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Annals of Mathematies, 102 (1975), 379-419

The monadic theory of order
By SAHARON SHELAH

Abstract

We deal with the monadic (second-order) theory of order. We prove all
known results in a unified way, show a general way of reduction, prove more
results and show the limitation on extending them. We prove (CH) that the
monadic theory of the real order is undecidable. Our methods are model-
theoretic, and we do not use automaton theory.

0. Introduction

The monadic logic is first order logic when we add variables ranging
over sets, and allow quantification over them. If pairing functions are avail-
able this is essentially second order logic. The monadic theory of a class K
of L-models is {: v is a sentence in monadic logic, satisfied by any member
of K}.

Here we shall investigate cases where the members of K are linear
orders (with one-place predicates).
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Let us review the history. Ehrenfeucht [Eh 1] proved the decidability
of the first-order theory of order. Gurevich [Gu 1] deduced from it the case
of linear order with one-place predicates. Biichi [B 1] and Elgot [E11] proved
the decidability of the weak monadic theory (i.e., we can quantify over finite
sets) of (the order of) w, using automaton theory. Biichi continued in this
direction, in [B 2], showing that also the monadic theory (i.e., quantification
is possible over arbitrary sets) of w is decidable; and in [B 4] he showed the
decidability of the weak monadic theory of ordinals. In [B 5, 96] he proved
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380 SAHARON SHELAH

the decidability of the monadic theory of countable ordinals. Rabin [Ra 1]
proved a very strong and difficult result, implying the decidability of the
monadic theory of countable orders. Biichi [B 5] showed the decidability of
the monadic theory of w, and of {a: o < w,}.

Meanwhile Laiichli [La 1], using methods of Ehrenfeucht [Eh 2] and
Fraissé [Fr 1] and continuing works of Galvin (unpublished) and Laiichli and
Leonard [LL 1], proved the decidability of the weak monadic theory of order.
He did not use automaton theory. Pinus [Pil] strengthened, somewhat,
those results. Our results have been announced in [Sh 1], [Sh 2].

By our notation Latichli used Th” only for k = (1, 1, 1, ---) (changed for
the quantification over finite sets).

Remark. We are not interested here in results without the axiom of
choice. See Siefkes [Si 2] which shows that the result on @ is provable in ZF.
This holds also for « < w*. Litman [Li1l] pointed out some mistakes in [B 5,
§ 6] (theorems without AC); proved connected results, and showed in ZF that
w, 1s always characterizable by a sentence.

In Section 7 we prove (CH) the undecidability of the monadic theory of
the real order and of the class of orders, and related problems. It can be
read independently, and has a discussion on those problems. Gurevich finds
that our proof works also for the lattice of subsets of a Cantor discontinuum,
with the closure operation, and similar spaces. Hence Grzegorczy’s [Gr 1]
question is answered (under CH).!

Our work continues [La 1], but for well ordering we use ideas of Biichi
and Rabin. We reduce here the decision problem of the monadic theories of
some (classes of) orders [e.g., well orderings; the orders which do not embed
®, nor ®}] to problems more combinatorial in nature. So we get a direct
proof for the decidability of countable orders (answering a question of Biichi
[B 5, p. 35]). Our proof works for a wider class, thus showing that the count-
able orders cannot be characterized in monadic theory, thus answering a
question of Rabin [Ra 1, p. 12]. Moreover, there are uncountable orders which
have the same monadic theory as the rationals (e.g., dense Specker order;
see [Je 1] for their existence; and also some uncountable subsets of the reals).
We also show that the monadic theory of {«: @ < A*} is recursive in that of
, generalizing results of Blichi for w and w,. Unfortunately, even the
monadic theory of w, contains a statement independent of ZFC. For a set A
of ordinals, let F((A) = {«: « is a limit ordinal of cofinality > w, @ < sup A4,
and a N A is a stationary subset of a}.

! Gurevich meanwhile has proved more and has a paper in preparation.
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THE MONADIC THEORY OF ORDER 381

Now Jensen [J 1] proved the following:

THEOREM 0.1 (V = L). A regular cardinal £ is weakly compact if and
only if for every stationary AZ k, such that (Va e A) [cfa = w], F(A)+ O .

As the second part is expressible in the monadic theory of order, the
Hanf number of the monadic theory of order is high. Clearly also the monadic
theory of the ordinals depends on an axiom of large cardinals.

Now, Baumgartner [Ba 1] shows thatif ZFC+ (thereis a weakly compact
cardinal) is consistent, then it is consistent with ZFC that

(*) for any stationary AZ w,, if (Vvae A) [¢fa = 0], then F(A) + @
(and in fact is stationary).

So ZFC does not determine the monadic theory of w,. This partially
answers [B 5, p. 34-43; p. 38, Problem 3].

We can still hope that the number of possible such theories is small, and
each decidable, but this seems unlikely. We can also hope to find the sentences
true in every model of ZFC. A more hopeful project is to find a decision
procedure assuming V = L. We show that for this it suffices to prove only
the following fact. Let D,, be the filter of closed unbounded subsets of w,.
(Magidore disproves (**) in V = L, but it may still be consistent with ZFC.)

**) if AC{a<wyefa=w}, F(A)= BUC, A is stationary, then
there are A, A,, suchthat A = A, U A4,, A N A, = @&, A, A, are stationary
and F(A4,) = B(mod D,,), F(A;) = C(mod D,,).

We prove, in fact, more: that the monadic theory of w, and the first
order theory of (P(w,)/D.,, N, U, F') are recursive one in the other.

Conjecture 0.1 (V = L). The monadic theory of w, (and even w,) is
decidable.

Conjecture 0.2 (V = L + there is no weakly compact cardinal). The
monadic theory of well orders is decidable.

Latichli and Leonard [LL 1] define a family M of orders as follows: Itis
the closure of {1} by

(1) M+ N,

(2) M-0 and M-w*,

(3) 325, M, whichis 37 ., M, and {a € Q: M, = M} is a dense subset of
the rationals, and each M, e {M;: 7 < n}.

(See Rosenstein [Ro 1] and Rubin [Ru 1] for generalization.)

Latichli [La 1] proved that every sentence from the weak monadic lan-
guage of order has a countable model if and only if it has a model in M. Easy
checking of Section 4 shows this holds also for the monadic language. On the
other hand, looking at the definition of M, we can easily see that for every
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382 SAHARON SHELAH

Me M there is a monadic sentence 4 such that M E +, and || N|| £ W,
N = + imply N = M.
In this way we have a direct characterization of M.

THEOREM 0.2. Me M if and only if M is countable and satisfies some
monadic sentence which s (ZW,)-categorical.

Also for other classes whose decidability we prove, we can find sub-
classes analogous to M. This theorem raises the following question:

Conjecture 0.3. For every Ne M there is a monadic sentence +» such
that M = + implies that M and N have the same monadic theory. (It suffices
to prove this for the rational order.)

Related questions are:

Conjecture 0.4. There is a monadic sentence + such that R = + and
M = + imply that M and R have the same monadic theory.?

Conjecture 0.5. There is an order M which has the same monadic theory
as R, but is not isomorphic to R.?

Conjecture 0.6. There are orders with the same monadic theories, whose
completions do not have the same monadic theories.*
The characterization of M gives us also

Conclusion 0.3. The question whether a sentence in the first-order (or
even monadic) theory of order is (= ¥,)-categorical (or }R,-categorical) is
decidable.

A natural question is whether the monadic theory of 9Nl is more “com-
plex” than that of the ordinals (the orders in 91 are countable unions of
scattered types; see Laver [Lv § 3], which includes results of Galvin). To
answer this, we have the

Definition. For a model M with relations only, let M* be the following
model:
(i) its universe is the set of finite sequences of elements of /;
(ii) its relations are
(a) <, where @ < b means & is an initial segment of b,
(b) for each m-place predicate R from the language of M,

RM# = {<<a17 sy Uy b1>’ <a'lv ey Ay b2>’ ] <a’1, ey Qpyy bn>>:
a;, b* are elements of M, and M = R[b', ---, b"]} .
2 Confirmed by Gurevich.

3 Refuted by Gurevich.
4 Confirmed by Gurevich.
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THE MONADIC THEORY OF ORDER 383

The author suggested a generalization of Rabin’s automaton from [Ra 1],
proved the easy parts: the lemmas on union and intersection, and solved the
emptiness problem. Then J. Stup elaborated those proofs, and proved the
complementation lemma. Thus a generalization of the theorem and proof of
[Ra 1] gives

THEOREM 0.4. The monadic theory of M*? is recursive in the monadic
theory of M.

Thus, using [Lv 1, § 3] notation, we get, e.g.,

Conclusion 0.5. The monadic theory of {M: Me 9N, || M|| < \} is recur-
sive in the monadic theory of \.

Because by Section 2 the monadic theory of a;+ ,+ is recursive in the
monadic theory of X\, by 0.4 the monadic theory of 7,+ ,+ is recursive in the
monadic theory of A\, and so we finish, as by [Lv 3.2 (iv), 3.4] 7;+,+ is a
universal member of {(Me 9 || M|| < \}.

Also useful are the following (Le Tourneau [To 1] proved parts (1), (2)
at least):’

THEOREM 0.6. Let L be a language with one one-place function symbol
equality and one place predicates.

(1) The monadic theory of L is decidable.

(2) If a monadic sentence + of L has a model, it has a model of cardi-
nality < N,.

(3) In (2) we can find n = n(y) < Yo and a model M such that |{be
| M|: f(b) = a}| =< n for any ac | M|.

This is because, if M, is the model whose universe is A, and whose
language contains equality only, in M} we can interpret a universal L-model
(see Rabin [Ra 1]). This implies (1). Note that all M, (\ an infinite cardinal)
have the same monadic theory. This proves (2). For (3) note that if My, = +,
then for all big enough n, M, = .

Remark (1). Rabin[Ra 1] prove the decidability of the countable Boolean
algebras, in first-order logic expanded by quantification over ideals. By the
Stone representation theorem, each countable Boolean algebra can be repre-
sented as the Boolean algebra generated by the intervals of a countable order.
By the method of Section 3 we can prove that the theory of countable linear
orders in monadic logic expanded by quantification over such ideals, is
decidable, thus reproving Rabin’s result. (The only point is that the methods
of Section 2 apply.)

5 Le Tourneau only claimed the result. Lately also Routenberg and Vinner proved this
theorem.
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Conjecture 0.7. The monadic theory of orders of cardinality < W, is
decidable when Y, < 2%,

Conjecture 0.8. The theory of Boolean algebras of cardinality < X\ or in
first-order logic expanded by allowing quantification over ideals is decidable,
when » < 2% (A = W, < 2%),

Remark. We can prove Conclusion 0.5 by amalgamating the methods of
Sections 4, 5, and 6.

1. Ramsey theorem for additive coloring

A coloring of a set I is a function f from the set of unordered pairs of
distinct elements of I, into a finite set T of colors. We write f(x, ¥) instead
of f({z, y}), assuming usually that # < y. The coloring f is additive if for
x, < Yy <zleI(z =1,2),

f@y, y) = f(z, ¥) > fWy, 2) = f(Ye 22)

imply f (%, 2)) = f(,, 2,). In this case a (partial) operation + is defined on T,
such that forx <y < zel, f(z, 2) = f(&, ¥) + fy, 2). Aset J&I is homo-
geneous (for f) if there is a ¢, € T such that for every » < y e J, f(x, y) = t,.

Ramsey’s theorem [Rm 1] states, in particular, that if we color an infinite
set with a finite set of colors, then there is an infinite homogeneous subset.
This theorem has many generalizations and applications. It was used in [B 2]
for a coloring which was, in fact, additive. Using an idea of Rabin, Biichi
[B 5, (12, p. 58)] offered an alternative proof (using, in fact, additivity) and
in [B 5, (6.2, p. 111)] straightforwardly generalized it to @, (the result for w,
is not true for colorings in general). We give the natural extension to arbi-
trary ordinals (which is immediate, and included for completeness) and a
parallel theorem for dense orders.

