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ON THE EXISTENCE OF ATOMIC MODELS 

M. C. LASKOWSKI AND S. SHELAH 

Abstract. We give an example of a countable theory T such that for every cardinal X > K2 there is a 

fully indiscernible set A of power X such that the principal types are dense over A, yet there is no atomic 

model of T over A. In particular, T(A) is a theory of size X where the principal types are dense, yet T{A) 

has no atomic model. 

If a complete theory T has an atomic model, then the principal types are dense 
in the Stone space S„(T) for each n e to. In [2, Theorem 1.3], [3, p. 168] and [5, 
IV 5.5], Knight, Kueker and Shelah independently showed that the converse holds, 
provided that the cardinality of the underlying language has size at most Kt. 

In this paper we build an example that demonstrates that the condition on the 
cardinality of the language is necessary. Specifically, we construct a complete 
theory T in a countable language having a distinguished predicate V such that if A 
is any subset of VM for any model M of T, then the principal types are dense in 
Sn(T(A)) for each new. (T(A) = Th(M,a)aeA). However, T(A) has an atomic 
model if and only if \A\ < Kt. 

In fact, by modifying the construction (Theorem 0.5) we may insist that there is 
a particular nonprincipal, complete type p such that for any subset A of VM, p is 
realized in every model of T(A) if and only if \A\ > X2. With Theorem 0.6 we show 
that the constructions can be generalized to larger cardinals. 

We first build a countable, atomic model in a countable language having an 
infinite, definable subset of (total) indiscernibles. Let L be the language with unary 
predicate symbols U and V, a unary function symbol p, and countable collections 
of binary function symbols /„ and binary relation symbols R„ for each n e o. By 
an abuse of notation, p and each of the /„'s will actually be partial functions. 

For a subset X of an L-structure M, define the closure of X in M cl(A') to be 
the transitive closure of c\0{X) = {f„(b,c): b,c e X, n e co). So c\(X) is a subset of 
the smallest substructure of M containing X. 
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Let K be the set of all finite L-structures si satisfying the following eight 
constraints: 

(i) U and V are disjoint sets whose union is the universe A; 
(ii) p:U->V; 
(iii) each f„: U x U -> U; 
(iv) for each n, R„(x,y) -*([/(x) A U(y)); 
(v) the family {Rn: new} partitions all of U2 into disjoint pieces; 
(vi) for each n and m> n, R„(x, y) -> fm(x, y) = x; 
(vii) if x',y' s d({x,y}) and Rn{x,y), then y ^ / t y x ' , / ) ; 
(viii) there is no cl-independent subset of U of size 3 (i.e., for all x0,x1,x2 e U, 

there is a permutation a of {0,1,2} such that xa(0) e cl({xa(1),xa(2)}).) 
It is routine to check that K is closed under substructures and isomorphism and 

that K contains only countably many isomorphism types. We claim that K satisfies 
the joint embedding property and the amalgamation property. As the proofs are 
similar, we only verify amalgamation. Let si, 38, <€ e K with si <=,38, si ^($, and 
A = B r\C. It suffices to find an element @) of K with universe BVJ C such that 
38 c Qj and (€ ^ g,_ Lej \b^,...,bi-x} enumerate Um, let {c0,...,cm-l} enumerate 
[/*, and let k>A,m be large enough that 

U{Rf:j<k}=(U*)2 and \J{Rj:j<k}=(U«)2. 

For each b e B\A and c e C\A, let f(b, c) = Cj for j < m and f(b, c) = b for j > m 
and let Rk(b,c) hold. Similarly, for j < I let fj{c,b) = ty and fj(c,b) = c for all j > I 
and Rk(c, b). It is easy to check that S e K , 

It follows (see, e.g., [4, Theorem 1.5]) that there is a countable, K-generic L-
structure 38. That is, (*) 36 is the union of an increasing chain of elements of K, 
(**) every element of K isomorphically embeds into 3fi and (***) if j ; si -> si' is an 
isomorphism between finite substructures of 38, then there is an automorphism a 
of 38 extending j . Such structures are also referred to as homogeneous-universal 
structures. Let T be the theory of 38. 

