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STRONG NEGATIVE PARTITION
ABOVE THE CONTINUUM

SAHARON SHELAH

Introduction. For e.g. 2 = u*, uregular, 4 larger than the continuum, we prove a
strong nonpartition result (stronger than A — [4; A]%). As a consequence, the
product of two topological spaces of cellularity <A may have cellularity 4, or, in
equivalent formulation, the product of two A-c.c. Boolean algebras may lack the
A-c.c. Also A-S-spaces and A-L-spaces exist. In fact we deal not with successors of
regular A but with regular 1 above the continuum which has a nonreflecting sta-
tionary subset of ordinals with uncountable cofinalities; sometimes we require A to
be not strong limit.

The paper is self-contained. On the nonpartition results see the closely related
papers of Todoréevic [T1], Shelah [Sh276] and [Sh261], and Shelah and
Steprans [ShSt1].

On the cellularity of products see Todorlevi¢ [T2] and [ T3], where such results
were obtained for (e.g.) cf [2¥°] and [2¥°]** V; the class of cardinals he gets is quite
disjoint from ours. In [Sh2827 such results were obtained for more successors of
singulars (mainly A*, 4 > 2°4). Also, concerning S and L spaces, Todor&evi¢ gets
existence.

Todoréevié’s work on cardinals like [2%°]7@* D relies on [Sh68] (see more in
[ShA2, Chapter XIIT]) (the scales appearing in the proof of X§'® < N,;crs)+). The
problem was stressed in a preliminary version of the surveys of Juhasz and Monk.
We give a detailed proof for one strong nonpartition theorem (1.1) and then give
various strengthenings. We then use 1.10 to get the consequences (in 1.11 and 1.12).

I thank Todorcevi¢ for asking me questions which led me to this paper. More
specifically, he suggests that “productivity of A-c.c. of Boolean algebras” is the real
hard-core generalization of MA which we should consider. As generalizations of
MA for A = X, and 2%° = N, exist, [ look at such cardinals. However, as he pointed
out, we still have no example of an “absolutely defined cardinal” as ¥, or &, ;.

The problem for A* (4 > N, 4 regular) has meanwhile been solved; see [Sh327],
which is close in spirit to the present article. (It improves on 1.1 (replacing 4 > 2¥¢ by
/> ¥,), but the proof does not give 1.7, 1.8, nor the case A = N, so the proofs here
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22 SAHARON SHELAH

are not obsolete.) More recently the non-A*-productivity of Boolean algebras was
proved for all singular 4 (in [Sh355]).}
Notation. 1, v, and p are finite sequences of ordinals (e.g. natural numbers). We
define
n=<n):1<lgn),  Rangn) = {n(l): ! <lgn)},

Max(n) = Max[Rang(zn)].

For a sequence p, let us define p!™!(1 < m < w) by induction on m: p!"1 = p, p
= (p'™)" p (and p'® the empty sequence).

1.1. THEOREM. Suppose

) A is regular,

1) 4 > 2%

III) S < A is stationary and nonreflecting, 0 € S = cf(8) > X, and

IV) u < A < 2% (i.e. Ais not a strong limit).

Then Pry(4, A); where:

1.2. DErFINITION. Pry(4, ) means that there is a function ¢ witnessing it, which
means c is a 2-place function from A to ysuch thatif n < @, {l < {2 < - < {3 <A
for & < 4, and the sets {C},, ..., {1} are pairwise disjoint for a < A, then, for any two-
place function ' from {1,...,n} to u for some o < f < 4, ({} < {} and)

[1<I<nal<k<n-c(ly, 0% =hlk]

Explanation of the proof of 1.1. We use Todorgevic's walks {y,(B,): | < n(B,2)>
(for specifically chosen club C, to avoid S (as in [Sh276, §3])) to determine the
coloring. Now if we partition S to stationary <S,: & < a(*)), it is not hard to get ¢
€ S;and o < f such that (y,(C, {%): n < n(C}, (%)) “pass through” é. The problem is
that when we define the coloring we “do not know” which one to choose. For this we
use a function H: A — w. Now (H(y,(8,2)): | < n(f,)) is a finite sequence of natural
numbers, and we devise a function d from the family of such finite sequénces to the
set of natural numbers. If in 1.2 ki is constant, this is okay. As this is not generally the
case, we use subsets {A,: o < A} of uand the family G and function I" defined below
to translate for us. In the case when h is constantly /* we could have let G: 4 —» 4 and
(B, #) = G(y.(B, ), where e = d[{H(yn(B,2): m < n(f,0)].