THEOREM 1.1. If 6 1s a limit ordinal, f an additive coloring of 6 (by a
set T of n colors), then there is an unbounded homogeneous subset J of 0.

Remarks. (1) If the cofinality of 0 is = w, we can assume that if q,
b<¢d,f(ac)=f@b, ), thena, b < ceJimplies f(a, ¢c) = f(b, ¢).

(2) Instead of | T| < Y, we need assume only | T'| < ¢f(0).

Conclusion 1.2. Under the condition of 1.1, there are a closed unbounded
subset J of 6, and J,, J}, 1 <k, Il <|T| and t,e T such that J = U, J, =
U. J}, the J,’s are disjoint, the J"s are disjoint, andifa < beJ,acJ,, beJ*
then f(a, b) = ti.

THEOREM 1.3. If f 1s an additive coloring of a dense set I, by a finite
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set T of n colors, then there is an interval of I which has a dense homo-
geneous subset.

Conclusion 1.4. Under the hypothesis of 1.3, there is an interval (a, b)
of I, and (a, b) = U2, J, = UL J* and colors t, e T such that for z < y, x €
Ju, yeJl fz, y) = ti.

Remark. We can choose the J,, J,, J'’s so that they are definable by
first-order formulas with parameters in the structure (9, <, f) (or (I, <, f)).

Proof of Theorem 1.1. Define: For z, y€ 9, x ~ y if there is a z such
that z, ¥y < z < 9, and f(x, 2) = f(y, 2); clearly this implies by the additivity
of f that for any 2', z < 2’ <9, f(=, 2') = f(y, #'). Itis easy to verify that ~
is an equivalence relation with < | T'| equivalence classes. So there is at least
one equivalence class I, which is an unbounded subset of . Let x, be the
first element of I. Let, for te T, I, = {y: 2, = y € I, f(%, y) = t}. Clearly
I — {x} = U,er I, hence for some s, I, is an unbounded subset of 6. Let
{a;:t < ¢fd) be an increasing unbounded sequence of elements of 6. Define
by induction on 7 elements y,e I. If for all j < (¢ < ¢f9), y; have been
defined, let y; < 0 be such that y, > v;, ¥: > a;, ¥;: > %, and f(x,, ¥,) = f(¥;, ¥:)
for any j < %, and y,€ I,. Now J = {y,: 1 < ¢fd} is the desired set. Clearly
it is unbounded. If y; < y, (hence j < ¢) then

SWi, ¥) = f@o, y) = s .
So J is homogeneous.

Proof of Concluston 1.2. If the cofinality of ¢ is ,, then the J from 1.1
is also closed (trivially). So assume c¢fd > W, let T = {¢, -- -, t.}, and let J,
y; be as defined in the proof of 1.1; and let J* be the closure of {y;,,: j < ¢fd}.
Then J* = {y%: j < ¢fd} is increasing, continuous, and %*' = y;,,. Let J' =
{y?: j is a limit ordinal},

J, = {y%: 7 is a limit ordinal, f(¥?, ™) = ¢},
J' = {y’: j is a limit ordinal, and (Vi < j)(Qa) (i <a <j A f(¥*™, ) =t,)
but this does not hold for any I' < I} .
Now clearly J' = U, J, = U, J and if e J,, zeJ, x < 2z then x = y’, z =
vy, 1 < J,1, J are limit ordinals and there is an «, ¢ < a < j, such that
Fy*, y) = t,. Hence
fl@, 2) = fW', ¥) = &', v + F@, v + F, ¥)

=t + fWirny Yar) T =t + 8+ 1, d:”t}c .
Clearly all the demands are satisfied.

Proof of Theorem 1.3. Remember that JZ I'is dense in an interval (a, b)
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if for every ¢, yel,a < x <y < b, thereisa zeJ such that z <z <y. It
is easy to see thatif J< Iis dense in an interval (a, b) and J = Ui, J, (m > 1)
then there are k and a’, b’ such that ¢ <a' < b <b,1 £k <m and J, is
dense in (a’, b).

Define for any ac I, J= I

Fla,J)={t:te T, (Ve >a)Qyed) e <y <z A fla, y) =t)}.

Notice, that since T is finite, for any a € I, and any JZ I there is a b,
a < be I such that:

te F(a, J) if and only if thereisa yeJ,a <y <b, f(a,y) =t.

We define by induction on m < n2" + 2 intervals (a,, b..), sets J,, dense in
(@, ), and (for m > 0) sets D,, = T.

For m = 0, let (a,, b,) be any interval of I, and J, = {xe I: a, < 2 < by}.
Suppose (a,,, b,.), J,. are defined. For any D T let J,,(D) = {a € J,.: F(a, J,) =
D}. Clearly J,, = Uper J.(D) and as there are only finitely many possible
D’s (£2"), there is an interval (@n41, bniy) and D, S T such that J,(D,..,) is
dense in (@1, buir)y and @, < @pyy < bpyy < b, Let i = (@i bprd) N
Ju(Dwsi). Clearly J,2d,.,,, and m > k implies J, 2 J,, and (a,, b,,) is a sub-
interval of (a,, b;).

As there are only < 2" possible D,,, therearea DS Tand 0 m, < -+ - <
m, = n2" + 1such that D, ., = D. Define, for 0 =< k =< n, a* = a,,, b* = b,,,
JE=J,,.°

It is easy to check thatif 0 =k <l =mn,xeJ'thenweJ, = J,, ., hence
F(x, J¥) = F(%, J,,) = Dp,+i = D. Itisclear that J'2J'2 ... 2J",

Choose z,€ J*. Then there is z,, x, < 2, < b", such that z, < ¥y < 2,, ¥y €
J° implies f(x,, ¥) € F'(x,, J°) = D. Hence ¢ € Dif and only if thereisy e J"!,
x, < Y < @y, f(®, y) = t, if and only if thereis ye J, x, < y < 2y, f (@, ¥) =
t. Clearly

J" N (@, ) = User iy e Jd”, 2 <y < @y, f(20, ¥) =t} .
Hence there are a, b, ¢, such that z, < a < b < «, and
J* ={y:yed a <y <b, fx, y) =t}

is dense in (a, b). Clearly ¢, D.

It is easy to check that for ¢, s€ D, t + sis defined and € D, so for te D,
m = 1 define mt e T, by induction on m: 1t = ¢, (m + 1)t = mt + t. As T has
n elements, 1%, 2¢, ---, (n + 1){, cannot be pairwise distinct. So there are
i, 7,1 <1< @+ 7) £n + 1such that it, = (¢ + J)t,. Define

¢ In fact Dn(T) 2 D.(T), hence we can replace n2"+ 2 by n®+ 2.
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J={yra <y <b, flw, y) = jt, yeJ i} .
We shall show that J is the desired set.

@) J is dense in (a, b).

Suppose a < a’ < b’ < b, and we shall find zeJ, o’ <z <b. As J* is
dense in (a, b) there are z"e J*Z J", o’ < 2" < b'. We define by downward
induction 2* for n — 7 + 1 < k < n such that z¥ e J*, o' <2F¥<b'. For k = n,
z* is defined. Suppose z**' is defined, then as z**'e J*™* it follows that
F(z**, J¥) = D. Ast,e D there is z* € J*, such that z**' < zF < b’ and f(z**',
z2¥) = t,. Clearly

x<zn < zn—l < e <zn—j+1,
f@y2")=1t, fE2)=4t.

Hence f(w,, 2" 79*) = t, + «++ + t, = Jt, 80 2" e d, 0’ < 2" < b

(IT) J is homogeneous.

Suppose e <y <2z <b,y,z€J. Then ye J" 7", Now define by down-
ward induction y* e J¥  for0 < k <4,y < ¥* < 2. Lety® = y (y* € J* because
y=yeJ ', andasi+j<n+1,1<n— 7+ 1 hence J* " J%). If
y***is defined then F(y**, J*¥) = D, hence there are y* € J*, y**' < y* < z such
that f(y**', y*) = t,. It followsthatw, <y =9 <y < ... <y <zand

fWh vy =t .
Hence
fw, ) =W, ¥) = it .
So
f,2) =1, 9) + f@, 2 = it, + f¥', ?)

= (& + Nte + F&, 2) = jt, + ity + f(¥', 2)

= f(x, ) + f(y, ¥) + F&, 2) = f(x, 2) = Ji, -
This proves the homogeneity of J.

Proof of Conclusion 1.4. Let (a, b), J and ¢, be as in the proof of 1.3.
Let T={t, ---, t,}. Let

Jk = {y' Yye (a7 b)’ tlce F(y’ J), tly ttty tk—lg F(y’ J)} ’
Jt = {y° UAS (a, b), tl € F’(y’ J)y tla %y tl—le F’(y’ J)}

where F"' is defined just as F'is, but for the reversed order.

Clearly (a, b) = U, J, = U, J'. Suppose © <y, xe€J,, y€J,. Then we
canfind @', ¥, s < ¢’ < ¥ <y, a,y €d,suchthat f(x, 2') = t:, f(¥, ¥) = t..
Hence

def

f@,y) =f(z, o)+ f@&, )+ fW,0) =te+ b+t =t
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2. The monadic theory of generalized sums

Feferman and Vaught [FV 1] proved that the first order theory of sum,
product, and even generalized products of models depends only on the first-
order theories of the models. Their theorem has generalizations to even more
general products (see Olmann [O], 1]) and to suitable infinitary languages (L.,
see Malitz [Ma 1]). On the other hand, it is well-known that for second order
theory this is false even for sum (as there is a sentence true in the sum of
two models if and only if they are isomorphic, for fixed finite language, of
course). Also for monadic (second-order) theory this is false for products of
models (there is a sentence true in a direct product of two models of the
theory of linear order if and only if the orders are isomorphic). We notice
here that the monadic theory of generalized sum depends only on the monadic
theories of the summands and notice also generalization of known refinement
(see Fraissé [Fr 1]). We can prove them using natural generalizations of
Ehrenfeucht games (see [Eh 1]). Latiichli [La 1] uses some particular cases of
those theorems for the weak monadic theory. As thereis nonew pointin the
proofs, we skip them. We should notice only that a subset of sum of models
is the union of subsets of the summands. The results of [FV] can be applied
directly by replacing M by (| M| U P(M), M, €).

Notation. L will be first-order language with a finite number of symbols,
L* the corresponding monadic language, L(M) the first-order, language cor-
responding to the model M, the universe of M, is |M,. Letz, y, z be individual
variables; X, Y, Z set variables; a, b, ¢ elements; P, Q sets; P(M) = {P: PC
| M|}. Bar denotes that this is a finite sequence, e.g., @; (@) its length, @ =
{ovny @y oo+ Diciay, and let @(?) = a;,. We write @ € A instead of a,€ A and
@ € Minstead of @€ | M|. K is a class of L(K) models (L(K) = L(M) for any
MeK). Let

K™ = {(M, P): Pe P(M)"}, K = Un<o K™ .
Let k, I, m, n, p, q, r denote natural numbers.

Definition 2.1. For any L-model M, Pc P(M), @ ¢ | M|, @ a finite set of
formulas (X, -+, &, - - -) € L, anatural number %, and a sequence of natural
numbers k of length > n, define

t = th*((M, P, @), @)

by induction on n:
For n = 0:

t = {?(Xlly "'yxil’ "'): @(Xu cee, Ty "')eq)r M': @[Plp "'yaip "']} .
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Forn=m+ 1:

t = {th™(M, P, a"b): be | M[*™} .

Definition 2.2. For any L-model M, Pec P(M), a finite set ® of formulas
P(X,, -+, %, -+-)€ L, n, k of length = n + 1, define T = Th2((M, P), ®) by
induction on 7:

Forn = 0:

T = th{((M, P), ©).

