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1. Introduction

Let Q2 be an infinite set and 4 be a (possibly finite) cardinal such that 1<|Q]. A
group G of permutations of Q is said to be A-homogeneous if for each pair A, B of
subsets of Q with |4|=|B|= 4, there exists an element g € G such that g[4]=B. It
has been known for some time that if the permutation group G is m-homogeneous
for some me w, then G is also n-homogeneous for all n<m (see [1-3,6]). More
recently, Neumann [4] has shown that if G is -homogeneous for some 4 = o, then
G is n-homogencous for all n e w, (Neumann actually obtained the stronger result
that G is n-transitive for all n € .) In [4], Neumann asked whether 2-homogeneity
implies 8-homogeneity for all cardinals such that 1> 6. In this paper, we shall show
that this does not hold, assuming Martin’s Axiom (MA) and 2°>w,.

Theorem 1.1 (MA and 2“>w,). Let w, <x<2®. Then there exists a group G of
permutations of x with the following properties.

(a) G is A-homogeneous for all o <A<k.

(b) If geG\1, then |glw]nw|<w. In particular, since G preserves the almost
disjoint family A={g[w]|ge G}, G is not w-homogeneous.

Nikos [5] has independently given another example of an w,-homogeneous
but not w-homogeneous permutation group. However, the following problem is
still open.

Question 1.2. Tt is consistent with ZFC that every w,-homogeneous permutation
group is w-homogeneous?
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2. The Proof of the Theorem

Throughout we assume MA and w, <k <2°. We begin with two combinatorial
lemmas, the first of which is an easy consequence of MA.

Lemma 2.1 (MA). Let .# be an almost disjoint family of infinite subsets of w such
that w <|F}<2®. Then there exists a partition, o= | D,, such that

(@) |D,|=w for all new,; and ?
(b) for eachnew and Ye 4, |YnD,|<w. [

Lemma 2.2 (MA). Let|X|=0> wand let # be an almost disjoint family of countable
subsets of X such that |.#| <2°. Then there exists a partition, X = | ) D,, such that

a<@
(@) |D,J=w for all a<6; and
(b) for each a<@and Ye 4, |YNnD,|<o.

Proof. It is easily seen that there is a partition, X = | S,, such that for each x <8
a<@
(i) |S,/=w; and
(i) the set #,={YNS,|Ye S, |YNS,|=w}
is either empty or infinite.

By applying Lemma 2.1 to those S, such that .# .+ ¢, we can obtain a partition
with the desired properties. []

Now we start the construction of the permutation group G <Sym(x). [Here
Sym(x) denotes the group of all permutations of x.] By MA, k*=2° for all
w<A<k. Let {X,|a<2”} be an enumeration of the subsets X Cx such that
o <|X| < k. We shall define inductively an increasing chain of groups G, = Sym (),
o< 2%, so that the following conditions are satisfied.

2.3. |G,| £l +w for all a<2®.
24. If <o and | X 4| =4, then there exists =€ G, such that n[A]=X.
2.5. If ge G\1, then |glo]no|<o.
Let Go=1.If a is a limit ordinal, let G, = ﬂga G;. Now suppose that o= +1.

We shall find a suitable permutation 7 € Sym(k) so that G,={Gg, n) satisfies our
requirements.

Let A= U C, be a partition into countably infinite subsets such that for each
e

E<landge G,g, lglw]NCy<w. (By 2.5, {g[w]|g € G,} is an almost disjoint family,
and so the existence of such a partition follows from Lemma 2.2.) Let Xy= () D,
E<A

K\A= L(j E,and ¥k\X,= (] F, be partitions with the same property. For each

n<k n<k
é<iand <k, letPY, IP; be the sets of finite injective functions from C, to Dy, E, to
F, respectively. Let P= (H ]P°> <]_[ ]P1> be the finite support product. We

<K
regard each element pe P as a finite function from « to x. With this convention,
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q=<pif and only if g2 p. Let W be the set of reduced words from the free product
Gj<{x» which involve x. If w(g, x) e W and p € IP, then we regard w(g, p) as a partial
function from « to x in the obvious way. Note that there are only finitely many ye
such that w(g, p) (y) is defined. If A Sk, then w(g, p) [A]={W(g, p) (y)|7 € 4, w(g, p) (y)
is defined}.

Let @ be the poset consisting of elements of the form {p, # >, where pcP and
F 1is a finite subset of W. We define {q, %) <{p, # ) if and only if

2.6. gq2p and ¥2%, and

2.7. for each w(g,x)e &, w(g, q) [w]nw=w(g, p) [w]nw.

Lemma 2.8. For each w(g, x)e W, the set {{q,F >|W(g,x)eF } is dense in Q.
Proof. Clearly (¢, #u{w(g,x)}><{q,F)>. O

Lemma 2.9. For each yek, the set {{q, % )|yedomgq} is dense in Q.

Proof. Let{p,# ) eQ with y ¢ domp. Suppose, for example, that y e C.. Let w(g, x)
=g,X"g,...8,X" 8 +1€F, where g€ Gy for 1<i<r+1 and n;e Z\0 for 1 <j<r.
For each deD,\ranp, let g,=pu{<y,6)>}. Suppose that for infinitely many
d€ D, \ranp, there exists a;€ w such that w(g, q,) (a;) € \w(g, p) [w].