The heart of the matter is to find, for given (! (x < 4,1 = 1,..., n), sequences v/, p
and v; (I = 1,...,n) in ®” o that satisfy the following two conditions:

(i) For any natural number m, for some a < f, and for [, ke {1,...,n} (for the
definition of p™, see the notation section)

CHyACE, ) p < n(lh, 05 = vinpimny,.

(i) Max p > Max{Maxv',...,Maxv", Max v,,..., Maxv,}.

Hence we can decipher m from v!* pt™*y, .

Proor. Without loss of generality we suppose that S consists of limit ordinals
only. )

For every nonzero o < 2, let C, be {0, « — 1} if o is a successor ordinal, and a
closed unbounded subset of « of order type cf(a) disjoint to S if « is a limit ordinal.

{m+1]

!Since this was written, nonproductivity of A-c.c. has been proved also for 4 = N,, 4 inaccessible not
w-Mabhlo, and more; see [Sh 365].
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ForO <o < f < A lety(f,a) « Min{y € C;: y = a}. Let us define y,(f, ) by putting
vo(B o) = B and y,, (B, 2) = y(yi(B, @), ) (if defined).

If 0 <o < f <4, letn(f, o) be the largest n < w such that y,(f, a) is defined ((c),
below, justifies this definition). Now. clearly

(a) if0<a<f <4 thena <y(f,a) <pB;

hence

(b) if0<a<pf<i0<!<ow, and y,(f,) is defined,

then o < y,(B,a) < B

and

(c) f0<a<p < /fl, then n(f, «) is well defined
and, letting y, = v,(B, @), we have
&= Vnpay < Tn(puy—1 < <P <Y =P.

Also

(d) if o € S (so & is a limit ordinal),

and é < f§ < 4, then, for some o < 9,
n(f.3)
[ao <a<o= /-\o (B, 0) = (B, fx)}-

[Just let o, = Max{MaxC,,; 5 N 6) + 1: 1 <n(f,0)}. The outer maximum is
well defined as it is over a finite set of ordinals. The inner is also well defined, as
C,,5.5 1s a closed subset of y,(f,8),d < y,(f,0) and 6 ¢ C,4 5 01 C, 5.5 = {6,0} —
because 6 € S.]

Let 4, (x < 1) be distinct subsets of u, no one of which is a subset of another. Let G
be the family of two-place functions g, whose domain is the finite family of all subsets
of some finite subset of y, called w(g), and whose range is = 4. Clearly |G| = 4. So we
can find a function I'" from A onto G such that, for every ge G, S~ I'"Y(g) is a
stationary subset of 4. Forge G, A < pand B < p, let g(A4, B) be

g(A N w(g), B 0 w(g)).

Now let H be a function from A onto w such that, for every n, H™'({n}) n S is
stationary.

Lastly, let us define the coloring ¢ which, as we shall prove, witnesses Pry(4, 1)
(thus finishing the proof of 1.1). Let 0 < o < 3, so n(f, ) > 0 and

& = Vg 0) < Vngpm— 1(Br0) <o <yy(B) <yo(B, ) = B.
Then let
e = e(f,a) = d[{H (B, 2)): m < n(B,0)>],
where d is a function as constructed below in Fact 1.3, and let

9(B,2) = gp.. = T3, )

(s0 gy, € G) and, lastly, c(f, ) = g; .(4,, Ap).
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L.3. Fact. Thereisa functiond from finite sequences of ordinals to w such that if p
is a nonempty sequence of ordinals, and k < w, then for somem,1 < m < w,and for all
finite sequences n and v of ordinals,

[Max(p) > Max(n"v) = d(n" p™"v) = lg(n) + lg(p) + k].

1L.3A. Notation. 1) Letd,,,(p) = Min{i < Ig(p): p(i) = Max(p)} for p a nonempty
sequence of ordinals.

2) If we demand just

(*) for any n < w, v}, v4 (I < n), and k there is a natural number m such that for
l<n

d(vi " ptm~vh) = 1g(vh) + Ig(p) + k

(which is sufficient for our present application but seemingly not for later ones),
then we can use

(1) = dey(7) + [log,(1g()] — [Vlog, ()]

this works as, for any p, v, v} (I <n) and k(1) < w, for infinitely many m < w,
[log,(g(v} » p™*v.))] has the form i* + k(1) for some natural number i > k(1).(The
length depends on [, of course, but the “rounding” of log, makes it disappear often
enough.)

