
The Journal of Symbolic Logic
http://journals.cambridge.org/JSL

Additional services for The Journal of Symbolic Logic:

Email alerts: Click here
Subscriptions: Click here
Commercial reprints: Click here
Terms of use : Click here

The strength of the isomorphism property

Renling Jin and Saharon Shelah

The Journal of Symbolic Logic / Volume 59 / Issue 01 / March 1994, pp 292 - 301
DOI: 10.2307/2275266, Published online: 12 March 2014

Link to this article: http://journals.cambridge.org/abstract_S0022481200020399

How to cite this article:
Renling Jin and Saharon Shelah (1994). The strength of the isomorphism property . The Journal of
Symbolic Logic, 59, pp 292-301 doi:10.2307/2275266

Request Permissions : Click here

Downloaded from http://journals.cambridge.org/JSL, IP address: 128.210.126.199 on 26 May 2015

Sh:493



THE JOURNAL OF SYMBOLIC LOGIC 

Volume 59. Number 1. March 1994 

THE STRENGTH OF THE ISOMORPHISM PROPERTY 

RENLING JIN AND SAHARON SHELAH 

Abstract. In § 1 of this paper, we characterize the isomorphism property of nonstandard universes in 
terms of the realization of some second-order types in model theory. In §2. several applications are given. 
One of the applications answers a question of D. Ross in [this JOURNAL, vol. 55 (1990), pp. 1233-1242] 
about infinite Loeb measure spaces. 

§0. Introduction. We always use * V for a nonstandard universe. We refer to 
[CK] or [SB] for the definition of nonstandard universes. 

In the book [SB], there is an interesting example (see [SB, Theorem 1.2.12(e)]) 
for illustrating the unusual behavior of infinite Loeb measure spaces. The example 
of [SB] says that in a nonstandard universe called a polyenlargement, the following 
statement (f) is true: 

Every infinite Loeb measure space has a subset S such that S has infinite 
Loeb outer measure, but the intersection of S with any finite Loeb measure 
set has Loeb measure zero. 

Under a certain definition, the set S is called measurable but has infinite outer 
measure and zero inner measure (see [SB]). The diagonal argument for construct
ing S in [SB] depends on the construction of polyenlargements, say, an iterated 
ultrapower (or ultralimit) construction. During the preparation of the book [SB], 
K. D. Stroyan asked (see [R]) whether or not (f) can be proved by some nice 
general properties of nonstandard universes without mentioning any particular 
construction. The first natural candidate would be C. W. Henson's isomorphism 
property [HI]. 

Let _Sf be a first-order language. An.!?-model 21 is called internally presented in 
* V if the base set A and every interpretation under 21 of a symbol in J? are internal 
in * V. (For any i?-model 21 and symbol P in 5f we write P% for the interpretation 
of P under 21. We sometimes use %•& for the language of 21.) Let K be an infinite 
cardinal. A nonstandard universe * V is said to satisfy the ^-isomorphism property 
{IPK for short) if 
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STRENGTH OF THE ISOMORPHISM PROPERTY 293 

for any two internally presented J?-models 21 and 03 with \S?\ < K, 21 = 03 
implies 21 = 03. 

where = means to be elementarily equivalent to and = means to be isomorphic to. 
It is easy to see that IPK implies IPK> when K' < K. 

Instead of using the isomorphism property, D. Ross in [R] proved that a property 
called K-special model axiom for any infinite cardinal K, which is stronger than IPK, 
implies (f). In [R], Ross showed also that the K-special model axiom has many 
new consequences, which had not been proved by IPK then. In his paper, Ross 
asked which of those results can or cannot be proved by IPK. The most important 
question among them is that whether we can or cannot prove (f) by IPK for some 
infinite cardinal «. Basically, it was not known back then whether or not the 
K-special model axiom is strictly stronger that IPK (see [R]). 

