Sh:114

ISRAEL JOURNAL OF MATHEMATICS, Vol. 50, Nos. 1-2, 1985

ISOMORPHISM TYPES OF
ARONSZAIJN TREES

BY

U. ABRAHAM® AND S. SHELAH®>'
“Ben-Gurion University of the Negev, Beer Sheva, Israel;
*Institute of Mathematics, The Hebrew University of Jerusalem, Jerusalem, Israel

ABSTRACT
We study the isomorphism types of Aronszajn trees of height w, and give
diverse results on this question (mainly consistency results).
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Introduction

The question of isomorphism of Aronszajn trees was dealt with by H.
Gaifman and E. Specker [11] who proved that there are 2" non-isomorphic
Aronszajn trees. It can be seen, however, that every two of their non-isomorphic
trees are isomorphic on a closed unbounded set, i.e. there is a closed unbounded
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(club) set C C w, such that restriction of the trees to the levels in C gives two
isomorphic trees. So we are led to the question about isomorphism of trees on a
closed unbounded set. Saying that two trees are really different if they do not
contain isomorphic restrictions to closed unbounded set of levels, the question is
whether really different Aronszajn trees exist. It turned out that this question is
interesting from a Set-Theoretical point of view. There are consistency results
requiring new models, and different possible answers exist. Very roughly the
situation is this: The continuum hypothesis (CH) implies that there are many
really different Aronszajn trees, while on the other hand it is consistent that
every two Aronszajn trees are isomorphic on a closed unbounded set. (When we
say that ¢ is consistent we mean of course that if ZFC is consistent then ZFC+ ¢
is consistent.) Following are some notations and then a detailed description of
our results.

An Aronszajn tree is always a tree of height w; without cofinal branches and
with the usual normality properties. (Every point has extensions to every higher
level, two points with the same predecessors are equal.) (See [13] or [9] or [18]
for basic information on Aronszajn trees.) If T is a tree then T, designates the
a’s level of T, and for C C w,, T[ C = U, cc T, is a tree under the restriction of
the partial ordering of T. A function f: T"— T” is an embedding of the tree T'
into the tree T iff f is one-to-one and order preserving

x<y & f(x)<f(y)

f is an isomorphism if it is an embedding of T onto T°.

For C C wy, two trees T" and T” are said to be isomorphic on C iff T" , Cis
isomorphic to T?| C. It follows that if C C w, is unbounded and T', T are
isomorphic on C then they are isomorphic also on the closure of C (C with all its
limit points).

We say T is embeddable into T* on a club set iff for some (closed) unbounded
C C w there is an embedding of T |C into T* |C. We say that two trees are
isomorphic on a club set iff for some (closed) unbounded set C C w, these trees
are isomorphic on C. We say two trees are negr each other if some tree is
embeddable on a club set into both of them. From now on, embeddability for
Aronszajn trees always means embeddability on a club set.

In order to understand our work it may be helpful to compare questions on
Aronszajn trees to an apparently similar problem — the isomorphism questions
of N;-dense real order. Say K is the class of N;-dense real orders. (A real order is
N;-dense iff it has no first nor last element and between any two points there are
N: many points.)
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As any order preserving function from M, to M, (M, M, € K) is determined
by its restriction to a countable set, it is easy to find, assuming CH, M, € K,
i <2, such that no M € K is embeddable to two of them, i.e., every two orders
in this family do not contain isomorphic subsets in K. Also, one can see that
(assuming CH) there is no prime order in K (one which is embeddable in each
other).

For Aronszajn trees (with embeddability always on a closed unbounded set)
we can easily get similar results assuming <,,. But what can we say if CH alone is
assumed? Now, by Devlin and Shelah [10] there is a weak form of the diamond
which follows from CH (and in fact is equivalent to 2" < 2™) and which partially
substitutes ¢. Using a combinatorial principle we derive from this weak
diamond, we get 2™ Aronszajn trees no one embeddable into another and even
the only embedding of each tree into itself is the identity. It also follows from this
principle that for every Aronszajn T' there is Aronszajn T~ such that T" is not
embeddable into T (i.e. there is no prime Aronszajn tree). Now note that
(unlike the 8,-dense real order case) the results we get assuming 2" = R, are not
as strong as those we can get with . This is not incidental. We can prove the
consistency with GCH of: There is a universal Aronszajn tree and for any two
trees there is one embeddable into both.

What about the other direction — consistency results which negate the
consequences of CH? J. Baumgartner proved the consistency of “Every two
members of K are isomorphic” {7]. He starts with V= GCH and uses a c.c.c.
forcing. The main lemma he needs is: if Vi=CH, M,, M, E K, then for some
forcing poset P satisfying the c.c.c. with |P|=N8,, F “M,=M,”. Now the
parallel assertion for Aronszajn trees is open, but we can find an N,-complete
forcing poset ? and a c.c.c. poset 2 € V7 such that F7** “T' and T? are
isomorphic (on a club set)”. At the time we found the proof it was not clear how
to iterate these posets, and we had quite an involved argument and construction
for doing it; but with the invention of proper forcing (see {16]) this becomes easy.
However, if we want 2" > R,, we still have to use some of the involved methods.

Our results can be divided into three parts:
1. Consequences of 2" <2 (§1, §2)
If CH or even if 2% < 2™ holds then:

(a) There are 2" pairwise really different Aronszajn trees. Not one of these
tree is embeddable on a club set into the other.
(b) There is an Aronszajn tree T such that for every closed unbounded
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CCuw, T] C is rigid (i.e., the only embedding of T ’ Cinto T ] C is the identity,
so T is a really rigid tree). We can combine (b) with (a).

(c) For every Aronszajn tree T’ there is an Aronszajn tree T? such that T" is
not embeddable into T” on a club set, i.e., there is no prime Aronszajn tree.

(d) We formulate a combinatorial principle that follows from the weak
diamond (of [10] which itself is equivalent to 2% < 2%) and hopefully will serve to
obtain results like (a)-(c).

2. Consistency results with CH (§3, §4)

(a) GCH + (a,) + (a-) is consistent:

(a:) There is a universal Aronszajn tree 7T, i.e., a tree T such that for every
Aronszajn tree T*, T* I C is order embeddable into T ’ C for some C C w:. The
universal tree T is a special Aronszajn tree. Hence in this model there are no
Souslin trees. Thus (a,) is a strengthening of Jensen’s theorem ([9]) which says
that CH is consistent with Souslin’s hypothesis.

(a;) Every two Aronszajn trees contain subtrees which are isomorphic on a
club set. (We say two such trees are near.)

(b) We have some consistency result with CH concerning Souslin trees. For
example, “CH + there is a Souslin tree” does not imply that there are 2" really
different Souslin trees.

ProBLEM. Does the existence of two really different Souslin trees foliow the
existence of a Souslin tree?

3. Consistency results with 2> N, (85, §6, §7)

(a) Martin’s Axiom + 2" =N, + “Every two Aronszajn trees are isomorphic
on a closed unbounded set” is consistent (in §3).

(b) Martin’s Axiom + 2" > R, does not imply that every two Aronszajn trees
are isomorphic on a closed unbounded set (in §4).

(c) Martin’s Axiom + 2" = x + “Every two Aronszajn trees are isomorphic on
a closed unbounded set” is consistent (in §5). « here is “any” regular cardinal
such that k% = «. (The difference between this item and (a) is that in (a) we get
2" =N, and here 2% is as big as we want; moreover the proofs are different: in
(a) we use proper forcing and in (c) a technique of using generic reals.)

Chart 1 summarizes the situation. In this chart, bold type is for implication and
italic type for consistency results. Embeddability and isomorphism in the
Aronszajn tree case always mean on a closed unbounded set.

A related subject which can be treated similarly is Specker order (see e.g.
Galvin and Shelah [12]). A Specker order is an uncountable order with no
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Chart 1
o Continuum Hypothesis <2 MA +2% >N,
There are 2™ Every two trees There are 2" trees Every two trees are
Aronszajn trees, ne have isomorphic no one embeddable isomorphic: §3 for
Aronszajn [two have isomorphic subtrees. into the other, and =N, and
trees subtrees. There is a universal every one embeddable §5 for 2" >N,.
There is no universal  Aronszajn tree (§2). into itself only by MA does not imply
tree. the identity. that every two trees
There is no prime are isomorphic (84).
tree (§1).
There are 2 Like above, replace Every two orders
orders no two have tree by order [15]. are isomorphic:
N,-dense isomerphic suborders. Every two orders [7] for 2%o=n, and [2]
real Risa have isomorphic for %> N,
orders universal order. suborders. MA does not imply
(x) There is no There is a universal that every two orders
prime order. order {2]. are isomorphic [5].

uncountable real sub-order nor uncountable well-order or anti-well-order sub-
set. We call a Specker order I normal if I =U,.,, L, (I, : @ < ;) increasing
and continuous, | I, | = Ny, I is dense with no first or last element, and for every a
and x&€1-1I,

Jea={yE€I-L :(Va€L)a<x<a<y)

has no first or last element. By [14] there are 2™ pairwise non-isomorphic normal
Specker orders. Let I be an order, C C I X [ is a chain iff for (x, y), (x',y)EC
either x =x'and y=y' or x Zx' and y =y’ hold. Say

K= {I: I is a normal Specker orderand Ix I = U C, each C, a chain} R
i.e., K5 is the family of normal Specker order whose square is the union of
countably many chains.