1.3B. Claim. Thereis a function d, from the class of finite sequences of ordinals to
the set of natural numbers such that if n, p and v are finite sequences of ordinals, and
for no k> 1 and p, is it true that p = (p,)™ and Max(p) > Max(n) and Max(p)
> Max(v), then form > 4

de(n* p™"v) = m.

Proof of 1.3B. It is clearly enough to show that for every finite sequence 1 of
ordinals, if, for some 7, p and v as above, T = " p!™"v, m > 4, then m is uniquely
reconstructed from . So suppose:

A plm(e)]a

fore=1,2, T=He P Ves

(%)
{, = Max(p,) > Max(n,"v,), m, > 4.

As above, we are assuming

(1) for no p. and k > 1is p, = (p.)“.
Clearly,
Max(r) = Max[n," p™@*y,] = Max{Max(»,), Max(p,), Max v,}
= Max(p,) = (..
Hence
) G =0 (callit{).

Let n,(e) = Min{i: p (i) = {} and ny(e) = Max{i: p,(i) = {}. Clearly 0 <n,e) <

mye) < 1g(pe)-
Let n, = Min{i: t(i) = {} and n, = Max{i:t(i) = (}. As © =7, (p """ v,,

clearly

h, = lg(r’e) + na(e), n, = lg(T) - lg(ve) - (lg(pe) - nb(e))'
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Now
n, — n, = m(e) x Ig(p,) — nyle) — (1g(p.) — ny(e));
hence (as 0 < n,(e) < n,(e) < lg(p,) by their definitions)
(m(e) — Dlg(p,) < n, — n, < mie)lg(p.).

If 1g(p,) = lg(p,), necessarily m(1) = m(2), as desired. So without loss of gener-
ality we assume that

(3) lg(py) > 1g(p,).

For any integer i, define p.(i) = p.(i + k x 1g(p.)), where k is the unique integer
such that 0 < i + k x Ig(p.) < lg(p.) (i.e. we consider the integers modulo lg(p,)).
If e=1,2and 0 < i < m(e) x lg(p.), then t(lg(n,) + i) = p.(i). Hence if

lg(n) < i <i+lg(p,) < lgln." pL",
then (i) = (i + lg(p,)). So this holds if n, < i < i+ lg(p,) < n,,
, i n,
l P I p [ o I

Butasm(e) > 4,if n, < i < n,,thenn, <i— lg(p,)ori + Ig(p,) < n, [really m(e) > 3
suffices for this]. So if i is a natural number, we can find i, with Ig(m) +i
= i, modlg(p,) and n, < i; < n, + 1g(p,). So i, and i, + lg(p,) are in the interval
[na.m], but iy <iy +1g(p,) < iy + 18(py); hence (iy) = (i, + 1g(p,)); hence

p(0) = t(iy) = t(i; +1g(p2) = p4(i + 1g(p,)).

Let I = {j: j a natural number and, for every natural number i, p,(i) = p,(i + j)}.
This is an ideal of Z, with Ig(p,) € I (by definition of p,(i)) and lg(p,) € I (as proved
above). So their greatest common divisor is in I. As p, is not of the form p™, m > 1,
necessarily 1g(p,) divides 1g(p,); but it is bigger, a contradiction.

Proof of 1.3. Trivial. For example, look at all possible triples (1g(p), d«(p), k) or,
to be specific, recalling that [x] is the integral part of a real x, let

d,(z) = [log,(log,(d ()],
A1) = dpy (1) + dy(1) — (Vd, ()2

For every p and k let p, be of minimal length such that, for some n > 1, p = (p,)"".
We choose m: let

m(0) = k + (1g(p) — dmx(p)), m(2) = (m(0) + n + 8)* + m(0),? m = 22",
Let us compute d(t) when © = n” p™*v and Max(p) > Max(n"v). So d,(t) = lg(n)
+ dua(p) = 1g(n) + dimy(py) and © = 1" pi™ "y, Also d,(r) = nm (by Fact 1.3B). So
log,(d,(1)) = log,(m) + log,(n) and

0 < log,(n) < m(2) = log, log,(m) < log,(log,(d,(7)))
log,(n)
log,(m)

< log, log,(m) + log2<1 + > <m(2) + log,2 < m(2) + 1.

*The eight is to help with the >4 demanded above.
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So d, (1) = [log, log,(d,(x))] = m(2); hence d,(r) — (/d(1))* = m(0) and, lastly,
d(t) = dpy(7) + m(0) = 1g(n " p) + k.

