form a
delta system (i.e., there is a countable x C I such that dom(p;) N dom(p,;) =
x for all p; # p, € A). Since I is w-like, x cannot be cofinal. Let i be
an upper bound of x. Without loss of generality p[l.; = pafl.; for p1 #
P2 € A (since there are only N; many elements of P;). But then py || p2 by
Fact 2.21.

Proper and N,-cc imply preservation of all cofinalities and cardinalities.

(2) Let G be P-generic over V. Then the reals in V'[G] are the union of the reals
in V.;. Every real in V; is read continuously from a condition p € G;. There
are only |P;|= (2%) Y = R; many conditions, and given a condition there are only
(2%)¥ = R, many possibilities to continuously read a real from the condition. So
there are at most 8; many reals in V;. And »; ¢ V., so in particular #; # n;, for
i1 # . 4

The following is well known:

141 is wop-like if [Ic;|< N, forall i € I and |I}=R,.
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LEMMA 4.3, If CH holds, then there is an R, saturated'® linear order I of size R,
and all such orders are isomorphic.

Proor. Induction of length w;: Assume at stage o we have a linear order L, of
size ; = 2™, List all the (w; many) countable gaps and add points to fill these
gaps. At limits, take the union. Then at stage w; we get a saturated order.

Uniqueness is proven by the standard back and forth argument. o

DEFINITION 4.4. Let S be the set of 0 < o < w; such that cf («) € {1, w;}. Note
that & C w; is stationary.

We will now define the order I along which we iterate. (We do this assuming
CH.)
Given I as above, let I be the following order:

J A +I+ -+ I Ao+ I+ a1+

0 1 w w-+1 21}

So at stages & € &, we add an order of the type {c} + I, in other stages we add
just 1.

Facts 4.5. o [ is wa-like,
e (jo)acs is an increasing (and therefore cofinal) continuous sequence in I, and
e every j, has cofinality Xy in 1.
Continuous means that j5 = sup(j,: a € &, a < §) wheneverd = sup(&GN4J) €
G (which is equivalent to cf(6) = w).

Note. We could just as well define j, for o with cofinality w; only, or for all
o € w, (and require continuity for points of cofinality w; only). All these versions
are equivalent by simple relabeling, cf. the beginning of the proof of 4.8.

DEerFINITION 4.6. We set Q; = Q forall i € I and let P be the nwf-iteration of Q;
along 1.

We will use the notation I, P, V, and n, for I.;,, P<;,, V<;, and #;, . We set
G, to be (the name for) the P-generic (in previous notation, G<,) and V,, the
generic extension V' [G,,] (in previous notation, V<s,).

LemMa 4.7 (CH). Let Sy C G be stationary. P forces the following:

(1) {ns: 6 € S} ¢ I for every stationary S C &, and

(2) {n5:6 € So} Nlim(Ty) ¢ I° for every Ty € Q.

This lemma implies that in ¥V, the assumption of Lemma 3.7 is satisfied (i.e.,
that I° is “everywhere nontrivial”). This lemma holds for all I satisfying 4.5.

IS A linear order 7 is N saturated if “there are no countable gaps”, more exactly:

e [ has neither a smallest or a largest element, i.e., no (—oo, 1) and no (1, co) gaps.

e I does not have a cofinal sequence of order type w nor a coinitial one of order type w*, i.e., no (w, o)
and no (—oo, w*) gaps.

e If A C I has order type w and ¢ > a forall a € 4 (¢ > A in short) then there is a b < ¢ such that
b > A. Le., there are no (w, 1) gaps.

e Analogously for B of order type w* and ¢ < B. Le., no (1, w*) gaps.

e If A has order type w and B has order type w* and 4 < B, then there is an x € I such that
A < x < B. lLe., there are no (w, w*) gaps.
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ProoF. (1) Assume otherwise, i.e., there are P-names F; ({ € w;) for functions
from Q to Q and § for a stationary set such that py € P forces

F(T) < T and (V0 € §) (X € 1) (VT € Q) ns ¢ lim(F(T)).

