
On c o u n t a b l e  t h e o r i e s  wi th  m o d e l s  - h o m o g e n e o u s  mode l s  on ly  

1. T h e o r e m :  Suppose  eve ry  m o d e l  of T of power  k is mode l  h o m o -  

g e n e o u s  and  X> tT] and  T is coun tab le .  Then  X_>X(T) (=  the  f i rs t  ca rd i -  

n a l i t y  in which T is s table) ,  T is s u p e r s t a b l e ,  u n i d i m e n s i o n a l  and  eve ry  

m o d e l  of T of powe r / z  > X(T) is mode l  h o m o g e n e o u s .  

P r o o f  : We known t h a t  (see [Sh 3]): 

(*) if M1,M 2 are  m o d e l s  h o m o g e n e o u s  mode l  of T of power  ~ and  

IN/,~:N-<M 1,1]NI] = ]TI I  = IN/~:N-<M 2,]IN] = ] T ] ] t h e n M  I ~ M  2. 

By [Sh 1], Ch. VIII, 4.2. if T is not  s u p e r s t a b l e  T h a s  n o n - i s o m o r p h i c  

m o d e l s  of power  ~ which  c o n t r a d i c t  (*). 

Suppose  T is s t ab le  bu t  no t  un id imens iona l .  By V. 2.10 T h a s  an F~Tl+- 

s a t u r a t e d  mode l  M of c a r d i n a l i t y  > (2x) +, with a m a x i m a l  i nd i sce rn ib l e  se t  

I ~ M of power  ~;r(T). Let  c- c I (so c E M), ]1 ~ f I - i c - I  and  le t  N < M be F~TI,- 

p r i m a r y  over  U I  and  N 1 < N be F~,(T)-primary o v e r  t JI v By [Sh 1] IV 4.18 N 1 

is i s o m o r p h i c  to N by an  i s o m o r p h i s m  f m a p p i n g  11 o n t o  I, and  c l ea r ly  M o m i t  

Av(I, LJ I), N 1 o m i t  Av(I v UI1). So c l ea r ly  we c a n n o t  e x t e n d  f to  an  e l e m e n -  

t a r y  m a p p i n g  f "  f r o m  N in to  M (as t h e n  f * ( ~ )  r e a l i z e s  Av(I, UI)) .  So if 

A > [[NI[ we can  f inish (see  below). Let  N* be s u c h  t h a t  N* < M, [IN" 11 = [TI 

and: 

(N' ,gIF~N' , f t (  N* N g l ) , I  C~ N*,~) -< {M,N1, f ,l, ~) 

a n d  l C N" (possible  as }I[ = ~r (T)  = I~ 0 = IT]) .  Again f r (N" A N1) c a n n o t  be 

e x t e n d e d  to an  e l e m e n t a r y  m a p p i n g  f ° f r o m  N" C1 N1 into  M (as t h e n  f "(g)  

r e a l i z e s  Av (I, u1)). So M is not  [ T l+ -mode l  h o m o g e n e o u s  and  [[M][ -> A, so we 

c a n  find M+,N * ~ M*-< M, [[M+[[ = X and M + c o n t r a d i c t s  a h y p o t h e s i s  . So T 

is un id imens iona l .  
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The p roo f  t h a t  k > A(T) is s imi l a r  (M wilt be Fa (T) -p r ime  o v e r  

l ,  l I I  = ~ ( T ) ,  s o  IIMII = x ( r ) ,  I m a x i m a l  in M). 

If T ha s  t h e  otop, we ge t  Con t r ad i c t i on  as in t h e  case  of u n s u p e r s t a b l e  T. 

T c a n n o t  h ave  the  dop as i t  is un id imens iona l .  

Now note :  

3. Lemma:  If T is s u p e r s t a b l e  u n i d i m e n s i o n a l  (or  even  ju s t  with no  

M,~ ,a  s u c h  t h a t  I~0--< I~(M,a) ]  < IIMII) and  with the  (<oo,k>)-exis tence  pro-  
t 

per ry ,  t h e n  (see [Sh 1] Ch. XI §2), ( Fo ,  c t )  sat isf ies  Ax. A4-6, B1-6, C1 + , C2, 

t 
C3 + ,De  - 1 , E l  1 ,E2 +x( To ,  c t ) ~  IT[ .  

P roo f :  Suppose  M is no t  mode l  h o m o g e n e o u s ,  ]I M I] > A(T) a n d  we shal l  

ge t  a c o n t r a d i c t i o n  t h u s  f inishing.  Clear ly  M is n o t  s a t u r a t e d ,  h e n c e  by [Sh 1] 

IX 1.8 T is n o t  ~I 0 s tab le ,  [ cond i t i on  (3) fail h e n c e  (6) with ~,/z t h e r e  s t and ing  

for  k, I TI he r e ,  now M is eas i ly  no t /~+ -mode l  h o m o g e n e o u s . ]  So A(T) = 2 t%. As 