The first author then answered in [Jl] most of the questions of Ross. In that 
paper, Jin showed that IPK for arbitrary large K does not imply some consequences 
of the Ko-special model axiom. As a corollary IPK is strictly weaker than the K-
special model axiom. He also showed that many of the consequences of the K-
special model axiom in [R] are also the consequences of IPK. Unfortunately, [Jl] 
did not answer Ross's question about (f). 

In the other direction, the authors of [JK] proved that (f) is true in some 
ultrapowers of the standard universe. Since we need the iterated ultrapower 
construction to build the nonstandard universes of the K-special model axiom 
while we need only one-step ultrapower construction to build the nonstandard 
universes of IPK (see [H2]), the result of [JK] seems to suggest that IPK has the 
right strength to prove (f). 

The main purpose of this paper is to solve Ross's question about (f). In §1, 
we characterize IPK in terms of the realization of some second-order types. By 
applying Theorem 1 of §1, we show in §2 that Ross's question about (f) has a 
positive answer, i.e, (f) can be proved by IPn0. In §2, we reprove also three 
known results in [J] by using the same method in a uniform way. The new method 
simplifies significantly the original proofs in [J]. 

Notation for model theory in this paper will be consistent with [CK]. 

§1. Characterization of the isomorphism property. 
We use always 3? for a first-order language. Let X be an n-ary predicate symbol 

which is not in 3?. We call T{X) an n — A^i?) type iff T{X) is a consistent set 
of 3? U {X}-sentences. Let 21 be an J?-model with base set A, and let T(X) be 
an n - Aj(j?) type. We say that T{X) is consistent with 21 iff T{X) U Th(2l) is 
consistent, where Th(2l) is the set of all ^-sentences which are true in 21. We 
say that 21 realizes T(X) iff there exists an S C A" such that the 3* U {X}-model 
2ls = (21,5), where S is the interpretation of X under 21$, is a model of F(X). 

Let * V be a nonstandard universe. Let 21 be an if-model with base set A in the 
standard universe. We write *2t for an internally presented J?-model in * V with 
base set *A and the interpretation i5*21 = *(Pa) for every symbol P e 5C. It is not 
hard to see that 21 = *2l. In fact, 21 can be considered as an elementary submodel 
of*2l. 
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294 RENLING JIN AND SAHARON SHELAH 

MAIN THEOREM. Let K < 11^ be a regular cardinal. Then the following are 
equivalent: 

(1) IPK\ 
(2) for any first-order language 2 with fewer than K many symbols, for any 

n - AQ(2) type r(X), and for any internally presented 2-model 21 in * V, ifT(X) 
is consistent with 21, then 21 realizes T(X). 

We will break the main theorem into the following two theorems. 
THEOREM 1. Assume K < "2m is a regular cardinal. Let *V be a nonstandard 

universe which satisfies IPK. For any first-order language 2 with fewer than K many 
symbols, for any n — &\{2) type F(X), and for any internally presented 2-modeI 
21 in * V. ifT(X) is consistent with 21, then 21 realizes T{X). 

PROOF. Let * V, 2, T(X) and 21 be as described in the theorem. We want to 
show that 21 realizes T{X). 

Since T(X) is consistent with 21, there exists an i?-model 03 with base set B 
and an S' C B" such that the 2 U {Z}-model 03s' = (03,S") is a model of 
Th(2l) U T(X). We can assume that \B\ < K by the Downward Lowenheim-
Skolem-Tarski theorem. Furthermore, we can assume that 03 is in the standard 
universe because « ; < ! ] „ . Let *98s' = (*&, *S') be the internally presented 
2 U {X}-model in * V defined above. It is easy to see now that 21 = *03. By IPK, 
there is an isomorphism i from * 03 to 21. Let 

S = {(i(bl),i(b2),...,i(b„)) : (bub2,...,bn) G *S'}. 