P forces that for each oo € & there is a f € & such that F;(T) € Q" for all
T € Q" and { € w;. We need something slightly stronger: For every name T for
an element of Q%= and { € w; there is a maximal antichain 4 C P such that for
every g € A thereis a P-name T, such that g forces F;(T') = T, and g continuously
reads T,. So if ¢ € G,, and B is bigger than dom(g),'¢ then V4 not only contains
T, = F¢(T), but also knows that T, will be F;(T) in V,,.

Define f ~(a) to be the smallest § which is bigger than dom(g) for every ¢q € 4,
where A is an antichain for some T and { € w as above. P is Ry-cc, every g € A has
countable domain, and there are only X; many realsin V,. So f ~(a) < w,, and we
can define (o) to be the smallest § € S that is larger or equal to max(a, f ~(a)).

If cf (o) = w1, then f () is the supremum of { f(y): y € & Na}, since the reals
in ¥V, are the union of the reals in ¥,,. So f is continuous.

Then P forces the following: Since S is stationary, there is a § € § such that
f(B) = B. Vpcancalculate every F;, and F;/' Q is dense in Q. Since 1 is a Q-generic
real over Vg, there is (for every { € wi) a T € Q" such that ng € im(F;(T)), a
contradiction. )

(2) We can assume that Ty € V. Again, choose names F; as above, and assume
that py € P forces that

F(T) < T and (V5 € So) (F € wn) (VT € Q) ns ¢ lim(F,(T)) N lim(Ty).

Define f as above, so there is a f > dom(p) such that § € Sp and f(B8) = B. So
the same argument proves that p, forces that g ¢ lim(Ty), a contradiction. -

We also get the following:
LeMMA 4.8 (CH). For every C C w, club, P forces the following:

{m:iel}\{ga:ae6&nC}el.

Again, this lemma applies to all I satisfying 4.5.

PrOOF. We can assume that C = w;, since we can just relabel the sequence
{Ja:a € BN C}: Set jl, := jg, where f is the a-th element of C N &. Then
(jL)ace satisfies 4.5 as well.

Recall Definition 1.9 of Q,{f and D}pl (for f: @ — w increasing and r € 2¢).
Enumerate all increasing f: @ — win V as f; ({ € w;). (CH holdsin V')

Cram. In V', we can find P,-names Z’g (¢ € w1, o < w; successor) for elements
of Q such that the following is forced by Py,:

(1) Theset {TS: a < w; successor} C Q is dense for all { € w;.

(2) TS € D;‘;l (in ¥V, or equivalently in V,,).17

(3) If B < v is a successor, then T has no branch in ¥, and forall i < j, there

is a {p such that T has no branch in V; for all { > {.

More formally: if j; > i for all i € dom(g).
"Recall 1.9 and 1.10.
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Proof of the claim: Pick for all & + 1 a function ¢o41 : w1 — Icj,,, \ Icj, which
is increasing and cofinal. Also pick an enumeration (Sa-+1)acw, such that S, is an
P,-name and P forces that Q = {S,+1: @ € w,}. (This is possible since P forces
that Q" = |J Q"= cf. 2.24(2).)

To find T% (« successor) note that P, forces that we can perform the following
construction in V,: First pick an S’ < S, such that §' € D}‘Zl (cf. 1.10(7)).
cf(jo) = N1, 508" € V; for some i < j,. Pick some i’ bigger than max(i, ¢ ({))
and smaller than j,. Thereisareal r € V, \ V. (e.g., 5:). Therefore there is a
TS < S’ such that im(T5) N Ve = 0 (in V, and V,, as well, cf. 1.8). Let T, bea
P,-name for T5.

The TS constructed this way satisfy the claim: (1): TS < Sa, (2): D;}? is open
dense and absolute, (3): pick ¢, such that ¢,({p) > i. This ends the proof of the
claim.

