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ABSTRACT. We show that there are two models M C N such that by forcing
with (Random) over N we add dominating reals. This answers a question of
A. Miller.

Let R be the random real forcing. It is well known that R is an w®-bounding
forcing notion, that is

(Vfew’nVRIge w?nV)(Vn e w)(f(n) < g(n)).

For more detail and notation the reader should see [Ku]. The following is also
known [BJ2]:
In VR*R there are Cohen reals over V.

From this we can conclude the following.

There are models M C N such that in NR"M there are unbounded reals
over N. (Take N = MR and use the previous result.)

After this it was natural to ask:

(1) Are there M C N such that in NR"M there are dominating reals over
N?

Let us introduce more notation. Let I be an ideal of subsets of R. Then we
define K4(I) as the cardinality of the smallest family of elements of / whose
union is not in I. Kp(I) is the cardinality of the smallest covering of the reals
by elements of I. b is the cardinality of the smallest family of functions from
® to w, which is unbounded. Miller [Mi] proved that

cof(Kg(Meager)) > w.
More generally, Bartoszynski and Judah [BJ1] proved that
cof(Kg(Meager)) > K(Measure zero).
It is an open problem if
cof(Kp(Meager)) > K 4(Meager).
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After the Miller result it was natural to ask
Is cof(Kg(Measure zero)) > w?

This question remains open and has produced a lot of development. The only
positive result in this direction is the following theorem of Bartoszynski [Ba]:

cof (K g(measure zero)) > w if b > Kp (measure zero).

When we started working on .this problem we proposed the iteration

Q= (P, Qp:a>Ryy1, B <Nypy1)
satisfying
(1) E “Qp adds R,-many Cohen reals”,
(i) E P Qg is a subalgebra of Random reals of cardinality less than R, ”;

(iii) The sequence is generic enough in order to force with every possible
subalgebra of Random reals.

Our conjecture was

VP Ik “Kp (measure zero) = R,,”.
After hard work we started thinking that maybe we were missing something and
we asked:

Maybe Voo IF b > R,?
It is easy to see (by [Ba]) that this is true if for some f < N,y
IFp, “Qp adds a dominating real”.
Therefore the question was: Does there exist R’ C R such that
kg “add a dominating real™?

We show in [JS2] that under CH , or under Kp(Meager) = 2%, there exists
such subalgebras of R. And using this and Bartoszynski’s result, it is not hard
to see that

VP E Kg(measure zero) = Ry, .

The construction in [JS2] was not strong enough to solve Miller’s question (1).
That is, our example was not the random algebra restricted to some inner model;
therefore, we thought that we could change condition (ii) of the iteration to

(i) Ikp, “Qp =M NR for some inner model M F % =R, , forn<w”.

Again we were unable to show that this new iteration gives the desired model,
and we recalled Miller’s question (1).

In this work we will answer Miller’s question (1) positively by showing:

There are two models M C N such that forcing over N with RN M we
add dominating reals. We sketch the construction as follows: We start for
simplicity with V' = L. Then we add X, Cohen reals. After this we add, with
finite support iteration, a sequence (r;:i < w;) of positive sets by a forcing
notion, which is Souslin (see [JS1]) and has the appearance of Amoeba forcing.
Then we let M = V[{r;:i < w)] and N = V[R; — Cohen][(r;:i < w)].

The notation is standard and the rest of the paper is devoted to building the
models.
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1. Assumption. Let W = (W,:n < w) be a sequence of pairwise disjoint
subsets of w. We also assume

(0) W, is infinite.

(1) Forevery n< w, m< w, and k < w there are i < j < w such that

@ UgmWinli, jl=o;
J

(b) 22" < min[Uy, WO, ]

(© 272>l e Wnli, jl}; »

(d) There is u C W, N[i, j] satisfying |u| > [22° ™+

(e) i>k.
2. Definition. (i) X C “>2 obeys u C w if there exist uy Cu, p, € "2 such
that X = {pp:n € uyx}.

(i) X almost obeys u if it obeys uU {0, 1, ..., n} for some n.

(iii) (@2)X1 = Upex(“’2)[”] ={vive®2ANE3p)(pe X ApCv}.

(iv) X obeys W if it almost obeys each .., W} .

Let L,M; denote Lebesgue measure on 2¢.

3. Definition. Q = Q(W) is defined as follows:

(I) A condition has the form (¢, X) where

(i) t is a function from "22 to QN [0, 1) and 24! .¢(p) is an integer
for all p € "22;

(i) #(n) = t(n A(0)) +t(n A (1)) for n €">2;

(iii) for p € "2, t(p) < LyMs((“2)1P1\(“2)X);

(iv) X is a finite union of sets obeying W .

