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ON THE ELEMENTARY EQUIVALENCE OF AUTOMORPHISM GROUPS
OF BOOLEAN ALGEBRAS; DOWNWARD SKOLEM LOWENHEIM
THEOREMS AND COMPACTNESS OF RELATED QUANTIFIERS

MATATYAHU RUBIN AND SAHARON SHELAH

Abstract.

THEOREM 1. (O ,) If B is an infinite Boolean algebra (BA), then there is B, such that
|Aut (By)| < |B,| =N, and {(B,, Aut (B,)>=<{B, Aut(B)).

THEOREM 2. (Ow,) There is a countably compact logic stronger than first-order logic
even on finite models.

This partially answers a question of H. Friedman. These theorems appear in §§1
and 2.

THEOREM 3. (a) (O w,) If B is an atomic 8,-saturated infinite BA, ¢ € L,,, and {B, Aut
(B)) =¢ then there is B, such that |Aut(B,)]| <|B,|=R8, and {B,, Aut(B))>E=¢. In
particular if B is 1-homogeneous so is B,. (b) (@) holds for B= P(w) even if we assume
only CH. :

Introduction. The basic constructions in this paper appear in Theorems 1.2, 2.5
and 3.1; they have the following aim: given a complete theory T, which contains a
certain small part of set theory, construct a model M of T of power &;, such that
every function from | M| to | M| with certain properties is definable in M.

In applying these constructions we have three options: (1) Apply the construc-
tion to a theory T that has exactly the required properties, and then if 7 does not
have definable automorphisms we can obtain a rigid model of T.

(2) Apply the construction to a theory T, which in addition to the set theory
required for the construction, contains also some comprehension axioms. Here we
obtain a model of T in which every automorphism is “inner”. For example, let
H;: be the set of all sets which are hereditarily of cardinality < A. We obtain a
model M = {(H;:, &) of power &;, such that every permutation n of A¥, 7 belongs
to M|, provided it has the following property: for every a: |[M| 3 a = AM implies
n(a) e |M|.

(3) We can consider of course theories T which do not have the required set
theory for the construction. In such a case we will first expand T to include the
needed set theory and then apply the construction.

Typical examples of this application are Theorems 1 and 3 in the abstract.

In fact it is this direction in which we obtain more interesting results.

Theorems 1 and 3 can be regarded as a counterpart of [R1], [R2], [M] and [S2].

In [M] and further in [S2] it is shown that many symmetric groups are categorical
in the class of symmetric groups. Every symmetric group is of course the automor-
phism group of a BA. Our theorems show under {y that no infinite symmetric
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group is categorical in the class of automorphism groups of BA’s; moreover,
Sym(#%), which is an automorphism group of a 1-homogeneous BA, is not even
categorical in the class of automorphism groups of all 1-homogeneous BA’s.

In [R2] assuming ¥ = L it was shown that every automorphism group of a
countable BA is categorical in the class of automorphism groups of countable
BA’s. This paper shows, on the other hand, that no automorphism group of an
infinite BA is categorical in the class of automorphism groups of all BA’s.

In [R1] it is shown that if B is an atomic BA that has some homogeneity proper-
ties then in Aut (B) one can interpret e.g. the sets of finite sets of atoms of B.

Let B, be the BA of finite and cofinite subsets of w. Let By  Bybea BA such
that Aut(B;) = Aut (B,); the existence of such a BA follows from this paper; then
in Aut (B,) the set of finite sets of atoms cannot be interpreted.

A method for constructing models with certain second-order properties usually
gives rise to a compactness theorem of a certain generalized quantifier. This is also
the case here.

Suppose y is a sentence in the language of (B, Aut(B); <, Op). Let (Q,xy)
(¢(x, y, r))mean that {{x, y) | k= ¢(x, y, #)} is a partial ordering < of its domain
A such that (4, <) is a BA, and

(A4, Aut({4, =3); <,0p) k= g.

In 2.9 we prove under <, that the language containing all the above quantifiers
is countably compact.

In fact, Shelah [S3] proved that in §§1 and 2, Oy can be replaced by CH. As-
suming A% = 1and O;+ Shelah[S1]also proved the analogues of the theorems in §§1
and 2 gotten by replacing 8; by A*. This yields, e.g. under V' = L, that the above
language is compact.

Let y be the sentence saying that B is atomic, and there is f € Aut(B) such that f
moves every atom of B and f2 = Id; then Q, is stronger than first-order logic on
finite models. This partially answers a question by H. Friedman (see [F] and [S1]).

THEOREM (SHELAH). (Oy,) Let F be an ordered field then there is an ordered field
Fl such that |Aut(F1)| < IF] l =N and <F1, Aut(Fl), +,-,<, Op) =
(F, Aut(F); +, -, <, Op).

The proof of this theorem appears in {S3].

The questions about Boolean algebras answered in this paper were raised by
Rubin, and these questions initiated this work.

§1, in which the case of atomic BA’s is dealt with, is essentially due to Rubin
who proved it for the algebra P(w). Shelah noted the generality of the proof. §2,
dealing with general BA’s, and §3, about the second category method, are due to
Shelah. Lemma 2.3 is due to Rubin.

§0. Notations. Sef theory. a, b denote finite sequences. |4] is the cardinality of 4.
S;(4) = {B| B < A4 and |B| < A}, so S,(A4) is the set of finite subsets of 4. 24
denotes the power set of A4, regarded as a topological space, with the product to-
pology; that is, a base for the topology is {V,,| 01, g2 € S,(4) and 5, N 07 # B},
where V,,, = {B|B< 4,0, < Band B (] 0; = @}.

Model theory. M, N denote models, always with equality. | M| is the universe of
M. If M is a model then L(M) denotes the language of M ; if T is a theory i.c. a set
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of sentences, then L(T) is the language of T. Th(M) is the set of all sentences of
L(M) true in M. CD(M) is the complete diagram of M, i.e. add constants to re-
present all the elements of |M|, and CD(M) is the set of all sentences in this ex-
panded language true in M. If R e L(M) is a relation or function symbol then RM
is the interpretation of R in M. So for example if < € L(M) then a < M) means
{a,bde < M if ee L(M) then a ¢Mb means {a, b) € eM. Let ¢(x, x1, ..., x,) €
L(M), a = <ay, ..., a,y € |M|" then o(x, &) = {b| M = ¢[b, a]}. Let 0 < k <
wand A c M|k A is said to be a definable set in M if there is a formula ¢(x, 7)
in L(M) and a e |M|* such that 4 = {b] M k= ¢[b, a]}. In this notation it is
implied that 4 and y have the same length n and the length of x is k. So when we
say “‘definable” we mean definable with the aid of parameters from M. M = N
means Th(M) = Th(N), that is, M and N are elementary equivalent. M < N
means M is an elementary submodel of N. M =~ N means M is isomorphicto N.
Aut(M) denotes the automorphism group of M, as well as its universe.

If P < |M|* then (M, P) denotes the expansion of M in which a relation symbol
is added to represent P. Usually P is going to be just a subset of M.

Let M,, ..., M, be models in pairwise disjoint languages and R, ..., R, are rela-
tions or functions on (&, |M,| then (M, ..., My; Ry, ..., R;) is the model with
universe Uf=1 |M,], and whose relations and functions are those which appear in
M, i=1, ..k, and in addition: Ry, ..., R;, equality and unary predicates to re-
present each |M,|, i = 1, ..., k. Sometimes some of the M/’s or all of them are re-
placed by sets U;, then we regard U, as a model with the only relation being the
equality relation, and the previous notation is still valid.

Suppose for example that N = (M, U; R) and N; = N. Then M1 denotes the
model whose universe is the interpretation in N, of the unary predicate that re-
presents |M| in N; the relations and functions of M7 are the interpretations in N;
of the symbols of L(M). UM is the interpretation in N; of the unary predicate that
represents U in N.