From now on assume G is P-genericover V. Wework in V,,, and set TS := TS[G].
Soif i € I then the sequence (T§+1)ja“<,-,<ewl isin V;.

For all{ € wy, X; := U, 1o, im(T5,,) is of strong measure 1 (cf. 3.9). So the
set ¥ := (¢, X; is of weak measure 1. It is enough to show that

({ni:i€I}\{Na:ae6h)NnY =40.

Assume towards a contradiction that some #; isin Y and #; # 5, foralla € &.
Let a € & be minimal such that #; € V, (i.e., i < jo). So a is a successor (but
not necessarily a successor of a f € &), and i > jg forall f € &N a. So according
to (3) there is a {o such that #; ¢ lim(T, ) forall{ > {pand ally + 1 > a.
So we know the following: #;, € Y, i.e,

ne |J tm(Tl,) foralll € w.

y+1<wn
But
m¢ |J tm(T,) foralll >{.
a<y+i<m;
Therefore

mie |J Wm(T,,) foralll > ¢.

y+l<a

Recall that V; sees the sequence (T f 1 )y+l<aren - S0in Vi, some T € Q forces

that for all { > g there is a successor () < « such that i € lim(T E(O). In V4,
T has full splitting for some f; € V, { > {o (see 1.10(5), 1.11 and 2.24(1)).
Let r be areal in V; \Uer1<¢1 Vy+1. Pickin V; a T' < T such that T’ € Qﬁi

(cf. 1.10(6)) and T’ decides B({). Then T’ forces that ni € lim(7T' N Tg(c)), a

contradiction to T’ L Tg(c) € V., (because of (2), either Tg(c) is in QAfﬁ, for some

old real s, or incompatible to all Qﬁi). =

We call f an automorphism if it is a <-preserving bijection from 7 to I.
If f: I — I is an automorphism, then f defines an automorphism of P in a
natural way as well (provided of course that (i) = j implies Q; = Q;, but in our
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Jao A ] B B ] ¥ Js
| | ™ Rt ]
T ~_ 7 1 - 7 1 T

lld l/ld \\

| It It | C
! ! ! IS

Ja A Js Iy Js j "B

FIGURE 4. An automorphism f.

case all the Q; are the same). Also, f* defines a map on all P-names, and we have:
plFo(@)iff f(p) IF (f1).

If kp x € V., then there is a V;-name 7 such that IFp x
the identity, then f(z) = z. So in this case p I- ¢(z) iff f(p) |

S 1dom(p) N I; is the identity then B’ (77) = B;((l.‘;)(ﬁ).

LemMma 4.9. The following holds for I (see Figure4): fa < <y <darein G,
and if A C Ig and B C I \ Iy are countable, then there is an automorphism f of 1
such that f (1o U A) is the identity, f (jg) = j, and f" B > js.

Proor. Foreveryi < j € I, I; and {k: i < k < j} are isomorphic and also
isomorphic to I (since they are all 8| saturated linear orders of size N;). If 4 C I
is countable, then there are i < 4 < j, and for all such 7, j thesets {k: i < k < A}
and {k: 4 < k < j} are again isomorphic to I. Also, I, is isomorphic to 7 (since
@, \ a is isomorphic to m,).

Soassume o < B <y € 6, 4 < i < jgcountable, i > j,. Then I, \ I<; =
I\ 1< = I. Also, if B C I is countable, 6 € & and B > jg, then there is an
Jp < i< B,and I; = I, = I.I\Iq =1\ I<;, = I. Now combine these
automorphisms. -

. If flla is
é(z). Also, if

|

-

LemMA 4.10. For f € wy set Yp := {n,:y € &, y > B}. P forces the following:
If X is aset of reals defined with a parameter x € | J;c; Vi, andif T € Q. then there is
anS < T anda f € w; such that either im(S)NXNYg = O or (im(S)\X)N Yy = 0.

