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THE MINIMAL COFINALITY OF AN ULTRAPOWER OF
AND THE COFINALITY OF THE SYMMETRIC GROUP
CAN BE LARGER THAN b*

HEIKE MILDENBERGER AND SAHARON SHELAH
Abstract. We prove the statement in the title.

§1. Introduction. We show that b™ is neither an upper bound on mcf nor on
cf (Sym(w)). In all models known formerly the two cardinals were bounded by b*
and since the related cardinal g is bounded by b* in ZFC the possibility that also
these two cardinals be bounded by b* was not excluded before our research. We
provide forcing constructions to increase these two cardinal characteristics.

We recall the definitions:

DerFINITION 1.1, By ultrapower we mean the usual modeltheoretic ultrapower:
(w,<)? /U is the structure with domain {[fv: f € “w} where [f]y = {g € “w:
{n: f(n) =gn)} e U} and[flu <u gl iff {n: f(n) < g(n)} € U. The minimal
cofinality of an ultrapower of w, mcf, is defined as the

mef = min{cf((w, <)®)/U): U non-principal ultrafilter on w}.

DEFINITION 1.2. Sym(w) is the group of all permutations of ®. If Sym(w) =
Uics Gi and & = cf(k) > Ro, (Gi: i < k) is strictly increasing, G; is a proper
subgroup of Sym(w), we call (G;: i < k) a decomposition. We call the minimal such
K the cofinality of the symmetric group, and denote it cf (Sym(w)).

We recall some related cardinal characteristics and some estimates: For f, g € “w
we write f <* g and say g eventually dominates (bounds) f if (3n)(Vk > n)
(f(k) < g(k)). Aset B C ?w is called unbounded if there is no g that dominates all
members of B. The bounding number b is the minimal cardinality of an unbounded
set. A set D C “w is called dominating if for every f € ®w thereisa g € D such
that f <* g. The minimal cardinal of a dominating set is called the dominating
number, 0. A set § C [w]® is called groupwise dense if it is closed under almost
subsets and for every strictly increasing sequence 7;, { € w there is 4 € [w]*
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such that ;. ([mi.7i11) € §. A groupwise dense ideal is a groupwise dense set
that is additionally closed under finite unions. The groupwise density number g
(groupwise density number for filters g,) is the minimal size of a collection of
groupwise dense sets (ideals) whose intersection is empty. A set D C “w is called
finitely dominating if for every f € “w there is k € w and there are g;, i < k,
gi € D such that f <* max{g;: i < k}, where the maximum is taken pointwise.
The cardinal invariant cov{Z%4,) is the smallest cardinality of a collection of non
finitely dominating sets whose union is dominating. An equivalent definition of
cov{@gn ) (see [14]) is the smallest x such that there are non-principal ultrafilters U,
onw, a < k, and sequences g, 3, f < & for & < & such that for every f € “w there
are o, ff < k such that f <y, gap.

Obviously mcf > b. By Canjar [6], ¢f(d) > mcf. ZFC also implies mef > ¢
[4, Theorem 3.1Jand mef > g, (with the same proof) and mef > cov(@gn) > g [11].
There is it shown with an oracle c.c. forcing that mef = cov(Pg,) = b+ = X >
max(b, g) = Ry is consistent. A model of mef = cov(Phn) = Ny > max(gy,u) =N,
is given in [10] (u is the minimal character of a non-principal ultrafilter on .) Shelah
[13] showed that g, < b* in ZFC. This consequence of ZFC lead to the question:

QUESTION 1.3. Are there cardinal invariants “slightly” above gy that still are
bounded by b*?

Here we show that there is no such upper bound on mcf. A similar proof works
for cov(Zian).

THEOREM 1.4. Suppose that X} < 8 = cf(8) < 0 = cf(0) < kK = cf(k) < 4
and GCH holds up to A. Then there is a notion of forcing P of size A that preserves
cardinalities and cofinalities and that forces MA .y and b = 0 andwmef > k and ¢ = A.

We write the proof here for u* = 1 and 4™ < A. The cardinal preserving forcing
[P from the proof of the theorem gives amodel of K < mefand ¢ = 4 = u™ > k. Our
constructon gives that « is a successor. With the collapse Coll(x, A) we can arrange
% = A in the end. Since the collapse is (< x)-closed it does not destroy the cardinal
invariant constellation of 8, 8 and k. If we want for example that the continuum is
a limit afterwards (or even a weakly inaccessible) then we assume the existence of a
strong limit cardinal (or of a strongly inaccessibel cardinal) v, carry out the forcing
P with & < u, A < v as in the theorem and thus v stays a strong limit cardinal (or
strongly inaccessible). Then after the forcing PP we collapse v to x with conditions
of size < k. k = ¢ is a limit cardinal afterwards (or weakly inaccessible).

Sharp and Thomas [12] showed that ¢f (Sym(w)) = b* is consistent and also
cf (Sym(w)) < b is consistent, and Mildenberger and Shelah [9] showed that g =
N; < cf(Sym(w)) = b = N, is consistent. Brendle and Losada [5] showed that
the inequality g < cf (Sym{w)) follows from ZFC. Simon Thomas [15] showed
that cf (Sym(w)) < cf*(Sym(w)) < 9. For the definition of ¢f* (Sym(w)) and more
results on this useful intermediate cardinal we refer the reader to [15]. So also
cf (Sym(w)) is a candidate for the question above. Again we prove that it is not
bounded.

THEOREM 1.5. Suppose that ¥; < 8 = cf(8) < 0 = ¢f(0) < k = cf(k) < A
and GCH holds up to A. Then there is a notion of forcing P of size A that preserves

cardinalities and cofinalities and that forces MA g and b = 0 and mef > k and
cf (Sym(w)) > k and ¢ = A.
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The same remark about using Lévy collapses afterwards apply. The forcing
Coll(k, A) might add new short sequences of subgroups. However, it does not
introduce new witnesses decompositions of length < k. Our forcing in the proof of
Theorem 1.5 uses only the witness to define an iterand destroying the witness and
at the same time all decompositions that have this witness. So Coll{k. 1) preserves
cf (Sym(w)) > &.

§2. Forcing arbitrary spread between b and mcf. In this section we prove Theo-
rem 1.4.
For a set of ordinals C, the set of accumulations points is acc(C) = {5 € C:
6 = sup(C Nd)}. If C is closed then acc{C) C C. For a set C of ordinals, otp(C)
denotes its ordertype, the unique ordinal a such that there is an order preserving
bijection from (a, €) onto (C, €).
HypotHEsis 2.1. GCH holds up to A, X1 < 8 = cf(8) < § = cf(0) < k =
(k) <A ut =41
LemMa 2.2. By a preliminary forcing of size A that preserves cofinalities and car-
dinalities starting from the hypothesis we get a forcing extension with the following
situation:
(@) d=cf(@) <r=cf(k) <pu<d=i*ut =iy <l
(b) Ay is afamily of size A of subsets of [u]<*, (VA € Ay)(VB € A1)(ANB is finite).
(¢) if k1 < &k and{ug, uy) is a partition of u then there is £ € 2 and there are A many
A € Ag such that A C ug and |A] > k.
(d) there is a square sequence C = (Co: a € A, limit) in A = u* that is club
guessing, i.e., C has the following properties
(1) Co C a is cofinal in o and closed in a, ie., acc(C,) C C U {a},
otp(Co) < a1,
(2) for p € acc(C,), Cg = Co N B,
(3) for every club E in A there are stationarily many o € A with cf(a) = u and
Co C E. We call this “C is club guessing”.
(€) There is an <*-unbounded sequence (g,: o < 8) in “w.