We can represent every Specker order by an Aronszajn tree of sequences of
non-zero rationals ordered lexicographically (where we identify n with
1 °(0,...)) and then prove similar results for Ks. For example: Con (Any two
members of K5 are isomorphic or antiisomorphic). This cannot be improved to
“Any two members of K are isomorphic” (see [14]).

ProBLEM. It is not clear whether we can get the consistency of:

(*) Any Specker order contains a suborder in Ks.

This is equivalent to the following consistency question.

(»+) If T is an Aronszajn tree, T = A; U A,, then there is an unbounded
BCT and [ €{0,1} such that x,y € B = g.lb.{x,y} € A.
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To the reader who wants to get some of the main ideas without too much work
we suggest reading §1, where we prove that 2" < 2" implies that there are two
really different Aronszajn trees. §5 can be read quite easily and gives the main
result. §6 is an example of a method, which can be studied also in [5], in [2] and
in [1] and gives some limitations to Martin’s Axiom. Some of the ideas of §7
appear in [4] in a simpler context.

Although this paper can be read independently of other material, at some
places the use of Devlin and Johansbréten’s book [9] is necessary for a full
understanding of some details.

Historically, this paper owes much to the proof of Jensen [9]; §4 in particular
resembles his work. The study began by Avraham, who showed the consistency
with CH of the existence of a universal Aronszajn tree. Shelah proved the
consistency of “Martin’s Axiom for stable posets + Every two Aronszajn trees
are isomorphic on a club set” (see [6] for the definition of stable posets).
Afterward Avraham used the generic reals to get the consistency of the full
Martin’s Axiom with the isomorphism of any two Aronszajn trees (§7). For the
notion of proper forcing see [16]. The construction of a proper poset forcing two
Aronszajn trees to be isomorphic on a closed unbounded set (85) is due to
Shelah. J. Baumgartner was the first to use finite conditions to force a closed
unbounded set. The proof that Martin’s Axiom + 2% > R, does not imply that
every two Aronszajn trees are isomorphic on a club set is due to Avraham and is
based on a method of Shelah (exposed in [5]). Shelah proved the consistency of
“CH+ Every two Aronszajn trees are near” (item (a,) in 2). The result on
Souslin trees in §4 is due to Avraham. In §1 we use the weak diamond of Devlin
and Shelah ([10]). Shelah used the weak diamond to obtain non-isomorphic
structures ([15]). Avraham applied this method to prove that 2" < 2™ implies the
existence of two really different Aronszajn trees and of a “really rigid”
Aronszajn tree. (Rigid Aronszajn trees were constructed in ZFC by Baumgart-
ner, Avraham and Todorcevic independently; [3] and [17].) The general
combinatorial principle of §2, the definition and use of the “small sets” to obtain
2" really different Aronszajn trees, are due to Shelah. After this study was done
it was brought to our knowledge that the question whether “every two trees are
isomorphic in a closed unbounded set” is consistent was asked by I.
Baumgartner.

Part I: Theorems in ZFC

§1. Consequences of 2" < 2"1: non-isomorphic trees

In this section we prove that 2% <2" implies that there are 2™ pairwise
non-isomorphic on a club Aronszajn trees of height w,. We then present a



Sh:114

Vol. 50, 1985 ARONSZAIN TREES 81

combinatorial axiom that follows from 2% < 2" implies the above result, and
hopefully will have other consequences as well. In order to present the ideas
more slowly we first construct directly from the weak diamond two Aronszajn
trees non-isomorphic on a club (below), then follows the axiom (§2) and finally
we show how to use the axiom to get 2™ pairwise non-isomorphic rigid trees.

Devlin and Shelah [10] proved that 2" <2" implies the weak diamond
principle: For each F: “(2%)— 2 there is g € “2 such that for every f € “1(2%),
{a < w,:g(a)=F(fla)} is stationary.

We remind the reader that in order to construct an Aronszajn tree one
constructs it together with an order preserving embedding of the tree into the
rationals (a special tree). At limit stages of the construction, one uses, and
therefore has to keep, the following property: for every point x in the tree and
rational &€ >0 there is a point above x, at every higher level, such that the
rational numbers assigned to these two points differ by less than . As this is
standard we will not mention it further.

Now to the construction of two Aronszajn trees not isomorphic on a club set.
By induction on a we will attach to every n €%2(n :a =2, a < w;)atree T(n)
of height w - « (together with its order preserving embedding into the rationals).
The elements of our trees are chosen to be ordinals: the w level consists of the
ordinal interval [w - g, @ - (0 +1)). If ' 2 7 then T(n') is an end extension of
T(n).

For limit a and 7 €°2, T(n)=U,. T(n ).

Suppose T(n), n €2, is constructed, define T(n " (0)) and T(n " (1)) to be
two trees extending T(n) such that:

(a) The height of T(n"(i)is w-a +w for i =0, 1.

(b) The set of cofinal branches of T(n) determined by points of T(n " (0)) and
the set of cofinal branches of T(n) determined by points of T(n " (1)) are
disjoint.

(The set of cofinal branches of T(n) determined by T(n " (0)) are all branches of
T(n) of the form {x € T(n): x < a} where a € T(n " (0)) and a is of level w -
there.)

Now for every n €2, T(n)=U,<., T(n17) is a special Aronszajn tree.

Let o €2 be defined by o(a)=0 for a < w,. We will find h € “2 such that
T(h) and T(o) are not isomorphic on a club set. The trees T(n), n €¥2, were
constructed in such a way that the points of T(n) for n : @ — 2 consist of ordinals
inw-a.

Now let n €°2 and CCw-a be closed unbounded in w-«a, and let
i:T(a[a)f C— T(n) be an embedding on the levels in C of T(cs [a) into
T(n)l C (i is the beginning of an order preserving isomorphism on C which is a
beginning of a closed unbounded set). Define F(n, i, C)€{0,1} as follows:
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F(n,i, C)=01iff i can be extended to an embedding of
T(0)| C U{w - (a + 1)} into T(n " (0)).

Note that as the w - a’s levels in T(n " (0)) and T(n " (1)) define disjoint sets
of branches it cannot be the case that such i can be extended both into T(n " (0))
and into T(n " (1)).

Now, in case w - @ = @, under suitable encoding, F can be viewed as a function
from ¢ (2") into 2. So, by the weak diamond principle there is g € “'2 such that
for every n €“2, CCw;, and i: T((r)} C— T(n)l G

{a <w :gla)=F(nla ila, CNa)}isstationary.
Let g* =1—g (for every a, g(a)+g*(a)=1).
CLamM. T(o) and T(g*) are not isomorphic on a club set.

PROOF. Suppose on the contrary that C C w, is closed unbounded and
i: T(o-)’ C— T(g*)| C is order preserving. There is some o, w - & =, « € C,
such that

gla)=F(g*la, ila, CNa).

If g{a)=1 then g*(a)=0, hence ifa is extended by i to an embedding of
T(o)| @ + w into T((g*1 a)" (0)), so, by the definition of F, F(g* [ a,ila,CN
a)=0. A contradiction.

If g(a)=0 then g*(@) =1 and it follows that i [ @ can be extended on T(o)
both to the left and to the right of T(g*[a) which is impossible as was
mentioned above.

§2. A combinatorial principle about the small sets

2.1. DerINITION. (1) Let F:¥c¢— 2 be given (¢ is 2™). A is a subset of w,. We
say that a function g :w,—2 is an A-diamond for F iff, for any n €1,

{e € A i F(n|a)=g(a)}is a stationary subset of w;.
(2) A C o, is called a small subset of w, iff for some F :*¢— 2 no function is
an A-diamond for F.
(3) I ={A Cw:: A is a small subset of w;}.

In [10] the following is proved.

2.2. THEOREM. I is a countably complete normal ideal on w, (which includes
all non-stationary sets) which is a proper ideal (w, & I) if 2% <2%.

Our aim in this section is to prove.

2.3. THEOREM. Suppose 2 < 2", then there are 2" pairwise non-isomorphic
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on a club-set Aronszajn trees; each of these trees is club-set rigid (any embedding
on a club-set of the tree into itself is the identity).