This lemma holds for all 7 satisfying 4.5 and 4.9.

Note that every real in ¥, isin | J;¢; V<.

We will see in the next section that (using additional assumptions) Yy is a weak
measure 1 set. Then this lemma implies that X is weakly measurable, i.e., Theo-
rem 3.4. Because of 4.8, it will be enough to show that the set {#,: i € I} is of weak
measure 1.

PrROOF. Assume X = {r: ¢(r, x)} and fix some 7. Some pj forces that x and T
are in V,, so without loss of generality x, T are P, names and dom(py) C I,. Pick
a py < po, ;1 € P, such that p; continuously reads T. Fix some § > a. Then
p2 = p1 U{(jp. T)} is an element of P, (since T is read continuously).

Let p < p> decide ¢(ng, x). Without loss of generality p It (55, x). ply forces
that S := Bﬁj (;j) <o Z"~(since p < p). )

Assume towards a contradiction that forsomeg < p,y € Sandy >

q -7, € im(S) & ~¢(n,. x).
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Note that ¢ 1, reads S continuously and forces that quy (;j) <o § (cf. 2.25).

Set A := dom(p) N Iz and B := dom(p) N I ,. Let js; be bigger than dom(q),
and let / be an automorphism of 1 such that f [(I, U 4) is the identity, f (jz) = J,
and /"B > dom(q) (cf. 4.9 or Figure 4).

dom(f (p)) Ndom(q) C AU{j,}. f(p)I4 = pl4 > q|A, and ¢q]I, forces that

B/ (7) = BY, () = § 2 B} (7).
So f(p) and g are compatible, a contradiction to £ (p) I+ o(,. x). 4

§5. A very non-homogeneous tree. For the proof of Theorem 3.4 it remains to be
shown that {#;: i € I} is of weak measure 1. For this we will need a certain Ramsey

property for Q.

DEFINITION 5.1. A subtree T of Ty is called (n, r)-meager if ur () < r for all
t € T with length at least n.

LemMa 5.2, If T is meager for some (n,r), then im(T) € L.

ProoF. Forany S € Q thereisan s € S of length at least n such that us(s) > r.
So there is an immediate successor ¢ of s in S such that ¢ ¢ T. Then lim(S") N
lim(T) = 0. -

DEFINITION 5.3. Let M, N be natural numbers. N — M means: If
® ri....,ry € Tmax such that length(r;) > N,
t € Tpaxsuchthatr; Leforl <i< M,
A C succ(?) such that u(4) > N,
fii Ao Thi for1<i<M,
then there isa B C A such that
e u(B) > M and
o {s€ Tmax: (3i <M)(3t € B)s < fi(t)}is (N, 1/M)-meager.

DErFINITION 5.4, A lim-sup tree-forcing Q is strongly non-homogeneous if 4 is
sub-additive'® and for all M there is an N such that N — M.

There are many similar notions of bigness, see e.g., [9, 2.2].
Lemma 5.5. There is a forcing Q that is strongly non-homogeneous.

ProOF. First note that it is enough to show that for each M there is an N such that
N —~ M, where N —»~ M is defined as above but with just one r and f instead
of M many. To see this, just set Ko := M? and find K; such that K;;; =~ K;.
Then Ky — M. (Here we use that u is sub-additive, since we need that the union
of m many (n, x)-meager trees is (n, x - m)-meager.)

We will construct Tpax and u by induction. We define s <1 ¢ by: length(s) <
length(¢) or length(s) = length(¢) and s is lexicographically smaller than ¢.

Fix some ¢ € &»<“. Assume that we already decided which s <1 ¢ will be elements
of Thax and that we already defined the set of successors of all these s as well as the
measure of their subsets. Assume that we have decided to put 7 into Tiax. So we
have to define succ(?) and the measure on it.

