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We show how to build various models of first-order theories, which also have properties
like: tree with only definable branches, atomic Boolean algebras or ordered fields with only
definable automorphisms.

For this we use a set-theoretic assertion, which may be interesting by itself on the existence of
quite generic subsets of suitable partial orders of power A, which follows from <, and even
weaker hypotheses (e.g., A =X, or A strongly inaccessible). For a related assertion, which is
equivalent to the morass see Shelah and Stanley [16].

The various specific constructions serve also as examples of how to use this set-theoretic
lemma. We apply the method to construct rigid ordered fields, rigid atomic Boolean algebras,
trees with only definable branches; all in successors of regular cardinals under appropriate set-
theoretic assumptions. So we are able to answer (under suitable set-theoretic assumptions) the
following algebraic question.

Saltzman’s Question. Is there a rigid real closed field, which is not a subfield of the reals?

0. Introduction

We continue here [8] and [9]. In fact, Sections 1, 3, 4 and half of Section 2 were
done together with [8] and [9] (but not the use of (D#€),); Sections 2 and 5 were
done later.

We thank Wilfred Hodges for rewriting Sections 1 and 2 (which the author
somewhat revised mainly adding 2.2-2.7).

We try here to axiomatize the building of a model of power A™ by an increasing
chain of models of power A, using terminology of forcing (note the close affinity of
genericity and omitting types). See [14] (for A =R,) and Giorgetta and Shelah [3]
(on 2%). Let us review the paper.

1. I'-big formulas

I' will tell us which formulas ¢(x) (over M) are big, so that the non I'-big
formulas over M form an ideal; we shall describe how to build generically an
elementary extension of M in which a distinguished element realizes a I'-big type
over M. In our case ||[M||<A, and the extension is built by approximations of
power <A.
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2. Iteration and an existence theorem

We describe how to build a model of power A* by a continuous chain M,
(@ <A™), each M, of power <A, where M, ., is built as in Section 1 (over M,)). We
describe the corresponding forcing. A closely related work is Bruce [7].

The problem is how for limit 8 <A™ of cofinality <A to continue. We state a
theorem (Theorem 2.12) saying we could do it, but we delay the proof of that
theorem to our next paper [13].

Later we state a set-theoretic lemma, Theorem 2.17, which follows from the
diamond for A ($,). This lemma says that quite generic subsets exist for
A-complete partial orders P of power A, (which satisfy the A *-chain condition,
and more conditions). For a companion lemma, with stronger set-theoretic
hypothesis (a suitable morass) but having a weaker condition on P, see Shelah and
Stanley [16].

Theorem 2.17 implies that the construction in 2.12 works.

Problem. In Theorem 2.17 can we replace the hypothesis (D€), by A =A<*?

Remarks. We assume R¥,+|T|< A. If we want to deal with the case |T| = A, we can
do this, but sometimes there are problems. We cannot use [8, 1.9.1] (nor reprove
it for A -compact models). This seems crucial in 4.3 (and 5.2, 5.3). In 4.9, 5.1 there
are no problems (see below). In [13] we shall deal with this, and of course with
A=X,.

However if “¢(x, a) is I'-big in M” is determined by the L -type that a realizes
in M, L,cL, |L,|<A, our proofs work with no essential change.

3. The basic lemmas of the (D¢€),-free method

In[8, §1, §2] we use a method which does not require (D¢),, (only A = A=* was
required), and by it we originally proved some of the theorems here. But at
present it is doubtful whether it is worthwhile to work for replacing (D¢€), by
A=A as

(a) Given GCH this adds only one cardinal: X; (see [10]).

(b) Even this gain is doubtful as the problem above is open.

Here we represent the basic lemmas for general I” which make the older
method of [8] work. For understanding their value you should look there.

Note that the discussion above does not invalidate their value, as they are
helpful even when there is no A such that A =A™* >R, (see [9].)

4. Applications with diamond

We represent here some applications assuming always (D¢€), and assuming

O{8<)\*:cf8:)\}' ]
In 4.1 we see (with the diamond) that our general construction suffices to do

[11]; the cases mentioned in [11] for A >R, are left to the reader as exercises.
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In 4.3 we prove that there is a model of T such that e.g., if A is an atomic
Boolean algebra definable in the model, then any automorphism of A is definable
in the model by a first-order formula with parameters. So here we improve the
result of [8, §1]: A is not longer required to be strongly inaccessible.

In 4.9-4.11 we prove a similar result for ordered fields.

5. More applications: trees with no branches and the strong independence properfy
revisited under GCH

In 5.1 we prove that if T is a complete theory in L(Q), with (Qx) interpreted as
“there are >A x’s”, then (if (D€), holds) T has a model such that any definable
tree whose set of levels has cofinality A" has no undefinable branches.

In 5.2 we reprove 4.3 under the weaker hypothesis (D€), +2* =A*, and in 5.3
we reprove 4.3 under the hypothesis (D€), +(3u) (u <A =2%).

Concluding remarks. (1) In order to really understand the method presented
here in Sections 1 and 2 the reader has to read the applications. Note also that
instead of A™ we can use other orders of power A, preferably A*-like, and 2.17
can still handie them. I think the method should be applicable to most problems
of the form: is there a model of T with no expansions satisfying some T', T< T’
(when A-saturation does not make a harm.)

(2) A serious problem is to get similar results from ZFC alone.

(3) Salzman has aked: Is every rigid ordered field embeddable into the reals?
The answer is negative (under suitable set theoretic hypotheses). This follows
from 4.11 and the observation that if there are parameters @ in a real-closed field
K such that some formula ¢(x,y, a) defines a non-trivial automorphism of K,
then (by completeness of the theory of real-closed fields) the same must hold for
the reals, which is impossible.

(4) There is some parallelism between this paper and [12]. There we interpret
‘complicated theory’ by unstable, and prove that T is unstable iff it has the
independence property or the strict order property. Here we prove results on
existence of models with only definable automorphisms for essentially two cases—
the strong independence property and ordered field (the field structure is not
essential—just used to carry a definition of an automorphism from an interval to
the whole order).

This parallelism is not totally incidential; look at the following property of T

(Pr) For any theory T;, T< T;, and any cardinal A >|T,| such that (D€), and
Os<r+crs=ry NOld, T; has a model M which satisfies:

(i) M has cardinality A™.

(i) M is A-saturated, moreover any formula which is not algebraic, is realized
by |M]| elements.

(iii) Every automorphism of M| L(T) is definable (by an L(T;) formula with
parameters).
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By the methods of {12, Ch. VI, §5], it should be clear to the reader that for
stable T (Pr) fails badly.! In fact there is T, such that for any |T|"-saturated model
of T,, M| L(T) is saturated, provided that any infinite definable set has cardinality
[l

From another point of view we can ask when the notion I'-big has cases of
some interest. If A is a finite set of formulas: {¢;(X; ;) : [ <n}, we call p(x) I',-big
if R"(p, 4, Rg)=w.

This is nonempty iff R™(X =%, A,Xy) = w; this occurs for some Iy iff T is
unstable.

Notice that any I', -big type p has two contradictory I, -big extensions and then
call p not I'y-isolated. Clearly if any I'-big type p has a I'-big type p' extending
it which is I'-isolated, then I'-bigness is totally uninteresting from our point of
view. At last notice that if (for I' a bigness notion) p is I'-big but has no
I'-isolated extension, then T is unstable.

(5) In all cases, we could have defined 2*" models, non-isomorphic and even no
e.g. Boolean algebra defined in one is embeddable into a Boolean algebra defined
in another.

Notation. Standard, see e.g. [12]. Note that ¢ifsatsment denotes ¢ if the statement
is true and e if the statement is false.

We let A, k be fixed regular cardinals, usually A =A™ >K,.

We let L denote a vocabulary of power <A (i.e. set of predicates, each with
finite number of places. We treat function symbols and functions as predicates and
relations in the usual way.)

We reserve L itself for a fixed vocabulary and let L with indexes denote
extensions of it (still of power <A).

We let T be a fixed complete theory in L,,,, (i.e. first-order logic on L), always
we shall assume that L is the vocabulary of the theory T.

For a model M, let LM be its vocabulary and we call M an L™-model. For L' a
vocabulary, let ME'=M/[L"! be the (L'NLM)-reduct of M. We say M is an
expanded model of T if M" is a model of T. We say that N=N,;VvN, if
IN|=|NyJUIN,|, LN =LMUL™:, and RN = R™ U R™: where for Re LY — L™, we
stipulate RN+« =(J. We say that N is a st. L-el. extension [i.e. strict L-elementary
extension] of M if N" is an elementary extension of M~ and N=N"v M. We let
L'(M) be L' extended by an individual constant for each member of M (so if
L'=LM M has a canonical expansion to an L'(M)-model M'; we do not
distinguish between M and M"). Note LM # L(M).

The letter £ denotes a fragment of some L,- . i.e. a set of <\ formulas from
L}. . each with <k free variables, containing the formulas of L} ., closed under
subformulas, and if a<k, B<k and ¢ eL (i<B) then =, Aicpg@n

!By [12, Lemma II 3.10] it is enough that M is |T|*-saturated (or even F .r-saturated) and that
every infinite indiscernible set I has dimension M. If T, is rich enough there is a definable set
indiscernible for L(T), which include infinitely many members of I (because M, is |T|"-saturated).
This set has power ||M||, so we finish.
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(3% )j<a®o are in L. We let £(M) be the set of ¢ € £ when we substitute
members of M for some of the free variables.

For a set of formulas @, X a set of free variables let @} X ={pec P:all free
variables of ¢ belong to X}. FV(@) is the set of free variables of .

