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It is proved that it is consistent with ZFC+ GCH that, for any reasonable ring 
R, for every R-module K there is a non-projective module M such that 
Exti(M, K) =O; in particular, there are Whitehead R-modules which are not pro- 
jective. This is generalized to show that it is consistent that, for certain rings R, 
there are Whitehead R-modules which are not the union of a continuous chain of 
submodules so that all quotients are small Whitehead R-modules. An application 
to Baer modules is also given: it is proved undecidable in ZFC + GCH whether 
there is a single test module for being a Baer module. 0 1991 Academic Press, Inc. 

An R-module M is called a Whitehead module if Extk(M, R) = 0. Clearly 
any projective R-module is Whitehead. Whitehead’s Problem asked if every 
Whitehead group (i.e., H-module) is projective, i.e., free. The second author 
(in [Sl, S23) showed that this problem is not solvable in ZFC: the answer 
is affirmative assuming V = L and negative assuming MA + 1 CH. Later 
[S3] he showed that it is consistent with ZFC+ GCH that the answer is 
negative; the treatment of this in [S4] uses the notion of uniformization. 

In view of this, a natural question (posed by J. Adamek and J. Rosicky) 
is whether it can be proved in ZFC (or ZFC+ GCH) that there is some 
group K such that Ext:(M, K) = 0 only if M is free. A negative answer to 
this question will be given here (see 4.2). We also show that the cardinality 
of the first non-free Whitehead group can be arbitrarily large (see 2.8). 
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ON WHITEHEAD MODULES 493 

Recent work, notably in [BFS], investigates Whitehead R-modules for 
other domains R. “Positive” structural results are obtained (for certain R) 
assuming V= L; in general these do not assert that the Whitehead module 
is projective, but rather that it is the union of a continuous chain of sub- 
modules so that quotients of successive members of the chain are “small” 
(i.e., of cardinality d the cardinality of R) Whitehead modules. The 
“negative” results (which say that it is consistent with ZFC+ GCH that the 
positive result fails) use the methods of proper forcing and apply only to 
countable R. In this paper we obtain “negative” results for rings of 
arbitrary size (see 4.3, 4.4, and 4.5). 

Other recent papers have studied Baer R-modules for arbitrary domains 
R. The module B is a Baer module if Extk(B, T) = 0 for all torsion modules 
T.) In this case, the characterization theorem is proved in ZFC (cf. 
[EF, EFS]). But here, in conjunction with results in [EFS], we are able 
to show that it is independent of ZFC+ GCH whether there is a fixed tor- 
sion module Y such that a module B of projective dimension d 1 is Baer 
if and only if Exti(B, Y) = 0 (see 4.7). Even for Z-modules, this is new. 

The main theorem (2.1) of this paper asserts the consistency of the 
existence of a tree with certain properties including a uniformization 
property. Sections 1 and 3 describe how to construct (generalized) 
Whitehead modules from this tree. Section 4 gives the applications to 
specific families of rings, as described above. 

The proof of the main theorem in Section 2 assumes a knowledge of 
forcing. The rest of the paper assumes only a knowledge of basic algebraic 
notions, except that parts of Section 4 assume familiarity with [BFS] or 
[EFS]. 

We thank Alan Mekler for his comments, in particular for informing us 
of Adamek’s question; Mekler independently answered Adamek’s question. 

1. THE CONSTRUCTION 

Throughout this paper, R will denote an infinite ring, and p the 
cardinality of R. In this section, R will be a ring which is not left perfect; 
that is, it has an infinite descending chain of principal right ideals. (For 
example, an integral domain is left perfect if and only if it is a field: see 4.1 
below.) All modules are left R-modules. The following lemma is due 
essentially to Bass ([Ba, Lemma 1.11; see also Lemma 5.7 of [EM1 ] or 
Proposition VII. 1.1 of [ EM21 ). 

1.1. LEMMA. There is an increasing chain (F,: i d w ) of free R-modules 
of cardinality p such that for all i -c j d O, F,/F, is free, but Fw/(Ui<m Fi) is 
not projective. 
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494 EKLOF AND SHELAH 

1.2. DEFINITIONS. If I and 0 are ordinals, let GoA denote the set of all 
functions from v into 2, for some v < 8. A tree is a subset T of <‘;1 which 
is closed under restriction; i.e., if v E T, then v] r v E T for any v E dam(q). 
We identify an ordinal with the set of its predecessors; e.g., 
n = (0, 1, . ..) n - 1 }. If ‘1 E T, the length of q--denoted Z(q)-is defined to be 
the domain, dam(q), of q; it is an ordinal <Q. Let T, = {q E T: l(q) = v}. 

We make T into a poset by defining { < q if and only if { = q r l(c). We 
will also assume that for any tree T there exists (a unique) 0 such that 
Tc <‘A and for all c E T there exists q E TO such that { d q; in that case we 
say that T has height 8. 

Fix a chain (F, : i < o ) as in Lemma 1.1. Given a tree T of height w, for 
each r] E T, let A4: equal F,(,,. For each [ < q in T, let ljll be the inclusion 
map: MT + MT. Then let MT be the direct limit of (MC, zr,, : c < q E T). 
More concretely, MT equals @ { M,T : q E T)/K where K is the submodule 
generated by all elements of the form xv - yr where y,~Mr, x,EM~, 
i G ‘I, and Q,,(Y~) = xv. There is a canonical embedding z,, of Mr into MT; 
in the future we shall identify Mr with z&MC), and regard M ,’ as, a 
submodule of MT. 

In this section we shall deal mainly with trees of height w, but we make 
some definitions in greater generality for the purposes of the generalizations 
in Section 3. For the remainder of this section we will be investigating the 
properties of MT under various assumptions on T. 

1.3. DEFINITIONS. Let K be a regular cardinal >p. 

(i) A tree Tc <“1 is called K-free if for every Ss T, such that 
ISI < K, there is a function $: S + 0 such that 

{{V www4 :mJ 
is a family of pairwise disjoint sets. 