Bu(A U B) < pu(4) + pu(B).
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Let m, be the number of nodes s < ¢ already defined, including the already
defined successors of s for s <1 t. Set M; := (2m,)™ . Then we define succ(¢) to be
of size M, ' For A C succ(t) we set u(A) := logy, ((|4]/M,) +1).

Then 0 < u(4) < m,, u(4) = 0iff 4 = §, and p is strictly monotonous and
sub-additive.?® If 4, B C succ(¢) and |B|>|A4|/M,, then u(B) > u(4) — 1. If
|B|< m, then u(B) < 1/my,. If u(succ(z)) > M, then m, > M.

Now fix an arbitrary M € w. There is an Ny such that u(4) < 1/M for all s
with length(s) > Ny and all 4 C succ(s) with |4|< m,. (Just note that m; strictly
increases with length(s).) Let N be larger than M + 1 and N,.

So assume that » L ¢ € Tmax, length(r) > N > Ny, A4 C succ(t), u(4) > N >
M + 1 (in particular m; > M), and f: A — T

Set X := {s’ = r: s’ <t ¢, length(s’) > N}. Enumerate X as {so,...,s_} (for
some [ > 0). Set Ag := A. Assume that A4, is already defined, and define

Sy i={s" € Tmax: 3t € 4y)s' = f(1")}.

If n > 0 assume that | succs, (s,—1)|< 1 and that |4, |>|4,_1|/(2m,).

Then we define 4, as follows: Since s, € X, |succ(s,)|< m,. By a sim-
ple pigeon-hole argument, there is an 4,41 C A, such that |A4,.1|>|4.]/(2m,)
and |succs,,, (s,)|< 1. So in the end we get a B := A4; with cardinality at least
|A|/(2m, )™ =|A|/M,, i.e., u(B) > u(4) — 1 > M. Also, | succs,(s’)|< 1 for every
s’ € X,s0 us,(s’) < 1/M (since length(s’) was sufficiently large).

We claim that B is as required. We have to show that S; is (N, 1/M)-meager.
Pick an s’ € §; of length > N. We already dealt with the case s’ € X. Otherwise
s’ > t (note that s’ # ¢ since s’ L ). In this case | succg,(s’)|<| sucer,,, (1)|< my.
So u(succs, (s”)) < 1/M, since length(s") > Nj. -

LEMMA 5.6. If Q is strongly non-homogeneous, then P forces the following: If
r € im(Topax) \ {ni: i € I} then thereisa T € V such that r € lim(T) and T is
(1,1)-meager.

If additionally the assumptions of Lemma 4.2 hold, then there are only X; many
T € V, and ®; < (2%)¥»_ This implies that the set {#;: i € I} is of weak
measure 1: "

If r € lim(Tmax) \ {7:: i € I}, then 7 € Upcy meager IM(T) € 1.

PrOOF. Fix a P-name r forarealanda p € Psuchthatpl-r ¢ {n;: i € I}.
We will show that there is a p,, < p and a (1, 1)-meager tree T such that p, I+ re
Lim(T).

We will by induction construct p, € P, approximations g,, k, € w and i, € u, =
dom(g,) such that

(1) pn+1 <g, Pn» On+1 s purely stronger than g,,.

(2) gy is n-dense at i,,.

(3) the sequence (iy)ne, covers | Jdom(p,) infinitely often.

(4) k, — max(n + 1, |Pos(g,)|).

(5) If n > 0, then for each @ € Pos(g,), p'¥ forces a value to r[k,, and the tree
{rd: a € Pos(gy)} C Tmax[kn is (kn_1, 1)-meager.

9We can e.g., set suce(t) := {¢"k: 0 < k < M™}.
20Since the function g(x) := logy, {x 4 1) is concave and satisfies g(0) = 0.
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FIGURE 5. b, (bold) is a subapprox. of b, and still purely stronger
than g. Here, we assume dom(h1) = {wo,...,us}, j = w2, b €
Pos(h;) and @ = bg.