Then i is an isomorphism from (*03, *S') to (21, S) in & U {X}. Since 03S' t= T(X), 
then *035' N T(X). Since *03S' = %s, we conclude that 21 realizes T(X). D 

REMARK. If we replace the predicate symbol X in the definition of n - AQ(J?) 

types by a new constant symbol c, the proof of Theorem 1 can still go through. 
So as a corollary of Theorem 1, IPK implies K-saturation. 

Next we are going to prove the converse of Theorem 1. Before going further, 
we need to introduce more notation. The first is about model pairs. Let 3 be a 
language. We call a language 2" the language for 3 -model pairs if 

(1) SC and 2" have same function symbols; 
(2) every relation symbol in 2 is in 2', and 2' contains two additional unary 

relation symbols P and Q; 
(3) for every constant symbol c in 2,2' contains exactly two copies of c, say, 

Co and c\. 
Let 21 and 03 be two i?-models. A model pair €^<s is an i?'-model with base 

set A U B (we assume An B = 0) such that: 
(1) for every function symbol or relation symbol R in 2, 7?Ca,s = R® u ^?<B; 
(2) p£*-* = A and Q€^ = B; 
(3) c0

Ca-* = c21 and cfa-* = c*. 
Let 2 be a language, and let R be an unary predicate symbol. For any 2-

formula <p, we write 4>R, the relativization of <j> under R, for the formula defined 
inductively by: 

(1) <j>R = 4> if <t> is an atomic formula; 
(2) if <j> = - i^ , then <pR = -^y/R; 
(3) \f(j> = \//Ax- then<^ = y/R AxR: 
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STRENGTH OF THE ISOMORPHISM PROPERTY 295 

(4) if <j> = 3xy/, then <j>R = 3x(R(x) A y/R). 
THEOREM 2. Let *V be a nonstandard universe. Let K be a regular cardinal. If 

for any language 3? with fewer than n-many symbols, for any internally presented 
%-model 21 in * V, and for any 2 - A^J?) type r(X) which is consistent withal, the 
model 21 realizes T(X), then * V satisfies IPK. 

PROOF. Let J? be a language with fewer than /c-many symbols. Let 21 and 03 
be two internally presented ^-models in * V such that 21 = 03. We want to show 
that 21 ^ 0 3 . 

Let 2" be the language for .Sf-model pairs, and let £&,<B be the model pair of 
21 and 03. We want now to define a 2 - h}0{2") type T{X) which will be used to 
force an isomorphism between 21 and 03. Let 

T{X) = {<t>„(X) :n = 0,1,2,3,4} U {y/v{X) : <p is an ^-formula}, 

where 

UX) = VxVy(X(x,y) -* P(x) A Q{y)), 

MX)=yx(P(x)-^3yX(x,y)), 

<ktf) = Vj(2W - 3xX{x,y)), 

fa(X) =Vxyiyiz{X(x,z) AX(y,z) -• x = y), 

<j>4{X) =VxVjVz(Z(z,x) AX(z,y) -> x = y), 

<//v (X) =Vxj • • • Vx„Vyi • • • Vy„ 

lf\X{xk,yk) ^(<pp(xu...,xn) ^(pQ(yi,...,yn))\ • 

We can see that the sentences {<j>„{X) : n = 0,1,2,3,4} say that X is a one-
to-one correspondence between P and Q. Hence, T(X) says that the one-to-one 
correspondence X is actually an isomorphism between 21 and 03. It is easy to 
check that for any two ^-models 21' and 03', the model pair £a',<B' realizes T(X) 
if and only if 21' = 03'. We need now only show that F(X) is consistent with Ca.s-
Since 21 and 03 are elementarily equivalent, there exists an ultrafilter !F on some 
cardinal A such that the ultrapower of 21 and the ultrapower of 03 modulo !? are 
isomorphic (see [S]). Hence, the ultrapower of Ca,® modulo &', which is the model 
pair of the ultrapower of 21 and the ultrapower of 03 modulo &', realizes T(X). 
On the other hand, the ultrapower of £ 3 ^ is elementarily equivalent to Ca,® • So 
T(X) is consistent with £gi,<8 • D 

REMARKS. (1) As a corollary we have that in a nonstandard universe, the real-
izability for all 2 - AQ(.S?) types is equivalent to the realizability of all n - AQ(.S?) 

types for every n. 
(2) We did not require that K < 3W in Theorem 2. 