1. I'-big formulas

1.1. Description of the construction. Let M be an expanded model of T of
cardinality A and & a fragment of L} ,.

We shall construct a st. L-el. extension N of M by building a continuous
increasing chain (®,);., of sets of formulas® of L(M), so that @, = J;., @, is the
complete diagram of N*. In Section 2 below we shall iterate this construction A™
times to produce a model of cardinality A™.

The chain (®,);., is built by induction on i, and each &, has cardinality <A. As
we build the chain we shall aim to perform three separate tasks, as follows:

Task L. The union @&, must be the complete diagaam of an elementary extension
Nt of M~

Task II. N- must have an element (labelled x) whose type over M" is ‘big’ in a
sense made precise below.

Task III. Every sentence of £(N) which is satisfied by N must be ‘forced’ by
some P, (i <<A).

1.1A. Remark. Instead of x we can work with a sequence of <A variables ¥ and
this does not change Sections 1 and 2 at all.

1.2. Definition (of bigness). (a) A functional (for L) is a sentence, possibly
infinitary, whose symbols are symbols of L together with one new 1-ary relation
symbol P. If I' is a functional for L and ¢(x, ¥) is a formula (note necessarily from
L), we write I'(¢) or Qx ¢(x, §) for the formula which results if we put ¢(z, ¥) in
place of each subformula Pz of I', avoiding clash of variables. Note that the
operation I'( ) commutes with substituting terms for free variables, so that the
expression Ox ¢(x, @) is unambiguous.

{b) For K a class of L-models, a notion of bigness (for K) is a function I'" for L
such that any M e K satisfies the following axioms, for all first-order formulas
¢(x, y) and ¢ (x, ¥):

(1) Vi(Vx(e = ¢¥)AQx o — Qx ),
(2)  Vi(OQx(evy)— QxovQxy),
(3)  V§(Qxe—>3I%x¢),

4 Oxx=x.

2 First-order logic.
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We write Oxo for —1Qx1¢. Note that Axiom 1 implies Vy(Vx(e — ) A
Ox ¢ — Ox ), and Axiom 2 implies V3(Ox ¢ A Oxy— Ox (o A ).

When K is the class of models of T [of power A] we say I' is a notion of bigness
for T [for (T, A)].

(c) Let M be a model of K, a a sequence of elements of M and I' a notion of
bigness for K. We say that ¢(x, a) is I'-big (in M) if Qx ¢(x, @) holds in M. A
formula which is not I'-big (in M) is I'-small (in M). A I'-big type p(x) is a set of
formulas s(x, @), any conjunction of which is I'-big

(d) Example. Let x be an infinite cardinal, and let Qx ¢(x, ¥) be the formula
which says “At least x elements x satisfy ¢(x, ¥)”. This defines a notion of
bigness.

1.3. Definition (of conditions). Let I" be a notion of bigness for T and M a model
of T.A condition (strictly, a I'-condition over M) is a set ¥ of <A formulas of
L(M) whose free variables are among x and y;, (i<<\), such that for every
conjunction (x, ¥) of finitely many formulas from ¥, MEQx 3y 4.

Really, we should have said a (I, A)-condition, and note that for A <A, any
(I, A)-condition is a (I', A;)-condition.

1.4. Lemmas (on conditions). I' and M are as in 1.3.

(a) There exist conditions. (Proof. Axiom 4 in Definition 1.2.)

(b) A subset of a condition is a condition, and the union of a chain of conditions
is a condition provided it has cardinality <A.

(&) If ¥ is a condition and ¢(x, V) is a formula of L(M), then either ¥ U{¢} or
W U{ e} is a condition. (Proof. If ¥ U{e} is not a condition, then there is a finite
part ¢ of ¥ such that ME-Qx 3y (YAe). But by Axiom 1, ME
Qx Ay (YA(eve)), and so by Axiom 2 either MFQx 3y (Yyr¢) or ME
Ox 3y (Y A—@). Hence MEQx 3y (Y Ag), and the same argument applies if we
add to ¢ any other formulas from V¥.)

(d) Let ¥ be a condition and ®(x, V, z) a set of formulas such that for every
conjunction ¢(x,V,z) of a finite number of formulas from @, ¥ contains
Az @(x, ¥, z). Then for some variable y,, YU ®(x, ¥, y;) is a condition. (Proof. If
not, then there are finite parts ¥(x, y) and ¢(x, y, z) of ¥ and & respectively such
that ME-Qx 39y, (Ae(x, ¥, y;)), contradicting the assumption that MFE
Qx 3y (Y A3xe). Here y; is any variable not in ¥ or @.)

(e) Task 1 can be performed. More precisely let x be any set of successor ordinals
which is cofinal in A, and suppose a continuous chain of conditions (®,); -, is being
constructed by induction on i. Then by suitable choices of &, (ie X) we can ensure
that the union @, is the complete diagram of a reduct of an elementary extension of
M", regardless of how ®; are chosen at successor ordinals j¢ X. (Proof. First note
that by (a) and (b), a continuous chain of conditions (®,);, can be constructed.
Now since A is infinite, we can list the formulas of L(M) as ¢; (i € X). Then using
(c) and (d), we can choose each @, (i € X) so that either ¢; or —g; is in @, and if ¢;
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is in @, and has form 3z 6, then @; also contains some formula 6(y;). By Axiom
3, &, is consistent. So P, is a maximal consistent set with witnesses for
existentially quantified formulas. Finally if ¢ is in the complete diagram of M,
then by Axioms 1 and 3, —¢ is not in @,, so ¢ € P,.)

(f) If A =A™, then in (e) we can also ensure that the elementary extension of M-
is k-compact. (N is k-compact if every 1-type over N with cardinality <« is
realised in N. Use (d).)

1.5. Definition. Let I" be a notion of bigness for T.

(1) We say that I' is invariant if for every ¢(x, y)e L, ., a€ M, M<N (models
of T) ¢(x,a) is I'-big in M if ¢(X,a) is I'-big in N (i.e. only the type of a
matters).

(2) We say that I is strong if for every ¢(x, §) there is L, <L, |L,|<A such
that the truth of “¢(x, a) is I'-big in M” depends only on the type which a
realizes in M| L,,.

(3) We say that I' is simple if the sentence I is a conjunction of first-order
sentences.

(4) We say that I' is very simple if for every formula ¢(x, y) for some formula

¥(y),
THVY) [(Qx) o (x, §) =4(3)].

Example. Let Qx ¢ say “There are infinitely many x such that ¢”. Then this
notion of bigness is simple; it is strong if A > w.

1.6. Lemma. Let I be a notion of bigness for T and M a model of T. Then Tasks 1
and 11 can be performed. More precisely, let X be any set of successor ordinals
which is cofinal in A, and suppose a continuous chain of conditions (®,); ., is being
constructed by induction on i. Then by suitable choices of ®; (i X) we can ensure
that the unions @, is the complete diagram of an elementary extension N- of M",
and that if x names the element a, then the type of a over M contains only I'-big
formulas (and in particular a¢ M).

Proof. Combine Lemma 1.4(e) with Definition 1.3. Note that if b€ M, then by
Axiom 3 the formula x =b is I'-small, and so a¢ M.

1.7. Definition (of forcing). Let I" be a notion of bigness for T and M a model of
T. We assume that the formulas of L,-,(M) have <A free variables, all these
variables are from x and y; (i <A), and the truth-functions and quantifiers of the
formulas are just =1, A\ and V. Let @ be a condition (i.e. I'-condition over M) and
¢ a formula of L, - ,(M). We define the relation @Iy (““@ forces ) by induction
on the structure of :

(1) If ¢ is atomic, then @I~y iff for some finite conjunction ¢(x, ¥) of formulas
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in &, MEQx V§ (¢ — ). (Equivalently, iff for every condition ¥ 2 @, T U{} is
a condition.)

(2) DA< iff DIFy; for all j<&

(3) PHVYzyY(x, ¥, 2) iff @I-y(x, 7, ¥') for some sequence §' of variables distinct
from each other and from all occurring free in @ or VZ y(x, ¥, Z).

(4) @IF—wp iff for all conditions 2 @, Vi .

1.8. Lemmas (on forcing). (a) If @I+ and ¥ is a condition 2P, then V-

(b) If ®IEVZy(x, ¥, Z), then DIy(x, y,y') for all sequences §', of variables.

(c) If @&, then O .

(d) If @I, then ¥I-—p for some condition ¥ =2 &. (Proof. By induction on
the structure of .)

(e) If ¢ is an atomic sentence of L(M) and @ is a condition, then @\ iff ME .
(Proof. Suppose MEy. Then ME—w— A, so by Axiom 1, MFEQx —w
would imply MF Qx (¢ A—fs), contradicting Axiom 3. Therefore MFE Ox ¢, and so
every condition forces . Conversely suppose ME— and MFQx 3y ¢. Then
MEVx Vy (¢ = @A), so by Axiom 1, MEFQx 3y (¢ A1), whence MFE
—10x V¥ (¢ — ¢); so no condition forces y.)

(f) Let @ be a condition and ¢ a formula of L,.,. Let @* be the set of all
formulas 3Z ¢ where ¢ is the conjunction of a finite number of formulas from @, and
Z are the y-variables which occur free in ¢ but not in . Then ®@* is a condition, and
@Dy iff @* Iy (Proof. By induction on the structure of .)

