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PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 111, Number 3, March 1991

Q-SETS, SIERPINSKI SETS, AND RAPID FILTERS

HAIM JUDAH AND SAHARON SHELAH

(Communicated by Andreas R. Blass)

ABSTRACT. In this work we will prove the following:

Theorem 1. cons(ZF) implies cons(ZFC + there exists a Q-set of reals +
there exists a set of reals of cardinality R, which is not Lebesgue measurable).

Theorem 2. cons(ZF) implies cons(ZFC + 2% s arbitrarily larger than R,+
there exists a Sierpinski set of cardinality 2% 4 there are no rapid filters on
).

These theorems give answers to questions of Fleissner [F1] and Judah [Ju].

0. INTRODUCTION

In this work we will solve two open problems about special sets of the reals.
In order to state them we need some definitions.

0.1. Definition. A set of reals 4 is a Q-set iff every subset of A4 is a relative
F_, ie., it is a countable union of relatively closed subsets of A4.

Q-sets are very strange: for example M < 2N implies that there are no
Q-sets of cardinality R, . Also Q-sets have universal measure zero, but they do
not necessarily have strong measure zero (see [Fl, JSh2, Mi2]).

In [FI] it is asked if the existence of a Q-set of cardinality X, implies that
every R -set of reals is of Lebesgue measure zero. Our first theorem answers
this question negatively by showing

Theorem. cons(ZF) implies cons(ZFC + there exists a Q-set of reals +
there exists a set of reals of cardinality N, which is not Lebesgue measurable).

We show this theorem as follows. We begin by forcing a set 4 of reals of
cardinality X, , and then we force, with a countable support iteration of length
w, , making 4 a Q-set in the generic extension. We prove that this composition
of forcing notions satisfies the Sacks property (studied in [Sh]) and, in the end
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822 HAIM JUDAH AND SAHARON SHELAH

of the section, we prove that if a forcing notion has the Sacks property then in
the generic extension the old reals have outer measure one. Clearly this implies,
if we begin from L, that in our generic extension there exists an uncountable
Q-set and a X, -set of reals which is not Lebesgue measurable.

0.2. Definition. (a) A set of reals A is a Sierpinski set iff for every measure
zero set M, AN M is countable.

(b) [@]” ={x:x CoAlx|=R}; [0]"" ={x:x CwA|x|<R}.

(c) A subset F C [w]” is a rapid filter iff
(i) (Vx,y e F)(xny €[w]®) and (VxVy)(x e FAXxCy —y€EF),
(i) (Vf € w”3x e F)(Yne w)(|f(n)Nnx|<n).

Clearly, if the Sierpinski set has the cardinality of the continuum then the
real line cannot be the union of less than 2R°-many measure zero sets.

In [Ju] it was remarked that if the reals are not the union of less than 2%°-
many meager sets then there exists a rapid filter on_w . Therefore it was asked:
if the reals are not the union of less than 2N°-many measure zero sets then does
there exist a rapid filter on w? The next theorem will answer this question
negatively.

Theorem. cons(ZF) implies cons(ZFC + 2™ is arbitrarily larger than R, +
there exists a Sierpinski set of cardinality 2™ 4 there are no rapid filters on
w).

This theorem has some applications. For example, the existence of a Sier-
pinski set of cardinality 2™ implies that every A;-set of reals is measurable

(see [JSh1]); also in this model wlL = w,, and therefore, we get a model for

“Every A;-set of reals is Lebesgue measurable +wlL = w,+ there is no rapid
filter on w.” This says that it is impossible to improve the following result of
Raisonnier [Ra]:

“If every Z;-set of reals is Lebesgue measurable and wlL = w, then there is
a rapid filter on w.”

We prove this theorem in §2. The model is gotten by adding w,-many Math-
ias reals and afterward adding random reals. It was remarked by A. Miller in
[Mil] that in the model obtained by iterating w,-Mathias reals over L there is
no rapid filter on w.

We assume that the reader knows the material given in [Ba], about countable
support iterated forcing and forcing notion satisfying the Axiom A (for the
notation). The rest of the notation is standard.