Aut(M) is regarded as a model with the binary operation of composition <. Let
us define the relation Op on M| U Aut(M): {f, a,b> € Op iff f € Aut(M), a, b e
|M| and f(a) = b. The notation {M, Aut(M)) always abbreviates the longer no-
tation {M, Aut(M); Op). The same abbreviation is used when instead of Aut(M)
we have En(M) the set of endomorphisms of M or other sets of functions from
IM| to |M]|.

Boolean algebras. A ““BA” is an abbreviation for a Boolean algebra. B, C denote
BA’s as well as their universes. We regard BA’s as models of the type: (B, =)
where < is the partial ordering of B. 0, 1, {J, (), — are the constants and opera-
tions of a BA which are defined by means of its partial ordering <. At(B) denotes
the set of atoms of B. If B is an atomic BA and b € B, let b denote {a| a € At(B)
and a € b}, so b — b is the natural embedding of B in the power set of At(B).

§1. The case of atomic BA’s. In this section we will prove the following theorem.

THEOREM 1.1. (O;,l) If B is an infinite atomic BA, then there is a BA, B, such that
|Aut(B;)| < |By} = R and {B;, Aut(B,)) = (B, Aut(B)).

In fact we will prove stronger and more general theorems; they all follow from
Theorem 1.2 or from its proof. Theorem 1.2 is, thus, the essential theorem in this
section.
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THEOREM 1.2. (Oy,) Let T be a countable theory which has an infinite model, P be
a unary predicate, ¢ and Cr be binary predicates. Suppose T has the following proper-
ties: (1) T implies that every finite subset of P is represented by ¢, that is for every n

T Vx - x, (/z\1 P(x}) - IpV2(zey \:/1 (z = x,.))).

(2) T implies that Cr is the ordering of finite cardinalities of subsets of P, that is for
everym<n< w

Th Vi - oo (A PO A APOI A A\ G # 3) A

s<j<m

1s.'4>5n (; # ¥)) A Vz(zex <—>i_\_m/1(z = x;)) A Vz(zey <—»i=\”/1(z = y,~))> -
Cr(x, y)) A VxVy — (Cr(x, y) A Cr(y, x)).

Then there is a model M of T such that:

(@) 1M = &,

(b) If = is a permutation of PM such that for every x € |M| there is y e |M| such
that Vz(zeMx iff n(z)eMy); then & is definable (possibly by parameters) in M.

(b*) If A is a definable subset of M, w: A — PM, and for every x € |M| the set
77 1(x) =% {y| y € A and n(y)eMx} is definable, then x is definable.

Obviously (b*) implies (b).

We first state the corollaries of 1.2.

DEFINITION. Let 4: B — C be a homomorphism from B to C; we say that A is
complete if for every A = B and a € B if a is the supremum of A, then A(4) has a
supremum, and h(a) is the supremum of A(A). Note that every onto endomorphism
is complete. Let End(B) be the semigroup of complete endomorphisms B.

Theorem 1.1 is a corollary of both 1.3 and 1.4.

CoROLLARY 1.3. (Oy,) If B is atomic and infinite, then there is By such that
|End(B;)| < |Bil = Ry, and {B, End(B)) = {Bi, End(B;)).

Proor. We show how 1.3 follows from 1.2. Let My = (B, End(B), Cr, P, &)
where Cr € B x Band {a, b) e Criff |d| < |b|, P = At(B)and a ¢ b iff a € At(B),
b e Band a c b. Certainly Th(M,) satisfies the assumptions of 1.2. So let M be a
model of Th(M;) as in 1.2. Denote B, = BM, H = (End(B))¥. We show that
H = End(B,). :

Clearly there is a sentence in Th(M,) saying that every element of End(B) is an
endomorphism of B, so since M = M, every element of H is an endomorphism of
B,. For atomic BA’s there is also a formula ¢(#) saying that / is complete, namely

¢(h) = (Vae B) (Vx € A(B)) (x € h(a) — Ay € a) (x € h(»))).

So M, = (Vh € End(B))p(h); so this holds in M, too; so every element of His a
complete homomorphism. Suppose # € End(B)). We show that ke H. Let h: At(B))
— At(B;) be defined as follows: /(x) = y iff A(y) > x. Since h is complete, 1 =
h(1) = () h(At(By)); that is h(At(B,)) is a partition of B, so Dom(k) = At(B,). Let
A = At(B)), = = k; then £ satisfies the conditions of (b*) in 1.2. So 4 is definable
in M; so h is definable in M, say ¢(x, y, ¢) defines 4. In M, the following schema
holds: “for every @: if ¢(x, y, &) defines a complete homomorphism of B then there
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is h € End(B) such that Vxy(h(x) = y & ¢(x, y, #))” ¢(x, y, &) ranges over all
formulas in the language of M;. So this schema holds in M and in particular it
assures that there is s, € H such that M = Vxy(h(x) = y « ¢(x, », ¢)) so hy =
h.So H = End(B,). So (B, End(B)) = (B, End(B,)). Q.E.D.

Theorem 1.1 is a special case of the following corollary.

COROLLARY 1.4. (Oy) Let N = (B, = , Ry, ..., R,) where (B, <) is an infinite
atomic BA, and N is an expansion of (B, =) in a finite language; then there is
M=N such that |Aut(M)| < M| = 8 and {M, Aut(M), Aut(B¥)) = (N,
Aut(N), Aut (B)).

PRrROOF. Repeat the proof of 1.3 replacing everywhere End(B) by Aut(¥).

DErINITION. If Ay, A; = |M|*, we say that A; and A4, are separable in M if there
is a formula (%, ), such that for every @ € 4;, M = ¢[a, €], and for every g € A4,,
M = — p|a, &]; otherwise 4,, A, are called inseparable in M.

Explanation of the proof of 1.2. We will construct an elementary continuous chain
of countable models of T, {M,|i < 8;}. At the ith step of the construction we will
be given a definable set 4 of M, and an undefinable 7: 4— PMi which fulfills the
condition of 1.2(b*). We wish that in M, it will be impossible to extend z toa
function that still fulfills the conditions of 1.2(b*). This will be accomplished in the
following way: in M,,, there will be a new element @, which will represent a subset
D of PMix1i. We will take care that z=1(D (| |M?]) and z1(P¥: — D) will be
inseparable; more precisely, the sets D, = {y|y € 4 and n(y) ¢+ a} and D, =
{ylye A and n(y)¢M++1 a} will be inseparable. This of course will assure that if
# 2 = then #~(q) will not be definable, since if ¢(x, ¢) defines #~1(a) then it also
separates D, and D,. Of course in order that in later stages in the construction it
will be impossible to extend z to a function that satisfies (b*), we have to keep
D, and D, inseparable forever. So in every step of the construction we will have
also a countable set of previous obligations of the type: “for some inseparable
Dy, D, of M; keep Dy, D, inseparable in M,,,”. Now in order that finally all the
undefinable z’s will be “killed” we will use Oy,.

The key Lemma 1.5 describes the construction of M, from M,.

LemMa 1.5. Let M be a countable model such that Th(M) satisfies the assumptions
of 1.2. Suppose that {{D}, D¥)| i € w} is a set of inseparable pairs in M, A is a de-
fiable subset of (M|, m: A - PM is undefinable, but for every x € PM, n71(x) is
definable; then there is N and ae |N|, such that M < N, |N| = Ry, for every
i€ w, D}, D} are inseparable in N and {x| x € A and n(x)eNa} and {x|x € A and
n(x)gNa} are inseparable in N.

Proor. We will regard the elements of | M| as representing subsets of PM, so we
will use the usual set-theoretic operation symbols for elements of |M|. For example:
if b, be [M|{and ¢ < PM, ¢ < b, will mean ¢ < {x|x € P and xeMb,}, and b,
N b, = @ will mean {x|PM 3 xeMb,;} N {x|PM e xeMb,} = @, etc.

Let Ty be the complete diagram of M. Suppose ¢(x, @) € L(Tp) and ¢ is a subset
of PM; we say that ¢(x, 4) is independent outside g, if for every pair (¢!, 2) of
finite disjoint subsets of PM — g there is ¢ € |[M| such that M = ¢lec, 4] and
c2¢landc N o2 = @.