(g) Suppose A = A=* and that the notion of bigness is a formula of L, ,(P). Let
d(x, y, w) and ¢(x, y, w) be respectively a set of <A first-order formulas of L and a
formula of L, ,. Then there is a formula 0(w) of L, -, such that for every sequence
a of elements of any model M of T,

ME@6(a) iff &(x,9,a) is a condition which forces Y(x, ¥, a).
(Proof. By induction on the structure of )
Cf. also Lemma 1.10(f) below.

1.9. Definition (of £-generic sequences). Let I' be a notion of bigness for T, M
an expanded model of T and £ a fragment of L} .

An £-generic sequence (over M) is a continuous chain (@,);<, of conditions
such that:

(1) For each formula ¢ of £(M) there is i <A such that either @Iy or
@, - . (Of course, we restrict ourselves to the case FV(¥)c{x, y,:a<A})

(2) For each formula A, ¢; of £(M) there is i <A such that either @ A ¢
or @;lI-—y; for some j<&.

(3) For each formula VZy(x, ¥, Z) of £(M) there is i <A such that either
D, IFVZ Ys(x, ¥, Z) or @, I-—f(x, y, ¥') for some '
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An £-generic set is the union of an #-generic sequence. We say that the set @
forces s if some subset of @ of cardinality <A is a condition which forces .

We shall say that N is an £-generic extension of M with distinguished element a
if for some ¥-generic set @, @ is the complete diagram of N, a is the element
named by the variable x, the type of a over M is I'-big, and for every formula ¢
of £(M), Nk implies that ¢ forces . If we construct an £-generic extension of
M, we perform Tasks I-III of 1.1 above.

If & is constant we suppress this prefix.

1.10. Lemmas (on £-generic sequences). (a) If @ is an £L-generic set and O =
U<\ ¥, where (W), ., is a continuous chain of sets of cardinality <A, then (¥;);«x
is an £-generic sequence.

(b) Let @ be a generic set and A the set of formulas of £(M) which are forced by
®@. Then A is the complete £(M)-diagram of an extension of M. (Proof. By
Lemma 1.8(c) and Definition 1.9, A is a maximal consistent set of formulas of
(M) with witnesses for existentially quantified formulas, so it is the complete
Z(M)-diagram of some structure N. By Lemma 1.8(e) we can choose N2 M.)

(c) Suppose @, A are as in (b), and D is the complete diagram of some structure.
Then &=ANL,, (M). (Proof. It suffices to show that if ¢ is an atomic formula
ed, then @i+ . But this holds, because by Axioms 1 and 3, MF Ox Yy (v — ).

(d) Assume A =A=* and let I be a notion of bigness for T. Then Tasks I-1II can
be performed. More precisely, suppose M is an expanded a model of T of cardinality
<\ and V¥ is a I'-condition over M. Then there exists an £-generic extension of M
which satisfies V. (Proof. Build (®,),., as in the proof of Lemma 1.6, putting
@,=". That proof allows, say, the conditions &, for odd-numbered i to be
chosen arbitrarily. Since A = A™*, we can list in order-type A the tasks which have
to be performed in order to satisfy (1)~(3) of Definition 1.9. Lemma 1.8(b, d)
shows that suitable choices of the @; for odd i will do the job.)

(e) Let @ be a condition and s a (first-order) formula of L(M). Then there is a
condition ¥ 2 P containing ¢ if and only if there is a condition ¥ 2> @ which forces
Y. (Proof. As in the proof of (d), @ can be extended to a set which forces exactly
those first-order formulas which it contains; cf. (c).)

(f) Let @ be a condition and Y(x, §) a formula of L(M). Then @' iff for some
conjunction ¢(x,y) of a finite part of ®, MFOxVy (¢ — ). (Proof. If
ME Qx 3y (¢ A™p) for every finite part ¢ of @, then @ U{—w} is a condition and
hence by (e) some condition extending @ forces —w; so Pk If MFE
Ox Vy (¢ — ) for some finite part ¢ of &, then no condition extending &
contains —1Y, and so by (e) no condition extending @ forces —u; hence @ IFi.)

(g) For any M, |F“the model is k-compact” (when A = A=*).

1.11. The empty model. Formally we consider the empty model to be a model of
T and an elemenary submodel of every other model of T. The definitions and
constructions above make sense when M is the empty model: an %-generic
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extension of M will be a model of T which is described by a ‘generic set’ (defined
in a natural way) and has a distinguished element whose type is big. This is a
purely formal device which makes the book-keeping easier in the next section.

1.12. Remark. Really except in 3.x we can demand I to be a notion of bigness
for K ={M:M a k-compact model of T or the empty model}.

On the other hand we use only I' which are invariant and notions of bigness for
T.

2. Iteration and an existence theorem

T is a complete first-order theory with infinite models in a language of
cardinality <A, and I is a notion of bigness for T. We shall construct a model M*
of T in cardinality A*, as the union of a continuous elementary chain (M%), <\~ of
models of cardinality <<A. The construction will be carried out so that whenever
B<A*, Mg, is derived from Mg just as N* was derived from M in 1.1 above;
moreover, extra relations will be added to the language and the structures at each
stage of the construction.

Fragments %, of (L*),., are defined, L* = L™ is increasing, Mg = Mg VvM,,
(the role of the L*—L, and &£, is in the genericity demands).

A set-theoretic assumption (D€), (cf. 2.10 below) is used in the construction.
Then we shall state a combinatorial lemma (cf. 2.17 below) which generalises this
construction.

2.1. Definition (of languages). {(a) Let JUA™ be a linear order extending the
order (A%, <), 0 minimal in it, {a&:a<A*} is increasing continuous and un-
bounded in it, let [a, B]y ={t e J; a <t <B} and assume [0, &), has power <A™ for
a<A". We may let a, 8, v vary on JUX". We write J© when [a, a +1); is
A-saturated, for every a, and aeJ &S cfa =\ when acA™.

(b) For each a <A™ let II, be a set of <A relation symbols. We assume that
when a < g, I1, is disjoint from II; and from the set of symbols of L. I, is empty.

(c) For each a<A* we introduce distinct new variables x, and y; (i <A) for
tela, a+1];; we call them the a-variables. When a<f<A”, LP> is the
first-order language got by adding to L the relation symbols in g, [T, and
taking as variables the y-variables for all y<<$. We write LB for \Jqg L?* We
write X, for the set of (<a)-variables. (The elements of X, will name the
elements of M,.)

X, ={x, yi:i<A s<t,seJ} and X'={x,yi:i<A}.
2.2. Definition. Assume that I is invariant or that J=A". For s<<teJUA™ and

an expanded model M of T and a fragment & of L}, we define what are: (a) a
(1, s)-condition over M (we suppress I, which is constant). (b) I (i.e. ;) and (c)
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an &£-generic sequence, ¥-generic and #-generic structure, all three with respect
to (t, s, M).

If I is not invariant the definition is by induction on t (remember that then
J=1Y).

() A (t, s)-condition is a set ¥ of <A formulas of L(M) (not LM(M)!) whose
free variables are X, — X, such that:

(i) If v satisfies s<v<t, ¢q,..., @, belong to ¥ and Z include all variables
from X, —X, which occur freely in some ¢, (€=1, n), then

(EI:Z)( /"\ <p€\)€ ¥ or at least ¥[X, l—(?lf)( /“\ @e)
=1 £=1

[if we forget this then {xg > = Xg,> —> Xg = Xg.+1; would be a (8, B + 3)-condition. ]

(i) If J#A"Y (hence I is invariant), then for every v, s<v<t, and any
elementary extension N of M" realizing ¥} X,, ¥[(X,UX") is a I'-condition
over N (after suitable changes of names).

(iti) If J=A", then

(a) P X, is a (v, s)-condition for v<t;

(B) ¥MX,UX"%)is a I'-condition over M except that we use the variables x,,
y§ instead x, y;;

(v) TIX, HeY“¥1X ., is a I'-condition over the model we get from the
(B, v)-conditions (when the variables in X, — X, become elements”.

(IT) For a (t, s)-condition ¥, 8 LY. ,, ¥ IHy> @ is defined just like 1.7.

(IIT) For £< L)%, and ‘¥-generic sequence for (t, s, M)’ and ‘¥-generic model
over (t, s, M)’ and an ‘¥-generic st. L-el. extension for (t, s, M) with distinguished
elements a, (s<v<t,vel) are defined as in 1.9.

(IV) An (¢, s)-condition is called complete if it is a complete type (in L) over its
set of parameters.

2.3. Lemma. (1) The parallel of 1.4 holds for (B, a)-conditions (with x, ¥ replaced
by variables from X; —X,).

(2) The parallel of 1.8, 1.10 holds for (B, a)-conditions.

(3) If @ is an (v, a)-condition over M, ¥ a (B, a) condition over M, a < <4,
P X; SV, then ®U Y is included in a (v, a)-condition over M.

2.3A. Remark. However the parallel of the lemma VF*2=(V*)2 in real forcing
is problematic here, as we have to have genericity for the formulas 6 indicated in
1.8(g). But for e.g. invariant I', such problems disappear in proving 2.12.

If J# A", and moreover J=J", those problems disappear, and we do not see a
loss for our application. Now 2.4-2.7 deal with the case J = A" (which we will not
use). Note that 2.6 becomes trivial, ~% is replaced by ~ for A-saturated J.

2.4. Definition. We call I' a super notion of bigness if for every o <f, and an
expanded model M of T, and an (B, a)-condition ¥ over M, and an increasing
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function from (a, B); into (a*, BY);,

(W) ={e( .., Xniyy - > ¥ )il Xy, L yE . )eW
is an (B, a')-condition over M (the problem is in Definition 2.2 I(iii)(y) only).

2.5. Lemma. If I is strong, then I is a super notion of bigness.

) 1 PNy
TOUL. [ady.