For n =m + 1:

T = {Th2((M, P"Q), ®): Q € P(M)*™} .

Remarks. (1) If @ is the set of atomic formulas we shall omit it and
write Thi(M, P).

(2) We always assume k(i) = 1 for any ¢ < l(k), and k(0) = m, if Re
L(M) is mz-place.

(38) If we write k(i) for ¢ = I(k), then we mean 1, and when we omit &k
we mean {max Mg, 1, «--).

(4) We could have mixed Definitions 2.1, and 2.2, and obtained a similar
theorem which would be more refined.

LEMMA 2.1. (A) For every formula +(X)e L"(M) there is an n such
that from Th(M, P) we can find effectively whether M = +[P].

(B) For every L,k,n, ®Z L, and m there is a set ¥ = {y,(X): | <l(< ®),
UX) =m} (v, € L") such that for any L-models M, N and Pec P(M)™,
Q € P(N)™ the following hold:

(1) Th((N, Q), @) can be computed from {I < l: N E v,[Q]}.

(2) TrY(N, @), ®) = ThY(M, P), ®) if and only if for any 1<l,
M E y[P] = N & 4[Ql.

Proof. Immediate. In (A) it suffices to take for »n the quantifier depth
of .

LEMMA 2.2. (A) For given L, n, m, k, each Th}(M, P) is hereditarily
finite, and we can compute the set of formally possible Thiy(M, P),(P)=m,M
an L-model. The same holds for @.

®B) If O z2k0),1=p,<p<p:< -+ <p,=m and for 1si=
nk() £ 3, <isr, UJ) then from Thi((M, P), ®) we can effectively compute
Th((M, P), ®).

(C) For every n, k, 1 we can compute m such that from Th™(M, P), 0)
we can effectively compute ThY((M, P), D).

(D) Suppose in Definition 2.2 we make the following chamges: We
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restrict ourselves to partition P, and let Q be a partition refining P, which
divides each P; to 2™ parts. What we get we call p TR((M, P), ®). Then
from pTh((M, P), ®) we can effectively compute Thi((M, P), @), and vice-
versa.

(E) Let K, n, ® be given. If for every k there is an 1 such that for
every m, M, Ne K™,

Th!(M, ®) = ThX(N, ®) — Th2*'(M, ®) = Th"(N, )
then for every m, k there is an | such that for any m, M, Ne K™
Th}(M, ®) = Th}(N, ®) — Thy(M, ®) = Th}(N, ©) .

Remark. This is parallel to elimination of quantifiers.

(F) In (E), if in the hypothesis | can be found effectively from k then
in the conclusion, 1 can be found effectively from m, k. If in addition
{Th*(M, ®): Me K™} is recursive in k, m then {Th2(M, ®): Me K} is recur-

sive in p, k.
Proof. Immediate.

The following generalizes the ordered sum of ordered sets (which will be
our main interest) to the notion of a generalized sum of models. (Parts (1),
(2), (3) of the definition are technical preliminaries.)

Definition 2.3. Let L,, L,, L, be first-order languages, M; an L,-model
(for te | N|), N an L,-model, and we shall define the Lymodel M = } ] = M,
(the generalized sum of the M,’s relative to o).’

(1) An n-condition 7 is a triple (&, ®, ¥) where:

(A) E is an equivalence relation on {0, 1, ---, n — 1}.

(B) @ is a finite set of formulas of the form @(x;, ---, ;) where j,,
+++, J, are E-equivalent and <n; and @€ L,.

(C) ¥ is a finite set of formulas of the form +(;, ---, ;) where j,,
) jk <mn, "/’eLz-

(2) Ifay, +++, @y € Uie\y M, = (E, @, ¥) is an n-condition, a;, € M),

then we say <a,, ---, a,_,> satisfies 7 if:
(A) i) = i(m) = 1Em;
B) o, -+, x;)e ®= My, F ?la;, ---, @;l;
(C) "ﬁ‘(xl‘p ] xik) eVv=NE ’\/F[Z(jt), tt 7/(.71:)]'

(8) The rule, g, is {L,, L,, L,;, 6*) where ¢* is a function whose domain
is the set of predicates of L,; if R is an n-place predicate in L;, 0*(R) will be
a finite set of n-conditions.

" We assume, of course, that the |M;|’s are pairwise disjoint.

This content downloaded from 169.230.243.252 on Sat, 22 Nov 2014 00:43:08 AM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

Sh:42

THE MONADIC THEORY OF ORDER 391

(4) M= 37, . M isan Lymodel, whose universe is U,civ | M;|, and
for every predicate R € L;, R* = {{ay, *++, @n_r: {0, **+, @,y satisfies some
7 € o*(R))}.

Let @(0)(¥(0)) be the set of all formulas ®; € L,(0) (v, € L,(0)) appearing
in the o(R)’s, R € Ly(0), and the equality.

Remarks. (1) We use the convention that

EZEN (Mi’ Pi) = (E:e N Mi’ Uie-" pi)
where for P* = (P}, ---, Pi,>, U P: = (U Pi, ---, U: Pi).

(2) We could have defined the sum more generally, by allowing the
universe and the equality to be defined just as the other relations.

LEMMA 2.3. For any o, n, m, k, if for 1 =1,2, Pte P(MY™ and for
every 1€ N,

Thi((M:, P}), ®(0)) = Thi((Mz, P}), ®(0)) ,
then
Th3:. (ML, PY) = Th(X:. , (Mz, PY))

THEOREM 2.4. For any o, n, m, k we can find an 7 such that: if M =
Doren M to = Th((M, P), ©(0)), and Q, = {ie N:t, =t}, (P) = m, then
from ThX(N, «++, Q, +++), ¥(0)) we can effectively compute Th:(M, U, P,
(which is uniquely determined).

Definition 2.4. (1) For a class K of models
Th(K, ®) = {Th(M, ®): Mc K} .

(2) The monadic theory of K is the set of monadic sentences true in
every model in K.
(8) For any 4, K,, K,, let Cl°(K,, K,) be the minimal class K such that
(A) K,EK,
(B) if 5 <1(3), M,e K, Ne K, then ' M, e K.

elnN|
Conclusion 2.5. Suppose G, n, k, maregiven. L,(0,)=Ly(0.)=L, L,(0,)=
L,; L, L, are finite and each ®(c;), ¥(o,) is a set of atomic formulas. There
is an 7 such that for every K,, K,, from ThX(K;"*"), Th(K,") we can effec-
tively compute Th%(K™) where K = Cl’(K,, K,) (remember K = {(M, P):
Me K,, Pe P(M)™) (K, should be a class of L-models, K, a class of L,-models).

Proof. For every j < l(G) let # relate to &(j), », k, m just as 7 relates
to g, n, k, m in Theorem 2.4. Now choose an 7 such that for every Il < n,
7() = ri{).

Let T be the set of formally possible Thi(M, P), for M an L-model,
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I(P) = m, and we can define r(n + 1) = | Tl. Let T = {£(0), ---, t(p — 1)}
(sop=|T|=r(n+1)).

Clearly, by the definition of 77, and by (a trivial case of) 2.2 (B), if M =
Y M, t, = ThAM, P), Q, = {ie N: t, = t(l)}, l(P) = m, then from t =
Th3(N, ««+, Qi -+ +)i<, We can effectively compute Th}(M, U, P,), and denote
it by g(¢).

Now define by induction on I, T, < T.

Let T, = ThYK™), and if T, is defined let T,,, be the union of T, with
the set of ¢t € T satisfying the following condition:

(*) There is a t* € Th*(K;" ™) such that ¢t = g(¢*), and if ¢* implies that
@, is not empty, then t(l) € T,.

Remark. Clearly if ¢t* = Th¥(N, ---, Q,, ---) then from ¢* we can com-
pute Thy(N, ---, Q,, ---) and hence know whether @, = @.
Clearly T, T.CT,, --- ST so,as | T| = p, for some qg < p, Ty = Tqy,.
Now let
K, = {Mec K: for every Pe (P(| M)"Th*(M, P)e T.} .

Clearly Th*(K>) < T,, and we can effectively find T,. Nowif Ne K;, M;c K,
for ie N, and M = Y/ M,, then for any Pe P(| M|)", ThM, P)e T,., =
T, by the definition of T,,,, and M€ K by the definition of K, hence Me K,.
As clearly K, Z K, C K, by the definition of K = CI°(K,, K,) necessarily K, =
K. So it suffices to prove that Th}(Ky) 2 T,. (Take! = q.) This is done by
induction on /.

LEMMA 2.6. If M is a finite model, then for any @, n, k we can effec-
tively compute Thiy(M, ®) from M.

Remark 2.7. Naturally we can ask whether we can add to (or replace
the) monadic quantifiers (by) other quantifiers, without essentially changing
the conclusions of this section. It is easily seen that, e.g., the following
quantifiers are suitable:

(1) (3'X) —thereis a finite set X

(2) (3*'X) —thereisaset X, |X| <X\ (: a regular cardinal). When

dealing with ordered sums of linear order, also

(8) (@3X) —thereis a well-ordered set X

(4) (3,X) —thereis a set X, with no increasing nor decreasing se-

quence in it of length ) (\ a regular cardinal).

If we add some of those quantifiers, we should, in the definition of
Thi((M, P), @) state which Boolean combinations of the P,’s are in the range
of which quantifiers. If we e.g., replace the monadic quantifier by (3°X), we
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should restrict the P’s to sets of cardinality < .

Another possible generalization is to generalized products. Let M =
II;., M, (where L(M,) = L,(0), L(N) = Ly(0), L(M) = L)) means: | M| =
II,.. M), and if f,,---, foe M, M= R[f,,---, f.] if and only if N = 4z - -,
P, --.] where

P, = {ie N: M; = @F[f.(3), - -+, [»(@®D]}
(and @, is a first order sentence from L,(0), 4 2 monadic sentence from Ly(0)).
Then, of course, we use Th%(N, p), thy(M;, @), and thi(M,a). All our theorems
generalize easily, but still no application was found.

If not specified otherwise, we restrict ourselves to the class K,.q of models
of the theory of order (sometimes with one-place relations which will be
denoted, e.g., (M, P)). 0 = 0, is the ordered sum of ordered sets and is
omitted. Therefore (0) and ®(c) are the set of atomic formulas. For the
sum of two orders we write M, + M,. The ordinals, the reals R, and the
rationals Q have their natural orders. If M=Y ., M, we write Th(M, P)=
Y. Thi(M,, P,) where P = |J, P,. Let T(n, m, k) be the set of formally
possible Th%(M, P), M an order, [(P) = m.

COROLLARY 2.8. For any n, m, k there is 7 = 7(n, m, k) such that if
P, = {ie N:t, =t} for te T(n, m, k) then D .. x ti cam be effectively computed
from TthL(N; ] PM °* ')'

3. Simple application for decidability

Using Section 2 we shall prove here some theorems, most of them known.
We prove the decidability of the theories of the finite orders, the countable
ordinals ([B 5]), and show that from the monadic theory of X we can compute
effectively the monadic theory of K = {a: a < A} (this was shown for \ =
@, » = , in [B5]). We do not try to prove the results on definability and
elimination of quantifiers. For finite orders this can be done and the method
becomes similar to that of automaton theory. For w, {a¢: @ < w,}, , this can
be done by using the previous cases (e.g., for @ using the result on the finite
orders). We can prove the decidability of the weak monadic theory (with 3*
only) of the n-successors theory by the method of this section (Doner [D 1]
proved it). It would be very interesting if we could have proved in this way
that the monadic theory of the 2-successor theory is decidable (Rabin [Ra 1]
proved it).

In order to use Section 1 we should note

LEMMA 3.1. For any n, k, (N, P), the coloring fr on N is additive
where
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fi(@, b) = TR((N, P) ! [a, b)),
where (N, P) | [a, b) is a submodel of (N, P) with the universe [a, b) = {x €
Nia<u<b).
Proof. By Lemma 2.3.

