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ABSTRACT

We give bounds for R¥: where cf 6 = R, (Va < d)R® < R;, in cases which
previously remained opened, including the first such cardinal: the w,-th
cardinal in C, = N , ., C, where C, is the cardinal and C, ,, the set of fixed
points of C,. No knowledge of earlier results is required. A subsequent work
generalizing this was applied to many more cardinals ({Sh 7]).
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0. Introduction

The problem of what 2% can be has been considered central in set theory for
a long time. Scott [Sc] had proved that, e.g., 2 = k™* if x is measurable and
(Vu<xk)2* =u*. Solovay [So] proved that if k is strong limit singular larger
than a supercompact (or even a compact) cardinal, then 2* = x*. Magidor
[Mg 1], confirming the general expectation, proved the consistency of “R;
strong limit, 2% = R;,.,,” (@ <J and even a = ¢) for, e.g., § = w, w,, using
supercompact cardinals. Magidor then proved that if a certain filter exists on
small cardinals then 2%.,is small (see {S]). Subsequently Silver [S] proved,
contradicting the general expectation, that, e.g., if X, is strong limit,
{6 <w,:2% = R;,,} is stationary, then 2% =R, ,,.

Immediately much activity follows (see on the history, e.g. [Sh 5], [Sh 6,
Ch. XI11, §0]). We continue the chain: Galvin and Hajnal [GH], Shelah [Sh 2],
[Sh 5]. Galvin and Hajnal proved, e.g., 2% < Rx,+ when R, is strong limit,
and more generally 7)p, ( N=R, /1, Where: D, is the filter of closed un-
bounded subsets on @y, || f|lp,, is the reasonable rank function for fE€X0rd,
ie., fis a function from w, to ordinals, || /|5, =sup{ || g lln,, :& <p, [/}
and

Tp,(f)=sup{|G|: G C “Ord, (VEEG)E <p, f, (V& # £EG)8 #p,, &}-

And when 6 = U, a;, o; increasing, R = T,(f) where f(i) =TI, R,.
Remember that when X; is strong limit, X§'® = 2% so they get a bound to 2%
for such R; when J <R;. They bound || fllp,, by (ILi<,, f(}))*. The first
cardinal A, cf A = R, A (Vu <A)u™ < 4, on which they do not get information
was the w;-th fixed point where A is a fixed point iff 1 = R,.

In [Sh 2] we consider || f ||, for all normal D getting better bounds for || f ||
(hence R¥) when, e.g., 3, < f(i) <3 (i.e. 35 rather than ((3,)%)* =33, )).
This is represented in [EHMR]. We get also a bound for R for A the w,-th
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fixed point (and X% < R, for a« <1): the w,-th fixed point but only provided
that Chang’s conjecture holds.
Finishing to prepare the final version of [Sh 2], we succeeded in eliminating
Chang’s conjecture (at the expense of using the 3,(¥,)*-th fixed point). We use
a different rank (alternatively, games) rk,( ), rk;(f) (D a filter on w,) which
are < oo, if the covering lemma for K[4] (4 C 3,(R,)", K standing for the core
model of Dodd and Jensen) fails. By this we prove the existence of (normal)
filters D (on w,) such that
(a) Ord“/D has A-like initial segment (for each regular 1 > 3,(X,) there is
such D);

(b) D is nice: in the following game Player II has a winning strategy:
in the n-th move Player I chooses 4, C w, and f, € “Ord such that
A <n fn <p,+4,Jn (Do = D) and A4, # & mod D, and Player II chooses
D+, D,U{4}C D, |, D,4,, a normal filter on w, and ordinal a,,
A<, < a,,. Player I loses if he has no legal move and wins otherwise.

This was used to prove, e.g., for appropriate 8, if there is no weakly
inaccessible A < X; then there is no weakly inaccessible 4 < R¥:. See [Sh 5] for
the details.

We then even claim ([Sh 3]) that the method gives:

SMALLNESS THEsIs. If 4 is “small”, cf § = R, (Va <d) RY% < R;, then R
is “small” (see more in [Sh 5]).

Hajnal pointed out that the proof does not work for the w,-th member of C,,
where
Co={R,:a<w},

Cn+1 ={Na:|Nan Cnl = Ra}’
C,= N C,.

n<w

Now, finishing to prepare the final version of [Sh 5] we have proved the
smallness thesis in this case.

Making the cofinality X; (and the filters on ,) is just to save a parameter,
any uncountable regular cardinal x will do, we can use fine (normal) filters on
2 ..(A), and in the definition of nice filters we can use many functions.

0.1. PROBLEM. Is the role of 3,(X;) in [Sh 5] and 24(X,) here really neces-
sary?
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0.2. ProBLEM. Isthere a bound for X5 when, e.g., X; is minimal such that
Rs; =9, cf d = R,? Even being smaller than the first (weakly) inaccessible.

The work was announced in [Sh 5].

However in the summer of *86 we strengthened it considerably. After some
considerations we revised it by adding the parameter o, originally it was o = 1,
and the reader may want to read it that way. In particular, in our conclusion
1,(R,) was replaced by 2,(X,) thus partially solving 0.1. On the new results see
[Sh 7].

NoTATION. We do not always distinguish strictly between a filter D on |
and {x CA:xU(I —A4)ED}where AE€D.
m, n, |, k are natural numbers;
a, B, 7,9, &, ¢ are ordinals (J a limit ordinal);
A, u, K, x are cardinals (usually infinite);
B4 denotes the family of functions from B to 4;
Ord is the class of ordinals.
So ®Ord is the class of functions from X, (= set of countable ordinals) to
ordinals;
£, g, h denote functions from X, to ordinals;
S=pg means {i <R,: f(i)=g(i)}ED (similarly for <p, =p,, #p) so0
f#pg, f<pg are not the negations of f =, g, g <, f, respectively,
as D is not an ultrafilter (but see 0.B);
f=<gmeans(Vi<w,) f(i) = g@i);
P denotes a forcing notion, and we assume it has a minimal element which
we denote by & p, and sometimes & ;
G denotes the P-name of the generic subset of P;
x[G1] denotes the interpretation of the P-name x when G is a subset of P
generic over V;
P(A)={B: B C A} is the power set of A.

* % %k

If the reader is not happy with the definitions below, for the sake of this
paper alone, he can think systematically as follows: Let D be a normal filter on
wy; we identify it with (D 1 A)* foranyA€EDwhere D |4 ={X NA:XED},

D*=(X:XC U{4:4€D},and U{4:4€ED} - X &D}.

We let E denote a set of normal filters on w,, with a minimal one Min E. We let
E be asetof E’s.
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def

LetD+A4 ¥ (X:XCU(B:BED},A—X&D+),
(DIB)* +A4=((D+A4)!B)*.

0.A. DerINITION. We define by induction on o (an ordinal) a set OB,, and
for XEDEOB, a set D€ OB, and Min D for D€ OB, such that OB, N
OB, = & for 6 < g, and we let lev(E) be the unique o such that E € OB,..).

Casel. o=0:weletOB,={4:4 Cw}.

