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THE JOURNAL OF SYMBOLIC LOGIC 

Volume 64, Number 2, June 1999 

CONSTRUCTING STRONGLY EQUIVALENT NONISOMORPHIC 
MODELS FOR UNSUPERSTABLE THEORIES, PART C 

TAPANI HYTTINEN AND SAHARON SHELAH 

Abstract. In this paper we prove a strong nonstructure theorem for K{ r)-saturated models of a stable 

theory T with dop. This paper continues the work started in [1]. 

§ 1. Introduction and basic definitions. By a strong nonstructure theorem we mean 
a theorem, which claims that in a given class of structures, there are very equivalent 
nonisomorphic models. The equivalence is usually measured by the length of 
Ehrenfeucht-Fraisse games in which 3 has a winning strategy. The idea behind this 
is, that if models are very equivalent but still nonisomorphic, they must be very 
complicated, i.e. there is a lot nonstructure in the class. 

For more background for the theorems of this kind, see [1]. 
In this paper we prove the following strong nonstructure theorem (see Definitions 

1.2 and 1.3). 

THEOREM 1.1. Let T be a stable theory with dop andK = cf(n) = X(T)+K<KI-T) > 
co\, X = X<A > K+ and for all £ < X, £K < X. Then there is F£ -saturated model 
Mo (= T of power X such that the following is true: for all X+,X-trees t there is a 
F£-saturated model M\ of power X such that Mo =\ M\ and M0 ^ M\. 

In [1] Theorem 1.1 was proved for F£ -saturated models of a countable superstable 
theory with dop. There we used Ehrenfeucht-Mostowski models to construct the 
required models. To prove that the models are not isomorphic, it was essential that 
the sequences in the skeletons of the models were of finite length. In the case of 
unsuperstable theories we cannot quarantee this. Another problem was, of course, 
that with Ehrenfeucht-Fraisse models we cannot construct more than F£ -saturated 
models. 

In this paper we overcome these problems by using F£ -prime models instead of 
Ehrenfeucht-Mostowski models. 

DEFINITION 1.2. 

(i) Let A be a cardinal and a an ordinal. Let t be a tree (i.e. for all x e /, the 
set {y e t\ y < x} is well-ordered by the ordering of t). If x, y e t and 
{z e t\ z < x} = {z e t\ z < y}, then we denote x ~ y, and the equivalence 
class of x for ~ we denote [x]. By a X, a-tree t we mean a tree which satisfies: 
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(a) |[x]| < A for every x e t; 
(b) there are no branches of length > a in t; 
(c) t has a unique root; 
(d) if x, y e t, x and y have no immediate predecessors and x ~ y, then 

x = y. 

(ii) If n is a tree and a is an ordinal then we define the tree a x r\ = (a x n, <) so 
that (x,j>) < (i>, w) iff y < w or y = w and x < v. 

DEFINITION 1.3. Let / be a tree and K a cardinal. The Ehrenfeucht-Fraisse game 
of length t between models sf and 38, Gf(si/,38), is the following. At each move 
a: 

(i) player V chooses xa e t, na < K and either a« € sf, P < na or ba 6 38, 
P < Ka, we will denote this sequence by Xa; 

(ii) if V chose from sf then 3 chooses bi e 38', p < Ka, else 3 chooses at e $4', 
P < KQ , we will denote this sequence by Ya. 

V must move so that {xp)p<a form a strictly increasing sequence in t. 3 must 
move so that {(af, b§)\y < a, p < KY} is a partial isomorphism from sf to 38. The 
player who first has to break the rules loses. 

We write stf =K
t 38 if 3 has a winning strategy for G*{s! ,33). 

The following theorem is frequently used in this paper. 

THEOREM 1.4. [2] Let T be a stable theory. Assume I is an infinite indiscernible 
sequence over A, I C B and J C I is countable. 

(i) Av(I, B) does not fork over J and Av(I, J) is stationary. 
(ii) 7 U {a} is indiscernible over A ifft{a, A U / ) = Aw (7, A U 7). 