First, observe the following facts:

(1) Let S be a tree of height @ (a limit countable ordinal) and let $°, S' be end
extensions of S of height o + 1 such that the set of cofinal branches of § that are
determined by the members of the a-level of §” is disjoint from the one
determined by the a-level of S'. Then for any club CC e and f: T | a—>S$
(where T is a tree of height w,) there is [ = 0, 1 such that f cannot be extended to
an isomorphism of T | C* into $* | C* whenever C* extends C and S* extends
S

(2) If S is again of height @ and a,b €S,, B <a, and if S°, §' are end
extensions of S of height « + 1 which determine disjoint sets of branches cofinal
in S and containing a, but determine the same set of branches which contain b,
then for any f: § — S (such that f(b) = a) and club C C «, there is / =0, 1 such
that f cannot be extended to an embedding of $' on C U{a} into S'.

Let us now define a relation: R%(S, T, f, C) iff f is an embedding on the club
C C o, of the Aronszajn tree S into the Aronszajn tree T. Also, for any
£ € w,— 1 define: R*(S, T, f, C) iff f is an embedding on the club C C w, of the
Aronszajn tree T into itself, such that the £ member, a, of T is in the range of f
and f'(a)# a (so S is here a dummy variable).

Quite naturally we can view a function 7 : @ — ¢ as a countable tree of height
a with an embedding into the rationals (having those properties that are
required when a rational embedded tree is constructed). If § is limit, then
n:8—c¢ asatree, is the union of n [ @, @ € 8. Now R*(S, T, f, C) is meaningful
when S, T €“c and f, C are as before.

Using facts (1) and (2), the relation R* (for & € w,) satisfies this:

2.4. For any limit ordinal a and o : « —¢, there are extensions of o, o,
o'¢:a +1-—c¢ such that the following holds:

Forany o,7:a —cand f and club C C a, there is [ =0, 1 such that, whenever
f*2f and C* end-extends C, for any S, T:w,— ¢ extending ¢”* and 7',
respectively, R*(S, T, f*, C*) does not hold.

To prove Theorem 2.3 we need & : w;— ¢ for i <2™, such that, for any £ € w,,
club C and function f and i # j, R*(¢, &, f, C) does not hold (because then the ¢’s
give the desired trees).

2.5. THEOREM. Assume 2% <2". Let R¥, £ € w,, be relations satisfying 2.4.
Then there are t, : w,— ¢, for i <2, such that, for i # j and for any f and club C,
Ré(t, t, f, C) does not hold.

PROOF. As I is a non-trivial countably complete ideal on w; (Theorem
2.2), Ulam’s theorem say that I is not saturated and so there are S§(B, & € w))
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pairwise disjoint non-small subsets of w;. We assume that for every a there are
unique B and £ with a € S;.

2.6. DermNiTION.  The function F(a, 1, f, C) is defined for every o,7:a —¢
and f and club CCa. F(o,7,f,C)=1iff I =0,1 is that given in 2.4 for the
relation R* where ¢ is given by « € S;.

Since S§ is non-small, there is a function g§: @, — 2 which is an S§-diamond
for F; in some natural way we can view F as defined on #c.

Now, for any I C o, we define #; : o, —¢. t; | a is defined by induction on limit
«. If 8 is limit of limit ordinals, then t, [ § = U.st: 1 If a is limit and 4 [ « is
defined, we first find £ and B such that @ € S5. And then, if 8 €[,

tla+1=(a)s* (see 2.4).
It BZ I, then
tla+1=la)™

tla+1is now extended to t | a + w in some arbitrary way. (4 [ is also
arbitrarily chosen.)

It is easy to find 2" many subsets of w; no one included in the other. Hence all
we need is

2.7. Cam. IfJIZ I, f €“¢c and C C w, is a club set, then R*(ti, t;, f, C) does
not hold.

ProOF. Pick B €J — I By Definition 2.1, and since gpis an S§ diamond for
F, there is a € §§ such that « € C’' (a limit point of C) and

(2.8) Ftile, tle, fla, CNa)=gia),

asBELula+1=(4]a) AsB € Jputting gi(a) =1L [ a +1= (4] )" By
(2.8) and the definition of F (2.6) we conclude (from f D f ' a, Cextends CNa
and #, t; extending (4 [ «)” and (&, | )", respectively) that R*(#, 5, f, C) does
not hold.

Part H. Consistency Results with CH

§3. Preliminaries

We recall that embedding and isomorphism means on a club set.

In the previous section we saw that 2" <2 implies that there are many
Aronszajn trees which are not isomorphic on a club set. Similar arguments show
that for any Aronszajn tree T the “weak diamond” can be used to construct an
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Aronszajn tree T*; such T is not embeddable into T*. So 2% < 2" implies there
is no prime Aronszajn tree. How about universal Aronszajn trees? (where U is a
universal Aronszajn tree if any Aronszajn tree A can be embedded into U).

It is not difficult to show that & implies:

(a) There are 2™ many Aronszajn trees such that no two are near and
embedding of each one into itself can only be the identity.

(b) There is no universal Aronszajn tree.

Could one replace < above by the weaker CH? No, since the following is
consistent.

(a*) Every two Aronszajn trees are near each other (i.e. contain isomorphic
copies).

(b*) There exists a universal Aronszajn tree (which is a special Aronszajn
tree).

We shall not prove this consistency result here, only a hint is given in 4.23.
However, this hint should be sufficient to the reader of §3.4. In §4 we do give the
details for the proof of the consistency of:

CH + There exists a Souslin tree + There exists a special Aronszajn tree
which is universal among all the Aronszajn trees which do not contain a
Souslin subtree.

In this model the dichotomy of Souslin trees and special Aronszajn trees is
sharp: There exists a Souslin tree and every Aronszajn tree either contains a
Souslin tree or is already a special Aronszajn tree. (A tree embeddable on a club
into the rationals is already a special tree. See [9], first page.) In contrast, in L,
there is a non-special Aronszajn tree which is embeddable into the reals (and
thus contains no Souslin subtree). See 8] for this. A further property of this
model is that there are, up to a club set, only N; many Souslin trees.

We do not know how to obtain a model with a unique Souslin tree.

3.1. DeFINITION. (i) Let T, T be trees, the product T' X T is the set of pairs
{(a,b):a € Ty and b € T, for some y < w,} partially ordered by: (a, b) <(a, b)
iff a<a and b<bh.

(i) f Tisatree and a €T then T. ={x €ET:x = a}.

(iii) Let R be a tree, ai,...,a € R, for some y <w, are different, then
R, X R, X+ XR,, is called a derived tree of R and k is the dimension of that
derived tree.

The rigid Souslin tree constructed in L ([9] p. 46) has the property that each of
its derived trees is also a Souslin tree.
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3.2. Lemma. Assume R and all its derived trees are Souslin. Let A be an
Aronszajn tree and R’ a derived tree of R such that, in the Boolean universe of R’,
A becomes non-Aronszajn ; moreover the dimension of R' is minimal with respect
to that property. Then R’ is embeddable on a club set into A.

ProOF. Let (ai,...,a,) be an n-tuple of distinct elements of R, (for some
v < w,) such that R" is R, X .- X R, . By the premise of the lemma there is a
name b which is forced by every element of R’ to be a cofinal branch of A. Now,
for every @ < w,, each e € R’ has some extension e’ € R’ such that for some
a € A, e " “the intersection of b with A, is a”. Let D, C R’ be a maximal
subset of incompatible members of R’ which thus determine the value of the
member of b at the a’s level of A. D, is countable as R’ is Souslin. It follows
that there exists a closed unbounded E C w, such that for « € E and ¢ ER|,
there is a € A, such that e g is in b. Denote this unique a by f(e). Now this
function f is clearly an order preserving function from R’ [ E into a subtree of
A IE We shall find closed unbounded D C E such that the restriction of f to
R’ ‘ D is one-to-one. Observe first that, as A is Aronszajn, every e € R’ [ E has
two extensions e’ and e” such that f(e') # f(e"). A stronger property holds by the
minimality of the dimension of R'.

CLAaM.  For every e ER"E, e=(e,...,e,), and for every hG{l,...,n},
there are two extensions e' = (e1,...,e,) and e" = (e1,...,e") of e such that

fe'Y#f(e") and ei=e|  fori€h.

Proor. If not, if for some h ={h(1),..., h(k)}E{1,...,n}, k <n, every two
extensions of e with the same restriction to h have the same value by f, then
R.,, X"+ XR,,,, contradicts the minimality of the dimension n.

Suppose now d C R,, u €E, is such that we can write d =e, U e, where
e, e; € R are distinct (but not necessarily disjoint), then there is an extension d’
of d such that if we let e and e be the resulting extensions of e, and e, (i.e.,
e1Ues=d’'), then f(e1) # f(e2).

It follows that the set of d' in R which satisfies f(ei)# f(es) whenever
d' D e} U ejis a dense open set. Since R*" is also Souslin, there is a club D C w,
such that any tuple in R** | D is in that dense set. This means that for e; # e, in
R'| D, f(ex) # f(e2).