Case 2. o=1:welet

OB, = {D:forsome A€ED,D C #(A)and
{x Cw, :x NA&D}isanormal ideal on w,}

for e fE OB,, Min D is the A mentioned above, which is U, ¢, Xand fory €D,
Dm=e {(xCy:x€D}.
Case 3. o=0+1,68>0,

OB, = {E: Eis asubset of U, _, OB;, such that: E N OB, has a minimal
element under inclusion, Min E,
(VDEE)XVy€ED)D,,EE] and
ENOB_,=U{4:(3DEOBYAEDEE)))

for EEOB,, xEE,

EY, & (D:DEE N OB, [levix) < ~xED], [lev(x) = 6 —x C D},

def

Elx] € E, € E} u U(D:DEEY))}.
Case 4. o limit,
OB,={E:ECOB_,,and E N OB,E€0By,, for § <o}
if EEOB,, xEE,
Ey,y={D: for some 8, lev(x) <0, lev(D) <0 and D €(E N OBg)}-

0.B. DEFINITION.

(1) Forf,g€®0rd, DEOB,, f<,giff Min D — {i: f(i) = g(i)} &D.

(2) For EEOB,, 0 > 1, f < g means that forevery DEE N OB, f <, g.

(3) E,=E, iflev(E,)=lev(E,) and E, C E|.

(4) For EEO0B,, let i(E)={4Cw,:0,<0,,_,U1,} where i, is a
function with domain A and constant value i.
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(5) Fil(E) = {fl(Eyp): DEE).

(6) f<pg for f,g€X0rd, DE OB, means: Min D — {i: f(i) <g(i)}; for
f,g€EXNOrd, EE0B,, 0 > 1 let f< g mean: f<,g forevery DEE N
OB,.

0.C. Facr.

(1) OB, are really pairwise disjoint and [E,€0B,, E,€0B,,
E,CE,=0,<0,)

(2) f XEE€O0B, then Ey€0B,, E,CE.

(3) =gis transitive.

4) Iff<,g, DEEorDCE(and D,E€ U,0B,), then f <, g.

(5) Every E € OB, has cardinality =13,(R,)so |OB,| =3,,,(R)).

(6) For EEO0B,, ¢ >0, fil(E) is a normal filter on w;.

0.D. LEMMA.

() If £E€®0rd for a<i, A>2% then for some a<pB, fL=f;, i.e.
(Vi <o) fi) £ ()] (really if A=cfAA(Vpu <A™ <A there is A C A,
[A| = A such that for a < from A, f, = f3, {i: (i) < f3(i)} constant).

(2) If D is a filter on w,, £,.€R0rd for a <4, la<B<d=f,=p f;] and
cf 6 > 2% then { f/D: a <4} has a least upper bound fiD,i.e. (Va<d)f,=pg
andif (Va<d) f,<pg'=g =pg (see [Sh 2] or [Sh 5)).

§1. Existence of nice ¢’s

Here we repeat some material from [Sh 5]:

1.1. DEFINITION. We say ¢ = (P, D) is pre-nice if:
(a) Pis a forcing notion (i.e., a partially ordered set).
(b) D is a P-name of an ultrafilter on the Boolean algebra

Pw) L {4:4Cwl, A€V,
(c) For each p€EP, D, o {(A:ACw,AEV, p|lp“AED”} is a normal
filter on w,.

1.1A. REMARK. (1) Condition (c) does not seem essential.

(2) Note that 4 # & mod Dy, A Cw,, pEP implies that for some ¢,
P=qE€EP,D,+ACD;.

(3) Note that forp =gin P, D) C D;.

1.2. DEFINITION. We say ¢ = (P, D) is nice to g € ®Ord if ¢ is pre-nice and
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(d) | “{f: fEV, f=g} is well ordered by =,” (so for G C P generic
over V, ({ fIDIG]: fEV, f =g}, =pis) is isomorphic to an ordinal).

1.3. Fact. Iftisnicetof, g = f(or even g <, f) then t is nice to g.

1.4. DEFINITION. We say that ¢ = (P, D) is nice if it is nice to g for every
g EROrd.

The following is a consequence of a theorem of Dodd and Jensen [Do J]:

1.5. THEOREM. IfAisa cardinal, S C A then:

(1) K[S], the core model, is a model of ZFC + (Yu = A)2* =pu*.

(2) If in K[S] there is no Ramsey cardinal u> A (or much less) then
(K[S), V) satisfies the u-covering lemmaforu = A + R, i.e.,if BEVisa
set of ordinals of power =< uthen thereis B'€K|[S), BC B, Vk |B'| =
u.

B)If VE(IuzA)3k) u*>pu* > 2" then in K[S] there is a Ramsey
cardinal y > A.

1.6. LEMMA. Suppose f€™Ord, A>TI_, |f())+ 1}, A">At (so
A = 2%), then some t is nice to f.

Proor. Without loss of generality (Vi) f(i) = 2.

Let S C 4 be such that if g€®XO0rd, (Vi < w,) g(i) =< f(i) then gELI[S]. In
K{[S] there is a Ramsey cardinal u > A (see 1.5(3)). Let/ = (X : X Cu, X N v,
an ordinal > 0}. Let, for i < w,,

J; ={X€I: X has order type = f(i)}.

Let F be the minimal fine normal filter in K[S] on 7 to which each J; belongs.
Now F is non-trivial as u is Ramsey.

Now for g €™"O0rd such that A,_,, g(i) < f(i) let ¢ be the function with
domain I, g(X) = the g(X N w,)-th member of X if there is one, zero other-
wise. For o <y and such g let S¢ o {(XEI:g(X)=a)}.

Let P={Y:Y CI, YEKI[S], Y # & mod F (in K[S])} ordered by inverse
inclusion and we define a P-name

D={ACw :{XEI: XNwEA}EG,}.

It is easy to check that (P, D) is nice to fin K[S]. By the choice of S this is
inherited by our universe V.

1.7. REMARK. (1) Clearly the proof gives:
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(*) if A = (f(i))5® for i < w,, then there is a ¢ nice to f.
(2) In 1.5, instead of A" > A+ we can use other violations of the covering
lemma, e.g., A" > A+, 4 > 2¢4,
(3) In 1.1 we say t is x-pre-nice if (a) and
(by D is a P-name of an ultrafilter on the Boolean algebra

P(P (k) ={A:4AC P (), AEV)
where
PA)={a:aCA4,la| <N}

(cy foreachpE 2

D] o {A:AC P _y(k),AEV, p|-p“4ED”} is a normal filter on £, (k).

(4) We define “t is k-nice to g” similarly.
(5) Suppose 1.6, we assume g € L[S] for every g: 2 g (x)—Ord. Let

I={X:B#XCP_x(k) Unul,

F the minimal fine normal filter to which each J; = { X €I: X has order
type = f(i)} belongs and we define P similarly. We get that there is a
K-nice ¢.

(6) In 1.6 and in 1.7(5) I € P is the minimal member of P and pj is the filter
generated by the closed unbounded subsets (i.e. D,,, D.x,(kx) respecti-
vely).

(7) In D, is a normal fine filter on 2 _x (k)

Dy={A;:k Si<2®

and 2% =<k, and there is a k-nice ¢, and for some p EP, D, = D_y (k)
then for some ky-nice ¢, for some p € P, D= D,. So e.g. if the A* >
AT+ 2# + 35(R))* every normal filter on w, is nice.

&) If (4,R)>»(X,,Ny) we can replace S.x(x) by suitable SC
{a Cx:la Nw,| =Ry} with profit.

1.8. THEOREM. Iffor every f: R, —~(2%)*, some t is nice to f then for every
fENOrd some t is nice to f. So, the existence of A,A—>(a)g” for every
a<2,(R,)*, is enough.