We say that ¢j(x, @) is nowhere independent if it is not independent outside any
finite set.

We will construct N by a Henkin type construction. Let a and {a,| i € w} be con-
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stants not in L(Ty) and L = L(Ty) U {a} U {a;] i € w}. Let ¢(3, a, a;, ..., a;,
¢, ..., ¢,) be a formula in L where ¢y, ..., ¢, € L(Ty) and q;, ..., g, is the list of
all elements of {g, i € w} occuring in ¢; define $*(x) = Ax;, ..., x;, (F; X, X, ...,
X;p C1s---» C,). We define by induction theories T, and finite subsets of P¥, g,
such that T, = Ty, U {¢(a, 4, ¢)} and ¢} is independent outside g, We will
take care that 2 = U,,E,,, T, will be a complete diagram of a model whose universe
is|M| U {a} U {a,lie w}. We will have a countable list of tasks to be accom-
plished along the construction of the 7,’s. There will be four kinds of tasks:
(D) given a sentence ¢ in L, decide whether pe Jor — ¢ € J; (I) given a sentence
Axp(x) in L, if it is provable from T,, choose an a; which does not occur in T,
and add to T, the sentence ¢(a;); (II) given (D}, D?) and a formula y(y, a, 4, ¢),
take care that y(y) will not separate D} and D?; (IV) given x(y, a, 4, ¢) take care that
¥(») will not separate {x|4 5 x and z(x)ea} and {x|x € 4 and n(x)ga}.

So let {s,li € w} be a list of all objects of the following forms: (I) ¢ where ¢ is a
sentence of L; (II) {(Ixp(x), I) where Ixp(x) is a sentence in L; (1IN i, x(y, a, 4,
¢)) where i € w and y is a formula in L with one free variable (this will designate
the task: “take care that y(y) will not separate D} and D?”); (IV) x(», a, 4, ¢) where
x is as in(III). We can regard Ty = Th(M) U {@ = a} and ¢, = @, so the induc-
tion hypothesis holds. Suppose T, = Ty U {¢(a, 4, ¢)} and ¢, have been defined
so that ¢, © PM is finite and ¢} is independent outside g,. Suppose that s, =
¢(a, a) is of type (I). If (¢, A p)* is independent outside some finite set o, define
T, = To U {¢, A ¢} and g,;; = 0, otherwise we define T,,; =Ty U {¢, A ¢}
and g,,; = 0, We show that (¢, A —¢)* is independent outside g,. If not then
there are disjoint finite subsets of PM — g, g! and o2, such that for no b e |M]|:
M= (¢, A T 9)*[b], and ¢! < b and 62 b = . Notice that ¢} is logically
equivalent to (g, A ©)* V (¢, A —p)*. Let g3, o* be disjoint finite subsets of
PM — g, — g! — ¢%, so by the independence of ¢% outside o,, there is be M|
such that M = ¢¥[bland ¢! U ¢® = b and (6% U ¢*) N b = @; by our assumption
ongland g% M k= (Ox A Tp)¥[b], 50 M = (f, A 9)*[b], hence (¢, A ¢)* is in-
dependent outside ¢, U ! U ¢?, contrary to our assumption. So (J, A —p)*
is independent outside g,, and the induction hypothesis holds. We have actually
proved:

(*) if o is finite, ¢* is independent outside ¢ and (¢) A ¢)* is nowhere independ-
ent, then (¢ A —¢)* is independent outside ¢.

It is easy to define T, y, 0,41 When s, is of type (II).

Suppose now that s, = <i, x(y, a, 4, ¢))>. We say that a pair of elements of |M]|,
<by, by, is a “‘prevention” of ¢(x, ¢) € L(Ty)outside g, if by, b, and ¢ are pairwise
disjoint, and for nobe [M|: M = ¢[b, ¢)and b; € b and b | b, = @. Wesay that
a pair of elements of |M|, {by, b3, is finite if both b, and b, represent finite subsets
of PM (relative to ¢M), otherwise we say that (b, b) is infinite. It is easy to see that
there is a formula Cry(x;, X2, 1, y2) in L(T)such that Cr,[b,, b3, ¢;, ¢z] holds in M
whenever {b;, b;) is finite and {c,, ¢;) is infinite, and it does not hold in M when-
ever {b,, by) is infinite and {¢;, ¢, is finite.

Using the fact that D}, D? are inseparable in M, we will show that: either (i) there
is dy € D} such that (¢, A —x(d}, a, 4, ¢))* is independent outside some finite set
o'; or (ii) there is d, € D% such that (¢, A x(dz, a, a, €))* is independent outside some
finite set g2.
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If (i) holds, define T,,; = Ty U {¢, A —x(d))} and g, = ol; if (ii) holds,
define T,,; and ¢,,; analogously. This obviously assures that y(») will not sep-
arate D} and D% in N.

Suppose neither (i) nor (ii) hold. Let a(y) be the formula saying: (¢, A x)*
has prevention {b;, b,) outside g,, such that for every prevention {c;, cz> of
(¢n A —x)* outside g,, Cry(by, by, ¢, ¢z). (Of course a(y) has parameters.) We show
that a(y) separates D? and D!. Suppose d e D2 Then (¢, A y(d))* is nowhere
independent, in particular it has a finite prevention {b;, b;> outside g,. On the
other hand, by (*) every prevention {¢;, ¢;) of (¢, A —x(d))* outside g, is in-
finite so M = Cry[by, b, ¢;, ¢3), hence M = ald]. A similar argument shows that
if d e D! then M = —« [d]. This contradicts the assumption that D!, D?are insep-
arable in M, so either (i) or (ii) hold.

Suppose now that s, = x(y, a, 4, ¢) and we want to take care that y(y) will not
separate {x]x € 4 and z(x)eNa} and {x|x € A and zn(x)gNa}. Clearly it suffices to
show that either (i) there is b € 4 such that (¢, A n(b)ea A — y(b, a, a, ©))* is
independent outside some finite set ¢!; or (ii) there is b € 4 such that (¢, A
n(b)ea A x(b, a, a, ¢))* is independent outside some finite set g2

Suppose neither (i) nor (ii) hold. We show that z is definable. Let §(u, v) be the
following formula:

Bu, vy =wueP—ag)A(ved—zYo,) A(VleP —q,— {u})

(there is a prevention (b, by) of (¢, A uea A lga A —x(v, a, 4, ©))* outside
o, U {u, I}, such that for every prevention {dj, d,) of (¢, A uea A lga A
X(V, a,da, E‘))* outside Oy U {u, I} Crl(bl, bz, dl’ dz)).

Remembering that A is definable, g, is finite, and for every x € PM, z~1(x)is de-
finable, it is easy to see that there is really a first-order formula in L(7,) which
expresses 3. We will show that M = 8[m, b) if me PM — ¢, and =n(b) = m. Sup-
poseme PM — g, and n(b) = m. Letle PM — g, — {m}. By the independence of

¢
(x%) ¥ A mex A lgx = (¢, A mea A lga)*

is independent outside g, U {m, I}. By (i), (¢, A mea A —y(b))* is nowhere
independent, so also

(%) (¢ A mea A —x(B))* A lgx =(¢, A mea A lga A —y(b))*

is nowhere independent, in particular it has a finite prevention {b,, b;> outside
o, U {m, I}; on the other hand by (**), (**+) and () every prevention {d,, d5) of
(s A mea A lga A y(b))* outside g, U {m, I} is infinite, so M k= Cry[by, by, di,
d;] so M = B[m, b].