2.6. Lemma. Let a <8, B, h an order-preserving partial function from [«a, 8,]
into [a, B1], h(B1) =B, h(a)=a, A >|Dom h| and M be an expanded model of T.

A r; P hi +1
ASSUme 1 s a Ssirong vigness notion.

If 8(h) is a formula from LM, with free variables from Xz — X, (and <A free
variables) and @ is a (B,, a)-condition, then

[@IHE> 0] & [h(6) IHE= h(6)]

provided that (B, —a, <, )icpomn> (B2—, <, h(i))icpomn are ~%-equivalent (which
means that they satisfy the same L. ,-sentences of quantifier depth <( in their
vocabulary) where { is Max{depth of 0, quantifier depth of I'}. (8; — @ means the set
difference.)

Remark. This lemma explains the connection between 2.12 and 2.17.
Proof. Easy, by induction on 6.

2.7. Claim. Suppose for €=0, 1, M,=(a% <,B& ...,B% .. Jiciop Bo=0, B
increasing continuous and we let Bfo,=af. A sufficient condition for My~ M,
is: for every i<i(0), for some y<A% Bf,—B¢ =8N +vy for some 8° &' and:
89=08"=0; cf8°<Acf 8 <A; cf8%<ADcf8%=cf 8.

Proof. See Kino [6].

2.8. Definition (of the game G(T,I)). The game G(T,I') is played by two
players, the Random Player (I) and the Generic Player (II). There are A" stages to
the game.

(a) At the beginning of the game, M, is chosen to be the empty model (cf. 1.11
above).

(b) At the (a+1)-th stage the model M, has just been defined and is an
L“-structure; the variables in X, have been interpreted as constants which name
all the elements of M,. The Random Player now interprets the symbols in I1, as
relations on M, thus expanding M, to an L**'-structure M’,. Also he chooses a
fragment £, of Ly=, such that Ug<, £ 2 %,. The Generic Player chooses a
maximal consistent set @**! of formulas of L* (in the a-variables) which contains
the complete diagram of M and defines a st. L-el. extension M, ,,; of M,.
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(c) At the 8-th stage, where § is a limit ordinal, M; is defined to be the
L?-structure which is the limit of the M, (¢ <8); i.e. for each B<8, M;|L® =
Ug=y<s M, I L.

(d) At the end of the game, two sequences of structures (M), <r+, (ML) gcr+
have been constructed, and the variables have been interpreted as elements of
these structures. The Generic Player wins iff for all a <B <A™, Mg[L*"" is an
&£ .-generic extension for the (a, 8, M) forcing.

2.9. Remarks (on the game G(T,I")). Let us review the three tasks which Player
II has to perform for each o <8 <A* (cf. 1.1 above). First, define ®° =\, .5 P*
when 8 is a limit ordinal. Then (@), .,- is a continuous increasing chain of sets
of formulas. When a < <A™, ®P| L is the complete diagram of M| L**!, so
the Task I is performed automatically.

Let Player II always construct ®***NL as the union of a continuous chain
of I'-conditions over M., (®**");.,. Lemma 1.4(e), 2.3(1) says that he can do
this. Moreover since I' is a strong notion of bigness, Lemma 1.6 says that he
can ensure that the L*"'-type of the element x, over M. contains only I'-big
formulas. Whenever a <B <A™, Mz | L*"" is an elementary extension of M, 4, so
that x, has the same L**'-type over M/, in M, as it has in M, . In this way the
Generic Player achieves Task II.

There remains Task III. This looks alarmingly difficult when e« <g <A™ and 8
is a limit ordinal of cofinality <<A. How can the Generic Player possibly ensure
that if ¢ is a formula of L{*, which is true in M, with the variables in X,
interpreted as constants for elements of M), then  is forced by some condition
which is true in Mp? After all, ¢ may contain ¢-variables for cofinally many £ <.
The solution is to make the Generic Player predict at each stage i <A what may
happen at later stages, so that if necessary he can stop it happening. This seems
to need the following set-theoretic assumption.

2.10. Definition of (D¢),. The principle (D¢), states: there is a family {?, :a <
A} of sets such that each @, = P(«), |P,| <A, and for every set A< X there is a
stationary set of ordinals a such that ANaec@,.

Remark. If A is regular, then (D¢€), implies A =A=* We always assume A
regular.

2.11. Claim. If any one of (i)-(iv) holds, then (D¢), holds.
(i) A =X, or A is strongly inaccessible.
(i) <, holds.
(iiiy For some u, A=u* =2% and either u*o=p or Vx <u)x™<p.
(iv) GCH holds and A is a regular cardinal # R?.

Proof. (i), (ii) are clear. For a proof that (iii) imples <,, and the history of this
result, see [10]. Finally (iii) implies (iv).
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2.12. Theorem. Let I' be a strong notion of bigness for the theory T in a language
of cardinality <A, J=J" and assume (D), and A > . Then the Generic Player
has a winning strategy for the game G(T, I').

We delay the proof of Theorem 2.12 to our next paper [13]. There we shall
prove an even more general theorem.

2.12A. Theorem. We can let in 2.1 P, € II, be monadic predicates for t c[a, a +1);
and let L% =y [, U{P,: te[a, B);}, and in 2.8 demand PM-- = X,, formulas
of &, are allowed to have <k mondic predicates, for which P,’s can be substituted;
and still 2.12 conclusion holds.

Remark. Note that 2.12 and 2.12A follow from 2.17.

2.13. Definition. When a model M* of T of cardinality A" is constructed as the
limit of approximations (M, ), «,- when Player II uses his winning strategy in the
game G(T,T), we shall call ML a generic model of T. If M* is generic and
a<B<A", then as soon as M, has been constructed, we know what are the
I'-conditions over M., in L®*; these will be known as the (8, a)-conditions. (So
every L, ,(M.)-property of Mgv M, is forced by some (B, a)-condition.) A B-
condition is a (B, 0)-condition.

2.14. Remark. One can analyse the proof of Theorem 2.12 and extract the
combinatorial principle that makes it work. Some of the applications in later
sections use the combinatorial principle directly, rather than Theorem 2.12.

The intuitive idea is as follows. Construct a partial order P whose elements are
the possible (B, a)-conditions, a« <B <A*. Each element of P can be thought of
as a ‘term’ 7(x) where X are the variables occurring free in it. The ordering
relation is inclusion. To find M* is to find a directed subset of P which is closed in
certain ways. We can choose P so that Tasks I and II are automatically achieved.

The problem is to perform Task III. Suppose (2, w) is a formula of L{3 with
(<a)-variables 7 and (=a)-variables w, and r € P. We want some (8, a)-condition
extending 7| L?* to force either  or —uf. Fortunately the question whether a
(B, a)-condition o forces ¥ depends on « and the variables of o and ¥, but not on
B. Thus for each (@, 7) of L,, we want a function F¥ g which extends terms 7 to
terms which force either ¥(z, w) or —s(Z, w); F¥ depends on Z, w in a uniform
way. These are the ‘appropriate’ functions of Definition 2.9 below.

Because we added new relations at each stage, there will be separate families of
functions FY for each stage. In fact the family of functions to be considered at the
(a +1)-th stage can be taken as a function H,(M,) of the model M, constructed
at the a-th stage. Also we could have allowed the Random Player to choose the
starting condition @3 for each «, again as a function H,(M,) of M,.
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2.15. Definition. A partial order P is called A" -simple if there is a set T of <A
‘terms’ 7 such that each term 7 has a, <A places, and

(1) P={r(x):x is an increasing sequence from A™ of length <A}.

(2) the ordering relation 7(X) <o (y) of P depends only on 7, o and the order
relations between the x;’s and the y;’s.

(3) For every 7(X)eP and yeA’ there is o(Z)=+(X) with y among the
variables Z. ‘

(4) If ,(x™") (i< ) is an increasing sequence such that for each limit §*<§,
7%(%°") is the least upper bound of {r;(%'):i< 8%}, then {#,(¥'):i <8} has a least
upper bound 7(x) with x =|J; x’.

(5) For each 7(X)eP and each B <. there exists a term 7(%)[ B e P whose
variables are the first 8 variables of x; if 8 is a limit, then (X} B is the least
upper bound of {#(%)[ v:vy<g}

(6) If 7(x)| B=<0o(9) and all the variables in y are less than the B-th variable of
X, then 7(X) and o(y) are compatible.

2.16. Definition. (a) An appropriate function for P is a function F which assigns
to each increasing sequence ¥ of length <A from A™ a function F; :{r(X)eP:j<
%} T, such that 7(X) < F;(7(X))(X), &, = Qg r(xy, and F;(7(X)) depends only on 7
and the truth or otherwise of the equations x;=y,. We write F;(7(X)) for
(F, (r(:)(®).

(b) For each a <A™* we write P, for the set PN{r(X):xca}. f G P,, we
write Pg for the set of 7(§,x)e P such that yca, X€A"—a and 7(§, %) is
compatible with every o(Z)e G.

2.17. Theorem. Assume (D€), and A >w. Let P, T be as in Definition 2.15.

(a) For each a <A let F* be an appropriate function for P. Then there is a
directed G < P such that for every a <A and every 7(x)€ G there is 7' (X)=1(X)
such that Fz(v' (') e G.

(b) Let H,, H, be functions such that for any a <A™ and any G P,, H\(G) is
a set of appropriate functions for Py and H,(G) is an element of Pgrp. NP, .,
(i.e. an element of P, ., which is compatible with every element of GNP,). Then
there is a directed G = P such that for each a <A™,

(1) if FeH,(GNP,) and 7(X)e G, then there is T (X)=7(X) such that
F(7'(x") e G,

2) H.(GNP)eG.