PROOF. See [2] Lemma III 4.17. H 

COROLLARY 1.5. Let T be a stable theory. Assume I is an infinite indiscernible 
sequence over A and J C 7 is infinite. Then I — J is independent over A U / . 

PROOF. Follows immediately from Theorem 1.4. H 

§2. Construction. Through out this paper we assume that T is a stable theory 
with dop, K = C/(K) = X(T) + /c< K ( r ) > coi, X = k<x > K+ and for all £ < X, 
£" <A. 

THEOREM 2.1. [2] 77iere are models srfi, i < 3, of cardinality < K and infinite 
indiscernible sequence I over srf\ U s&2 such that 

(i) J*b Q J*i n J / 2 , J*i U . ^ 2 , 
(ii) Av(7,7 U sf\ U JJ/2) -L M . Au(7,7 U M U J/2) -L ̂ 2 . 

(iii) t(I, srf\ U J / 2 ) is almost orthogonal to srf\ and to S&2, 
(iv) if Bh i < 3 are such that B0 |^0 sfx U sf2, B\ j^u-Bo ^2 U B2 a«<7 7J2 J.^3UB0 

J^I U B\ then 

t(I, sf\ U sf2) I" M 7, sfi U J/2 U [ J £3 J . 
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636 TAPANI HYTTINEN AND SAHARON SHELAH 

PROOF. This is [2] X Lemma 2.4, except that in (iv), only 

stp(l, sf\ U s/2) l~ t I I,sfi U s/2 U | J 5 3 J 

is proved. But since K > nr{T), by [2] XI Lemma 3.1 s4\ U s4i is a good set. It is 
easy to see that this together with (*) implies 

t(l, Mx U sf2) I- t 1I, si\ U sf2 U ( J £3 ] . H 

In [1] the following theorem is proved. 

THEOREM2.2. ([1] Theorem 3.4.) There is a X+,X + \-tree n such that it has a 
branch of length X and for every X+, X-tree t there is a X+, X-tree £, such that n =f £. 

Let rj be a tree. We define a model M{n). Let .s/, 38, f and / be as Jtfb, -s î, -̂ 2 
and / in Theorem 2.1. We may assume that \I\ = X. 

For all t e n we choose sft, 38, and 9^ so that 
(i) there is an automorphism f, (of the monster model) such that /,{381) = 38, 

ft(%t)=%andf-1 \st~id*. 
(ii) 38, U % U \}{3&s U % | ^ e 77, s ^ ! } . 

For all J, / e //, 5 < ?, we choose Ist so that 
(i) there is an automorphism gst such that gs, \ 38s = fs \ 38s, gx! \(&, = J', f g", 

andg.sr(/sr) = / , 
(ii) /*r iass\js, [}{38P U%\pen}U \J{Ipr\ p,r en, p < r, p ± s or r ^ t). 

We define M(n) to be the F%-primary model over S{n) = \J{38, \J&,\ t e 
l}U\J{I«\s,teti, s<t}. 

By Theorem 2.2, Theorem 1.1 follows immediately from the theorem below. 
THEOREM 2.3. Let n be as in Theorem 2.2 and Mo = M(n). Assume t is a X+, X-

tree. Let £ be a X+,X-tree such that n =« x , £. If M\ = M{£), then M$ =A
t M\, 

M0 9̂  M\ and the cardinality of the models is X. 
The claim on the cardinality of the models follows immediately from the assump­

tions on X. The other two claims are proved in the next two chapters. 
Notice that in £ there are no brances of length X. Since in n there is such a branch, 

this enables us to prove the nonisomorphism of the models. 

§3. Equivalence. In this chapter we prove the first part of Theorem 2.3. We want 
to remind the reader of the assumptions made in the beginning of Chapter 2. 

Let (S{n),{di\ i < a } , (A! i < a)) and (S(Z),{e,\ i < a},(E,\ i < fi)) be 
F° -constructions of M{n) and M{£), respectively, see [2] IV Definition 1.2. If we 
choose the constructions carefully we can assume a = fi = X. 