Now suppose m € P¥ — g,, be A — n7Yo,) and #n(d) # m. Let | = =n(d) so
le PM — g, — {m}. By —(i), (¢, A lga A y(b))* is nowhere independent so
(¢ A mea A lga A y(b))* is nowhere independent, in particular it has a finite
prevention {d,, d,) outside g, U {m, I}. As in the previous case (¢, A mea A
lga)* is independent outside g, U {m, I}, so by (x) every prevention {b;, b;) of
(¢n A mea A lga A — y(b))* outside g, U {m, I} is infinite, so M k= Cri[by, by,
dy, dz) so M k= fB[m, b). So B(u, v) defines z | (4 — z(0,)); since g, is finite and
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for every x € g,, z71(x) is definable, 8 can be “corrected” to define z, contrary to
our assumption so either (i) or (ii) hold.

If (i) holds define T,1; = To U {¢n A = x(b) A m(b)ea} and o,y = o', other-
wise (ii) holds and then define T,.;, 0,+1 analogously.

2 = {Jnew T, is the complete diagram of a model N which satisfies the require-
ments of the lemma. Q.E.D.

ReMARKS 1.6. (a) The construction assures that N is a proper extension of M,
since if forne w and b € [ M|, T, - a = b, then ¢} is nowhere independent. Also
the construction assures that we can get a proper elementary extension of M, when
the (D}, D?)’s are given but no x is given; we then confine ourselves to the tasks
of types (1), (ID), (III) only.

(b) If in addition to the (D}, D?)’s and & we are given X, infinite subsets E; =
PM_ it is easy to construct N and a in such a way that in addition to the previous
requirements N and a will have the following property: for every i € w, E; ) a and
E; — a are infinite. This will yield the following additional property of M in 1.2:
for every countable family {E;| i € w} of infinite subsets of PM there is an un-
countable subset A of [M| such that for every a, b € 4 and for every i e w, E; ) a,
E; — gare infinite and E; (| a — E; ) b is infinite.

(c) Though in most cases our construction will yield that PV 2 P, it does not
assure it. However this can be accomplished by applying the following lemma.

LEMMA. Suppose M is a countable model in a countable language L, P, ¢ € L and
every finite subset of PM is represented by some element of M (relative to ¢). Suppose
that {{D}, D?)| i € w} is a set of inseparable pairs in M then there is N > M such
that PN 2 PM and for every i € w, D}, D? are inseparable in N.

- This lemma can yield that in Theorem 1.2, for every a,, ..., a, € |M| either
(i1 a; is finite or uncountable.

On the other hand in Theorem 1.2 it is not always possible to construct M in
such a way that |PM| = g, even if we know that T has a two cardinal model;
however Theorem 3.1 shows that this is possible in some cases.

PrRoOF OF THEOREM 1.2. Let T be as in Theorem 1.2, and let {S,| a < &} be a
sequence such that for every z# < 8 x 8, {@|S, = 7 () @ x a} is stationary.

We construct an elementary chain {M;|den; and & is a limit} and a set
{{DL,D% |6 < 8 and § is a limit} such that: (1) [M;| = &; 2) M, &= T; (3) for
every §; < dz, {D},, D}, is an inseparable pair in M;,.

Let M, be some model of T whose universe is w. If § is a limit of limit ordinals
define M; = | {M;| i < g, iis a limit}. Suppose M; and {{D}, D?)|i < §} have
been defined, we define M;, , and (D}, D3).

Case 1. Suppose for some d € | M;|* and ¢(x, 7), S; = Il is an undefinable func-
tion in M; from {b|M; k= ¢[b, al} to P, and for every x € PMs, [-1(x) is definable
in Mj; construct M;,, and a € |M;,,| with universe § + w as in Lemma 1.5 for
M = M;, A= {bIM; = ¢lb, al}, {{D}, D% |ie w}={{D}, D?|i < §}and n =1,
and define D} = {x| x € 4 and 7(x) eMs+» a} and D} = {x|x € A and zn(x) gMs+= a}.
By Remark 1.6(a) this is possible.

If for some ¢ € PM, [I"1(c) is undefinable in M; define M;,, with universe § + w
as in Remark 1.6(a) for {{D}!, D?¥ |i < g}, where D} = [FFi(c) and D} =
II-1(PMs — {c}).
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Case II. If the conditions of case I do not hold, define Mj,,, with universe § + w
according to 1.6(a) and D} = D = § + w.

Let M = | J {M;] & < 8, § is a limit}. We show that M satisfies the requirements
of 1.2. Let A = {b|M = ¢[b, a]} be a definable subset of M and z: 4 —» PM such
that for every ae |M|, {b|be A and =n(b)eMa} is definable. Let F = {5](Mj;,
z | 8) < (M, n)}. Then Fis closed and unbounded. Let S = {a| S, =7 N a x a}.
Then S'is stationary, soS | F # @,letde S F.Ifx | 0 is not definable, then
there is ae |M,, | such that {x|x € 4 (]  and n(x)eM?+ a} and {x|xe 4 } d and
n(x)gMs+e a} are inseparable in M, so certainly z~!(a) is undefinable in M, con-
tradicting our assumption. So = ' § is definable in M; and since (M;, «# | 0) <
(M, %), = is definable in M. Q.E.D.

Theorem 1.2 yields essentially two kinds of results, however all the natural
results of the first kind that we know of are seemingly weaker than known theorems.

COROLLARY 1.7. (O ) Suppose Th(M) satisfies the conditions of 1.2, L(M) is
finite, every model N of Th(M) is rigid over PN (that is there is just one automorphism
which is the identity on PN) and M has no nontrivial definable automorphisms; then
thereisan N = M such that ||N|| = &, and N is rigid; and if M is countable then N
can be chosen such that M < N.

PROOF. Let us first see that if T is a theory, P a unary predicate in L(7T") and
every model M of T is rigid over P¥, then there is a formula ¢(F, x, y) in L(T) U
{F} where F is a new binary predicate (to be interpreted as a partial function) such
that for every M = T and for every fe Aut(M):

(M.f t PM) = gIF, a, b] iff f(a) = b.

By compactness we may assume that L(T) is finite. Regard T as a theory in the
language L(T) U {F}, let H be a unary function symbol, and ¢ be the sentence in
L(T) U {F} U {H} saying H is an automorphism of all the relations except F, and
H extends F. By Beth theorem, H is explicitly definable, and our claim is
proved.

Let us return to our original 7. Let N be as constructed in 1.2, and let f € Aut(N);
in particular f} PN has the properties of z in 1.2, so it is definable. So by our pre-
vious claim f'is definable. Since there is a schema in Th(M) saying that there is no
definable automorphism other than the identity f = Id so N is rigid. If M is count-
able we can start the construction of N from M, so N can be chosen so that M < N.

EXAMPLES. (a) Let T be any theory in a finite language L such that L = {e, = }
and T contains the extensionality axiom, the regularity schema for all formulas of
L, and the set of sentences saying that every finite set is represented, then every
model of T satisfies the requirements of 1.7. (Here P is the whole universe.)

(b) Let T be a theory in a finite language L such that L 2 {0, 1, +, -} and T con-
tains Peano arithmetic, the induction schema ranges over all formulas of L, then
every model of T satisfies the requirements of 1.7.

The other application of 1.2 is formulated in 1.8.

COROLLARY 1.8. (O ) Let T be a theory in a finite language L, P, ¢ € L and satisfy
the requirements of 1.2 (Cr need not appear in L), and every model M of T is rigid
over PM, then for every M = T there is N such that |Aut(N)| < | N| = 8, and
(M, Aut(M)) = (N, Aut(N)).
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ProOF. Apply 1.2 and Beth theorem as in 1.7 to Th ({(M, Aut(M), Cr)).

ExAMPLES. (a) | L(T)| < 8o, L(T) 2 {=, €}, T contains extensionality and the
axioms saying that every finite set is represented.

(b) |IL(T)| < 8, L(T) = {P, ¢}, T contains the axioms that say that every finite
subset of P is represented, and the axiom VxVy(Vz(P(z) - zex « zey) —» x = p).
This includes of course 1.1 and 1.4.

(c) Th(M), M is a Frankel-Mostowski model.

(d) T the theory of free infinite semigroups with more than one generator.

(d) is a special case of (¢).