(c) As (b), but with the elements Hx(G) allowed to by any elements of Pgrp.,,
and with (2) holding only for a closed unbounded set of a.

The proof of (a)-(c) are all essentially the same as that of Theorem 2.12.

2.18. Generalisations. (a) Theorems 2.6 and 2.11 still hold when A = w, but the
proofs are simpler. In fact when A =w, only ZFC is needed. See [15, §2], and
(with Oy)) [14].
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(b) In Theorem 2.12 the Generic Player can choose his winning strategy so that
for each ordinal a <A™*, M, is A-compact. This follows from Lemma 1.4(f).
Note that Mj is then A-compact whenever § is a limit ordinal <A™ of cofinality A.

(c) Again in Theorem 2.12 the Generic Player can choose his winning strategy
so that whenever a <B <A™, Ma|L*'! is generic over M, for a family of A
formulas of L{%,. This family of formulas can be chosen as soon as M/ has been
constructed, and the Generic Player can do (b) at the same time. The proof is the
same as that of Theorem 2.12. Without loss of generality one should assume that
the family of formulas is closed under subformulas and under first-order opera-
tions.

(d) One can weaken clause (4) of Definition 2.9 to:

(4) If =,(x) (i<8) is an increasing sequence, then {r(X"):i <8} has an upper
bound 7(x) with x =, x*.

(e} Theorem 2.12 adapts to the case where L is replaced by L(Q) and Qx ¢
means ‘“For at least A elements x, ¢ holds”. [10] was written in terms of this case.

(f) If in 2.17 the terms have finitely many variables (so A-completeness holds
when we fix the set of variables), then the theorem holds even if we assume just
A=A"N

3. The basic lemmas of the (D¢), -free method

We here revisit the methods of [8], in a more general fashion. They were used
in previous proofs of some theorems, but [10] and (Section 2) gave simpler proofs,
with a slightly stronger hypothesis. So we decided to omit those proofs, but the
lemmas may be useful for proofs when e.g. A=* > (as in [9, Theorem 12] where
we prove that any T has a model in which no tree has a non-definable branch).

3.1. Lemma. Suppose M is A-compact, p is a I'-big type over M, I' any invariant
notion of bigness for T, |p| <A, and the set of parameters appearing in p is A. Let
I={a;:i<a}< M be an infinite indiscernible sequence over A, then we can find
qeS™ (AU, such that p=q, q is '-big, and if a realizes q, I is an indiscernible
sequence over A Ua.

Remark. We can do this to I whose index-set is any infinite ordered set. If a
suitable partition theorem holds, we can even let I be partially ordered in some
more general way, cf. [12. VII §2].

Proof. We can replace M by any A-compact elementary extension, and similarly
a can be increased. So w.l.o.g. @ =,  =q-, x =A+|T|. We can extend p to
some I'-big p,eS™(A UI) and assume ae€ M realizes p,. Expand M to N by
making all elements of A Ua into individual constants, and making the set I and
the order <={{a, a;):i<<j<u} into relations of M. The fact that a realizes over
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AUI=AURN a I'-big complete L-type, can be expressed by omitting some
types.

By Morley theorem on the Hanf number of omitting types and a generalization
of Chang, (see [17]), there is a model N', elementarily equivalent to N and
omitting all the types than N omits, such that in RY there is an infinite
indiscernible sequence J (in the language of N’) and a realizes a I'-big complete
L-type over AUJ. Now we can find q from tp(a, A UJ) in the L-reduct of N'.

3.2, Lemma. Suppose

(a) p is a I'-big type over A in M, and ae M.

(b) a;€ A for each i€ I, and D is a filter over I

(c) For any formula ¢(X, b) with parameters from A, if {icI:MFe[a;, b)}e D,
then Fola, b].

(d) I' is a simple notion of bigness.
Then we can extend p to a I'-big type qe S™"(AUa) such that for any formula
©(%,9,b), if be A, and {icI:¢(X, a, b)eqleD, then {icI:¢(% a b)cqle D

Proof. W.lo.g. peS™(A), and now we define g, by
a,={e(%,a b):be A{icl: ¢ a, b)epte D}.

By the hypothesis on @, q; is consistent, and as I' is simple also I'-big.
Obviously it extends p, and satisfies the conclusion of the lemma, so we finish as
we can extend ¢, to a I'-big g€ S™(A).

3.3. Lemma. In 3.2 we can waive the simplicity of I', if D is | T|*-complete, and I’
is invariant.

3.4. Theorem. For any A = A=* the Generic Player 1I can still win the game from
2.8, if we weaken the demands for his winning a play to
(i) For any a<A™, cfa=Ava=0v@y)a=v+1) and set ¢ of <k formulas
from L, ,(Ug<r~ M) if ® is finitely satisfiable in M,, then @ is satisfiable in M,.
(i) If {@r: i<\, n<w) is a sequence of sequences from M,, |T|<\ and
(#)me: for every ¢eM, for a closed unbounded set of 8 <A, (az:n<w) is an
indiscernible sequence over ¢,
and player I includes the sentence saying (*)yqr, in Ly.q, then (%) an holds

Proof. Clear, just like [8, §1, §2] using 3.1, 3.2 resp. for (i), (ii).

We can phrase those results in a more general way.
3.5. Definition. Let I';, I, be two notions of bigness for T, for the sequences of
variable %!, ¥ resp. (maybe infinite). We say that I';, I, are orthogonal (or I’y is

orthogonal to I',) if for any model M of T, A <M, and sequences a', a’e M of
length I(x"), [(x®) resp. such that tp(a', A) is I}-big for 1=1,2, there are an
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elementary extension N of M, and sequences b', b2e M of length I(x"), 1(%>) resp.
such that for [ =1,2 b' realizes tp(a', A) and tp(b', A Ub>™") is I';-big.

3.6. Theorem. Let |T|<A, A regular, S, <A (a<A') stationary, [a# B>
IS, N Sg|<Al, and also I' a bigness notion for T. Then Player 11 (the Generic
Player) wins in the following game with A" moves:

(a) My is the empty model (see 1.11 above).

(b) In the (a+1)-th stage the model M, has already been defined (it is a model
of T of power A). The Random Player chooses A sequences (I'Y,{as,:£<A)) for
i <A, such that I'Y is a bigness notion (for T) orthogonal to I', ay, a sequence from
M, (of the length of X{, the sequence of distinguished variables of I'Y) such that, for
each i

(*)L:  for any finite ¢ = M, for a closed unbounded set> of £ € Syo1:, tp(a%s, €) is
I'e-big.

Then the Generic Player II chooses a model M, ., which is an elementary
extension of M, of power A in which a* = M, +1 realizes over M, a I'-big type, M,
is k-compact whenever A = A=

(c) At the 5-th stage, M is defined as Ug<o M.

(d) At the end, the Generic Player 11 wins the play if for any a <B <A™, i <A:

(%) for any finite ¢ = M,, for a closed unbounded set of £ € S, i, tp(as, €) is
I'{-big.

Remarks. (1) So part of the hypothesis is “the closed unbounded filter on A is
not A*-saturated” (saturated in the set-theoretic sense); this is not so strong—
every successor A >N, satisfies it.

Also we can omit it but then the proof becomes somewhat more complicated
(as in [8, §2]); and in ()}, we replace “£€ S\, ;" by “6<A” and in (%), z we omit
“closed”.

(2) Theorem 3.5 is a particular case of 3.7—Lemmas 3.1, 3.2 just say that
suitable I'Y* are orthogonal to T

(3) We can in 3.7 replace the choice of M, ., (by the Generic Player) by a play
of length A where the players choose an increasing chain (@, :i<A)asin I (® a
I'-big set of formulas of M,, FV(®,)={x,, y7:j<A} and &, has power <A, and
player II has the choice of @, for a closed unbounded set of e €l J,,- S, (e.g. a
closed unbounded set of a’s).

4. Applications with diamonds

4.1. Theorem (CH). There is an uncountable Boolean algebra B with no uncount-
able chain nor an uncountable pie (= a set of pairwise incomparable elements).

3 This means that for some closed unbounded C <A, for every {e CNS, ;""" -



Sh:107

Models with second order properties 201

Moreover there is some countable B, < B such that for every uncountable 1 < B the
following holds.

(f),: there is a By-partition by, ...,b, (n>0) of 1 (ie., e By, Uob=1,
I#m=>bNb,=0) and ceB, c<b, such that for every b{<bi<b, in B,
(1=1,...,n) there is xeI such that xNby,=c, bj<xNb<b| (forl=1,...,n).

Proof. Let B, be a countable atomless Boolean algebra. We use the context of
2.15 for A =X, (and see 2.18(a)). We define T and P as follows: T is the set of all
conjunctions (X, - - - » Xin—1)) Of form A<, [(x:0y N b)) = ¢;] where ¢ <b <1 are
members of B,. We put (%) =a(y) if 7(%) implies o(¥§). We use Theorem 2.17
for the following F’s and H,.

(a) For every acB,, Fi(r(x)) is such that it has a conjunction x,Nb=c
such that asbor aUb=1.

Now this assures us that if G< P, is generic for the F?’s, then for each
B<a, I;={b: for some ¢ (xgNb=c)e G} is a maximal ideal, and there is a
unique Boolean algebra B generated by ByU{xs:B <a} satisfying G. We let

df

B, £ B,(G) £ the Boolean algebra freely generated by B,U{x, : B <a}, except
that it satisfies the equations in G and the equations which B, satisfies.