M is no t  m od e l  h o m o g e n e o u s  t h e r e  a r e / z  < ] I M  I], Mo ~ MI < M, M ° < M f an  

i s o m o r p h i s m  f rom M 0 on to  M ° which  c a n n o t  be e x t e n d e d  to  an  e l e m e n t a r y  

e m b e d d i n g  of M: in to  M and  []MI] [ -</z. By [Sh 1] 2.6(2), and L e m m a  2, M 0 h a s  
t 

an  ( F 0, c ) - d e c o m p o s i t i o n  <N~:~? c I < > , < i > : i  < a o l > , g  ~ coun tab le ,  and i t  

t 

can  be  e x t e n d e d  to  an ( Fo ,~ t ) -decompos i t ion  < N,7; ~ • i < > , < i > : i  < a l ] >  of M 1 

, IlN,11 =~o. Clearly <N~:~7 c | < > , < i > : /  < a°{> is an  ( 

of M ° when N~  = f (N,~) and it can be ex tended  to an ( 

of M: <N¢:7 /  • I < > , < / > , : i  < f l )  l, IIN~ II =~0- 

t 
F o , c ) -decompos i t i on  

t 
F 0, c ) - d e e o m p o s i t i o n  

We can  def ine by i n d u c t i o n  on a , a o  <- a < al  a m o d e l  

Mo,a:Mo, o = M o , Mo,a+ 1 is p r i m e  o v e r  M0, a U N<a> (it  ex is t s  as T has  t h e  

(<==,2)-existence p rope r ty ) ,  and  for  l imi t  &, M0, ~ = U M0, a. We t h e n  c a n  

t r y  to def ine  by i n d u c t i o n  on tx,a o <- a < oq, an e l e m e n t a r y  e m b e d d i n g  f a  of 

MO, a i n to  M, f a  e x t e n d i n g  f and  f a  when  a0<-- fl < a. If f a t ,  is def ined  t h i s  
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c o n t r a d i c t s  t h e  c h o i c e  of  Mo,M1,M°,f. So f o r  s o m e  a , f a  is  d e f i n e d  b u t  f a + l  i s  

n o t ,  a n d  ( b y  r e n a m i n g )  W.l.o.g. a = a 0, a 1 = a 0 + 1. By t h e  ( < 0 % 2 ) - e x i s t e n c e  

p r o p e r l y  t h e r e  is  n o  N 1 r e a l i z i n g  f (tp.(N<ao>,N<>)), w h i c h  is  i n d e p e n d e n t  

o v e r  ( M ° , f  (g<>) ) .  

C h o o s e  N ~ M, I t N I I = l rl, l N<> [ U 1 N~> I U I N<a0>l ~ N, $ m a p s  

N N M0 o n t o  N n M1, tP.(N,Mo) d o e s  n o t  f o r k  o v e r  N N Mo, tp*(N, M°) d o e s  
+ + 

n o t  f o r k  o v e r  M ° N N,N N Mo ~ Mo, As IIM [] > 2 ~° + t~ w. l .o .g ,  tp (Nao+,,N<>) i s  

+ ' i  c o n s t a n t  fo r  i < / z  + a n d  [Nao+i. < / ~ + l  i s  i n d e p e n d e n t  o v e r  

(M1 u M  ° UN,  N~>). 

+ ( e x i s t s  b y  t h e  (<°%2)- If k - < / z  + l e t  M x b e  p r i m e  o v e r  N U u Nao+i 

e x i s t e n c e  p r o p e r t y ) .  So  w.l .o .g.  M x < M, a n d  we  s h a l l  s h o w  t h a t  M x is  n o t  

1 T l + - m o d e l  h o m o g e n e o u s ,  t h u s  g e t t i n g  a c o n t r a d i c t i o n  h e n c e  e v e r y  m o d e l  of 

T of p o w e r  > ~,(T) i s  m o d e l  h o m o g e n e o u s  t h u s  f i n i s h i n g  t h e  p r o o f  . The  n o n  

I T l + - m o d e l  h o m o g e n e i t y  of M x i s  e x e m p l i f i e d  b y  M o N N,M 1 A N ,  a n d  

f r (MOAN) .  F o r  t h i s  i t  s u f f i c e s  t o  p r o v e  t h a t  f (tp.(N<ao>,MoNN)) is  n o t  r e a l -  

i z e d  in  Mx, so s u p p o s e  N + r e a l i z e s  i t ,  N + < Ma. So N + < M. E a s i l y  

tp.(N+,M1UM°UN ) d o e s  n o t  f o r k  o v e r  N,  (as  M~ is  a t o m i c  o v e r  N U U N+0+i) 

a n d  we h a v e  c h o s e n  N s u c h  t h a t  tp.(N,M °) d o e s  n o t  f o r k  o v e r  M ° N N so  b y  III 

0.1, tp. (N + U N, M°) d o e s  n o t  f o r k  o v e r  M ° N N, so  tp. (N+,M °) d o e s  n o t  f o r k  

o v e r  M° N N.  So N + r e a l i z e s  o v e r  M ° t h e  s t a t i o n a r i z a t i o n  of 

f (tp. (N<=0>,N N M0)) s o  we c a n  s h o w  t h a t  i t  r e a l i z e s  f (tp. (N<ao>,Mo)), c o n -  

t r a d i c t i o n .  

If ~ --~/z + we c a n  " l e n g t h e n "  + [Nao+l : i  < / z + l  a n d  t h e  p r o o f  is  s i m i l a r .  
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