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1. Introduction and notation

In Problem 9 of [9], Nyikos asks if there is a ZFC example of a separable,
hereditarily normal, locally compact space of cardinality X;. He notes there that
for a negative answer, it suffices to produce a model of set theory in which there
are neither Q-sets nor locally compact, locally countable, hereditarily normal
S-spaces.

We provide such a model in this paper. In fact, in our model 2% < 2% (so in
particular there are no Q-sets) and there are no locally compact, first countable
S-spaces at all (hence no locally compact, locally countable, hereditarily normal
S-spaces).

In fact, we obtain something even more general. Recall that an S-space is
a regular, hereditarily separable space which is not hereditarily Lindelof. By
switching the “separable” and “Lindelof” we get the definition of an L-space.
A simultaneous generalization of hereditarily separable and hereditarily Lindel6f
spaces is the class of spaces of countable spread—those spaces in which every
discrete subspace is countable. One of the basic facts in this little corner of set-
theoretic topology is that if a regular space of countable spread is not hereditarily
separable, it contains an L-space, and if it is not hereditarily Lindel6f it contains
an S-space [10].

In our model, every locally compact 1st countable space of countable spread is
hereditarily Lindelof; consequently, there are no S-spaces in locally compact 1st
countable spaces of countable spread. This result, reminiscent of one half of a
celebrated 1978 result of Szentmikléssy [12], will be discussed further at the end
of the paper in connection with a fifty-year-old problem of M. Katétov [7].!

These concepts and results have elegant translations in terms of Boolean alge-
bras via Stone duality. The Stone space S(A) of a Boolean algebra A is heredi-
tarily Lindelof iff every ideal of A is countably generated, and first countable
iff every maximal ideal is countably generated. Let us recall that a set D is a
minimal set of generators for an ideal if it generates the ideal, but no member of
D is a member of the ideal generated by the remaining members. Not every ideal
will have a minimal set of generators, but it is true that S(A) is of countable
spread if and only if whenever an ideal has a minimal set of generators, then that
set is countable.

Hence we now know that 2% < 2%t is consistent with the following statement:
if a Boolean algebra A has the property that every minimal set of generators for

1 Larson and Todorcevic have solved Katétov’s problem in the time since the
research in this paper was done. See [8] for the proof.
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an ideal is countable, and every maximal ideal of A is countably generated, then
every ideal of A is countably generated. On the other hand, this statement has
long been known to be incompatible with CH.

Note that there are restrictions on such models. In [6] it is shown that CH
implies the existence of a locally compact first countable S-space, and in Chapter
2 of [13] this is shown to follow from the weaker axiom b = R;. Thus the fact
that our model satisfies b = R; is no accident of the proof — something along
these lines is required. '

As far as background goes, we will assume a reasonable familiarity with topo-
logical notions such as filters of closed sets and free sequences. We also use a lot
of set theory — we will assume that the reader is used to working with proper
notions of forcing.

Our main tool is the use of totally proper notions of forcing that satisfy the
No-p.i.c. (properness isomorphism condition). We will take a moment to recall
the needed definitions.

Definition 1.1:

(1) Let P be a notion of forcing, and N a countable elementary submodel of
H (M) for some large regular A with P € N. An (N, P)-generic sequence
is a decreasing sequence of conditions {p,: n € w} € N N P such that for
every dense open D C P in N, there is an n with p, € D.

(2) A notion of forcing P is said to be totally proper if for every N as above
and p € NN P, there is an (N, P)-generic sequence {p,: n € w} with pg =p
that has a lower bound.

We should mention that totally proper forcings are also sometimes called NNR
proper in the literature (NNR standing for “no new reals”) —- see [11], for
example.

The following claim summarizes the properties of totally proper notions of
forcing that we will need. The proofs are not difficult, and they are explicitly
worked out in [3] and [4].

CLAIM 1.2: Let P be a totally proper notion of forcing.
(1) P adds no new reals; in fact, forcing with P adds no new countable
sequences of elements from the ground model.
(2) If G C P is generic, then G is countably closed. In fact, every countable
subset of G has a lower bound in G.

The following definition is from Chapter VIII of [11].
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Definition 1.1: P satisfies the Ro-p.i.c. provided the following holds (for X a large
enough regular cardinal): If
(1) i < j <Ny,
(2) N; and N; are countable elementary submodels of H()),

(3) i€ Ny, j €Ny,

(4) N;NRy C 7,

(6) NyNi= N;nNj,

(6) h is an isomorphism from N; onto Nj,

(7) h(2) = 4,

(8) h is the identity map on N; N N,

(9) P e N;NN;,
(10) pe N;n P,
then (letting G be the P-name for the generic set) there is a ¢ € P such that:
(11) ¢IF “(Vr € i P)[r € G <= h(r) € G]",
(12) ¢IF “pe G,
(13) q is (N;, P)-generic.

Notice that if N; and N; are as in the above definition, then N; and N; contain
the same hereditarily countable sets. This follows because A is an isomorphism.
In particular, V; Nw; and N; Nw; are the same ordinal. We also note that in
both of the previous two definitions, it does not matter if we require that the
models under consideration contain a fixed parameter x € H(A). Also note that
Ny is an element of any relevant model N; — in the more general case dealing
with the -p.i.c. for arbitrary & one must require that x € N; N N;.

The properties of No-p.i.c. forcings that we utilize will be spelled out in detail
in the last section of the paper when we construct our model. What we use is
that forcing with an Ne-p.i.c. notion of forcing over a model of CH preserves CH,
and that in iterations of length < wy where each iterand satisfies the Ny-p.i.c.,
the limit forcing satisfies the {weaker) N5 chain condition.

2. Handling P-ideals

Definition 2.1: A P-ideal in [w;]% (the set of all countable subsets of w;) is a
set Z C [w;]%° such that

e if A and B are in Z, then so is AU B,

eifAcZand BC A, then Be7Z,

e if AcT and B =* A, then B€ I,
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e if A, € T for each n € w, then there is an A € 7 such that A, C* A for
each n.

In the preceding, we use the familiar convention that A C* B means A~ B is
finite, and A =* B means A C* B and B C* A.

Definition 1.1: Let Z be a P-ideal in [w;|¥ generated by a set of size ;. A
generating sequence for Z is a sequence {A4: @ < wy} such that

e A, Ca,

o if o < 3 then A, C* Ag,

e if A€ Z, then there is an o with 4 C A,.
Clearly every such 7 has a generating sequence.

Our goal in this section is (assuming CH holds) to define a notion of forcing
(which we call P(I)) with the property that for every P-ideal Z C [w;]®0 in the
ground model there is an uncountable set A in the extension satisfying [A]¥e C T
or [A]® NZ = 0. The partial order we use is a modification of one of the posets
from [2], itself a modification of the notion of forcing used in [1].

Assume CH, and let I = (Z¢: € < &) be a sequence of P-ideals in [w;]®. Let
{A4%: @ < w1} be a generating sequence for Z¢ (such a sequence exists because
CH holds). The notion of forcing we define depends on our choice of generating
sequences, but we abuse notation and call the notion of forcing P(I).

Definition 2.3: A promise is a function f such that
e dom f is an uncountable subset of wy,
e f(a) is a finite subset of a.

Definition 2.4: A condition p € P(I) is a pair (ap, ®,) such that

(1) a, is a function,

(2) domay, is a countable subset of K X wy,

(3) rana, C 2,

(4) for £ < &, [ple :== {¢ < wiz ap(€,¢) = 1} is in Z¢ (so [ple = @ for all but
countably many £),

(5) ®, is a countable collection of pairs (v, f), where v C & is finite and f is a
promise.