Proor. We first add by forcing an almost disjoint family A C [u]<* as in Baum-
gartner’s work [3]. We recall some of the main steps of Baumgartner’s forcing in
Section 6 [3]: Let A(x’, 4, k', v) be the following statement: There is a family A of
size A such that each 4 € A is a subset of x’ of size ¥’ and for 4 # B € A, the
intersection 4 N B is of size less than v. Let F = (F,: o < 1) be a sequence of
members of [k']*, repetition is allowed. A basic forcing factor is Q(«’, A, v. F ) con-
sisting of conditions p = f that are partial functions f: A — |J F,, |dom(f)| < v,
fla) C Fa, |f(e)] <vand f <g w1, &iff f(@) C gla) fora € dom(f) and
forall a # B € dom(f), f(a)n f(B) = gla) Ng(p).

Now let K = {u: v <v' < g, u regular cardinal} and let

Q&' Av.F)={{fv:V €K) € H Q' (k' AV F):
veK
(W <v' e K)(dom(fv”) C dom(f,/)

A (Va e dom(fv”))fv”(a) C fv/(a))}'
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This forcing has size 4, forces the desired witness A of A(x’, A, x’,v), and it preserves
cardinalities and cofinalities by [3, Lemmata 2.2. to 2.6].

Now we let &t = k in the successor case, and if & is a limit, take k¥’ = x. Forcing
with Q(«’, A, v, F) gives a v-almost disjoint family A C [s/]<F. We take v = Ry.
We fix 4 > k. Now we show that (c) is true. Let ((«§,u$)): @ < A) enumerate all
partitions of u such that each pair appears 4 times. Let {4, : a < A} enumerate A.
Then, given the task (g, u{*) we choose 1® € 2 such that [u% N A,| = |4a|. In the
end welet Ay = {upe NAy: @ € A,1* = £}. So we have the desired Ao, A; and even
more: Ag U A is a family of almost disjoint sets.

Now, in this forcing extension by Baumgartner’s forcing we force again, by a
u-distributive (so no new u sequences are added, and A = u™ is preserved) forcing
of size A: This forcing combines the forcing for adding a square sequence by
approximations (as in [7, Exercise 23.3]) with a component that makes the sequence
club guessing.

A forcing condition has the form p = ((C,: a < y.acc(a)).C) = (CL:
a < y(p),lim(a)), C?) with the following properties. C, C a is club in a,
otp(Co) < s, 9 < 4, for p € im(C,), Cp = Co N P and €7 is a set of size
u of clubs in 4. A condition ¢ = ((Dy: a < 7/,lim(a)), D) is stronger than
p = (Cy: a < y.lim(a)), @) iff (D,: a < 9/,lim{c)) is an end extension of
(Cy: a <y lim(a)), @ C D, and thereis a € y', D, C[)C.

By density arguments, the generic G of this forcing gives rise to

Co =| J{C:3e(C.¢) € G}

a square sequence with built in club guessing.

We now show that the forcing is indeed u-distributive.

Let f be a name for a function f: 4 — V, f € V[G]. By induction on o < u we
choose p,. Let pg be any condition. Let payi > po such that p, | decides f(a)
and such that C,(,, . ) has order type < u. Now assume that o < pis a limit ordinal.
Letlimg_,q y(pg) = yo. Now let y(pa) = o+ - j for a sufficiently large j < 1. We
define C€(pa) = U{C(pp): p < a}. The square sequence part (Cé’": B < y(pa))

of p, is the union of the C-parts of the pp, B < «a, together with the additional
elements: Cf* = {J e Cyp(’; ) is of ordertype < u. Then we prolong the C-part
of the condition p,, coherently by some additional elements C?*

st L < J, so that
the last element CF* . again has ordertype < u and such that there is i < j with
ype < u J

cro Cnelpa)
Yt = Pa).
Since k£ > N; in the ground model and since all the forcings so far are (< &)-
closed, after the Baumgartner forcing and the square with club guessing forcing
we still have the CH. Now we extend by an iteration of length § of Hechler reals
(see, e.g., [2, Def. 3.1.9] for Hechler forcing, called D there) and thus get a sequence
(ga: a < 0) that is <*-unbounded. 4

Now we assume that we have families Ay, A; and a square sequence with built
in club guessing C and an unbounded sequence (g,: @ < 6) as described in the
conclusion of Lemma 2.2 in the ground model, and will now describe the final two
forcing orders in the proof of Theorem 1.4. For ease of notation, we consider the
model after the forcing from the proof of Lemma 2.2 now as the ground model V
and argue over it.
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The first step is a forcing K = (K, <) of approximations q € K, where K =
U{Ks: & < 2} and K, is the set of a-approximations. The relation <k denotes
prolonging the forcing iteration and taking an end extension of the partition of
the iteration length and of 4. Once we have a generic Gk for this forcing by
approximations and end extension, we force with the direct limit -

]Pf;u( = U{Pq qc qK} (21)
We let
P :=K * Pg,. (2.2)

DEFINITION 2.3. Assume that Ag, £ = 0,1, A, u, k, 8, g and C have the properties
listed in the conclusion of Lemma 2.2. A finite support iteration together with three
disjoint domains and a sequence of subsets of u, q = (P9, U, U, U3, 4), is an element
of the set K, of ai-approximations iff it has the following properties:

(a) P = PY, where Q4 = (P}, Qqﬂ: B < alq).y < alq)) is a finite support iteration
of c.c.c. forcings of length a = a(q) = lg(q) < A.

(b) Uo = UG are the odd ordinals in o and Uy, Us is a partition of the even ordinals
in o, Uy contains only limit ordinals, and A = (Ag: f € a N Uy).

(c) For B € Uy, Qp is the Cohen forcing (*>2, <1) and we call the generic real gg.

(d) For B € Uy, Qp is a c.c.c. forcing of size dg < O. i

(e) For f € Uy, thereisijp = (np;: i < kg) of length kg < K, that is a Pg-name for
a sequence of functions from o to .