(e) Let A be a set of more than one element, and o be an ordinal closed under
addition and let M, ,= (*> A, *) where ©>4 is the set of all functions from all
B<ato 4, and " is the operation of concatenation. Let T be the set of all sen-
tences true in every such M , ., then T satisfies the requirements of 1.8.

THEOREM 1.9. (Oy,) Let Tbhe asin 1.2, for every M (= T let S(M) = {D|D < P4
and there is a € M| such that for every d € PM, d € D iff deMa}, that is S(M) is
the set of all subsets of PM which are represented in M. Let N(M) = (PM,S(M); e).
Then there are {M,;| i < 2%} such that for every i # j < 2™, M, satisfies the con-
clusion of 1.2 and N(M;) % N(M ).

Proor. Let {S,|a < ®;} have the following property: S, = {4, 42, II.>,
Afca,i=1,2,andll, S a x a; forevery Al = 8, A2= 8 and [T = &8 x Ny,
{alA! Na=Aland A2 a =AZand ]I N a x a = II,} is stationary. We now
construct by induction a binary tree of models, that is, for every » e*> 2 we define
M, and (D}, D%y such that [M,| = w - length(y), for every v < 7, (D}, D% is an
inseparable pair in M, and M, < M, and if y = | Jz, then M,, = { JM,,. In stage a
we have already defined M, for all 7’s whose length is < a and all (D}, DZ) for all
7’s whose length is < . If § is limit we define M, =  );; M, ; for every » whose
length is § and no new inseparable pairs {Dj, D?l) are defined. Suppose that the
a’s stage of the construction has been carried out and we define the models of the
a + 1 stage. If 4 = A% and 7 is the characteristic function of 4L, let M-, =
M, and (D}, D2y be constructed for M,, {(D};, D%,;>| i < a} and ]I, as in
Theorem 1.2 and for every other sequence v of length «a define M-, = M-, > M,
with universe w - (¢ + 1) in which (D}, DZ2,> is inseparable for everyi < a
and define D! = D = @ - (o + 1). Suppose Al # A2 and let the characteristic
function of 4] be 5;,j = 1, 2. If I[, is not a 1-1 function from PM" to PM%, define
a + 1’s stage so that it will satisfy the induction hypothesis (possible by Remark
1.6(a)). Otherwise define N = M, -, = M, -4, > M, and a € |N| such that
D} = {ll(x)| PM" 5 xeNa} and D} = {Il(x)| PM" 5 xgNa} are inseparable in
M,, and extend all the other M,’s (that is length (v) = a, v # 7;) and define Dj’s
in such a way that the induction hypothesis will hold.

For every n€ %2 let M,, = ( Jicy, M,,,. It is easily seen that {M,| e ™2} is as
required.

REMARK. In [R]] it is proved that if a BA, B, has certain weak homogeneity pro-
perties, then the model (At(B), S,(At(B)), Aut(B); Op, €) can be interpreted in
Aut(B).

On the other hand, BA’s that are constructed using the method of this section do
not have this property, since w of their imitated second-order logic is nonstandard.
It shows that in [RI] some homogeneity properties should have been required.
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§2. The case of a general BA. In this section we will prove the analogue of Corol-
lary 1.4 for arbitrary infinite BA’s, that is, we prove:

THEOREM 2.1. (Oy) Let N = (B, <, Ry, ..., R,) where (B, <) is an infinite
BA and N is an expansion of {B, ) in a finite language; then there is M such that
[Aut(M)] < M| = 8, and {M, Aut(M)> = (N, Aut(N)).

DEFINITION. Let B be a BA. A set E © B is called a partition of unity (PU), if
for every distinct e}, e;€ E, ) [} e; = 0, and for every nonzero b e B there is
eceEsuchthatb N e # 0.

We first prove an analogue of 1.5.

LEMMA 2.2. Let T, P, ¢, Cr be as in 1.2, S, = are unary and binary predicates,
respectively, such that for every M \=T: =M < SM x SM and (SM, =M is a BA.

Let M be a countable model of T and denote B = (SM, =M>; let E be a PU of B,
O¢E n: E— PM, gisl-1, nisundefinable; let {{ D}, D?%)| i€ w} be a set of insep-
arable pairs in M. Then there is a countable N and a € |N| such that M < N,
for every i € w, (D}, D% are inseparable in N, and the sets D! = {b|0 # b e
BAQ@ce EYb =M cAn(c)eNa)} and D = {bl0 # be BA(Ace E}b =¥ c A
n(c)gNa)} are inseparable in N.

ProOOF. The proof is very similar to the proof of 1.5. So we use the same nota-
tions. The induction hypotheses are as in 1.5. The tasks (I), (II), (III) are as in 1.5
and task (IV) is slightly changed in the following way: (IV) given x(y, a, 4, ¢) take
care that y(y) will not separate D! and D2 So let {s;li < w} be asin 1.5. It is clear
that if s, is of the kind (I), (II) or (III), then it can be carried out exactly as in 1.5.
Suppose s, = ¥(», a, 4, ¢) is of type (IV). Clearly it suffices to show that either (i)
there is ee £ and Q # ¢ S e such that (¢, A n(e)ea A —y(e;, a, a, &))* is
independent outside some finite ¢!; or (ii) there is e € E and 0 # ¢; < e such that
(¢n A m(e)ea A y(ey a, a,¢)* is independent outside some finite o2 Suppose
neither (i) nor (ii) hold. We show that z is definable. Let 3(u, v) be the following
formula:

Buv)=weP—o )ANO#vel—{Jz Y o) A(VrSVv,v£0)(VIEP—07,— {u})

(there is a prevention <{b;, by) of (¢, A uea A lga A —y(v,, a, 4, ¢))* out-
side g, U {u, I} such that for every prevention {d), dz) of (¢, A uea A lga A
x(n, a, 4, &))* outside g, U {1, I}, Cry(by, by, dy, d2)).

As in 1.5 it is easy to see that there is really a first-order formula in L(T,) which
expresses 3.

We will show that M = f[m, b] iff me PM — g, and there is e € E such that
n(e) =mand 0 # b < e. Suppose me P¥ — ¢g,, 0 £ b < eecE and zn(e) = m.
Let0 # b, < band /e PM — g, — {m}. By the independence of ¢}:

(*#) o A mex A lgx = (P, A mea A lga)*

is independent outside g, U {m, I}. By (i), (¢, A mea A —y(b)))* is nowhere
independent so also

(#»%) (s A mea A D x(B1))* A lgx = (¢, A mea A lga A —y(b))*

is nowhere independent; in particular it has a finite prevention (b1, %) outside
o, U {m, I}. On the other hand, by (s+), (»++) and (%) (see 1.5) every prevention
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Kd!, d2) of (¢, A mea A lga A y(by))* outside o, U {m, I} is infinite, so M =
Cry[b!, b2, d', d?], so M k= ([m, b].

Now suppose me PM — ¢, 0 # b < 1 — | Jn~!(s,) and there is no e € E such
that z{e) = mand b < e. Let ee F be such that b ] e # 0. If z(e) = m, then
b & e, so there is e; # e, e; € E such that b ] ¢; # 0; since r is 1-1, zn(e;) # m.
So, in any case, there is e€ E such that z(e) # mand e Vb = b, # 0.Let [ =
n(e). By — (ii), (¢4 A lga A y(b1))* is nowhere independent; so (¢, A mea A
lga A y(by)))* is nowhere independent; in particular it has a finite prevention
{d!, d?) outside ¢, U {m, I}. As in the previous case, (¢, A mea A lga)* is
independent outside ¢, U {m, I}; so by (*) every prevention (b, b2) of (¢, A
mea A lga A —y(by))* outside g, U {m, I} is infinite, so M k= Cry[b!, b2, d!, d7),
so M k= f[m, b]. Let f'(u, v) = B(u, v) A Vv (B(u, v;) = v; < v), then clearly
defines w | (E — n~1(0,)), so z is definable; a contradiction. So the lemma is proved.