A condition ¢ extends p if

(6) aq 2 ap, Bq 2 B,

(7) for (v, f) € @y,

Y (v, f.q.p) = {a € dom f: (V€ € v)([g]e N[ple C A5 ™ f(a))}
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is uncountable, and
(Uv f [ Y(v, fw QV p)) € q)Q'

The intent of P(I) is to attempt to adjoin for each £ < & an uncountable
set A¢ with [A¢]® contained in Z;. A condition gives us an approximation to
A¢ for countably many £, as well as some constraints on future growth of these
approximations. A pair (v, f) € ®,, puts limits on how our approximation to A¢
can grow for the finitely many £ € v. It may be that the forcing fails to produce
an uncountable A, for some £, but we show that we can do so in every situation
where we need it.

Definition 2.5: Let p be a condition in P(I), let D be a dense open subset of
P(I), and let v be a finite subset of k. An ordinal « is bad for (v,p, D) if there
is an F, € [a]<® such that there is no ¢ < p in D with

[‘I]é \[p]f c Ai N Fo
for all £ € v. Let Bad(v,p, D) be the set of @ < w; that are bad for (v, p, D).

PROPOSITION 2.6: Bad(v,p, D) is countable.

Proof: Suppose not. Let f be the function with domain Bad(v, p, D) that sends
a to Fy, so f is a promise. Let r be the condition in P(I) with a, = a,, and
&, = ®,U {(v, f)}. Clearly r extends p. Now let ¢ < r be in D. By definition,
there are uncountably many a € dom(f) such that if £ € v then [g]¢ N[r]¢ is
a subset of A5 ~ f(a). This is a contradiction, as any o € dom f is bad for
(v,p, D), yet ¢ € D and

[ge Nple € A5 f(@)

for all £ € v. |
THEOREM 1: P(I) satisfies the Na-p.i.c.

Proof: Let i, j, N;, N, h, and p be as in Definition 1.3. For r € N; N P(I), we
define
rUhR(r): = (a,Uh(a,),®, Uh(D,)).
LEMMA 2.7: Assume that r € N; N P(I).
(1) ruUh(r) € P(I).
(2) 7 U h(r) extends both r and h(r).
(3) If s € N;n P(I) and r < s, then r U h(r) < sU h(s).

Proof: Left to reader. |
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Now let § = N; Nwy = N; Nwy, and let {D,: n € w} enumerate the dense
open subsets of P(I) that are members of N;. Our goal is to build a decreasing
sequence of conditions {p,: n € w} in N;NP(L) such that pg = p, ppy1 € N;ND,,,
and such that the sequence {p, U h(pn): n € w} has a lower bound g. The next
lemma shows that this will be sufficient.

LEMMA 2.8: Let {p,: n € w} be an (N;, P(I))-generic sequence.
(1) {h(pn): n € w} is an (Nj, P(I))-generic sequence.
2) If {p, U h(py): n € w} has a lower bound q, then g satisfies conditions 11
and 13 of Definition 1.3.

Proof: The first clause follows immediately from the fact that h is an isomor-
phism mapping N; onto N;. For the second clause, note

gk “re ;NG <= r e N; and In(p, < 7).

This is because for each » € N; N P{[), the set of conditions that extend » or that
are incompatible with r is a dense open subset of P(I) that is in N;, and hence
for some n either p, extends r or p,, incompatible with r. Similarly, we have

gl-*reN;N G =re N; and 3n(h(p,) < r).

Now clause 11 of Definition 1.3 follows easily. Clause 13 holds because the p,’s
are an (V;, P(I))-generic sequence. ]

Recall that 6§ = N;Nwy = N;Nwy, and let {y,: n € w} enumerate N; N k. We
construct by induction on n € w objects p,, Fy, ¢, and u, such that
(i) po=p, Fo =0, uo =0,
(ii) gn = pn U h(pn),
(iii) ) Png1 € Ni Y Dy,
(iv) F,, is a finite subset of 4,
(v) u, is a finite subset of N; N x,
(Vi) Pnt1 < Pns
(vii) Frq1 2 Fo.
(vm) Ungl D Up,
(ix) {ym:m < n} C u,,
(x) for v € tung1 Uh(upyr)s [(ln-H}'y \[Qn}'y - 4} N Fotr,
(xi) if (v, f) € @y, for some k, then there is a stage n > k for which

(2.1) v C gy Uh(nyg)
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and
(2.2)  {aeY(u, f,qn q): (Y€ € 0)(A5N Frpr C A5 f())}

is uncountable.
We assume that we have fixed a bookkeeping system so that at each stage of the
induction we are handed a pair (v, f) from some earlier &, for which we must
ensure (xi), and such that every such (v, f) appearing along the way is treated
in this manner.

There is nothing to be done at stage 0, so assume we have carried out the
induction through stage n. At stage n+ 1, we will be handed p,,, F,, ¢., and u,,
and our bookkeeping hands us (v, f) € ®,, for some k < n.

To start, we choose 41 2 u, U {7, } satisfying (v), but large enough so that
v C upq1 U A{u,4y). This means that (v), (vili), and (ix) hold.

Cram 2.9: If f is a promise, B C dom f uncountable, v C k finite, and 3 < wy,
then there is a finite F C 3 such that

{a € B: (Ve € v)(A5N F C A5~ f(a))}
is uncountable.

Proof: Straightforward, by induction on |v]. |

(Although the preceding claim has a trivial proof, it does not generalize to the
context of the next section and in some sense this fact is the reason why the next
section is so complicated.)

Now apply the preceding claim to v, f, Y (v, f, @, &), Un+1 U h{uny1), and &
to get a finite F C & such that

{a € Y (v, . n,qi): (V€ € Upg1 Uh(ungr)) (A5 N F C 45N f(@)}
is uncountable. In particular, our choice of u,4+; implies
{a € Y(v,f,an,qr): (VE € 0)(A5 N F C A5 f(o)}

is uncountable. Now let Fy,,; = F,, UF. Clearly we have satisfied (iv) and (vii).
Next, we choose 3 < wj such that

N; |= 8 ¢ Bad(pn, Dn).

For each ¥ € un41 U h(uny1) there is a finite G, C B such that A} NG, C
AJ ~ Fn41, so there is a finite G C 3 such that

VY € tng1 UD(uni1)[AF NG C AF N Foyal.
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Note that both 8 and G are in N; N N;, and hence are fixed by h. By (2), we
can find pn41 € N; such that puy1 < pn, puy1 € Dy, and

Ni | (V7 € tn41)([Pryaly Npaly € A3 G).

Applying h, we see that

N]' P'—— (Vv € h(un+1))([h(pn+1)]7 \[h(pn)]7 - Ag N G).

Thus
(VY € un+1 U h('un+1))([‘1n+1]v Nanly C Ag NG C Ag N Fop).

Our choice of p,4; (and g,4,) satisfies (ii), (iii), (vi), and (x). Since F C F,41,
we have that (xi) is satisfied for this particular (v, f).

Now we need to verify that the sequence {¢,: n € w} has a lower bound ¢. To
start, we define

(2.3) ag = U aq, and [qle = U[Qn]g.

new n€w

Cram 2.10:
(1) ag: (N;UN;)NKE — 2
(2) If ¢ € N; Nk, then [qg)e = U{[pn]e: » € w}. If€ € Nj Nk, then [g]¢ =
U{[~(pn)]¢: n € w}.
(3) lqle € Z¢ for £ < k.