(ii) An R-module M is called K-free if there is a set % of submodules 
of M such that: 

(1) every element of %? is a free module of cardinality < K; 

(2) every subset of M of cardinality < K is contained in an element 
of %?; and 

(3) 9? is closed under unions of well-ordered chains of length < K. 

(Compare [EM2, IV.l.11.) 

1.4. LEMMA. Let K be a regular cardinal > p. If T is a K-free tree of 
height w, then MT is a K-free module. 
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ON WHITEHEAD MODULES 495 

Proof. We will let %? consist of all submodules of MT of the form 
C {MT : q E S} where S is a subset of T, of cardinality < IC. It suffices to 
prove that each such element of %? is free. Given S, let $ be as in the delini- 
tion of K-free. Well-order the elements of S as {qa : tl < r}. For simplicity 
of notation, let A4 z IL denote A4 z r (II/ + ,). For each a we can write 

for some (free) submodule N,. Choose a basis B, of N,. Now inductively 
define a basis, Y,, of C {MiIL :/I <a} for each a < t so that the Y, form 
a continuous chain. If Y, has been chosen, let n be maximal with respect 
to the properties that is is <$(q,)+ 1 and that A4Lrn~C {M& :/?<a} 
(i.e., that qy r n = qs r n for some p < a). Then 

MT =. ti =M; r,OD, 

for some free submodule D, (which will be zero if n = $(q,) + 1). Choose 
a basis of D, and add it to Y, to form Y,, , . If o is a limit ordinal d7, 

we let Y,=U {Y,:a<c}. Then 

u {B,:a<t}u Y, 

will be a basis of C {M~:~ES}. i 

1.5. LEMMA. Suppose ;1 is a regular cardinal > p and TG Go2 is a tree of 
height 0 and cardinality A such that 

there is a stationary subset E of ;i such that we can 
enumerate T, = {u .:a<2) so that for all GEE, there 
exists v>6 such thatfor all peEe, qy rpe {qol rp:a<6}. 

(t) 

I f  8 = w (so MT is defined), then M )- is not projective. 

Proof M ’ is generated by U { Mt : v < I}, so MT has cardinality il. 
For each 7 < A let A, be the submodule of MT generated by 
U W;: a < r }. Then {A, : 7 < A} is a A-liltratrion of M ‘, and it suffices 
to prove that for all 6 E E, 

{ 7 > 6 : AZ/A6 is not projective) is stationary in 1. (*I 

(Compare [EM2, Sect. IV.11.) Indeed, if MT were projective, then by a 
result of Kaplansky [K, Theorem 11, MT would be the direct sum of 
countably generated projectives, so there would be a cub Cc 1 such that 
for all v, 7 E C with v < 7, AZ/A, is projective. But then there exists 6 E En C 
and for all 7 in the cub C n {v E A : v > a}, A,/A, is projective, which 
contradicts (*). 
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496 EKLOFANDSHELAH 

Now given 6 E E, let v < 6 be as in the hypothesis of the lemma. We claim 
that for all r > v, AZ/A, is not projective, which will prove (*). First we 
observe that 

AJA~=(~;+Ad/AgO c {M;:M<z, cr#v}+A, Aa. (**) 

Indeed, A,/A, is clearly the sum of the modules on the right. To see that 
the sum is direct, suppose x E M i and y E 2 (A4 L : c1< r, c1# v} such that 
x=y (modA,); if x$A,, then by choice of v, XEML\~J~~~ML~,; but 
then x can’t equal y since x is not identified with anything in the construc- 
tion of MT. 

Now (M~+As)/As~:M/(M~nA,)~~~/(U.,, F,) so it is not 
projective; therefore AZ/A, is not projective by (H). 1 

1.6. DEFINITIONS. If p is a cardinal, we say that a tree T E Goi of height 
6 has p-uniformization if for every family { $, : 9 E TO} where I+$, : 13 + ,u, 
there exists Y : T + p and !P’*: TO -+ 8 such that for all rl E T,, 
!P(‘(rl r v) = 1,9&v) whenever Y*(q) 6 v < 8. 

Recall that M is called a Whitehead module if Ext k(M, R) = 0. If x is a 
cardinal, we say that A4 is x- Whitehead if Ext i(M, K) = 0 whenever K is a 
module of cardinality <x. So if A4 is X-Whitehead for some 12 p, then M 
is Whitehead. 

Connections between uniformization properties and Whitehead proper- 
ties have been investigated for example in [S4; S5; MS2; EM2, Sect. X11.31. 
Here, the main result is the following: 

1.7. THEOREM. Zfl>x>p and TS Go,? is a tree of height o which has 
2XD-uniformization, then MT is a x- Whitehead module. 

We will break the proof into two parts. The theorem follows immediately 
from the following two propositions. 

1.8. PROPOSITION. Zf 2 > x 3 p and T& ‘“,I is a tree of height CO, then 
MT is a x- Whitehead module provided that T satisfies the following property: 

given a set A of cardinality < xp and for each v] E T a non- 
empty set P, of functions from {q r n : n < I(q)) to A 
satisfying : 

(a) gEP, and m</(q) implies g r{q rn:n<m}E 
P v rm; and 

(b) 
(*)x.p 

g E P, and i -C q implies that there exists g’ E P, 
such that g c g’; 

then there is a function G: T + A such that for every r] E T, 
G r (q rn:n,<Z(n)} belongs to P,. 
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1.9. PROPOSITION. Zf 1> x > p and Tc <“A is a tree of height o which 
has 2XP-uniformization, then T satisfies property (*),, p of 1.8. 