Let us list some immediate claims.

LEMMA 3.2. (A) If for any n, k we can compute effectively Th(K), then
the monadic theory of K s decidable; and vice-versa.

(B) Ifthe monadic theory of K is decidable then so is the monadic theory
of K' where K' is the class of:

(1) submodels of models of K,

(ii) initial segments of orders from K,

(iii) orders which we get by adding (deleting) first (last) elements from
orders of K,

(iv) conwverses of orders from K,

(v) (M, P), Me K, Pe P(M)™.

Proof. Immediate.

THEOREM 3.3. The monadic theory of the class K;;, of finite orders is
decidable.

Proof. Let K, be the class of orders of cardinality n; up to isomorphism
K, has only one element, n. Hence by Lemma 2.6 we can compute Th}(K,).
Hence by Conclusion 2.5, for every =, k we can compute Th?(K) where K =
Cl(K,, K,). But clearly K is the class of finite orders. So by 3.2 (A) we finish.

THEOREM 3.4. The monadic theory of @ is decidable.

Proof. We shall compute {Th%(®, P): Pe P(w)"} by induction on =, for
every k, m simultaneously.

For n = 0 it is easy.

Suppose we have done it for n — 1 and we shall do it for =, m, k. By
the induction hypothesis we can compute Th}(w) for every 7, in particular
for 7 = #(n, m, k) (see 2.8). Now for any M = (w, P, ---, P,), by 1.1 we
can find an f?-homogeneous set {a,: 1 < ®} (a; < @;4,). So letting

t = T, P) 1 [0,a)), s= Thi(®, P)!| [a,a,) for i <j;
we have
Th(®, P)

Th (@, P) 1 [0, a)) + Xo,., Th(®, P) | [a,, a..,)
=t+ 2.8

As Th*(w) is known, by 2.8, we can compute Th%(M, P) froms, t. Now
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for any t, se ThYK), s# Th(0, P), Pe P(@)", there is an (w, P) such that
Thi, P) = t + 3, 5

As we know Th2(K) by 3.8, and can easily find whether s € Th(K#,) —
Th:({0}), we finish.

THEOREM 3.5. (A) From the monadic theory of A (A a cardinal) we can
compute effectively the monadic theory of K = {a: a < N},
B) Moreover every monadic sentence which has model a < \*, has a
model B < \°.
(C) (i) For every a < \' there is a B < N“"' 4+ N which has the same
monadic theory
(i) If ¢ < N and for every regular Y < \ there is a X' < p¢t such
that %, %' have the same monadic theory, then we can chose 8 < A\t + \*.°
(ili) If we could always find y < ¢ then B < \°t, and if A = @,
B < A+ Ao
(iv) Also, for every a < \*, there are n < W, Ay, +++, N, = N, Such
that the monadic theory of « is recursive in the monadic theories of \,, - -
Any and N; 18 @ regular cardinal.
(D) In general, the bounds in (B), (C) cannot be improved.

Remark. Biichi [B 5] already proved (B), (C) for A= and (B) for » = w,.

Proof. (A) Define K, = K, = {a: @ < \}; by 3.2(B) (i) and 3.2 (A) we
can compute Th%(K,) for every n, k and ¢ = 1, 2 (from the monadic theory
of N, of course). Hence by 2.5 we can compute Th2(K’) for every =, k, where
K’ = Cl(K,, K,). Clearly every member of K’ is well-ordered and has cardi-
nality < ». So up to isomorphism K’ K. We should prove now only that
equality holds. If not, let & be the first ordinal not in K’, and @« < A", If «
is a successor ordinal, « — 1€ K’; 1,2¢ K hence a = (¢ — 1)+ 1€K', a
contradiction. If « is a limit ordinal, its cofinality is <\. Let a = EMO a;,
T < N, &y < «; then 7, @, € K’ so @« € K’, a contradiction.

(B) Let us first show that

(*) Forevery n, k thereis ¢ = q(n, k) < ® such thatif &, B<\ , ¢f (@) =
¢f(B), and «a, g are divisible by \?, then Thi(a) = Thi(B).

For n = 0 it is immediate, and we prove it for n. By the pigeon-hole
principle thereare1 < 1 < p < 2| T(n, 0, k) | + 1 such that ThZ(\)) = Th2(\").
Clearly,

s

l —_ l l
M= 30 (VT .
Hence

8 In fact, B < M1 4+ M.
® In the first case < M.
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Thy(\'*) = TR, ., W+ A)] = X0, ., TR + 2\
= 3. [TRANY) + Thy(\)] = 33, ., [Thi (M)
+ Thy(N)] = 320, TR (N + W) = 33, Thi(\)
= 2. TR\ = Thy(35, M) = Thi(M) .

Hence we prove by induction onm, | < m < w that Thy(\™) = Thj(\*);
choose ¢ = q(n, k) =1 + 1. Let @, 8 < \* be divisible by A\? and have the
same cofinality, and we shall prove Thi(a) = Th}(B). Clearly it suffices to
prove Thi(«) = Thi(\'¢) where ¢t = cf(). Let us prove it by induction on
«, and let &« = A\, If ¥ = 7, + 1, then for v, = 0itis trivial, and for v, > 0

Thya) = Thy(\Y, + N9 = Thy(AY,) + Thiy(\9)
= Thi[N ocf(AY)] + Thi(M12)
= Thi[Nocf(AY) + N = Thi(\N*?) = Thi(\%\)
= Thi[\ecf ()] .
If 7 is a limit ordinal v = )

Th*(cx)

i<erin Yoo Vs < 7 @ successor,

Th%[)'q(z <ef(p) )] Thn(Ech(r) Nwi)
= EK”(T) Thy(\*7,)

= Emcf(r) Thi[\ o cf (N7))]

= Ei<cf(7) Thy(\) = Ei<cf(r> Thi(\%)

— T ef ()] -

So we have proved (*). Let us prove (B). Let @ < A* be a model of a
sentence v. Choose by 2.1 (A), n, k such that from Th*(8) we know whether
B8 E 4, and let ¢ = q(n, k), and let @ = A28 + 7, ¥ < A% Then

Thya) = Thi\"ocf(MB) + 7], and Nocf(MR) + 7 < AT+,

(C) Divide a by \* s0o a = \a, + a,, @, < \*. Let @] be 1 if «, is a
successor, and cfa, otherwise. Then A“a,, \“a] are divisible by \?*# for
every n, k and have equal cofinality. So by the proof of (B), for every =, k,
Thi(\°a)) = Thi(\»°aj). Hence \°a, + a,, \°a; + @, has the same monadic
theory, and \a] + a, < AM*N + A¢ = ATt 4+ A“. This proves (C) (7).

If ¥’ £ ¢ has the same monadic theory as «a] then \“a, + a,, Na] + a,
and )’ + «a, (which is <\“¢ + A\“) have the same monadic theories. If ¥’ <
# clearly vy’ + a, < A°p.

If x = w then ¢f(\“a,) = @ in any case, hence @ = w*a, + «,, and w° +
a, < ®* + »* has the same monadic theory. Every a < \* we can uniquely
represent as

a = \a + N, + -0+ Na, +aga, < N
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The monadic theory of « is recursive in the monadic theories of \, ¢f(A“a’),
a,, «-+, &. So we can prove inductively (C) (iv).

(D) Suppose » > w, \ is regular, and there is a sentence 4+ such that
a = 4 if and only if @ = A. Then there are sentences 4, such that a = 4,
if and only if @ = \*, sentences @, such that @ = @, if and only if « is
divisible by A", and sentence ® such that @ = @ if and only if ¢fa = \. Then
Aettis a model of {®, @,: n < w}. If @ is also a model of {®, ®,: » < w} then
A" divides « for every =, hence A divides a, so @ = \*B. If g is a successor,
cf(a@) = wbuta = @ so Bis a limit hence ¢f (@) = ¢f(B), s0 ¢cfB =X, 80 B= )\
hence a = \”oxn = \**', Similarly A\“*' + A" is the smallest model of its
monadic theory.

LEMMA 3.6. (A) In 3.5 (A) it suffices to know the monadic theory of {t:
© a regular cardinal < \}. So tf N is singular it suffices to know the
monadic theory of {a: a < \}.

(B) For every sentence +r, (1) there is a sentence @ (all in the monadic
theory of order) such that @ = @ if and only if & is a limit and cf (@) = &,
(2) there is a sentence characterizing the first ordinal which satisfies ¥ and
(3) for every n < w there is @, such that ¢ = @, if and only tf & is the n™
regular cardinal satisfying .

(C) There are monadic sentences @, such that o = @, if and only if
a=w,. If V=L there are monadic sentences @, such that & = @, if and
only if a is the n™ weakly compact cardinal.

Proof. (A) Immediate by 3.5 (C) (iv).

(B) (1) Let @ say that there is no last element, and for any unbounded
P there is an unbounded Q< P which satisfies 4 (if ¢fa = —1+ We can choose
Q as a set of order-type cfa; so @ = @. If ¢fa = — 4, let P be a subset of
a of order-type ¢fa; hence any unbounded Q & P has order-type cfea, so
aE —P).

(2) Immediate.

(3) We use (1) and (2) to define @, inductively. Let @, say that « is the
first ordinal whose cofinality satisfies v». Let ®,,, say that « is the first
ordinal whose cofinality satisfies 4 A =@, A -+ A — P,.

(C) For @, use (B) (3) for 4 saying « is an infinite ordinal. For @! use
(B) (3) and Theorem 0.1 (of Jensen).

4. The monadic theory of well-orderings
If a e (M, P) let
th(a, P) = (xe X:acP}U{re X;:a¢ Py}
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(so it is a set of formulas).
Let D, denote the filter of (generated by) the closed unbounded subsets of
a, cfa > o.

LEMMA 4.1. If the cofinality of a is >w, then for every Pe P(a)™ there
18 @ closed unbounded subset J of & such that: for each B < «, all the models

{le, P [B,M):ved, ef (M) = @, 7 > B}
have the same monadic theory.

Remark. Biichi [B5, 6.1, p. 110] proved Lemma 4.1 for « = w,, by a
different method.

Proof. For every n, k there is, by 1.1, 3.1 a homogeneous unbounded
»S a, by the coloring f7 of (a, P), so there is ¢* such that for every 8 <
velIr, Thi(a, P) | [B, 7)) = t2. Let J> be the set of accumulation points of
I, and J = N, 3 J7. Clearly J is a closed and unbounded subset of a.
Let 8 < «, and B} be the first ordinal > B in I?. Then for any 7€ J,
Y > B, ¢f(Y) = w, and for every n, k we can find v, € I, v, < Y,y lim, L, 7, =
7 and ¥, = B%. Therefore

Thi((e, P) | [8, ) = Th((e, P) | [B, BY)) + i<, THi(, P) 1 [74, 711))
= Thi((a, P) [ [B, BY) + e, th -
So, Th%((a, P) I [B, 7)) does not depend on the particular 7.
Definition 4.1. ATh%(B, (o, P)) for 8 < a, @ a limit ordinal of co-
finality > w is Th%((«, P) | [B, 7)) for every YeJ, ¥ > B, ¢f(7) = ®; where
J is from Lemma 4.1.

Remark. As D, is a filter, this definition does not depend on the choice
of J.

Definition 4.2. We define WTh(«, P):
(1) if « is a successor or has cofinality w, it is &,
(2) otherwise we define it by induction on n:
for n = 0: WTh(«a, P) = {t: {8 < a: th(B, P) =t} is a stationary sub-
set of a},
for n + 1: let WTh2*(a, P) = {{S«(Q), SQ)): Q € P(ax)k+"}
where '
5(Q) = WThife, P, Q) ,
S(Q) = {<t, $)1{8 < a: WThi((e, P, Q) | B) = ¢, th(8, P"Q) = s}
is a stationary subset of a}.