We can suppose that the new information {y, §) is first used at the same place
in the word w(g, x) during each computation of w(g, g;) (a,).

First suppose that infinitely many distinct g, are used. Then we must have that
g,+1(a)=4 and n,<0. But this means that g,,,[w]nD, is infinite, which is a
contradiction.

Hence we can suppose that we always use the same element a € w as a,. Suppose
that the new information {y,d) is first used after computing

6=gi s (P 80" 81 1(a).

Then we must have that 0 =7 and n;>0. A moment’s thought shows that actually
n;=1. In order that each computation terminate, we must have that i=1. But this
means that g,[D,Jnw, and hence also D,ngi'[w], is infinite. This is a
contradiction.

Hence there is a cofinite subset D < D, such that {pu{<y,d>}, > <{p,F ) for
all eD. [

A similar argument yields
Lemma 2.10. For each yek, the set {{q, F y|yerang} is dense in Q. []

Lemma 2.11. @ is c.c.c.

Proof. Suppose not, and let {p, Z;>|i<w,} be pairwise incompatible. We can
suppose that the following conditions hold.

212. For all i<j<w,, |#|=|%]|=n and |domp,|=|domp | =m.

2.13. The partial functions {p;|i<w,} are pairwise compatible in IP. There
exists a fixed element feP such that p;np;=f for all i<j<w,.
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Let i<, and let w(g, x) € #,. Let H be the subgroup of G, generated by the
parameters 2. Then there exist countable subsets AC A and B<« such that

(i) wCS= éUA Cu () E,= ) Du "LSJBF”; and

neB EeA
(i) H[S]=S.
Suppose that w(g, p;up;) [@]nw 2w(g, p;) [w]nw. Then clearly (domp;\dom f)

NS = ¢. Since § is countable, 2.13 implies that there are only countably many j+i
for which this occurs. So we can suppose that if i<j<w; and w(g, x)e &, then

w(g, p;up)) [w]=w(g, p)) [w]no.
We then obtain the following condition.

2.14. If i<j<w,, then there exist w(g, x)€ #; and a;€ w such that

w(g, p;op)(a;) € 0\W(g, pj) [@].

Fix a particular j = w, and suppose that there are infinitely many i < j for which 2.14
holds with respect to

w(g, x)=g1x"'g,...8,X" 8 11 €F;.

Suppose that for two such i, k<j, we have that g,=a,=a. Clearly the new
information in p;np;, p,Up; is first used at the same place in the word w(g, x) during
the computations of w(g, p;Up;) (a), w(g, pyUp;) (a) respectively. But this means that
P Dy, are incompatible, a contradiction. Hence for all but finitely many of these i, p;
is used to evaluate x°g, . ((a;), where e= +1. If e=1, then

(domp\dom f)ng, . [w]+¢;

while if e= —1, then

(ranpj\ranf)ng, . [@]+¢.

Hence we obtain the following condition.

2.15. If wsj<w,, then there exist h,,...,h,eG, and ¢4, ...,s,e {1, —1} for
some s<n, and a partition, j=FUB] (h,)u...UB! (h), such that
(i) F is finite, and B (h) is infinite for 1 <k<s;
(i) if &,=1 and ie B} (h), then (domp,\dom f)nh[w] + ¢;
(ili) if = —1 and i€ B/ (), then (ranp,\ran f)nh[w] + ¢.

Claim 2.16. Suppose that CLw, is countably infinite. Then there exists an infinite
subset SC C and an ordinal sup(S)<o,<w, such that if o,<j<w,, geGy e=+1
and |Bi(g)nS|=w, then Bi(g)Ca,.

Proof of claim. Let CCw, be countable, and suppose that there exist distinct g,,
1=<¢<t, such that for some j, >sup(C), 1 =/ <t

ICnB{(g)n...nBli(g)l=w.

Since {g[w]lge Gy} is an almost disjoint family, this implies that
|dom p;\dom f| = t for i < w,. Hence there exists an infinite subset S £ C and a finite
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subset {g,|1<¢<m;}CG, such that if j>sup(C), ge G, and |B{(g)nS|=w, then
g=g, for some 1 </ <m,. By shrinking S if necessary, we may also suppose that
there are elements {h,|1 </ <m,} such thatifj>sup(C),he Gyand |BL ,(h)nS| =,
then h=h, for some 1 £¢ <m,. Hence there exists an ordinal sup(S) <o, < w, such
that if o, <j<w,, g€ G4, e= + 1 and |B{(g)nS| = w, then B(g)Co,. This completes
the proof of Claim 2.16.

Set 6,=0. Using Claim 2.16, we can find ordinals 6y <0, <... <0,,; <w, and
countably infinite subsets S;Co;\o;_{, 1<i<n+1, such that if j>0,.,, g€Gy,
¢= +1and |B)(g)nS;| = w, then B{(g) € o;. But this clearly contradicts 2.15. Hence @
iscece. [

By MA, there exists an element e Sym(x) such that G,={G,, =) satisfies
2.3-2.5. Hence G= |} G, satisfies the requirements of Theorem 1.1.

a<2w
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