1. Q-sETS

In this section we build a model of set theory where there exists a Q-set of
reals and there exists an outer measure one set of reals of cardinality X, . This
is the model given in 1.6. For the basic definitions the reader may consult the
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introduction (§0) and Fleissner [F1]. We also need some definitions used in the
construction.
1.1. Definition. 4= (a,, A,:i< w,) is a suitable sequence if and only if
(a) 4, €[w]” forevery icw,;
(b) if i<j<w, then 4,C" 4, (3n(4,-nCA4;)) and 4; - 4, € [0]”;
(c) a,€[A4;,, —A4,]° forevery i € w,.
1.2. Definition. For 4 = (a;, 4; : i < w,) suitable, and X C @, we define the
partially ordered set P(4, X) by stipulating that # belongs to P(4, X) if and
only if
(i) h is a partial function from w to {0, 1};
(ii) there exists i = i(k) such that
Dom#h C* A; (take such i minimal);
(iii) for every j < i(h) we have
a; c” Dom(h),
if j€ X thena, €A™' ({1}),
if j ¢ X thena, C" A7 ({0}).

For h,, h,€ P(4, X) we set h; < h, if and only if & C &, .

1.3. Lemma. If A=(a;, 4;,:i<w,) and X C 0, P(A4, X) areas in 1.2 and
h € P(A, X), hence i(h) = o is well defined, o < B < w,, then there exists
h* € P(A, X) such that
h<h™ and i(h")>p.
Proof. There exists g : [a, f) — @ such that
(a) a <y < B implies (Dom#h) Na, g(y)2 a,—Ag;
(b) @ <y < J < B implies (a, — (7)) N (a5 — g(d)) = @ (simply let
(yp: 1 <I" < w) = [, B) and construct g(y,) by induction on /).
Now Dom /" = (Dom /) UU,ea. p)(@, — §(7)) and
h(n) if n € Domb#,
h*(n)=4{ 0 ifnea,—g(y)andy ¢ X,
1 ifneay—g(y)andyeX. ]

1.4. Lemma. Let V be a model of ZFC satisfying
(1) A=(a;, 4;:i < w,) is suitable, A€V
(ii) for every X C w, there exists M C V such that X e M, Ae M, and
therefore, P(A, X) is definable in M ;
(iii) there exists G € V suchthat G C P(A, XYW and G is generic over M .
Then B(A) ={f€2”:(3i < w,)(char(a;,) = f)} isa Q-setin V.
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824 HAIM JUDAH AND SAHARON SHELAH

Proof. Use 1.3 and the hypothesis. O

1.5. Definition. Let Q = (P;; Q; 11 < w,, ] < w,) be a countable support
iterated forcing system satisfying
(@) @y = ({{a;, 4, :i<a):a<w and (g, 4, :i < a) is an initial
segment of a suitable sequence }, C).
Let A be the Q,-name of the suitable sequence generated by the
Q,-generic object.
(b) Let 0 <i < w,; then there exists a P-name X such that

-, “X C w, and Q; = P(A, X)”.
(c) If i<w, and X is a P,-name such that
”_P’ “X g wI”
then there exists j>i and Y a Pj-name satisfying

Fp “XIG | i]=Y and Q, = P(A, Y)".

1.6. Theorem. Let Pw, be the directed limit of the iterated forcing system 9]
defined in 1.5. Let G C Pw, be generic over V = “GCH”. Then the following
holds:

(a) Forevery i < w,
II—P’ “Q, satisfies X, —c.c”.

Therefore Pw, satisfies R, —c.c.
(b) Pw, is a Proper Forcing notion, moreover Pw, satisfies the Sacks prop-
erty. Therefore V[G]E “2° NV has outer measure one” (see 1.8).
(c) If V[G] we have
B(A[G)) is a Q-set.

Proof. (a) easy; (c) use 1.4. The proof of (b) is sharp:

(In this work we say that a forcing notion P satisfies the Sacks property iff
(vfe Vivp e P) (if pIrp “6€” V" then (3¢ > p3g € V" V)(q I+ “f(n) €
2
g(n)”) and (Vn € w)(lg(n)| <2").)
Let x be sufficiently large, and p € Pw,. Let N be such that

N<(H(x),e, <) (<" is some fixed well order),

DEN, Q,Pw,eN, IN]| =R,.
Set d = NN w,, and let (w, : n < w) be such that J{w, : n < w} =
N n w,-{0}
wngwnﬂ’ |wn|=n'

Also let (7, : n < w) be an enumeration of the Pw,-names of ordinal numbers
that belongto N. Let (o, : n < w) besuchthat a, <o, , and sup,_, o, =3.
And fix he N such that h is a Pw,-name of a function from @ to V.
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(*) We will choose, by induction on @, conditions p, € Pw, and finite sets
u, such that
i) p<p,<p,, € Pw,NN;
(i) p,,, F“1, € NNOrd”;

(iii) there exists b, € [V]Z"2 such that
Py F“h(n)€b,”;
(iv) u, Cu, , Cw and |ju,|=n;
(v) if few,,, —w, and m < n then
p,[B - “Dom(p,(B))Nu, Cu,.,”;

(vi) a,<1g(p,(0)) and u, nAam Cu for m<n.

m+l>

Claim. (x) implies (b).