We enumerate n and <?:// = {t1\ i < X} and £ = {tf\ i < X}. Furthermore we do 
this so that if t* < t* then i < j , * e {n, £}. If y < X, we write n(y) = {/f| / < y} 
and similarly for £(y). 

We also enumerate all Ist: Ist = {a'st \ i < X}. 
We write S{rj,y) for 

\J{38t\ten(y)}u\J{%,\t€n(y)} 
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u\J{a'st\ s < t, s,t Gn(y), i<y} 

and similarly for S(£,y). 
If y < X and g : n(y) —> £(y) is a partial isomorphism then by g* we mean the 

function from S(n, y) onto S{£, y) which satisfies: 

(i) if g{t) = t' then for all a e Bt and b e Ct, g*(a) = f^l{ft(a)) and 
g*(b)=f^(ft(b)), 

(ii) ifg(t) = t', g(s) = s',t<snnda£ Its theng*(a) = gt,l,{g,s{a)). 

LEMMA 3.1. If y < X and g : n{y) —> £(y) is a partial isomorphism then g* is a 
partial isomorphism. 

PROOF. Immediate by the definitions. H 

We write 
M(t],y) = S(r],y)U{di\i<y} 

and similarly for M{£, y). We say that y < X is good if for all / < y, Dt C M(n, y) 
and Ei C M(£,y). Notice that the set of all good ordinals is cub in X. Notice also 
that the set of those ordinals y < X for which M(n, y) is F£ -saturated, is > K-cub, 
i.e. it is unbounded in X and closed under increasing sequences of cofinality > K. 

LEMMA 3.2. Assume A C B, a, and C,, i < a, are such that 

(i) Ci C A U {a, | j < i} is of power < K, 
(ii) t(ai,Ci)\-t(ai,BU{aj\j<i}). 

Then for all sequences d € {«,| / < a], there is D C A of power < K such that 
t(d,D) h t{d,B). Especially, d [A B. 

PROOF. See the proof of [2] Theorem IV 3.2. H 

LEMMA 3.3. Let y < X be good, y < 8 < X, g : n(8) —> %(8) is a partial isomor­
phism, f : M[r\, y) —> M (£, y) is a partial isomorphism and g* \ S(n, y) C / . Then 
/ U g * is a partial isomorphism from M(n, y) U S{n,8) onto M{£, y) U S(£,8). 

PROOF. Follows immediately from Lemmas 3.1, 3.2 and the definition of a good 
ordinal. H 

LEMMA 3.4. Assume y < X is good, g : n{y) —> £,{y) and f : M(n, y) —> M{£, y) 
are partial isomorphism, g* C / an^/ 

(t]>a)aenM =« (£>/(a))a€>7W 
If A C Mo is of power < X then there are good y' < X, partial isomorphisms 
g' : / / ( / ) -> £ ( / ) W / ' : M f a , / ) - ¥ ( { , / ) **cA *fort (*')* Qf'.fQ f, 
g C g' a«fi?,4 C M{n,y'). 

PROOF. By playing the Ehrenfeucht-Fraisse game we can find a good y' < X such 
that 

(i) there is a partial isomorphism g' : n{y') —> £(y') such that g C g', 
(ii) M(t],y') is FK"-primary over ,S(/7, y') and M(£, / ) is F^1-primary over S ^ y ' ) , 

(iii) /I C M(»/, y'). 
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638 TAPANI HYTTINEN AND SAHARON SHELAH 

By (i) above and Lemma 3.3, / U (g1)* is a partial isomorphism from M(n, y) U 
S(tj, y') onto M(£, y) U S{£, y'). From (ii) it follows that M{n, y') is F"-primary 
over M{tj, y) U S(rj, y') and M(£, y') is F£-primary over M(£, y) U 5(<J, y'). So the 
existence of the required / ' follows from the uniqueness of the F° -primary models 
([2] Conclusion IV 3.9). H 

THEOREM 3.5. M0 =\ M\. 

