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UNIFORMIZATION, CHOICE FUNCTIONS
AND WELL ORDERS IN THE CLASS OF TREES

SHMUEL LIFSCHES AND SAHARON SHELAH

Abstract. The monadic second-order theory of trees allows quantification over elements and over
arbitrary subsets. We classify the class of trees with respect to the question: does a tree T have a definable
choice function (by a monadic formula with parameters)? A natural dichotomy arises where the trees that
fall in the first class don’t have a definable choice function and the trees in the second class have even a
definable well ordering of their elements. This has a close connection to the uniformization problem.

§0. Introduction. The uniformization problem for a theory J in a language &
can be formulated as follows: Suppose I + (VY)(3X)y (X, Y) where v is an
Z-formula and X, Y are tuples of variables. Is there another #-formula y* such
that

T EEV)W*(X,Y)=w(X,Y)] and I+ VWY)3X)y*(X,Y)?

Here 3! means “there is a unique”.

The monadic second-order logic is the fragment of the full second-order logic that
allows quantification over elements and over monadic (unary) predicates only. The
monadic version of a first-order language .# can be described as the augmentation
of & by alist of quantifiable set variables and by new atomic formulas ¢ € X where
t is a first order term and X is a set variable. The monadic theory of a structure .#
is the theory of .# in the extended language where the set variables range over all
subsets of |.# | and € is the membership relation.

Given a structure .# we may ask the following question: is there a finite se-
quence P of subsets of .# and a formula ¢(x, X, Z) in the monadic language of .#
such that

A = pla,A,P)=>a € A4,
M = (VX)X # 0= o(y, X, P)]
and

M = p(a,A,P)Np(b,A,P) =>a = b?

If the answer is positive we will say that .# has a monadically definable choice
function and that ¢ defines a choice function from non-empty subsets of .#. Note
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that if we let ©(x, Y) be the formula that says “if ¥ is not empty then x € Y”
then a negative answer to the choice function problem for .# implies a negative
answer to the uniformization problem for the monadic theory of .# (with ¢ being
a counter-example). :

The uniformization problem for the monadic theory of the tree (“>2, <1) was first
asked be Rabin ([6]). Here we continue the work by Gurevich and Shelah ([3]) who
gave a negative answer by showing that (®>2, 1) does not even have a monadically
definable choice function. We ask what trees do have a monadically definable choice
function.

Answering this question we split the class of trees into two natural subclasses, the
class of wild trees and the class of tame trees and prove the following:

THEOREM. Let T be a tree. If T is wild then there is no definable choice function
on T (by a monadic formula with parameters). If T is tame then there is even a
definable well ordering of the elements of T by a monadic formula (with parameters)

o(x,y,P).

Looking at the definitions and proofs we observe that a tree is tame [wild] if and
only if its completion is tame [wild] and that the counter-examples for the choice
function problem are either anti-chains or linearly ordered subsets of 7. Hence we
can prove:

CoNcLUSION. Let T be a tree and T’ be its completion. Then the following are
equivalent:

(a) T is tame.

(b) For some n, £ € N, for every anti-chain/branch A of T there is a monadic
Sormula v 4(x, X, P4) with quantifier depth < n and < £ parameters from T,
that defines a choice function from nonempty subsets of A.

(c) There is a monadic formula with parameters, w(x, y, P) that defines a well
ordering of the elements of T.

(d) There is a monadic formula, with parameters, ' (x, y, P') that defines a well
ordering of the elements of T’

The ‘positive’ results on the existence of a definable well ordering (§§3 and 5) are
elementary and do not require knowledge of monadic logic. The negative results
(882, 3, and 4) are based on understanding of some composition theorems that hold
for the monadic theory of trees. These facts are collected in §1.

More details and historical background can be found in [2] and [3].

§1. Composition theorems. In this section we will define partial theories and
establish the technical tools that will be applied later. The composition theorems
formalized here will enable us to compute partial theories of trees from partial
theories of their parts. By using such theorems we will prove later that if for
example a dense chain does not have definable choice function then a tree with a
dense branch does not have a definable choice function as well.

DEFINITION 1.1. (7, <) is a tree if < is a partial order on T and foreveryn € T,
{v :v <} is linearly ordered by <t. < means < or =.

Note, a chain (C, <) is a tree and so is a set without structure 7.
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DEerINITION 1.2, Let T be a tree.

(1) 8 C T is a convex subset if 5, v € Sandyp <o <v € T implieso € S.
When S is a convex subset of T we say that (S, <) is a subtree of (T, <). If
T is a chain we use the term a convex segment or just a segment.

(2) B C T is a sub-branch of T if B is convex and <-linearly ordered.

(3) B C T is abranch of T if B is a maximal sub-branch of T

(4) A C T is an initial segment of T if A is a sub-branch that is <-downward
closed. # is above [strictly above] an initial segment A if v € A=v d p
[v e A= v <7]. Inthese cases we write 4 < # [4 <#].

(5) Forn € T, T>,isthesub-tree ({v € T : 9 < v}, ). Ts, is the sub-tree
(T>y \ {n},<). For 4 C T an initial segment, T'>4 and T4 are defined
naturally (and are equal if A does not have a <-maximal element).

(6) Forn € T we denote by Suc(n) or Sucr(#) the set of <-immediate succes-
sors of  (which may be empty).

(7) Fory,v € T we denote the common initial segment of n and v in T by nMv.
This is defined to be the initial segment {7 : T < # & v < v }. However,
when # M v has a maximal element we may identify it with this element.

(8) Ifthereis an# € T that satisfies (Vv € T)[5 < v] we say that T has a root
and denote n by r(T').

(9) n,v € T are incomparable in T and we write 77 L v, if neither < vnorv <
n. X C T is an anti-chain of T if X consists of pairwise incomparable
elements of T'.

(10) When B C T is a sub-branch and 4 C B is an initial segment we say that
o€ Tcuts BatAifforeveryn € Aandv € B\ Awehaveng<o & v L a.

(11) A gapin T is a pair (4;, A;) where 41 N A> = ), A U A, is a sub-branch,
A is an initial segment, (son € 4}, v € 4, ==> n<Iv) without a <-maximal
element, 4> without a <-minimal element, and there is some ¢ € T that
cuts 4; U A, at A;.

(12) Fillingagap (A,, A;) in T isaddinganode z to T suchthaty € 4, = n<z,
v € A, =1 < v and for every o as above we have 7 < 7.

DerFINITION 1.3. The full binary tree is the tree (“>2, <) where for sequences
7, v € “72, 5 < v means # is an initial segment of v.

DErFINITION 1.4. The monadic language of trees & is the monadic version of the
language of partial orders {<1}. Formally, we let ¥ = (Sing, Empty, <, C) where
‘Sing’ and ‘Empty’ are unary predicates, < and < are binary relations. (Z is a first
order language).