Moreover there is a sequence (Cg;: i < Kkp) =: &g of &g = E(B,i) € Ug N B,

increasing with i, of Cohen reals relevant for time 8, and there are Ag C u and
a sequence of conditions pg = (pg;: i < kg), and tg € 2 with the following
properties

{¢piti<np} C{e+1:e€acc(Cp)}, and

(Aﬂ E.Atﬁ NAg ¢ {Ayi ye N}
A Ag 2 {otp(e Nacc(Cy)): (e € ace(Cp) (2.3)
Ne+1€{&p;ii<rkg})})and

npi is a Pe, -name, and
ﬁﬂ = <Pﬂ,i: i< Hﬁ>, Pﬂ,i € Plf(ﬂ,i-l»l)'

(f) With the objects named in (e), for € U, we define P,y as follows: We let
pEPsiff p:p+1—-V,plpePgand

p 1B, p(B) = (n fou)
An€Ew
ANfin—ow
Au C kg is finite
A (Vi € u)(ppi € G(Pg))
N{i € kg ppi € G(Pp)} = rp.
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p<e,, qif
[ B ke, nps) < ng(p)
NS gy € Faip)
A (V€ [ny(), ny Vi € upg)
(e, (n) = tg = npi(n) < f 45 (n)).
(g) For B < a we define ]P’;, to be the set of the p € Py with the following properties:
Ify € dom(p), then p(y) € V (is not just a name) and if y € dom(p) NU;, then
plylri€uyy = (pri<e, ply
A&, € dom(p)
[ & forces a value to 1,1 1 1e(p(&1)).
ARy < lg(P(fy,i)))-

Remark: We call (p(éy,,-),;!y,i I 1g(p(&,:))) in our indiscernibility arguments

(2.4)

hp,y,i :

The objects whose existence is presupposed in Def. 2.3(e) are free parameters.
There is no book-keeping involved, but the forcing K with the approximations does
a similar job: In Lemmata 2.7, 2.8 and 2.10 we invoke density arguments. Since
A<* = Jis regular and since Pg, is a finite support iteration of c.c.c. forcings, since K
does not add sequences of length < 4 and since k < 4, each sequence (5;: i < k') of
x’ < s realsin V* has a Pg-name for some § < 4. For cf(f) = u, once (54, i < rp)
is fixed, it is easy to find suitable 4, é s, Dp. tp that fulfil (2.3), as we see in the proof
of Lemma 2.7.

We outline the purpose of the properties (a) to (g) listed in Def. 2.3: Item (e)
is to keep the Cohen part {£g,: i < kg} of the supports in the definition of the
iterand Qg almost disjoint from that of another iterand Q; with #; # 5, . B € Us.
The sequence (n4,: i < k) is a possible cofinal sequence in a reduced product. We
do not name the ultrafilter, just the fact that a Cohen real g ;) or its complement
will be in the ultrafilter D will be used to produce a fast growing function f and
a collection of domains d; = 95_(;13',,'){%’}’ i € Ug, Ug cofinal in kg, such that f
dominates ng; ond; € D for i € Ug. So f shows that the sequence #g;, i < kg, is
not cofinal in the reduced ordering. Starting withp € K,, 7 € V® . and a P-name
D for a non-principal ultrafilter on w, there are a § > « and q* >k q >k P,
q € Kp, 97 € Kg,1, such that Qq adds a <p-dominator to 17 = 77 (this will be
shown in Lemma 2.7). Item (g) together with equation 2.3 w111 be used in the
“negative theory” (Lemma 2.10): K x Pg, does not destroy the unboundedness of
the sequence (g, : o < 8) from the preliminary forcing.

DEFINITION 2.4. Welet K = | J{Kq: o < A} be the set of approximations. For q =
(Po. Uo, Uy, Up, A) €EKgand f < aweletq | f = (Pg, UoNB,UINBUNB AT B).
We let the forcing with approximations be K = (K, <y) with the following forcing
order: q > qo iff q | @(qo) = qo.

LemMa 2.5. (1) Fora < 4, each g € K, has the c.c.c.

(2) Ifa<Aandqe K, and f < o thenq | f € Kp.
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Proor. (1) We prove by induction on « that P, has the c.c.c. For limit ordinals
B, the c.c.c. is preserved because we are iterating with finite support. In the case
of a = f + 1, if we wish to put f € U or in U; we have the c.c.c. iterand Qp and
P, = Pp+Qp. If @ = f + 1 and we wish to put § € U, we prove directly that
P, has the cic.c. Suppose that {p,: y € w:} are conditions in P,. By induction
hypothesis we can take a Pg-generic filter G such that 4 = {y € w1: p, | f € G}
is uncountable. Now by the definition of P,, there are » € @ and f: n — w such
that B = {y € 4: p, [ BIF (n, (5. fp,(5) = (n, f)} is uncountable. Now we take
y#0 € Bsuchthatp, [ f £ ps [ B. Since y,6 € B, also p, £ ps. Hence P, has
the c.c.c. Now Qg is the Pg name of P, /Pg. —

LemMa 2.6. (1) K = (K, <x) is a (< 4)-closed partial order.
(2) kg Pgy satisfies the c.c.c.
(3) Forcing by K * Pg, does not collapse cofinalities nor cardinals and it forces
2% = 1 = <4 and the power u* for u > A does not change.

LEMMA 2.7. In the generic extension by P = K * Pg,, MA .y holds and mcf > k.

Proor. MA 5 holds because of the iterands attached to U, and by Lemma 2.6 as
cf (1) = A. Now let a P-name for an ultrafilter D and P-names 5;, i < &/, for some
k' < &, and (p, p) € P be given. i

As Pg, is c.c.c., and K is (< A)-closed we can assume that #; is a PP-name of a
member of “w and p = p € PP. i

We show that there is a stronger (q, p) >p (p, p) that forces that #;, i < &/, is not
cofinal in @“/D. i i i

We choose (q,: @ < 1) continuously increasing in <g such that ¢y = p and

Qo1 forces a IF’;’g(;;l)-name toDN g’(w)vw . For this we use (Vo < 4)(a® < A)
and known reflection properties of finite support iterations of c.c.c. iterands of size
< A. Then E = {lg(q,): @ < A} isaclub in A. So by Lemma 2.2, there are
B >1lg(p), p € E, cf(f) = pand Cy C E and otp(Cg) > u. Let q be that q, with
lg(qa) = B. Let {e(i): i < u} enumerate the accumulation points of Cy and note
that i — otp(acc(Cp) Ne(i)) is injective and independent of B, by the coherence of
the square sequence C. For i < u we choose 1(i) € 2, p; € P}, pi > p such that
Di “‘Pg( ) {n: Qe(z‘)+1(’1) =1(i)} € D.

Since kg < k < p, for some o < p
w={i<u:ti)=¢Vj< fc/,»)(;zj is a P} -name)},£ =0, 1

is a partition of x ~\ ug into two parts, and hence by conclusion (d) of Lemma 2.1
there is some 73 € 2 such that there is 4 = 4y € A;, ~ {4,: y € U N B} such that

{i € ug,: otp(e(i) Nace(Cy)) € Ay}

has size at least «'.