Proof of 1.8. Suppose we are given a short exact sequence 

O----+ KA NA MT-+ 0, (El 

where 1 KI <x. We need to show that (E) represents the zero element in 
Extk(M, K), i.e., that there is a splitting of rc, i.e., a homomorphism 
cp: MT + N such that rc 0 q = the identity on MT. Choose a set function 
U: MT -+ N such that rc o u = the identity on MT. (It exists because rc is sur- 
jective.) Then the splittings, cp, of rc (if any) are in one-one correspondence 
with set mappings h: MT + K such that h(0) = 0 and for all x, y E A4’ and 
rER, 

(i) rh(x) - h(rx) = ru(x) - u(rx); and 

(ii) h(x)+h(y)-h(x+y)=u(x)+u(y)-u(x+y). 

(The correspondence is given by h = u - cp. Compare [F, Sect. 491.) For 
any submodule M’ of MT we will denote by Trans(M’, K) the set of all set 
mappings h: M’ + K which satisfy the conditions above for all x, y E M’ 
and r E R. So (E) splits if and only if Trans(M ‘, K) is non-empty. 

Now for each q E T, there is an isomorphism 9,: I;;(rl) -+ M,T; moreover 
we can choose these isomorphisms so that 8, E dV if [<q. By using these 
isomorphisms we shall identify the elements of Trans(MT, K) with func- 
tions from F,(,, to K. For any h E Trans(Mr, K), let seq(h) be the function 
with domain (q r v : v d I(q)} such that seq(h)(q r v) = h r F,. 

Let A be the set of all functions from F, (for some v < w) to K; so A has 
cardinality dx”. For each r] E T, let P, = { seq(h) : h E Trans(Mr, K)}. Now 
we can verify that conditions (a) and (b) of (*)x,P hold: (a) is easy, and (b) 
and the fact that P, is non-empty hold because F, and F,/F,,, are free for 
all m < v d 0. 

Let G: T-+ A be as in (*)x,P. Then we can define h: MT-+ K as follows: 
h r MT= G(q): MC+ K (under the identification, B,,, of F,(,, with Mr). 
Clearly h is well-defined and belongs to Trans(MT, K), so (E) splits. 1 

Proof of 1.9. Suppose we are given P, (9 E T) as in (*)x, p. Let r] E T, 
and n E o. For each g E P, r ,,, choose one element, gq, in P, such that 
gE gq. (This is possible by (b).) Having done this for all n E o, for 
any gEP, rn7 let ord,(g) be the minimal m 6 n + 1 such that 
gr [g r (q r i : i< m}]“. (It exists because n + 1 has this property.) By an 
abuse of notation we shall write g r k for g r {q r i : i < k}; thus g E P, r,r 
equals g r n + 1 and is always contained in [g r ord,(g)lV. 
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For each ‘1 E T,, define a function $, on w  as 

Il/,w = {k r 4 cg r ord,k r 419 : gq &. 
(By (b), we have also 

IClJn)= {k, Cs rord,k)l’Y : gEPq r+,>.) 

Then the II/, take values in the power set of (a set isomorphic to) 
‘“A x “A; that is, in a set of cardinality 2” where K = xp. (xp)‘O = xp (since 
p is a&,). So by hypothesis there is a function Y on T taking values in 
U (ran($o) : rl E T,} so that for all q E T,, Y(rj r n) = Ii/,(n) for sufficiently 
large n E w. 

Now we want to define G: T + A as required. We define G(i) for 
i E T\ T, by induction on the length, l(i), of i so that 

G r {[ Ii: i<.!(i)} belongs to P,. (Ti) 

Suppose that we have done this for all [ of length <n, and suppose 
I(q) = n. Then 

g‘fk r{fj ri:iGn-1) ml) 

belongs to P, r n _ 1. We let G(q) = ‘Y(q)(g)(q), if this is defined; otherwise, 
we let G(v) be chosen arbitrarily so that (I) holds. (This is possible by (b).) 

Now we must define G on T,. Given q E T,, there exists n ( = Y*(q)) so 
that for m > n, Y(n r m) = Ii/,(m). Let g be defined as (77). Then for all m, 
G(q r m) = [g r ord,(g)]” (q r m). (This is trivial for m < n and is proved 
by induction for m 3 n using the definitions of n and G.) Hence 
G r {q pm:mEIo}= [g rord,(g)]” r {‘I pm:mew}, so we define G(q) 
to be Cg brd,kW h). 

Then G has the desired property by (7) and the fact that 
G r {q r II : n Gw} = [g r ord,(g)lq for q E TO, (where g is as in (71)). 1 

2. THE CONSISTENCY RESULT 

In this section we prove the following: 

2.1. THEOREM. There is a model of ZFC + GCH such that for every 
uncountable cardinal IC of cofinality 9 < K, 

for I~=K+, there is a tree Tc <‘A of height 8 and car- 
dinality 2 such that T is I-free, satisfies (t) of 1.5, and has (*L 
p-uniformization for every p < ic. 
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Since for any x and p there is a cardinal K of cotinality w which is >2x”, 
as a consequence of the results of Section 1, we then have the following: 

2.2. COROLLARY. It is consistent with ZFC+ GCH that for every non- 
left perfect ring R and every cardinal x, there is a regular cardinal 

K+ > 1 RI + x such that there is an R-module A4 of cardinality tc+ which is 
K f-free but not projective and is a x- Whitehead module. 

In this section we assume a knowledge of forcing. Our notation generally 
follows that of [J], except that we use pdq to mean that q is a stronger 
condition than p. Thus, for example, a subset D of P is dense in P if for 
all p E P there exists dtz D such that p < d. 