§2. The applications. The first application gives an answer to Ross's question 
about (f). In order to avoid dealing with the lengthy definition of Loeb measure 
we are going to express (f) in an internal version as Ross did (see [R]). 
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296 RENLING JIN AND SAHARON SHELAH 

We use the words finite or infinite for externally finite or externally infinite, 
respectively. We use *finite or "infinite for internally finite or internally infinite, 
respectively. For example, if n e *N\N, where N is the set of all standard natural 
numbers, then the set {0 ,1 , . . . ,«} is both "finite and infinite. We use R for the set 
of all standard reals. 

Let T b e a nonstandard universe. Let r e *R. We say that r is finite if there 
is a standard n € N such that \r\ < n. Otherwise, we call r infinite. We say that r 
is an infinitesimal if \r\ < l/n for every standard « £ N. 

Application 1 (IPn0). Suppose Q is an infinite interval set and 38 is an internal 
subalgebra of *3°(Q) which contains all singletons. Let p.: 38 —> *[0,oo) be an 
internal, finitely additive measure with//(Q) infinite and/*({*}) infinitesimal for 
every x e Q. Then there exists a subset S C Q, such that: 

(1) for any D e & withp{D) finite, for any n e N , there exists an E e 38 such 
that D n S C E and/*(£•) < l/n; 

(2) for any D e 38, if S C Z>, then ^(D) is infinite. 
PROOF. Let Q, ^ , and/* be as described in Application 1. Let *R be the set of 

hyperreal numbers. Assume that Q, 38, and *K are all disjoint. 
We form first an internally presented 3?<& -model 21 with base set.4 = £lU.S?U*R 

such that 

21 = (A;Q,^,*R,€,p,n,\, +,*,<, 0,1), 

where Q, 38, and *R are three unary relations on A, e C Q x ^ is the membership 
relation, / i : ^ »-> *R is the finite additive measure, n is the set intersection and \ 
is the set subtraction on 38, and (*R; +, *, <,0,1) is the usual hyperreal ordered 
field. For simplicity, we do not distinguish a symbol in ^ a from its interpretation 
under 21. 

We form next a 1 - AQ(5SI) type T(X) such that 

T(X) = {<t>(X),Wn(X),x„(X):n = 1 ,2, . . .} , 

where 

4>{X) = Vjc(jr(jc) -+ n(x)) 

y„(X)=VU{a{U)Aft(U)<n 

-n. 3 F ( ^ ( F ) A VJC(JTU) A X € «7 -» x € F) A//(K) < ±)) 

^„(Z) = VU(&(U) AVx(X(x) ^xeU) ->/t{U) > n). 

Notice that in 21, the element 1 is definable, so are n and l/n for every n £ N. 
The sentence </>(X) says that X is a subset of Q. The sentence y/„(A') says that 

the intersection of X with any U in ^ with measure less than n has outer measure 
less than l/n. The sentence ^(A") says that X has outer measure greater than n. 
So the application 1 is true if and only if 21 realizes T(X). Hence, by the Theorem 
1, it suffices to show that 21 is consistent with T(X). 

Let T = Th(2l). • 
Claim. T U T(X) is consistent. 
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STRENGTH OF THE ISOMORPHISM PROPERTY 297 

Proof of Claim. By the Downward Lowenheim-Skolem theorem we can find a 
countable model 2to =$! 21 with base set AQ = fio U 3S§ U Mo- Since 

3U(3S{U) A.Vx(Q(x) - > x e £ / ) ) 

is true in 21, it is true in 2to- Hence Qo € 38$. Since/z(Q) > n for all n e N are true 
in 21, they are also true in 2lo- Hence, //(Qo) is infinite in 2lo. Since 

VUVxVy(&(U) A f l W AQ(j) A (* € E /AjG [ / - > x = ^ ) . - » ^ ) < i 

for all n G N are true in 21, they are also true in 2lo. Hence the measure of every 
singleton is infinitesimal in 2lo. Let 

{B G m0 :ju(B) is finite} = {Bn : n G N}. 