Proof of Claim: Part 1 of the claim follows because the sequence {p,: n € w}
(resp. {h(pp): n € w}) meets every dense set in P(I) that is a member of N;
(resp. N;). Part 2 follows as in the proof of Lemma 2.7. For the last part, if
& ¢ (N; U Nj) N« there is nothing to check, so assume & € (V; U N;) (&, and fix
n such that € € {yn, h(7,)}. Our construction guarantees that [gle C [gn]e U AS,
and this latter set is in Z;. |

Cramv 2.11: Ifk € w and (v, f) € @y, . then
K(v, f,k): = {a € dom f: (V€ € v)([q]e Naxle € A5 f(a))}
is uncountable.

Proof:  Let n > k be such that our bookkeeping handed us the promise {v, f) at
stage n + 1 of the construction. The actions we took at stage n + 1 ensure that

A ={a €Y(v, f,qn, qr): (V€ € 0)(A5 N Fryr C A5 N f(a))}
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is uncountable. We claim that A C K (v, f, k); to see thisfix a € A, and let £ € v
be arbitrary. We must verify that [g]¢ “[gx]¢ is a subset of A% ~ f(a).

[)e >arle =([g)e “Nanle) U ([gnle “arle)
S lgmle Manle) U AES f(a)

m>n
CASN Fopy U A f(a)
CA,N f(a).
Notice that in obtaining the second line, we used that o € Y (v, f, ¢n, &), and to

obtain the third line we used requirement (x) of our construction and the fact
that v C upq1 Uh(upg)- 1

Now we define
cI)q = U (an U U {(va fI\—(va» Tl)) (U7 f) € (len}
ne€w new

and g = (ug, 74, ®,) is a lower bound for the sequence {g,: n € w} as desired.
|

Notice that in our proof, the only relevant properties of h were that it is
an isomorphism from N; onto N; that is the identity on N; N N; — the other
requirements from Definition 1.3 were not used. In particular, our proof goes
through in the case that h is actually the identity map (so N; = N;). Thus we
obtain the following.

THEOREM 2: P(I) is totally proper.

We are still not through, however, as we have not yet verified that P(I) lives
up to its billing.

Definition 2.12: Let f be a promise and v C s finite. For £ € v, we define a set
Bang(v, f) by 3 € Bang(v, f) if and only if

{a € dom f: B € A5 ™ f(a)} is countable.

If £ ¢ v then let Bang(v, f) = 0.

ProOPOSITION 2.13: If £ < k, and there is no uncountable A C w; with
[A]¥ N Z; = 0, then Bang(v, f) is countable.

Proof: We can assume that £ € v as otherwise there is nothing to prove. By
way of contradiction, suppose that Bang(v, f) is uncountable. Our assumption
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on Z; means that there is an infinite B C Bang(v, f) with B € Z,. For each
« € dom f, there is a finite set F,, for which B\ F,, C A% ™ f(a). Thus there is
a single finite F for which

{a € dom f: BNF C A5 N f(a)}

is uncountable. Therefore any member of B~ F is not in Bang(v, f), a
contradiction. |

ProPOSITION 2.14: If £ < Kk and there is no uncountable A C wy with
[A]* N T = 0, then for each vy < wy, the set of conditions p for which [ple \ 7 is
non-empty is dense in P(I).

Proof: Let £ and v be as in the assumption, and let p € P(I) be arbitrary. By
the previous proposition,

UiBan(v, ): (v, f) € @}

is countable (as ®,, is countable), hence there is an « > 7 not in Bang(v, f) for
any (v, f) € ®;,. It is straightforward to see that there is a ¢ < p with o € [g]e.
|

Conclusion 1:  Assume CH, and let I = (I¢: £ < ) be a list of P-ideals in [w;]%0.
Then there is a totally proper notion of forcing P(I), satisfying the Ro-p.i.c., so
that in the generic extension, for each £ < & there is an uncountable A¢ C w; for
which either [A¢]® C T, or [4¢]% NZ = 0.

Proof: We have all the ingredients of the proof already. By Theorems 1 and 2,
we know P(I) is totally proper and satisfies the Ro-p.i.c. Fix £ < &, assuime that
G C P(I) is generic over V', and work for a moment in V[G].

If in V' there is an uncountable A, with [4¢]% NZ; = @, then A¢ still has
this property in V[G]. (Note that since P(I) is totally proper, no new countable
subsets of w; are added, so Z; is unchanged by passing to V[G].) If no such set
exists in V', then the set

Ag = [J e
peG
is uncountable by the previous proposition, and [4¢]% C Z¢ by definition of our
forcing notion. |
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3. Handling relevant spaces

Our goal in this section is to build, assuming that CH holds, a totally proper
notion of forcing having the No-p.i.c. that destroys all first countable, countably
compact, non-compact S-spaces in the ground model. In fact, we do a little better
than this — if X is a first countable, countably compact, non-compact regular
space with no uncountable free sequences, then after we force with our poset, X
acquires an uncountable free sequence. The partial order we use is a modification
of that used in [4], although things do not work as smoothly as they did in the
last section.

Let us call a space X relevant if X is first countable, countably compact,
non-compact, regular, | X| = ®;, and X has no uncountable free sequences. For
each relevant X, we fix a maximal filter of closed sets H x that is not fixed. These
filters lie at the heart of the work that follows.

Definition 3.1: If H if a filter of closed subsets of X, we say that ¥ C X is
H-large if Y N A # 0 for every A € H. We say that Y C X diagonalizes H if Y’
is H-large and Y ™ A is countable for every set A € H.

Notice that if H is countably complete and H is generated by a set of size at
most Ny, then every H-large set Y has a subset Z that diagonalizes H. If in
addition H is not fixed, then every uncountable subset of Z will diagonalize H
as well.

PROPOSITION 3.2: Suppose H is a countably complete filter of closed subsets
of the space X, and suppose Z C X is H-large. If the closure of any countable
subset of Z is disjoint to a set in H, then there is an uncountable F' C Z that
forms a free sequence in X.

Proof: We construct F by in induction of length wq. At a stage o, we will be
choosing z, € Z as well as a set A, € H in such a way that

® 74 €[5, Ap, and

o AgNcl{zp: < a} =0
At stage a, we can find a suitable x, because the filter H is countably complete
and Z meets every set in H. A suitable A, exists because of our other hypothesis
on the set Z. Thus the induction carries on through wj stages, and it is routine
to verify that the set constructed is actually a free sequence in X. |

Note that in the preceding proposition we do not assume that A is a maximal
filter. Also note that as a corollary, we see that H is generated by separable sets
if X has no uncountable free sequences.
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COROLLARY 3.3: If CH holds and X is a relevant space, then the filter Hx is
generated by a family of size N;.

Proof: Since | X| = R;, we know X has at most R} separable subsets. By CH,
we know that N¥° = ¥;. Since X has no uncountable free sequences, we know
‘Hyx is generated by separable sets. |

COROLLARY 3.4: If CH holds and X is a relevant space, then there is a set
Yx C X of size Xy that diagonalizes Hx.