The proof of 2.1 will be along the same lines of the proof of 1.2. However,
whereas in the construction of 1.2 we employ only steps of the kind assured by 1.5,
in the present construction we will have to interlace two kinds of steps. One of
them appears in 2.2 and the other one generalizes the construction of Kunen in [K].

LemMA 2.3. Let T be a theory in a countable language; D, < are respectively unary
and binary predicates in L(T), and T  “{D, <) is a partially ordered directed set
without a last element”. Let M = T be countable, {{D}, D*)| i € w} be a set of in-
separable pairs in M. Then there is N and dy € DN such that |N|| = 8y, M < N,
Jor everyde DM, d <N dy, and for every i € w, D}, D? are inseparable in N.

PROOF. Let d, be an individual constant which does not occur in CD(M), and
let Ty = CD(M) U {d < dy| d e DM}. By the well-known omitting type condition,
it is sufficient to show that for no i e w, (%), y(%, y) € L(Ty): Ty - Ax(x); for
every d € D}, Ty - Vx((%) - (%, d)); and for every de D?, T, — Vx(¢(x) -
—x(%, d)). Suppose by contradiction that ie w, ¢(X) = ¢(dp, %), (%, y) =
x(dy, %, y) are as above; then for every d e D},

M = 3u(Vy > w)Ax(v, X) A VE(D(, %) = x(v, %, d))],
and for every d e D?,
M = u(Vy > w)[AzH(, %) A V(H, %) — — 40, %, d)];

but, since M = “(D, <) is directed and without last element”, the above formulas
are contradictory in M; so D}, D? are separable in M; a contradiction. Q.E.D.

If (P, <) is a partially ordered set, 4 = P will be called a cofinal chain in P
if every two elements of 4 are comparable and for every b € P there is a € 4 such
that b < a. B = P will be called a compatible subset of P if for every b, b, € B
there is a € P such that b;, b; < a.

COROLLARY 2.4 (A GENERALIZATION OF A THEOREM OF KUNEN [K]). (Oy,) Suppose
M is a countable model in a countable language; D, S, <, < are 1-place, 2-place,
2-place predicates respectively, <M < DM x DM <M c SM x SM (DM <M)
is a partially ordered directed set, without a last element, {(SM, <M} is a partially
ordered set. Then there is N such that |N|| = 8, M < N, (DN, <N has a cofinal
chain of type 8,, and every maximal compatible subset of S¥ which has a cofinal
chain of type R, is definable in N.

PrOOF. W.1.0.g. [M| = w; let us denote M = M,,. Let {S,| @ < §,} as assured
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by Oy We define by induction a continuous elementary chain {M;|§ < 8,
and § is a limit} such that for every 4, | M;| = 4, and simultaneously we define
{KD}, D%y | i < 4, i limit} such that D}, D? are inseparable in M;. Suppose M,
{{D}, D?|i <&} have been defined. If Q = S; is 2 maximal compatible subset of
SM: which is undefinable in Mj,, then certainly Q, S — Q are inseparable. Let
D} = Q, D} = SM: — Q, and let M;,, be a model as in Lemma 2.3 for M; and
{{D}, D?)|i < 0 and i is a limit}, such that |M;,,| = § + w. Otherwise let D} =
D} = § and define M;,, similarly. If § is a limit of limits, let M;be |} {M;|i < §
and i is a limit}. Let N = M,. Certainly DV has a cofinal chain of type ;. Sup-
pose B is a maximal compatible subset of SV which has a cofinal chain E of type
8;. Let a be such that (M,, B N a) < (N, B) and S, = B [ a. Thereis e € E such
that forevery be B (] a, b <V e; so the formula x < e separates B (] a, SM= —
Bin N. Also since B is a maximal compatible set in N and (M,, B ) a) < (N, B),
B N a = S, is a maximal compatible set in M, so by the construction B [} « is
definable in M,, so B is definable in N. Q.E.D.

In fact we will not use Corollary 2.4 in the sequel, but we will have to repeat the
construction in 2.4, interlaced with the construction of 1.2. The following theorem
is an analogue of 1.2, which interlaces the construction of 1.2 and 2.4.

THEOREM 2.5. (Oy,) Let T be a theory in a countable language which has infinite
models. Then T has a model N of power %, with the following properties:

(a) If P, &, Cr are respectively unary, binary and binary definable relations in N,
(remember that always ‘‘definable’’ means possibly with parameters) and P, ¢, Cr
and CD(N) satisfy the conditions of 1.2, then:

(I) If A < |N| is definable, z: A — P, and for everybe |N|, {y |z(y) € b} is defin-
able, then r is definable in N.

(I) If (B, <) is a definable in N, Boolean algebra, then for every PU, E of B
and for every 1-1 m: E — P, if for every b € |N| the sets D}, D} are separable in N,
then r is definable in N; where

D} ={u|0 #ueB A @veE)(ucvA a(ved)},
D} = {u|0 £ ue BA @ve E) (u = v A n(v)eb)}.

(b) If {D, <) is a definable in N, directed partially ordered set without a last
element, then {D, <) has a cofinal chain of type §,.

(c) If (P, <) is a definable in N, partially ordered set, then every maximal com-
patible subset of P which has a cofinal chain of type 8, is definable in N.

Proor. Interlace the constructions in 1.7, 2.2 and 2.3 using (Oy,) in a similar
way to 1.2 and 2.4.

COROLLARY 2.6. (Oy) Let N = (B, <, Ry, ..., R,)> be a model in a finite lan-
guage such that (B, < is an infinite BA. Then there is M such that |Aut(M)| <
| M| = 8 and (M, Aut(M)) = {N, Aut(N)).

PrOOF. Let N be the second-order model obtained from N; that is, NI =
{B, Ry(B), Ry(B), ...; =, Ry, ..., R,, &1, &2, ...y where R, (B) is the set of n-place
relations on Band ¢{by, ..., b,, r) €€, iff re R, (B)and (b, ..., b,)er. Let M* =
N be as assured by Theorem 2.5, and let M be the relativized reduct of M* such
that [M| = BM and L(M) = {<, Ry, ..., R,}. We will show that M is as required.

First we show that if fe Aut(M) then fis definable in M*. Let PU(B) denote the
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set of PU’s of B, which do not contain 0; then PU(B) =%f D is definable in N1,
We say that E, refines E,, if F}, E; € PU(B) and every element of E| is a subelement
of an element of E,; let us denote ““E; refines E,” by E, < Ej. Certainly < is de-
finable in N1, (D, <) is a directed partial ordering, and if B is not atomic {D, <)
does not have a last element. Let S = {f| Dom(f), Rng(f) € D, and fis 1-1}. We say
that f; refines f; (f2 < f1). if Dom(f;) < Dom(f;) and f; U fis order preserving. So
{8, <) is a partial ordering definable in N'L Let £ e D. We define xegpy iff x € E,
ye B and x < y; and Crg(y;, y;) iff there is 1-1 g e |NU[ such that Dom(g) =
{x|xezy,} and Rng(g) < {x|xegys}. Certainly E, ¢x and Crg are definable in N1
and satisfy the requirements of 1.2. So also M* = Ve(ee D — (e, ¢,, Cr, satisfy the
requirements of 1.2)). (Notice that this is a schema rather than a single sentence.)
Now let fe Aut(M). For every ee DM', (f | e)7! satisfies the condition on z in
Theorem 2.5(II). Thus (f | €)' and so also f | e are definable in M*, but in NI
as well as in M* the following comprehension schema holds: “If ¢(x, y, ) defines
a function g with both Dom(g) € B and Rng(g) < B then g is represented by
an element of the model.”

So for every ee DM*, f | e is represented by an element f, of M*. A; = df
{f.| e e DM} = SM* is a maximal compatible subset in {(SM*, <M*), since for
every g€ SM° — Ay, foomp and g are incompatible. According to the construc-
tion, DM* has a cofinal chain {e;|]i < ®;} of type 8;. Then if e¢; <™* e; then
fo; <M f,, since fis an automorphism. So Ay is definable, say by p(x, @). Then
f is definable by the following formula ¢(x, y, @) Ik(p(h, @) A x € Dom(k) A
h(x) = y).