We state now without proof a simple fact.

3.3. LEmMA. Let T be a Souslin tree and R a tree. R is Souslin in V" iff T X R
is a Souslin tree.
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Next we review some definitions and lemmas from [9].

If T is a Souslin tree then for every dense open subset D C T there is ¢ < w,
such that T, C D. It follows that every cofinal branch of T is a generic branch.
(See [9] p. 19))

3.4. DepiNiTION. (i) Let T, § be trees, CC w; a club set, 7:S— TJC is
called a projection iff:
(1) 7 is order preserving (s <s' = m(s)< w(s')) and Range (w)=T | C.
QIfrerT | C, t > 7w(s) for some s €S then there exists s'>s such that
m(s)=1
(il) We say S is a refinement of T iff there exists a closed unbounded set C and
a projection 7:85 — T{C. {See [9] p. 85)

3.5. LEMMA. Let T', i < w,, be Souslin trees and S a tree which is a refinement
of every T" with m, : S — T* | C, as projections. Let D C S be a dense open set, then
there is a closed unbounded set C C w, such that for every « €C, i <« and
a € T, thereexistss €S l @, s € Dwithm(s)< a.(See [9] p. 107, Lemma 7.)

Proor. Let H,, be the collection of all sets hereditarily of cardinality < w..
C C w, is chosen such that for every a € C, there is an elementary countable
submodel N, < H, suchthat N, Nw,=a. D €N, and, fori <a, T', m € N,.

Every a € T, defines a cofinal branch of T* |« and hence an N, generic
branch and the lemma follows.

3.6. DEFINITION.  The closed-set poset and its properties. ([9] p. 97) The aim
of this poset is to add a generic club subset of w, such that each old club set
contains the generic one — except for a countable set of ordinals

€ ={(r,A): v <w, and A is a club subset of w,},

partially ordered by (v', AYZ (s, A)iff v’ Zvand A’CAandvNA'=v N A.
€ is o-closed and satisfies the N.-c.c. (assuming 2™ =N,).

Let M be a model of ZFC and € be an M-generic filter on the closed set poset
€.

Define C= U{rNA: (v, A)E €}, then C is calied an M-generic closed
unbounded subset of w,.

(v, A) is said to be compatible with Cif ANy=CNvand ADC Itis not
difficult to see that € ={(v,A): (v, A) is compatible with C}. So % is recon-
structed from C.

C has the desired property: for any club subset D € M of w,, for some
a<w, C—aCD.
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NotaTioNs. Let N < H,, be a countable elementary submodel of H,,. N
denotes the transitive collapse of N and 7y : N — N is the collapsing function.

a, = wiNN = 7y(w) = w?.

3.7. LeMMA. Let M be a model of ZFC + GCH. In M, let U be a function such
that, for each countable N < H'!, Uy is a countable transitive model of ZF~ with
N € U. Let C be an M-generic club subset of ; (over €™). Let X € H™. Then
there is a countable N < H), such that X € N and such that in M[C] we have:

(i) CNax is a Ux-generic closed unbounded subset of ax over wn(€™).

(ii) 7~ the inverse map of m, can be extended to w™': N[C N a}— HY') an
elementary embedding.

PrOOF in [9] p. 99, Lemma 3. We give here a short sketch. Given any N as
above and (v, A) € N, we can construct in w-many steps an extension {(»', A') €
M which is Uy generic over TIy(%€). For (v, A") € ¢, the conclusion of the
lemma follows.

3.8. About the diamond. < is the diamond on w, and &* is the stronger
property saying there is a sequence (W, 'a € w,) with W, C P(a), countable,
such that for any X C w,, {a 'X N a € W,} contains a club set.

There are some theorems which assure that the diamond propery is preserved
is certain generic extensions.

(a) If O* holds then, in any generic extension via €, &* still holds (Lemma 4,
p. 79 in {9]). We will use the fact that O* holds in L[A] for A C w:.

(b) If O* holds and T' (i < ) are Souslin trees, then a O* sequence can be
found which retains its O* property in any generic extension via any one of the
T"’s (Lemma 5, p. 101 in [9]).

(c) Assume 2 is w;-closed, then any & sequence retains its property after
forcing with # (Lemma 6, p. 81 in [9]).

(d) Assume < and let T', i € w;, be Souslin trees. Then there is a diamond
sequence which stays a diamond sequence in any generic extension over T

Let us sketch a proof for this last result (for one tree). So assume (S, : @ € @)
is a given © sequence, and let T be a Souslin tree. Now CH holds, so countable
ordinals can encode a lot of information and we can look at S, C « as givingus a
name in T and some x € T [a. Then we just pick any y € T, extending x and
interpret the name given by S, using the branch determined by y. The outcome
is called S,. Now (S, : @ € w,) is the required diamond sequence. To see this,
remark that T is a c.c.c. poset and hence any club subset of w, in the extension
contains an old club set. Now let A be a name in T-forcing of a subset of w;; let
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C be aclub set; and let x € T be a condition. For some a € C, S, encodes A ] a
and x (and to develop A N a we need to know only the generic branch through

T]a). At that stage S, was defined so that some extension of x forces
ANa=S§..

3.9. On Aronszajn trees. (See [9] p. 63) Let T be an Aronszajn tree. The fact
that any uncountable subtree of T contains an infinite level can be generalized as
follows.

Derinitions. (1) Let @ =(ai,...,a,)ET% (e, Vi (e, €T,)); for B=a
define ms(a)=(bi,...,b,) iff b=(b,....b.)E T} and Vi (b = a;). me(a) is
called the projection of the n-tuple @ on the B-level of T. The a:’s and b;’s are
not necessarily distinct.

(2) A set of n-tuples, S, of T will always be such that a €S > a € T, for
some a (and we then write @ € S, ).

(3) A set, S, of n-tuples as above is downward closed iff a € S, and B <«
imply mz(a) € S.

4) A set, Y, of n-tuples, all from the same level T, is said to be well-
distributed iff, for every finite F C T,, there is @ € Y disjoint from F. Equival-
ently: There is in Y an infinite, pairwise-disjoint subset.

3.10. LemMA. ([9] Lemma 7, p. 63) Let S be a downward closed set of n-tuples
from an Aronszajn tree T. There is a club set C C w, such that, for all o, B € C
with a < B, if @ € S, and if the set of b € S, such that . (5) = @ is non-empty,
then this set is well-distributed.

§4. A model of CH with few Souslin trees in which every Aronszajn tree is
either special or contains a Souslin tree

4.1. THeoREM. ZFC+ GCH and the following is consistent: There exists a
Souslin tree R and a special Aronszajn tree U such that for every Aronszajn tree A
one of the following holds:

(1) Either A is embeddable on a closed unbounded set into U (and in this case
A is special), or

(2) A contains a Souslin tree (which is actually a derived tree of R).

Proor. First we construct, in L, a tree R such that every derived tree of R is
a Souslin tree. (See [9], p. 46 for construction of a rigid Souslin tree.) Next we
pick any special Aronszajn tree U which will finally become our universal
special tree.
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The structure of the proof is like that of Jensen’s ([9]); we firstly add w, many
generic closed unbounded subsets of w; and then we iterate w, Souslin trees with
the aim to embed every possible Aronszajn tree into U, while keeping R and its
derived trees Souslin. Of course, we cannot embed R itself into the special tree
U and at the same time keep R Souslin. We will be able, however, to embed
into U any Aronszajn tree A which remains Aronszajn in every generic
extension by a derived tree of R.

The following theorem is the key step in the iterationt of Souslin trees.

4.2. THEOREM. Denote our universe by V and assume O* holds in V. Let U be
a special Aronszajn tree. Let R and T be Souslin trees such that every derived tree
of R is Souslin and remains Souslin in V" (i.e. in every generic extension via T).
Let A be a name of an Aronszajn tree in V' which remains an Aronszajn tree in

VTR for every derived tree R' of R. Let € be the closed unbounded set forcing

poset and let € be a V generic filter over 6. Then in V[€] there is a Souslin tree T
which is a refinement of T such that:

(1) T xR’ is Souslin for every derived tree R' of R.

(2) In V[€]", A is embedded on a club set into U.

ProOF. For any y < e, there is a dense subset of T consisting of conditions
which describe A |y. Since T is Souslin we can find in V a club set F C w; such
that for every y € F and x € T, there is a countable tree A (x) of height y +1
such that

(i) xF “A|y=A(x)|y” and

(i) for any branch b of A (x)] v, b is determined by some element of A (x) of
level vy iff there exists z €T, z Z x, such that z b is determined by some
element of A,.

(A point in a tree determines the branch of all its predecessors.) Thus the last
level, y, of A (x) consists of those points which some extension of x forces to be
in Ay. Since T is a c.c.c. poset, this last level is countable too.

Observe that if g is a generic branch of T then

A=U {A(x)’y:x €T, and x€E€g}.