ProOF. The theorem is proved in [Sh 5] and is not really needed for our
main results.
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1.9. Fact. Ifthereist = (P, D) nice to fthen thereis t' = (P!, D") nice to f
of power =11, | f(i)+ 1].

Proor. See [Sh §]; it is true by the Lowenheim-Skolem argument.

§2. Various ranks

2.1. CONVENTION.

(1) For some fixed g, E : g is an ordinal = 1, EE OB, ,. Usually we do not
mention (in the simple version, ¢ = 1). Only rarely we vary them, thus
adding parameters to the rank.

(2) We use A, B, C to denote the member of OB, D to denote members of

OB, E to denote members of E.

So rk&( f) = « really means °rki( f, E) = « or “°rkk( f) = a relative to E”.
(Not to mention the use of w, rather than say X; or normal filters on
{a CRe:lal <R ).

2.1A. REMARK. We could change the definition of OB, by letting, e.g.,

OB, = {X: P(w,) — X is an R,-complete filter Don I,

1=V I, I“$Xfora<a),},

a<w]

with little change in the proofs.

2.2. DEFINITION.
(1) Foraf€XOrd, E (€L, of course) and ordinal « we define, by induction
on o, when rk3( /) = o

rki(f) < « if for every DEE and g <g,, f(equivalently, g < f)
there are f <« and E, C E;,, such that rk} (g) = B.

(2) Let rk}( f) be the minimal ordinal « such that rk3( /) < &, and oo if there
is no such a (see 2.4 below).

2.2A. ConvenTioN. If in rki(f), E is illegal (mainly E, where D € E),
the value will be zero or undefined, and will not be counted as appearing (e.g.
3.2); similarly for the other ranks.

2.3. Fact. If 1ki(f)=a holds and a=<pf then 1ki(f)=p. Hence
tki(f) = a implies: tk2(f) =B ifa < .
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2.4. DEFINITION. k()= Min{rki(f): E,C E}.

2.5. FAcT.

(1) rkE(f) = 1kE( ).

(2) IfE,C E,then k() = rki( /).

(3) For every f, E for some E, C E, rk3(f) = rk},(f) = rk3 (/).

2.6. DErFINITION. Suppose (P, D) is pre-nice (see Definition 1.1) and let
t=(T,D).

(1) We write & for the minimal element of P.

(2) We define by induction on 6 Z 1 for p € P, an object °D} € OBy:

'Dy ={A:[p|+pA€D]},
8+1pt =(°Dt: p<q€P}uU U °Di,
pP=q

Dt = U (D5 6 < 5).
Let (in §2, §3) D! = °D%, E, = °*'D!, E = °*2D\.,

2.6A. OBSERVATION.

(i) For any pre-nice t = (P, D), 6 = 1, °D} € OB,.
(i) For 8(1) = 9(2)0‘”D; C m’D},.

(iii) For p = ¢ from P, D} C °D}.

ProoF. By induction on 6.

2.7. DEFINITION,

(1) rk&(f) is the minimal ordinal « such that for some pre-nice ¢ = (P, D):
(@ E'CE, EY4=E;
(b) |5 “the order type of {g/D[G]:gE€EMOId, g <pig, f}is =a”.

We call ¢ a witness for rki( f).

(2) tki(f)=Min{rki(f): E,CE}.

We call (¢, E,) a witness for rki( /) when ¢ is a witness forrki (/) = o, E, C E

and o = rk} (f) is rk3( f).

2.8. Facr.

(1) tk3(f) = rki( )

(2) If E, C E, then 1k} (f) = rki,( /).

(3) For every f, E for some E, C E, rki( f) = rki(f) = rkz,( /).

2.9. Ceamm. tki( ) =r1ki()).
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PrROOF. We prove it by induction on rki( f).

Let B =r1ki(f); if B =0 the assertion is trivial. So there is a witness
t = (P, D) for rk}( ) = B. We want to show rkZ( f) < #. By Definition 2.2(1) it
suffices, given D,€EE and g <;, f, to find y <p and E, C E;p, such that
rkz () = 7. As t witnesses rki(f) = g

() |Fp“{h/DIG]: h <pg f} is well ordered, of order type =B”;

(i) Ef =E.

AsD\€E, E = Ej, there is p EPsuch that D, = D,. Now as g <), f, clearly
Pl “g/D[G] < fID[G] and {h/D[G]:h/D[G])< fID[G]} has order type
=pB”. We can deduce p|t,“{h/D[G]: h/D[G] <g/D[G]} has order type
< B” hence for some g, p =qE€EPand y <p

qi=p“{h/D[G]: h/D[G] < g/D[G]} has order type =7”.

Let E, = E,, clearly (as p =q) E, C E; C E\p;) = E}, (see Definition 2.6) so
rki(g) =y (see Definition 2.7(1); we can use for witness ¢’ = (P¥, D | P¥)
where P¥ & {r€P:rzq},s0 Jp = q)so by the induction hypothesis (on )
rki () = y which is as required.

2.10. CoNcLusION. 1ki( f) = rki( /).
PrOOF. By 2.9 (and Definitions 2.4, 2.7(2)).

2.11. CLamM. Forl=3,5,ifg <, f,D =Min E, then rk(g) <rk:(f) (or
both are «0).

Proor. Without loss of generality rkk( f) < .

First we deal with / = 5.

If E, witness rki(f) =« (i.e., E, C E, rki(f) =a) and ¢t = (P, D) witness
tki(f)=a, then |,“{h/D[G]):h/D[G]<f/D[G]} has order type
=<a” so (as in the proof of 2.9) for some pEP and B<aq,
Pl “{h/D[G]: h/D[G] <g/D[G]} has order type < f”. So E} (which tri-
vially is C Efy = E, C E) witness rki(g) =8 as rki:(g) =B is witnessed by
(Pt{r€P:.rz=p}, D).

Now we prove for [ = 3.

def

Let E,CE, a = rky(f)=rki(f). By Definition 2.2(1) for tki(f)=a
(letting g, D there be chosen here as g, Min E resp.) there are E, C (Eo)min gy =
E,C E and # <a such that rk} (g) = 8.

So by Definition 2.2(2), rki(g) < 8.

2.12. Concrusion. If X =fil(E), [ =3, 5 then || f||x < tkk(f).



Sh:256

310 S. SHELAH Isr. J. Math.

ProoOF. By the definition of || f||, (see §0) and 2.11.
2.13. CLAM.
(1) Forl=2,4:
for DEE, rtki*'(f) =1k (f) = 1k, (f) = ki ().

Q) If f =g g then tkb(f) S 1kk(g) for [ =2, 3,4, 5.
(3) If f =pin £ & then 1k (/) =rtkk(g) for [ = 2,3, 4, 5.

Proofr. (1) The first inequality holds by 2.5(2) [or 2.8(2)], the second by
2.5(1) [or 2.8(1)] and the third by Definition 2.2(1) [or 2.7(1), using
(p ! {r:r=zq}, D) as in the proof of 2.11].

(2) Left to the reader.

(3) Follows from (2).

2.14. CLamM. Suppose | = 2, 4, rki(f) = rkk"'(f). Then for every DEE,
rkE, () = tkigh () = tki( /) = tkg" ' (/).
Proor. By 2.13.
2.15. DeFINITION. (1) Let for E€ 0B,
Te(f)=sup{T(f): x€EE N OB} =sup{Tye(f): E, CE}

where
(2) for DEOB,, Tp(f)=sup{|F|: F C *Ord, (Vg EF)g <, fand for dis-
tinct g, hfrom F, g #,h}.
(3) T#(f)=Min{Tys(f): E, C E; s0 lev(E,) = 0 + 2, E,EE}.