Given a tree T we define the monadic theory of T as the first order theory of the
model #7 := (#(T); Sing, Empty, <, C) where

M1 = Empty(X) <= X =10,
My b= Sing(X) < X ={x}forsomex €T,
Mr=X<Y &= X={x}, Y={yland T =x <y,
C is interpreted in .#7 as the usual inclusion relation.

We will not distinguish between T and #7 and write for example T = Sing(X)
andT =X<Y.
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The definable relations < and € will be used freely thus we willwrite T = X < Y
and T = X € Y (meaning #7 |= Sing(X) & X C Y).

When T is a chain (linearly ordered set) we replace <1 and < by < and <
respectively. :

NotEk. Everything that is defined in 1.2 is definable by a monadic formula.

Nortations. C, D and I denote chains. S, T and I" denote trees.

Lower case and Greek letters (x, y, a, b, n, v) are used to denote elements, upper
case letters (X, Y, 4, P, Q) denote subsets,

d and P denote finite sequences of elements and subsets, their lengths are
lg(a) and 1g(P). We will write @ € T and P C T instead of @ € 89T and
PP ().

When P and @ are of the same length we will write P U  to denote (Py U
Qo,..., Py U Q). Similarly we write | J,, P’ (assuming lg(P’) is constant).
PN Smeans (PoNS,...,P_ 1 NS).

P "Q is the sequence (Po, ..., Qo,. .. ).

Next we define, following [7], the partial theories of a tree T. These are finite
approximations of the monadic theory of 7. Th"(T; P) is essentially the monadic
theory of (T; P, <) restricted to sentences of quantifier depth ».

DEeFINITION 1.5. For any tree T, 4 C T, and a natural number », define by
induction )
t =Th"(T; A),
forn = 0:
t={p(X):p(X) € &, p(X) quantifier free, T }= p(4) },

forn=m+1: )
t={Th™(T;A"B):BCT}.
T, . is the set of all formally possible Th"(7'; P) where T is a tree and lg(P) = £.
NotaTioN. When x € T we will usually write Th”(T'; x) instead of Th"(T’; {x}).

Fact 1.6.
(A) For every formula w(X) € & thereis an n € N such that from Th"(T’; 4)
we can effectively decide whether T = w(A4). We will call the minimal
such 7 ‘the depth of y’ and write dp(y) = n.
(B) If m > n then Th"(T’; ) can be effectively computed from Th™(T'; ).
(C) Each Th"(T; A) is hereditarily finite, and we can effectively compute the
set T, 0 from n and £.

Next we recall the composition theorem for linear orders which states that the
partial theory of a chain can be computed from the partial theories of its convex
parts. This enables us to define the operation of addition of theories.

DermnNiTION 1.7. If C, D are chains then C + D is the chain that is obtained by
adding a copy of D after C.

If (C; : i € I')is a sequence of chains then "
concatenation of the C;’s.

;e Ci 1s the chain D that is the
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THEOREM 1.8 (composition theorem for linear orders).
(1) If 1g(4) = 1g(B) = 1g(4’') =1g(B’) = ¢, and

Th™(C; A) = Th™(C'; 4') and Th™(D;B)=Th"(D’;B’)

then
Th™(C + D; AU B) = Th™(C' + D'; A’ U B’).
(2) If Th"(C;; A') = Th™(D;; B') and 1g(4") = 1g(B') = I for each i € I,

then
(36U A> -1 (0l B).
iel el iel el
PrROOF. By [7, Theorem 2.4] (where a more general theorem is proved), or directly
by induction on m. -

NortaTiON 1.9.
(1) When, for some m, £ € N, 1}, t, t3 € Tpnp then t; + t, = t; means: there
are chains C and D such that

tH = Thm(C;Ao,...,Ag_l) &t = Thm(D;Bo,...,Bg_l)
& t;=Th"(C + D; AU B).

(By the composition theorem, the choice of C and D is immaterial.)
(2) i TW™(Ci; AY) is Th™ (3, CisUier 4Y), (assuming 1g(4’) = 1g(47)
fori, j el). ) ) )
(3) If Disasub-chainof C and 4 C C then Th™ (D; 4) abbreviates Th” (D; AN
D).
(4) For C achain,a < b € C and P C C we denote by Th"(C;P)[[a,b) the
theory Th"([a, b); P N [a, b)).

The class of trees has some weaker (but useful) composition theorems. First we
define the composition of subtrees of the full binary tree following [3] and quote
the respective composition theorem.

DerFNtTION 1.10. Let S C “>2 be a tree. A grafting function on S is a function g
satisfying the following conditions:
(a) dom(g) €S x {0,1},
(b) if (x,0) € dom(g) then x *{0) ¢ S andif (x,1) € dom(g) then x (1) ¢ S,
(c) every value g(x,d) of g (d € {0,1}) is a tree C “>2.
The composition of a tree S and a grafting function g is the tree

SUu{xMd)"y:(x,d) e dom(g), y € g(x,d) }.

THEOREM 1.11 (composition theorem for binary trees). Let S C “>2 be a tree,
N C “>2 be the composition of S and a grafting function g and P C N with1g(P) = ¢.
Then, for every n € N there is m = m(n,£) € N (effectively computable from n
and €) such that from Th™ (S; P, L8(n, P), R%(n, P)) we can effectively compute
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Th™(N; P) where

L8(n, P) := {x e M:(x,0) € dom(g), Th"(g(x,0),
R¥(n,P):= {x € M : (x,1) € dom(g), Th"(g(x,0),
LE(n,P) ;= (LE(n,P): t € Tyy)

o
e
Il
-~

-

>
I

-

and
Ré(n,P) := (R%(n,P) : t € Tyy).

Proor. This is Theorem 2 in §2.3 of [3]. (The language that is used there is
different from our L but all the mentioned symbols are monadically inter-definable
with some additional parameters with our <.) 4

The next three theorems enable us to compute a partial theory Th”(T; P) from
partial theories of sub-structures of T'. The proofs are by induction on n noting that
Th®(T; P) can express only statements as P; C P;, P;<aP;, P, =P;, Empty(P;)
and Sing(P;) and that Th"™! is a collection of n-theories. Everything is basically
the same as in the previous case and we will not elaborate beyond that.

In the first case we are given a tree T asequence X C T and an initial segment 4 C
T. We would like to compute Th”(T'; X) from the theories of subtrees above 4.

First, for x above 4 in T denote by T4 ., the subtree

{yeT . (F\)z<dx&z<dy & A<z]}.