Now we thin out {e(i) + 1: i € uy,, otp(e(i) Nacc(Cp)) € Ag}, to a sequence
(£(i): i < &') such that £(i) € {e(i): i € uy,.otp(e(i) Nacc(Cp)) € Ag}, (i) >
E(j) for j < i, and £(7) increasing with i, such that a there is a strengthening
Ppi >p, pi With pg; € (]P”)g(iﬂ). We define q* >x q by
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)

)

)

(d) <’~7qﬂ,+i: i< ng’) ={niti<w’),
) (fg:.: i< rc?;) = (&) +1:ierx'),
) Phi = ppi € (PI)EZBJH)'

So QY is defined by (d). (e). (£).

Now P¥' has the c.c.c., hence there is p’ ZP‘}*I J22
Y

P pe “W = {i<r': p; € G(PY)} has cardinality &'”.
So (q*, p’) forces for the Qqﬂ -generic real g4 that

ie W —nile; {1} <" gpl ez {tp}- .
Since i — otp(acc(Cp) Ne(i)) is by the coherence of the square sequence in-
dependent of # and injective, equation (2.3) has an important consequence: If
tg, # tp, then {(i, j) € wg, x Kp: &g = Ep i+ C {(i, j): otp(€p; Nacc(Cy,)) €
Apg, Notp(&p, jNacc(Cp,)) € Ap,)}, and this is finite, since Ap, € Ap,, £ =0, 1. This
finiteness will enter in Claim 2.11 part (2).
Now in the remainder we prove that in the generic extension b = 6.

Lemma 2.8. Ifq € Ko and p < o then Py = (]P”)qﬁ is a dense subset of Pg = ]P’qﬁ.

ProOF. Let for f; < f2 < «a, P:?.,ﬂz = {p € Pg,: the demands from Defini-
tion 2.3(g) hold for y € dom(p) ~ i foralli € u,,)~ B, andif i € u,(,)N By then
we only demand p,; < p I y and ¢,; € dom(p)}.

So we prove by induction on f; < « for every f» € [Bi, ) for every p € ]P’%l) 5

there is ¢ € Py, such that p <p, g and p [ [1, ) = q [ [B1. o).

Case 1: fi1 = 0. Since ]P’"B2 = ]P);}l,ﬁz we can take p = q.

Case 2: f) is a limit ordinal. We let By = sup(dom(p) N B1)) < B and use the
induction hypothesis for fy + 1.

Case3: B = fo+1and By € US. If By ¢ dom(p) we use the induction hypothesis.
If fo € dom(p) weletv = {y € fr: y € Uy Ndom(p;) \ B and for some i < kg,
Bo=¢&,i}. Fory € vleti(y) witness it. Let n. = sup{n,(,): y € v}. Let qo € Pg,,
go > p | Po and force a value to p(fy), a Cohen condition, As usual w.l.o.g.,
lg(p(Bo)) > ns. Now {n,;,): 7 € v} is a finite set of Pg -names so some ¢ € Py,
q1 > go forces a value to 1,y | 1g(p(Bo)) for y € v. Wilo.g. p I fo = g1 and we
are done. i

Case4: ) = Po+1and By € UJ. If By ¢ dom(p) we use the induction hypothesis.
If By € dom(p), p(fo) is a Pg,-name of a member of Qy, i.e., an ordinal < d5. Now
p | Po € Pg, hence there is g1 € Pg, as in the induction hypothesis and such that
p | Bo < q1 and g, forces a value to p(f,). Now let dom(g) = dom(g;) U dom(p),

g1 bo=qrandq(fo) =Candq I [Bo+1,5) =p [ [Bo+1 ). Noweasily g is
as required.
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Case5: 1 = fo+1and fy € UL, If By ¢ dom(p) we use the induction hypothesis.
If B € dom(p), p(fo) is a P4,-name of a member of Q4, and by strengthening p | fo
we can assume that p | Bo forces a value to p(Bo), say (n, f,u). Since By € Uy it is
a limit ordinal.

Choose g1 € Py, such that (p | ) < g1 and for every i € uy g, &4,; € dom(q)
andg; > p | foandq; | fo > pg,i. Wlo.g., g1 =p | foand p(fy) = (n, f,u). Let
B« = sup(dom(p) N ) + 1. Now apply the induction hypothesis to p and f.. -

DEFINITION 2.9. Let a and b be finite sets of ordinals and |a| = |b|. By OP(a.b)
we denote the unique order preserving bijection from a onto b.

LemMA 2.10. Let § = (g.: € < 0) be a <*-increasing sequence in V that does not
have an upper bound, 8 < 0 < k. Then, for every a < A and q € K,, after forcing
with P the sequence g is still unbounded.

COROLLARY 2.11. After forcing with P, g is unbounded.

Proof of the lemma. Towards a contradiction assume that q € K, and there is
P« € P1and there is a P4-name g such that p, IFp (Ve < 0)(g. <* g).

Hence we can choose fore < 6, (p., n.) with the following properties: p. € (P')9
Pe <pa pe, ne € w and p. Ik 1 € [n.,0) = g(n) < g(n). We let p.(y)
(Rey, fey Uey) fory € dom(p,) N Uy. We let u, = J{ue,: y € dom(pe) N Uz}

Now by the A-system lemma and by Fodor’s lemma there is a stationary S C 0
and there are

.

(”*’ M, M3, Vs, Uss (ny! fAV)Yevv«ﬂuz’ (P;*)y@m(uouu,))
with the following homogeneity properties:

(1) Fore € S, |dom(p.)| = m. and n. = n, and ju.| = m3.

(2) Fore € S, fo # p1 € dom(p.) N Uy with 15 # 15, the finite set {&g, ;¢
o < kg } N{&p.i: i1 < kg } is independent of €, just dependent on the
position of y and f; in dom(p. ).

(3) Fore #( € S, dom(p,) Ndom(p;) = v. and u. Nuy = u,.

(4) For £,{ € S the function OP(dom(p.),dom(p;)) maps v. to itself and
(Bo Epois) to (Br1.&p,.i,), that means: if iy € u, (4,), then ij € Up.(p,) and
Ppe poio = Mpepric- R

(5) Fore € S,ify € v« NUy, thenn,, = n, and f¢, = f,.

(6) Fore € S, ify € v. N (Up UUy) then pc(y) = p;*.

We fix € = (e(k): k € w) with the following properties: The sequence (e (k):

k € w) is increasing e(k) € S and there is n > n,,n, y € v,, such that p 4, I-
8e(k)(n) > k for every k. It is important that n is indendent of k. Since (g.: € € S)
is <*-unbounded, there is such a countable subsequence that has such an ».

Now take g € P,,, ¢ > p.() such that g IF g(n) =1 for some 1 € w.

Since dom(p.), € € S, is a A-system with root v, there is k(x) > 1 such that

dom(p,(k(x))) Ndom(q) C v, w.lo.g., = v, and uy, = [J{uy,): 7 € dom(g) N Uy}

Now here is the critical claim, leading to a contradiction:

CraM 2.12. The conditions p.(x(«)) and q are compatible in 9.