2.16. Facr.

(1) If E, C Eq then Ty (f) = Tg(f).

Q) THN=TE(N S Te, (/)= Te(f)when DEE.
(3) For every E €E and f€ *Ord for some E, C E:

Te(f) = TH) = Tyl /) = TE(f) for every DEE,.

Proofr. See Definition 2.19.

2.17. LemMa. (1) Te( ) = |tkL(N)| + |E| for =2, 4.
(2) If rke(f) = ki (f) then Tp(f) = |tki ()| + 2% for 1 =2, 4.
3) TH N = Itke(N + 2% for1=2,3,4, 5.

ProoF. (1) By 2.9 without loss of generality / = 2. Suppose this fails, then
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def

forsome xEE NOB,orx =E€O0B,, T.(f)>1 = |tki(f)| + {E|. So there
are f; <, ffor i <A* such that f; #, f for i <j <A*. By the definition of rk}
(see 2.2) for each i for some ordinal o; <1ki( f), and E; C Ejp, o; = 1k () <
kz( f); without loss of generality rk% (/) = rkZ.(f). As A = |tkZ( /)| + |E|
without loss of generality E; = E,, rki;( f;) = 7. But for some i <j, f; <p f; (see
0D(1)) hence f; < g, f;» contradiction to 2.11.
(2) By 2.14 (and Definition 2.15) it suffices to prove T( /) = |rkk( )} + 2%

for x = fil(E). So suppode f; (i <A*)are as in the proof of (1), = [tke ()] +

2%, So without loss of generality rki* ' ( f;) is a constant y < rk&( f), contradic-
tion by 2.11 and 0D(1).
(3) Easy by now.

2.18. LEMMA. |tkk(f)| S Te()+ |E| for [=2,3,4,5 provided that
rkh( f) < .

2.19. REMARK. Note that F has cardinality =<3,,,(X,) and that
|E|, |[E| = 2" and every x € OB, has cardinality = 2®. The same applies to
2.20, 2.21.

Proor. Leta & tki(f).

Firstlet/ = 4,and t = (P, D) witness rk( ) < a. Forevery X €E N OB, let
{gFi<a X} be a maximal family of functions g€™Ord, g <,f,
[i #j=g" #xg&] Clearly there is such a family and Ay = Tx(f) = T¢(f). Let
t = (P, D) witness rki(f) < a.

We can find P' C P, |P'| = Tz(f)+ | E| such that:

(a) JEPY,,

(b) if pEP', D EE] then for some ¢, p = qg€EP', D} = D;

(¢) if pEP', gE{g¥:i <Ay, XEE N OB}, then for some ¢, p <qEP!,

and for some 8 q|; “{#/D[G]: h/D[G] < g/D[G]) has order type 8.

It is easy to find such a P'. Let S = {f: for some gEP' and gE{g}: i < iy,
XEE N OB} we have q|l—,“{h/D[G]: h/D[G]<g/D[G]} has order type
B7}. Clearly |S| = Tx(f)+ |E|, and let 8 be an order prserving one-to-one
function from S onto some ordinal o*, necessarily |a*| = Tx(f) + |E]|.

Define a P'-name fQ’ = {ACw,:AEV, and for some pEG!, 4= w,
mod 'D} ). Easily ' = &P, D") witness rki( /) =< o*. The proof for tki( f) is
similar, e.g., take a suitable elementary submodel of (H(A), €), A large enough
(or use rki( f) = rki( /).

Now for rk3( /), rkz( f) use their definitions (2.4, 2.7(2)) and that we have
proved 2.18 for rk%( /), rki( f) respectively, observing 2.16.
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2.20. Fact. Ifl=2,3,4,51kk(f) <, then forsomeE, CE,and E,CE
(E,€E,) we have (for E,):

Itke (NI = Te(f)+2% and  [E\| = Te(f) + 2%

ProOOF. Let/=4.
The proof is like that of 2.17, but P! C P has cardinality =< Tz(f)+ 2™ and
satisfies:
(a) JEPY
(b) if pEP', then A # & mod D] for some ¢, p = gEP' and AED};
(c) ifpEP, gE(g) i <Ay, X = 'D}forsomer€P' (r = p)} then for some
4, P = g€ P, and for some S

q|p“{h/D[G]: h/D[G] < g/D[G]} has order type §”.
The rest should be clear, as well as the proof for / =2, 3, 5.
Now by 2.17 and 2.18:

2.21. THEOREM.
(1) Forl=2,4ifrkk(f) < oo then

Itke ()| + [E| = Te(/) + |EI.
() Ifl =2, 4, 1k (f) = 1k '(f) < oo then
ITkg(ND1 + 1E1 =Te(f) + |E|.
(3) For l =3, 5, similar results hold, if 7k&( f) < oo, then
Itke(N)| + |E| =T¥ )+ |E|
[note |E| =13,,,(Ry), |B] =3,,,(R)]

§3. More on ranks

3.1. ConvenTION. [, owill be fixed, asin 2.1, and 4, B; D; E will be used
similarly.

3.2. FactT. D)Ifw,=A UB,fEX0rd, ! =2,4, D =MinE then
rkp( f) = Max{rkg, ( /), rkg, ().

2 Ifw,=AUB, feX0rd, | =3, 5 then
rki(f) = Min{rz, (), tkg,(N)}-
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(3) fw,={i:i€ U, 4} where 4, C w, for j <w, thenfor [ =2,4

ki (f) = sup{rk;,  (f):i<w}.
4 fw,={:i€VU,_ A4} thenforl =35
ki(f) = Mm{rkEm(f) <o)
ProOF. Easy, using the definitions.

3.3. DerINITION. For f€®Ord let:

(1) A f) = (i <oy : fli) =0

(2) A\(f) = {i <w,: fli) is a successor ordinal};
(3) Ax(f) = {i <w,: f(i) is a limit ordinal}.

3.4. Fact. Iff€X0rd, A f)ERIE,[=2,3,4,5 then rki(f) =

ProoF. Easy.

3.5. Fact. Iff,g€™O0rd, {i: fi)=g(i)+ 1} ERLE, then
ki(f) =sup{rki (g) + 1: DEE}.

Proor. Easy, by the definition of rkZ.

3.6. Fact. (1) If f,g€™0rd, EEE, [ =3,5, and {i: fy=gli)+1}€
fil E then tki(f) = rkk(g) + 1.
(2) If ki (f) = tk(f), {i: fi) = g(i) + 1} Efil E then rki(g) = rki(g).

ProoF. (1) By 2.11, tkk(g) + 1 = rkk(/f) (as g <aur f).
By 2.5(3) (and 2.8(3)) for some E, C E,

rki(g) = rkg; '(g) = rkE,(g),

hence rk,(g) = rk{g,,(g) for every DEE,. So by 3.5, for [ =3, rk}(/f) =
kz,(g) + 1; but rk}(g) is by the choice of E,, rki(g) and by 2.5(2) rki(f) =
kz,(f), hence rk}( f) = rki(g) + 1. So together rki(f) =rki(g) + 1.
As for / = 5, use the definition directly.
(2) Let a=r1ki(f)=r1ki(/). By 3.6(1) rki(g)=a—1 (and a — 1 is well
defined).
We can prove rki(g) = a — 1, using the definition. [Let DEE, g, <bn &
then by 2.14 rki(f)=rk},(f) =1k}, (f) =1ki(f)=a hence by 3.6(1)
rk};w](g) a— 1 but rkb—m(gl) < rkEwl(g) (by 2.11), hence

def

B = rkE(D,(gl)<a -1
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so there is E, C Ejp), rk;(g,) = . So E,, B are as required.] So we proved
ki (g)=a—1, but rki(g)=rki(g)=a—1 (see 2.5(1)) so the conclusion
follows.