If K is a cardinal, a poset P is said to be K-closed if for every r 6 K, every 
ascending sequence 

has an upper bound. P is said to be n-strategically closed if for every z < u, 
Player I has a winning strategy in the following game of length z. Players I 
and II alternately choose an ascending sequence 

POdPI Q . ..PI (a < 5) 

of elements of P, where Player I chooses at the even ordinals; Player I wins 
if and only if at each stage there is a legal move and the whole sequence, 
(P cI : c1< z), has an upper bound. (In some sources, K-strategically closed is 
called K +-strategically complete.) In many appkatiOnS, u-strategically 

closed posets serve the same purposes as K-closed ones. For example, if P 
is K-strategically closed, then V[G] has no new functions from K into V, 
and hence cardinals <K+ and their colinalities are preserved. 

As an example, and as a step in the proof of the theorem, we prove the 
following. (Compare [MSl, p. 1421.) 

2.3. LEMMA. Assume 2” = K+. For any regular cardinal p < K, there is a 
poset Q” of cardinality <rcf which is K-strategically closed (and hence 
preserves all cardinals and preserves cofnalities <K+ ) and is such that in 
V[G] there is a non-reflecting stationary subset E of K+ such that every 
member of E has cofnality p. (Here, “non-reflecting” means that for every 
limit a<~+, En 6 is not stationary in 6.) 

Proof: Let Q” be the set of all functions q: TV --+ 2 = { 0, 1 } (U < K+ ) such 
that q(v) = 1 implies that cf(v) = p and such that for all limit 6 < ~1, the 
intersection of q- ’ [ l] ( = (v < c1 : q(v) = 1 }) with 6 is not stationary in 6. 
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E= u {q-‘[l] : qeG) 

will be the desired set. To see that E is stationary in K+, suppose that q 
forces f is the name of a continuous increasing function f: K + -+ K + ; 
choose an ascending chain 

qo < q1< . . . d qa (c(<P) 

such that for each CI there are b,, yr such that qM IF-(/?,) = yrx and 

dom(qJ 2 yx > dom(qJ 

for all v < CI. Let 6 = sup(y, : o! <p} = sup(dom(q,) : a < ,n} and let 

Then q E Q” since q-l[ l] is not stationary in 6, because 6 has cofinality p. 
Moreover, q it- 6 E rge( f) n E (since f is continuous). 

Since Q” has cardinality <IC +, it satisfies the K + +-chain condition, and 
so preserves cardinals > IC +. To show that all cardinals <lc+ and their 
cofinalities are preserved in V[G], it suffices to show that Q” is 
rc-strategically closed. For a limit ordinal z <K we describe Player I’s 
winning strategy. I chooses qa for even o! such that dom(q,) is a successor 
ordinal, ga + 1, and q,(o,) = 0. Moreover, at limit ordinals c( he chooses qa 
tohavedomain=sup{o8:p<a}+1.Thenq=U{q,:cr<r)isamember 
of Q” because {c 5( : 01< r‘, CI even} is a cub in dam(q) which misses q-l Cl]. 
(Compare [J, p. 255, Exercise 24.1.31.) 1 

2.4. DEFINITION. Suppose E is a stationary subset of K+ consisting of 
ordinals of cotinality 0. A ladder system on E is a family of functions 
(ia : 6 E E) such that ia : 8 -+ 6 is strictly increasing with sup(rge([,)) = 6. 
We say that it has p-uniformization if for every family (g, : 6 E E) such 
that g, : rge(ia) + p, there exists g: K+ + K+ such that for every 6 E E, 
there exists pa < 8 so that for v > /Ia, 

g(ia(v)) = ga(ia(v)). 

2.5. By Theorem 2.10 of [S6], if K is a singular strong limit cardinal 
and 2” = K+ and E is a non-reflecting stationary subset of K + consisting of 
ordinals of colinality = cf(K), then there is a poset Q1 of cardinality 2”’ 
satisfying the K+ + -chain condition which adds no new sequences of length 
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<rc and is such that in Vo’, E is stationary in K+, and there exists a ladder 
system (ia : 6 E E) which has p-uniformization for every p < IC. 

Q’ is an iteration which has the following properties: 

every member of Q’ is a function, p, with domain a subset 
of 2”’ of power <rc such that p(i) is a function from some 
ordinal < K + to rc+; moreover, for each y < K +, (#I 
{p E Q1 : y < dom[p(i)] for all ie dam(p)} is a dense sub- 
set of Q’; 

for any limit ordinal 0, any sequence p0 < pi < ... < py 
(v < a) of elements of Q’ has an upper bound provided 
that there are ordinals yy (v <a) such that for every limit 

(##) 6’ d c sup{y, : v < a’} $ E and for every in dom(p,), p,(i) 
is a function with domain an ordinal 6y, and >ya for all 
p < v. 

Now given a ground model V which satisfies GCH and given a singular 
cardinal N,, let Qt E V and Qi E V Qz be as above for K = K,. Let f& be a 
name for Qi in V. 

2.6. LEMMA. The forcing Qt * t& is N,-strategically closed. 

Proof: There is a dense subset D of Qi * Ql consisting of pairs (q, p) 

where p is a function in V and q IF p E Qi. Player I chooses moves of the 
form (q, p) E D where qE Qf and has domain of the form (T, + 1 where 
q((r,) = 0 and p E Qi is such that for all i in the domain of p, the domain 
of p(i) includes ug < I a/, and is included in 0,; moreover, for limit 6, 
CT6 = sup{0 1 : c( <a}. (Player I can do this because of (# ).) Then using 
(# # ) and the proof of 2.3, we see that this is a winning strategy for 
Player I; in particular, Player I has a move at limit ordinals. 1 

Proof of 2.1. We start with a ground model V which satisfies GCH. For 
any ~1, P, = (P,, Qi : j < CI, i < c( ) will be an iteration with Easton support; 
i.e., we take direct limits when N, is regular and inverse limits elsewhere. 
For each ordinal i, let Qy be the forcing notion in VP8 described in 
Lemma 2.3 for the cardinal K = Ni if Kj is singular, and otherwise let it be 

0. Let Q! be a name for the forcing in V/pl*pp described in 2.5 for the 
cardinal K = Hi, if Ki is singular and let it be 0 otherwise. Let Qi = @ * Q!, 
a forcing in VP,. Let P be the direct limit of the P, (CI E Ord). We claim t-hat 
VP has the desired properties. We shall use freely the following facts: 

2.7. (a) For every K and every Easton support iteration (P,, oi : 
K < j < c(, K < i < a), if each Qi is K--strategically closed, then so is P,. 
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(b) P=P, * Paa, where, in VPs, P,, is the direct limit of P;1 
(/I E Ord), with Pz the Easton support iteration (P,*, 0: : j< 8, i < fi) 
where &=o,+i. 