(1)~(3) allow us to fuse the (p,)nee into a p, < p (cf. 2.15), and (5) implies that
the tree of all initial segments of ¥ compatible with p,, is meager.

We start by picking any iy € dom(p), some p-approximation gq that is 0-dense
at ip, a kg satisfying (4). So assume by induction we have found p,, g, and k,
satisfying (1,2,4).

(a) Set p := p,, g:= gn. M :=|Pos(g,)| and N := k,. So wehave N — M.

(b) Choose the position i, € dom(p,) according to some simple bookkeeping.
This takes care of (3). Set j := i,.1.

(c) Find a py <; p and m > N such that p; I+ (y;|m # rim) and for all
a € Pos(g) the condition pg"] determines #; {m and r {m.

(How to do this? First apply pure decision 2.19(6) to get a p’ <, p
such that for all 2 € Pos(g) there is an m® > N and #* # r* such that
Pl (r* = rim® n* = n;im?). Then we apply pure decision again to get
p1 <y p’ determining r and n; up to max{m®: a € Pos(g)}.)

(d) Pick a p)-approximation b, which is max(n, N)-dense at j and (purely)
stronger than g.
(e) Pick a kyi1 > m such that k,+1 — max(n + 2, [Pos(hy)]).

(f) Pickag <y, p1such thatg!®}determinesy[ky.1 up to k, 1 foralld € Pos(h;).
b 14

So far we have taken care of (1-4): ¢ <y p, h; approximates ¢ and witnesses
N-density (at j). However, the tree of possible values for r could be very thick in
the levels between k,, and k,.;. We will thin out the approximation §; so that we
still have (n + 1)-density, and the tree of possible values for r gets sufficiently thin.
We do this in two steps:

(g) Find a sub-approximation b, of h; that is still purely stronger than g and
has only as many splittings as g, apart from one additional split {for each
possibility) that witnesses N-density at j (see Figure 5).

In more detail: we construct b, the following way: Given be Pos.;(h>),
set @ = b|g. We have to define h,(i)(b). If i # j, pick for each r € g(i)(a)
exactly one successor s € h,(i)(h). So b, makes the branches of g longer,
but does not add any splittings. At j, we have the front F := g(;j)(a) and
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the purely stronger n’-dense front F/ := §,(j)(b). Recall that T := Cﬁn =
{s: s < F'} is the finite tree corresponding to the front F’. We continue each
t € F in T uniquely (without splits) until we reach a node ¢ with many (i.e.,
n’-dense) splittings. We call ¢ “splitting node”. We take all the immediate
successors of the splitting node and continue them uniquely in 7" until we
reach a leaf of T, i.e., an element of F’. This process leads to a subset F”
of F'. Set h,(j)(b) := F".

(h) So we get: There are |Pos<;(g)|< M many pairs (b, 1), where b € Pos.;(h2)
and ¢ is a splitting node.

Also, for b € Pos<(h,), there are at most M continuations of 5 to some
b e Pos(h).

Such a b € Pos<;(h,) corresponds to a pair (a, r) as above together with a
choice of an (immediate) successor of 7.

(i) Now we are ready to apply the Ramsey property. First fix a b € Pos.;(h2)
and a splitting node ¢. (There are at most M many such pairs.)

This pair corresponds to a unique a € Pos<;(g). There are at most M
many continuations of @ to some ¢ € Pos(g). Fix an enumeration ¢; . .. of
these possible continuations. According to (c), each ¢, forces a value to r [m,
call this value r;. i

Thl(j)(b))'

Back to b,. Set 4 := succ(?) in the tree Tc?éflj 1) (or equivalently T} -
So u(A) > n’ > N. For every s € A there is a unique s’ > s such that
aU{(j,s")} € Pos<;(h,), and for every s € A, / € M there is a unique
d € Pos(h;) continuing ¢; € Pos(g) and @ U {{j, s')}. Each such d decides r
up to k1. We call this value r*/. So ™ [m = r,. According to (d) we know
that length(#) > m, so in particular ¢ L r;, according to (c).