Call x and y equivalent above 4 if x and y are above 4 and T4 = Ty, and
let {T; : i € I} list the equivalence classes above A (it’s a collection of pairwise
disjoint of sub-trees). Finally, let

T;=T\|JTi={yeT:~4ay}
i€l

A typical case is when { v; : i € I }is the set of immediate successors of some n €
T. In this case we are interested in the trees { 7>,, : i € I }and {r:7 < yVt Ly }.

_ THEOREM 1,12_(composition theorem for general successors). Let T be a tree, let
X C T withlg(X) = £ and let A C T be an initial segment. Then, for every n € N,
there ism = m(n, £) € N (effectively computable from n and £) such that from

Th"(T;; X) and Th™(I4;P*4(n, X))
we can effectively compute Th"(T'; X) where
Pin,X):={icly:Th"(T;; X) =1t}
and
PAX) = (PA(n,X):t € Tyy).

Note, Th™ (IA;f’A(n, X )) is the m-theory of a set without structure—i.e., in the
monadic language of equality.
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In the second case we are given a tree 7 and a branch B C T. Now we would
like to compute the theory of T from an enrichment of the theory of the branch B,
that is a theory of a chain. This can be done by adding unary predicates that will
tell us, for each node # € B, the theory of the sub-tree consisting of the elements
that cut B at #. However, we must take into account the possibility that B contains
gaps. Thus, given a branch B C T let (B’, <1) be the chain that is obtained by filling
all the gaps in B. So B’ is a subset of the completion of B as a linear ordering.

Now forr € B'let TS =T, \ B’

THEOREM 1.13 (composition theorem for branches). Let T be a tree, B C T a
branch and X C T with1g(X) = £. Then, for every n € N there is m = m(n,£) € N
(effectively computable from n and £) such that from Th™ (B'; B, P¥' (n, X)) we can
effectively compute Th" (T'; X ) where

PEn,X):={neB: Thm(Tg,;X/) =t}

and
PP (n,X):=(PE(n,X): 1t €Tyy).

Moreover, if f’ C B then from Th"(B'; B, P8 (n, X), ¥) we can effectively com-
pute Th"(T; X "Y).

As we already know by [3], the binary tree does not have a definable choice
function. We would like to reflect this fact in trees that embed it.

DEFINITION 1.14. Let T be a tree, by “F: ®>2 — T is an embedding” we mean
Fisl-landforzn,v € “>2, y<dv <= F(n) < F(v), we also assume that 7" hasa
root and F(r(®>2)) = r(T).

Now let F: ®>2 — T be an embedding and let S C T be F”(©>2). S is a tree
{(but not necessarily a sub-tree of T') that can be identified with “>2.

For x = F(n) € S define x° [x!] € S to be F (5 {0)) [F (7 {1))].

For Y C S an anti-chain (hence an anti-chain of T') let Bush(Y) := {x
(3y € Y)[x < y1}, (it’s a subtree of T) and let Bushs(Y) := Bush(Y) NS (1ts a
subtree of S).

For every y € S denote y° M y! by y. It may be an element of T or an initial
segment (see the convention in 1.2 (7)). Anyway, in the definitions below we think
of the y'’s as elements. When y’ happens to be an initial segment, one should
replace occurrences of “x < y*” by “x € y'”.

For every y € S we define some subtrees of 7>, (some of them may be trivial if
for example y = y'):

(0) To(y) = Ts,. | |
(1) i) ={xeT:(~y' <x) & @2)i(z 9 x) & (y<z<y)]}.
[These are the elements that split from the segment (y, y*).]
2 D) ={xeT:(y <x) & (V2)[(z 9 y") & (z I x)=>(z< )]}
[These are the elements that split from y but not from the segment (y, y*).]
3) Ti(y)i={x€T: ()% <x) & 32z <x) & (y 9z<)°)]}.
[These are the elements that split from the segment (y*, y°).]
@) Tu(y)={xeT:(-y'ax) & (I2)[(z <x) & (¥ <z<y" )1}
[These are the elements that split from the segment (y?, y').]
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(5) Ts(y) ={xeT: (3 Ix) & (Vz)[(z I x) & (2 9 y'Vz Iy ) = (z <
¥}
[These are the elements that split from y' but not from the segments
(', y%) and (', y')]
(6) To(y) := Tsyo.
(7) T7(y) Z? szl. _
_Fory €S, X CT with lg(X) = ¢, i = (t,t1,...,t;) where t; € T,,, define
Qi(n, X) by
y € Qi(n, X) <= [Th"(To(y); X) =10 & --- & Th"(T7(y); X) = #7).

Let Oy ;=T\ S.
Finally let Q(n, X) be ( Q;(n, X) : T € "(Ty0)) " (Qp).

Note that every anti-chain ¥ C S is definable from Bushs(Y) and that S is
definable from Q(n, X).

THEOREM 1.15 (composition theorem for embeddings). Let T be a tree, X C T
with 1g(X) = £, F:“>2 — T an embedding and let S = F"(“>2). Then, for
everyn € N there is m = m(n,£) € N (effectively computable from n and £)
such that, following the above notations, for every anti-chain Y C S andy € Y,
from Th" (Bushs(Y); y, O(n, X)) we can effectively compute Th"(T'; y, Y, X).

§2. Dense linear orders. Every finite set 4 has a definable well ordering (by a
formula with < | 4| parameters). This is not the case for infinite models.

CLaM 2.1. Let A be an infinite set without structure. Then there is no definable
choice function on A. Moreover, if |A| > 2¢ then no formula with < £ parameters
defines a choice function on A.

PrOOF. Let P = (Py,...,P;_1) C A and suppose ¢(x, X, P) defines a choice
function from subsets of 4. Let B = {b), 5,} C A4 be such that forevery i < £,

bje Py <= by € P;.
B exists if | 4| > 2/ and in particular if 4 is infinite. Clearly
A= (b, B,P) < A= (b, B, P)
contradicting “ chooses an element from B”. -

A chain C that embeds a dense linear order (hence the chain of rational numbers
order Q) does not have a definable choice function. The proof is by applying a
Ramsey-like theorem for additive colorings from [7].

DEFINITION 2.2.

(a) A coloring of a chain C is a function f: [C]> — I where [C]? is the set
of unordered pairs of distinct elements of C and I is a finite set (the set of
colors).

(b) The coloring f is additive if forevery x; < y; < zjand x; < yo < zin C

[f (xi,01) = fx2,92), fyi,21) = f (2, 22)1=> f(x1,21) = f(x2,22).
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In this case a partial operation + is well defined on I:
h+i=i3 <= (Bx,y3,z€C)x<y<z & f(x,y)=1i
& f(y2) =1
& f(x,z)=1i)
(Compare with 1.9 (1).)

(c) A sub-chain D C C is homogeneous (for f) if there is an iy € I such that
forevery x,y € D, f(x,y) = io.