PROOF. By Lemma 3.4, it is easy to translate the winning strategy of 3 in 
G£xt(rj, | ) to her winning strategy in Gr

A(Mo, Mi). H 

§4. Nonisomorphism. In this chapter we prove the second part of Theorem 2.3, 
i.e. Mo ^ M\. Again we want to remind the reader of the assumptions made in the 
beginning of Chapter 2. 

For a contradiction we assume that / : M0 —• M\ is an isomorphism. 
If a e Mo then we write aa for the least a such that a e M{n,a) and similarly 

for a € M\. By aA we mean \J{aa \ a e A}. 
Let X C nbe such that |X\ = A and for all x, y e X if x ^ y then either x < y 

ox y < x. For every x e l w e choose u'x, S'x and A^, i e {0,1}, so that 

(i) x € M° C n and i4 C £,, 
(ii) Si = U { « / | t e « i } U | J { ^ | r 6 u'x}\J\J{I*\ *, ? e «i, s < t}, where/- C /,, 

is of infinite power at most K, 
(iii) N'x C Mi is /^-primary over S^ and furthermore if a e Nx - S{rj) and a = d, 

in the construction of M0 then £), C N® and similarly for JV.J, 
(iv) / r7V°isontoA^, 
(v) \N'X\<K, 

(vi) if M(n,a) is F,f-saturated, then so is M(tj, a) n Nx. 

It is easy to see that these sets exist. 

LEMMA 4.1. Assume At, i < X, are sets of power < K. Then there are X C X and 
B such that \X\ = X and for all i, j e X, Aj n Aj = B. 

PROOF. Without loss of generality we may assume that for all / < X, A; C X. 
We define f{a) = sup(̂ 4,- D (Uj^Aj)). Since X > K+ is regular, this function is 
regressive on a stationary set. So by Fodor's lemma, it is constant on some set 
X' of power X. Since for all 6 < X, 6K < X, the claim follows by the pigeon hole 
principle. H 

By Lemma 4.1 and the pigeon hole principle we may assume that X is chosen so 
that it satisfies the following: 

(i) There are u', S' and N', i e {1,2}, such that for all x, y e X, if x =£ y then 
ux n uy = u\ Sx n S'y = S> and Nx n N'y = Nl. 

(ii) For all x € X, M(n, o^o) n N° = N° and if x < y then M{n, aNo) D N° = N° 
and similarly for 1 instead of 0. 

(iii) For all x, y e X, there are elementary maps f'xy : N'x —> N'y and an order 
isomorphisms g' : ux —> u'y such that 
(a) fxy \ Nl = idN,,gxy \ u[ = idui andg°xy(x) = v, 
(b) for all / e ux and a e 9St J %, fxy(a) = f£{l)(f,(a)). 

Sh:602



CONSTRUCTING STRONGLY EQUIVALENT NONISOMORPHIC MODELS 639 

(c) for all s, t e u'x, s < t, f'xy \ I* is onto / / y , k y 0 

(d) for all aeN°x, f{f%{a)) = fxy{f(a))." 

LEMMA 4.2. Let x, y e X, x < y. 

(i) N' is F£-primary over S'. 
(ii) N'x is F£-primary over N' U S'x. 

(iii) AT'is, Si US; , 
(iv) NxlN.Ny. 
(v) IXyl<gxuvrN°xUN;. 

PROOF. Immediate by (ii) in the choice of X and Lemma 3.2. H 

COROLLARY 4.3. Let x,y e X, x < y. 

(i) If A, B and C are such that A lN* N° U N°, and B U 7V° lNaUA ATJ? U C then 

t(Ixy, 3§x U <gy) h t{Ixy,Ixy UN^UN^UAUBUC) 

(ii) t(Ixy U AT" U Ny, 0) does nor depend on x and y. 