Remark. Clearly, if we replace («, P) by a submodel whose universe is
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a close unbounded subset of a, WTh%(a, P) will not change. Of course
W Thy(M) is well defined for every well-ordered model.

Definition 4.3. Let ¢f(a) > w, M = (a, P) and we define the model
gy M) = (a, g3(P)).

Let

(92P)), = (B < a: s = AThY(B, M))
and (when m = I(P))
g%(f_’) = (e, (QZ(P))” Ce e Tlam ) -

Remark. (1) In g%(P) we unjustly omit a, but there will be no confu-
sion.

(2) Remember T(n, m, k) is the set of formally possible Th:(M, P),
I(P) = m.

LEMMA 4.2. (A) ¢%(P) is a partition of .

(B) guP"Q) is a refinement of gi(P) and we can effectively correlate
the parts.

©) g’,%“(ﬁ) is @ refinement of g:(P) and we can effectively correlate the
parts.

(D) The parallels of Lemma 2.2 for Th, pTh, hold for WTh, pWTh.

Proof. Immediate.

THEOREM 4.3. For every n, m, k we can effectively find 7 = 7.(n, m, k)
such that: If cf(@¥)>w, M,= (¢, P?), (P*)=m for i=1, 2 and ATh*0, M,)=
ATh2(0, M,) and WTh(g(M,)) = WThXgx(M,)) then Thiy(M,) = Thi(M).

Proof. We prove by induction on n.

For n = 0, it is easy to check that Th3(M,) = ATh}0, M;) hence the
theorem is trivial.

Suppose we have proved the theorem for n, and we shall prove it for
n + 1. Suppose Q'ec P(a')**", and we shall find @*¢ P(a?*"*" such that
Thx(a!, P, Q') = Thi(a?, P*, @); by the symmetry in the hypothesis this is
sufficient. Let g2(P'"Q") = @*', g2 (P?) = P*, g»*(P?) = P**. Define 7(n +
1) = Yg2(P"Q7Y) = UQ*) and 7 | (n + 1) = ry(n, m + U(PY), k).

By the assumptions and Definition 4.2, there is Q** ¢ P(a?*"*" such that
(for our n, 7 and a?, P*%; a!, P*Y), S,(Q*) = S,(Q**) for I = 1, 2. (The nota-
tion is inaccurate, but should be clear.) So, for I = 1, we get WThz(a!, P*',
Q*) = WThi(a?, P**, @*?), and without loss of generality 0 e Q¥ — 0 Q%
(From now on we can replace 7 by 7 | (n + 1).) So by Lemma 4.2, forl =1, 2,
Q*'is a partition of @' refining P*!, hence for every B8 < @' there is a unique
si(B) such that B e Q5.
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Now, for I = 1, 2, choose a closed unbounded subset J; of &' such that:

(0) every member of J;, which is not an accumulation point of J;, has
cofinality w,

(1) for any s, if Q}' is not a stationary subset of @' then Q* N J, = @,

(2) if <Yy <aly B ved;ef(7) = w then

Thx((a!, PY | [B, 7)) = ATR2(B, (@, PY) (use Lemma 4.1) ,
(3) for every 7eJ, ¢f(7) = w,
Thr((a, PY) | [0, 7)) = ATh2Y(0, (!, PY),

(4) if QFNJ, =@, Bed,
then there are e J;, ¥ > B, s,(¥) = s such that {£e J;: 8 = & < 7} is finite,

(5) for any s, t, if {8 < ak:t = WTh(«, @*) ! B), s = Th(B, @*")}is
not a stationary subset of J;, then it is disjoint to J,.

Remark. Note that (5) just strengthens (1).

Now we define Q* by parts. That is, for every 8 < ve J, U {0}, 7 is the
successor of g in J,, we define @* | [B, 7) such that

s((8) = Th((a?, P*@) 1 [B, 7)) -
This is possible as by definition of s,(8), 8 € Q*%,, hence

81
s{(B) € ATh;H(B, (a2, P?) .
We now prove
(*) if < ved,U {0}, ¢f(7) = @, then
s((8) = Th((a?, P @) 1 [B, 7)) -

We prove it by induction on 7 for all g.

(i) By (0) the first ¥ > g,, ¥ € J, has cofinality w, and by the definition
of @ (*) is satisfied.

(i) Let B< &<, éed,, fornoled,, § <L <7, and £ has cofinality w.
Then by the induction hypothesis Thz((a?, P2, @) ! [, £)) = s:(5) and

Thi((e?, P, @) 1 [& 7)) = s(9) .
We should show that s,(8) + s,(6) = s:(8). So it suffices to find g’ < & < '€
Ji, 8(8) = 54B), ¢f& = w = ¢f?Y’, 5,(€') = s,(€); and by the definition of S, in
4.2 this is possible. As BeJ,, QX% is a stationary subset of a?, Qi isa

stationary subset of @', hence for some 5’'c J,, B’ € Qs hence s,(8")=s,(B).
As e d,

{Ce Qito: WThi(er, P*, Q*) = @}

is stationary, hence we can find & € J,, ch(&') = w, s,£') = s,(8).
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(iii) If 7 is an accumulation point of J, the proof is similar to that of (ii).
Choose &, m < @, B < &p < Epiy < 7, lim, &, =7, ¢f(£n) = @, and s,(5,) =
8:(5n+1) (use (4)). Then

Thx((a?, P%, @) | [B, 7)) = Thi((a?, P%, @) 1 B, £9)
+ Em<a) Th!l:((az’ PZ, QZ) f [Emy Em+1))
= 8(B) + Em<w 82(&0) -

We should prove this sum is s,(8), and this is done as in (ii).

(iv) There are ceJ, 8 < £ < 7, 7 the suceessor of £in J, and ¢f (&) > .

As before we can find 8’ <& <7’ € J,, 5,(8') = s:(8), WTh((e}, P**) | &) =
W Thi((a?, P*) } &), s,(&) = si(8), cf& > o, ¢f Y’ = w. So clearly

Thi((e2, P*Q) | [, 7)) = 8,(8) = su(&) = Thi((a, P, Q) [ [€, 7)) -

Now also

Thi((e?, P*, @) 1 [B, §) = Thi((a', P, @) I 8, £))
by the induction hypothesis on # and on 7.

So we have proved (*) and g3((a?, P?, @) = («?, @*).

Now by the induction hypothesis on = it follows that Thj(a’, P, QY=
Thi(a?, P, Q).

THEOREM 4.4. If ¢f (@) > w,

t, = WTh(g2(P)), t, = ATR(0, (@, P)), 7 = 7(n, UP), k)
then we can effectively compute Thi(a, P) from t,, t,.

Proof. The proof is similar to that of 4.3.

Conclusion 4.5. If \ is a regular cardinal, and we know ATh}0, \),
W Th*(\) (F = ry(n, 0, k)), then we can compute Thi(\).

LEMMA 4.6. If \ is a regular cardinal > w, 7 = r(n, 0, k), then, letting
T, = {Th(p): @ < pt <\, @ regular cardinal}, T, = {Thia):a < \}, we
can compute effectively ATh™0, \) from T,; and we can compute T, effec-
tively from T,.

Proof. Let T ={t, ---, t,}, and if t, = Th2(12) let t; = Th(1), ¢ = q(n, k)
(we can compute it effectively: see the proof of 3.5 (B) for the definition of
q(n, k)) and let t = ¢, + -+ + t], then

Y onent =t = AThY0, \) .2
Conclusion 4.7. Let \ be a regular cardinal. If the monadic theory of

{ar @ <A}, and {WTh;(\): n, k} are given then we can compute effectively
the monadic theory of A.

10 The second phrase is immediate by 3.6 B(3).
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LEMMA 4.8. For a regular N, {WTh*(\): n < w} and the first-order
theory of M* = (I_D(N)/D_;, u,n, —, @,1, .-+, Rl ---) are recursive one in
the other, where R} P, Q) holds if and only if

{8 < \: Be P, and for some n, t = WTh*((\, Q) } B)} # @ (mod D,) .

Remark. Note that for every ¢ there is at most one possible 7.

Proof. Immediate, similar to the proof of Lemma 2.1.

Conclusion 4.9. If the monadic theory of {«: @ < A} and the first-order
theory of M* are decidable, then so is the monadic theory of .

Using 4.9 we can try to prove the decidability of the monadic theory of
» by induction on \.

For » = @ we know it by 3.4.

For » = w, the R¢Vs are trivial, (because each B < w, is a successor or
¢f B = N, hence by Definition 4.3 (1), RF(P, Q) holds if and only if ¢t = @).
So it suffices to prove the decidability of (P(w,)/D., N, U, —, @, 1). But by
Ulam [U 1] this is an atomless Boolean algebra, so its theory is decidable.
Hence we reprove the theorem of Biichi [B 5].

Conclusion 4.10. The monadic theory of w, is decidable.

Now we can proceed to A = ®,. Looking more closely at the proof for
w,, we see that WTh(®,, P) can be computed from the set of atoms in the
Boolean algebra generated by the P, which are stationary subsets of w,; and

we can replace w, by any ordinal of cofinality w,. So all the Ry2can be defined
by the function F/D.,,,

F)={a<wyscef(@)=w,a—INw,¢D,}.
Conclusion 4.11. The first order theory of
M2 = (P(w,)/D., N, U, —, @,1, F/D.,,)
is decidable if and only if the monadic theory of w, is decidable.

Notice that F(I U J) = F(I) U F(J), and that for Mz to have a decidable
theory, it suffices that it have elimination of quantifiers. For this it suffices

(*) for any stationary A C {@ < w,: ¢f(a) = w} and B, C such that
F(A) = BUC there are stationary A’, B'’, A=A'UB’, ANB' =@, F(A') =
A(mod D,,) and F(B') = B(mod D.,).

Conjecture 4 (A). (*) is consistent with ZFC.

5. From orders to uniform orders

An equivalence relation E on ordered set N is convex if s Ey, v < 2z <
y € N, implies z E z, i.e., every equivalence class is convex. On N/E = {a/E:
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a € N} anatural ordering is defined. If Jis a convex subset of a model (M, P)
then th(J, P)is {l, s, s,» such that if there is no last (first) element in J, s, =
1 (s, = 1), if b is the last (first) element, s, = th(b, P) (s, = th(b, P)) (for defini-
tion, see the beginning of Section 4) and ! = min (| J|, 2).
Definition 5.1. (1) k(M) is the first cardinal £, such that neither £ nor
£* is embeddable in M.
(2) £(K)is Lu.b. {¢(M): Me K}.
Definition 5.2. We define for every n, k, the class Uy and UTh((M, P))
for Me U}
(1) Ur = {(M, P): Mis dense order with no first nor last element and
there are ¢, and a dense I = | M| such that for every a < be I:
t,= Thx((M, P) | (a, b)) and th(a, P)=th(b, P)}.
Now we define UTh(M, P) by induction on n.
(2) UThYM, P) = Thy(M, P).
(3) UTh*"(M, P) =<8, S, com) where
(A) S, = {UThy((M, P, Q): Qe P(M)**, (M, P, Q) e Uz},
(B) Before we define S,, we make some conventions:
(@) T[T is the set of formally possible th(J, P, J = &, and I(P') = I(P),
(UPY = UP) + k(n + 1));
B) T:=1{,s,t 80, s,syeTy,te T(n, (P) + k(n + 1), k)and | = 1 if
and only if ¢ is the “theory” of the empty model};
() If {, 8, 80T, {,s,t, siye Tsthen (I, s, s,) <, s1, ¢, s;) when: [ =
l'ands,=1=s=1,s,=1l=s;,=1ands, #1=35Cs], s, #1=35,C s};
() Atlastlet7=7(n,(P), k) be from 2.8, S,={UThx(M/E, P*, Q*): E a non-
trivial convex equivalence relation over | M|, (M/E, P*, Q*) e Uz, P* =
(+ve, P¥, «+er, where P¥ = {a/E:ac| M|, th(a/E, P) = t} and Q* =
(+++, QF, +++Dier, is a partition of | M|/E refining P* and ¢ = Qf, S P*
implies t(1) < t}.
(C) Com is + if Mis a complete order, and — otherwise.