Proof of the claim. Let p, be defined by ’
p,(0)={(a;, 4;:1 <) U(4;)

when for every n

pn(0)=(aj,Aj:i<lg(pn(0))) and 4;=w- Uun.

new
If peU,Dom(p,)—{0} then, from the hypothesis, for (p,(8):n < w) there
exists p,(8) = U,p,(B) suchthatforevery n€ w p,(B8) C p,(B). (This holds
in V' where p,[B belongs to the generic set.) Then p, is (N, Pw,)-generic
and p, I~ “(vn)(h(n) € b,)”. O
Therefore the problem is to show that the inductive construction given in (x)
is realizable: suppose that p, and u, were given satisfying all conditions of

(*).
Letw,,,={oy<a, <-<q,<a
satisfying (ii) and (iii):
Notation. If r € P(A,X) and 4 : w — {0, 1} is finite then r"! € P(A, X)
when ! is such that
r[h](i B { r(i) if i € Dom(r) — Dom(k),
h(i) if i € Dom(h).

Clearly for every finite 4 : w — {0, 1} if r € P(A, X) then /" € P(A, X).

ar1) - Wetrytoextend p, to acondition

Let (h':aew, ):1<[< 2("“)2) bealistof all (A" :a€w such

that for every a€w,,,, —~w

n+1>

m

h*iu, —u,.  —{0,1}.

n

Now we choose by induction on / </, Py such that
(a) D, 0= p,.
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826 HAIM JUDAH AND SAHARON SHELAH

(b) pn,l Spn,1+1 € szﬂN'

(c) Forevery aew, ,—w,, m<n wehave

m?

pn’,[all—“Dompn (@)Nu, Cu, .

(d) If p;’ 141 1s such that

, p, (@ ifaew,
pn,l+l(a) = ’ :
pn,1+1(a) 1fo‘¢wn’
then p, ,,, forces values for 7, (i <n+1) and for h(i) (i<n+1).

The induction.
for [=0:p, ,=p,,
for [ +1:p, , was defined satisfying (a), (b), (c), (d), and let p;’, be
such that .
* p, I(a)[h’] ifeaew,,
pn,l(a) = ’ . -
p, () ifa¢w,.

There exists 4y, 2 pn ; such that g, forces values for 7, (i <n+1), h(i)

(i<n+1). Fix such 4, ,in N, and then we define J satisfying

4, (@)[(w—Dom#h)) ifacw,,
pn,l+1(a) = { ’ .
q, (@) ifa¢w,.
Clearly J satisfies (a), (b), (c), and (d). P, , is almost p, +1s only we

need to extend it in order to find the u, , required. Clearly p, , fix 2" -many
possible values to h(n). The next lemma 1s exactly what we need

1.7. Lemma. If w C w, is finite, and p € Pw, and n < w then there exists
k € w and q € Pw, such that

(a) n<k<w;

(b) p<q;
(c) forevery aew

q[a - “Domg(a)N[0, n) = Domp(a)N[0, n)”;
(d) for every a€w

q[al-“k ¢ Domg(a)”.

Proof. Let w = {a; <, < <a,}. We choose by (decreasing) induction
Qs D15 -+ > 415 49
satisfying

(i) g, =p,
(i) gy <gq_, €P,,
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(iii) g,_, forcesless than 2"*™._many possible values for the following names
of ordinals (i.e., satisfies condition (c)):
(A) 7, such that

Dom(q(a)) =" [, 1"~

(remember that Q, fixes A?z );
(B) k; such that

1 + max(Dom g,(o;) — [Ayl]q"‘(o)) <k

(use the above construction in order to get such ¢g,_, ).

Therefore there exists k,i (i=1,...,<w); y,’ (i=1,...,5<m)
such that

g p, “@Ei<43j <80 = v Nk =k)”.

Now let
_ I
y,=max{1,y,',-.-,)’ls},
k, =max{l, k..., k'}
and
m
q= Uql, ie,ifay=-landa,,, =0,
=0
then

g(a) = q,(a) where o;_; <a<q.
Then we choose k such that

k>k(<m), k¢A,ud,U-U4,.