Proor. The obvious candidate for a condition witnessing compatibility is r with

(a) dom(r) = dom(g) U dom(p,(x())).

(b) for f € dom(g) \ dom(p,(k(x)), 7(B) = q(B),
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(c) for f € dom(p,((.))) ~ dom(q), r(f) = Pg( k() (B),
(d) for g e v, N(UFUUY), r(B ) =q(B) = Pe(r(x))(B):

q —
(e) for B € v, NUI, r(B) = (ny(p). fyp)- U Up, i (B))-
Does r belong to P,? Isit > g, pe(k(*))‘? The critical caseis r > p.(k(x)), and herein
the critical case is

(Vﬂ € U« muZ)(Vl € ups(,((*))(ﬁ))(vn € [nﬂ’lg(fq(ﬁ))))
r 1B oe,(n) =15 — fyp(n) >ngin).

Fix ' € v.NUy. Leti’ € uy, (5. Leté=Ep i € dom(pek(+)))NUp~dom(q).
We consider

(2.5)

we = {B € v. NUI: (3)(&ps = &)}

There is 77 € 2 such that f € wy — 15 = 1}. Why?

If fo # B1 € we and tg, # tg,, then {éﬂo,,' i< kg tN{&piti<kp}=Fis
finite and non-empty and by item (2) independent of € € S. Since v, is the heart of
the A-system {dom(p.): € € S}, there is € € S such that dom(p,) \ v. is disjoint
from F. By the indiscernibility (2) also dom(p,((.))) v« is disjoint from F, in
contradiction to the choice of ¢ € dom(p, (x(x))) NUp~ dom(g) C dom(p(k(x))) ¥«
andf ¢ F.

Well, equation 2.5 is not quite correct. We correct r to a stronger condition r*
by letting for & € dom(p,(k(x))) N Up . dom(g),

rt(&) =r(&) (1 - tg, 1=t
and otherwise r* (&) = r(£). Now r* > ¢, p.(k(«))- We prove

(VB € v, NU(Vi € ups(k(*))(ﬂ))(vn € [np.1(f 45)))
1B oy, (n) =t5 = fyp)(n) > ngi(n).

First case: n € [ng,1g(Pek()(£))). Then f ) is big enough as demanded in
the definition of p.(,)(8) < r(B). Why? The point is that we look at & =
OP(dom(p, ((x)))- dom(pe(o 1){(&) and recall we we have the same 4 and that p | &,;
forces a value to n,; | 1g(p(&,:)). Since f € vy, and i € Up, iy (8> S0 = Epir for
some i’ € u, (g). So we have from g > p, () that

[ B Ik o5 (n) = tg — fop(n) > npi(n).
Now since n < 18(px(x))(€)) = lg(p.()(&o)). already p,(q) forces this:
[ BIF og(n) = 1§ = fop(n) > npi(n).
Now from the requirement (d) about the same A we get

Petit) | BIF 0e(n) = t§ = fop(n) > npi(n)

(2.6)

Pe(0)

and hence
rBI-ee(n) =t5 — fop(n) > ngi(n)).

Second case: Now we look at 1g(p.x(»))(&)) < n < 1g(f, ). We show that
f 4(p) is big enough as demanded in the definition of p,((.))() < r(f). Now by
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our thinning out procedure by the requirements we imposed on OP, pg(o)(é ) =
pe(k(*))(é)

Now ¢ ¢ dom(g) and hence r(¢&) = p,()(&) = Pe(r(s))(&)- So for any f € w we
get1f = t;} and

rP 1B ge = pey() (1 —tp 1 —1g...),
and since p(g)($) = Pee(x) (&) we get
rt f,B I- Qéﬁi (n) = t; — fq(ﬂ)(n) > i]ﬂ’,-(n). =

§3. Increasing cf(Sym(w)) at the same time. In this section we prove Theo-
rem 1.5.

DerINITION 3.1, (1) For h € Sym(w), let supp(h) = {n: h(n) # n}.
(2) Foru Cwlet H, = {f € Sym(w): supp(f) C u}.
(3) Letw; ={k € w: k =i mod 3}.
(4) Letu; ={k € w: k #i mod 3}.
DEerFINITION 3.2. (1) We say é is a witness for the decomposition G = (G;:
i<k)iffé ={e;: i< k)ande; € Giy1 \ G; and e; is of order 2 and e¢; € H,, .
(2) & is a witness iff there is a decomposition G such that & is a witness for G.
Since there are only countably many recursive permutations and since all de-
compositions have uncountable lengths [8], we have: If there is a decomposition
G then there is a decomposition G’ with the same length such that all recursive
permutations are in G§. So for increasing cf (Sym(w)) by forcing it is sufficient to
show that there are no short decompositions with all recursive permutations in the
first subgroup.

LEMMA 3.3. Every decomposition G such that all recursive permutations are in Gy
has a witness.

Proor. We first show that | J;_; H,, generates Sym(w). Let f € Sym(w) be
arbitrary. Thereis £ € 3suchthatvy = {n:n =0 mod 3 A f(n) =£ mod 3} is
infinite. We take #; € 3~.{0.¢}. Thereis g € H,, suchthatVn € v, g of(n)=n.
There is g, € H,,, g2 maps vg onto wg and g, [ {n: n = 2 mod 3} = id, so
g € Hy,,. So f, =g og ' ofogy"isthe identity on {n: n = 0 mod 3}, so
f2 € Hy,. So f is a composition of permutations in | J, .y Hy,.

Now let {G;: i < &) be a decomposition such that all recursive permutations are
in Gy. Since |J;.; H,, generates Sym(w), for every a < & there is i(a) such that
that there is g € (Gay1 N Go) N Hy,,, # 0. Now since supp(ga) C #;(q) thereis a
recursive go,0 of order 2 such that g}, = 26,0084 ©8a.0 € Hien+1: ncw) N (Gast N Ga):
8a,0 MaPps #;,) bijectively to {6n + 1: n € w} and g, € Gay1 \ G, imitates
go after this bijection. Now there ey, €a2 € Gay1 N Hy, of order 2 such that
gl =ey10€40: eai1(6n+1) =g/ (6n+1)+3,e01(3n+i)=3n+ifori =02,
eq1(6n +4) = (gi) " 6n +1). eqa(bn +1) = 6n+4, ea2(3n +1i) = 3n + i for
i=0,2e.26n+4)=6n+1.S0es1 € (Gas1 ~ Go) N Hy, is of order 2, and put
it into the witness. -

We explain why we work with permutations of order 2. At the very end of the
proof we will use the following:
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LemMMa 3.4. Suppose e, f are permutations of order 2 and supp(e) C w; and
supp(f) C wo and both supports are infinite. Then there is g of order 2, supp(g) C u>
such that

e=gofog

PrOOF. supp(e) is the union over a collection of pairs {7, e(i)} for i from a set
called Ey. Note thati # e(i). supp(f') is the union of a collection of pairs {7, f (i)}
for i in a set called Fy. Both Ey and F are infinite and w . (Eg U Fp) is infinite. Let
g: EgUe”"Eq U FyU f"Fy — w be defined such that for every i € Eg, g(i) = j iff
gle(i)) = f(j), and for every j € Fy, g(j) = i iff g(f(j)) = e(i). Such a g exists,
since there is a bijection from {(i,e(i)): i € Eo} to {(i, £(i)): i € Fo} and both e
and f are of order 2. Let g identity onw ~ EqUe”EqU Fo U f" Fy. -

We have a preliminary forcing similar to the one from the proof of Theorem 1.4,
This time the preliminary forcing establishes a little more almost disjointness in the
family A. This family A will be used as previously to find the Cohen supports in
the history for the iterands adding <p-dominating reals, and now as well to find
(disjoint from the former ones) Cohen support in the history for a new kind of
iterands that destroys a given decomposition of length < «.