THEOREM 2.3. If f is an additive coloring of a dense chain C by a finite set I of
colors, then there is an interval of C which has a dense homogeneous subset.
Proor. This is Theorem 1.3. in [7]. —

CramM 2.4. Let (C, <) be a linear order that embeds a dense linear order. Then
there is no definable choice function on C.

Proor. Let P C C with 1g(P) = ¢ and suppose ¢(x, X, P) defines a choice
function on C. Suppose dp(p) = 1 (so from Th"(C; x, X, P) we know if ¢(x, X, P)
holds). Finally let D C C be dense (in itself).

By 2.3 there is an A C D, dense inside an interval of D, hence in itself, ho-
mogeneous with respect to the coloring f(a,b) = Th""(C; P) ltap), (see Nota-
tion 1.9 (4)) that is, for some t* € Ty s5¢:

[a,b,c,d € A & a<b & ¢ < d]=>[Th"(C; P)| () = Th"(C; P)[(g) = 1*].

Let Z be the set of integers and choose X C A of order type Z, denote X := { x,, :
n € Z }. Suppose our choice function picks x,, from X, i.e.

(+) C Eo(xm X, P) & N\ CE—¢(xi, X, P).

k#m
LetCoz{cEC_:x,- eX=>c<x,-}a_1ndC1 ={ceC:x;eX=x;<c}
Let tp = Th"(C; P)[, and t; = Th"(C; P)[,. So

Th'(C; P) = to+_ TH'(C3 Pl ) + 11

i€z
Now denote:
t§ := Th"(C; xm, X, P) ¢, = Th"(C; 0,0, P) I,
t{ :=Th"(C; xm, X, P)I¢, = Th"(C;0,0, P)I¢,,
t':=Th"(C;x;, X, P)I(y, r,,)» Whenk # I thisis Th"(C; 0, xi, P) i, x, >
t®) .= Th*(C; xt, X, P) lereer) = TH(Cs X0 Xk, PY gy re0)-

Now 0 is definable and x; is the first element in the segment [x, x¢1) hence also
definable. So, as we started with n + 5 (which is an overkill),
e t; and 7| do not depend on m,
e o determines ¢} and ¢; determines ¢,
e t* determines ¢’ and ¢*).
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We also have, for every k € Z:

(4%) Th"(Cxi, X, P) = 5+ ) '+ 10 4 "¢/ + 4.
JEZ JEZ
J<k >

It follows (by homogeneity and the above remarks) that for every k € Z:

(a) ) — t(’"),

(8) 2 =21
JEZ JEZ
i<k j<m

() dYor=3"r.
JEZ JEZL
j>k j>m

So by (xx), forevery k € Z
Th"(C; xx, X, P) = Th"(C; xp, X, P).

Hence
CEo(x,X,P) < C k= ¢(xmX,P)
Contradicting (x) = “¢ chooses x,, from X”. =

§3. Scattered orders. A chain is scattered if it does not embed a dense chain.
We will define Hdeg, the Hausdorff degree of scattered chains, and show that a
scattered chain (C, <) has a definable well ordering if and only if Hdeg(C) < @
and that Hdeg(C) > @ = there is no definable choice function on C.

DEerFINITION 3.1. We define by recursion the Hausdorff degree of a scattered
chain (C, <):
e Hdeg(C) = 0 if and only if C is finite
e Hdeg(C) = « if and only if A, , Hdeg(C) # fand C = Y, C; where
I is well ordered or inversely well ordered and for every i € I,

\/ Hdeg(C)) = 5.
P<a
Cram 3.2.
(1) C is a scattered chain if and only if Hdeg(C) is well defined (i.e., there is
one and only one ordinal such that Hdeg(C) = o).
(2) Let C be a scattered chain with Hdeg(C) = a, C' the completion of C and
D C C'. Then C' and D are scattered and Hdeg(D) < Hdeg(C’) = a.

Proor.
(1) By[4].
(2) By induction on a. A
CLAIM 3.3. For every n € N there is a formula @, (x, y, Z) with1g(Z) < n — 1 such
that if C is a scattered chain with Hdeg(C) < n, then there are P C C with such that
on(x, y, P) defines a well ordering of C.
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Proor. We will show, by induction on» € Ntheexistence of a formula y,, (x,,2)
with Z = (Z,..., Z,-1) such that for every scattered chain C with Hdeg(C) =n

there are P C C such that y, (x, y, P) well orders C. ¢(x, y, Z) that should apply
to chains C with Hdeg(C) < » will be of the form

(Zn—l ?é 0— V/n) & ((Zn—l = 0AZn—2 7é @) - V/n—l) BRI

For n = 0 define y,(x,y) := x < y. Forn = 1, if Hdeg(C) = 1 then either C is
well ordered or inversely well ordered. The monadic sentence

0 :=(VX)[X #0— 3x € X)I(Vy € X)(x < p)]]
distinguishes between these cases. Let then

pi(x,y) = (0 = (x<y)) & (-0 = (x> y)).

To finish suppose Hdeg(C) = n+ 1,50 C = 3, ., C; where I is well ordered or
inversely well ordered and each Hdeg(C;) is n. By the induction hypothesis there
is a sequence (P’ : i € I) with P' C C; where P’ = (Pi,...,P!_|) such that
wa(x, y, P') well orders each C;. For 0 < k < nlet Py := |J,; P, (disjoint union).

Let P, := |J{ C; : i aneven ordinal }. Using P, define an equivalence relation ~
on C by x ~ yifand onlyif A\;(x € C; <= y € C;). The definition is by the
formula

e(x,y,P,) =[x €P, <= y € P,]
& (Vz)[(x<y<zVy<z<x)=(x€eP, & z€P,)]
Similarly we can define the ~-equivalence classes [x]. Now there is a formula ¢’ (P,)
such that C |= 0'(P,) if and only if I is well ordered:
0’ (Py) = (VX)[[X # O A (Vx,y € X)-e(x,y, P,)]
— [(3x € X)[(Vy € X)(x <y}

Wnr1(x, v, Z) is defined by:

[0'(Z0) Nx £y} — x < y] & [~0(Z,) Alx # y] = x > y]
& [Ix ~ y] = walx, 3, Z N [x])]. =

Next we prove that scattered chains of infinite Hdeg don’t have a definable choice
function (hence a well ordering). It suffices to look only at special chains: "2 with
the ‘alternating’ lexicographic order.