This concludes the proof of part (b) of Theorem 1.6. O
1.8. Theorem. If V is a model for ZFC and P € V is a forcing notion
satisfying the Sacks property then I, “u*(2°nV) =1".

Proof. Suppose that there exists p € P such that p I, “u2NV)=0”. Then
there exists (I, : n < ) such that for every n € w I, is a P-name of a
rational interval, and

01k« u(l,) < oo”,
rpE2"nvec UL
n m>n

Then there exists g such that g is a P-name of a function from w to @ and
satisfying

Ok« > wI,) < Ly

2
m>g(n) 2n +n
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828 HAIM JUDAH AND SAHARON SHELAH

Fix ¢ >p and g €” w, given by the Sacks property such that

q = “(Vn)(g(n) < g(n))”.

Again using the Sacks property, let r > ¢ and (((IJ].‘,,. gy <k<g(i+1)):
2 .2
j<2"):i< w) satisfying for every i < w, there exists j < 2’
(13 : : k 2
ri-<vk €lg(i), g+ 1))(I, =1; )
and under this notation we define
k
J; = U U I ;-
j<2.2 g(i)<k<g(i+1)

Then for every i
o1 1
g+ 2F
Therefore -, u(J;) < oo and this implies that there exists x € 2% such that
x ¢ ;U;»;J;, and by the hypothesis this implies that

ri-“x ¢ ﬂUIj”

i j>i

a contradiction. O

It may be possible that these ideas help to solve the question in [JSh]: re-
member that the Sacks property implies the Laver property.
2. RAPID FILTERS AND SIERPINSKI SETS

2.0. Theorem. cons(ZF) = cons(ZFC + there exists a Sierpinski set + 2%
is a regular cardinal + there are no rapid filters on w).

Proof. We begin with V' = L and let P be the w,-iteration of Mathias reals
with countable support and let R be a P-name of the product of X random
reals (i.e., the measure algebra). Then we will prove that if G C P *R then

(%) V[G] E “there are no rapid filters on w”.

Clearly this is enough in order to obtain the inclusion of the theorem. The proof
of (*) will take the remainder of this section.

2.1. Definition. Let a be an R-name of a set of ordinals; then we define
a(n)=u(neal).
Then a( ) is a function from ordinals to [0, 1].

2.2. Fact. Let M be a model of ZFC and let R be any product of random
reals, i.e., a measure algebra. Let (n,: i < w) bein M an increasing sequence

of natural numbers. Assume that a isin MX and
ME“IF“(Vk € w)(In, Na] <k)” ™.
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Then for every k € w
n—1

ME“Y " a(m)<k”.

m=0

Proof. We will work in M . Let ¢,(m) be the formula that says

“m is the ith member of a”.

Then a(m) =37 u(/lp,(m)|)) . Alsoif m # n then u(llp,(m)||-|lp,(n)|)) =0
Assume that there exists k € w such that

n—1
Z a(m) > k.
m=0
Then
nk—l m
S ulllg (mll) > k.
m=0 i=1
Therefore
n—1 k
> ulllg;(m)l)) > k  (because m < n,)
m=0 i=1
and hence
k om—1
Yo ullg(m
i=1 m=0

And thus there exists i such that E""__Ol u(llg;(m)]]) > 1 and this implies that
there exists n # m such that

t(llp,(m)l - llo,(n)l]) # <
a contradiction. O

From now on we fix M F ZFC. Let P in M be the w,-iteration of
Mathias reals. Each Mathias real adds a sequence of natural numbers. P(0) is
the first coordinate of P. Let (n; : i < w) be a P-name for the sequence added
by P(0). Let R be a P-name for a product of random reals (i.e., a measure
algebra). If H C P is generic over M then R[H] is the realization of R in
MI[H]. Let a € M[H] be an R[H]-name for a sequence of natural numbers
such that

M[H]E “ kg “In [HINal < k.
Therefore, by 2.2,
n [H]-1
M[H]E > a(m)<k.
m=0
The function a() : w — [0, 1], defined by a, liesin M[H], so it hasa P-name.
Let f be such a name (we omit this relation with a because it is clear).
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2.3. Lemma. Let p € P, and ¢ > 0 given; then there exists wy, C w, C --- C
wng...,p?,p;’, k0<k1<...<kn<...’ B?g...gB;'g..., i
satisfying
(a) for every n, w, C w,; k, € w; p € P, i=1,2; B €[w]™,
i=1,2; B/nB}=BnB), UB/UUB} =w.
(b) U,{Dom(p{) UDom(p;)} =, w,.
(c) For every n, p! SZ)" pf’“, i=1,2 (see [Ba, §7]).
(d)
)