Let C be the generic closed unbounded subset of @, we get from € and let 7.,
a < w;, be the monotonic and continuous enumeration of C. We assume that
v% =0 and y, €F for i >0.

Let W= (W, :a <w,) be a O* sequence in V that remains a &* sequence in
VTR for every derived tree R’ of R. Let R', i < w;, be an enumeration in V of
all derived trees of R. Let W* =(W D W, : a € w1) be a O* sequence in V[C]
that remains a O* sequence in any V[C] generic extension over R', i < ..
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The elements of T consist of pairs (x, f) where x € T and f is a function. In
fact, (x, f) € T. implies x € T,, and f:A(x)l C-U | C is a level preserving,
one-to-one order preserving embedding. (So f is defined also on the last level of
A(x).) ) ) )

For the partial order of T we let (x,f)<(x,f)iff x < x in T and f extends
f1 A(x). (Some of the members of the last level of A (x) might be not in A(%);
that is why we cannot ask f D f)

The construction of T is described in §4.5, but it is clear now that in V{C]", A
is embedded into u (on the club C).

4.3. DeFINITION. (i) Let Z be a tree. 8 = a. For a,,..., a, € Z, the projec-
tion of (ai,...,a.) on Zg is the n-tuple ai,....a.E Z; such that a;= a.

@) Leta=a,...,a. €A, 4 =u,...,u, € U, where a;# a; and u, # y; for
i# j, so that (@, u) can be viewed as a one-to-one function p (p(a:) = w;). Let
f:A— U be a partial function defined on some levels of A. Suppose Bo=a is
the last level such that f is defined on Ag,. We say (&, &) (or the function p) is
compatible with the function f iff:

(1) a;# ajand u;# ujfor i# j, whenever (ai,...,a;) and (ui,...,u,)are the
projections of @ and @ on A, and U, for Bo<B=a (BECC).
(2) f(a?)=uiwhere ai,...,a,and uy,...,u, are the projections of @ and @

on Ag and Ug, respectively.
T.. is constructed by induction on a < w,. The following property of T will be
needed and therefore ensured inductively to hold:

(*) Forevery B<a, ((, )ETp, x'>x, x'E€T,,and @ = as,...,a, € A(x'),,
(the last level of A (x")), and every & = u,,..., u, € U, where (a, &) is compati-
ble with f, there is f' D f with (x',f’)€ T, such that f'(a;) = u for i =n.

At every step of the construction we have to take care of countably many
missions; these are succinctly described by saying that we take N, generic filters
where N,, a < w,, are defined as follows:

N, =L[T|o, Ulya +1, T |7 +1, A |y +1,
4.4 ;
“44) (R'|a+1:i<a}, CN oy W*|p]
where 8 < w: is such that N, is a model of ZF~ (ZF minus the power set axiom).

4.5. Construction of T in V[C]

Successor stages. Assume T, is constructed. For every (x, f) € T, and x’ > x,
x'€T,,,,, define the following poset:

Yo +1°
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Peos={p:p is a finite one-to-one function, p: A(x"), ., — U,

Ya+1

and p is compatible with f}.

Observe that 2,.; € Ny1.
Now for every (x,f)E T., x' > x, x' € T,_,, and po € P, pick some p which is
N, .1 generic over ®,.; such that p, € p. Let g = f1 A(x') and put (x', g U Up)

into T,.;. Obviously T,. is countable and () continues to hold.

Limit stages. Assume T l a is constructed, @ < w; a limit ordinal. We define
T.. For x' € T, define the poset:

P.={fp):(x,HET | a for some x <x’, p: A(x"),, = U,,
p is a finite one-to-one function compatible with f}.

Ep)=(f,p)ifi fTAG)Cf and pCp'.

Now for every (f,p) € P, pick some N, generic filter #,. over P, such that
(f, p) € P, Using (*) it is seen that

fr=U{f*lA)YUp*:(f*,p*)E P.}

is an order-preserving one-to-one function extending f[A(x") defined on
A(x’)| C; put (x',f) into T.. T, is thus countable and (*) holds.
This ends the definition of 7. We show that T, is Souslin and even.

4.6. LEMMA. R’ x T is Souslin for i < w,. (This holds in V[C].)

PROOF. Suppose on the contrary R* X T is not Souslin for some i < w,. This
is equivalent to: T is not Souslin in some generic extension V[C][R'] where R’
is V[C] generic over R'. € and R’ are posets in V so we can change the order of
forcing V[C][R'] = V[R'][C]. Moreover, as in a c.c.c. forcing extension every
uncountable club set contains an old club set and as a Souslin tree is a c.c.c. poset
which adds no new countable subsets to w;, we see that C is a generic closed
unbounded set over the closed set forcing poset as defined in V{R']. Let X be a
maximal, uncountable pairwise-incompatible subset of T and let X be some
name of X in V[R']"

Now in V[R’], for every N< HJ™ put @ = NN o, and let Uy be some
transitive countable model of ZF~ such that N, U,, T., R, {A(x):x € T,} € Ux.
(N is the collapse of N.) By Lemma 3.7 (applied in V[R']) there is some
N < H/®guch that X, {R' |i < i}, T, A, U and the diamond sequence W are
in N and such that C N« is Uy generic over mx(%) where a = ay and ' (the
inverse of the collapsing function) can be extended to
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7x N [CNa]—> HIRIE,

Tla €N[CNa] is a tree constructed as above and Xfa EN[CNalis a
maximal subset of pairwise incompatible members of T | a.

47. CLAM. X |a € W* and hence X |a €N,

ProoF. There is a club set D Cw, in V[R‘][C] such that BED >
X | B € W%. So there is such a set D in Range(#'). But D | @ is then unbounded
in a, hence « €D and X { a € W%. As Wi is an element of N, we get that
X ’ a €N,

We want to prove that every (fo,po)E€E %, (x'E€T,,) has an extension
(f,p) € P. such that (x, f) is above an element of X I a (where x €T, x <x'is
such that (x,f)€ T). If we will prove that, then as T, consists of elements
obtained generically on N, and as X | a € N,, we will get that every (x'f')€ T,
is above some element of X | a and hence X | a is maximal in T and X = X | o
is countable, proving Lemma 4.5

4.8. Suppose on the contrary that for some x' € Ty, and (fo, po) € P., for every
extension (f,p) € P}, (x,f) is not above an element of X , a.

We will get a contradiction. Say (xo, fo) € T,, 7 <a, xo< x' and let k be the
cardinality of po.

T is a Souslin tree in V[R‘] hence T |« is a Souslin tree in N and remains so
in N[C N «] (a o-closed extension). ¥’ ={x €T I a : x < x'}is cofinal and hence
an N[C N a] generic branch of the Souslin tree T | . In N[C N a][%'], A |a is
an Aronszajn tree which is in fact A (x") I a. (It is Aronszajn because A is the
name of a tree which remains Aronszajn in V**7)

4.9. DEFINITION. Let q: A(x)s = Us, 7. =B < a, be a finite one-to-one
partial function. We say q is like p, iff

(1) The cardinality of q is k (that of p,), and the projection of q on y. equals
the projection of p, on ..

(2) For every extension (x, f) € T of (xo, fs), where x < x', and B Z Yievet o), if
f is compatible with g, then (x, f) is not above an element of X ] a.

Obviously, the projection of p, on any v, = 8 < a is like po; and if q is like po
then any projection of q (above v,) is like p,. Note that the definition of “q is
like p,” does not mention po; the only parameters are T]a, A(x’)| a, U | a,
(%o, fo), X | .

Remember that CNa is Uy generic over wn(€). x',po€ Un. So in
Un[C N a] it is true that for every B, y. = B < q, the projection of p,on B is like
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po. This truth is forced by some ¢ € wn(%) which belongs to the generic filter
generated by C N a. So, for every q which is a projection of poon 8, 7. =8 < a,
we get that in Uy

¢ F"™€ q is like po.

Observe that this forcing sentence is meaningful in N[%'] because all the
parameters are (names) in N{x]. Moreover, an absoluteness argument gives us
that

(4.10)  For every q as above, in N[x'] it is true that ¢ F™~“ g is like p,

(i.e. N[#] has replaced Uy).
Now we define in N[%'] the following set:

So=1{q : ¢ +q is like po}.