(c) lP,l = 1 (for n~o); if X, is singular, IPsl dXt,+, and 
IPli+n+,l G&+2; if X, is inaccessible, IP,J = X,. 

(d) P,, is X,-strategically closed, and Pa,+ i is even X,+,-strategi- 
tally closed for all n E o. 

Now we show that no regular cardinal 1 becomes singular in VP. For 
2 < X, this is because P, is trivial and P,, is X,-strategically closed. Now 
consider ;1= X, + n where 6 is a limit ordinal. For each CI < 6, 1 P,I < K,, and 
hence P, satisfies the X,-chain condition. Thus in P’“, 2 is still regular. 
Since P 2a is X-strategically closed, I has cofinality >X, in VP. As this 
holds for each c( < 6, after the forcing 2 has cotinality B Xb. If n = 0, or 
n = 1 and Kd is singular, we are done. (If cf(n) < I in VP, then cf((n) < xs, 
as all ordinals in [Xa, X,, i) are singular already in I’.) If n > 2, then since 
IPSI ~~6+1~ and 0, satisfies the K,,, -chain condition, ,? is regular in 
P+‘; since Prc6+ 1j is i-strategically closed (by 2.7(d)), 1 is regular in I”. 
If n = 1 and X, is regular, we argue similarly using the facts that IPal d X6 
and that P,, is A-strategically closed. 

Next we prove that 2’. = X, + i in VP for all a. If a < o, this is because 
we add no new subsets of X,. If GL = 6 + n where 6 is a limit ordinal and 
n3 1, it is enough to show that 2Na= X,, , holds in P’Pa+’ since Pa6+, is 
X,-strategically closed. We use the fact (see [J, Lemma 19.41) that in 
VpD+I, 2Ne $ the cardinality in V of (r.0. (Pa+ ,))xti; but Ir.o.(P,+ ,)I < Xp,‘i 
by 2.7(c) and because Pb+, satisfies the X&+,-chain condition (cf. [J, Exer- 
cise 17.22, p. 1581). Since I+GGCH, we can conclude that in VP6+‘, 
2N”d(xy,‘:)R,=xb+l. For 12 = 0 and X, regular, the proof is similar, so 
assume n = 0 and X, is singular. We must show that Xz = X,, , where 
K = cf(Xa). Now if K = X, (<X6), it is enough to prove that Xg = Xg+ i in 
VP” because P,, adds no new functions on X,. But calculating as in 
[J, Lemma 19.41, we have that in V’P, Xg< the cardinality in V of 
Iro(PB)](X~XNg) which is d((XB+2)xp+2)(Xp.Xg)=Xd+1 since 6 is a limit . . 
ordinal >/I and GCH holds in V. 

Now we must define the tree Ts <‘(K+ ) when K is a singular cardinal 
and 8 = c~(K). By construction there is a non-reflecting stationary subset E 
of K+ and a ladder system (ia : 6 E E) which has p-uniformization for all 
~CK. Let T= {ia rV:dEE, v<B}. Then T,={[,:GEE}. We claim that 
T has p-uniformization (in the sense of 1.6) for every p < K. Given 
(I), : 6 E E}, where iji, : 0 + P, define g, : we(L) -, P by gdi6(v)) = Il/ca(v). 
Then according to 2.4 there exists g: K+ + K+ such that for all 6 E E there 
exists /Id < 0 such that g(i,(v)) = ga(ia(v)) for v 3 /Id. Define Y: T+ p by 
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Y(l(r, 1 v)=~({~(v)) (if <p and 0 otherwise) and let cU*([,)=/?, for all 
6 E E, and we see that Definition 1.6 is satisfied. 

Next, we prove that T is K+-free. In fact, we show-by induction on 
sup S-that for any subset S of E such that sup S< K+, there exists 
$:S+0 such that {{[& rv:$(6)<vd8} :~ES} is a family of pairwise 
disjoint sets. Without loss of generality, sup S is a limit ordinal; let C be a 
cub in sup S which misses E. (Remember, E is non-reflecting.) Without loss 
of generality 0 E C. For any fi E C, let b’ denote the successor of b in C, 
and let S, = (6 E S : /3 < 6 < /?’ }. By induction, there exists tip: S, -+ 8 such 
that t {ia r v : &A@ < v G Q} : 6 E S, 1 is a family of disjoint sets. Moreover, 
we can assume that ia(tip(G)) > p for each 6 E S,. Since each element of S 
belongs to a unique S,, we can then define $ to be the union of the $8. 