We record the following facts about 38 and T. First, Vm is infinite as there are 
elements si of K with Vs* arbitrarily large; Vs* is a set of indiscernibles because 
of property (***) and the fact that any two n-tuples of distinct elements from V* 
are universes of isomorphic substructures of 38; as every finite subset of 38 is con
tained in an element of K, it follows that c\(X) is finite for all finite subsets X of B 
and there js no cl-independent subset of l)m of size 3; finally, 38 is atomic as for 
any tuple b from B, property (***) guarantees that the complete type of b is iso
lated by finitely much of the atomic diagram of the smallest substructure si of 98 
containing b. (If n is least such that \/j£nRj(a,a') for all a,a' e U^, then we need 
only the reduct of the atomic diagram of si to Ln = {U, V,p, Rj,jj: j <n}.) 

LEMMA 0.1. Let ^ be a model of T, and let A be any subset of V*'. Then the prin
cipal types are dense over A. 

PROOF. Let 0(x,a) be any consistent formula, where a is a tuple of k distinct 
elements from A. Let b be any /c-tuple of distinct elements from Vm. As the elements 
from V are indiscernible, 38 |= 3x0(x, b). Let c from 38 realize 9(x, b). Since 38 is 
atomic, there is a principal formula 4>{x,y) isolating tp(c,b). It follows from indis-
cernibility that <p(x,a) is a principal formula such that ^ (= Vx(0(x, a) -> 6(x, a)). 
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LEMMA 0.2. Let f(> be an arbitrary model of T and let A £ V%. If (€ is atomic 
over A, then 

(i) \U'«\>\A\; 
(ii) c\(X) is finite for all finite X <~ U'*; 
(iii) there is no c\-independent subset of size 3 in Uv'. 
PROOF, (i) \U'*\ >\A\ since for each ae A, p~l(a) is nonempty. 
(ii) As (f> is atomic, tp(X/A) is isolated by some formula 6(x,c), where c is a 

/c-tuple of distinct elements from A. As V is indiscernible, 0(X,1J) is principal for 
any /c-tuple b of distinct elements from :JA. Choose d from ?M realizing 6(x,b), and 
suppose that \c\(d)\ = / < a>. Then as 0(x,a) is principal, 6(x,a) implies |cl(x)| < /. 

(iii) Assume c0,cuc2 e U'f: are cl-independent. As (€ is atomic over A, tp(c) 
is principal, so let 0(x,a) isolate tp(c). Again choose b from Vm and d from Um 

such that 'M \= 0(d,b). But then d is a cl-independent subset of [/*, which is a 
contradiction. 

We next record a well-known combinatorial lemma (see, e.g., [1]). An abstract 
closure relation on a set X is a function cl: 0>(X) -> ^(X) such that for all subsets 
A,B of X and all ft e X, A £ cl(/l), c\(c\(A)) = cl(A), / l e g implies cl(/t) £ cl(fi) 
and fc e c\(A) implies there is a finite subset A0 of A such that b e cl(/l0). 

LEMMA 0.3. For all ordinals a. and all neco, if \X\ > Ka + „ and cl is a closure re
lation on X such that \c\(A)\ < X^ for all finite subsets A of X, then X contains a 
cl-independent subset of size n + 1. 

PROOF. Fix an ordinal a. We prove the lemma by induction on n. For n = 0 
this is trivial, so assume the lemma holds for n. Suppose X has size at least Xst + n+ {. 
As cl is finitely based, we can find a subset Y of X, \ Y\ = Ka + „, such that c\(A) £ Y 
for all A £ Y. Choose b e X\Y Define a closure relation cl' on Y by 

cl'(/l) = cl(/lu{Z>})n Y. 

By induction there is a cl'-independent subset B of Y of size n. It follows that 
B u {b} is the desired cl-independent subset of X. 

Note that the case a = 0 in the lemma above states that if cl is a locally finite 
closure relation on a set X of size K2, then X contains a cl-independent subset 
of size 3. 

THEOREM 0.4. Let A be a subset of V'f° for an arbitrary model (4 of T. Then A is 
a set of indiscernibles and the principal types over A are dense, but there is an atomic 
model over A if and only if' \A\ < Kj. 

PROOF. The principal types are dense over A by Lemma 0.1. If \A\ < X1; then 
there is an atomic model over A by, e.g., [2, Theorem 1.3]. However, if \A\ > K2, 
then there cannot be an atomic model over A by Lemmas 0.2 and 0.3. 