3.7. FAcT. Suppose A f)EAIE, K CXOrd, g <g:f for g€EK, and
(VhEMOrd) [h <gp [~ (3gEK) =g g).
Then for [ = 2,

rkp(f) = sup{rki(g) : g EK}.

PROOF. Let o« & sup{rkk(g): g€K). Trivially [by 2.13(2)) rki(g)=
ki( f) for g€K, hence a = 1kk(f). Let us prove the other direction. Let
DEE, g <, f. Now let us define g; : g,(/) = g(i) + 1; clearly, as A,( /) EAI E,
& < f, hence for some g,€EK, g Sqr &. S0 g <g,, £, D € E where rki(g,) =
a, so there are E, C Ep,, B as required, by the definition of rkx(g).

3.8. Fact. If /=3, a =1kk(f) <, then for some g <. f, and E,CE,
rk,(g) = « (and 1k (g) = rki; '(g)).

ProoF. Suppose not, then we shall prove by induction on § = « that
(») ifg =g f, E, C Eand rk}(g) Z a then rk} (g) = 8.

For B = «: trivial, as we assume our assertion fails.

For = a+ 1: this is the assumption (using 2.5(3)).

For B > «a limit: trivial by the induction hypothesis.

For B =y + 1, y > a: we know, by the induction hypothesis, that rk}(g) =
a + 1 hence rki (g)£e.

By 2.2(1):

(a) there are D €E), and h <g, g such that for no { < and E, C (E))p; is
ki (h) =¢.

For such D and h, we get: for E, C (E,)p}, rk},(h) Z a. So by the definition of
1k}, k3 (h) = o for every E, C (E,)p;. By the induction hypothesis rkz,(h) = y
for every E, C (E\)p;. So D, h exemplifies rk;(g) =y + 1 = B for every E, C
(E\)p; Hence rki(g) = B for every E, C (E))p;. As this holds for every E,,
rk2(g) = B, hence ki, (g) = B for E, C E. So we have carried the induction on
B, thus proved (). So tk}( /) = oo, contradicting the assumption rk%,( /) < co.

3.9. Fact. If a<rki(f)<oo then for some E, CE, g <g f, tki(g)=
ki (g) =«
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Proor. By 3.8 it suffices to find E, C E, g <g, f, rk}(g) = a, which follows
from 3.2-35.

3.10. LeMMA. (1) Suppose k is a regular cardinal > |E|, g€™O0rd, E €E
and o > tk%( /) > k. Then for some g, €*Ord (for ¢ =x)and E, C E (E, €EE)
the following holds:

A) & <g fi

(B) for & <{ =k, g <g, & and even 1k (g:) <1k:(8.);

(C) Ty(ge) <k for <k,

(D) if DEE,, { <k then Tyg,) &) <x; and in particular Ty g, ,4(g) <K

when & <k, A #+ & mod(fil E));

(E) & =rki(ge) = rk(g;) <« for & <k;

(F) Tx(g.) =k for X EFIl(E));

(G) ik (g) = rkk(g) = k;

(H) if § <p &> D EFI(E), then for some { <k, § <g,, &-

(2) If1=2,3,4,5, 0 >rki(f,E) >k, |E| <k, then thereare g:(¢ < x)and

E, as above.

ProoF. (1) By 3.9 there are E, C E, g, < f, such that rk} (g,) =tk (g,) =
K. So it is enough to prove:

3.11. Supract. If 1ki(g.) = 1k} (8,) = k, k of cofinality > |E|, then for
some g; (¢ <«) (A)-(H) (from 3.10) are satisfied.

PrOOF. Easily A4,)(g)ERI(E,) [otherwise there is i€ {0, 1} such that
A(f) # @ mod fil(E,), hence E, Z (E)y,y€E and by 2.14 (as
E; = (E)Min E,)“‘.(,,,]) clearly rki(g,) = rki(g.) = k and A,(f)Efil(E;) hence by
3.4, 3.6 K is zero or a successor ordinal]. By 2.13(3) without loss of generality
Axfg) = w,. By 3.9 for every { <k for some E; CE, g <&, rki,(g)=
rkZ,(g¢) = £. As Kk has large cofinality, for some unbounded C C k, [C| =k, E,
is constant for {EC, so w.lo.g. E,=E, for¢€C.

So forevery cEC
() ¢ = rki,(8) = ki (g) <x.
So:
(%) ifé<arein C, rki(g)<¢.

Now if { <{arein C, 4 = {i <w,:g(i) = g(i)} and 4 # & mod fil E,
then (see 2.13(1) and 1.1(3)):
(a) rk(g:) =k} (gy) = 1k (g)
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hence
(b) rki".[A](gE) <{.
On the other hand, applying (a) and (*) for {
(c) rki‘,[A](g() z{.
But g; =4 &, a contradiction to (b) and 2.13(3).
It follows that

(***) for é < C in Ca 8 <ﬁIE| 8-

So restricting ourselves to &, { in C, (B), (E), (F) and (G) hold. Now (C) and
(A) hold by 2.17(2) (and by previous information) and (F) holds by 2.21. If (H)
fails, exemplified by g we can get rk3(g) > x, contradiction. Lastly (D) holds by
2.16(2), 2.17.

By renaming the g; (£ € C) we get the desired conclusion.

(2) Lefttothereader (use 3.10for/ =2,3.11for/ =3,2.9for/ =4,2.10for
[=75).

3.12. DEFINITION.

(1) E is rk-nice to fif for every g < fand E €E, rkk(g) < o relative to E.

(2) E is rk’-nice if for every fand E €E, tkk( f) < o0,

(3) E is nice if it is rk*-nice.

(4) E is hereditarily rk’-nice to fif § + 2 <o and E,€{E} U E such that
lev(E)) = 6 + 2 implies E, is nice to f; similarly for the other definitions.

3.12A. REMARK. For/ =2, 4, rk-niceness implies rk' * !-niceness. Also for
[ =2, 3 rk/*2-niceness implies rk-niceness (by 2.9, 2.10).

3.13. Facr.

(D If 1=4,5, rkb(f) <o relative to E, then for some E, CE, EE€EE,
|E,| = |ks(f)|+|E| and E, is rknice to f (and
tki( f, E)) = rkk( f, E)).

(2) Infact, if t = (P, D) exemplifies rki( f) < oo (I = 4, 5) relative to E, then

def
we can choose E; = E} (see 2.6).
(3) Similar resuits hold for / =2, 3.

Proor. Immediate.

3.14. THEOREM. The following are equivalent:

(1) Thereis a niceE€ OB, ,,.

(2) There is E, rk>-nice for 3,,,R,)* (i.e., the constant function with this
value).
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(3) Thereis t nice t03,,,(R))*.
(4) For every f€*0rd some t is nice to it.

REMARK. Note that (4) does not depend on o, so for all ordinals ¢ = 1 the
conditions are equivalent.