By the comprehension schema mentioned above f'is represented by an element of
M*. Let us identify f with the element in M* representing it. Since L(N) = L(M) is
finite there is a formula A4(x) that defines Aut(N) in N, We have actually proved
that A()M* = Aut(M). Since (N, Aut(N)> and (M, A(x)M") are relativized re-
ducts of Nand M* respectively which are defined in the same way, and since N!!
= M* (N, Aut(N)) = (M, A" = (M, Aut(M)). Q.E.D.

COROLLARY 2.8. (Oy) If B is an atomless BA and B is 1-homogeneous (that is
forevery a, be Bif 0 # a, b # 1 then there is f € Aut(B) such that f(a) = b), then
there is a 1-homogeneous By such that |B,| = 8 and (B, Aut(B)) = (B;, Aut(B;)).

ProoF. Let B; be as assured in the previous corollary. Since there is a sentence
in (B, Aut(B)> saying that B is l-homogeneous and since (B, Aut(B)) =
{ By, Aut(B;)), B is 1-homogeneous.

REeMARKS. (a) By [R1], Corollary 2.8 does not hold in general for BA’s which
have infinitely many atoms. E.g. 2.8 does not hold for the BA of finite and cofinite
subsets of an infinite set A. However in the next section we will see a condition that
implies 2.8, also for nonatomless BA’s.

(b) Theorem 2.7 does not hold in general for linear orderings; more specifically,
if ¢ is a sentence in the pure full second-order logic such that every model of ¢ is of
cardinality > A, then there is a linear ordering M = (A4, <) such that for every
linear ordering N = (B, <):if Aut(N) = Aut(M), then |[N| > A

We now define a set of generalized quantifiers. Let ¢ be a sentence in the lan-
guage of (B, Aut(B); <, Op) where (B, =) is a BA. Let Qyx, y(p(x, @), x(x, ,
#@)) be the quantifier saying that:

(1) Vap(xx, 3, @) = p(x, @) A 9(p, D)),


file:///-homogeneous

Sh:84

BOOLEAN ALGEBRAS, SKOLEM LOWENHEIM THEOREMS 279

(2) {x]e(x, D}, {{x, »)| 2(x, y, @)}> =4 Bis a BA,

(3) (B, Au(B)) = ¢.

Note that y and ¢ might be formulas in an arbitrary language.

H. Friedman [F] asked whether there is a compact language stronger than first-
order logic on finite models. We will show a countably compact language stronger
than first-order logic on finite models (assuming ). In fact by Shelah [S1] this
language is compact (assuming: “{A|A* = A and ;:+} is unbounded in the class
of ordinals”).

THEOREM 2.9. (Oy,) Let L* be the language obtained from the first-order language
L by adjoining all the quantifiers {Qy|¢ is as above}; then L* is countably compact,
and every finitely satisfiable countable set of sentences in L* has a model of cardi-
nality < §,.

ProOF. Let 2 be a finitely satisfiable countable set of sentences in our language.
For every g € §,(2), let M, = 0. Every ¢ € 2 can be translated into a sentence ¢*
in second-order logic. For every I'c Jlet I'* = {p*|pe I'}. In M, p* is inter-
preted as a first-order sentence. So MY = o*. Let 3) = 2* U {p| for every s €
S.(2), MY = ¢}. 3, is a finitely satisfiable countable set of first-order sentences,
so it has a countable model M. Let N be a model as assured by Theorem 2.5 for
Th(M). The universe of N can be split into two parts: (1) the set of elements A4;
(2) ““the set of relations on 4”. Let N; be the relativized reduct of N whose uni-
verse is 4 and whose language is L(Z). We will show that N, = 3. We prove by
induction that for every p € L* and d € |N,|, Ny = ¢la] iff N = ¢*[a].

The only step in the proof that needs checking is when ¢ = Qyxy(a(x, @),
B(x, y, #)). Let a € | Ny| by the induction hypothesis, a(x, @)¥ = a*(s, @)¥ and the
same holds for 8; so B = {a(x, &)™, B(x, y, &) is a BA iff B = {a*(z, a)V,
B*(x, y, @) is a BA. By the construction of N, (B, Aut(B)) = (B, Aut(B)"),
so N) k= ¢ld) <> Bis a BA and (B, Aut(B)) = ¢ <> Bis a BA and (B, Aut(B)")
= ¢ <> N = ¢*. So the theorem is proved.

§3. The second category method. In this section we will deal with a more restricted
class of BA’s; on the other hand, the results that we will get will be stronger. It is
possible to formulate the theorems in this section in the same general framework
as in the previous section, however in order to simplify the discussion, we will deal
just with BA’s.

In the previous section we concluded that: assuming Oy, there is a BA, B, non-
isomorphic to P(w), such that (B, Aut(B)) = {P(w), Aut(P(w))>. Here we will
e.g. conclude that: (CH) there is a 1-homogeneous BA, B, nonisomorphic to P(w)
such that (B, Aut(B)) = {P(w), Aut(P(w)))>. A. Litman proved the first result
in any Cohen extension that adds a real.

DEFINITION. Let B an atomic infinite BA; every element of B can be regarded
as an element in the topological space 2At® (with the product topology) that is: if
ae B, leta = {x|x e At(B) and x < a}. So a € 24t®_ We will say that B is of the
second category (SC) if B =4f {a|a e B} is of the second category in 24t (that
is, if it is not the union of countably many nowhere dense sets).

REMARKS. (a) By Baer category theorem, P(w) is of course SC since P(w) =
2ALP@)

(b) If Bis an infinite, atomic, ¥;-saturated BA then Bis SC.
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THEOREM 3.1. (3) (Oy) If Bis SC, ¢ € L., {B, Aut(B)) |= ¢, then there is B,
such that {By, Aut(By)) = ¢ and |{By, Aut (B)))| < #,.

(b) If in addition |At(B)| = Ro, then Oy, can be replaced by CH.

PROOF. (a) Let M = {B, Aut(B)) = ¢. Let M! = M and let M? be an ex-
pansion of M! with the following properties: (1) M2 has a unary predicate P, and
individual constants {q;|i < w} such that PM* ¢ At(B), PM* = {a¥’ | i < w} and
for i # j, a}* # a’. (2) Function symbols are added to M2 in such a way that
whenever N = M2 and N omits ¢ = {P(x)} U {x # a;|i < w}, then N = ¢.(3)
A binary relation < is added to M2 which orders PM* in order type w. (4) M2 has
Skolem functions.

Let M, be a countable elementary substructure of M2. We will now construct
an elementary chain {M;|i < 8, 7 is a limit ordinal} in very much the same way
as in Theorem 1.2. For this purpose we need a lemma analogous to 1.5, that will
enable us to construct M,,, from M, In M2 we have a unary predicate which is
interpreted as B; let us denote this predicate also by B.

LEMMA 3.2. Let N = M? be a countable model which omits q; let {{D}, D¥)| i € w}
be a set of inseparable sets in N; and let w: At(BY) — At(BN) be a permutation which
is undefinable in N; then there is a proper elementary extension N, of N such that: (a)
N, omits q; (b) for every i € w, D}, D? are inseparable in Ny; and (c) there is a € BN
such that D) = {z(x)|x € At(BN) N a} and D; = {n(x)|x € At(BN) — a} are
inseparable in N;.

ReMark. Note that 3.2 is almost identical to 1.5, except of the omitting type
requirement in (a). The proof will also be very similar.

ProOF. Let 79 = CD(N) and let ¢ be an individual constant not in L(T?).