Finally, we must verify that T satisfies (t) of 1.5. Because rc<‘= K, there 
is a cub C in K + so that for all 6 E C, if there exists ~1 E E, p < 0 such that 
c, r p : p + 6, then there exists p E En 6 such that ip r p = [, r p. We claim 
that C n E is the desired stationary set. Indeed, for 6 E Cn E, we can 
choose v = 6: since is takes values in 6, ia r p E { cg r p : B < 6, b E E} for all 
p. (Here the elements of T, are enumerated by the elements of E; to 
enumerate by K +, use the strictly increasing function f’: K + + E which 
enumerates E, and let v], = inz,, then SP ’ [C n E] is the desired stationary 
set.) 1 

2.8. The method of proof of 2.1 shows that is consistent with GCH that 
the first non-free Whitehead group can be arbitrarily large. More precisely, 
for any ordinal b there is a generic extension Lp of L which preserves the 
cardinals amd colinalities of L and satisfies GCH and is such that the 
smallest non-free Whitehead group in Lp has cardinality >Et,. Indeed, for 
any model V of GCH, and any ordinal ~1, let Qi = 0 for i < a, and otherwise 
define P as before. Then P adds no new subsets of N,, and if p is a singular 
cardinal 3X, and of cofinality o, the proof of 2.1 and 2.2 shows that there 
is a non-free Whitehead group of cardinality pL+ in VP. Now in Lp, 0 ,(E) 
continues to hold for al regular A < N, and all stationary E G A (because no 
new subsets of Et, are added), so every Whitebread group of cardinality 
bX, is free (by [Sl, S23). Thus given /3, if we choose c1 ab to be an 
ordinal of colinality o and define P as above, then in Lp the first non-free 
Whitehead group has cardinality K, + , 

In fact, by using other uniformization results from [S6] and 
appropriately modifying the constructions herein, one can show that for 
any II which is regular in L, there is a generic extension Lp of L with the 
same cardinals and colinalities as L and satisfying GCH in which 3, is the 
cardinality of the smallest non-free Whitehead group. First of all, by doing 
an initial forcing, we can assume that 1 is not the successor of a weakly 
compact cardinal. Now, if A = K+, where K is singular, then the model 

481.142’2-16 
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described in the previous paragraph (for K, = K) has the desired properties. 
If K has colinality Et,, this is clear; but when K has uncountable cofinality, 
0 (not weakly compact), we need to show that there is a non-free 
Whitehead group of cardinality ;1. Now in L, e-free does not imply of-free 
(cf. [ EM2, Theorem VII.1.4]), so-in L or LP-we can find an increasing 
chain (&‘, : i 6 (3) such that (Fi : i < 0) is continuous and for all i < j d 8, 
(Fil = 0, Fj and Fj/Fi are free, but Fo/( u ;< n Fi) is not free (cf [ EM2, 
Lemma VII.2.21). Then Hypothesis 3.3a (following) is satisfied (with 
9 = the class of free groups), so as in Section 3, we can construct a 
non-free Whitehead group. 

If I is inaccessible, we can use [S6, 2.81 to force a suitable (ia : 6 E E), 
Ec (6~2: cf(S)=O}, h w ere 0 is K, or any regular cardinal <A. 

If A is the successor of a regular cardinal K, then we use [S6, 2.121, but 
not only for the uniformization (as the relevant parallel of 1.9 fails), but 
directly to get an analog of (*)X,P as follows: 

we can find (ia :6<A, cf(G)=K), where ia: ~+a is an 
increasing function with unbounded range which is tree- 
like (i.e., ia, = is,(j) implies a =/I and ig, r c1= la2 r p) 
and such that given ( Yv, : 6 <A, cf(6) = K), a family of 
functions, rge(i,) + K so that for every a, fi < 1 of (*)K 
colinality K, and every i < K with i,(i) = la(i) and every 
f E Yy,, there exists gE ‘Y, such that g r rge([, r i+ 1) = 
f r rge(iB r i + l), then there exists a function G: A -+ K 
such that for all 6 <i with cf(6)= K, G f rge([,)E ‘Y,. 

We continue as in the case of successors of singulars of uncountable 
colinality. We can change the forcing so that (*)K holds for all regular K (or 
all regular K 2 K,). Alternately, for successors of regulars, we can imitate 
the proper forcing proof of the existence of non-free Whitehead groups (as 
in [S3]), which is what Mekler did. 

3. GENERALIZATION 

In the spirit of [BFS, EFS], we shall consider a generalization of the 
results of Section 1 where “free” is replaced by the property of being the 
union of a continuous chain whose quotients belong to a fixed class of 
modules. 

3.1. DEFINITION. If 9 is a fixed family of R-modules, a module M is 
called F-free if M is the union of an increasing continuous chain 
(M, : v < CC) of submodules such that M, = 0 and for all CI, M, + i/M, 
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belongs to 9. (Here, “continuous” means for every limit ordinal CJ -C u, 

MO= U”<, M,,.) For example, if F = {R}, F-free is just free. 

We say that M is k--F-free if it satisfies the definition in 1.3 with “free” 
replaced by “R-free.” 

We shall be interested especially in the following choices for F, where p 
is a cardinal: 

w(p) = the class of all Whitehead R-modules which are generated by 
d p elements. 

%YX(p) = the class of all X-Whitehead modules which are generated by 
6~ elements. (For the definition of X-Whitehead, see 1.6.) 

99(p) = the class of Baer modules which are generated by 6,~ elements. 
(Recall that M is a Baer module if Ext L(A4, T) = 0 for all torsion modules 
T; here R is an integral domain.) 

3.2. It should be noted that when 9 = w(p) (respectively, ^ly;(p), or 
g(p)), and (M, : v < /I) is an increasing continuous chain of modules such 
that M,E~ and M,+r /M, belongs to 9 for all v < /I, then U {M, : v < /I} 
is Whitehead (respectively, X-Whitehead or Baer). (See, for example, [El, 
Theorem 1.21.) Thus, w(p)-free implies Whitehead. 

Suppose that the following holds: 

3.3. HYPOTHESIS. 9 is W(p), @‘Ix(p), or 97(p) for some cardinal p, and 
there is an increasing chain ( Fi : i< w) of modules such that for all 
i < j< CO, F, and Fj/Fi belong to 9, but Fo/(uiCCU F,) does not. 

In that case, given a tree Tc <“‘A, let MT be defined as in 1.2, but using 
the chain (F;: i<w) in 3.3. Let p= IF,1 +/RI +p++. We claim that the 
analogs of 1.4, 1.5, and 1.7 hold. We will state the analogs and briefly 
comment on the changes needed in their proofs. 