DEerFINITION 3.4, We define for every n < w amodel #£” in the language consisting
of a binary relation <”:
(a) The universe of #", which will be denoted by M", is the tree "Z .
(b) Let, for every € "2w, <, be a linear ordering of Suc(y) := {n k) :
k < w } such that if lev(y) is even then k < | == # " (k) <, n"(I), and if
lev(n) is odd then k < I =>n"(l) <, n" (k). (So <, orders Suc(y) with
order type w if  is in an even level and with order type w™ if # is in an odd
level.)
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(c) <" is the lexicographic order induced by the orders <, of immediate suc-
Cessors.
(M", <) is hence a chain. Note, the ‘usual’ partial order < on "= (being an initial
segment), is not definable in .£".

DEFINITION 3.5. We define by induction the scattered chains C, and C:

C = o, Cl =",
C = Zw*, C = Z w,
icw icw*
and in general:
Coi=) Cr, Cri=> Gy
icw i€w*

DEFINITION 3.6, f: #" — C is an embedding of .#" in a scattered chain (C, <)
if fisl-lando <" 1== f(0) < f(1).

Fact 3.7. Let C be a scattered chain with Hdeg(C) > »n + 1. Then there is an
embedding f: £" — C.

Proor. Clearly the following hold:
(a) For a scattered chain C, Hdeg(C) =n==[C, C Cor C} C C].
(ﬁ) M g ln+1.
(y) Thereis an embedding g: A" < C,,.
Now assume Hdeg(C) = n + 1 and use (a). In the case C,,; C C we have by (y)
an embedding g: .#"*! — C and by (B) an embedding f: .#” < C. In the case
Cr,, C C we have, by the definition of C},,, C, C C,, and by (y) an embedding
[ A" — C. 4
CoNCLUSION 3.8. Let C be a scattered chain with Hdeg(C) > w. Then, for
every n < w there is an embedding of A" into C.

LemMa 3.9. Let C be scattered. Suppose F: [CT — {Jj1,..., jn—1} is an additive
coloring. Then, if Hdeg(C) > n + 1, there is a subset X C C of order type Z,
homogeneous with respect to F.

Proor. Without loss of generality C is (#,,<"): As Hdeg(C) > n + 1 there is
an embedding f: A" < C. Now F o f: [M,)*> = {ji1,..., ja._1} is an additive
coloring and if ¥ C M, is homogeneous of order type Z (with respect to F o f)
thensois X = f/(Y) (with respect to F).

NotatioN. We will write (7, <) instead of ("Zw, <"). T>, and T, are as usual.
/) n

The plan is the following: We will thin out T to get a subtree A* C T of height n
such that for 7 € 4* | Sucy-(17)| = Ro. 4* will satisfy:

(%) [/\(ai € 4*) & /\(lev(a,-) =n) & (lev(og MNay1) = lev(o; Mo3))
i<4 i<4
= [F(0¢,01) = F(02,03)].

(Here o Mt is always an element and not an initial segment.)
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Assuming such an 4* can be obtained we define, for 0 < k < n, #; to be the
color F(o,1) for o, t € A*, with level n and with lev(e M t) = n — k. As we have
only n — 1 colors there are 0 < / < r < n such that ¢, = ¢,. Using the fact that F is
additive we can prove that ¢, = ¢, as well:

Let 0 < 7 be in 4* such that lev(s) = lev(r) = nand lev(e Nt) = n —r, (so
F(o,7) =t,). Thenfind p € A* witha < p < 7, lev(p) = n, lev(eMp) = n—(I+1)
and lev(p M 1) = n — r. What we get is the following equation:

t = F(G’T) :F(U:P) +F(P,T) =ty + 1y
but ¢, = ¢, hence
(T) te = toy1 + 2o

Imitate this computation: let o < 7 be in A* be such that lev(a) = lev(r) = nand
this timelev{eNz) = n—{£+1), (so F(0,7) = t,11)andfind p € 4* witho < p < 7,
lev(p) =n, levicMp) =n— (£ + 1) and lev(p M) = n — £. What we get is the
following equation:

ty1 = F(a.ir) = F(U,P) +F(P’T) =l T 1
hence
(i) tor1 = o1 + 1y,

Combining (1) and (1) we get t,,, = t,.
Finding 0 < k < n with t; = t;,, pickn € 4* withlev(y) = n — (k +1). Let

Suc-()={n"):i<w}

({4 : i < ) strictly increasing) and denote v; = n " (¢;).

Assuming n — (k + 1) is even we get £; < £;=A4* = v; < v;. For each
with i > 0 choose g; € A* with lev(s;) = n such that v; is an initial segment of o;.
By the definition of the linear order in T hencein 4*, 0 < i < j < w = 0; < 0.
Moreover, as i # j =>0; Ma; = n, we get for every i and j

F(Uiyﬂj) = li41 = Ik
Hence (0; : 0 < i < ) is a homogeneous sequence of order type w. Returning
to vp we have lev(vg) =n —k < nlet
Sucy-(vo) = { v (m;) i<}

({(m; : i < w) strictly increasing) and denote p; = vo"(m;). As now n — k is odd
we get m; < m; =>A* |= p; > p;. For each p; choose 7; € A* with lev(z;) = n
such that p; is an initial segment of 7;. Now we have i < j < w == 1; > 7; and as
i #j=1;M1; = v, we get for every i and j

F(o‘,-,aj) = Ili.

Hence (t; : i < @) is a homogeneous sequence of order type w*. Clearly for
every i < w and 0 < j < o we have 4* =1, < g, and 7; Ma; = n (hence
F(‘L’,’,O’j) =ty = tk). Therefore

X ={rn:i<w}U{s:0<j<w}
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is the required homogeneous subset of order type Z.

When n — (k + 1) is odd the 7;’s that extend vy (which is the maximal element
in Suc 4« (7)) are of order type w and the <-smaller o;’s are of order type w* so X is
again as required. '

We are left now with the task of defining the subtree 4* C T that will satisfy (x).
This will be done by induction going down with levels. Arriving to a node 77 we will
have defined for each v = # (i) € Sucr(n) a sub-tree 4>, C T>,, in the next step
we will choose an infinite B, C w. 45, will be

{n}u U{AZ;,/\(i) :min(B,) <i € B, }.

A* iS A2<>
Denotefor0 < £ < n
B, = [\eto =) & (1 i) = et = 0]

i<4
== [F(0¢,01) = F(03,03)].

(So (x) means P, _; & P, , & --- & B).
Assume without loss of generality that » is odd.

Step 1. Givenn € T with lev(n) = n — 1 pick an infinite set B}~ C w such that
for some color j~!

k<teBy '=Fun™k),n"e)=j;"
Let 0, = min(B!~!) and let 45, C T, be
{nYu{n™k):0,<k e B,;'_l }.
A>, clearly satisfies @, _ ;.
Step 2. Givenz € T withlev(y) = n — 2 we have defined j?~!, B,, 0, and 4, for

1 ‘n—1

every v € Sucr(n). Pick an infinite B} C w suchthatk, £ € B} =y = Jnriey-
Call the common color j;'~!. Clearly

AL, = {nyu| [{4zpn(y i € By}

satisfies ), _;.