Proof: We know that Hx is generated by R; sets. Since Hyx is countably
complete, we can fix a decreasing family {A,: a < wy} C Hx that generates
‘Hx. To build Yx, we simply choose a for each « a point =, € A, in such a way
that z, # 23 for g < . Since the set {A,: @ < w;y} generates Hy, the family
Yx = {z4: o < wy} diagonalizes Hx. 1

Since we are assuming that CH holds, let us choose for each relevant X a
subspace Yx of size X, that diagonalizes Hx. By passing to a subset if necessary,
we may assume that Yy is right-separated in type w;.

Since Hx is a maximal filter of closed sets, this means that Yx is a sub-
Ostaszewski subspace of X, i.e., every closed subset of Yx is either countable or
co-countable. This tells us immediately that every uncountable subset of Yy is
‘H x-large, and the filter ‘Hx is reconstructible from Yy as the set of all closed
subsets of X that meet Yy uncountably often.

We assume that each Yx has w; as an underlying set, and that this corre-
spondence is set up so that initial segments are open. Thus given a collection of
relevant spaces, a countable ordinal « is viewed as a point in each of the spaces.

We also fix a function B so that for each relevant space X and ordinal o < wy,
{B(X,a,n): n € w} is a decreasing neighborhood base for « as a point in X. We
will need one more definition before defining our notion of forcing.

Definition 3.5: A promise f is a function whose domain is an uncountable subset
of w; and whose range is a subset of w.

Until said otherwise, X = {X,: £ < s} is a collection of relevant spaces, and CH
holds. To save a bit on notation, let us declare that He = H Xeo and Ye = Yx,.

Definition 3.6: A condition p € P(X) is a pair (ap, ®,) such that
(1) ap is a function,
(2) domay, is a countable subset of {(£,z): £ < x and z € X¢},
(3) rana, C 2,
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(4) for each & < &, [ple: = {z € X¢: ap(€, x) = 1} satisfies clx, [ple ¢ He,

(5) ®, is a countable set of pairs (v, f) where v C & is finite and f is a promise.
A condition ¢ extends p if

(6) ag 2 ap, T4 2 @y,

(7) for (v, f) € &,

Y (v, f,q.p): = {a € dom f: (V€ € v)[[gle “[ple C B(Xe, o, f(e))]}
is uncountable, and
(‘U, f1 Y(Uv f’ qap)) € (I>q-

The notion of forcing we have described (seemingly) need not be proper. If,
however, we put restrictions on the family X we get a proper notion of forcing.
We will need some notation to express the necessary ideas.

Definition 3.7: Let v C & be finite. We define
X =[] Xe.
fev

and we let H, be the filter of closed subsets of X, that is generated by sets of
the form H{a» A¢, where A¢ € He.

Note that H, will be countably complete and generated by < ¥; sets because
each H; is.

Definition 3.8: Let v C k be finite, and let f be a promise. A point (z¢: £ € v)
€ X, is banned by (v, f) if
{a € dom f: (V€ € v)[rg € B(Xe,a, £(a))]}

is countable. We let Ban(v, f) be the collection of all points in X, that are
banned by (v, f). We may abuse notation and write things like Ban({X}, f) in
the sequel — all such expressions have the obvious meanings.

Definition 3.9: Let v C & be finite. We say v is dangerous if there is a promise
f such that Ban(v, f) is H,-large. X is safe if no finite v C & is dangerous.

Our definition of “safe” was formulated so that the proof of the following
theorem goes through — the proof of Claim 3.13 is the place where we really
need it.

THEOREM 3: If X = {X,: £ < x} is safe, then P(X) is totally proper.

Before we commence with the proof of this theorem, we need a definition and
lemma.
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Definition 3.10: Let v C & be finite, p € P(.Y), and let D C P(X) be dense. An
ordinal v < wy is said to be bad for (v, p, D) if there is an n such that there is
no ¢ < p in D such that for all £ € v,

[qle Mple € B(Xe,v.n).
We let Bad(v,p, D) be the collection of all ¥ < w; that are bad for (v, p, D).

So v ¢ Bad(v,p, D) means for every n, we can find a ¢ < p in D such that
[Q]E \[P]E C B(X¢,y,n) for all £ € v.

LEMMA 3.11: Bad(w,p, D) is countable.

Proof:  Suppose not. The function f with domain Bad(v,p, D) that sends «
to the n that witnesses v € Bad(v,p,D) is a promise. Now we define r =
(ap, ®, U {(v, f)}). Clearly r < pin P(X), and since D is dense there isa ¢ <r

in D. Now Y(v, f,q,7) is uncountable, and for y € Y (v, f.¢,r) and £ € v we
have

[gle “[ple = [gle Nrle € B(Xe, s £(7))

and this contradicts the definition of f. |

LEMMA 3.12: Let (v, f) be a promise, and suppose (x¢: € v) is not in Ban(wv, f).
Then there is (Ug: £ € v) such that Ug is a neighborhood of x¢ € X¢ and

{a € dom f: (V€ € )[Ug € B(Xe,a, f(a)]}
is uncountable. In particular, Ban(v, f) is a closed subset of X .

Proof: Let {V,: n € w} be a neighborhood base for (z¢: £ € v) in the (first
countable) space X, and define

A={aedom f: (V€ € v)[ze € B(Xe, a, f(a))]}.

By assumption, A is uncountable, and for each o € A there is an n for which

Vo € [ [ B(Xe. o, f(@)).
g€y
Thus there is a single n for which

{a € AV, C HB()(&,CV, f(C\’))}

43y
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is uncountable. The definition of the product topology then gives us the U’s
that we need. |

Proof of Theorem 3: Let N < H()\) be countable with P(X) € N. Let p €
N N P(X) be arbitrary, and let {D,: n € w} list the dense open subsets of P(X)
that are members of N. Let § = N Nwy, and let {v,: n < w} enumerate N N «.

Since all the spaces in X' are countably compact and N is countable, there is
a sequence {d,: n € w} increasing and cofinal in & such that for every £ € N Nk,
the sequence {d,: n € w} converges in X, to a point z.

Cram 3.13: If v = {&,....&n—1} € NNk and f € N is a promise, then
(%0»- -+ 2¢,_, ) is not banned by (v, f).

Proof: Since X is safe and (v, f) € N, there are sets A; € H¢, NN for i < n such
that Ag X - - X A, is disjoint to Ban(v, f). Since A;Nw; is co-countable, for all
sufficiently large ¢ we have d; € A;. Since this holds for each 4, for all sufficiently
large ¢ the n-tuple (&g, ...,8¢) isin Ag x---x A,_;. Since this latter set is closed,
we have that (zz,,...,2,_,) is in Ap X -+ x Ap_1, hence (z¢,,...,2,_,) is not
banned by (v, f). 1

Let {V(z,n): n € w} be a decreasing neighborhood base for z¢ in X, with
clx, V(2¢,0) ¢ He; this uses the fact that each X¢ is regular.
We define p, € P(X), u, C k, and a function g: w — w; such that
(1) po =p, uo =0, g(0) =0,
(2) Pry1 < pn,
(3) Pnt1 € NN Dy,
(4) u, is finite,
(5) unt1 2 un,
(6) g(n+1) > g(n),
(7) {mi m < n} C tn,
(8) for 'Y 6 Un+1, [Prt1]y N[paly € V(zy, g(n + 1)),
(9) if (v, f) appears in ®,, for some k, then there is an n > k for which v C un4

and

{a €Y (v, f,pr,pk): (V€ € uny1)[V (2, 9(n + 1)) € B(Xg, a, f(a))]}

is uncountable.
Assume that a suitable bookkeeping procedure has been set up so that at each
stage n + 1 we are handed a (v, f) in ®,, for some earlier k for the purposes of
ensuring condition 9, and in such a way that every such (v, f) so appears.
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There is nothing to be done at stage 0. At stage n + 1 we will be handed p,,
Un, and ¢ | n+ 1, and our bookkeeping hands us a (v, f) € ®,, for some k < n.