Our next goal is to modify the construction given above so that there is a non-
principal complete type p that is realized in any model containing A, provided that 
\A\ > K2. To do this, note that any atomic model of T(A) is locally finite and omits 
the type of a pair of elements from U with every Rn failing. We shall enrich the 
language so as to code each of these by a single 1-type. 

Let L' = L u {W,g,h} u {cn: n e co}, where W is a unary predicate, g and h are 
respectively binary and ternary function symbols, and the c„'s are new constant 
symbols. Let Si' be the L'-structure with universe B\j D, where D = {d„: n e at} is 
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1192 M. C. LASKOWSKI AND S. SHELAH 

disjoint from B, W is interpreted as D, each c„ is interpreted as d„, g: U x U -* W 
is given by g(a,b) = d„, where R„(a,b) holds, and h(a,b,c) = dn if and only if 
n = |cl({a, b, c})\. Let V be the theory of US'. 

Note that any automorphism a of 38 extends to an automorphism a' of :M', where 
a' \ D = id. It follows that -W is atomic and Vm' is an indiscernible set. Let p(x) be 
the nonprincipal type }VK(x)} u {x =£ cn: n e m}. We claim that p is complete. This 
follows from the fact that for any L'-formula 8(x), if n is greater than the number of 
terms occurring in 0 and if 0(x) is an L'„ = {U, V, W,g,h,p,Rl,fl,cl: I < n}-formula, 
then 3&' \= 0(ct)«-+ 6(cj) for all i,j > n. (This fact can be verified by finding a back-
and-forth system ff = {{a,b}: \a\ = \b\ < n] such that for every (a,b} e ff and 
every atomic L'„ u {/?,-,_/j,c,-}-formula 0(x), |x| = \a\, 

3S' \= <j>(a) <-> <p'(b), 

where (p'(x) is the atomic L'nu {Rj,fj,Cj:}-formula generated from cp{x) by replacing 
each occurrence of RhfhCi by Rj,fj,Cj, respectively.) 

THEOREM 0.5. Let A be a subset of K*' for any model <&' of T. Then A is a set of 
indiscernibles and the principal types over A are dense. Further, if \A\ < Kl5 then 
there is an atomic model over A, while if \A\ > K, then any model of T'(A) realizes 
the complete type p. 

PROOF. The first two statements follow from the atomicity of 88' and the indis-
cernibility of V®'. If \A\ < Xt, then the existence of the atomic model over A fol
lows from Knight's theorem. So suppose \A\ > K2, and let 3>' be any model of T' 
containing A. By examining the proof of Lemma 0.3, we see that either there are 
a,b,ce U3' such that cl({a,b,c}) is infinite or that there are cl-independent ele
ments a0,a1,a2 e Ua' (i.e., if cl is a closure relation on X and \X\ > K2, then either 
c\(x,y,z) is infinite for some x,y,z e X or there is an independent subset of X of 
size 3). 

In the first case h(a, b, c) realizes p. Now assume that the closure of any triple 
from [/*' is finite. If in addition for every two elements a, b from U3' there were an 
integer n such that &>' t= R„(a,b), then T' would ensure that there would not be 
any 3-element cl-independent subset of Us'. (Under these assumptions there would 
be only finitely many possibilities for the diagram of a triple under the functions 
{f: i e at} and no independent triple exists in 0&'.) Consequently, there must be a 
pair of elements a,b from Vs' such that <2>' (= ~iRn(a,b) for all n e u>, so g(a,b) 
realizes p. 

We close with the following theorem demonstrating that the behavior between 
N, and K2 holds more generally between Kt and Nt + 1 for all k > 1. The theorem 
is stated in its most basic form to aid readability. We leave it to the reader to verify 
that the strengthenings given in Theorems 0.4 and 0.5 (i.e., no atomic model over a 
given set or the nonatomicity being witnessed by a specific complete type) can be 
made to hold as well. 

THEOREM 0.6. For every k, 1 < k < a>, there is a countable theory Tk such that 
Tk has an atomic model of size K, if and only if a < k. 