(II) (11, Xy) < (t2, X2) iff £, C 1, Xi C Xz, and if n € Dom(;)\Dom(¢;)
and n € X, then £,(n) =0.
4. Claim. Q¥ Souslin.
5. Claim. QF ccc.

Proof. Let ({t,, X,):a < w;) be an w;-sequence of members of Q. W.lLo.g.
ty=1tg for a# B < w;. Now let r% be a positive rational satisfying

18 < to(p) — Ly M((“2)P1\(“2)11)).
Therefore w.l.o.g. rf = r;; for @ # B < w;. Let m, be such that 27" <

rf/4% . Let m = max{m,:p € Dom(t,)}. Also w.l.o.g. we may assume that
X, [ m = Xg | m. Then it is not hard to see that ((f,, X,):a < w) is a set of
pairwise compatible members of Q. O

6. Notation. Let Dom*(t) = {n € Dom(¢):¢(n) > 0}. T = J{Dom™*(¢): (t, X)
€ Gp} isa Q-name.

7. Claim. If X, obeys W, for n < w, each X, finite (X,:n < w) € V', then
in V2 the following hold:

(1) T is a perfect subset of “~>2.
(i) LpM;(limT) = ¢(0) for some (any) (t, X) € Gp.
(iii) For some k, T is disjoint from U, X» -
)

(iv) Therefore, lim(T) N (©2)Uni ¥ = & |
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Proof. Clear. 0O
Now we will introduce a technical device that we will use in order to build
our models. After this we will show a theorem about finite support iteration
forcing.
8. Definition. Let A be a cardinal, and n an integer. We call X (A, n)-big if
(1) X is a family of subsets of “>2 each one obeying W ;
(ii) If X; € X for { < 4 are pairwise distinct then for every m, k there are
[i, j] and u such that
(a) Ul;énmn[la]]=®,
(b) uCc Wynli, jl;
(© [ul>[22
. . 2]
(d) min(Uy, WA, i) > 22 ;
(€ 277 1> Yiemnin 27"
(f) for every (p;:l € u) € H,eu’2 there is ¢ such that for each / € u,
X;n'2={p};
(g) i>k.
9. Lemma. Assume that
(i) Q= (P, Qi <a, j<a) isa finite support iteration and cof(A) =
A >R, A>a=Ja#0.
(i) X is (4, n)-bigin V.
(iii) For each i < a, X is (A, n)-bigin VF.
Then in VP we also have that X is (A, n)-big.
Proof. Trivial (A>a!). O
10. Lemma. Q preserves “ X is (A, n)-big” when cof(A) =1 > Rg.
Proof. Suppose that p Ikg “(X;:{ < A) is a counterexample”. Choose by in-
ductionon B <4, {p <4, X, Xg, pp such that p <pgeQ
Dp I+ “Xgﬂ = Xﬂ /\Xﬂ ¢ {Xyi’,’ < By
Let Dg = <lﬂ, Yp), w.l.o.g. tg =1, Dom(tﬂ) = "'22Y,; = Ul<k‘ Y/}Q[, and
each Yg /\°22 obey U;,, W;. Let k! > k*, k such that 4n* < k', and let
m! = m+1. We know that X is (4, n)-bigin V ; therefore, we can find [/, j],
n,and ({(p):P € [1,e,'2) satisfying conditions 8(i), (ii) for k', m'.

11. Claim. Thereis u; C u such that |u| > (2222 )+1 and there is a function
H:Tljey, '2 = Tlje, "2 satisfying

(@) (H(p))lu =p;
(b) for every p,7, € [];c,, 2 we have

(Yeue N 720 <k™) = Yoy 0720 < k7).

Proof. We know that i > k' > k*; therefore, 22" s bigger than the number
of possibles (Y; ;N >2:1 < k*). This means that the function G:[],¢,'2 —
Range(G), given by

G(ﬁ) = <YC(F)./ n2ii< k‘) s
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52! 50
satisfies |Range(p)| < 22 . On the other hand we have |u| > (22° )™'*! and
m! = m + 1. From this we have that there are a sequence of disjoint sets
(u.: e € Range(G)), each u, C u satisfying

|ue| > (22221 )m+1‘
Fix an ordering of Range(G). By induction on e € Range(G) we will try to
pick p° satisfying

(l) pe € H[eu‘, 12;

(ii) If p € T)e,'2 andP* = [ u, and for each e! < e p° =5 [ U, , then
G(p) # e . If we can do this induction then let p* = ,crange(q) ?* » @nd
clearly G(p*) # e for every e € Range(G)—a contradiction.