Choose 1,11 € N N & finite with u, Uv U {v,} C unyy1. Clearly u,yq satisfies
4,5, and 7.

Let f’ be the promise f | Y (v, f,pn.pr). Clearly f' is in N. By Claim 3.13,
we know that (z¢: € € up41) is not banned by (uy,41, f'). Thus by an application
of Lemma 3.12 we can choose a value for g(n + 1) > g(n) large enough so that

{a € dOIIlfIZ (V£ € un+1)[V(:€vg(n+ 1)) c B(‘Y&a’ f(a))]}

is uncountable. Now we choose { < w large enough so that 8, ¢ Bad(u,y1,pn, Dp)
and

(V{ € ’ltn+1)[6/ € V(Zg,h(n'f' 1))]
Next choose m large enough so that
(V€ € uny1)[B(Xe, 0e,m) C V(ze, h(n + 1))].

Since B € N, we can apply the definition of §; ¢ Bad(upy1.pn,Dn) to get
Pnt+1 < pr in N N D, such that

(V€ € unt1){[pnt1]e Mpale © B(Xe, de,m) € V(zeg, h(n+1))].

Now why does the sequence {p,: n € w} have a lower bound?

Define a; = |, ¢, @, Note that a, is a function satisfying requirements 1-3
of Definition 3.6, and [ag]¢ # @ only if £ € NN k. If £ € NNk, then £ = ~,, for
some m € w, and our construction guarantees that

[agle C [pm]e UV (2, 0)

and so Cl)(€ [aq]5 ¢ Hf'
Now suppose (v, f) € ®,, for some k € w. Define

K (v, £,K) = {o € dom f: (¥€ € v)[lagle “pile € B(Xe. o f(a))]}.

CrLamM 3.14: KN(v, f,k) is uncountable.

Proof:  Let n > k be as in condition 9 for (v, f), so

A: ={a €Y, f,pn.pr): (VE € 0)[V(2¢, h{n + 1)) C B(X¢, o, f))]}
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is uncountable. For a € A and £ € v, we have

[agle Nprle = | [Pmle N [pale U lpnle Mpele

m>n
C J Ipmle Npale UB(Xe, 0, f(o)  (as ACY (v, f,pnrpi))
m>n
CV(z, M(n+1))UB(X¢, 0, f(a))  (by 8 of our construction)
C B(X¢, a, f(a)) (as a € A).

Thus A C K (v, f, k). ]

So if we define

0 =) &, U | J{@w.F I K (v, £i0)): (v, f) € @, }

new new

we have ¢ = (aq, ®4) is a lower bound for {p,: n € w}. |

ProPOsSITION 3.15: A singleton is safe, so if ¥ = {X} then P(X) is totally
proper.

Proof: Suppose ({X}, f) form a counterexample. Then Ban({X}, f) is a Hx-
large subset of X. Since X has no uncountable free sequences, there is a countable
A={zy,:n €w} CBan({X}, f) such that clx A € Hx and hence

B: =domfnclx A

is uncountable. If a € B, then there is an n € w with x, € B(X,qa, f(a)).
Thus there is a single n for which the set of & € B with a,, € B(X, o, f(e)) is
uncountable, and this contradicts the fact that z, € Ban(v, f). |

Since the union of an increasing chain of safe collections is itself safe, we know
that maximal safe collections of relevant spaces exist.

PROPOSITION 3.16: Assume X = {X¢: & < K} is safe, w C & Is finite, and
p € P(X). There is a set A € H,, such that for any (x¢: £ € u) € A, there is a
g < p such that z¢ € [g]¢ for all £ € u.

Proof: For each § € u we define a set A¢ € H, as follows:

Let {(vn, fn): n € w} list all members of ®, with £ € v, (the assumption that
this set is infinite is purely for notational convenience). For each n € w there is
a set

B.: = [] B? € Ho,
CEVR
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that is disjoint to Ban(v,, f,). Note that this means that for every w C v, and
(z¢: ¢ € w) € []cey, BE, the set

{a € dom f,: (V¢ € w)[xc € B(X¢, a, f(a))]}

is uncountable.
We let Ac =J
So suppose ¢ € A¢ for £ € u, and define

By, and we check that A = [],¢, A¢ is as required.

new

aqg = ap U{(§ xe.1): £ € u}.
We want to show that for (v, f) € ®, the set
K (v, f,p) = {a € dom f: (V€ € v)[[agle “Mple € B(Xe, o, f(a))]}
is uncountable. Note that this reduces to showing
{a € dom f: (V€ € unw)ze € B(Xe, v, fa))]}

is uncountable, and this follows easily from the fact that the set in (3) is un-
countable.
Thus if we define

q)q = q>l7 U {(U*f [K(v,f,p)): (va) € ¢P}7

then ¢ = (aq, ®,) is the desired extension of p. ]

COROLLARY 3.17: Ifv C & is finite, Z C X, is H,-large, and p € P(X), then
there is a ¢ < p and (x¢: € € v) € Z such that x¢ € [q]¢ for all € € v.

THEOREM 4: Suppose X is a maximal safe family, and let X be an arbitrary
relevant space. If G C P(X) is generic, then

VI[G] = “X has an uncountable free sequence”.
Proof:

CASE1l: XeX

In this case X = X for some { < «. The filter H, generates a countably
complete filter of closed subsets of X¢ in the extension; we will abuse notation a
little bit and call this filter A, as well. Note that a set is H¢-large in V[G] if and
only if it meets every set in He NV
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Now let A = |J,¢s[ple- Clearly A is a subset of X in the extension, and since
G is countably closed, if we are given a countable Ao C A there is a p € G with
Ao C [ple. The closure of [p]¢ is the same whether computed in V or V[G], and
in V' we know that it misses some set in ;. This tells us that the closure of any
countable subset of A is disjoint to a set in H¢ in V([G].

Now given a set Z € He¢, we can apply Corollary 3.17 with v = {{} to conclude
that A N Z is non-empty. Thus in V[G] the set A is H¢-large. By Proposition
3.2, X¢ has an uncountable free sequence.

CASE 2: X ¢ X

In this case, by the maximality of X there is a finite v C & such that
{X¢: € € v} U{X} is dangerous. To save ourselves from notational headaches,
we assume that v = n, and we will refer to X as X,,. We will also let w stand
for n + 1 so the notation #,, and X,, will have the obvious meaning.

Let f be a promise witnessing that {X;: ¢ < n} is dangerous. In V[G], for
i <n welet A; = J,c¢[r]i be the subset of X; obtained from the generic filter.

By a density argument, there is a p € G such that (v, f) € ®,. Thusif ¢ <p
in P(X') the set

Y(v, f,4,p) = {a € dom f: (Vi < n)[[g}i Mpl: € B(X:,a, f(a))]}
is uncountable.
CrAam 3.18: In V[G], if A} is a countable subset of A; \[p]; for each i < n, then
{a € dom f: (Vi < n)[A] C B(X;, o, f(a))]}
is uncountable.
Proof: Since G is countably closed, there is a ¢ < p in G such that 4 C [g]; ™ [pl;
for all 7 < n. Now we apply the fact that Y (v, f, ¢, p) is uncountable. ]

Now back in V, our assumption is that Ban(w, f) is H,-large. Since H,, is
Ni-complete and generated by R; sets, we can choose

Z: ={(a%: i € w): € <wi} C Ban(uw, f)
diagonalizing H,,. By passing to a subsequence, we may assume that
fo# & =z # af!

for all ¢ < n. Note also that
o {(z%:i < n): £ <w;} diagonalizes H,,
. {xfl ¢ < w} diagonalizes Hx.
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CLAIM 3.19: In V[G], I = {€ <wi: (Vi < n)x} € A;} is uncountable.