PROOF. Fix k. Let Lk = {f„,R„: ne a)}, where each /„ is a (k + l)-ary function 
and each Rn is a (k + l)-ary relation. Define c\(X) to be the transitive closure of 
c\0(X) = {fn(a0,...,ak): ate X}, and let K be the set of all finite Lrstructures sat
isfying the following constraints: 
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(i) {Rn: ne w} partitions the (k + l)-tuples into disjoint pieces; 
(ii) for each n and m > n, R„(x0,...,xk) -* fm(x0,...,xk) = x0; 
(hi) if x'Q,...,x'kecl({x0,...,xk}) and Rn(x0,...,xk), then \fjSnRj( 
(iv) there is no cl-independent subset of size k + 2. 
As before, there is a countable, K-generic L^-structure 38. Let Tk = Th(88). Just 

as before, 36 is atomic, cl is locally finite on 36, \jnewRn(b) holds for all (k + 1)-
tuples b from 36, and there is no (k + 2)-element cl-independent subset of 38. Thus, 
the proof that there is no atomic model of Tk of power / > Nt is exactly analogous 
to the proof of Theorem 0.4. What remains is to prove that there is an atomic 
model of size Kt. To help us, we quote the following combinatorial fact which is 
a sort of converse to Lemma 0.3. 

LEMMA 0.7. For every k, 1 < k < w, and every set A, \A\ < Kk_ t , there is a family 
of functions {g„: Ak -> A: new} such that, letting cl denote the transitive closure 
under the g„'s: 

(i) cl is locally finite; 
(ii) for all ae Ak there is an n such that gm(a) e a for all m> n; 
(iii) there is no d-independent subset of A of size k + 1. 
PROOF. We prove this by induction on k. If k = 1, let {a(: i < a < K0} enumer

ate A. Define g„ by 

\a„ if n < i, 

(a, otherwise. 

Now assume the lemma holds for k. Let {a{: i < <x < Kt} enumerate A. Define 
g„: Ak + 1 -» A as follows. Given a = (aio,aik} e Ak+1, let i* = ma\{i0,...,ik}. 
If i* = (', for a unique I < k + 1, then we can apply the inductive hypothesis to the 
set A{, = {af j < i*} and obtain a family of functions h„: Ak* -* At, satisfying the 
conditions of the lemma. Now define g„(a) = hn(b), where b is the subsequence of 
a of length k obtained by deleting ah from a. On the other hand, if there are j < I < 
k + 1 such that ij = i, = i*, then simply let g„(a) = af. for all new. 

As the principal formulas are dense and are E1, to show that there is an atomic 
model of Tk of size Kt it suffices to show the following: 

(#) If si is an Lrstructure of size at most Hk-t such that every finitely gen
erated substructure of si is an element of K and (j)(x,d) (d from A) is a principal 
formula consistent with Tk, then there is an extension # 2 si containing a witness 
to (j)(x, d) such that every finitely generated substructure of <& is in K. 

So choose si and (j)(x, d) as above. We may assume that cl(d) = d. We shall pro
duce an extension (€ 2 si such that C\A is finite, % N 3x</)(x, d), and every finitely 
generated substructure of ^ is in K. 

Since <t>(x, d) is consistent with Tk, there_is an element 9) of K such that d embeds 
isomorphically into 3> and 3> N 3x(f>(x,d). Let {b0,...,fo,_!} enumerate the ele
ments of D\d. We must extend the definitions of {/„: new} and {R„: new} given 
in si and & to (k + l)-tuples a from A u {bo,...^,.^ so that every finitely 
generated substructure is in K. 

We perform this extension by induction on i < I. So fix i < I and assume that 
{f„,R„:new} have been extended to all (k + l)-tuples from A u {b}: j < i} so that 
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every finitely generated substructure is in K. Let a — <a0, . . . , ak> be a (k + 1 )-tuple 
from A u {by. j < i} containing bt with at least one element not in D. If b, = as for 
some s > 0, then let fn(a) = a0 for all n e <x> and let R0(a) hold. 

On the other hand, if b{ # as for all s > 0, then a0 = ft,-, so let a' = <a,, . . . , ak>, 
apply Lemma 0.7 to A and k, and let 

/• (b a') = \ g " ^ if 9"^ $ "'> 
\b otherwise. 

It is easy to verify that cl is locally finite o n / l u {by. j < i} and that there is no cl-
independent subset of size k + 2. It is also routine to extend the partition given by 
the R„'s so as to preserve (ii) and (iii) in the definition of K. 

Thus, we have succeeded in showing (#), which completes the proof of The
orem 0.6. 
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