Proor. (3)=(4): By [Sh 5].
(2)=(3): By the definitions.
(3)=(2): Easy (defining the E by ¢).
(1)=(2): By the definitions.
(4)=(1): By (4) for every ordinal a some ° is nice to it (i.e., to the
constant function «). As the family of possible E’ is a set, and E“ is
nice to a, and monotonicity, we are done.

3.14A. REMARK. Instead of using nice E, another way is to use nice fine
normal filters on 2 _y (). But it seems a stronger assumption.

3.15. FacT.
(1) IfE is nice to 3,,,(X,)*, then it is nice.
(2) We can add in 3.14:

(5) tki(f,E)< oo for every f: @, —3,,,(R))*.
PrOOF. As in [Sh 5].

§4. Preservative pairs
4.1. ConvenTIiON. EE€O0B,,, will be a nice collection for this section.

4.2. DEFINITION. (1) The pair (H,, H,) is rk-preserving (i.e. °rk’- preserv-
ing) if:
(a) for m=1,2 H, is a function from the ordinals into the ordinals,
a=H,(a) and a<f=H,(a) = H,(f) (we stipulate H, ()= co,
a< o),
(b) for every f€*O0rd, E €E

 tki(H, o f) = Hy(rkp(f));

(Note H o f€XO0rd, (H  f)(i) = H(f(i)).)

(2) We say H is rk*-preserving if (H, H) is.

(3) We say (H,, H,) is rk'-*preserving if we restrict (b) to the case
Aiaas[IE{k, k + 1} =1KE(f) = 1k&*1( f)); this is clearly a weaker con-
dition.
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REMARK. As we shall show, proving a pair is preservative, is a bound on
SOMeE poOwers.

42A. CoaM. (1) If I=3, m=35, or =5, m=3, Hj is defined by
Hife) = (H|a|* +3,.,(R))*, and (H,, H,) is tk’-*preservative then (H,, H})
is Tk -*preservative.

(2) If we replace 3,,,(R)) by 3,,,(X,) we can omit the “*”.

ReMARK. For our applications an improvement in (1) will be inessential.

Proor. (1) Clearly (H,, H%) satisfies condition (a) of 4.2(1) for being
rk™-*preservative. As for condition (b), let f€ ®Ord, rk( /) = rkZ*'(f), so:
(@) |tkF(H,° /)| = Tg(Hy o f) +3,,,(R)) by 2.18, and
(b) Te(H, o f) = |rkg(H, o f)| +3,,,(R) by 2.21(2),
hence together
(© ITkE(H, o )| = |tkp(H, o )| +3,,1(R)).
As (H,, H,) is rk’-preservative
(d) ItkE(H, ° /)| = Hy(rkg(f)).
But similar to the proof of (c):
(e) ITke(N = 1E () + 3,0
By (e) and monotonicity of H,:
(f) Hyrki(f)) = Hy(JrkE(NIF + 3,01(R)Y).
But by the definition of H%:
(8) HArkE(f)y=H,(Itkg (/)" + 3,..(R)).
So by (c), (d), (f) and (g) we get the conclusion (as 2, . ,(X,) = Hi(a) for every o).
(2) Similar proof.

REMARK. So it usually doesn’t matter whether we get a result for rk® or rk®.

4.3. Fact. If(H,, H,) satisfies (a) of 4.2, | = 3, 5 and we are proving (b) of
4.2 by induction on « = rk%( f) (for all fand E), we can assume

() rkg(f)=rkg'(f);

(ii) for some /,/, <3, A(f)EMInE, 4,(H ,° f)EMin E.
So without loss of generality A4,( f) = w,, A;,(H,° f) = w,.

Proor. By 2.5(3), 2.8(3) for some E, C E, rki(f) = 1k '( f) = rk§,( f). So
Hy(tkk( f)) = Hy(rki( f)) and rki(H, o f) = tki; (H, © f) (by 2.5(2), 2.8(2)). So it
is enough to prove that rkk (H, o f) < Hy(rk,( f)), so (i) holds. For (ii) note that
w,; = U, <3 4,(f)and by 3.2(2) it is enough to prove for / < 3 that if 4,( f) # &
mod D then 1K, ny(Hy © f) = HY (K 14 /). So (ii) follows (the last phrase
by 2.13(3)).
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4.4. LEMMA.

(1) The function H = H, = °H, defined by H,(a) = ||t + 3, ,(R,) T (cardi-
nal addition) is rk>-preserving.

(2) The function H =H! defined by: H{a)=|a|® +3,,,(R)*T is
tk3-preserving.

Proofr. (1) In Definition 4.2 (a) is immediate, and we prove (b) by
induction on « = rki( f).

By 4.3 without loss of generality rki( /) = rki( f) and for some [, 4,( f) = w,.

If (i< :f(i))<@,+:(R)*}#F mod fil(E), it is enough to prove
k3 (3,.,(R)T) =13,,,(R))", and for this it suffices to prove that for f: w, —
3, (R)T, 1ki(f) <2,,,(R,)*, which holds by 2.21(2), and cardinal arithme-
tic. So without loss of generality f(i) = (3,,(X,)* for every i < w,. so clearly
a=(3,,(R)". Assume that the desired conclusion fails.

Letu = Ja| +3,,1(R) = |a|, X =1 E. So HkL(f) =, tkh(H o f)>
u*. As the range of H - fconsists of limit ordinals, by 3.7 thereare g < H o f
and E, C E such that rkz (g) = rkz(g) = ™.

Clearly (Vi <w)[|g(i)| = |f(i)|], hence T(g) = Tx(f). By 2.21(2)

|rki:.(g)| STe(8) T 20 (RD=T () 43,01 (R) = Tp(f) +3,44(R)
= |tki( N +3,4.1(R) = |a] +3,,,(R)<pu?

but g was chosen such that rk} (g) = u*, contradiction.
(2) Same proof using 3.8 instead of 3.7.

4.5. DEFINITION. Let H be a function from the ordinals to the ordinals.
(1) H* is defined by induction on «,

HO¢) =¢,
H (&)= HH"(&) + 1),
HE= U H®E)  for limit a;

B<a

(2) H*is defined by H*(a) = H(0).

4.6. Fact. If H satisfies 4.1(1)(a) then
(1) & S H*(¢) = H () for ordinals & < {;
(2) ¢ =HXE)<H*({) for { <.

ProoF. (1) Easy.
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() H*C) < HXO)+1 = HO(0)+1 = HH®0)+1) = H¢*(0) =
HXE + 1) = H*(?).

4.7. Lemma. If (H,, H,) is rkl-preserving, |=3 then (H¥ H¥) is
rk’-preserving.

REMARK. It does not matter so much that /=15 doesn’t appear here
because of 2.21, 4.2A.

ProoF. Part (a) of Definition 4.1 is easy (look carefully at « < H}*(«)). Part
(b) of Definition 4.1(1) we prove by induction on rk( /). By 4.3 without loss of
generality rk2( /) = rk3(f) and for some m < 3, 4,,(f) = w,.

Case 1. A(f)=w,.
So rki(f)=0, (H¥-f)i)=H¥0)=H{®0)=0 so the assertion is
rk3(0,,) < H¥(0,,) which holds trivially.

Case 2. A/(f)=w,.

So for some g € ®Ord, for every i, f(i) = g(i) + 1. Now

(a) rki(H¥o f)=r1ki(H,(H¥ > g + 1)) [by Definition 4.5].

(b) rki(H, o (H¥ - g)) < H,(rk};(H¥ - g + 1)) [by the assumption “(H,, H,) is
rk’- preservative”).