(b) By CH we can list as {A, : @ <w,;} all countable sets of Boolean terms in
members of B,U{x; :i <X,}; these terms will serve as names for the elements of
B, and wlo.g.* A, < B, We define H((G) (for GSP, - - ) as follows: if A,
satisfies (f),, then F%(7(X)) is 7(X) when it should be defined. Suppose A, does not
satisfy (f);. Suppose

Ay ={0(X0)s - - 5 Xigm—13 Xiemgys - - - » Xitn—1.80» €)1 B <Bo}

for some B,<N;, ¢€ By, o a Boolean term, j(0)<- - -<j(m-1)<j(m, B)<---<
in—1,8), [y<B=>j(n—1,vy)<j(m, B)]. Suppose further —b¥, —bj, ..., —b}_,
is a Bg-partition of 1, cf<b¥,c*eB, xupNbi=ct for =1, m—1, and
Xja@Nbi=ctform=si<n

Note that any uncountable A < B, [G] will contain such a countable subset.
Then we define F as follows: if § = (Xi(m)s - - - » Xign—1))>

n—1

(%)= l{\ 0N b =qgnra(2)

(where ¥, Z are disjoint, o(z) € P) and there are b{, c{e B, such that c[=<<b{<1,
b,<b}, by—¢;=b;—c}, and for no B < B, does

n—1
Ba':l{\ xj(,_B)nb{=CiA0'(Z)
then for some such bj, ¢}
n—1
Fi(r(x)= l{\ xqNbi=cira(2).

4B, is the set of terms in ByU{x, :a <i}. We do not strictly distinguish between B; and B,(G).
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If there are no such bj, ¢}, then F¥(r(x)) = 7(X). We leave the rest to the reader
(he can consult the relevant parts of [11]). O

Let us consider another example. See Rubin and Shelah [7] and [8].

4.2. Definition. Let P, Q be one place predicates, R a two place predicate and
suppose the theory T contains the formula (Vxy) [xRy — Px AQy].

We say R (or P, Q, R)) has the strong independence property (for the theory T) if
for every n<w, MET, distinct a;, . . ., a,, € PM there is ¢ € QM such that a;Rc iff
i=<n. We assume

Vxy 3z {O(x) AQ(y)Ax#y — P(2) A(zRx =—1zRy)].

4.3. Theorem. Suppose (D¢),, |T|<A and Opoy-.q5-xy (hence A =A=*>R).
Then T has a A-saturated model M of power A™ such that:

(1) If (P, Q, R) has the strong independence property for T, then every automor-
phism of the structure (P™ U QM, Q™, R™) is definable in M (as a set of pairs, by a
first order formula with parameters)

(2) The same holds for any (@(x, ), ¥(x, €), 0(x, y, T)).

Remark. We shall prove (1) only. We shall later work on weakening the set-
theoretic hypothesis.

4.4. Example. (1) T =theory of (w, +, X, 0, 1).
Px: x is prime,
xRy: x divides y, and x is prime.
(2) Px: x=x
xRy: y codes a sequence in which x appears.
(3) T =infinite atomic B.A.
PX: x an atom,
Ox: x=x,
xRy: x=y.

4.5. Definition. Suppose R has the strong independence property. I'y is defined
so that @(x, a) is I'g-big if for every n<w it is I'g-n-big, i.e. there is a finite
A = PM so that for any distinct a,, . .., ay € PM— A, @(x, @) A Ai<on [a; RX ="
is satisfiable. In this case we say that A is a I'g-n-witness. Let I'g-n-small means
just not I'y-n-big.

4.6. Claim. I';-big is an invariant notion of bigness (hence by 2.5 a super notion of
bigness).
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Proof. (1) Clearly being I'; -big depends on tp(a), ¢ only, hence I'y is invariant.

(2) If ¢; —> @5, ¢; I'r-n-big and A exemplifies this, then A will work for ¢,
also.

(3) So Axiom 1 (Definition 1.2) holds if ¢, and ¢, are small. How about
@1V @,? Suppose ¢, is not I'g-n-big, ¢, is not I'x-m-big and A is a ['g-(n+m)-
witness for ¢,V @-.

As ¢, is I'g-n-small there are a, ..., a,, € PM— A such that

—3@x) (e(x, A A [aRxJE=",
i<2n
Now A'=AUl{ay,...,a,} is not a Ig-m-witness for ¢, So there are
by, ..., by e PM—A’ such that
—(3x) (@(x, an A [b,-Rx]““s"‘)>_

i=2m

Clearly a,, ..., Qs b1, ..., b2 € PM— A are distinct and

ﬁ(ax)(%V(Pz/\_/\ [aiRX]if(ismA A [bin]it(ism))'

A is=2m i<2m
So A is not a I'-(n+ m)-witness for ¢,V @,.

Proof of 4.3. We apply 2.12A. So there is a model M =, ., M,, which we get
as a result of the game, when player II wins, with I'=I5. We want to show

4.7. Claim. In M, (PMUQM, PM, R™) has only automorphism defined in M, if
player 11 plays in the right way.

Suppose F is such an automorphism, 8 <a <A™ and in his a-th move player I
chose FI M, as one of the relations in M, cfB=cfa=2A, and F}M; maps
PM: U Q™ onto itself. By diamond we can assume « = $, (by using just 2* =A™
we could only assume that there are such a < ).

There is an element d = F(x,). So in M,

(Vz e M) (P(z) — [2zRx, <> F(z)Rd])) (4.8)

The use of F(z) is legitimate by player I's decision.

We can choose vy, a<y<A™ such that deM, but M,|L*"' is £, ;-
generic for (v, a, M) so some (v, a)-condition @ forces (4.8) and is satisfied in the
model for some variable y e X, — X, (y = d).

We can assume the set of parameters of @ is cM*c M, |IM*|<A, and
Mg N M* is closed under F, F', (as |®| <A, |T| <A, A regular this is possible). Let

K ={(b,c):b,ce P — M*, & - “bRx,<>cRy” orbe M*N P, F(b) = c};
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whether or not (b, ¢)e K is determined by tp({(b, ¢}, |M¥|) (by the definition of
(v, a)-conditions etc.).

Let us show K is the graph of F|P™e, Clearly the graph is included in K,
otherwise for some b, c € Mg, F(b)=c¢, @' 2P, @'IFbRx <> cRy contradicts the
choice of .

Suppose (b, ¢) is in K but not in the graph. Clearly b, c € Mz — M*. So there is
bePMs—M* Fb)=c so b'#b. So ®IbRx,<>cRy as (bc)eK, and
®IFb'Rx, <> cRy as F(b')=c¢, and the graph of FM: is included in K. So
®I“bRx, <> b'Rx,”, b #beMz—M* We want to show that @U
{bRx,, b’Rx,} is included in a (v, a)-condition. By 2.3(3) it suffices to show that
@ U{bRx,, b'Rx,} is included in a (a+ 1, a)-condition i.e. is ['g-big.

It suffices to show I'x-n-bigness of ¢(x,, ¥, @) U{bRx,, 7b'Rx,} (a from M?¥)
for any n<e and ¢(x, ¥, @) e(®1X,,,). Now ¢(x,, y,a) has a finite I'z-n-
witness set A< M,. We can prove we can choose A< M™ as ‘“there is a
I'r -n-witness of power |A|” is a first-order property (and by an even simpler way,
we could have chosen here M* like this).

So the graph of F}P™- is defined in M, in the prescribed way, ie., by a
sentence of L., in the original language i.e., a, be P, F(a)=b iff a, be PM,
M, Eo[a, b, €], (for some ¢ € M, of length <A). By [8, 1.9.1, p. 64] this implies, if
a = B, that F| M, is first-order definable there. As this argument can be repeated
for stationarily many sets of B’s, we can use Fodors theorem to get one
definition. [

4.9. Theorem (On dense linear ordering with no undefinable auto-
morphism). Suppose (D¢€),, A>|T| and ys<r+.cs-r Then T has a A-
saturated model of power A" such that:

(1) If T+“<is a dense linear ordering”, then every automorphism F of (PM, <) is
locally definable (i.e. every interval has a subinterval in which F is definable).

(2) For any formula ¢(x,y,%), and ¢eM if F“¢(x,y,C) is a dense linear
ordering of {x:(y) ¢(x,y,¢)}’, then every automorphism of ({a EM:MF
3y) o(a, y, 0)}, o{x, v, )} is locally definable in M.

Proof. We concentrate on the proof of (1).

For this proof we define I' by: ¢(x, a) is I'-big if there are b<ce PM such that
¢(M, @) is dense in (b, ¢) [small here = nowhere dense]; this is clearly a bigness
notion, very simple and invariant.

Again we can find M =J,»+ M,, the result of a game won by II (using 2.12).
Let F be an automorphism of (PY, <M) and assume pzoy+.ct5-2) SO We can
assume that for stationarily many 8§ <A™*, cf 8§ = A, F [ M; is in M;. We try to see
what occurs to d = F(x5), (VzeM;) (P(z) > (z<xs <> F(z)<d). Wlog. d is a
variable y € X, = X;. So some (v, 8)-condition &, y>3, @ is realized and forces
this with y for d. There is an interval (bo, co) of P™ such that for every
bo<b<c<cy ®U{b<x;<c}is a (v, 8)-condition, and assume (by < x5 < co) e D.
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By hypothesis we have @ U{b<x,}- F(b)<y for any b e (b, co)". Let
K ={(b, c)e PMs : by <b <cq, F(by)<c < Flcy), @ U{b<xs}lFc<F(xy)}

Clearly F(b)=c=>(b,c)e K for b, ¢ in the right intervals. As in the previous
proof we can show the inverse. So this gives us a definition of K, hence of F| P™s
in (by, ¢o). So for stationarily many 8§ <A*, cf § = A, we get a L, , definition in My
of F}P™: in some interval. By Fodors theorem, for stationarily many &’s the
definition and the interval are the same. By A-saturatedness there is one formula
defining it.