Proof: This will follow by an easy density argument in V. Given &, < wq, the
set {(x5: i < n): € > &} still diagonalizes H,, so in particular it is H,-large.
Now Corollary 3.17 tells us that the set of conditions forcing the existence of a
€ > & such that (Vi < n)[z}% € [g];] is dense in P(X), hence G contains such a
condition. ]

Since I is uncountable, in V[G] the set {§: £ € I} will diagonalize Hx.

Cram 3.20: In V[G)], if Iy C I is countable, then clx{z%: € € Iy} is disjoint to
asetinHx.

Proof: Suppose this fails, so there is a countable Iy C I witnessing it. Note that
{x8: € € Iy} € V as P(X) is totally proper, and also that the closure of this set
is the same whether computed in V or V[G]. In particular, by the maximality of
Hx in V, all but countably many o < w; are in clx{z%: € € Ip}. For i < n, we
define
Al = {xf £ € Iy},
and by Claim 3.18, the set
B = {a € dom f: (Vi < n)[A; C B(X;,a, f(a))]}

is uncountable. By throwing away a countable subset of B, we can assume that
for all a € B, there is a £ € Iy such that ¥§ € B(X,,a, f(a)). Thus there is a
single £ € [y for which

{a € B: 18 € B(X,,a, f(a))}

is uncountable. Now this contradicts the fact that (rf i < n) is in Ban(w, f)
|

We have shown that in V[G], there is a set that diagonalizes Hx with the
property that the closure of every countable subset is disjoint to a set in Hx.
Now Proposition 3.2 tells is that X has an uncountable free sequence. |

THEOREM 5: If X' is a safe collection of relevant spaces, then P(X') satisfies the
Ng—p.i.(’.

Proof: Let 4, j, N;, N;, h, and p be as in Definition 1.3. Just as in the previous
section, if r € N; N P(X), we define

rUh(r): = (ar U h(ay), @, UR(D;)).
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LEMMA 3.21: Assume that r € N; N P(X).
(1) rUh{r) € P(X),
(2) r U h(r) extends both r and h(r),
(3) ifse€ N;NP(X) and r < s, then r Uh(r) < sUh(s).

Proof: The proof is essentially the same as the one for Lemma 2.7. ]

Just as in the proof of Theorem 1, it suffices to produce an (N;, P{(X))-generic
sequence {p,: n € w} (with pg = p) such that {p, U h(p,): n € w} has a lower
bound.

Let {Dy,: n € w} list the dense open subsets of P(X) that are members of
N;. Let § = N;N R, = N; NRy, and let {7,: n < w} enumerate N; N k. Also
fix a sequence {d,: n € w} strictly increasing and cofinal in § such that for each
£ € (N; U N;) Nk, the sequence {d,: n € w} converges in X, to a point z.

Cram 3.22: Ifv C N; Nk is finite and f € N; is a promise, then (z¢: £ € v) is
not banned by (v, f). The same holds with N; replaced by Nj.

For £ € (N;UN;) Nk, let {V(z¢,n): n € w} be a decreasing neighborhood base
for z¢ in X, with clx, V(z¢,0) ¢ He. We will define py,, ¢n, un, and g € “w such
that

(1) po=p, g0 = po U h(po), uo =9, g(0) =0,

(2) Prn+1 < Dn,

(3) Prny1 € NiN Dy,

(4) g =pa U h( n)s

(8) u, C N; Nk is finite,

(6) tni1 2 up,

(M) {rm:m < n} C Un,

(8) g(n+1) > g(n),

(9) for v € upy1 U h(unt1), [Qn+1]‘7 \[qn]'y cV( z% g(n+1)),

(10) if (v, f) € ®,, for some k, then there is a stage n > k for which

v C Upgr Uh(tngs)
and

{a €Y (v, f,qn,qr): (V€ € v)[V(ze, 9(n + 1)) C B(Xe, 0, f(a))}

is uncountable.
Fix a bookkeeping procedure as in the proof of Theorem 1. At stage n+ 1 we
will be handed pp, gn, Un, g [ n+ 1, and (v, f) € &, for some k < n.
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Choose u, 41 C N; N & finite with u, U{y,} C uy and v C upyy Uh(tng1). To
define g(n + 1), we need to split into cases depending on whether (v, f) comes
from pr or h(p:).

Case 1: (v, fYeN;

Note that Y'(v, f,qn.qx) = Y(v, f,pn.pr), s0 f' = f T Y(v,f,pnpr) is a
promise in N;. We know (z¢: £ € v) is not banned by (v, f'), hence there is a
value g(n + 1) > g(n) large enough such that

{a € dOIIlf'I (Vé € 'U)[V(Zﬁvg(n + 1)) - B(‘Yﬁvaﬂ f(a))]}
is uncountable.
CAse 2: (v, f) € N;NN;
This case is analogous — we use the fact that

Y (v, fqn.qk) = Y (v, f, h(pn), h(pk)) € N;.

In either case, we have ensured that condition (10) of our comstruction is
satisfied for (v, f).
Now choose ¢ < w large enough so that

5£' ¢ Bad(un-}-iapn« Dn)

and
(V€ € unt1 Uh(uni1))[de € V(zg, g(n + 1))].
Choose m large enough so that

(Vtn 41 U h(un41))[B(Xe, 8e,m) C V(ze, g(n +1))).

In NV;, apply the definition of §; ¢ Bad(un+1,pn, Dn) to get ppi1 < pn in N;ND,
such that
(V€ € unt1)([Pt1le “Npale C B(Xe, 0e,m)).
Applying the isomorphism h tells us that
(V€ e h(’un+1))([h(1)n+1)]§ \[h(Pn)]g C B(X¢,d¢,m)).

The choice of m, together with (3) and (4), tells us

(V€ € un+1 U h(unt1))([qnale Nanle € Vize, g(n +1))).

Thus we have achieved everything required of us at stage n+1. The verification
that {g,: n € w} has a lower bound proceeds just as in the proof of Theorem 3.
[ |
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Conclusion 2: Assume CH holds. There is a totally proper notion of forcing
P(X), satisfying the No-p.i.c., such that every relevant space in the ground model
acquires an uncountable free sequence in the generic extension.

4. The iteration

We now construct a model of ZFC in which 2% < 2™ and there are no locaily
compact first countable S-spaces. Starting with a ground model V satisfying
2% = N; and 2% = W7, we will do a countable support iteration of length ws.
More specifically, let P = (PQ,QQ: @ < ws) be a countable support iteration

defined by

e P, is the trivial poset,

o ifa=p+1,then VFe Qa is Laver forcing,

e if o is a limit ordinal, then VP |= Q, = P(I) x P(X), where

VFPe 1= 1is the collection of all P-ideals in [w;]™°,

and

Y ParP(O) = X is a maximal safe family of relevant spaces.