Therefore there exists the first ¢ € Range(G) such that we cannot pick 7°
satisfying (i) and (ii). This means that for each p € [],,, !2 there is v, €
]'[,euIZ, p =19, u,and G(v,) =e. This clearly defines H. O

Now we will finish with the proof of Lemma 10.
Let u;, H be given by the claim. It will be enough to show that

(”X>=<” U YC(H@)),/>

I<k®
pEU;

is a condition.
By assumption on u; and H

Xn>2=J Yyugy.i
I<k*

(for some (any) p € [];c,, ‘2).
We should check only 3(I)(iii). We know that for each n € ¢

(a) t(n) > 274"

Also we know that

(B) t(n) — Ly Ms((“2)"\(“2)¥1) > 0;
therefore, for each p € X N*>2 and p compatible with 7
() t(n) 277> 0,

(6) 2i=1(t(n) — 27171 is an integer.
Therefore

1(n) — Ly M ((“2)M\ (@2)1X072) 5 2=(i=D)
Now by assumption 8(e)
Ly M, ((“2) n (02)xnt 7120y =2

and also ) ‘
Ly My ((@2) q (@2)IX0"7"20y « 2-J,
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Thus
t(n) — LyM(“2M n(“2)") > 0. O
Let VECH ,andlet W = (W,:n < w) satisfy the condition from 2, each
W is infinite. Let Q = (P;, Qj:i < wy, j < w;) be a finite support iteration.
Qo adds X, Cohen reals. We interpret it as adding (X; ,:{ < w2, n < w),
where X; , C “>2 obeys W,. Each Q;; is Q from Definition 3.

12. Claim. Foreach n < w
VO IF (X, 1 < wy) is (Ry, n)-big”.
Proof. Clear using the properties of W. O

Therefore VFe E “(X; ,:{ < @) is (Ry, n)-big for each n”. Let (T, :i <
;) be the reals (perfect trees) given by the Q;’s. Clearly (Ti1:i < wy) is
generic for an w;-iteration of Q. This is an w;-iteration of Souslin forcing
satisfying ccc; therefore, (7, :i < w,;) is also generic over V. Let

Vé=V[Tiyi < wy)],
Vo= V(X n:l < w2, n<o)[(Tipr:i < )]

Then
VéE CH, V4 is a class of V?.

For each { < Ry, X7, € “>2,50 Iy, = {(“2)Ph:p € X; ,} is a subset of
(Random)Va (but not in V4ll).

We want to show that “for every large enough {, I , is a predense subset
of (Random)"*”.

If I, , is a counterexample, then there are ¢ > 0 and perfect 7; , C “2 in
Ve, such that (limT; ,)NUI; , =0 and LyM(limT; ,) >¢&. But V¢F CH,
so for some T, u = {{ < R: Ty , is well defined and = T} has cardinality
R,.

13. Claim. {X; ,:{ € u} contradicts {X; ,:{ < w,} is (X2, n)-big.

Proof. Clearly e, X;,n contains 2 for arbitrarily large / (by using 8(e)).
Therefore T N'2 = @. But this contradicts LyM(lim7) >0. 0O

So for each n < w for every large enough {, I; , is predense in (Random)"” .
So for some { this holds for every n (really by homogeneity of forcing this
holds for ever { and we can use Qg being one Cohen real).

Let h,:I; , —» @ be such that h,((“2)lP)) = h,((®2)7) iff p; and py
are comparable. So (h,:n < w) describes a (Random)'s-name h, namely,
h(n) = h,((©2)1P) if (“2)l) € I; , and (“2)!?) € Generic set. This will be the
name of generic real.

Let By € (Random)"”, f:w — w in V®. We want to prove that for some
Bi, By C B, € (Random)”* and B, I+ f <*h. Let Y, = {p € X;_,: p minimal
in X; , (ie, pll¢ Xy, for [ <lg(l)) and h,((®2)l"]) < f(n)}. Clearly Y,
is finite and obeys W, (Y, C X; ,). Therefore |, ., Y» almost obeys each
Upnsk Wa for each k. Hence it obeys W .

Also U,, Yn € VPa  so for some i < w,, it belongsto VP wlog i>0.
Now for some p € ©>2, LyM;((“2)"1n By) > 2-1PI(1 — 1/100).

n<w
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On the other hand, by genericity we can find j € [i, w;) such that for
some k, t(p) = (1 -1/100)2"!7! and (¢, @) is in the generic subset for Q;.
Therefore T}, satisfies LyM;(lim Tj,; N (“2)lP1) = (1 -1/100)2-171. So B, =
BoNlimTj,; > By is a condition in Random V¢ (because 7;.; € V'%). But it
is also forced that for some n, T; N (U, Y») = @ by 7(iii). And this implies
By I+ f <* h. This finishes the proof of the theorem.

Remark. Recently, Janusz Pawlikowski, motivated by this present work, showed
that if you adjoin an “infinitely often equal” real and then force with the random
algebra of the ground model, you get dominating reals (in fact Hechler-generic).
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