1.4 (bis). Let K be a regular cardinal > p. If T G Gw2 is a K-free tree of 
height w, then MT is K-F-free. 

To prove this, we inductively describe how to write C { A4; Y : B < CY} as 
the union of a continuous chain with quotients which belong to 9- using 
the fact that D, E%. Then we extend this to a chain whose union is 
C {M,T : q ES>, by induction on ~1, using the fact that the N, E 9. 

1.5 (bis). Suppose A is a regular cardinal > p and T c Gwi is a tree of 
height CO and cardinality 1 satisfying (t). Then MT is not P-free. 
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(We could, in fact, prove that MT is not the direct summand of an 
F-free module.) It suflices to prove that for 6 E E 

{r > 6 : AT/A8 is not F-free} is stationary in 1. 

Now if v is as in the hypothesis of (t), we have (H) as in the proof of 1.5; 
if A,/A, were F-free, then by 3.2, A,/A,, would be Whitehead (or 
X-Whitehead, or Baer, depending on what B is), which yields a contra- 
diction, using (**), since (ML + Ab)/A, S’ F,/(U,,, Fn) is not. 

1.7 (bis). Suppose 9 is ^tlrx(p). Zf A >x >p and TG ‘wA is a tree of 
height w which has 2XP-un$ormization, then A4 T is a x- Whitehead module. 

The proof is the same as before, using the fact that F,/F, E 9 to get (b) 
of (*),, p (cf. [E2, Lemma 2.31). (Note that we cannot conclude that MT 
is Baer if 9 is g(p), since the definition of Baer requires Exti(M ‘, T) = 0 
for arbitrarily large T-or at least for T of cardinality 2 IMTl.) 

We can generalize even further, by using trees of height >o. Suppose 
that we have for some cardinal 8 2 w : 

3.3a. HYPOTHESIS. .9 is “N’“(p) or %Cx(p) for some cardinal ~33, and 
there is an increasing chain ( Fi : i < 0 ) of modules such that (F, : i < 8 ) is 
continuous and for all i < j < 6, Fj and F,/F, belong to 9, but FO/( Ui, e F,) 
does not. 

Given a tree TE <‘A, we can define MT as in 1.2. Then 1.4(bis), 1.5(bis), 
and 1.7(bis) hold with o replaced by 0. In order to prove 1.7(bis), we need 
to add to (*),, p in 1.8 an additional hypothesis: 

(c) if q E T, I(q) is a limit ordinal < 8, and g, E P, r y for each v E 1(q), 
so that g,cg, if v < r < I(q), then there exists ge P, such that 
u {&:v<wl~g. 

This condition holds in the proof of 1.8, because the chain ( Fi : i < 0 ) is 
continuous. There are some changes in the proof of 1.9. For each q E T,, 
each v < 0, and each g E P, 1 v, choose one element [g 1 v] E P, which 
extends g r v; it exists by (b) and (c). (Recall that g = g r v + 1; if v is a 
limit ordinal, then g r v is not an element of any Pi.) Then let ord,(g r v) 
be the minimal ordinal r < v such that g 1 v E [g 1 r]“. Define 

4qv) = k r V, cg r or&k r w) : kw, d 
for all ordinals v < 8. Now continue as before. 

We can generalize further still by replacing the variety of R-modules with 
an arbitrary variety or semi-variety, V, of algebras in a fixed vocabulary L. 

Sh:379



ON WHITEHEAD MODULES 507 

(A semi-variety is a class of algebras satisfying a set of universal Horn 
sentences.) The notions of free and K-free make sense in this setting. 

3.4. DEFINITION. ME I’ to said to be x- Whitehead if for every NE V and 
every homomorphism cp: N --) M such that for every x E M, q - ’ [ {x} ] has 
cardinality <x, there is a homomorphism cr: M+ N such that cp 0 0 is the 
identity on M. 

3.5. If for some K > IL1 + (I,,, there is a non-free L,,-free algebra of 
cardinality rc, then there is a chain (Fi : id 0) for some 9 such that for all 
i< j<t9, Ri is a free factor of F,, but Uics Fi is not a free factor of Fe * K 
for any free algebra K. (See [EMl, Lemma 3.11.) Then we can continue as 
before. 

4. APPLICATIONS 

First, let us note the following. 

4.1. LEMMA. If R is an integral domain, then R is left perfect if and only 
cf R is a field. 

Proof Clearly a field is left perfect. Conversely, suppose R is not a field. 
Let x be a member of R which is not a unit. Then R 3 xR 1 x2R 1 . . . 3 
x”R 3 . . . is an infinite descending chain of principal ideals. 1 

The following is an immediate consequence of 4.1 and 2.2 and answers 
Adamek’s question. (See the Introduction.) 

4.2. PROPOSITION. It is consistent with ZFC+ GCH that for every 
integral domain R which is not a field and every R-module K, there is an 
R-module A4 such that Exti(it4, K) = 0 but M is not projective. 

As another consequence, we obtain the proof of one-half of the following 
independence result: 

4.3. COROLLARY. Let R be a slender P.I.D. of cardinality N, which is not 
a field. Then it is undecidable in ZFC + GCH whether every Whitehead 
R-module is free. 