Continuation of the Proof of 1.1. Now we want to prove that ¢ witnesses Pry(4, ).
Soletn(*) < w,fora < Aand (! < - <&@ let {{},..., (™} be pairwise disjoint for
a < A, and let h* be a two-place function from from {1,...,n(x)} to . We must find
a < f as in Definition 1.2. For each a, the sets {A,.: e = 1,...,n(*)} are pairwise
incomparable subsets of u; hence for some finite u, < pu the sets {A.. N u,ie =
1,...,n(x)} are pairwise distinct. So, for some stationary S* < S and for every
a € 8* u, = u*and A N u* = a¥ (for some fixed u* and a¥,. .., ay,). Without loss
of generality, for o < § from S* we assume that {3 < {;. Let us define a g€ G
as follows: w(g) = u*, and g(a}, af) = h*(k,1); g is zero on other pairs. So §, =
S n I'"!(g) is a stationary subset of S. We now define, by induction on ¢ € S, an
ordinal «, as follows: «, is the first ordinal & < 4 such that « € §*, (V¢ < ¢)[a, < «]
and {! > &

Now o, is well defined, as each demand holds for every large enough o € S*.
By renaming the (*’s, without loss of generality for every a e S, we have u, =
u*, A nu*=a¥ for e=1,...,n and {} > «; and rename S* = S,. Let S,,déf
SaH '({n}).

Now define, for any set T < A and limit ordinal § < 2,

F(0) = Oé{<H(Vo(5s B H(1(0,B)) ... H(aspy-1(6, B)>: B T 0 (a,6)}.

Now Range Fr S 2(“w).

Clearly the following statements hold:

(@) If cf 6 > Ny and T is unbounded below 9, then F(J) is nonempty.

(p) If T, < T,, then F; (6) € Fp,(9).

(y) If T is an unbounded subset of A, then, for a closed unbounded set of 6 < 4 of
uncountable cofinality,

o = | J{Rang(p): p € F(5)}.

[Proof of (y). Recall that S, = H !({n}) n S. Let C = {6 < A: 6 limit, and é =
sup(T N 6)}, so C is a club of A. Let C! be the set of 6 < 4 such that §, n C is
unbounded below § for each n (so C! too is a club of ). Suppose é € C' and
cf(d) > Ny. Let n < . For « < § there is §,,€(S, n C)n (a,9). Now T, , is
unbounded below f3, ,{(which is a limit ordinal as it belongs to C), and so by (d) above
(in the beginning of the proof), for some ¢ =¢, , e T n f,, we have ¢ > «, and

Vel0s Bon) = 7,00, &) for e < m(8, B, ). So
H(Vn(&,ﬁa’,.)(é’ ﬂa‘n))

appears in
CHo(7:(9, &5 ) € < (6, &, )

But the former is n (as Yue. 4, /(8. Br) = Bens Ben € Su =S 0 H™'({n})), and the
latter is a sequence of natural numbers depending on a. As cf(d) > Ny, a < é
arbitrary, some such sequence appears for arbitrarily large « < , so n appears in
some sequence from F;(8). This holds for every 6 € C!, so we finish our proof of (y).]
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Let us define for 6 < 4

f*0) = Oa{<<H(Vm(5»C§))1 m<nd,{g)>e=1,.,n
for some f € S* N [a,9)}.

Clearly, we have

(0) If 6 <4, cf(d) >Ny, and 6 n S* is unbounded below &, then f*(§) is
nonempty.

By induction on n < w we now define W,, C}¥ and T, (4 € W,) such that:

(A) W, is a subset of "(2™), T, a subset of 1.

(B) Wy =1{{ >},and,forn > 0,if ne W,then[n>0=1y[(n— 1)e W,_,] and,
for at least one i < 2%, y*(i>e W, ,.

(C) Crisaclubof 4, C¥,; € CF and every T, (n € W,) is unbounded below any
oeCr.

(D) T, , = S*(and in fact S* n C¥ = | J{T, n C¥:ne W,})

(E) Forne W,, T, n C¥, is the disjoint union of

{Try’\<i> NCroin"(iye V[/;H-l}‘

(F) Each T, (n € W,) is a stationary subset of 4.
(G) Fora, e T, n C,e1»

(Ao, pe Tyny] i Fr (o) = Fr () and f*(a) = f*(f).
There is no difficulty in carrying out the induction (using A > 2%°). For n = 0,
(B) + (D) determines W, and T, (5 € W;). For n + 1 define, for each n € W,, an
equivalence relation ~, on T:

ar~,poift Fp (o) = Fr, () & f*() = fX(B);

the number of equivalence classes is < 2%° (as F;, and f* have ranges of
power < 2%), and let them be (T, (;y: i < i, < 2%); for each i < i,, if T~ is not
stationary, choose a closed unbounded C, ; disjoint from it. We let

W1 = {n"{i): T,n, stationary}

and
Cri1 = O{Cq.i3’7A<i> € VVn+]} nCr.