LEMMA 5.1. (A) From Th:'*(M, P) we can check whether (M, P)e U?

and compute UThYM, P).
(B) Also the parallel to 2.2 holds.

LEMMA 5.2. For every demse Ne K, || N|| > 1, n, k, there is a convex
submodel M of N which belongs to U, || M| > 2.

Proof. By Theorem 1.3, and 4.1 (A).

LEMMA 5.3. Suppose N is a dense order, £(N) < Wi IS | N| isa dense
subset, and for every a <bel, t,= ThY(N, P) | [a,b)). Then there is t,
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such that

(1) for everya <be|N|, t,= TRY(N, P) | (a, b)).

(2) Moreover for every convex J< | N |, with no first nor last element,
¢, = Th((N, P) 1 J).

Proof. Clearly it suffices to prove (2). Choose a,€J N I. Now define a,,
0 <n < wsuch thata,eJ NI a, < a,,, and {a,: n < ®} is unbounded in J
(this is possible as k() = xl). Now define similarly, a, € J N I, n a negative
integer so that a,_, < @, < a, and {a,: » is a negative integer} is unbounded
from below in J.

So, letting Z be the integers,

def

Th%((N: P) ) J) = Enez Th%((N, P) I an, an+1)) = EneZtO =1t .

THEOREM 5.4. Let M be an order, k(M) = W,.

(A) Knowing t and that t = UThY(M, P), (M, P)e U we can effectively
compute F(t) = Th*(M, P).

(B) If (M? P')e Uy for i =1, 2, and UThY(M", P*) = UTkYM?, P*) then
Thy (M, P') = ThY(M?, P?.

Proof. Clearly (A) implies (B). So we prove (A) by induction on n.

For n = 0 it is trivial.

Suppose we have proved the theorem for n, and we shall prove it for
n + 1.

Let UTh%*(M, P) = (S, S,, com). We should find

T = {Th*(M, P, Q): Q e P(M)F+b} .

If te S,, then for some Q@ € P(M)**+", (M, P, Q) e Uy and t = UTh(M, P,
@), hence, by the induction hypothesis F(t) = Thx(M, P, Q), so F(t)e T. We
can conclude that T’ = {F(t): Te S} < T.

Now if t* € S,, then there is a convex equivalence relation £ on M, such
that t* = UTh2(M/E, P*, @*) where the conditions of S, are satisfied. If
Q% optep = D, and I > 1 implies ¢ € T then we can define @ € P(M) such that
for a/E e Qf 1.5

(1) UTw((M, P, Q) | int (a/E)) = ¢,

(2) th(a/E, Q) = (l, 8, S2)-

Remark. (1) can be done because by Lemma 4.3 (2), if int (a/E) = @
then

Thi((M, P) | Int (a/E)) = Thy™(M, P) = T .

Now clearly knowing t* we can compute

S(t*) = {t: Qheprep # @, t = THYD), for some s, s}
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where Q* is as above. We can also compute G(t) = Th(M, P, Q). We know
that te S,, S(t) < T, imply G(t) e T.

We know also that if (i) ¢ = Th*((M, P) | {a}) for some a € M, and (ii) ¢,,
t,€ T, then: 35 _ (¢, +t)e Tand >, . (t +t)e T, t, + t + t,€ Tandif com
is —, t, + t,€ T (where Z is the set o"fE %ntegers) (we use the facts that M is
dense, £(M) < W)).

Now let T* be the minimal subset of T(n, l(P), k) such that

@) T*2T',

(b) te S, S¢) < T* imply G(t) e T*,

(c) if t, t,e T*, ¢t = ThY(M, P) ! {a}) then ¢, + ¢ + t,e T*;

(d) if t,e T*, t, = ThY(M, P) | {a}) for some a € M then

Dosnce b+ )T, 30 _ (t +t)e T*;

nelZ

(e) ift, t,e T,, com is — then t, + t,e T*.

It is easy to see that as S, S, are given and T'(n, l(P), k) is (hereditarily)
finite and known, we can effectively compute T*. So it suffices to prove that
T = T* but as clearly T* < T it suffices to prove:

teT—teT*.

As te T, there is Q € P(M)*"* such that t = Th2(M, P, Q). Define the
equivalence relation £ on M:a Eb if and only if @ = b or, without loss of
generality we assume that ¢ < b, for every a,b'eM, a <a <b =0,
Th((M, P, Q) | (@', b')) e T*. Itis easy to check that E is a convex equiv-
alence relation over M. Now we shall show thatif a € M, int (a/E) = @ then
Th((M, P, Q) | int (a/E)) belongs to T*. Choose a, € a/E, and then define a,,
n = 0 such that a, < @,41, {@.: 0 < % < @} is unbounded in int (¢/E). With-
out loss of generality th(a,, P"Q) = s, for every n > 0. Hence

Th*((M, P°Q) | {x ¢ int (¢/E): a, < x})

= 2 znco L TR((M, P, Q) I (@, @nsr)) + Th(M, P, Q) | {@n:i})] -
By the definition of E, Th*((M, P, Q) | (@, @,.1))€ T*, hence by (d),
Th*((M, P, Q) } {zeint (a/E): a, < a}) e T*.
Similarly,
Th*((M, P, Q) | {zeint (a/E): z < a,})e T*.
So by (o),
Th((M, P, Q) | int (a/E))e T* .

Similarly, by (c), (e) in M/E there are no two successive elements, so

MJFE is a dense order.
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Define P* = (+++, Py yiapy +o0r @F = (+++, Q4 00py -+ +» such that
(1) a/Ee Py,,,, if and only if th(a/E, P) = {l, s, s.),
(2) a/E€Qf,, .., if and only if Th%((M, P, Q) ! int (a/E)) = t; and
th(e/E, P*Q) = (1, s,, s;).
By Lemma 5.2, (M/E, P*, Q*) either has only one element or it has an
interval (a/E, b/E) = @ such that (M/E, P*, Q*) | (a/E, b/E) e Ur.
Now we prove ¢ E b and so show that this case does not occur and E has
one equivalence relation, hence Th™(M, P, @) € T* and so we shall finish.
Leta < a’ < b < b, then let
J,={ce M:a'/|E < c¢/E<V|E},
J,={ce M:a’ < ceinta'/E)},
Jy={ce M:b' > ceint (b'/E)} .
By (b), Th{((M, P, Q) | J.)e T*; by (d) ThX(M, P, Q) I J;)e T* for i =
1, 3. Hence by (¢) and (e) Th*((M, P,Q) | (a’,b"))e T*. So a Eb, and we
finish.
THEOREM 5.5. (A) If k(K) < W, and for every Mc K, there is N¢e
KN U extending M, then from UTh»*(K) = {UTh3"'(M): Me KN U;*'},
we can compute Th(K). Hence if UTh"(K) is recursive in m, then the

monadic theory of K is decidable.
(B) Suppose £(K) = W, K is closed under M+ N, >, . M, >, ., M,

n=0

3o Mi are convex submodels and division by conver equivalence relations.
Then from UTRYK) (F = r(n, 0, E)) we can compute Thi(K). Hence if
UTh*(K) is recursive in m, then the monadic theory of K is decidable.

Proof. (A) Immediate.
(B) Essentially the same as the proof of 5.4.

Remark. Of course there are other versions of (B), e.g., for a class
of complete orders.

6. Applications of Section 5 to dense orders

Definition 6.1. Kj is the class of orders M such that no submodel of M
is isomorphic to @, or w}* or an uncountable subset of the reals."

LEMMA 6.1. (A) Kj satisfies the hypothesis of 5.5 (B). Also no member
of K is complete, except the finite ones.
(B) K has uncountable members, but M Kg implies || M| = Wi-

Proof. (A) Immediate.

11 Those are the Specker orders; we get them from Aronszajn trees.
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(B) The Specker orders. See e.g., [Je 1]*2 for existence.

THEOREM 6.2. (A) The monadic theory of K is decidable.
(B) All dense order from K, with no first nor last element, have the
same monadic theory.

Proof. Weshall show that for (M, P) e U(K), Pa partition, p U Th*(M, P)
can be computed from pUTh*(M, P) (hence the former uniquely determine
the latter). Then by the parallel to Lemma 2.2, (B) follows immediately and
(A) follows by 5.6.

So let t = pUTR(M, P) be given; that is, we know that P is a partition
of M to dense or empty subsets, Me U®, hence M is dense with no first and
no last element, Me K, and we know {i: P, # @}. So without loss of gener-
ality. P, = @ for every ¢ and also M = (&, P, is dense. Let pUTh'(M, P) =
(S, S,, com), so we should compute com, S,, S,.

Part (1) com: As Me K, and as clearly the rational order is embeddable
in M, M cannot be complete.

Part (2) S,: It suffices to prove that any dense subset P of M can be
split into two disjoint dense subsets of M.

So we shall prove more.

(*) If Mis a dense order, I< | M| is a dense subset ,
then we can partition I to two dense subsets of M. That is, there are J,, J,,
I=J, UJ, J,NJ,= @ and J, J, are dense subsets of M.

We define an equivalence relation E on I: @ E'b if, @ = b or there are
a,<a, b<b,and a,<a’ <b' <b,implies |[{ce [a"<e<b'}| = |{ce:a<c<b}|
(and they are infinite by assumption). Now for every E-equivalence class a/E
with more than one element, let A = [{a e I: b’ <a <c'}| for every b’ <c¢' € a/E.

Casel. |a/E|=Xx>0.

Then let {<b,, ¢,>: © < \} be an enumeration of all pairs <b, ¢) such that
b, cea/E, b <c. Define by induction on ¢ <\, a}, ai € a/E. If we have defined
them for 7 < 7, choose

ate{del:b, <d <e¢}—{akj<i},
ale{del:b,<d<e¢}—{aj:g=1}.

By cardinality considerations this is possible. Define J,(a/E) = {ai: i <\}.

Case II. \» < |a/E].

Then clearly |a/E| = A%, and we can partition a/E into A* convex sub-
sets 4,, 1 < A%, each of power . So on each we can define J,(4,) such that
J.(A), A; — Ji(A,) are dense subsets of 4,. Let J(a/E) = Ui+ Ji(4)).

12 There is some overlapping between S; and S..
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Case III. X =0, s0 |a/E| = 1.
Let J(a/E) = @. LetJ, = U,e: Ji(@/E), J, =1 — J..
It is easy to check that J,, J, are the desired subsets.

Part (3) S,: By (2) it suffices to find the possible UTh(M/E, P*), where
P* = (eee, P&, s s Plauy = {0/ E; thia/E, P) =, s, s:)}, and (M/E,
P*)e U(K); so W5 = {{, s, s,): Pl .« # @} contain all relevant informa-
tion. Clearly W, = @ and (I, s,, s,> € Wz =1 > 0 and we can also discard the
case (I, s, s,) € Wy=1= 1. Alsoif {l, s,, s,> € W, then {l, s,, s,) is formally
possible.

Suppose W satisfies all those conditions, and we shall find a suitable E
such that W, = W. Let W= {I%, s}, si>:1 < ¢ < w}. Choose a J<| M|,
countably dense in itself, unbounded in M from above and from below, such
that each P, N J is a dense subset of J, and for noa € | M| — Jis there a first
(last) element in {be J: b > a} ({b € J; b < a}). J defines 2% Dedekind cuts, but
as Mc K, only < W, of them are realized. Let {a,:n < ®} be a set of
representatives from those cuts (that is, for every a € | M| — J thereis n < @
such that [a, a,] or [a,, @] is disjoint to J). Let J = {b,: n < ®). Now we
define by induction on n a set H, of convex disjoint subsets of M, such that:

(a) H,< H,,,; H, is finite.