It is now easy to pick 

xn G fio\ ( I J Bk U {x* : k < n} J 
\jt=o / 

because Qo has infinite measure and the measure of (j£=o-^ U {** : A: < «} is 
finite. Also, notice that the measure of a finite set {xk : k < n} for n G N is 
infinitesimal because the sum of finitely many infinitesimals is an infinitesimal and 
^ o is closed under finite union. 

Let So = {x„ : n G N}. It is obvious that (2l0, S0) is a model of T U T(^ ) . CJThe 
next three applications are also the questions of [R] and were proved in [Jl]. The 
purpose of including them here with simplified proofs is to illustrate that IPK is 
an "easy to use" tool in nonstandard analysis. 

Application 2 (IPK). Suppose that (P, </>) and (Q, <g) are two internal linear 
orders without end points. There is an order-preserving map f: P >—> Q such that 
f[P] is cofinal in Q. 

PROOF. Without loss of generality, we can assume that P f)Q = 0. Let 21 be 
an internally presented ^ a -model with base set A = P U Q such that 

% = {A;P,Q,<P,<Q), 

where P and Q are two binary relations on A and <p and <Q are the correspondent 
orders on P and Q. We define a 2 - A0(.S%) type Y{X) such that 

r(X) = {<j>(X),W(X),X(X),n(X)}, 

where 

4>{X)=VxVy{X(x,y)^P{x)/\Q(y)), 

¥(X) = \/x3\y(P(x) - X\x,y)), 

x(X) = VxoVxiVyoYyiUo <P *i AX(x0,y0) /\X(xuyi) -+yo'<Q yi), 

n(X)=Vyo3x3yl(Q(y0)^P(x)AX(x,yi)Ayo<Qyi). 

In r(X) the sentence <f>(X) says that X is a relation between P and g, the sentence 
>//(X) says that X is the graph of a function from P to g, the sentence-%{X) says 
that the function is order preserving, and n{X) says that the function is a cofinal 
embedding. If there exists a n S C P x g such that (21, S) N T(X), then it is easy 
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298 RENLING JIN AND SAHARON SHELAH 

to see that the map / defined by its graph S is the order-preserving map for which 
we are looking. By Theorem 1, we need only show that T U T(X) is consistent, 
where T = Th(2t). 

Claim. T U r(X) is consistent. 
Proof of Claim. Let 2lo = (A0;Po, QO, <P0<Q0) be a countable elementary 

submodel of 21. By the compactness theorem and Lowenheim-Skolem Theorem, 
2lo can be elementarily extended to a countable model 2ti = {A\,P\, Q\,<PX,<QX) 

such that the set of all rational numbers in [0,1), together with the usual order, can 
be order-isomorphically embedded into the set {q G Q\ : Vx G Qo (x <g, Q)}. Let 
r'o be that embedding. By the same argument we can find an elementary claim of 
length co of countable models 2lo =$ 2ti =̂  • • • and a sequence of maps {/„ :n£co} 
such that i„ is an order-preserving map from the set of all rational numbers in 
[n,n + 1) with the usual order to {q G Q„+\ : Vx G Q„ (x <Q„+i q)}. Let 
2lra = U„6co ^«' an<* ' e t ' « = U«eco in- Since 2l0 is elementarily equivalent to both 
21 and 2lra, then 21a, is a model of T. It is easy to see that im is an order-preserving 
map from the set of all positive rational numbers connally into Qm. Since every 
countable order without a right end point can be connally embedded into the set of 
all positive rational numbers, then Pm can be connally embedded into Qw. Hence, 
2l(y realizes T{X). This proves the consistency of T U T(X). D 

Application 3 (IPn0). Let (P, <p) be an internal partial order with no right end 
points. There is an external subset S C P such that {s G S : s <p p} is internal 
for every p G P. 