I
—
o

d p?zp for i=1,2.
(e) If m is even, then for every k > k_ there exists g™ > p" such that
m Wy 1

(i) glFp Xl (1) <e/10™,
(@) a1y * L oy 10 <e(f+ih++ =)
<
(iii) pI' I “Tign < (h++ =)
<k, .
(f) If m is odd, then for every k > k,, there exists qg'“l > py' such that
(i) gF Ty, f(l)<e/10™,

(i) 4T pp 10 < e+ + o) ™,
<m

(iff) P]" I 5 ¢ 57 £(0) <s(ﬁ+---+ 10),_,)”.
1<k,

(g) 0ew,.

Proof. By induction on m .

m = n+ 1: By the symmetry of (e) and (f) without loss of generality » is
even. In this stage we need to take care of the relation SZ)” .

We define w,,, 2 w, such that w, , contains the first » numbers of each
sup(p{ yu sup(pg ), for j < n, in some fixed enumeration of sup(p{ yu sup(pg) .

For every natural number {, there exists p; LSl < 2ty gyeh
that

(@) py <y pyteP,

(B) The n+ 2-th member of the infinite part of p; ’C(O) is larger than (,

() Py ¢ I3l < 2l < p(1£51E) - 1)) < 279)" where 1(0) =

2{-m-rl-rlw,,_,,”

2

(Use [Ba, §9.5] and an approximation to (&) with error #({).)

Now let ({, : i < w) be such that for every ¢ € w, and for every / <
21Xl the sequence (f**/(£) 1 i < w) converges to a real number in [0, 1].
We call this limit f ! (Use a diagonal argument and the compactness theo-
rem.)

Claim. For every k € w Zk«mf*’l(é) <n+2.
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Proof. If not, then there exists k > k such that

Y ol >n+2.

k<é<k

Then there exists i such that {; >k and

S e >n+2

k<&<k
and this is a contradiction to 2.2. O

w1 | X041

Therefore there exists k, , >k, such that for each / < lw we have

that o
Z f*’l(f) < 8/10n+8.

kn+l <é
Then we define

B*' =Bl U[k,. k,..).

n+1 n
B, =B,,
n+l _ n
p, =D,

Now, by the induction hypothesis, p;' has an extension p{'“ such that

n+l 1 1 1
p, I+ Zlf(l)<s(T6+'“+F—l+W).
l¢ B"
1<kn+l

This completes the induction. The reader may check that this works.
Let U be a P-name of the R-name for a rapid filter. Then using 2.3 we get
the following

Conclusion 1. There exists p,, p,, B, B, such that
(*) pl "—p /‘(IIBzEU”)<8a
(%) pyFpu(l|B, €U) <e,
and B, N B, is finite, B,UB, = w.

Using Conclusion 1, we get the following

Conclusion 2. There exists 6 < w,, such that for every a < d(cof(d) = w,)
and for every (B,, B,) € V[G[a] (where G[a is G[P,) if there exists  such
that in V[G[B] Conclusion 1 holds for B, and B,, then there exists f < ¢
such that in V[G[f] Conclusion 1 holds, and supp(p,) U supp(p,) CJ.

Now using Lemma 2.3, working in V[G[d], there exists B,, B,, p,, p, such
that

VIG[8]E “(x) A (x¥) A B, UB, = w A B, N B, is finite”.
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(Remember that P = P o, .) Then, by the hypothesis on J, and using the fact
that P; is proper, we have that there exists § <J and p|, p; such that

B,eVIGIBl, i=1,2,

and in V[G[B] we have (x), (++) for p, p; respectively.
Without loss of generality p; € G[d. Now p)Up, is a condition and w.l.o.g.
p; Up, € G[w, . Therefore in V[G[w,] we have
(@) u(l|B, € U[Glw,|) <e,
(b) u(l|B, € UlG[w,|) <e.
If ¢ was chosen small, we can deduce that u(||B, N B, € U[G[w,]|) # 0,
and this implies that

u(||U[G[w,] is not a filter||) > 0 (because B, N B, is finite),

a contradiction.
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