We define by induction T, = T° U {¢,(c, b)}. T = {J T, will be a complete
theory in the language L, = L(T%) U {c}, and since N is Skolemized, T will describe
the complete diagram of a model which is the Skolem hull of |N| {J {c}; this model
is going to be N,. Along the construction of the T,’s we will have to fulfill the
following types of tasks: (I) Given a sentence ¢ € L;, decide whether ¢ or else — ¢
will belong to T. (II) Given a term (c, b) such that T, — P(z(c, b)), for some a;
(which appears in the definition of M?2), add to T,: t(c, b) = a;. (II) Given a
formula y(c, b, x) and i € w, take care that x(c, b, x) will not separate D} and D?.
(IV) Given y as in (III), take care that y will not separate D; and D,. Denote tasks
@), (1), (I11) and (IV) by <{p>, {7, {x, i> and {y) respectively, and let {s;|i € w}
be a list of all tasks such that every tasks of type (II) appears in the list infinitely
many times.

Now we have to formulate an induction hypothesis analagous to the inde-
pendence of ¢, in 1.5. Since M2 expands {B, Aut(B)), for every formula ¢(x, )
in L(M?) there is a formula SCy(#) such that for every de|M?, M2 = SC, [d] iff
¢(x, d) defines a subset of B which is of the second category in 2A4t®_ Certainly
the following sentence and the following schemas hold in M2, and so in N:

() SCpeo;

(b) SC,yy(@) — SCy(@) Vv SCy(&); and

(C) [ch(x. ,;)(t'l) A Vx(<p(x, i) - P(T(x, l_‘)))] i B.V(P(y) A SC:/:(:, W\t (x, ,;)_—_y(ﬁ, }’))

Our induction hypothesis is that N = SC, [b]. Let To = T° U {B(c)}; then by
(a), T, satisfies the induction hypothesis. Schemas (b) and (c) are easily applied to
show that tasks of types (I) and (II) can be accomplished. Suppose T, has been
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defined and s, = {x(x, b, y), i>. The formula SC; (b, y) does not separate
D} and Df in N, so either for some de D}, N = —SC, b, dl, and then define
Ty = T U {¢n A —x(c, b,d)}, or for some d e D? N = SCy 1 [b, d], and then
define T,y = T0 U {¢, A %(c, b, d)}; so T,y satisfies the induction hypothesis
and s, is accomplished.

Suppose now that T, has been defined and s, = {y(c, b, x)) is of type (IV). We
are looking for an / € At(B) such that either ¢,.; = ¢, A I = ¢ A —y(c, b, z(l))
satisfies the induction hypothesis or ¢, 1 =g, Al c= 0 A x(c, b, =(])
satisfies the induction hypothesis.

The formula Fin(x) that says that there is a 1-1 function from a proper initial
segment of (P, <) onto x is satisfied by an element of M? iff this element is a
finite set. Since (PN, <¥) is also of order type w, (since q is omitted) Fin(x) defines
true finiteness also in N. The reader can easily check that if X is a topological space,
A < X is SC, then there is an open nonempty G such that A is hereditarily SC on
G': that is for every G; nonempty open subset of G, 4 (] G; is SC in X. This yields
the following schema in M?%: Let ¢)(x, #) be a formula; then

(*) MZ=SCy—(Fin(DAVz, (21 U S AB) —yAz1 N 2= A
Fin(zl) A Fin(zZ)) - SC¢/\x211/\xﬂzz = 0))

(x 2 z, is an abbreviation of (V1 € z;)(¢ < x) similarly x (] z; = 0.) Of course this

schema holds in N too. Since Fin defines the finite sets also in N, this means that if

¢(x, b) is SC then there is a finite ¢ = At(BV)such that for every finite, disjoint

01,02 S AYBN) — g,{b|be BN, N = ¢[b, b}, b 2 g, and b ) g; = 0} is SC.
Now suppose by contradiction that for every / € At(B)

(»*) dulx, B) A 1 = x A —y(z(]), x, b) is not SC; and

(x%%) Gu(x,B) A 1N x =0 A x(z()), x, b) is not SC.
Let o be the finite set whose existence is assured by (). Let

a(u, v) = (ue(AB) — 0)) A (ve(AUB) — (0))) A
(Ve At(B) — o — {u}) ( T8Cy, AucxAIN=0AL (5, %, 5))-

By (*+) and (*x), a4, v) defines 7 | At(BN) — g, so x is definable in N, in con-
tradiction to our assumption. So 3.2 is proved.

CONTINUATION OF THE PROOF OF 3.1(a). 3.1(a) is proved from this point on in
exactly the same way as Theorem 1.2.

ProoF or 3.1(b). If At(B) is countable in M, then in M2 there is an element which
is a 1-1 correspondence between PM’ and At(B). Since in the construction, P
remains unchanged, At(B) remains unchanged. In this case the reader can easily
check that O, is not needed and can be replaced by CH. Q.E.D.
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CoOROLLARY 3.3. (a) (Oy,) If B is 1-homogeneous atomic and SC, then there is
B, such that By is 1-homogeneous, |{B;, Aut(B)))| = 8, and {B, Aut(B)) =
{By, Aut (B)). We can also take care that B, will be SC.

(b) (CH) If B is 1-homogeneous atomic and SC, and At(B) is countable, then we
can find By as above such that in addition At(B,) is countable and B; % B.

ADDED IN PROOF.

ReMARK. The results of this paper cannot be proved in ZFC, for if MA + §;<
2% holds, then every atomic BA of power 8, has continuum many automorphisms
moving infinitely many atoms. This enables us to repeat at least some of the inter-
pretation theorems of [R2]. So if B is an atomic BA such that every automorphism
of B is induced by a permutation of the atoms moving only finitely many of them,
then there is no B, of power 8, such that {B;, Aut(B,)) = (B, Aut (B8)).

THEOREM (SHELAH). (V = L) There is a compact generalized quantifier with a
nonrecursively enumerable set of validities.

Proor. Let L be the language gotten from first-order language by adding the
quantifier Qxyp(x, y). We will define a class of BA’s K and define the semantics
such that for every M: M = Qxyp(x, y) iff p(x, y) defines on its domain a partial
ordering of a BA belonging to K.

Let L* be the first-order language gotten from L be adding an n-place relation
symbol R, for every formula ¢ of L with n free variables. Let 4 be a non-r.e. subset
of w. We define a theory T* in L*. The following schemas are included in 7*:

(1) R, & —R,, 3xR, « Ry, R, A Ry Rypy, etc. ...

(2) Rg,yp — (x, y) defines on its domain a partial ordering of a BA.

(3) For every ne A: If R, (1, x, y) defines the finite BA with n atoms then
R,y (@)

(4) For every n¢ A: If R,(#, x, y) defines the finite BA with n atoms then
RﬂQxytp(ﬁ)' .

(5) For every formula y(x, y): Rg.,(#) A R-g.(?) = x(x, y) does not induce
an isomorphism between the 2-place relations induced by ¢, @ and by ¢, 7.

For the sake of simplicity we will show how to define K so that the logic is just
Ng-compact. For every set of sentences Sin L, let S* = {R,|p € S}. Let {S;[i < 8}
be an enumeration of all countable sets of sentences S = L such that S* |J T* is
consistent. We now define by induction two sets of BA’s of power §;, K; and K,.
Suppose K;, K, have been defined for every j < i. Let M be a countable model of
T* | S¥, and let N > M be a model of power 8; in which every definable BA is
not isomorphic to any element of { J;.; K; U |J;«; K;, and in which every isomor-
phism between two definable BA’s is definable; such N exists by the methods of
this paper. Let X; be the set of all BA’s definable in N by some ¢ (4, x, y) such that
N = Rq,,,[a] and let K; be the set of all BA’s definable in N by some formula
¢(a, x, y)such that N = R_g,,[a].

Define K to be the class of all BA’s isomorphic to some element of | } ;. K. It
is easy to see that the logic defined by K is Xy-compact and has the downward
Skolem Loéwenheim theorem to ;. The set of validities of this logic is not r.e.
because we included in T* the axioms in group (3) and (4).

For full compactness one has to repeat the same argument for all sets of sentences
in L. This necessitates universal choice and the methods of [S1].
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