Check. Let C¥ = ()<, C¥, which is a club of 4, and define W, = {#: 7 an w-
sequence of ordinals, and, for every n < w,n I ne W,},and also T, = (), <,, T;;, for
ne W,.

Clearly the T, (n € W,)form a partition of S* n CJ; hence,forsomen e W,,, T isa
stationary subset of i. (Here we use 4 > 2%0)

Now we can find 6(x) € T, such that Fy, (6(+)) is nonempty and moreover

w = {J{Rang p: p € F;, (5(x))}.
(This is possible by (y) above.) For k = 1,...,n(%), let

v = CHO {5, 0): e < M5, 6())
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and let {(v;,...,v,,) be any member of f*() for some (all) é € T,,;. There is
p € Fr,(6(*)) with
Max(p) > Max{Max(v?),..., Maxv"®, Maxv,..., Max v,,}
(this is possible by the choice of 5(x)).

Note that p € Fy, . (9) if 6 € T,;,, n < w (by (B) above and (G) above). Now let
a(0) < d(*) be such that

(*)o if 1 <k < n(x),0<e<n(lk,),d(+), and
d(O) fa< 5(*)’ then Ye(cg(*)i(s(*)) = lye(cg(tp (X)

(exists by (d) above).

Let m(*) < w be arbitrary but fixed for a while. We define by induction on
m < m(x), a(m) and &(m) such that:

(i) a(m) < a(m + 1) < 6(m + 1) < d(m);

(ii) 6(0) = () («(0) defined above);

(iii) p = CH(y,(6(m), 6(m + 1)): e < n(d(m), 5(m + 1));

(i) 50m) € Ty + -y’

(V) if 1 < k < (%), e < n(C,,,d(m)) and a(m) < a < 5(m), then

ye(Cg(:-)a 5(m)) = ye(cg(-r), (X),

(Vi) 7(8(m), 6(m + 1)) = y, 4+ {5y, O(m + 1)if 1 < k < n(x),e < n(d(m), 6(m + 1))
and n = n((}, o(m)).

There is no problem in doing this. Now we can find d(x*) € S¥*, a(m(*)) < 5(**)
< 8(m(%)), and

Vi = <H(’Ye(6(m(*))’ Cg(u))): e< n(é(m(*))’ Cg(u))>'
So for 1 < k(1) < n(x) and 1 < k(2) < n(x), the sequence
(H (Ve(ng))a ’(;E.Z*)))): e< n(C’;f*l)) s gf.z*))»

is equal to (V)7 plmeiay, o
By the demands on d (see 1.3), for some m(x) and for every k(1), k(2) € [1, n(*)]

A0 Ny, ) = IgMY) + Igp).
So
(43, (52) = 1g0MY) + Ig(p)
(see the definition of e(f, «) just before 1.3), and so

k(1 k(2
Veesiy. sy Co's o) = (D).

As 6(1) € Ty pmewy+8~1), We have §(1) e S* < §,, and also

g(las), 5o = g(6(1) = ¢
and

(L8 L5 = g(Agsy N wlg), Ay 0 wlg));

Sk

but by the choice of g it is h*(k(1), k(2)), as required.
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1.4. THEOREM. Suppose A is regular > 2%°, and S < {6 < A: cf 6 > N,} is station-
ary and does not reflect. Then Pr (4, A), where:

1.5. DEFINITION. Pr (4, y) holds if some ¢: A — u witnesses it, which means that
c is a two place function from A to y, and if n(x) < w,y <ufora < i, {l <. . <
{3 < J, and the sets {{},..., {3} are pairwise disjoint, then, for some a < §,

I<i<n(x) Al <k<n)=clh =1

1.5A. REmARKS. 1) Thus in 1.4 we have omitted the assumption (Ju)(u
<A< 2%

2) In the case not covered by 1.1, i.e. A is strongly inaccessible, for every 2-place
function ¢ from 4 to 4, we can find {, = <(%: i < &), {} increasingin i,and {; < {} for
o < B, such that

e G5) = e 15
when o < f, i <a, and j(1) < j(2) < B, so the weakening of the conclusion is
reasonable.
Proor. We indicate the changes needed in the proof of 1.1. We omit G and A4,; we

let g be a function from A to 4 such that, for every a < 4, $* =g~ }{a}) n S is
stationary and defining the coloring ¢; we omit g(f, «); and we let

c(B, ) = g(y.(B, ).