We don’t actually use much about Laver forcing; the relevant facts we need
are that it is proper, assuming CH it satisfies the Ny-p.i.c. (Lemma VIIL2.5 of
{11]), and it adds a real 7 € Yw that eventually majorizes every real in the ground
model.

The point of using the partial orders from sections 2 and 3 is that they can
handle all “candidates” from a given ground model, instead of just one at a time.
This means that in we stages we can catch our tail, even though there are Ry7
“candidates” to worry about at each stage of the iteration.

Having defined our iteration, we arrive at the main theorem of this paper.

THEOREM 6: In the model V[G,,], there are no locally compact first countable
S-spaces, and 2% < 2%, More generally, every locally compact first countable
space of countable spread is hereditarily Lindel6f.

The rest of this section will comprise the proof of this theorem. Standard facts
about Na-p.i.c. iterations make it easy to show by induction on o < wy that the
following hold:

P, has the Ro-p.i.c.,
VP = CH,
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and
y Fe = Qa has the Ro-p.i.c.

Statement (4) is conclusion 1 of Lemma VIIL.2.4 of [11], while statement (4)
follows from statement (4) using Claim VIIL.2.9 of [11]. Statement (4) follows
from our previous work, although we should point out that we need (4) in order
for this work to apply.

Conclusion 2 of Lemma VIIL.2.4 of [11] together with (4) imply

P, satisfies the Ng-chain condition.

We should point out that (4) does not claim that P,, satisfies the Ro-p.i.c. —
the Ny-p.i.c. is only preserved for iterations of length < ws.

Note that (4) together with the fact that we are adding many Laver reals in
the iteration implies

VPorl=p=2% =Ry and 2% =Ny,

Thus the cardinal arithmetic in VP2 is as advertised, and we need only verify
that every locally compact 1st countable space of countable spread is hereditarily
Lindel6f in V[G,,,]. We first reduce our task by showing that it suffices to consider
only X with a certain form.

CrAM 4.1: If Z is a locally compact space of countable spread which is not
hereditarily Lindelof, then there are X, Y, and {U,: a < w,} such that

e X is a locally compact non-Lindel6f subspace of Z,
Y C X is right separated in type wi, witnessed by open sets {Uy: @ < w1},
X =Uncw, Uas
X =clY,
the Lindel6f degree of X is exactly Ny, i.e., {(X) = N;.

Proof: By a basic lemma [10], Z has a right-separated subspace Y of cardinality
Ry, {¥o: @ < w1}, and any such subspace is hereditarily separable because Z is
of countable spread. For each y, pick an open neighborhood W, whose closure
is compact and misses all the later yz. Every locally compact space is Tychonoff,
so for each « there is a cozero-set neighborhood V,, of y, inside W,. Let V =
U{Va: @ € w1 }. Then V is locally compact, and it is not Lindelof because each V,
contains only countably many y,. In fact, £(V') = R; because we carefully took
the union of the V,, instead of the union of the W,,, and each V, is sigma-compact.
Now it is clear that X = cly Y is as desired. [ |
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We work now in the model V[G,,,] and assume for purposes of contradiction
that Z is a locally compact first countable space of countable spread which is
not Lindelof. Let X and Y be as in the previous claim. For each y, € Y,
we choose a neighborhood V,, such that clV,, is a compact subset of U,. Let
Ag =VoNY € [w]%.

Cram 4.2: X satisfies Property D, i.e., every countable closed discrete subset
of X expands to a discrete collection of open sets.

Proof: This follows from the general result that every 1lst countable regular
space X satisfying £(X) < b satisfies Property D. The proof of this is only a
minor modification of the proof of [15, 12.2] which was for |X| < b because van
Douwen could not find any use for the added generality given by ¢(X) < b.
However, for the sake of self-containment we give the proof of this result here.

Let /(X) < b and let D = {z,: n € w} be a countable closed discrete subspace
of X. Using regularity, let {U,: n € w} be a family of disjoint open sets such that
xn, € Uy, if and only if 2,, = @,,. For each n let {B!': i € w} be a decreasing local
base at x, such that Bf C U,. Let U = |J{Un: n € w} and for each y € X U
let V, be an open neighborhood of y whose closure misses D, and let f,: w — w
be such that B}‘y (n) has closure missing V,, for all n. Since X N\ U has Lindelof
degree < b, we can find {y,: a < &}, (k < b) such that {V,_: o < &} covers
X ~U. Using the definition of b, let f: w — w be such that f, <* f for all a.
In other words, there exists k € w such that f,_ (n) < f(n) for all n > k. We
then have all of X ~\ U covered by open sets each of which meets at most finitely
many of the sets B?(n)’ which is thus a locally finite collection of disjoint open
sets. Hence it is a discrete open expansion of D, as desired. |

Our assumptions on X imply that | X| < we — every point in X is the limit
of a sequence from Y. We will assume that in fact |X| = Ry (this is the difficult
case) and that the underlying set of X is wq, with Y =w; C X.
Since X is first countable, we have that w(X) < Ry, so let B = {W;: £ < ws}
be a base for X. For technical reasons, we assume W¢ = Ug for £ < w; (here
U is as in Claim 4.1) with repetitions allowed in the case w(X) = ®;. Let B be
a P,,-name for B, and let N be an elementary submodel of V{G,,|'s version of
H()\) satisfying
d |N | =Ry,
e X,P, B, B, {Us: € <wi}, {Vi: € <wi}, and G, are in N,
o NNwy =« for some o < ws.

(The set of such N is closed and unbounded in [H(A)]*.)
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For an ordinal 3 < ws, define Bg: = {W, N 3: £ < B}.

CramM 4.3: With « as above,

(1) B, Is a base for the topology on « as a subspace of X,
(2) B, € V[G,].

Proof: (1) Suppose 8 < @ and U C X is a neighborhood of 3. Since X is first
countable and 3 € N, there is a neighborhood U’ of 3 such that U’ € N and
U'CU. Now

NE@y<w)[Be W, AW, CU].

Thus there is such a v < « and we are done.

(2) For each pair 3 = (o, B1) € a, there is a condition pz € G.,, that decides
whether or not ) € Wj,, hence there is such a condition in N. Now the support
of pz is a countable subset of wy that is in N, hence there is a v < a with the
support of p5 a subset of v. This means to decide whether or not B is in Wy,
we need only B and G, | P, = G,. Thus B, can be recovered from B and the
sequence (G: 7y < a), both of which are in V[G,). |

Now let M = (N¢: £ < wa) be a continuous, increasing €-chain of elementary
submodels of H(A) such that
e each N; is as in the previous discussion,
o (Ne: (<) € Neg,
o [wy]Re C U5<w2 Ne.
Now we define a function F: wy — wy by letting F(€) equal the least ¢ such
that
VIGel N[ € N;

and
Ne N [€]%° € VIG(]-

Note that since both V[G¢] N [£]™ and N¢ N [€]™ have cardinality at most Ry,
the function F is defined for all £ < wy.

CLAIM 4.4: Suppose v < wq has cofinality ¥, and is closed under the function
F. Then N, N [y]¥ = V[G,]| N [y]%.

Proof: Suppose first that A € [y]* N V[G,]. Then there is a 8 such that
sup A < 3 < yand A € V[Gg]. Now F(B3) < yand A € Npgyn[B]* C Nyn[y].