LeEMMA 3.5. By a preliminary forcing of size A that preserves cofinalities and cardi-
nalities starting from the premises of Theorem 1.5 we get a forcing extension with the
following situation:

(@) d=cf(@) <k <pu<i=it=cfd), ut =i 4 <],

(b) A is a family of almost disjoint subsets of [u]<*,

(¢) if (uo, u1) is a partition of u, then there are £ € 2 and A many sets A € A such
that A C uy,

(d) there is a square sequence C = (Co: o € A lim{a)) in A = u* that is club
guessing (so as in Lemma 2.2),

(€) there is an <*-unbounded sequence (g,: a < 0) in“°w.

Proor. We do the Baumgartner forcing first, as in Lemma 2.2. However, then
we do not water down the resulting almost disjoint family A C [x]* as we did in
the proof of Theorem 1.4. Let x'* = k. How do we modify A in order to get
item (c)? Let A be {44 @ < A}. Enumerate by {(u§,u$): a < A} all partitions
of u into two parts, each of them appearing A times. Then we choose t® € 2 such
that |Ay Nue| = |4a|. Weset A, = Aq Nue. Now A’ = {4]: a < A} has also
property (c). The rest of the proof is like in Lemma 2.2. B

Now we use the forcing framework as described in equations (2.1), (2.2) and
we use the same letters as there. However, we define a richer notion of «-
approximation, K,.

Fix a bijection h: “>2 — {3n:n € w}, eg, h'(y) = Y {3-2":54(n) = 1,
n < lg(n)}, and h(n) = b(lg(n), h’(n)) for some bijection b: w x {3n:n € w} —
{3n: n € w}. The purpose of this bijection is to interpret one Cohen real as 2%
almost disjoint Cohen reals that operate on branches of the tree “~2.

DEFINITION 3.6. q = (P, Q, (Up)e<s, 4, W) = (P9, QY (U)pes, AL, W) € H(A) is
an a-approximation iff’

(@) P4 =P}, where Q% = (P}, Q}: B < ala).y < alq)) is afinite support iteration
of c.c.c. forcings of length a(q) = 1g(q) < A.
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(B) (Ug)ecs is a partition of 1g(q).

(y) Uo U Us is the set of odd ordinals below 1g(q), Uy U Uy is a subset of the limit
ordinals.

(8) Clauses (c) to (f') from Definition 2.3 hold with A instead of Ag U A;.

(e) If B € Us then Qg is actually a Cohen forcing but interpreted a bit differently.
peQpiff
(a) pP= (n, g.bo)= (np gpsbp,gp)

(b) b C {3k: k € w} is finite,n € w, p € "2,
(¢) {h~t(m): meb} C{v:v Do},
(d) g is a permutation of dom(g) = max(n + 1,max(b) + 1),
(e) g istheidentity ondom(g)~ (bUw,), remember w; = {k: k =1 mod 3},
(f) g has order 2,
(g) g interchanges (n + 1) Nwy and b,
(h) p<qifn, Cnyandb, Ch,andg, C g, and g, < g,.
(C) w={(wg: B € UsNa) is string such that for p € Us N a,

Wy = (k5. Gp.p. 2. Jp. Pp)
has the following properties:
(a) Kg = Cf(K,p) S [Nl,h',),
(b) Ggis a Pg-name,
(c) IFp, “Gg = (G i < k) is a kg decomposition”
(d) thereisastring {&p;: i < kg} CUsN{e+1: e € acc(Cg)} (the latter has
size u by induction hypothesis) and
(A/g EANAg ¢ {Ayi Y Eﬂﬂ(UzU'l&)}

A Ag 2 {otp(e Nacc(Cp)): (e € Cgne+ 1€ {&pi i< rp})}). (3.1)

(e) I8 i, “€p is @ witness for Gﬁ . So 8 = (epi: i < Kp)
() p,; = (p,g, i< Kg), ppi € Pé,; .,» Pp is a A-system, see later for P,
(8) jp = (jpi: i < Kkp) is increasing, jg; < kg,
(h) ppilF gepi) € Gpp-
(n) For B € Uy we define Pg..y as follows: First we have Wy as in item ({). We let
pEPsiff p:f+1 >V, plpePgand
B Ip, p(B) = (n. f.u)
AnE®
ANfin—ow
Au C kg is finite
A (Vi € u)(ppi € G(Py))
N{i € kp: ppi € G(Pp)}| = rp
A f is a permutation of order 2
AVYm € n~ (w; UU{bp(fzx icul)f(m)=m
A @epiy | n.i € u, are pairwise different.
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P <p qif
q 1 BlFe, nppy < nyp)
A fp(ﬁ) - fq(ﬂ)
N (Vi € up()) (I € [1y(5), ng(5)) N Dy(e)
((ge, o epiogey ) (n) = fop(n)).

(0) For a < lg(q) we let P, = (P')& be those p € P, such that for B € dom(p)
p(B) is an object from V and not just a name and for y € dom(p) N U, the
requirements for P, from Definition 2.3 (g) hold and for y € dom(p) NUy4

plylke, i €upy) — (pi <p, P17
A&y € dom(p)
Ap | & forcesavalueto e, | 1g(p(&,:)),
ARpy) < lg(P(fy,i))).

Again we call (p(&,:). ¢, , I'1g(p(&,;))) in our indiscernibility arguments /., ;.

NOTATION/OBSERVATION 3.7. For & € Uz we get the generic objects (p,g.B) =
(0s.8¢.By) = (Uth~'(n): n € by.p € Gla)}.U{gp: p € G(Q:J}UL{Dy:
p € G(Q)}) € “2 x Sym(w) x P(w) and B; is an infinite subset of {n < w:
h='(n) < g¢}, it is considered as a branch by the identification h.

NoTATION 3.8. For ff € Uqs, Let (Up.fp) = (U{up: p € G(Qp)}.U{S>»:
P € G(Qp)}). ) )

Now we show that the forcing P is as desired.

LemMa 3.9. For q € K,,, P., is dense in P,.

ProoF. Like in Lemma 2.8.