So we need the parallel of [8, 1.9.1].

4.10. Claim. Suppose M is a A-saturated model of T, and T ‘says’ “‘<densely
linearly orders {x:P(x)} and {x:Q(x)}” and F is an isomorphism from (P“, <)
onto (QM, <) defined by a L,, formula ¢ = @(x,y) (possibly with parameters).
Then we can find such a first-order ¢, which defines F in some interval.

Proof. Let A be the set of parameters appearing in ¢. We can find p € S(A) such
that the set of a € M realizing p is dense in the interval (b, ¢) (for some b <c¢ in
PM). (See 1.4(c), (e).)

Let b<<a<c, q realizes p. As in [8, p. 64] there is a first-order formula (x, y)
with parameters in A, such that ¢[a, F(a)] and Vx 3=y ¢s(x, y), Vy T'x (x, y).
As in [8, 1.9.1A], the same holds for any b <a’ <c realizing p. Look at

(P(x1) U p(x2) U@y yo) [(xy, y) Aflxa, y) ATU(X <xp=y,>y))]
Ub<x;<enb<x,<cl.

Clearly it is not realized (as F is an isomorphism). As M is A-saturated, there is a
finite subset which is not realzed, and we can assume we get it by replacing p(x,),
p(x,) by 6(x;), 0(x,) respectively. We can assume also

MEWVX)[0(x)Ab<x<c— 3y) ¥(x, y)].

So Y(x,y) defines Fl{aeM:Eb<a<cn@{a}}. As F is onto Q and by the
choice of p,

U, y)=(Vz2) Au,v) (b<z<cAP@)Anz#x = Pu)AQw)rab<u<c
Az<u<xvx<u<2)angu, o)A [u<x=v<y)

defines Fl{xe P™:b<x <c}. So we proved 4.10. O

Now suppose T+*“(P, <, +, X) is an ordered field”, then as before, in M, every
automorphism F of (P, <, +, X), being an automorphism of (P, <), is definable in
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some (b, ¢cg). Now, there is a 1-1 map from (by, ¢;) onto P defined in M:
x > (x(by+ ¢)/2)/by— ¢y and so we can define F. So

4.11. Conclusion. If T is first-order, Ogoy+.crs=ny, (DE)y holds, |T| <A, then there
is a A-saturated model M of T, |M||= A", such that for any ordered field defined in
M, every automorphism is definable.

5. More applications: trees with no branches and the strong independence
property revisted under GCH

5.1. Theorem (On trees with only definable branches). Suppose (D€), holds. Let
T* be a complete consistent theory in L(Q), |T*<<A (Q here is not as in 1.2).
Suppose further that in every model M of T*, (M|, <) is a tree (i.e. a partial order,
and {y:y<x} is linearly ordered) and (¥x) (—Qy) (y<x),(Qy)(y=y)e T*

Then T* has a model in the A*-interpretation such that every branch of
(M|, <M) (i.e. a maximal linearly ordered set) of power A* is definable.

Remarks. (1) Note that Q is the well-known quantifier: syntactically if ¢ is a
formula so is (Ox)e; in the A-interpretation ME(Qx) ¢(x,a) iff
{beM:MEe[b,a]} has power =A. The standard interpretation is the N;-
interpretation. (So consistent means in the RX,-interpretation (see Keilser [4]). If
A =A" ¢ eL(Q) has a model in the X,-interpretation iff it has a model in the
A" -interpretation, and in the A *-interpretation, L(Q) is A-compact (see e.g. [17]).

(2) Keisler [5] had dealt with this problem assuming Ogs<y+.ce5-23 and A =A™,

In [9] we deal with such problems for T L,,,, and for A =R, for T=L(Q).

(3) We could have deal simultaneously with all definable trees.

(4) We can waive the requirement Yx —1Qy (y <x), but then restrict ourselves
to branches of cofinality A*. In the definition of closed we should also demand
that for ye FV(®)N (X, —X,), y<z e @ for some ze X, or in no extension of
@ this occurs, and in defining Y(®) restrict ourselves to such y’s.

Proof. W.lo.g. in T¥* every formula is equivalent to a predicate, and let
T=T*NL, so T is a complete first-order theory in L.

We restrict ourselves to the case of models of T* with no definable branches
and |T}< X (for simplicity only). Now we define I': ¢(x, @) is I'-big in M (M a
model of T) if MFR_, (a), where Re L is the predicate (or a predicate) such
that (V§) [(Qx) ¢(x, ¥)=R(¥)]e T*. Clearly this is a notion of bigness (really the
prototype).

We call a I-condition @ closed if for every a <A™, &} X, is the complete
diagram of a model, and if y{*e FV(®), then either for some y?, B<a, y¢=yfec P
or @ has no I'-condition extending it in which this occurs. Let Y(@®) be the set of
variables for which the second case occurs (obviously x, € FV(®)=> x, € Y(P)).



Sh:107

Models with second order properties 207
S5.1A. Fact. Every (B, 0)-condition can be extended to a closed one.

Let I be a A-saturated dense linear order of power A. Now we shall prove the
theorem using 2.17, so we have to define P. P will be the set of pairs (&, f)
satisfying: @ is a closed (A*, 0)-condition, f is a function from Y(®) to I such that
x<ted, xe Y(P), ye Y(®) implies TEf(x)<f(y).

Note that

5.1B. Fact. If @< ¥ are closed (L™, 0)-conditions (P, f)e P, then for some g, f <
g, (¥, g) € P (remember I is a A-saturated dense linear order).

The main point is

5.1C. Fact. If (&, NHecP, (D, H1X,<(V¥,g)eP V¥ a closed (a, 0)-condition, then
(@, 1), (¥, g) are compatible in P.

Clearly w.l.o.g. @ is an (« + 1, 0)-condition.

We know that @, ¥ are compatible as (A, 0)-conditions. It is enough to find an
(a +1,0)-condition &,, PU¥ <@, such that for every ye Y(P)-X,, ze
Y (W) - Y(®): either (i) "(z=<y)e P, or (ii) for some v Y(@)NY(¥), (v=y)e
@, (z=v)eW. As I is very simple it is enough to prove that for n <w, pairs
(y;, z;) as above failing (i) for [=1, n, @UY U{z;<y;: I<n}is an (a+1, 0)-
condition, w.1.o.g. y;# Xa.

Let M, be an (a, 0)-generic model realizing V¥, and let @(x., Yo, ..., Yo_1)€ P
(suppressing the appearance of members of X, =|M,|) and we shall prove that

<P(xa9 Yos - -5 Ynfl)/\l/\ _|(Zl SYI)
<n

is I'-big over M, ; this clearly suffices. Remember that as & is a closed (« + 1, 0)-
condition. (x4, Yo, ...,Va_y) is I-big over M but for I<n, ceM,
@ (Xg Yo, - - Ay =c is not I'-big. As I' is very simple the set (of n-tuples)

A :{<C01 cees cn71>€M: (P(xou Yo...s yn—l)/\lA —l(cl g))l) is not F-blg}
<n

is definable in M,, and by the choice of ¢ its set of parameters comes from
FV(®)N X, which is the universe of an elementary submodel N of M. Clearly in
A there are no (n+1) n-tuples (ci,...,c._)e M (i <n) such that

A Alci, ¢l are incomparable]

iEj 1
(as then we can choose them in N; for every i for I(i)<n [c),<y,;]e @, hence
for some i#j, I(i)=1(j), hence @ ‘says’ ci;, and cj;, are comparable as < is a
tree). Now every countable subset of T has a model in the R,-interpretation
having no X,;-branches, hence a model in which the tree is special (see [9]), so (by
the definition of A) this gives a contradiction.
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We still are left with the case T says there are denable I'-big branches. We then
should use the device of the proof of Theorem 6 in [9]. [

Now we revisit 4.3; (we proved that if R has the strong independence property
(for P, Q, in the theory T), then for the model M constructed there, (PMU
QM RM, P™) has only automorphisms which are defined in M (by first order
formulas with parameters).) We have used the hypothesis Cpsop+.cr5-; (in addi-
tion to (D¢),.)

5.2. Theorem. We assume (D€), and 2" =\".

(1) Any first order theory T, |T| <A has a A-compact model M of power A", in
which if R has the strong independence property (for T, P, Q), then every au-
tomorphism of (PMUQM, RM, PM) is definable in M (i.e. by a formula with
parameters).

(2) We can in (1) assume |T|<A, and get that if {¢,(%X, @), {(¥, @), (X, ¥, a))
(@aeM, §y, 8, ¢, € L(T)) has the strong independence property, then any one-to-one
function F from {b e M: Ik @o[b, altv ¢o[b, al} onto {c e M:IFo,(c, @) v tlc, @)} such
that 0,[b, c, ale 0,[F(b), F(c), a)] is definable in M.

Proof. Similar to the proof of 4.3 the proof of which we follow.
We concentrate on (1).

5.2a. Definition. We redefine what is a I'g-condition @ over M: it is a set of <A
formulas, FV(®)c{x}U{y;:i<A} and for every finite conjunction ¢ =

o(x, yi, ..., y:.,) of members of @ and every n<w for some finite Ag< M for
every distinct b, . .., by,_,€ PM—A,
{oGxh vl oo yi); 1<n}U{[BRx'T™ =" k <2n, I <n}

U{yL #y:D: 1L 1(1)<n and k, k(1)<m and (I, k) # (I(1), k(1))}

is satisfiable in M. (This is the change indicated in (1) but we use the variables y;
instead of more x’s).