Proof: It is proved in [BFS, Theorem 5.11, using a result of Gerstner, 
Kaup, and Weidner, that assuming V= L, every Whitehead R-module (for 
R as given) is free. Proposition 4.2 (with K= R) shows that this result is 
not provable in ZFC+ GCH. (The consistency proof in [BFS] applies 
only to countable domains.) 1 
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For_ integral domains in general, we would not expect that every 
Whitehead module is free (or even projective), but it is proved in [BFS], 
Theorem 3.11 that it is consistent with ZFC that for domains R (of car- 
dinality p) such that RD-submodules of torsion-free Whitehead R-modules 
are Whitehead, a torsion-free R-module M is Whitehead only if it is w(p)- 
free; i.e., it is the union of a continuous chain (M, : v < cc) of submodules 
such that M, = 0 and for every v, M,,, r/M, is Whitehead and of car- 
dinality bp. It is also proved there that it is consistent that this result fails 
for countable domains which are not fields. We are going to prove a similar 
result for some uncountable domains. Let Q denote the quotient-field of R. 
First, let us note that if R is a cotorsion domain-i.e., Extk(A, R) = 0 
whenever A is Q or an ideal of R- then every torsion-free R-module is 
Whitehead, so certainly every torsion-free module is “IV(p)-free. (See [FSa, 
p. 2431,) For example, a maximal valuation domain is cotorsion. The 
hypotheses on R in the following are satisfied if, for example, R is an 
almost-maximal valuation domain which is not maximal (cf. [BFS, 
Sect. 71). 

4.4. THEOREM. It is consistent with ZFC + GCH that whenever R is a 
Priifer domain which is not cotorsion and is such that RD-submodules of 
Whitehead modules are Whitehead, then there is a Whitehead R-module 
which is not V(p)-free. 

Proof It suffices to show that Hypothesis 3.3a holds for 9 = Y+‘“(p) and 
some 8 <p. Since R is not cotorsion, there is some A E Q which is not 
Whitehead. Choose such an A with the minimal number, 8, of generators. 
Since every finitely generated torsion-free module over a Priifer domain is 
projective, 9 must be an infinite cardinal. Then A = uy < 0 A, (continuous) 
where each A, is a submodule generated by <8 elements. Thus each A, 
is Whitehead. For each v< 8 choose a free module L, such that there 
is a homomorphism I,+,,: L, + A with @,( L,) = A, + , . Let F0 = @ y c e L, 
and let cp: F, + A be such that q r L, = 1(1,; then cp is surjective. For 
i<8, let Fi=ker(cp r eVci L,). Clearly ( Fi : i < U) is a continuous chain, 
and FelUice Fig A, which is not Whitehead. Moreover, F,/F, g 
AiO Ovai L,, which is Whitehead for all i < 0. Also, for i < j < 8, Fj/Fi is 
an RD-submodule of FB/Fi because ( F,JFi)( F,/F,) g Fe/Fj is torsion-free; 
thus F,/F, is Whitehead by hypothesis. Similarly, Fj is Whitehead since it 
is an RD-submodule of F,, which is free. 1 

4.5. COROLLARY. It is consistent with ZFC+ GCH that whenever R is an 
almost-maximal valuation domain which is not maximal, there is a 
Whitehead R-module which is not “W(p)-free. 

As another application, we consider Baer modules. The question is 
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whether there is a single test module for being Baer, i.e., a single torsion 
module Y such that M (of arbitrary cardinality) is Baer if and only if it 
is of projective dimension < 1 and Extk(M, Y) = 0. If there is one, then 
there is one of the form YK zdef @ TE R (RI&)‘“’ (cf. [EF, Lemma 43). 

For R = Z, in [El] it was shown that V= L implies that YU is a test 
group for being a Baer group (and MA + 1 CH implies that it is not). Now 
Griffith showed (in ZFC) that every Baer group is free. Thus, as an 
immediate consequence of 4.2, it is independent of ZFC+ GCH whether or 
not there is a test group for being a Baer group. 

Since for arbitrary domains R, Baer modules are not necessarily (as far 
as we know) projective, we must do more work. In [EFS, Theorem A], it 
was proved (in ZFC) that every Baer module is .9?(N,)-free. Also, in [EFS, 
Sect. 51 the proof in [El] was generalized to show that I’= L implies that 
.Y#Y#Y is a test module for Baer if R is of cardinality <N,. This proof can be 
extended further to show that V= L implies that YK is a test module if 
(RI d K 

4.6. THEOREM. It is consistent with ZFC+ GCH that for every integral 
domain R which is not a field, and every cardinal K, there is an R-module M 
of projective dimension d 1 such that Extk(A4, YK) = 0, but M is not a Baer 
module. 

Proof: We use the model of Theorem 2.1. Given R (of cardinality p) 
and K, choose x > max(rc, p }. Then there is a regular cardinal 1> x and a 
tree Tz <“JV which is A-free, of cardinality I, satisfies (t) of 1.5, and has 
2X”-uniformization. There is a chain ( Fi : iE o) such that each Fi is free 
and countably generated and for i< j< w, Fj/Fi is free, but FW/(IJi..,, F,) 
is not a Baer module (cf. [EFS, Sect. 51). Now let MT be constructed as 
in 1.2 using this chain. Then MT is X-Whitehead, so Extk(M, YK) =O. 
Moreover, MT is I-free of cardinality II, so it is the union of a I-filtration 
consisting of free modules, and hence by Auslander’s Lemma (cf. [FSa, 
p. 731) has projective dimension < 1 (because all the quotients have projec- 
tive dimension < 1). Since Hypothesis 3.3 holds with 9 = W(K,), MT is 
not 9(Q)-free, so it is not a Baer module, by Theorem A of [EFS]. 1 

4.7. COROLLARY. For any domain R which is not afield, it is undecidable 
in ZFC+ GCH whether there is a torsion module 9 such that an R-module 
M is a Baer module if and only if pd(M) < 1 and Extk(M, Y) = 0. 

Proof By the remarks before 4.6, V= L implies that there is a test 
module for Baer. On the other hand, 4.6 implies that it is consistent that 
there is no test module. i 
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Note added in proof J. Trlifaj (Comment. Math. Univ. Carolinae 31 (1990), 621-625) used 

a uniformization principle like that proved consistent in Section 2 to show that it is consistent 
that every regular Ext-ring is completely reducible. In a later preprint he extends his argument 
to arbitrary non-left perfect rings, and also shows that the hypothesis of non-left perfect is 
essential in 2.2. 
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