PROOF. Let & = *3B(P). Let 21 be an internally presented %•%,-model with 
base set A = P U & such that 

%={A;P,@,£,<P,n,\), 

where P and S are two unary relations, G C P x «f is the membership relation, 
< ? is the order on P, n is the set intersection on S, and \ is the set subtraction 
on S. We define a 1 - Aj(^gt) type T{X) such that 

r(jr) = {^(nv(n/U)}, 
where 

<f>(X) = Vx(ZU) -> P(x)), 

y/(X) =Vx3U(P(x)^@(U)A\/y(y<PxAX{y)^y€ U)), 

X(X) = VU3x{@(U) -f (x G U A -Z(x)) V (X(x) A ->x G £/)). 

The sentence <j>(X) says that Z is a subset of P, the sentence y/(X) says that 
for every x in P there exists a {7 in *3B(P) such that C/ = { J G Z : J < / > X } , 

and the sentence #(-0 says that for all U in *SB(P) the set X is different from U. 
It is easy to see that if there is an S C P such that (21, S) N T(Ar), then 5 is the 
set for which we are looking. By Theorem 1, it suffices to show that T U T{X) is 
consistent, where T = Th(2t). • 

Claim. T u T(X) is consistent. 
Proof of Claim. Let 2lo = {AQ; PQ,&O, . . . ) be a countable elementary submodel 

of 21. It suffices to construct a set S — {s„ : n G co} C P0 such that (2to, S) \= F(X). 
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Let PQ = {p„ : n £ co}, and let €o = {Q„ : n £ co}. Since P has no right end 
points, then Po has no right end points. Now we can pick the elements Sk and tk 
from Po for every k £ co such that 

(I) S0 < t0 < Si < ti < • • • , 

and for every k £ co 
(1) we have Sk •£ pk and 
(2) either both Sk and /t are in g^ or both Sk and ̂  are not in Qk. 
Let S = {s„ : n £ co}. Then 5 differs from every element in SQ. For every 

p £ Po the set {s £ S : s < p} is finite and, hence, is in @o because for every finite 
set {a\,..., a„) C P0 the sentence 

3U (&(U)AVx (x eU <-+ \J x = aA\ 

is true in 21, and therefore, it is true in 2lo. 
The arguments above showed that (2lo), 5) 1= T{X). • 
Application 4 ( /PK„) . Let P and Q be two "infinite internal sets. There is a 

bijection / : P H-> g such that for every *finite b C P and for every *finite c C Q, 
the restriction of / to b and the restriction o f / - 1 to c are internal. 

PROOF. Without loss of generality, we can assume that P n Q = 0 . Let 21 be an 
internally presented .§%-model with base set A = P U Q U F, where F — {f : f 
is an internal bijection from some *finite subset of P to Q}, such that 

21= {A\P,Q,F,R), 

where P, g and F are three unarv relations on A and P C P x Q x P i s defined 
by 

(a,b,f)£RiS(a,b)£f. 

We now define a 2 - A^J^a) type T(A') such that 

r(X) = {<f>n(X):n= 0,1,2,3,4,5}, 

where 

<t>o(X) = Vx\/y(X(x,y) -> P(x) A g(y)), 

<£i(;r) = VxVyVz(X(x,z) A % : ) -> x = y), 

<j)2{X) = VxVjVz(Z(z,x) AX(z,y) - • x = y), 

c63(Z) = Vx3j((P(x) -> X(x,y)) A (g(x) - X(j ,x)) ) , 

fa(X) =Vglf(F(g) -+ F(f) AVx(3yR(x,y,g) ~3yR(x,y,f)) 