PROOF, (i) By the first assumption on A and Lemma 4.2 (iii) 

A UN0 Iso&xU&y. 

By the construction of M0, this implies 

(A) AUN° ls,&xUVy. 

From the second assumption it follows easily that 

(B) B U N°x UUNoUA N°y U C 

and 

(C) C U N°y W>UAroUyl A* U B. 

By Theorem 2.1 (iv), (A),(B) and (C) imply the claim. 
(ii) By (iii) in the choice of X and Lemma 4.2 (iv), for all x' < y', fxx, U fyyl is 

an elementary map. So the claim follows from (A), (B) and (C) above and Theorem 
2.1 (iv). H 

For x, y e X, x < y, let Ixy be some countable subset of Ixy. 

LEMMA 4.4. Assume x,y e X, x < y. Then there are s £ ux — ux and t e uy — ux 

such that either 

(i) 5 < t and Av{f{I^y),f{I^y\j3Sx\J^y)) is not orthogonal to Av{I^t, I^t\J33s\Jgt), 
or 

(ii) t <sandAv{f{I^y),f {I<y U&x \Jgy)) is not orthogonal to Av (It
c
s, It

c
s \j3St \Jgs). 

PROOF. For a contradiction, we assume that such s and t do not exist. 
Let 
£°(x,y) = {(s,t)\s< /and s e ux

x-u
x, t g uy -ux or t £ u\ -ux, s g. uy-u

1} 
£'(*> jO = {(s, t)\ s < t and5 g ux

x-u
x, t € uy — ux or t g" ux — ux,s£ ux —ux} 

and 
£,2{x,y) = { ( J , 0 | s < tand5 e ux

x-u
x, t e uy-u

x ort £ ux
x-u

x, s e uy-u
x}. 

Fori e {0,1,2}, let 
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S'(x,y) = S({) - (Si U Sl
y U \J{Ist\ (s, t) E Zj(x,y)}) 

and 

R'(x,y) = {Ist\(s,t)e?(x,y)}. 
Now it is easy to see that S°(x,y) J.s. S^USJ,. By Lemma 3.2 7V1 | s . S°{x,y)u 

Sl
xUSl

y. So 

S°(x,y)lN1S
l
xUSl

y. 

By Lemma 4.2 this implies 

(A) S V ^ I ^ ^ U J V ; . 

By the construction 

(B) R°(x,y)USl ls<us°(x.>) Rl(x,y)uSl
y. 

By Lemma 3.2 

Nx isi S°(x,y) U R°(x, y) U R](x, y) U S\ 

and so 

R°(x,y) U Nl
x lsiusHx,y)ugoUy) R\x,y) U Sj . 

By (B) this implies 

(C) R°(x,y)uNx i„iuSoUy) R](x,y)US]
y. 

By Lemma 3.2 and (ii) in the choice of X, 
Nl

y isiy S°(x,y)uR°(x,y)URl(x,y)UNx 

and so 

Rl(x,y)UNl
yisi R°(x,y)uNx. 

By (C) this implies 

(D) Rl(x,y)UNl
y lNiuso(x.y] R°(x,y)UNl

x. 

Then by (A), (D) and Corollary 4.3 (i), f{Ixy) is indiscernible over N\ U N] U 
S2{x,y). 

By Lemma 3.2 and (ii) in the choice of X, we see that for all (s, t) g £2(x, y), 
Ist is indiscernible over Â J U N] U S2(x, y) and {Ist)(s,t)ei2(x.y) is independent over 
NxUNl

y US2(x,y). 
For all (u, v) e £2(x, y) U {(x, y)} we choose infinite /„*„ C /„„ of power < X such 

that 
(i) for all (H, V) e £,2(x,y), if we write B(u,v) = Nx U Ny

] l)S2(x,y) U/„*„, then 

hv - C lBM f{i*Xy) u |J{/ ; | (*, 0 e £ W ) , (,, 0 ^ («)t,)}. 