So can be viewed as a subtree of ((A (x’)l a)X (U i @), and by 4.8, S, is
uncountable in N[%']. In N[%], A(x')|a is an Aronszajn tree, as mentioned
before. U ‘ a is a special Aronszajn tree so (A (x") [ a)x (U ' a ) is an Aronszajn
tree. Let S be the subset of S, consisting of all those tuples which have
extensions in S, at every upper level. Then any tuple in S has extensions is X at
every higher level below «. By Lemma 3.10 we have in N[i'] a closed
unbounded B C a such that for all , 8 € B with n <8 and g € S, the set $}
(of all extensions of q in S of level B) is well-distributed. As W remains a
diamond sequence in N[i'], there is a closed unbounded B’ C B such that, for
n€RB,S ! n € W,,. It is known that in a generic extension made with a c.c.c.
poset every club set contains an old club set, so we can assume that B’ € N. We
work in N[£'][C N a]. Pick some 5 = 7 such that y, =7 and C—n C B’

4.11. REMARK. S |ys €N, for all = 7.

ProOF. y,€C—-—nCB'so§ lyﬁ € W,, but W, EN; hence § ly,; € N,
Fix now ¢, € S, and some (x, ) € T, extending (xo, fo) with x € x' such that
f2 9o

4.12. LemMA. For any (z,8)E Ts, a > B =, with z <x', if (z,8)=(x,f),
then there is some q € S,, such that ¢ C g.

PrROOF. By induction on B — the level of (z, g). If B = n then g = f extends
qgo. Assume the claim is true for some 8 > 7. Fora given (z, g) € T5.1 above (x, f)
with z <x', let (z',g") € Ty, (z',8')<(z, g). As the claim is true for B, there is
some q €S,, such that g'Dq. S, is well distributed as g, ¥p1 € B, and

YB+1
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§4,., € Ng1 by 4.11. g was constructed to be N, generic over %, and a density
argument shows that g is compatible with some member of S7,,,. (Here we use
the fact that S5, is well distributed.)

Now to the limit case. Assume the claim is true for all 8' << 8, B is limit, and
(z.g)E€ T, is above (x, f) with z < x’. We want to show that g extends some
member of S,,. Recall that g was constructed generically over the poset %, so
we need a density argument. Take any (f*,p*)€ P, where (z*,f*)€ T, is
above (x, f), B* < B, z* < z. Then f* contains some q from §,,. (by the induction
assumption). Now pick some g* > g, ¢* €S,,.,,, ¢ disjoint from the projection
of p* on 741 (this is possible as S5,.,, is well distributed). Let z**> z*, z** <z
with z** € T,.,,. Then by () there is f** 2 f* such that (z**,f**)=(z*,f*)
and f** is compatible both with g* and p*. Take some q**€&S%; then
(f**,p*Uq**) € P, is as required.

Now that the claim has been proved, the contradiction to 4.8 follows: Take
(z,8)eT ‘ a extending (x, f) with z € X’ and (z, g) above an element of X i a
(possible by Lemma 3.5). By Lemma 4.12, g extends some q € S,, where 8 is
the level of (z, g). But g is like p,, a contradiction to (2) in Definition 4.9.

This ends the proof of Theorem 4.2.

4.13. Now we describe the last item of the proof, the Souslin iteration
machinery that permits us to iterate Souslin trees w, times. What we need is a
reworking of Jensen’s iteration theorem ([9] Ch. 8) while keeping R and all its
derived trees Souslin.

4.14. THEOREM. Assume < and [ hold in our universe W. Let R be a Souslin
tree such that all its derived trees are Souslin. Suppose o is a function defined on
sequences of length < w, of Souslin trees, such that if (T" :7=v) (v<w)) isa
sequence of Souslin trees, and in the Boolean universe of T™ every derived tree of R
is Souslin, then o({(T™ : 7 = v)) is a Souslin tree which is a refinement of T and
such that in the Boolean universe of that tree every derived tree of R is Souslin.
Then there is a sequence (T" : 7 < w,) of Souslin trees and projections of T on T”
for y <t such that:

(i) Every derived tree of R remains Souslin in the Boolean universe of T for
every 7 < wa.

(i) T™'=0o(T":v=r1)) for every 7 < w,.

(iii) T" is a refinement of T for v <1, and the projections commute.

Proor. Let S, Ca, a <wi, be 2 O sequence that remains a diamond
sequence in WX for every derived tree R’ of R. Let (A, | A €lim w,) be the ]
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sequence. For A € lim w, we denote by (A(v)‘ v < otp(A.)) the increasing and
continuous enumeration of the club A, CA.

We define by induction on 7 < @, the trees T" as well as projections h,. and
club sets C,, where h,,: T"— T” l C,- is the projection function (y < 7).

In order to be able to use the diamond we assume the set of points of every
tree is the set of countable ordinals.

4.15. Construction of the trees. At successors, 7+ 1< w,, we simply use the
function o to get T™"'=o((T” |v =7)). T’ is any tree satisfying (i).

At limit stages A when the trees {T* | i < A} have been constructed we cook up
T* out of the trees T, v <otp(A,). To use the diamond we look at
U, <omia,) (T** X {v}), which is a subset of w; X @, and embed it into w;, using a
fixed correspondence between w, and ;X @;. So now the set S, can be
interpreted as a subset of the disjoint unions of the Souslin trees along the club
set A,. This is an important but somewhat technical way of decoding the
diamond and we will overlook it from now on.

For limit A < w,, we have two cases: 4.16 and 4.20.

4.16. Case I. cf(A)= w. For aclub C, let C* denote the set of fixed points of

C. Say 8 =otp(A,), so 6 < w,. Let

¢ =( N Cluouw)- 000}
C* C w, is a club set and we set Ciya = C*. Let {c, : v < w,) enumerate C* in
an increasing and continuous way,

T* is defined to be the inverse limit of T**’|C*, i.e., T* consists of all
sequences (x, | ¥ < 8) = % such that, for some a € C*, x, € T2 for all v < 6;
and, for 7 < v, x, = hamaoi(X.).

T* is ordered naturally: X <y iff x, <y, for all v <#6. w(¥)=x, is a natural
projection of T* on T | C".

The Souslin tree T* wiil be an initial subtree of T*, constructed with the aid of
the <, such that the following holds:

(*) Forany £ € T, y € T'”| C* with y Z x, there is ¥'€ T*, ' = &, such
that x,=y.

So condition (*) says that T* can be projected onto T**’| C*, and hence onto
T, uw <A

The construction of T* is done inductively as follows:

Successors steps. Suppose T* ’ n +1 is defined, 5 > 0. For every X € T, and
y €Ty >x, pick some x' € T%,,, £’ > %, with x, =y, and put X' € T...

Co+1y
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In case = 0 we use the < to define T if the following special property holds:

@417y 8=c, S CU,,T"x{v}, and for any y € T,", i < 6, there are
j<6,j>iandy' € T:" such that y = h,.(y’) and y' is above an
element of S,.

In that case, we construct T3 such that, for every Z € T3, there s j < 6 with z;
above an element of S,.

Limit steps. Suppose T* ]a is defined and « is limit. T. C T% is defined such
that (*) hoids, as follows.

We show at first that, for every £ € T" |a and y € TX®, y > x,, there is
y € T%, y > % such that y, = y, and, for every Z € T*,if 7 <y, thenz € T" fa.
Let (@ :i <w) be an increasing sequence cofinal in «, and (4 :i <w) an
increasing sequence cofinal in # with 8,=v. Define now, inductively, an
increasing sequence &' € T* | above % i'<i' for i<j, and a sequence
Yo € T2 yo =y, such that

Yo = iy (Yer1) and  y, > xg.
{(*) is used in this construction.

Next, to obtain T%, for every £ € T* |a, y € TA*, y > x,, we pick j € T*,
y. = ¥, as was shown above to exist, and put y € T In the following case we use
the <: Suppose S, C T* ’ « is a dense set with the following additional property:

(4.18) Forevery i ET* |a and y E T, y > x., thereis 7 E T |, 7 2 &,

z, <y, such that z is above some element of S,.

In that case we construct T, such that every y € T4 is above an element of S,.
4.19. CLaM. R'X T is Souslin for every derived tree R’ of R.

Proor. We will show that, in every generic extension with a derived tree R’,
T" is a Souslin tree. Let W[R'] be such a generic extension of the ground model
W and X € W[R'], X C T, be a maximal pairwise incompatible subset of T*.
(S.:a € w,) is a diamond sequence in W[R'] too,so {a: X Na=S8,}=S isa
stationary subset of w,. The trees T*"’, v < 6, are Souslin trees in W{R'],
because R'X T" is a Souslin tree for 7 <A (by the induction hypothesis). By
Lemma 3.5 we have a closed unbounded set B C w, such that for « € B N S the
additional property (4.18) above holds. It follows by the usual argument given in
the construction of a Souslin tree that X is countable.

420. Case 1. cf(A)= wi.
In this case we must have otp(A,) = w:. Let {(A(v): v < w,) enumerate A, in
an increasing and continuous manner. The tree T" is defined using the trees
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T*, v < wy, as follows. We will define a sequence of indexes i, < w, for a < o,
and then set Th=T}. T* is partially ordered, thus, for a € T5, b € T},

a<biffa < B and a< h)\(a)v)\(ﬁ)(b).

i, are defined inductively. If « = 8 +1 then i, is the first i greater than all i,
n =< B, which is a fixed point of C,yayy for all n <y=pg+1. If « is limit
put i* =U,_,i5 then i*€(MN.crea Clopaey) — @, hence i* =c2™ for some
r =1 (where (¢} : 7 < w,) enumerates C**’). Set now i, = 7. We leave it to the
reader to check that T* is indeed a tree and that the projections can be defined.