Taking care of @,_, let k, £ € B}, or := n"(k) and o, := n"(€). Let
ro<ry <rbein B, \ {0, } and 5o < 51 be in B, \ {05, }. Define 7 = o "(0g,),
0 = oxMro), 11 = o), T2 = o), p = 0"os), po = ar"(s0)
and p; = 0, (s1). Asweassumenisoddwegetz <7 <71 <72 < p<py<p1.
Now:

(a) F(T,P) =F(71:P),

[as F(z, p) = F(7,72) + F(13,p) = F (11, 72) + F (22, p) = F (11, p)].
(B) F(z,p) = F(r2,p),

[as F (1, p) = F(t,73) + F(t3,p) = F (12, 73) + F (23, p) = F (13, p)].
(Y) F(TI;P) =F(72,/7),

[by () and (B)].
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(6) F(z,p1) = F(z, p2)
las F(z,p1) = F(z,p) + F(p, p1) = F(1,p) + F(p, p2) = F(z, p2)].
(¢) F(z1,p) = F(t1, p2) = F(72, p1) = F(72, p2) and this is equal to

F(z.p) +js, .
(Note: when 7 is even we can apply similar considerations by reversing the order.)
By our previous choices j2~! is j?~!. We conclude that if v, v, € 4},
withlev(vy) = lev(v;) = n, viMv, = y and say y<io| <Ivi, n<dar<v, then F(v|,v;)isa
function of o *(0,,) and o, {0, ), i.e., of 51 and 6,. Denote F (v, v2) = g(o1,02).
Now choose an infinite B, C B, such that k < £ € B, =>g(n"(k),n"(£)) is
constant. Let o, := min(B,) and let

Ay = {n} UU{Aqu(lq to, <k €B,}.

A, satisfies @, _; and €D, _, (and j;~' is implicitly defined).

Step m. Givenn € T with lev(sy) = n — m we have defined

sn—1

Iy = <Jv 3. "j:—m+l>)

B,, o, and 4>, for every v € Sucr(y). Pick an infinite B,} C wsuch thatk, ¢ €
Bl =3~y = Jyr@. Call the common sequence 3, = (j*=',..., 7).
Clearly

AL, = {nu| J{4syr(n i€ By}

satisfies €D, _1, .- -, D, _i1-
Using the canonical branches

<A ™Mk) =0k A Tpemia <+ < Tg
and
n<An"€) =0 < Pr—mi2 <+ < po
where
Tn—m+i = Tn—m+i+1 A<orn_m+f+1> and  pu—m+ti = Pr—myiti /\<0p,,_,,,+,'+1>

we can verify, as in Step 2, that when k, £ € B,%, or = n™Nk), ar = n"),
o, <1, 6y < p (sotMNp =y)andlev(r) = lev(p) = n, F(z,p) depends only on
ok and o;. Denote such values by g(ay, o¢) and pick an infinite B, C B} C w such
thatk, £ € B, =>g(n "(k),n"(£)) is constant. Let 0, = min(B,).

Azy = {U}UU{AZMO') toy <ié€By}

satisfies @, _,, and the previous ’s.
A* == A5y satisfies @, _,, ..., @, hence (x). n

CoNCLUSION 3.10. Foreverym, £ € Nthereisann € N such that if C is a scattered
chain and Hdeg(C) > n + 1 then C does not have a definable choice function by a
formula with quantifier depth < m and with < £ parameters.



Sh:539

UNIFORMIZATION ... IN THE CLASS OF TREES 1221

PrROOF. Let n be |T,,45¢|. Suppose (x, X, P) defines a choice function on a
scattered chain C with Hdeg(C) > n + 1. The additive coloring F : [C]? — T,
that is defined by F(a,b) = Th™(C; P) lap) has, by the previous lemma, a
homogeneous subset 4 C C of order type Z. As in the proof of Claim 2.4, ¢ can
not choose an element from A. -

§4. Wild trees. Large sets without structure, dense chains, scattered chains with
large Hausdorff degree and the binary tree are prototypes of structures without a
monadically definable choice function.

Respectively, wild trees are trees that have a large amount of splitting (4.2 (1)(i))
or have ‘wild’ branches (4.2 (1)(ii)(iii}), or embed the binary tree (4.2 (1)(iv)).
Thus, using the composition theorems, there are no definable choice functions in
the class of wild trees (4.7).

DEeFINITION 4.1. Let (7, <1) be a tree and 4 C T an initial segment.
(1) The binary relation ~% on T \ 4 is defined by

x~y = (Vtedtax=tyl

(It is an equivalence relation that says “x and y cut 4 at the same place”.)
(2) The binary relation ~., on 7"\ 4 is defined by
4

x~hy = xS )& EzeT\ Az Ix &2y & 2~ x].

(It’sanequivalence relation that refines ~¢ by dividing each ~%-equivalence
. . . . A y A
class into disjoint subtrees.)

DEFINITION 4.2.
(1) A tree T is called wild if either
(i) sup{|T>a/~Y|: 4 C T an initial segment } > Ry, or
(i) Thereis a branch B C T and an embedding f: Q — B, or
(iii) All the branches of T are scattered but sup{ Hdeg(B) : B a branch
of T} >w,or
(iv) There is an embedding f: ©>2 < T.
(2) A tree T is tame for (n*, k*) if the value in (i} is < »*, the value in (iii)
is < k* and (ii) and (iv) do not hold.
(3) Atree T is tame if T is tame for (n*, k*) for some n*, k* € N,

CLamM4.3. If T is a wild tree and (1)(i) of 4.2 holds then no monadic for-
mula o(x, X, P) defines a choice function on T.

Proor. We will use the composition theorem for general successors 1.12: Suppose
¢(x, X, 0) defines a choice function on T, dp(p) = n and 1g(Q) = £. Given an
initial segment 4 C T let T\ 4/~ = { T; : i € I, } and by our assumption, there
is an initial segment 4 C T such that |I4]| > |T,¢+1|. Foreveryi € I, pick x; € T;.
Now there are a, € I, such that Th"(T,; xo, Q) = Th"(Tg; x5, 0).