(b) If I, = I,e H, then I, < I, or I, < I, and between them there are
infinitely many members of J.

(¢) If Ie H,, I has no last element, then for every ae|M|—J, a > I,
there isbe J, I < b < a, and also J N I is unbounded in I.

(d) The same holds for the converse order.

(e) If I, < I,e H,, © < q then there are I¢ H,,, th(Z, P) = %, st siy.2

(f) a,, b,eU{: IcH,}.

(2) If Ie H, has a first (last) element then this element belongs to J. It
is not hard to define the H,’s. Clearly U, Usex, I = |M|. So define E as
follows:

a E b if and only if @ = b or for some n < w, Ie H,, a,bel.
It is not hard to check that W, = W. So we finish the proof.
Along similar lines we can prove

THEOREM 6.3. Suppose M is a dense order with no first nor last ele-
ments, M is a submodel of the reals, and for every perfect set P of reals,
PN | M| is countable, or even <2%. Then the monadic theory of M is the
monadic theory of rationals.

13 Also, I < I < I, and I,€ H, implies th(l,, Pew.
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Remark 1. We can integrate the results of 6.2, 6.3. Always some M
satisfies the hypothesis of 6.3. If 2% > W, any dense M R, | M| < 2%,
and if 2% = W,, the existence can be proved.

Remark 2. In 6.3 we can demand less of | M|: For all countable, disjoint
and dense sets Y, -+, Y, (n < w) there is a perfect set P of reals such that
Y,isdensein P for1 <71 <mand PN|M]|is < 2% (see Section 7 for definition).

The proof of 5.6 is easily applied to the monadic theory of the reals.
(We should only notice that R is complete.)

Conclusion 6.4: If we can compute the UTh"(R) for n < w then the
monadic theory of the real order is decidable.

Remark: Similar conclusions hold if we add to the monadic quantifier
(or replace it by) (3<*:X) (i.e., there is a countable X). Notice that if Fis a
convex equivalence relation over R, then {a/E: |a/E| > 1} is countable.

Grzegorczyk [Gr 1] asked whether the lattice of subsets of the reals with
the closure operation has a decidable theory. One of the corollaries of Rabin
[Ra 1] is that the theory of the reals with quantification over closed sets, and
quantification over F, sets is decidable.

By our methods we can easily prove

THEOREM 6.5. The reals, with quantifications over countable sets, has
a dectdable theory. (We can replace “X countable” by “| X | < 2% or “(VP)
(P closed nowhere dense — |P N X | < 2%0).”)

As every closed set is a closure of a countable set, this proves again the

result of Rabin [Ra 1] concerning Grzegorczk’s question. We can also prove
by our method Rabin’s stronger results, but with more technical difficulties.

7. Undecidability of the monadic theory of the real order

Our main theorem here is

THEOREM 7. (A) (CH) The monadic theory of the real order is unde-
ctdable.

(B) (CH) The monadic theory of order is undecidable.

The method gives some variation of this result.

THEOREM 7.2. (CH) The monadic theory of K,={(R,Q,,---,Q,): Q. SR},
where the set quantifier ranges over countable sets, 1 =< n, is undecidable.
(We can even restrict ourselves to sets of rationals.)

Let 2= be the set of sequences of ones and zeros of length =w; let < be
a partial ordering of 25“ meaning that it is an initial segment, < the lexico-
graphic order.
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THEOREM 7.3. (A) (CH) The monadic theory of (2%¢, =, <) 1s unde-
cidable.

(B) (CH) The monadic theory of K, ={(2%*, =,<,Q,,---,Q,): @, = 25},
where the set quantifier ranges over countable sets, 1 < m, 1s undecidable.
(We can even restrict ourselves to subsets of 2<¢).

Instead of the continuum hypothesis, we can assume only:
(*) “The union of < 2% sets of the first category is not R” .

This is a consequence of Martin’s axiom (see [Mr 1]) hence weaker than
CH, but also its negation is consistent, see Hechler [He 1] and Mathias [Mat 1]
and Solovay [So 1]): Aside from countable sets, we can use only a set con-
structible from any well-ordering of the reals. Remember that by Rabin
[Ra 1] quantification over closed and F, sets gives us still a decidable theory.

Conjecture TA. The monadic theory of (25, <, <), where the set quan-
tifier ranges over Borel sets only, is decidable.

This should be connected to the conjecture on Borel determinacy (see
Davis [Da 1], Martin [Mr 1] and Paris [Pa 1]).* This conjecture implies

Conjecture 7TB. The monadic theory of the reals, where the set quantifier
ranges over Borel sets, is decidable (by Rabin [Ra 1]).

Conjecture 71C. We can prove 7.1-7.3 in ZFC.

Theorems 7.1(A), (B), 7.3(A) answer well known problems (see e.g., Biichi
[B 5, p. 38, Problem 1, 2a, 2b, 4a]). Theorem 7.3(B) answers a question of
Rabin and the author.

Unless mentioned otherwise, we shall use CH or (*).

Notation. R denotes the reals. A perfect set is a closed, nowhere dense
set of reals, with no isolated points and at least two points (this is a some-
what deviant definition). We use P to denote perfect sets. Let 2 be an inner
point of P if x € P, and forevery ¢ >0, (x —¢, x) NP+, (x,c +e)NP+ Q.
Let DC R be dense in P if for every inner point x <y of P, there is an inner
ze PN D, x <z<y. Note that if D is dense in P, P is the closure of PN D.
Real intervals will be denoted by (@, b) where a < b, or by I; (@, b) is an in-
terval of P if in addition a, b are inner points of P.

LEMMA 7.4. Let J be an index-set, the D, (i € J) countable dense subsets
of R, and D = U,.; D;; and for every P, |DNP| < 2%, Then there is
QS R—D, Q=Q{D;:veJ}, such that

(A) if PNDED, (i€J) and D; is dense in P (P 1s, of course, perfect)

4 Meanwhile Martin proved the Borel determinacy.
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then |PN Q| < 2%y
B) if for no (interval) I of P, and i€ J, PNDNIZ D, but D is dense
in Pthen PN Q = ©@.

Proof. Let {P,:0 < a < 2%} be any enumeration of the perfect sets. We
define x,, a < 2% by induction on a.

For « = 0, 2, € R is arbitrary.

For any « > 0, if P, does not satisfy the assumptions of (B) then let
x, = x, and if P satisfies the assumptions of (B) let z,€ P, — U{P:: B < «,
@FieJ)P;NDZ D, and D is dense in P;)} = D.

This is possible because for any 3, 1, if P, D < D,, D is dense in P,,
P,NP, is a closed nowhere dense subset of P,. As otherwise for some in-
terval I of P,, P,NP, is dense in P,, so by the closedness of P;NP,,
P,NP,NI= P,N I; therefore

D,2P,ND2P,NIND,

a contradiction of the assumption on P,. So by (*) and the hypothesis
| P, N D] < 2% there exist such x,.

Now let @ = {x,: a < 2%}, If P satisfies the assumption of (A), then
Pe{P,:0 < a < 2%}, Hence for some o, P = P,, hence PND < {x;: B < a},
so |PND|< 2%, If P= P, satisfies the assumption of (B) thenx,¢ P,, z,€ Q,
hence P,N @ #+ @. So we have proved the lemma.

LEMMA 7.5. There isa dense D Z R and {D;: i€ J}, |J| = 2% such that

(1) |Dn P| < 2% for every perfect P.

(2) The D, are pairwise disjoint.

(3) D, < D, D, is dense.

Proof. Let {P,: @ < 2%} enumerate the perfect subsets of R, and let
{I.: » < w} enumerate the rational intervals of R, andif a =0 + n (n < ,
6 a limit ordinal) choose x, € I, — Us<o Ps—{2s: B<a} and let D={x;: B<2%),
D, = {Xpesn: m <O}

Notation. J will be an index set; [J]* = {U: U< J, |U| = =}, and if D,
is defined for 7 € J, let Dy, = U,y D;. Subsets of [J]*, i.e., symmetric n-place
relations over .J, are denoted by S; and if we know {D;:ieJ}, Qs will be
Q{D,: Ue S U [J]*'} from T7.4.

Definition 7.1. Let ¢,(X, D, Q, I*) be the monadic formula saying

(A) X is a dense setin I[* and X < D.

(B) For every interval IC I*,and sets Y,, i =1,n +1,if Y, NI X
and the Y, are pairwise disjoint and each Y, is dense in I then there is a

7

perfect set P, PN Q = &, and each Y,; N I is dense in P.
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Remark. We can represent the interval I, as a convex set.

LEMMA 7.6. Let D, {D;:i€J} be as tn 7.5, I* an interval, S < [J],
Qs = Q{D,: Ue SU[J]" '} asin 7.4. Then for any set X< R, R = ¢,[X, D,
Qs, I*] tf and only if

(A) X isdensein I*, X< D,

(B) for any interval I < I* there is a subinterval I, and Ue S U [J]*!
such that XN I, < Dy.

Proof. (I) Suppose R = @,[X, D, Qs, I*]. Then by (A) from Definition
7.1, X is dense in I*, X < D so (A) from here is satisfied. To prove (B) let
I Z I'* be an interval, and suppose that for no subinterval I, of I and for no
UeSuUJ]*, does XN I, < Dy, hold, and we shall get a contradiction. Now
we define by induction on I, 1 <1l < n + 1, distinet 7(!)eJ and intervals
I', 0<l<msothat I°=1I, I'"* < I', and X N D,y N I'is dense in I'.

If we succeed, in Definition 7.1(B), choose I*™ as I, and X N D,y N I™*
as Y;. So necessarily by ®,’s definition there is a perfect P such that
XND,,NI"" is densein P forl=1,n + 1, and PN Qs = @. But this
contradicts Lemma 7.4(B) by the definition of Q5. So for some l < n + 1 we
cannot find appropriate i(l + 1), I'*'. Soif we let Y = (X — U< Do) NI,
fornolt S I'andnoteJis YN D, NI dense; i.e., for every 1€J, YN D,
is nowhere dense.

If I = n, but {i1), ---, i(n)}¢ Slet D,,,NXNI'"=Y,UY,,, where Y.,
Y., are dense subsets of I', and Y; = XN D,,, NI', and we get a contradic-
tion as before.

If Y is not dense in I, it is disjoint to some IS 1%, so XNIt' < Ui Diy-
So U = {i(0), ---, i)} SUJ]*, XNI" < Dy, contradicting an assumption
we made in the beginning of the proof. Hence Y is dense in I'.

As (vieJ) YN D, is nowhere dense also for every finite US J, YN D,
is nowhere dense. So we can chose inductively distinet 7, € J and distinet
z,€ YN D, such that (%, 5. m < ®} are dense subsets of I, for 0 =k <
n+2. If welet Y= {%ramis: M <} for k <n + 1, by Definition 7.1 there
is a perfect P, such that Y? is dense in P, PN Q@ = @&, and we get a contra-
diction by 7.4(B) and the choice of the z,,’s.

As all the ways give a contradiction, we finish one implication.

(II) Now we want to prove that R = ¢,[X, D, Q, I*] assuming the other
side.

Clearly X € D, and X is dense in I* (by condition (A) of Lemma 7.6).
So condition (A) in Definition 7.1 holds. For condition (B) of that definition
let 1< I* be an interval, Y,NIZ X, Y, dense in I for k=1, n + 1 and
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kF#1l=Y,NY,= @. We should find a perfect P such that PN Y, is dense
in Pand PNQ = @. We can choose a Ue SU[J]* ™" and I, I so that
XNIZ D, (by the hypothesis). Choose a perfect P such that each Y, is dense
in P. As D is as in Definition 7.4, either case gives | PN D| < 2%,

(*) Now we can find perfect P, (o < 2%0) such thateachY, (1 <k=n+1)
is dense in P, and a # B implies P, N P, < Uil Y,.