Now all of Sections 1 and 2 holds (only be more careful in 2.4).
We call a (A", 0)-condition @ closed if @[ X, is a complete diagram of a model,
for each a. Clearly we can extend every @ to a closed one, s.t. {a:FV(®N

(X, +1—X.) # 0} does not change.

Let M, M, (e« <A™) be the models we obtained from Theorem 2.12A for the
specification mentioned above and let G be an automorphisms of (PMy
OM, RM). Let

C={B<\A":Mj is closed under G, G™'}.
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Clearly C is closed unbounded. Now as in the proof of 4.3, for every BeC
(cfB=A) there are o, v,B=a<vy and a closed (y, a)-condition over M, @
satisfied by M (whose set of parameters is cM* < M, ||M*|<A) and ye X, — X,
such that the graph of G [ P™- is:

K ={(b, ¢): either b, c € PMs — M* & IH3;™ bRx, = cRy,,
or be PMsNM*, F(b)=c}.

Note that from K, K, = the graph of G | M is easily defined. Hence there is an
(a, B)-condition W, satisfied by M, which forces that K induces the graph of an
automorphism G of (P U QM=, RM:, Q™>) (provided that in applying 2.17 we
use more appropriate F’s). Let the set of parameters of ¥ be S N<Mj, |N|<A,
and also M* N Mz = N. Assume:

5.2b. Definition. Call ce M; a W-possible value of G(b) if there is a (B, a)-
condition V', ¥Y< ¥, and ¥I(b,c)c K”. We define similarly when b is a
possible value of F~(c).

5.2¢. Fact. The relation c [resp. b] is a W-possible value of G(b) (resp. of G '(c)]
is preserved by automorphisms of Mg over N,

Suppose 8<B, cf8=A, M, is closed under G, G ' and moreover ¥
forces that K is like that. Notice that if ¢ is a W-possible value of G(b), then
beM;&ceM;.

5.2d. Fact. For some A*, NNM;< A*c M, |A*| <A and £<8 for every b, ce
M;—~M,, if c is a ¥-possible value of G(b), then c € acl(A*U{b}).

Proof of 5.2d. Suppose the conclusion fails. We use the genericity of the set of
(B, 8)-conditions satisfied by Mg. Let X be € X, — X5, N— M; included in its set of
interpretations. The proposition “c € Mg is a ¥-possible value of G(b) (in M)” is
expressible by a formula from L+ ,, but the number of such formulas is A, so we
can assume genericity for them.

So suppose ¥, is a (B, §)-condition, forcing the failure of 5.2d, its set of
variables is Y; 2 N — M, its set of parameters N; 2 NN M. Let £ <8 be such that
N, S M, (£ exists as cf8=A). As ¥, forces the failure of 5.2d (for A*$N,),
there is a (B, 8)-condition ¥,, ¥, = ¥,, and b, c € Ms — M, such that:

(1) W, forces that ¢ is a ¥-possible value of G(b), i.e., it determines the type of
(b, c) over N is the right way (equivalently determine the type of Y over
N, U{b, c} in the right way.

(2) c¢acl(N,U{b}).

Let the set of parameters of ¥, be N,, it set of variables Y,, and let

YoN{y?:i<Ale{y?:i<i(0)} where i(0)<<A.
A = acl(N; U{b}), No— A ={a;:i<i(l)}, i(1)<A, ap=c.

Let
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Let
Vs ={0(Z, Yioy+iys - - - » Yicortin ) 1A E A, pelL, jio e <i(l),
5~V and o5 P Y~ r )
Ze ¥, ana @(z,4q;,...,4q,,a)€ ¥y.

Trivially ¥, < ¥5< P but ¥} forces that
(1) y¥o is a ¥-possible value of G(b) (but be Ms, y; ¢ Ms), as the relevant
information is preserved. But this contradicts the choice of ¥,.

So we have proved fact 5.2d and we can w.l.0. g assume M, is closed under G,
G . Note also that we could have started with B'> B instead B, and choose B as
8: and the proof above could be applied as well for G™'. We can also increase N

to include A*, so

5.2e. Fact. There is £ <, such that for every b,c e Mg —M,, if c is a ¥-possible
value of G(b), then b ecacl(NU{c}), c cacl(NU{b}).

5.2f. Fact. If b is a W-possible value of G(c), b, c € P — M,, then c is definable
over NU{b} in a unique way (and b over NU{c}) (maybe after replacing & by some
£<B, and ¥ by ¥'2V).

Proof. Suppose for every &< there are b,ce PMs—M, such that ¢ is a
Y-possible value of G(b) but ¢ is not definable over N U{b}.

Let w =|N|+|T|<A, and let k =min{k: w* > pu}, 50 k Spu <A ™ = n. We now
define by induction on y <k, a (8, @)-condition ¥, (ne“u) and elements a.,;;€
PMe—M, (ne™u,i#j,i<up,j<p, [=0,1,2) such that:

0 ¥,=Y, |, =su

(1) If v is an initial segment of 7, then ¥, < ¥,.

2 aln(ll,)i],j, = ail(f,)iz,jz implies n, =mn,, iy =i5, j;=J, and (1) =1(2)v{I(1), I(2)}=
{0, 1}.

(3) V.ol G(ag,i,i) = alu,;, Y.-p»kG (a?m'.j) = afl,i,i'

For a =0, and a limit there are no problems. For y+1, n €A we define
together ¥, ., a'.;; (i#j<up, 1<3); (we do it by induction on m by an arbitrary
well ordering of ¥u). For this let {(i, j):i#j<u}={{,, jo): o<}, and we define
by induction on o=<pu, ¥,,,, an (a, B)-condition increasing with o, ¥, ;o= Y,
Yoin= W and

0 _ a1 _ .2
‘l‘p’ﬂvig*l,o'-*'l i G(an,ia.i.,) = Anigjr “pm +lLo+1 i G(an oo ) Aninis

MR

and al;;#aZ;, al.;#a%.;; and they are distinct from all previously defined
al; ;’s. The atomic step is done by the assumption that 5.2f fails, and we can
keep | ¥, .l =<w by 5.2c. Let

q={a;;;Rx rn—a>,;Rx:mneu, y<«}
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be consistent (by the strong independence property). Hence there is ¢ € Q™ — M,
realizing it, and for each m €*p, there is a ¥, -possibe value of G '(c), b,. But
trivially any ¥-possible value of G~ !(c) belongs to acl(N U{c}) hence (as pn* >«)
there are n# v in “p such that b, = b,. Choose vy <k, n vy =vly, n(y) # v(y); let
i=mn(y), j=v(y). But MgFa,;;Rc, ¥, forces G(al;)=al; (as ¥, 1 does)
and b, is a ¥, -possible value of G™'(c). Hence

MgFa?, Rb,.

m,i.j
Similarly Mg F—a$,;Rb,, contradicting b, = b,.

We can conclude that for some &, < 8 for every b, c € P — M, if ¢ is a possible
value of G(b), then c is definable in a unique way over NU{b}. Applying the
same proof to G~ we get also that b is definable in a unique way over N U{b}.

We can assume M is closed under G, G™'. Now if b,ce M, ¢ a ¥-possible
value of G(b), b, c¢ N (=acl N), then by what we already have proved some time
ago, there are b’,c'€ Mg —M,, such that tp((b, c), N)=tp({b’, ¢’), N) and this
implies ¢ is a W-possible value of G(b'). We can conclude F|PM: is defined (by
an L, , formula with parameters). By [8, 1.9.1] it is definable (by an L-formula
with parameters). As 3 was any member of a closed unbounded set C <A™ which
was cofinality A, by Fodor’s theorem we know this holds in M = M, -, so we finish.

5.2g. Concluding remarks. (1) We can ask whether 5.2(2) causes any problems.
Dealing with more triples. (P, Q, R), just makes us redefine P, so that if xz € X,
7(x)e P, then 7(x) chooses such triple which is defined in M;, and let X3 be
“I'g-big” for this R.

(2) If we have R,<|T|=A, we should replace A-saturated by A-compact, and
note in Fact 5.2c that if L*< L, has cardinality <A, and P, Q, R, and the non-
logical-symbols appearing in ¥ are in it, any automorphism of the L*-reduction
of M, over N will do, then we have to proceed accordingly.

The case A =R, will be discussed elsewhere.

5.3. Theorem. Suppose (D€), holds, and A is not a strong limit cardinal. Then the
conclusion of 5.2 holds.

Proof. Suppose p<A=<2" T. P. Q, R as there.

For a model M a set of formulas p in the variables x{* (i <wp), y{; (i<, j<A),
A aset of parameters from M, |A| <A, M A-saturated, is called I'%-big if there are
ay, by; in M (for i <p, j<A) realizing I' such that

(1) For each i, tp({af, b%;:j<A), AUU{ag, bg;:£<i,j<A}) is as required
in 5.2a.

(1) For every b,# b, e PMNacl A for some i <p, b;Ra*A—1b,Ra® (note that
the truth value of this statment is determined by tp({af:i<<u), A)).

Now we repeat the proof of 5.2, but replacing I'y-big by I'g-big, and not using
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H, (there we used 2* =A™ to produce all relations on any M). Instead we use the
following observation.

If G is an automorphism of (PMUQ™, RM, PM), M closed under G, G}, then
from (x?, G(x?):i(u) we can find G| M, (by condition (2) above).
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