So for every I € M we define a function f;: 4 — T,g;l lkn+1 by mapping
s to r*. So we can apply the Ramsey property and get a B C A such that
u(B) > M > n + 1, and the tree of possibilities for r induced by a, B is
(kn,1/M)-meager. We repeat that for all pairs (a, ¢) where @ € Pos.;(h,)
and ¢ is a splitting node, and get a subapproximation g, of b such that the
tree of possibilities for r induced by g1 is (k,, 1)-meager (here we again use

the sub-additivity of u).
This results in a sub-approximation g,; of by (and therefore b;) which is still
purely stronger than g = g,,. Since g, is a sub-approximation of b, |Pos(g,+1)|<
[Pos(h;)|, and therefore k,, 1, g, satisfy (4). -

Note that we did not use the j, or automorphisms of 7, the proof works for all 1.
In particular, for I = {i} we get: If G is Q-generic over V, and if r # 5 in V[G],
then there is a (1, 1)-meager 7 in ¥ such that r € lim(7T). In particular, such an r
cannot be Q-generic over V. So we get:

COROLLARY 5.7. If Q is strongly non-homogeneous then Q forces that n is the only
Q-generic real over V in V[Gg]. )

REMARK. A similar forcing Q" (finitely splitting, rapidly increasing number
of successors) was used in [6] to construct a complete Boolean algebra without
proper atomless complete subalgebra. Q' can also be written as lim-sup forcing.
However, the difference is that the norm in Q%! is “binary” (as e.g., Sacks): either s
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has a minimum number of successors, then the norm is large, or the normis 0. Such
a norm cannot satisfy a Ramsey property as the one above. For Q"' we can
only prove Corollary 5.7 for the “single step iteration”, but not Lemma 5.6 for the
iteration.

We have already mentioned another corollary:

COROLLARY 5.8. If Q is strongly non-homogeneous, then P forces that {n;: i € I}
is of weak measure 1.

This, together with 4.8 and 4.10 proves Theorem 3.4.

ReMARK. There are various ways to extend the constructions in this paper. As
already mentioned, we could use non-total orders I or allow Q; to be a P.;-name.
A more difficult change would be to use lim-inf trees instead of lim-sup trees. In
this case we need additional assumptions such as bigness and halving. This could
allow us to apply Saccharinity to a ccc ideal I, i.e., to force (without inaccessible or
amalgamation) weak measurability of all definable sets.

§6. The Cohen model. We thank the referee for providing this section.

There is a well known and much simpler way to force that every definable set is
even measurable (not just weakly measurable) with respect to many tree forcings:
Just add many Cohen reals.

Let C* be the forcing notion adding x many Cohen reals (in a finite support
product, or, equivalently, a finite support iteration). Any & with uncountable
cofinality will work. We call the forcing extension the “Cohen model”. If in the
ground model k™ = &, then the continuum has size « in the Cohen model.

LEMMA 6.1. In the Cohen model, every definable (e.g., projective) set is Q-
measurable.

This works for all Q asin Section 1, in particular for Sacks forcing, and also many
other tree forcings, such as Silver forcing (as was shown in [2]). So in particular, in
the Cohen model all definable sets are Marczewski measurable (corresponding to
Q = Sacks) and have the doughnut property (corresponding to Q = Silver).

Proor. This is similar to, but simpler than, Solovay’s argument that all definable
sets are Lebesgue measurable in the Solovay model.

Assume that in the Cohen model the parameter p is in the union of the interme-
diate extensions (i.e., already added by the first & Cohen reals for some « < k) and
that

X ={x: ¢ p)}.

for some first order formula ¢. Pick T € Q. We can assume without loss of
generality (by factoring C*) that p and T arein V.