LemMA 3.10. For B € Uy, if (np;: i < Kg) is such that kg is not cofinal in B there
arety €2, Ag € A, and {&p;: i < K} such that Equation (2.3) in the Definition of
Ppy1 are true. Then Qg # B and for every n € w, iy € wp, theq € Py withnggy > n
and 3i € uyp N lio, kg) are dense inPp. .

Proor. The first statement follows from Definition 2.2(c) and (d), applied to
u = {otp(e Uacc(Cg)): (np;: i < kg)is a Peyj-name} and u \ u1 = up: Since
|ug| < u there are &g, pg, t~ﬂ and Ag for u; as in Def. 3.6(¢). This is shown as in
the proof of Lemma 2.7. So we can define Pz, ;. Now for the density argument:
Let p € P, | be given. We assume n > n,5) and u,(g) < ip. We show that there is
q > psuch thatforn, <m < n, fori € uyg), it m € by, ), then

(3.2)

p(&p,
ql- fq(ﬁ)(m) = 8¢, (m) o €B.js; © 8 (m)
and such that f s is a permutation of n,g) and such that it is the identity on
nyp) ~ (wi L.JU{bq(éﬂ.i): i € uyp}). Now u,p is finite. Fix for a moment a Pg;
generic G with p € G. First choose i € {i: pg; € G} \ ip. Since Pg has the c.c.c.
and since pg; € Pg such an 7 exists. We let u (g = u,5 U {i}. h='(m) > g, [ np
for just one i € u,(g). since g¢,, | npyp) fori € u,p are pairwise different. We can
choose f,(m) so that the equation is true. The c.c.c. for Qy is proved by induction
on lg(q) as in the proof of Lemma 2.5. -
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Remark 3.11. In Section 2 finding a bound g for many {nﬁ,' i < Kg} 1s easier
than showing that for § € Us, Gy is not a decomposition since we have to put
together permutations on the almost disjoint (by the last clause in Def. 3.6(x)) sets
(Bg,,: i € Up). Theset Ugisnotall of {i < kg: pg; € G(Pg)} but as in Section 2,
an unbounded subset of kg suffices. ,

Now we take the framework as in the previous section 2.4, 2.5, 2.6. We let
P =K * Pg,, now with the a-approximations from Definition 3.6.

LeMMA 3.12. In the generic extension by P = K * Pg,, MA < holds and mef > &
and cf (Sym{w)) > .

ProOF. MA_45 and mcf > x are shown as in Lemma 2.7. Now let a P-name for
a decomposition G = (G;: i < k') of length ' < « and a P-name (e;: i < «') for
a witness for G, and (p, p) € P be given. As Pg, is c.c.c. and Kis (< 2)-closed we
can assume that p = p € PP. We show that there is a stronger (q, p) >p (p, p) that
forces that G is not a decomposition.

We choose (qq : a < ) continuously increasing in <k such that q; = p and and

go+1 forcesa Pyt | -name to G; N P2(@)V" anda P,y ame to e; € @)V
foreach i < k'.

For this we use 2% = # < 1 and known reflection properties of finite support
iterations of c.c.c. iterands of size < A. Then E = {lg(qs): o < A} is a club in A.
So by clubguessing property of C, there are § > lg(p), f € E, cf(f) = u and
Cp C E and otp(Cg) > «’. Let q be that q, with 1g(qa) = B. Let {e(i): i < pu}
enumerate limits of Cs, and note that i — otp(acc(Cg) N e(i)) is injective. We
choose {e'(i): i< k'} CUIN{e(i) + 1: i < u} and we choose 4 = Aq such that

(Ae AnAad¢{al:yepnUivul)}
NAg D {otplenCp): (e e Cpne+1e{ei):i< n}})}). (3.3)
Now we thin out (¢/(i): i < kg) to a continuous sequence (¢(i): i < kg) such that

there are pg = (pi: i < Kg). pi € ]P”é( Pp is a A-system, and jg = (jp;: i < kp)
is increasing, jg; < kg, pi II—Pq

i+1)°
gi(ﬂ,i) € Gﬁvj/ﬁ.i .

E(i+1)

Now we define g™ >k q and wy

(a) q* eKﬂH J7p as above,
q _

(b) Aﬂ+ =A,

(©) &f =&,

(d) (G i<ky)=(Giti<K),

(e) <€qﬂ::i<fc}‘;>:< it i< K,

(f) gl= e (B l) = ¢(i) + 1 as above,
bi
q _

(&) Ph,=pi € Py

+

So Qq is defined by (a) to (g).
Now P4" has the c.c.c., hence there is p’ >pet Dy

P kg “U = {i <&’: pi € G(PY),i € Ug} has cardinality x”
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So (qT, p’) forces for the Qqﬂ’ -generic real f 4 that (by Def. 3.6()(b))
(Vi e (])(V*m € Bi/;,i)(»(ﬂ(m) = (gf/u C€Bjpi ng;u)(m)'

We take a P9’ -generic filter G with p’ € G and let x[G] = x. We can invert the
composition of permutations and together with gé; Bz, = w; we get

ey (n) = (gg,, © fpoge,)(n)

for all n € w) but finitely many. Since outside w;, eg, i and the righthand side
are the identity and w) is recursive, we so have that eg ;4 is in the step of the
decomposition as the righthand side. Note that by Def. 3.6({)(h), gz; € Ggj,,.
Now Uy is cofinal in k4 and jg; is cofinal in k5 and Gy is a decomposition. Hence
there is i € Ug such that fs € Gy ;(; 5. A permutation with finite support making
up for the finitely many mistakes is in Ggo. So also e, € Gpj,,. So fp shows
that (eg;: i < kg) is not a witness for the decomposition Gy.

How did we refer to G4? Only j(f,-): kg — g entered the forcing Q4. So if an
iteration covers all possible j and all witnesses, then it covers all short decomposi-
tions. This argument is used for the remark from the end of the introduction, that
Coll(x. A) does not destroy the achievement of Theorem 1.5. -

Now in the remainder we prove that in the generic extension b = 6.

LEMMA 3.13. Let g = (g.: € < 0) be a <*-increasing sequence in V that does not
have an upper bound, & < 8 < k. Then, for every a < A, after forcing with P for
q € K, the sequence g is still unbounded.

COROLLARY 3.14. After forcing with P, g is unbounded.

Proof of the lemma. Towards a contradiction assume that q € K, and there is
P« € P4 and there is a P9-name g such that p, IFpe (Ve < 0)(g. <* g).

Hence we can choose for e < 8, (p., n.) with the following properties: p. € (P')4,
P <pi Pe, he € @ and p; IFpa 1 € [ne, ) — g.(n) < g(n) and let p.(y) =
(Rey, fey tey) fory € dom(p.) N (U U Uy). Welet u, = J{ue,: y € dom(p:) N
(U2 UUs)}

Now by the A-system lemma and by Fodor’s lemma there is a stationary S C 6
and there are

(”*a M, mé‘, Vs, Us,s (ny’ fy)yev,,ﬂ(UﬂﬂL;)v (p;(*)yEU*ﬂ(UQUulLJUjg))
with the following homogeneity properties:

(1) Fore € S, |dom(p. )| = m, and n. = n, and |u.| = m}.