Also, given {(2,...,(3} and y < 4, we can arrange without loss of generality that
$* = I'"({y}) N S (instead of S* = S,).

1.6. DerINITION. We define Pry(4, 4, 0) and Pr,(4, 1, 6) as in Definitions 1.2 and
1.5 respectively but with “n(x) < w” replaced by “n(*) < 6” (so n(*) may be infinite,
and 6 may be finite or infinite). Now we strengthen 1.4.

1.7. THEOREM. If Aisregular,8 > Ny isregular,2® < A, S is astationary subset of
which does not reflect, and (V6 € S)[cf & > 0], then Pr (4, 1,0).

ProOF. The proof is similar to that of 1.4, but the range of H is 6, and *”6
replaces “” .

1.8. THEOREM. Suppose A is regular, 2> 0> N,, 0 regular, 1 >2° S< {5 <1
cf 8 > 0} is stationary nonreflecting, and p = p=® < A < 2*. Then Pry(4, 4, 0).

Proor. Change the proof of 1.1 as in 1.7. Note that now the family of functions
G is:

{g: for some w(G) = u of power < 8,gisa
two-place function from a family of < 6 subsets of w(G) to 1},

and we complete g € G to a function from the family of subsets of w(G) to 4 by letting
g(a,b) = 0 when a, b < w(G), g(a, b) not defined.

1.9. Conclusion. Suppose one of the following three conditions holds:

(i) 4 is a successor of regular, i > 2%°, or

(i) 4 is regular >2%° and S < {6 < A:cf 6 > W,} is stationary nonreflecting, or

(i) Pr,(4,2).

Then there is a Boolean algebra B satisfying the A-c.c. but for which B x B does not
satisfy the A-c.c.

Proof. By 1.4, (ii) - (iii), and trivially (i) — (ii). So assume Pr,(4,2), and let c be a
two-place function from 4 to {0, 1} exemplifying this. We define the two Boolean
algebras, By and B,. For e =0, 1, B, is the Boolean algebra generated freely by
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{x¢:a < A} except for the relations x{n x5 =0 when c(f,0) =e (x <f <A).
Clearly in B, the x{’s are distinct, and B, = x§ n x§ = 0iff ¢(f,«) = e. Now B, x B,
does not satisfy the A-c.c, as {[x2,x}]: « < A} exemplifies. Why does B, satisfy
the A-c.c.? Suppose a,€ B, for { < 4, a, # 0, and there are n({), «({,0) <--- <

alln(Q) < 4, a(2,0),..., o(l,n(0) € {0,1} and

Ver = Xa.m) if 6({,m) =0,
ST = X i 6(Cm) =1,

such that

n&)
0 # m yc'm o= ag.
m=0

Without loss of generality, for some my, n, a(0), ..., a(n) and for every { we take n(()
=n,06({,m) = a(m)form < n,o({,m) = {0, m) for m < my, and {a({,mg),...,al, n)}
are pairwise disjoint for { < 1. As ¢ exemplifies Pr,(4,2), forsome { < £ < 4

n n

A claom) (@ k) =1~
Clearly B, = a, n a; # 0, and we are finished.

1.10. Conclusion. Suppose one of the following three conditions holds:

(i) A > 2™ is a successor of regular, or

(i) A > 2™ is not strong limited and S < {6 < i:cf & > W, } is stationary but does
not reflect, or

(ii1) Pry(4,2).

Then there are Hausdorff topological spaces X, and X, of power A with a basis of
clopen sets, such that X, is a A-S-space and X, a A-L-space (i.e. X, and every sub-
space of it of cardinality A has a density character <A, but X is not A-Lindelof,
whereas X, and every subspace of it of cardinality 1 is A-Lindelof but X, has density
character A).

Proof. Let ¢ exemplify Pry(4,2), and for e = 0, 1 let X, be the Boolean algebra of
clopen sets which is generated by {u: o < i}, where

u) = {fra < p<iandc(f,0) =0} U {a},
ul ={p:p<aandc(f,o) =1} U {a}.

The conclusion is then immediate by 1.1; see e.g. Roitman [R], using 1.1.
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