Work in ¥V and consider the (countable) forcing notion T (ordered by <7, the
standard tree order). This forcing (which is obviously equivalent to a single Cohen
forcing) adds a real ¢ that is Cohen over ¥ in the natural topology of lim(7T") (we
call such a real T-Cohen, for short). In the same way as for “standard Cohen”
forcing, one can see that ¢ determines the 7-generic filter, and ¢* is T-Cohen iff ¢*
is ¢[G] for some T'-generic G over V.
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In particular, whenever R is some forcing notion, G is R-generic over V and
¢* € V[GRg]is T-Cohen (over V'), then we can factor the extension by first adding
the T'-generic ¢* and then forcing with some quotient forcing to extend V[c*]. If R
is C*, then the quotient forcing is again equivalent to C*.

Let ¢* be T-Cohen (i, T-generic) over V. In V{c*] consider the forcing
notion C*. Since this forcing is homogeneous, either t-cx p(c*, p) orlkex =p(c*, p).
Without loss of generality assume the former. So in V' we can pick some condition
t* € T such that

t* IFrlbes (p(g,p)

Let ¢* in a C*-extension V' of V be any T-Cohen real extending t*. As described
above, we can get V' by first extending V with the T-generic ¢* and then some C*-
extension of ¥ [c*]. In particular, ¢(c*, p) holds in V’. To summarize:

In the Cohen model ¥, all T-Cohen reals ¢* that extend ¢* satisfy p(c*, p). (1)
Back in V', let T be the tree TI']. So 7' € Q7. Set

P = {(t,n): n > length(z*), ¢ is a subtree of 7",
each maximal branch has height n}

ordered by end-extension (more exactly: (¢,7) is stronger than (s, m) iff n > m
and ¢ end-extends s). Obviously P is equivalent to Cohen forcing as well, and P
adds a generic subtree S of 7’ (and S determines the generic filter). By density,
the lim-sup condition will be satisfied, so S is in Q”51. In any forcing extension ¥’
of V[S], we get:

Every branch v € lim(S) is T-Cohen over ¥ and extends ¢*. (2)

To see this, fix some nowhere dense set N in V. Without loss of generality N is
closed, i.e., corresponds to a nowhere dense subtree N’ of T. Then (by a simple
density argument) there is some (¢,7n) in the P-generic such that each maximal
branch of ¢ is not in N’. So any v € im(S) extends one of the maximal branches
of t, and therefore is not in N.

Now we can finally fix a C*-extension V' of V. We can use the equivalence of
C* and P + C* to getin V' some S <g T such that (2) holds. Then by (1) we get
that each ¢* € 1im(S) satisfies p(c*, p), i.e., that lim(S) C X. .

What is the difference between the Cohen model and the model obtained in the
non-wellfounded iteration (let us call it nw-model, for short)? Note that in our
nw-model, the continuum has size R, (of course we can get larger continuum as
well). One obvious difference is that in the nw-model I¢ (the < N,-closure of I) is
non-trivial (or, in the language of cardinal characteristics, cov(I) = R,), which is
not the case in the Cohen model for k > N;:

LemMa 6.2. In the Cohen model, cov(l) = w;.

Proor. The Cohen model is obtained by a finite support product of x many
Cohen reals. We can write & as the strictly increasing union | )¢, 4o (€ach 4, of
size k). Let C, be the complete subforcing of C* consisting of the conditions that
only use coordinates in 4,. Let G be C*-generic over V', and let G, be the induced
C,-generic filters over V. Then we get:
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(1) V[G,] N w® is a proper subset of V[Gy (1] N @®.

(2) VIGIN®® = Upey, VIGal N o0®.
From (1) and Lemma 1.8 we know that each V[G,] N w® is @-null in the final
Cohen extension; so by (2) @® is the union of ®; many Q-null sets. =

(This argument works not only for the Cohen extension, but also for the random
model and similarly for finite support iteration of Suslin ccc forcings of length Xj;
also, it works for other ideals than the ones defined by lim-sup tree forcings.)
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