(2) Fore € S, o # 1 € dom(p:) N (U U Uy) the finite set {&g,4: lo < kg, } N
{&p.i,: i < kg } (as in equation (3.1), that together with Definition 3.6(d)
ensures the claimed finiteness) is independent of e, just dependent on the
position of f and B, in dom(p.).

(3) Fore #{ € S, dom(p.) Ndom(p;) = v, and ue Nug = us.

(4) For ,{ € S the function OP(dom(p,.),dom(p;)) maps v, to itself and
(Bo, poin) toO (ﬁl,éﬁ,,,-l), that means: if i, € Up (g, then iy € Up (B))> and
if €Uz UUsand i € uy,, , then hy, g5 = hy g, OP(dom(pe), dom(py))
preserves the predicates ;.

(5) Fore € S,if y € v, N (U UUs), then ne, = ny and £, = fy.

(6) Fore € S,if y € v, N (Up UU; UU3) then p.(y) = Py
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We fix £ = (e(k): k € w) with the following properties: The sequence (e(k):
k € w) is increasing (k) € S and there is n > n,,n, y € v,, such that p_q, I-
8e(t)(n) > k for every k.

Now take g € Pl,, ¢ > p, () such that g IF g(n) =1 for some 1 € w.

Since dom(p.), € € S, is a A-system with root v, there is k() > 1 such that
dom(p,((x))) Ndom(q) C v, w.lo.g., = v, and u;, = J{u,(,): y € dom(g) N Us}.

Now here is the critical claim, leading to a contradiction:

Cramm 3.15. The conditions p,(()) and q are compatible in P9.

Proor. The obvious candidate for a condition witnessing compatibility is # with
the properties (a) to (e) from the proof of Claim 2.12. As in the proof of Claim 2.12,
we let w; for & € Up be defined as there for § € v,,{ = &5, € dom(ps(k(*))) NUp ~
dom(q). Since A consists of almost disjoint sets, the proof in Claim 2.12 shows that
we 1s a singleton so #7 is well defined. We correct r by to a stronger condition r* by
letting, for f € v,, & = &p; € dom(pr(x))) N Uo ~ dom(g) with we # 0,

rHE) =r( (1 -5 1—12,...),
and otherwise r* (&) = r(£). Now r* > ¢, p_((+)) in the old cases.
Does r* belong to P? Is it > ¢, p.(k(.))? The new critical case in r™ > p,(x(.) is
(Vﬁ € v N U4)
FIBIEYE € up ) Ugipy)
(Vm € [n.18(f 45))) O bpi0y200)
fq(,B) (m) = gf/z; O €By © gf/u (m)

(3.4)

Fix g’ € v,NUs. Leti’ € u,,, (5. Leté = Ep v € dom(pi(ay)) U2~ dom(g).

(For & € dom(q), (3.4) is true as q is a condition.) We consider

ve ={B €v. NUS: (3i)(&p; = &)}

Since A is a family of almost disjoint sets, and ¢ = &p ;v € dom(pyy(ay)) N

Uz ~ dom(g), vg is a singleton: If By # Bi € v, then by Definition 3. 6(d)
{pit i < kg }N{&p,.it i < Kp, }isfinite and non-empty and by item (2) independent
of e € S. Since v, is the heart of the A-system dom(p. ), e € S, thereis e € S such
that dom(p.) \ v. is disjoint from this finite set. By the indiscernibility (2) also
dom(p, (x(x))) v« is disjoint from the finite set, in contradiction to the choice of
¢ € dom(pc(k(x))) N Uo ~ dom(g) € dom(p, k() Vs

First case: m € [np. 18(pe(k())(E))) N b, .. (- Then f (g (m) is the shift of the
witness eg; to the branch b,y by g, as required in Peti)(B) < r(B). Why?
The point is that we look at & = &g, = OP(dom(p, (4(.)). dom(p,())(£) and
recall we have that p | &, ; forces a value to p(&, ;) and we have the same p.(¢,.) for
? € vs. Since f € v, and i € u, ekt (B) &9 = Ly for some i’ € Up 0 (B)- So we
have from q > p, (g that

[p I+ (Vm € [nﬁ’lg(fpg(m(ﬂ))) n bl’e(km(i/f.,))
(f‘I(ﬁ)(m) = gf/i,i’ © €ﬂsj/r_i’ °© gé/,,/ (m))
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Now since 71 < 1g{p, (k(x))(€)) = 18(pc(0)(€0)) and p,((.))(£)) = Pe(o)(&o). already
Pe(0) forces this:

Pe(0) M- (Vm € [nﬁ’lg(fpg(o)(ﬂ))) n bps(k(*)(éﬂ.i))
(fq(ﬂ)(m) = gé/j.i’ © €ﬂ».i/;,i/ o gé/;‘,-/ (m))

Now from the requirement about the same / in item (4) of the homogeneity prop-
erties we get

Petkiny 1 B I (Ym € [ng,18(f 5 (8) N b))
(S aip)(m) = gey, © €p.jy, © 82y, (M),
and hence
o1 (Im e [nﬂ’lg<fpg<k<*»(ﬁ))) n bp5<k<*>(§/s,f))

(faip(m) = ge,, © €p.jy, © 8y, (m)).

Second case: Now we look at 1g(p, (x()) (&) < m < 1g(f ). m € by, () and
¢ = £p;. Now we can change neither f (4 nor eg ;(z;). However, we can make
them conjugated by correcting, i.e., strengthening, our condition r* once more to
a condition called r**: Note v; is a singleton, and £ € Uz \ dom(g) and hence

I‘+(f) = r(é) = pe(O)(é) = pe(k(*))(é)
So for £ and the unique f € v, such that v: = {f}, we have that also there is just
one i such there is f € ve with &g; = &. We let

P& = ()-8 - bre2) 0 (00)-
50 1g(r* (&) = 18(Pe(re(s)y (&) = 1y (). We let
P8 = (npr ) 8 0)- broe ey @)
so that for m € [1g(peq()(E)).18(f ) N by yyien)-

&rv-(6) © €Bjys © &) (M) = S y(p) ().
Note that such an r*+ exists by Lemma 3.5, since supp(eg; ) € wo and supp( f,(5)) S
wi. So for any f§ € v, with {f} = v we get
ptt r ﬂ I+ (‘v’m e [n/;,lg(fq(ﬂ))) M br**(éﬁ,,))
(fap(m) = gy, 0 epj,, © 82y, (m)). .

§4. Open questions.
QUESTION 4.1. Is cf(Sym(w)) < mcf a consequence of ZFC?

Remark: If there are no Q-points, the answer is positive, even for cf* (Sym{w)),
see [1].

QuEsTION 4.2. Is cf (Sym(w)) > g, a consequence of ZFC?

Remark: The answer is positive for g, by Brendle and Losada [5].
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