A\/xWy(R(x,y,f)^X(x,y))), 

fc(X) = Vg3f{F(g) - F(f) A Vy(3xR(x,y,g) ~ 3xR{x,y,f)) 

• MxVy(R{x,y,f)-*X(x,y))). 
The sentences <f>o{X), <j>\{X), faiX), fo{X) say that I is a one-to-one onto 
correspondence between P and Q. The sentence fa(X) says that the restriction of 
X on any * finite set of P (as the domain of an element g in F) coincides with an 
element / in F. The sentence <t>s(X) says that the restriction of X on any *finite 
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300 RENLING JIN AND SAHARON SHELAH 

subset of Q (as the range of an element g in F) coincides also with an element / in 
F. It is easy to see that if there exists an S C P x Q such that (21, S) N= T(X), then 
the bijection induced by S is the map for which we are looking. Let T = Th(2t). 
By Theorem 1, we need only show that 

Claim. T U F(X) is consistent. 
Proof of Claim. Let 2lo = (AO\PQ,QO,FO,RO) be a countable elementary sub

model of 2t. It suffices to find a relation S C P0 x Q0 such that S is the graph of a 
bijection / from PQ to Qo and for every C which is the domain of a function in Fo 
and for every D which is the range of a function in Fo, both i \ C and (r-1 \ Z>)-1 

are functions in Fo. 
Let Fo = {/„ : n G co}. We want to construct a sequence {im : m G co} C Fo 

such that 
(1) io C i, C i 2 C . . . , 
(2) for every / G Fo, there is an m G co such that dom(/) C dom(/m) and 

range(/) C range(zm). 
The claim follows from the construction because we can let i = [jm€l0 im. It is 

easy to check that: 
(a) i is a onerto-one function, 
(b) dom(i) = Fo and range(/) = Qo, 
(c) for every f e Fo, there exists an m G co such that i \ dom(/) = im f 

dom(/) € F0 and ( r 1 \ range^))"1 = (i"1 \ rangeC/))-1 e F0. 
(c) is true because both sentences 

Vg e F V / e F(dom(g) C dom(/) -» 3A e F(A = / f dom{g))) 

and 

V^ € F V / g F(range(g) C range(/) -» 3/* G F(/J - ( / " ' f range(g))-1)) 

are true in 21. Then let S be the graph of / and we have now (2lo, S) 1= T(X). 
Before constructing {im : m G co} let us observe two facts. 
FACT 1. Suppose f,ge F0. If dom{g) n dom(g) = 0 a«rf range(/) n 

range(g) = 0, then f Ug e F0. 
FACT 2. For any f', g G Fo, f/;ere are /i, y G Fo such that dom(/) = dom(h), 

range(g) firange(/j) = 0 and range(/) = range(y'). dom(g) ndom(y) = 0. 
Fact 1 and Fact 2 are true in 2lo because they are true in 21. 
Let I'O = fo- Assume ,that we have constructed {im : m < k} C Fo such that 

I'O £ I'I £ •• • C 4_i, 

dom(/m) C dom(i2m) when 2m < k, 

and 
range(/m) C range(/2m+i) when 2m + 1 < k. 

Case 1. k = 2n. Let C = dom(/„)\dom(/fc_i). If C = 0, then let 4 = ik~\-
Otherwise let h G Fo such that dom(A) = C and range(/i) nrange(4-i) = 0. The 
function /; exists by Fact 2. Let ^ = h-\ U A. The function 4 G Fo by Fact 1. 

Co«?2. fc = 2n + l. 
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Let D = range(/„)\range(4-i)- If D — 0, then let ik = ik-i- Otherwise, let 
h £ Fo such that range(/z) = D and dom(/z) n dom(/'/t_i) = 0. Again the function 
h exists by Fact 2 and i^ = ^ - i U h e Fo by Fact 1. 

REMARK. The claims in the above four applications could also be shown by 
quoting simply four results from [R] or other papers. We present our own proofs 
here because these proofs use only countable models so that the reader can read 
the paper without knowing special models. 
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