Denote, for t € T,zy2, P{(a) = {i € Iy : Th*(T}; Xa, {Xa» x5}, Q) = t} and
let P4(a) = (P{(c) : t € Tpys2). By 1.12 there is some m € N such that from

Th™(T}; xa» {Xa, x4}, Q) and Th"(I; P4(a))
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we compute Th"(T'; x,, {xa, x4}, Q). Similarly, replacing x, by xz, from
Th"(T}; xp, {Xa>xp}, Q) and Th" (14 P4(B))

we compute Th"(T; xg, {xa, x5}, @). (T5is T\ User, T:). Now

(i) Th™(T5; xa, {Xa, X}, @) = Th"(T; x4, {xa, x5}, @) = Th"(T;; 0,0, Q).
(i) PA(a) = P4(B)
as Th"(Ty; xa, Q) = Th"(Ts; x5, Q) and as for i € I, \ {a, B}

Th™(T;; xi, {xa, x5}, Q) = Th™(T}; x;, {x4, x5}, Q) = Th"(T;; 6,0, 0).
Therefore
(iii) Th" (14; P4(a)) = Th™ (L; P4(B)).
It follows that

Th"(T'; xa, {Xa> X8}, Q) = Th"(T; xg, {Xasxp}, Q)

hence

T |= ‘P(xm {xaa xﬂ}’ Q-) T |= ‘P(xﬂ; {xa; xﬁ}, Q)
So ¢ cannot choose an element from {x,, x4}, a contradiction. -

Cramd 4. If T is a wild tree and (1)(ii) of 4.2 holds then no monadic for-
mula p(x, X, Q) defines a choice function on T.

PrOOF. Let B C T be a branch that embeds Q. We will apply the composi-
tion 1.13 and reflect a choice function on T to a choice function on B, contradicting
Claim 2.4.

So assume that ¢(x, X, Q) defines a choice function on T where dp(p) = n
and lg(Q) = £. By 1.13 there is an m € N, a chain (B’, <’) with (B,<) C
(B’, <) and a sequence of parameters P C B’ such that from Th™(B’; B, P) we can
compute Th"(T'; Q). Define, fory <\v € B,

f(n,v) =Th™">(B’; B, P) M) -

f is an additive coloring hence by 2.3 there is ¥ = {#;}:icz, of order type Z,
homogeneous with respect to f. As in the proof of 2.4 we have:

i,j € Z=> Th"™(B';n;, Y, P) = Th"(B';n;, ¥, P)
and (by the ‘moreover’ clause in 1.13) this implies

i,j € Z= Th"(T;n;, , Q) = Th*(T;7;, ¥, Q).
Hence

and this contradicts “p chooses an element from Y”. -

CLamM4.5. If T is a wild tree and (1)(iii) of 4.1 holds then no monadic for-
mula p(x, X, Q) defines a choice function on T.
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Proor. Combine the two previous proofs: Suppose ¢(x, X, Q) defines a choice
function on T with dp(¢) = n and Ig(Q) = ¢.

By (1)(iii) for every k € N there is a branch B C T with Hdeg(B) > k. By
conclusion 3.10 a formula with depth » and £ parameters cannot define a choice
function from subsets of branches with large enough Hausdorff degree. By the
composition Theorem 1.13, the extra structure in 7 makes no difference. =

Cram 4.6. Let T be a tree and F: “>2 — T be a tree embedding. Then no
monadic formula ¢ (x, X, P) defines a choice function on T.

Proor. First, we may assume, without loss of generality, that 7 has a root (adding
a root will not effect the existence of a choice function) and that F (r(*>2)) = r(T).
The proof in §5 of [3] shows the following:

for every O C ®>2 and m € N there is an infinite anti-chain ¥ C
(x)  @>2 such that for every y € Y there is y* # y in Y with
Th” (Bushe>3(Y); y, @) = Th™ (Bushes»(Y); y*, 0).
(Bushes»(Y) :={x €“>2:(3y € Y)[x < y]}.)

Assume ¢ (x, X, P) defines a choice function on T with dp(p) = nand Ig(P) = ¢.
Denote F"(“>2) = S C T. Let 0 = Q(n, P) C S be a sequence of parameters as
in the composition theorem 1.13 and let m = m(n,£) be as there. As S =~ “>2 it
follows by () that there is an infinite anti-chain ¥ C S such that

() fOT each y € Y there is y* # y in ¥ with Th" (Bushs(Y); y, Q) =
Th" (Bushs(Y); y*, Q).

Now assume T = ¢(y, Y, P). By 1.13 Th" (Bushs(Y); y, Q) determines Th"(T’; y,
Y, P) hence by (*x) thereis y* # y in Y with

Th"(T;y, Y, P) = Th"(T; y*, ¥, P)
therefore
TEe(y, YP) < Tk, LP).
So ¢ fails to choose an element from Y. -
We conclude

THEOREM 4.7. If T is a wild tree, then T does not have a monadically definable
choice function. Moreover, every candidate fails to choose from either linearly ordered
subsets (4.4, 4.5) or anti-chains (4.3, 4.6).

§5. Tame trees. Not only that tame trees have definable choice functions, they
even have definable well orderings of their elements.

DerNiTION 5.1. Let T beatree. Forn € T we define by recursion a rank function
tk(n) by:

tk(n) > a+1 <= therearev;,v, € T withy < viandy < v,
such that vi L vy, tk(v;) > @ and k(1) > a.

If rk(#) is not defined we stipulate rk{y) = co.
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Fact 5.2.
(1) n<v € T=> 1k(v) < rk(n) where < has the obvious meaning.
(2) ®>2isnotembeddableinatree T <= foreveryn € T, tk(z) # .
(3) Ifp<vy, n<vyand v; L v, then 1k(v) < rk(#) or rk(v;) < rk(z).

Proor. Straightforward. 4

LEMMA 5.3. Let T be a tame tree. Then there are Q C T and a monadic for-
mula ¢(x, y, Q) that defines a well ordering of T.

PROOF. Suppose that T is (n*,k*)-tame (n* bounds splittings and k* bounds
Hausdorff degrees of branches). We will partition T into a disjoint union of sub-
branches, indexed by the nodes of a well founded tree I' and reduce the problem of
a well ordering of T to a problem of a well ordering of I'. The tameness will enable
us to define I' in 7" and to well order the set of immediate successors of each node
of I'. The well ordering of T will be induced by the lexicographic order of T'.

Step 1 (Defining I'). Let 4 = |T'|*. Define by induction on « aset I'y, C *4 (this
is a our set of indices), for every y € I'y, defineatree 7, C T and abranch 4, C T),.

a = 0: Tyis{()}, Ty is T and A4, is any branch (i.c., a maximal linearly
ordered subset) of T.

a = 1: Look at (T'\ 4(,)/ Ni1<> (see Definition 4.1), it’s a disjoint union of trees
and name it (T : i < i*), let Ty := {({) : i < i*} and for every (i) € I'| let
A<i> be a branch of T';.

= B+ 1: For g € Ty denote (T, \ 4,)/~} by {Tynuy 1 i < iy}, let

Fo={n™Ni)inely i< z,,}andchooseA A tobeabranchofT A

alimit: Let T'o = {n € “A: Ag,nlp € Tp, Npeoa Tyt # 01}, letforq eI,
Ty = Npea Tyt, and 4, be a branch of T,. (T, may be empty.)