Proof of (*). For 7 a finite sequence of ones and zeros X, will be a set
of closed-open intervals and singletons with endpoints in J3Z¢ Y, which are
pairwise disjoint. We define X, by induction on I(7). Let X, , = {[a, b)},
where a, be Y,, and if X, is defined, for each interval [a, b) € X,, choose a
decreasing sequence 2¥(¢ <®) whose limit is @, and z2;<b and xz;€ Y, if and
only if I() =kmodn + 1,1 <k <n + 1. Let, for m =0, 1,

Xorimy = {(®%y, 7): for some b, [a, b) € X, and ¢ = m mod 2}
U{{a}: for some b, [a, b) € X,, or {a} e X,} .
For 7 a sequence of ones and zeros of length w, P, = N, (U X;.,).

Because | PN D] < 2% for some a, P,N D < Uil Y,; so by 7.4 (and the
choice of Q’s), |P,NQs| < 2%. We can find P (8 < 2™) such that each Y, is
dense in P! and g% v=P:NP,ZUiliY,. So for some B, P:NQZ<

1Y, D, but @ € R — D hence P2NQ = O, and we finish.

Definition 7.2. Let 4,(X, D, Q, I*) be the monadic formula saying

4A) 2.X, D, Q, I),

(B) for any interval I, = I*, if Y is disjoint to X and dense in I, then
—2(XUY, D,Q, ).

LEMMA 7.7. Let D, J, D, S, Qs be as in 7.6. Then for any X< R
R = +,[X, D, Qs, I'*] if and only if

(A) X isdensein I*, X S D,

(B) for any interval I< I* there is a subinterval I, and UeS U
{(VelJI": (Vie (VU {i} € S)} such that X N I, = Dy N 1.

Proof. (I) Suppose R=+,[X, D, Qs, I*], then clearly condition (A) holds.
For condition (B) let I < I'* be an interval. By Definition 7.2(A), R = ¢,[X, D,
Qg,I%], hence by Lemma 7.6(1)(B), I has a subinterval I, such that XN 1, < D,
where Ue SU [J]*. If (D, — X)NI, is somewhere dense, let it be dense in
I,< 1, and let Y = (D, — X) NI, which gives us a contradiction to Definition
7.21)(B). If Ue[J]"*, and forsome ¢ € J, V= U U {i} € S, we can get a similar
contradiction by Y = (D, — X) N I, in the interval I, (as D, =D, — X, Y
is dense). We can conclude that : Ue S or Ue[J]*™" and U U {t}¢ S for
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every 1 € J and that (D,—X)N I, is nowhere dense. Hence for some I, C I,
Dy — X)NI,= @ hence XNI, =DyNI.

(II) Now suppose that conditions (A), (B) hold; by Lemma 7.6 it is easy
to see that R &= +,[X, D, Qs, I*].

Definition 7.3. Let x(D, @, I*) be the monadic formula saying:
(A) Disdense in I*, I* an interval;
B) if IC I*, X,Y are dense in I and

R ': "I’IIX’ D; Q; I] /\ "/’1[Y; D, Q’ I]
then for some I, C I,
XNYNI=g or XNI,=YNI.

LEMMA 7.8. (A) If D, {D;:ieJ}, are as in 7.5 then for any interval
I*, R = ulD, Q;, I*].

(B) If R = x[D, Q, I*] then we can find I < I*, and X;, © < @, such
that

1) each X, is a dense subset of I and R = +,[X,, D, Q, I],

2) 1+ j= X, N X; is nowhere dense,

3) if ,= I, and X S I, is dense in I, and R = +[X, D, Q, L]
then there are i < a and I, C I, such that XN I, = X, N L.

(©C) In (B), || is uniquely defined by D, Q, I.

Proof. (A) By 7.7 it is immediate.

(B) Let {X;: 7 < a} be a maximal family satisfying (1) and (2) for I = I*.
If for some interval I there are no subintervals I' and dense X* & XN I'such
that (V7 < ;) (X; N X* is nowhere dense)*® we are finished. Otherwise we can
choose inductively on n intervals I" Z I'* disjoint to U<, I* and XS XNI"
such that (Vi<e,), X, N X¥ is nowhere dense’, and such that J,, I" is dense
in I. Then we could have defined X, = Uu<. D, a contradiction.

(C) Easy.

Definition 7.4. Let x*(Q., D, Q, I*) be the monadic formula saying

(A) D is dense in I*, which is an interval.

(B) Suppose [,=I*, X; = I, l <m)and R = Ai<. v«(X:, D, Q, I,). Then
there is I, C I, such that for all I, & I,

R l= wn(Ul<n Xl’ Dr er Il) = 1/’1»(Ul<'n Xl, Dr Ql! I2) .

LEMMA 7.9. If D, {D,:i€J} are as in Lemma 7.5, S < [J]" then for
any interval I*, R = x"[Qs, D, Q, I*].

% and R Ev[X* D, Q, I'].
% and Rk ¥1[X* D, Q, I"].
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Proof. Immediate.

THEOREM 7.10. The set A, is recursive in the monadic theory of order;
where A, = {0: 0 is a first order sentence which has an w-model i.e., a model
M such that (| M|, R,) is isomorphic to (w, x + 1 = y)}.

Conclusion 7.11. True first order arithmetic is recursive in the monadic
theory of order.

Proof. It suffices to define for every first order sentence 6, a monadic
sentence G(0) so that R = G(6) if and only if 6 has an w-model.

By using Skolem-functions and then encoding them by relations, we can
define effectively the sentence G,(6) such that § has an w-model if and only if
G.(6) has an w-model and

G(0) = (VXy, +++, 20i0) @001 41, *+ 5 Tuw) (Vi Aibis) »
6.; iis [an atomic, or a negation of an atomic, formula; only the relations
R, ..., R, appear in it; R, is the equality; and R, has m(7)-places.
Define (where X, Y, D, Q are variables ranging over sets, I is a variable
ranging over intervals and z, y are individual variables):
(0) G(X, = X)) =(wI'cIHErcIHYX,NnI*=X,NI,
(1) GIR(Xiw)+++» Ximan)] = QY)Y S D — D*A ALY yo(Xy UY, D,
L I*) (for I < 0),
(2) Gz[_‘ R(Xiyy+ -y Xk(m(l)))] = Gz[Rz(ka, Ty Xk(m(l)))] (for1=0),
(3) Gy(0) = (VXn con, X)) @Xnw4y c 0y X.w)
(VI' S DEI* S I)[ ALY v(X, D, Q*, I*)A A1 X, < D*
— A0 Xy S D* N Ao (X, D, %, T*) A A: Vi Go(6:5)] -
(4) Let yx* be the conjunction of the following formulas:
(¢) D, D* are dense in I, D* < D,
(B) %(D, Q*, I),
(7) XXQi, D, Q*, I).
Let us denote
R(X,Y,Q, Q@ I)=(XZSD*ANYSD*ANXNY=Q A
vi(X, D, Q*, I'"ANv(Y, D, Q*N\, I'YANBRZ)[ZZD— D*A\+(Z, D, Q*, I')\
vo(XUZ,D,Q, I'')\v(YU Z, D, Q, I)]
and
0) ¥v(Xy, D, Q*, 1) AN X, = D* AN(VY)[v«(Y, D, Q*, I) NYZS D* —
@Y)R(Y, V)] A (YI' S (YY) = R(Y, X,, @}, Q4 I') A
(VY. Y, Y,)(VI' S D[E(Y, Y., Q) @, I) A By(Y,, Y, Q}, Q3 I)
—s (V'S I)ErC )Y, NI =Y, NnIY.
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(¢) The formula saying that if (6) holds when we replace Q!, Q2 by
Q!, Q? resp. then
(VX)) (VY)VI' < D[R(X,Y, Q, Q4 I') — R(X, Y,Q, @3, I)] .
(5) G(O) = 3Q*, D, D*, X,, ---, Q}, -+ )(VD[X* A\ Gi(0)].

Now we should prove only that  has an w-model if and only if R G(6).

(I) Suppose M is an w-model of 4, and without loss of generality | M| = w.
Let J = 0w + w, D,(t < ® + w) be countable, pairwise disjoint, dense subsets
of R. Choose symmetric and reflexive relations S; on w + ® so that

ME Rz, «-+, @) =— (Wew + o)Ay, x)eSiANyew).
To prove R = G(9), let D = Uicoro Diy D* = Uico D, Qi = Q53 X, = D,
and Q@* = Q... Let I be any interval. It is not hard to check that under
those assignments B = x* A Gy(9).

(II) Now suppose R = G(f). Let Q* D, D*, X,, Qi be such that R =
(VI)(X* A Gy(6)). By (4) (B), clearly R = (VI)X,(D, Q*, I). Hence by Lemma
7.8(B) there are I and D,, ¢ < a satisfying (1), (2), (8) from 7.8(B). As
R = (VI)(X* N Gi(6)), then in particular R = X* A Gy6). By (4)(0), R &
(X, D, Q*, I), so we can choose D, = X,. (See the proof of 7.8.) By (4)(d)
we can also assume that R = R,(D,, D,.,) for n < . By (4) (¢) necessarily
D, C D* =1 < w.

Let {j,: 1 < w} enumerate all sequences j = (j(1), - -, 7(n(0))) of natural
numbers. As R E Gy(f) for every j, we can choose X, = D;,.;), and so there
is an assignment X, — D"* for n(0) < 7 < n(1) showing that R = Gy(6). So
we can define by induction on % < ® intervals I, so that: I,., &I, I, < I,
and for every n(0) < ¢ =< n(1) for some j,(¢) < @, D**NI,., = D; o, N L,.,.

Now we define a model M: | M| = w, and M = R[j(1), ---, j(m(l))] = for
some n, R = AY)[YS D — D*A A™MY vo(D;nN Y, D, @, I)].

It is easy to check that R = 4.

Remark. By some elaboration, we can add to the definition of A, also
the demand

“R, is a well-founded two-place relation”

(also for uncountable structures). Thus, e.g., there are sentences 6,, such
that MA implies: R k= ¢ if and only if 2% = W,,.

THEOREM 7.11. The set of first-order sentences which has a model, is
recursive in the monadic theory of {(R, Q): Q S R} where the set-variables
range over subsets of the rationals.

Remark. Notice that a quantification over P such that D is dense in P
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can be interpreted by a quantification over PN D, as the property “z in the
closure of X is first-order. Hence ®,, 4, are, in fact, in our restricted mo-
nadic theory.

By 7.10, 7.11, Theorems 7.1, 7.2, and 7.8 are in fact immediate. Theorem
7.1(B) can also be proved by the following observation of Litman [Li1], which
is similar to 3.6(B) (1):

LEMMA 7.12. The monadic theory of the real order is recursive in the
monadic theory of order.

Proof. For every monadic sentence 6 let G() be the monadic sentence
saying:

“If the set X is completely ordered, is dense and has no first nor last ele-
ments then some Y € X has those properties and in addition (Y, <) E 6.”

As every complete dense order contains a subset isomorphic to R, and
any complete dense order CR with no first nor last element is isomorphiec to
R, clearly R = G(6) if and only if ¢ is satisfied by all orders so our result is
immediate.

Conjecture TD. The monadic theory of R and the (pure) second-order
theory of 2% are recursive in each other.”

Conjecture TE. The monadic theory of {R, Q): Q< R} with the set-
quantifiers ranging over subsets of the rationals; and the (pure) second-order
theory of ¥, are recursive in each other. Gurevich notes that if V' = L the
intersection of 7D, E holds.

Conjecture TF. The monadic theory of order and the (pure) second-order
theory, are recursive in each other.

In conjectures 7D, E, F use (*) or CH if necessary.

Conjecture 71G. If D, is a dense subset of R, and for every P, | PN D,| <
2%, for | = 1, 2 then (R, D,), (R, D,) have the same monadic theory.*

THE HEBREW UNIVERSITY OF JERUSALEM
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