Conversely, suppose A € [y]*° N N,,. Since sup A < v and v is a limit ordinal,
there is a 3 > sup A below v with 4 € Nz. Then A € V[Gp) N[N C
VG InGe.
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Let ap < wy be large enough that {As: &€ < w1} € V[G,,] (the A¢'s were
defined right before Claim 4.2}, and let « < w satisfy

(1) a> ao,

(2) cf(a) =Ny,

(3) NoNuws = a,

(4) NgN[a]f = V[G4] N [a]e.

Such an @ can be found by using the preceding claim, as the set of ordinals
satisfying (3) is closed unbounded in wy.

CLAIM 4.5: V[Go] E I: = {B € [wi]®: |[Ac N B| < Np forall§ < w1} is a
P-ideal.

Proof: Clearly 7 is an ideal (and in V[G,]). Let {Bp: n € w} C T be given;
without loss of generality the B,’s are pairwise disjoint. Let h,: w — w; be an
enumeration of B,,.

Since cf(a) = Ny, there is a 8 in the interval (ap, @) such that {hn: n € w} €
V[Gg]. For each £ < wy, define a function f; € “w by

fe(n) =1+ max{m: h,(m) € A¢}.

Since ap < B, each f¢ is in V[Gg]. Now in V[G,] there is an r € “w dominating
{fe: € < w1} — 7 can be taken to be the Laver real added at stage 3+ 2 < a.
Now let
B: = | Bp~{hn(m): m < r(n)}.
new

Clearly B € T and B, C* B for all n € w. |

Now let X, be the topological space with underlying set o and base given by
Bay.

Claim 4.3 tells us that X, € V[G,], and that in V[G,,], X, is a subspace of
X. We will use this implicitly throughout the remainder of the section.

CrAIM 4.6:
(1) If A € V[G4) N [X4)® has a limit point in X, then A has a limit point in
Xa-
(2) V[Ga] E X4 has Property D.

Proof: (1) Suppose A € V[G4] N [X,] has a limit point in X. Our choice of
a and Claim 4.4 together imply that A € N,, and hence there is a limit point of
A in N,. This gives us the required limit point for 4 in X,.
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(2) Suppose D = {z,: n € w} is a closed discrete subset of X, in V[G,]. By
the first part of the Claim, D is a closed discrete subset of X, and by Claim 4.4
we know that D € N,. Since X satisfies Property D, D expands to a discrete
collection of open sets, without loss of generality members of our fixed base B.
Since D € N, there is such an expansion in N,. Now the countable subset of wo
that indexes this cover is in N, M [@]™, hence it is in V[G,4] as well. This gives
us the required discrete family of open sets in V[G,]. |

Our goal is to show that in V[Ga41), X4 acquires an uncountable discrete
subset. Since X, is a subspace of X in V[G,,], if we attain our goal we will have
a contradiction, proving that such a space X does not exist in V[G,,].

We work for a bit in V[G,]. The first thing we do is force with P(I), where 1
lists all the P-ideals in V[G,]. If Hy is a generic subset of P(I), then in V[G,][Ho).
either there is an uncountable B C w; with [B]¥ C Z, or there is an uncountable
B C w; with [B]®NT =0.

Let us suppose the first possibility occurs. This means that every countable
subset of B has finite intersection with every A¢ (in V[G4][Ho]). This continues
to hold in V[G,,,], so in V[G,,] there is an uncountable B C Y that meets each
Ve at most finitely often, i.c., B has no limit points in Y. Thus B is a discrete
subspace of Y C X, and we achieve our goal and reach a contradiction.

Now suppose the second possibility occurs. This means that in V[G,][Ho),
there is an uncountable B such that every countably infinite subset of B meets
some Ag in an infinite set.

CLAM 4.7: V[G,][Ho] E Z: = clx, B is countably compact and non-compact.

Proof: First note that any countable subset of Z from V[G,][Ho] is in V[G,], as
P(I) is totally proper. Given By € [B]Y°, there is a £ < w; such that B, = BonAg
is infinite.

Now step into the model V[G,,,]. Since B; C A¢ C V¢ and ¢l V; is compact,
By has a limit point. Since By is in the model V[G,], our choice of o implies
that By has a limit point in .Y,.

Now X, has Property D in V[G,], and since no new countable subsets of X,
appear in V[G,][Hop], X4 has Property D in this model as well.

This means any alleged infinite closed discrete subset of clx, B (in V[G,][Ho))
would expand to a discrete collection of open sets, thereby yielding an infinite
subset of B with no limit point in X,. We have already argued that this is
impossible. Thus

VI[G4][Ho] E clx, B is countably compact.
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Now the open cover {X,NUg: £ < w1} of X, is in V[G,] (here we use another
assumption we made about B), and each of these sets meets B at most countably
often, and so clx_ B is not compact. |

If it happens that Z contains an uncountable discrete subset, then we are
done, so we may assume this does not happen. In particular, we may assume
that Z contains no uncountable free sequence. By virtue of the preceding claim,
this means that Z is a relevant space (terminology from the last section) in
VIGa][Hol.

The next thing we do in our iteration is to force with P(X’), where

VI[G4][Ho] E & is a maximal safe collection of relevant spaces.

The results of the preceding section tell us that Z acquires an uncountable
discrete subset after we do this forcing. Thus

V[Ga+1] E X4 has an uncountable discrete subset

and again we have achieved our goal, reaching a contradiction. Thus every first
countable locally compact space of countable spread is hereditarily Lindeldf; in
particular, there are no locally compact first countable S-spaces in V[G,,,] and
Theorem 6 is established.

Theorem 6 is reminiscent of the theorem of SzentmiklGssy recounted in [10]
that MA(w) implies that no compact space of countable tightness can contain
an S-space or an L-space.

Every compact space of countable spread is of countable tightness, and if a
locally compact space is of countable spread, so is its one-point compactification.
So our result may be looked upon as a mild version of one half of Szentmikléssy’s
theorem [12] for models of 2% < 2%1. It would be very nice if we could get even
a similarly mild version of the other half—it would settle a famous fifty-year-old
problem of Katétov [7]:

Problem: If a compact space has hereditarily normal (“T5") square, must it be
metrizable?

The second author showed that the answer is negative if there is a Q-set, so
that in particular MA(w;) implies a negative answer. Gary Gruenhage showed
that CH also implies a negative answer. Proofs appeared in [5] along with a
theorem connecting Katétov's problem with the theory of S and L spaces:
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THEOREM 7: If there does not exist a Q-set, and X Is a compact nonmetrizable
space with Ts square, then at least one of the following is true:

(1) X is an L-space,

(2) X2 is an S-space,

(3) X? is of countable spread, and contains both an S-space and an L-space.

Parts (2) and (3) are ruled out in our model because of Katétov's theorem that
every compact space with Ty square is perfectly normal, hence first countable. If
it could be shown that there are no compact L-spaces (which are automatically
first countable) in our model, then Katétov's fifty-year-old problem would be
fully solved. It is not out of the question that first countable compact L-spaces
can be gently killed, so that even if some of these spaces exist in this model, we
can maybe throw in a few more notions of forcing to explicitly banish them.

There is a tantalizing sort of duality between our model and the model obtained
by adding R, random reals to a model of MA +¢ = Ng. There, too, there are no
Q-sets (even though 2%° = 2%1): but there, it is L-subspaces of compact spaces
of countable spread that do not exist (see [14]), so that (1) and (3) are ruled
out there, and it is the status of locally compact first countable S-spaces that is
unknown.

If neither of these models works out, it is to be hoped that the techniques we
have introduced in this paper will some day produce a model that does settle
Katétov’s problem.
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