Now, at some stage o < |T|" we have I', = @ and let I' = [J;_, I'p. Clearly
{4, :n € I} is a partition of T into disjoint sub-branches.

NortatiON. Having two trees T and I', to avoid confusion, we use x, y, s, ¢ for
nodes of T and #, v, ¢ for nodes of T".

Step 2 (T is well founded). By tameness of T, for every x € T, rk(x) is defined
(i.e., < oc). We would like to show that I contains no infinite branch. For that, we
have to restrict the choice of the branches 4, C T,.

For n *(i) € T define y,; as max{rk(¢) : ¢ € T, (;, }. The maximum is obtained
by Fact 5.3 and by the definition of ~! (from which it follows that for every 71, 7,
in T, »(;y thereis ¢ € T, ~(;y such that e J7pand o 7).

Proviso. Forevery n € I and i < i,, the sub-branch 4, »(;) contains every s €
T, ) with tk(s) =y,

Now, choose the 4,’s by abiding the proviso there is no infinite branch in I'.
Otherwise, suppose {;7,,},,<w is < increasing in F and choose s, € 4,,, withrk(s,) =
v,.i (where i, = v, M(i)). It follows

tk(sg) > 1k(s1) > rk(sy) >
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hence {rk(s,) : n < w) is an infinite, strictly decreasing sequence of ordinals, a
contradiction.

SteP 3 (Definability of I'). We will show that “x and y belong to the same 4,,” is
expressible by a monadic formula (with parameters). For that chooseforeachy € T"
a representative s, € A, andlet Q :={s,:y €' }. Leth: T — {dy,...,d,~} bea
coloring that satisfies

(i) h fA<> = dy,
(ii) foryp"(i) €T, hrAq/\U)
(lll) fori < j< i”, ifS”A<,-> N(/)‘” Sy A () then hrAv/\(i) 76 hrAv/‘(i)'
There is no difficulty to define 4 (clause (iii) is taken care of by (n*, k*)-tameness).

Define a sequence (Dy, . .., D, ) of subsetsof T by x € D; ifand onlyifh(x) = d;.

Now “V/, [x,y € 4,]” is defined by

is constant.

05, D)i=(x 39V 31 & [\/x € D=y € D)

& (w)[ﬂxs:zgy)v(yﬂzgx)h [\/(xeuiszem]].

Let,forx € T, A,(,) = A be the sub-branch to which x belongs. 4, is definable
from {x} and D and in particular each 4, is definable from {s,} = Q N 4, and D
so there is a monadic formula y(s,, X, D) saying “X = 4,,”. We would like now to
interpret the partial order of I'in T'.

By the construction, I' |= # < v if and only if every element of 4, cuts 4,, i.e.,
is above an initial segment and is incomparable with a final segment of 4,. Let
the partial order < on sub-branches be defined by X < Y if and only if for some
nvel, X =4,and Y = 4, andT = (5 < v). Now “X < Y” is definable by

¢(X, Y;Q,D) = (EIS”,SV € Q)[X(S'I’X’D-) /\X(Sw KB)]
& (weX)[(va(@NY))A(wL(QNY))].

Caution! if T has a root this is not true for 4() and a < n* 4;’s. To fix that
we may have to add < n* parameters (for Ay A >) but there is no problem
with that.

So ¢ and @ interpret (I', <) in T.

STEP 4 (Well ordering of immediate successors in T'). As each 4, has Hausdorff
degree < k*, we can choose a sequence P7 = (P§,..., P/, ;) € A, and use it to

define a well ordering of 4,, by a monadic formula ¢y (x, y, P) asin Claim 3.3. Let
PCTbelJ,er P (the union is disjoint in each coordinate) and let

o(x,3, P) = (0(x,,D) & pr-(x,y, PN Ay)).

This defines a partial order on T such that the restriction to each sub-branch 4, is
a well order.

Now as “v € Sucr(y)” is definable (as a relation between s, and s,), so is the
set A" := {s,r(y : i < iy} (from s5,, Q and D). The order on 4, induces an
order on {s, » )/ N%”} that is embeddable in the completion of 4, and therefore has
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Hausdorff degree < k* as well. (To compare s, (;, and s, »;, compare the initial
segment of 4, below s, » (;y and the initial segment of 4, below s, »(;y). Thus, usinga
sequence of parameters (Q7, ..., Q].), we can define a well order on {s, »(;,/ NOAn }-
To compare s, ;s that are ~ -equivalent but not ~, -equivalent (each such
collection has < n* elements), fix once and for all an ordering between the colors
{do,...,ds}. ; )

As before, the sequence Q := Unel“ 0, enables us to define a partial order on @
such that its restriction to each 4 is a well order. This defines a well order on sets
of immediate successors in I'.

STEP 5 (Well ordering T'). Using the parameters Q, D, P, and Q define a well
order on the elements of 7 by x < y if and only if one of the following:
(1) x and y belong to the same 4, and x < y according to the well order
onA4,,

(ii) x€ A4, ye4,andT = (n<v),

(iii) x € 4y, y € 4,, o =qNv, a™Ni)<n, a"{j)<vand s,ng < Son(j
according to the well order on 4. (¢ = # M v is easily definable as a
relation between s, s, and s,.)

We have defined a linear order < on the elements of 7" in which each 4,, is a convex
subset and well ordered. Moreover on I (that is on the set of representatives Q),

" < is the lexicographical ordering where each set of immediate successors is well

ordered. As I is well founded we have defined a well order of T'. -
We conclude:

THEOREM 5.4. Let T be a tree. If T is wild then there is no definable choice
Sunction on T (by a monadic formula with parameters). If T is tame then there
is even a definable well ordering of the elements of T by a monadic formula (with
parameters) ¢(x, y, P).

A tree is tame [wild] if and only if its completion (the tree obtained by completing
each branch) is tame [wild]. By this and Theorem 4.7 we have:

CoNCLUSION. Let T be a tree and T' be its completion. Then the following are
equivalent:

(a) T is tame.

(b) For some n, £ € N, for every anti-chain/branch A of T there is a monadic
Sormula o 4(x, X, Py) with dp(p) < n, P C T and 1g(P) < 4, that defines
a choice function from nonempty subsets of A.

(¢) There is a monadic formula, with parameters, w(x, y, P) that defines a well
ordering of the elements of T.

(d) There is a monadic formula, with parameters, w'(x, y, P') that defines a well
ordering of the elements of T'. -

REMARK. In a forthcoming paper ([5]) we solve the full uniformization problem
for the monadic theory of trees.
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