(c) Hytkp(HY¥ o g + 1)) = Hy(H}(tkp(g) + 1) [as g<arf, by 211
k3 (g) <rki(f) hence by the induction hypothesis rk}(H¥ o g) < H¥(rk3(g)).
By 3.6(1) rki(H¥e.g+ 1)=rki(H,og)+ 1 so by the previous sentence
rki(H¥og + 1) = H¥(rk}(H¥ - g)) + 1; as H, is monotonically increasing we
can get (c)].

(d) Hy(H¥(rki(g)) + 1) = H¥(rki(g) + 1) [by the definition of H¥(i.e., 4.5)].

(e) H}(rkz(g) + 1) = H¥(rkz(f)) [as g < f, by 2.11 rki(g) <rkz(f) hence
rki(g) + | = rk3(f) apply H¥ is monotonic].

By (a)—(e) we finish.

Case 3. A(f)=w,.

Let K = {HF¥og:g <g f}. Easily (see 4.6(2)) for every hEK, h <, H*o f.
Also for every h <gp H¥ » f there is g < f'such that & <, H¥ o g [see 4.5 and
4.6(2)]. Hence:

(@) TkL(HF o f) =< 1ki(H¥ - f) [by Definition 2.4].

(b) tki(H¥ o f) =sup{rki, (h): h <H¥f,DEE} [by the definition of
rki].

(c) sup{rk} (h):h <H}-g, DEE, for some g <, f} = sup{rkz,(H} e g):

D)
g <p f, DEE} [by what we say on K above and as rkz  is monotonic).

(4]
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(d) sup{rk}, (H¥°g):g<pf, DEE} =sup{H}(k},(8): g <pf, DEE}
[apply the induction hypothesis to g for each g, Ejp, where DEE, g <), f; this
is legitimate as by 2.11, 1k}, (8) <rk}, (f) = tkE(f) and 1k}, (f) = rki(f) by
2.13 because we have assumed rki( f) = rki(/)].

(¢) sup{H}(rk},(g): g <pf, DEE} = H¥(sup{rk,(8):8 <pf, DEE})
[because H} is monotonically increasing, see 4.6(2)].

(f) H¥(sup{rkz,(g):g <pf, DEE})=H}1ki(f)) [by definition of
kz (/).

(g) H¥(ki([f)) = H¥(rki(f)) [as we are assuming (i) of 4.3].

By (a)-(g) we get the result.

4.8. CLamm. If (H}, H3)is rk/-preservative for x = a, bwhere / = 2, 3,4, 5
and H,, = H’, -« H? for m =1, 2 then (H,, H,) is rk’-preservative.

ProOOF.
rkip(H, o f) = tki((H} o HY) o f) = tki(H} o (Hf © f)) = HY(tki:(H{  f))
= HY(H3(tki(f))) = (H3 » Hi)1ki(f)) = Hy(rk;( /).

4.9. LEMMA. Suppose(H[", HY) is tk-preservative form < w,l = 3,and H,
is defined by H,(a) = sup,, <, H™(a) then (H,, H,) is rkl-preservative.

Proor. Part (a) of Definition 4.1 is easy. Part (b) of Definition 4.1 we
prove by induction on rki( /). By 4.3 we can assume rki( f) = rki ! ( f) and for
some m, A,(f) = w,.

Case A. A(f)= w,.
Easy.

Case B. AW f)=, and for some m <w,, A ={i <w, :(He f)i)=
(H, f)(i)} # & mod fil E, then:

(a) tkE(H, ° f) = rkk(H, © f) [by monotonicity of rk’ in E].

(b) rklE[A](H 1o f)= rklE[A](H "o f) [by choice of 4];

(c) rkep(H o f) = HP(tkkp( ) [as (H, HY") is 1k'-preservative];

(d) H7(rki( f)) = Hy(rky,(f)) [by definition of Hy];

(€) Hyrkiy( )= Hyrki(/)) [as rikgy f) = k() because tki( )=tk ().

From these we get the conclusion.

Case C. Aff)= and for each m, {i:(H o f)i)=(H,*f)i)} =&
mod fil E.
Without loss of generality (H[" o f)(i) < (H, > f)(i) for m < w, | < w,. So for



Sh:256

322 S. SHELAH Isr. J. Math.

every I, (H,ofXi) is a limit ordinal. Note that (3E, CE)[g <g f]=
(34)[4 # & mod fil E and g <gg)+4 f1.
Now if g <g, H,° f, D €E, then necessarily for some m = m(g, D) <w

B=B,={i<w,:g(i)<(H!>f)i)} # & mod fil(E)

hence g <z (H[" f). Now under those circumstances
(a rki-w](g )= rk{E[D])[B](H "o f) (by 2.5(2)).
As (H", HY) is rk'-preservative
(b) rk(E[D])[B](H e f)=HY (rkéE[D])[B]( M.
By the definition of H,
(c) HY (rk&[m){s}( MN=H, z(fka[D])[m( M.
By our use of 4.3
(d) Hytkigpps ) = HyrkE( ).
By (a)-(d) we finish as

tky(H, o f) S tk}(H, ° f) = sup{rk} (8) : & <gip) H, f, DEE}.

4.10. ConcLusioN. If (H|, H,) is preservative, a < @, then (H{*, H{?) is
preservative,

ProoF. By induction on a.
a=0: trivial.

a successor ordinal: by 4.8.
« limit: by 4.9.

4.11. REMARKS AND GENERALIZATION.

(A)
(1) We can define when (H,, H,) is rk-preserving where H, = (H,,:y <
w;):
(a) H,, H,,are functions from ordinals to ordinals, a = H, ,(a), a = Hy(a),
and for a < 8, H, (a) < H,,(8), Hy{e) < Hy(B);
(b) let for fEXOrd, H, o f be defined by (H, f)(i) = H,,(f(i)); then
rki(H, o f) = H{tkE( /).
All the section generalizes easily, and in addition
(2) If(H{, H}) is rk™-preserving fori <w,and Hi = (H}, : y < w,), H, ,(a) =
sup{H!,(«):i <1+a} and Hye)=sup{Hj(a):i <1+ a} then (H,, H,) is
rk’- preserving (see the proof of 4.9, use “Fodor” instead “R,-completeness”).

(B)
(N LetAzR,IC{a:aCA, Ry=|anaw|}.
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We can replace the “normal filters on w,” in the definition of OB, by filters
over I which are fine (i.e., for y <4, {t€I: yE€t}€D) and normal (i.e., if
A,ED for y <A then {t€1: A,e, t €A4,}ED) (hence R,-complete). We can
then use consistently I instead of w,. In (1) of (A) above we have H, =
(H,,:t€I), so (2) of (A) above becomes stronger. Using this we may need
(C)(2) below.

©

(1) Of course if H; = H, [i.e., (Va)H{(a) = H\(e)] and H, = H}, and H|H}
satisfies (a) of 3.1 and (H,, H,) is rk-preservative then (Hj, Hj) is
rk-preservative.

§5. Conclusion

By 3.14, 1.6, (1.2) for our purpose we can assume
5.1. Hyproruesis. [ is a nice collection.

5.2. THEOREM. Suppose (H,, H,) is °rk’-preservative for E, | =3,5 and

tki(f, E) = 3, (R)) (and E is nice).

(1) T¥H, - £, E) = Hyrki(f, E)).