(ii) /£, C I*xy and if we write 5(x, y) = N±UNyU S2(x, y) U / ( / ; , . ) , then 

fUxy ~ Ky) lB(x,y) \J{i;,\ (S, t) € £2(x,y)}. 

Because \£2(x, y)\ < k, it is easy to see that such /„* exist. 
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Since Av(/(/;,,), f(Ixr U J t U ? ; ) ) is orthogonal to Av(Ic
stJ

c
st U 9S„ U ffs) for 

all (s,t) £ £,2{x,y) we see that lxy — I*y is indiscernible over S(^). Because 
\hy - l*y \ = A, this contradicts [2] Theorem IV 4.9 (2). H 

If s, t £ £, then we write 0S, for the set ofall infinite 7 such that for some J', J C J' 
and there is an automorphism g for which g \ 3§s = / , f J?s., g \ &t = ft \^t and 
g(J') = I. 

LEMMA 4.5. Assume x, y £ X, x < y, s £ ux — u], t £ uy — ul and s and t are 

incomparable in £. If J £ &sl, then Av(f{Ixy), f(Ixy U ̂  U ^ , ) ) is orthogonal to 
Av{J,J\J3S,s\J%). AlsoifJ £ @ts, thenAvCf{Ixv),f{IxyU&xl)ffy)) is orthogonal 
toAv(J,Jll&, U? , ) . 

PROOF. For a contradiction assume that Av(f(lxv), f{Ixy U 9BX U f , ) ) is not 
orthogonal to Av(J, J U 3S,, UWt), the other case is similar. Then we can choose / 
so that in addition, \J\= co and J c M\. 

By Theorem 2.1 (iv), J is indiscernible over S{£). By [2] Theorem IV 4.14, 
Av{J. M\) is FK", -isolated. Then we can find a model D C M \ of power < K such 
that 

(a) f{Ixy U J , U f 7 ) u ; u J s U ? , C i ) , 
(b) Av(f(Ixv), D) is not almost orthogonal to Av(/, D), 
( c ) A u ( / , f l ) h A t ) W ^ i ) . 
(For (c), notice that because £> is a model, t(a,D) \- stp{a,D).) But since 

\D\ < X and \f(Ixv)\ = A, it is easy to see that Av(f(Ixy), D) is satisfied in M\, a 
contradiction. H 

Let x, y £ X be such that x < y. By Lemma 4.4 we can find sxy and txy such 
that there is J £ 0 W t i . U 0,vr,AF for which Av{f{Ic

xy),f{Ixy U ̂  U %y)) is not 
orthogonal to At;(7, J U 3§Sxv U f,(i.) or to Av(J, J U ̂  U fs < j) . By Lemma 4.3 
(ii) we can choose these so that for all y and y' from X, if x < y and x < y' then 
Sx>> = ^ v - We call this element just sx. Similarly we can choose txy so that it does 
not depend on x (x < y). We call this element tv. 

LEMMA 4.6. For all x and x' from X, sx and sx> are comparable in £,. 

PROOF. By Lemma 4.5, for all y £ X, if y > x and y > x' then ty is comparable 
to sx and to sx>. Since \{z £ £\ z < sx V z < sx>}\ < A and if y ^ y' then ty -£ ty>, 
we can find y £ X such that sx < ty and sx> < tv, which implies the claim. H 

THEOREM4.7. M0 ^ M\. 

PROOF. If Mo = M\ then by Lemma 4.6 we can find Y C £ of power A such that 
for all s, t £ Y if s ^ t then either s < t or t < s. Clearly this contradicts the fact 
that ^ is a A+, A-tree. -\ 

Together with Theorem 3.5, Theorem 4.7 implies Theorem 2.3, and so Theorem 
1.1 is proved. 

REMARK 1. As in [1], we can see that Theorem 1.1 implies the following: Under 
the assumptions of Theorem 1.1, for every A+, A-tree t there are models M, |= T, 
i < A+, such that for all / < / < A+, M, =;• Mj and M, ^ M,-. 
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