4.21 CLamM. If R' is a derived tree of R then R' X T* is a Souslin tree.

PROOF. Let X C T* be a dense open set in W[R'] (a W-generic extension
over the derived tree R’). We know, by the induction hypothesis, that T*®,
v < @, are Souslin trees in W[R']. (S, : @ < @) continues to be a diamond
sequence in W[R'], s0 $ ={a : X Na = S,} is a stationary subset of w,. We can
get a club set, B C w,, such that for « € B there is a countable elementary
submodel N < H¥™®1 with a = ay and everything we spoke about is in N.
(T |« : v € a) is a sequence of Souslin trees in N and T* | « is their limit as
was defined before. For e €BN S, S, = X N(T* la)EI\_l is a dense open
subset of T* | a. Say A(a)= A, then Az = A, |a ={A(i):i<a}.

By the arguments of Lemma 3.5 for every y € T2®, i < o, there is j < a, j > i,
and y' € T, such that y = hy.6(y') and y' is above some element of S,. As
i, = 1, it turns out that the special property in the successor case definition of T)
holds and hence that every element of T% is above some point in X. So T" is a

Souslin tree.

4.22. ProoF oF THEOREM 4.1. Now that all parts of the proof are presented,
we assemble them and give a general description of the proof of Theorem 4.1.
Recall that R is a Souslin tree constructed in L such that all the derived trees of
R are Souslin, U is some special Aronszajn tree which will become the universal
special Aronszajn tree. To prepare the ground we iterate with countable support
a < w;)suchthat W=L[(C, : a € w,)]
is a generic extension of L made with a o-closed, N;-c.c. poset. W and L have
the same cardinals, GCH holds in W, the diamond and the [J sequences of L still
work in W. R as any other Souslin tree in L remains Souslin in W. Every subset

w; many generic club subsets of w,, (C,

of N, in W is already in some intermediate extension V =L[(C, :a € v)],
y < w,, and C, is a V-generic closed unbounded subset of wi. As V = L[G] for
some G C wy, it follows that O* holds in V. (See [9] p. 113 for details.)
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Now in W, we construct inductively an iteration sequence of Souslin trees 77,
7 < w,, using Theorem 4.14 for limit stages and Theorem 4.2 at successor stages.
The induction hypothesis for T7, 7 < w,, Is that R and its derived trees are
Souslin in W™, We take care, in turn, of all Aronszajn trees in every W' At
successor stages, when T is already constructed, we are presented with a name
of an Aronszajn tree, A, in W''; we pick some intermediate universe V =
L{{C, : @ € y)] such that T, A € V. There are then two possibilities:

(1) A is an Aronszajn tree in V™% for every derived tree R’ of R. In this
case we use Theorem 4.2 to get in V[C,] the Souslin tree T™*' which is a
refinement of 77 such that (in V[C,] and hence in W) T™"' X R is a Souslin tree
for any derived trees R’ and,in W”'"', A is embedded on a club set into UL

(2) (1) does not hold. Then we simply set T°"' = T" and pass to the next
Aronszajn tree.

Finally, let T be the direct limit (union) of {T” | 7 € w,) and then W] T] is the
model promised by Theorem 4.1. Indeed | T | =N, and T satisfies that the c.c.c.
GCH holds in W[T]; R and its derived trees are Souslin trees there. For every
Aronszajn tree A in W[T], if A is Aronszajn in the Boolean universe of every
derived tree of R, then at some stage A was embedded on a club set into U. On
the other hand, if A is non-Aronszajn in some derived tree R’, then, by Lemma
3.2, A contains an isomorphic image, on a club set, of a derived tree of R. It
follows also that if A is Souslin in W[T7] then, modulus a club set, A is the union
countable many derived trees of R.

4.23. Hints to further results. To get the consistency of “GCH + there is a
universal Aronszajn tree” is obviously simpler than Theorem 4.1, since there is
no Souslin tree we wish to keep Souslin.

Let us remark now why the proof of Theorem 4.1 fails to give the consistency
with GCH of “Every two Aronszajn trees are isomorphic on a club set”, Of
course, we proved that CH implies the negation of that statement, but where
exactly does the consistency proof break? Well, suppose we are given a Souslin
tree T (an intermediate stage of the iteration) and names in T-forcing of
Aronszajn trees A, and A,. For a club set of a’s, x € T, “knows” what A, l o
and Azla are (Al(x)|a and Az(x)|a). But x € T, cannot guess what the a
level of A, and A, is. Yet, any isomorphism of A, | a onto Azl a must take into
consideration the branches defined by the « level. Hence we cannot refine T to a
tree which makes A, and A, isomorphic. The proof of Theorem 4.1 (modeled
after Jensen’s proof) worked because T is a c.c.c. forcing which adds no reals,
hence there are only countably many possible a-levels of A, and A, and we took
care of all of them.
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On the other hand, it is possible to get the consistency of CH + “any two trees
have isomorphic subtrees”. When we want to find a subtree of both Al(x)l a
and Az(x)la, which is the beginning of a common tree, we enumerate all
possible a-levels of A; and A,. Splitting each possible a-level into countably
many sets, we obtain {B; li € w} such that:

(i) B; is a set of branches through Al(x)l a and Az(x)’a whose union is
(Ax(x)U As(x))| @

(i) B.NB; = for i#]j.

(iii) For any y € T describing the a-level of A, and A, there is i such that
y I B; is included in the set of branches determined by the «-level of the trees.

Part III: Consistency Results with — CH

§5. Every two Aronszajn trees are isomorphic on a club set +2% =N,
5.1. THEOREM. The following is consistent with ZFC;
Eveéry two Aronszajn trees are isomorphic + Martin’s Axiom +2% =R,

Proor. Given two Aronszajn trees 7', T* we define a proper forcing notion
P = P(T', T?) which makes the two trees isomorphic on a club set. For proper
forcing look at [16]. At the present state of knowledge we do not know how to go
with proper forcing beyond 2 =N,, so the approach of §7 is of value.

5.2. DEFINITIONOF ?. p =(c,f)E€ P iff ¢ C w, is a finite set (called the set-of
levels of p), and, if ¢ denotes maxc, f = (4, I;), a=(ay...,a.),b=(by,..., b.)
where a; € TL, b € T, for i = n, is a pair of n-tuples such that for i,j = n and
aEc

ETx=a&x=ag)SAYyETAY=Eb&Y=H).

In other words, the function a; — b can be extended to an isomorphism of
{xET'|x € T\and x < g, for some a € ¢ and i = n}onto {y € T*|y € T2 and
y = b; for some a € ¢ and i = n}. In this case there is only one such isomorphism
and we call it the isomorphism determined by p.

We partially order ? in a natural way: (c,f)=(c’,f") iff ¢ Cc¢' and the
isomorphism determined by (c',f’) extends the isomorphism determined by

(c.f).

5.3. DeFiNiTION.  If (@, 5) is a pair of n-tuples: @ ={(ay...,a.), b=
(bi,...,b.), a €T, b €T’ (y is then called the level of (a,b)) and if a <1,
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then the projection, m.(a, b), of (4, b) to a is the pair (a*, b*) where a% € T},
br*eTiandat=a,bi=bhfori=nlip=(cf)EP a=¢=Uc then m(p)
is the condition given by (¢ N a)U {a} and the projection of f to a, if such a
condition exists, i.e., 7. (¢, f)) = (¢ N« U{a}, m.(a, b)) if this is a condition in P
and the projection is undefined otherwise. If a € ¢, then w.((c, f)) is always
defined. If @’ < a then (7. (p)) = m.(p). If p is a condition, p ={c, f), and g is
a pair of n-tuples of level B = ¢ such that (¢ U {8}, g) is a condition extending p,
then we say p and g are compatible and denote (c U{B},g) by pU g.

It is quite clear that if @ is a generic filter over ? then C = U{c l(c, e P
for some f} is an unbounded subset of w, and F = U{f , (c, f) € P for some c} is
the desired isomorphism between T*| C and T?| C. (We assume that our trees
are normal and that every point has N, successors.)

We prove now that @ is proper in order to show that w, is not collapsed and
that we can iterate this forcing. What have we to prove in order to show that 2 is
proper? Given a countable elementary substructure N < H,, (the collection of
all sets of cardinality hereditarily less than 8,) such that 2, T', T* € N and given
P € P NN, we must find g* = po, ¢* € P, such that for any D €N, a dense
subset of P, any q = q¢* is compatible with some member of D N N.