(2) If cf(8) = Ry, (Vi <R[ <R;s], Rs>13,,(R,), fEXOrd is constant
such that for every i < w,, (H, ° f)(i) = R;, then R¥: = Hy(rkk( /).

(3) If cf(6) = R, (Y <R[ <R;], R;>3,,,(R), FENOr, fli) = w,,
Rs = H\(w)), then R} = Hy((rki(f)) = H)(3,+:(R))*) (when H, is
strictly increasing the last inequality is strict).

(4) If tkk(H, ° f,E) Z 3,,R,) then Tz(H, » f, E;) = Hy(rki(f, E)).

Proor. Easy.

(1), (4) By 2.21 and Definition 4.2.

(2) By Galvin-Hajnal [GH] (see e.g., [Sh 5, 2.8]) T=(f) = R} for E €E; now
use (1).

(3) Use (2) and remember that, by 2.18, rki(f, E) <3,,,(R)*.

5.3. DEFINITION. Let Cy={1:4 an infinite cardinal}, G, =
{A EC,: C,‘ N A. haS 0rder type l}, CJ = m,‘<5 C,‘.

5.4. DEFINITION. (1) Let us define R/(4) by induction on i:
Case (1). RYA)=Ate
Case (ii). Ri*!(1) is defined by induction on a:
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Rty =4,
Ra11() =R}(Ro) wherey =R ') +1,
RiF 1) = Ues KT

Case (iii). R$(A) = U, Ri(A) (for ¢ a limit ordinal).
(2) Let Ri()=Ri(|¢| + R;) for any ordinal ¢.

5.5. Fact. (1) Ri(A) is a monotonically increasing function of i, «, 4 (but
not necessarily strictly).

2) RA)Yz=4,q,i.

(3) RI(A) is strictly increasing in o when i is a successor.

(4) {R;*'(A): dalimit ordinal} is equal to {u: R} (A) = u} (i.e., a set of fixed
points of R:(4) (as a function in x).

(5) For & limit {R$(4): 6 an ordinal} is equal to M), . {u: Ri(A) = u).

(6) For i >0 {Rj(R):J oriis alimit ordinal} is equal to C;.

(7) Riip(2) = Rp(R(A)).

(8) If H(a) = Ri(Ro) then H¥*(a) = RITI(R,).

(9) Ri3,4+1(R) = °H{' * V() (see 4.4, 4.5).

5.6. CoNCLUSION. (1) For ¢ <@, if A & RE (3,(R)), (Vi <A)ute<i]
then (RS, (3,(R )% < Ry (3:(R))).

(2) If { <w,, A is the w,-th member of C;, A >3,(R)), (Vu <A)u <)
then A% is smaller than the (3,(X,))*-th member of C,.

Proor. (1) Leto =0. Use 4.4, 4.10 and 5.5, 5.4(5).
(2) Use 5.6(1) and 5.5(6) (and definition of C;).

5.7. LeMMA. The function H = H® is °tk>- preservative, where

H"%a) o Min{A: A is weakly inaccessible, A >3, ,(R,), A Z a}.
PrOOF. Part (a) of Definition 3.1 is easy. Suppose for fand D part (b) of
Definition 3.1 fails, so

tki(H™, f)>1 £ H(rk}( /).
As in 4.3 w.l.o.g. tk3( /) = rk&( /). So by 3.10 there are g, E*Ord for { <1,
& <gH“of [ <& =A=g <gg], and rki(g;) = rki(g;) <A for { <A.
Asin [Sh 5, 5.x] we can prove that 4, = {i < w, : g,(i) is weakly inaccessible}
cfil E.
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Also 4, = {i < w, : (i) < H*( f(i))}Efil E, hence 4, o A, N A, &f1il E but
for | <w,, as g;(i) is <H™*(f(i)) and is weakly inaccessible it follows that
g:.(1) < fi) (see definition of H™!). So g, <urf; so A =1k}(g)<rk}(f) =
H“(rk}(f)) = 4, contradiction.

5.8. LEMMA. H* ™ is °tk>- preservative where
H* "(a) = Min{A: A is weakly a-Mahlo, A >3, \(R))* + |a|}
when a < ).

Proor. E.g., like the proofs in [Sh 5, §7]; by 2.21 we can deal with
rk’-preservation, and using the ultrapower by a generic filter (chosen as in 3.10)
we have no problem.

REMARK. See [Sh 7] for more.

REFERENCES

(BP] J. E. Baumgartner and K. Prikry, On the Theorem of Silver, Discrete Math. 14 (1976),
17-22.

[De J] K. J. Devlin and R. B. Jensen, Marginalia to a theorem of Silver, ISILC Logic Conf.
(Kiel 1974), pp. 115-142.

[Do J] T. Dodd and R. B. Jensen, The covering lemma for K, Ann. Math. Logic 22 (1982), 1-30.

(EHMR] P. Erdos, A. Hajnal, A. Male and R. Rado, Combinatorial Set Theory: Partition
Relations for Cardinals, Akad. Kiado, Budapest, 347pp.

[GH] F. Galvin and A. Hajnal, Inequalities for cardinal powers, Ann. of Math. 101 (1975),
491-498.

{J] T. Jech, Set Theory, Academic Press, 1978.

[Je P] T. Jech and K. Prikry, Ideals over uncountable sets: application of almost disjoint
Sunctions and generic ultrapowers, Memoires Am. Math. Soc. 18 (1979), No. 214,

[Le] A. Levy, Basic Set Theory, Springer-Verlag, 1978.

(Mg 1] M. Magidor, On the singuiar cardinal problem I, Tsr. J. Math. 28 (1977), 1-31.

[Mg 2] M. Magidor, Chang conjecture and powers of singular cardinals, J. Symb. Logic 42
(1977), 272-276.

[Mg 3] M. Magidor, On the singular cardinal problem I, Ann. of Math. 106 (1977), 517-547.

[MR] E. C. Milner and R. Rado, The pigeonhole principle for ordinal number, J. London
Math. Soc. 15 (1965), 750-768.

[Sc] D.S. Scott, Measurable cardinals and constructible sets, Bull. Acad. Pol. Sci., Ser. Math.
Astron. Phys. 9 (1961), 521-524.

[S] 1. Silver, On the singular cardinal problem, Proceedings of the International Congress of
Mathematicians, Vancouver, 1974, Vol. I, pp. 265-268.

[Sh 1] S. Shelah, Classification Theory and the Number of Non-Isomorphic Models, North-
Holland Publ. Co., 1978.

[Sh 2] S. Shelah, 4 note on cardinal exponentiation, J. Symb. Logic 45 (1980), 56-66.

[Sh 3] S. Shelah, On the power of singular cardinal, the automorphism of #(w) mod finite,
and Lebesgue measurability, Notices Am. Math. Soc. 25 (1978), A-599 (October).

[Sh 4] S. Shelah, Better quasi-orders for uncountable cardinals, Isr. J. Math. 42 (1982),
177-226.



Sh:256

326 S. SHELAH Isr. J. Math.

[Sh 5] S. Shelah, On power of singular cardinals, Notre Dame J. Formal Logic 27 (1986),
263-299.

[Sh 6] S. Shelah, Proper Forcing, Lecture Notes in Math., No. 840, Springer-Verlag, Berlin,
1982.

[Sh 7] S. Shelah, Bounds on power of singulars: multiple induction, in preparation.

[So] R. M. Solovay, Strongly compact cardinals and the GCH, Tarski Symp. (Berkeley 1971),
1974, pp. 365-372.