So let N be as above, let « = N N w,, then a C N. Given p, = (¢o, fo), define
¢* =coU{a}and let f* be any pair (a*, b*) of level a such that the projection of
(@*,6*) on Ucy is fo. (c*,f*)=q* € P is as required: Let D € N be a dense
subset of ? and q = q* be given. First find g'=q, ¢'ED. 7.(q")=(c',f)is a
condition extending q*. Pick a'<a, a'=ZU(c'Na) such that f' and the
projection of f' on ' have the same cardinality, i.e. the elements of f' do not
meet above a'. Let p=m.(q"), p E NN P. What we need is an extension
p*zp, p*E€D NN, p* compatible with (¢', f)= m.(q') for then p* will be
compatible with q’, hence with ¢q. In order that p* will be compatible with (¢, f")
it has to “respect” f’, i.e. if f'=(a’,b"), @’ =(ay,...,a), b'=(b,,..., b), then
p* must take points below a; which are in the levels of p* to points below b. For
any a'<y<ea, m(f)=f, is compatible with p, we denote by p Uf the
projection m,(q'). As N<H,, p U f, has the following property: there is
p'ZpUf, pPPEDNN, such that p’ has no levels between a’ and y and
m,(p")=p U f.. (The point is that q' gives such a condition and hence there is
one in N.)

Now we define in N the following set H of pairs of I/-tuples. g € H iff the level
of g is v,a'<y<a, g is compatible with p and pU g has an extension
g' € D N N such that 7,(g')=p U g H is uncountable in N (as f,€ H for all
a'<y<wl).
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By Lemma 3.10 there is a’ <y <« such that H has 8, members of level y
with pairwise disjoint domain. Pick one g € H of level y such that g has a
domain disjoint from f,. Now p U g has an extension g'€ D N N such that
m,(g")=p U g; it follows that g’ is compatible with (c’, f') as required.

This has taken care of a single step in the iteration. Now an iteration of length
w; of proper forcing of size N, gives the desired model.

§6. Martin’s Axiom is not enough
We are going to prove the following theorem.

6.1. THEOREM. Martin’s Axiom & 2% >N, do not imply that every two
Aronszajn trees are isomorphic on a club set.

Let us give first a general and simplified description of the proof. We start with
two Aronszajn trees T', T° which are not isomorphic, and proceed with an
iteration of c.c.c. posets in order to get MA, while trying to keep the two trees
non-isomorphic. What happens if a c.c.c. poset P appears in some intermediate
stage of the iteration and in V7 the two trees are isomorphic? We must destroy
the c.c.c.-ness of 2 if we want to get MA. This is the way to do it: Let f be a
name in V? of an isomorphism on a club C of T' and T”. Pick conditions p; € P
and a; € Ti, b € T; for i < @, such that

ik f(a;) = b.

It follows that if i <j and the level of C where a; and a; meet is different from
the level of C where b; and b; meet, then p; and p; are incompatible. (We say
then that (a;, ) and (a; b;) are conflicting on C.)

So define a poset 2 = 2 ({a, bi): i € w;) by q € 2 if q is a finite set of pairs and
any two such pairs are conflicting on C (and hence their respective conditions
are incompatible in 2). Now, in V?, @ is no longer c.c.c. To show that 2 itself is
a c.c.c.-poset and, moreover, is not dangerous, we need a special property of the
trees T', T".

6.2. NOTATIONS AND DEFINITIONS. T is an Aronszajn tree, @ € T, means that
a={(a,...,a.)and for i = n, a, € T, (the a’th level of T), « is called the level
of & We write a€T if a€ T, for some a<w, If a€T, B=a, then
g (@) € T, — the projection of @ on T, — is defined naturally, in particular if
a€T,B=qthen m{a)=<a. Let C C w, be aclubset; we say a, b € T meet at
level v € C on C if a, b are incompatible in T and v is the maximal ordinal in C
such that m,(a) = 7.(b).
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We shall deal with sequences of n-tuples (@, € T : { € w,) such that:

(6.3) Forsome « and @ € T,, @ is an n-tuple of distinct elements such that
a =, (a;) for all { € w,. The level of a; is = ¢

6.4. DEFINITION. G, b € T are said to be conflicting on C n-tuples if, for all
i,j = n with i# j, a; and b; are incompatible and the level where a; and b, meet
on C is different than the level where a; and b; meet on C.

If C'CC, a and b are conflicting on C', then they are conflicting on C.

CLaM.  The Soulin tree T built by Jensen in [9, p. 46) is readily seen to satisfy
the following:

(6.5) For any {a, € T:{ € w:) satisfying (6.3) and club C there are o, B € w,
such that a, and ag are conflicting on C.

To remind the reader: at limit levels in the construction of T we add N,
branches “‘generically” (over the diamond); a condition is a bounded informa-
tion of finitely many branches. So for some “elementary” 8, the diamond guesses
(a;: £ €8) and CN 4. Ts is defined so that any n tuple above & there is
conflicting with some a, below é.

6.6. LEMMA. Assume T satisfies (6.5). Let C be a club set and, for £ € w,, L is
a finite set of m-tuples of T such that any two n-tuples in I, are conflicting on C
and, for any n-tuple b € ., the elements of b meet below £ on C. Then there are ¢,
&' such that any two n-tuples in I; U I, are conflicting.

ProoF. For any limit £ < w, take all the tuples in /; of level = ¢ and look at
their projection on T, We thus get a finite subset of T, which we enumerate as
a,. Now define a pressing down function, g(¢), giving

(i) the information on the tuples of [ of level below &

(i1) where the elements of a, meet on C (below ¢§), and

(iii) the finite information on the order type of the elements of a, and the
tuples of [.

g has a constant value on an uncountable subset I C w,. We get @ and a € T,
such that @ = 7. (4,) and no elements of d; meet on C above a for £ € I But as
T satisfies (6.5), we get & & €1 with a; and a, conflicting on C. It is long to
write, but easy to see that I, and Il are as required.

6.7. DEFINITION. (i) A poset 2 is dangerous (for T) if there is a club C C w,
and a sequence {(g, @): i < ) such that (@ : i < w,) satisfies (6.3), ¢; € 2 and,
for i#j, if q; are compatible in 2, then a4 and g, are not conflicting on C.
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(ii) 2 is a non-dangerous poset if 2 satisfies the c.c.c. and 2 is not dangerous,
i.e. for any club C C w; and any sequence {(q; @): i € w,) as above, for some
i#j, q and ¢q; are compatible and a; and a; are conflicting on C.

6.8. LEmma. If T satisfies (6.5) in V and 2 is a non-dangerous poset in V, then
in V*, T still satisfies (6.5).

PrROOF. As 9 satisfies the c.c.c. any club C in V? contains a club C* in V. If
T does not satisfy (6.5) in V* then we have a club C, which we assume to be in
V, and a sequence of n-tuples. For any @ we can find a condition g. which forces
d. to be the a’th member in the sequence. Now (q., &.), @ € w,, shows that 2 is
dangerous.

6.9. CorOLLARY. If 9 is non-dangerous then, in V°, T is Aronszajn.

ProoF. If a., @ < w,, is a branch of T then clearly a., ag are never in conflict.
Hence (6.5) implies T is Aronszajn.

6.10. LEMMA. It is possible to iterate non-dangerous posets:

() If 9 is non-dangerous and P € V* is non-dangerous then the composition
2 * P is non-dangerous.

(b) The direct limit (iteration with finite support) of non-dangerous posets is
non-dangerous.

Proof. Like Solovay and Tennenbaum.

6.11. DeFiNiTION. Let T be a tree satisfying (6.5) and D C w, be a club and
(b, € T:m € »,) be a sequence of n-tuples of T satisfying (6.3). We define
9((b, :m € w\), D)= 2 to be the poset of all finite sets of pairwise conflicting on
D n-tuples from {b,:m € wi}.

6.12. LEmMMA. 2 as above is non-dangerous.

ProoOF. That 2 satisfy the c.c.c. is just Lemma 6.6.

If C is a club and (g, @) are as in Definition 6.7, then g; U{a} is a finite set of
tuples. Applying the proof of Lemma 6.6 we get g and g; compatible such that ;
and a; are conflicting on C.

6.13. For a <o, we define 2° like the definition of 2, only now our
conditions are conflicting n-tuples from {b, : 1 € w, — a}.

6.14. CLaM.  For some a < w,, 9" satisfies the following:
For any B € w,, {e € 27 : e contains an n-tuple of level above B} is dense in 2*

Proor. Otherwise we will contradict the c.c.c. of 2.
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6.15. PrRoOF oF THEOREM 6.1. We iterate N, times (for example) non-
dangerous posets and get 2% = 8, + Martin’s Axiom for non-dangerous posets,
i.e. we find a non-dangerous poset 2 such that in V”: for every non-dangerous
poset & and every collection of N, dense subsets of ® there is a filter on R
intersecting all the dense subsets of the collection. Now we claim that actually
the full Martin’s Axiom holds in V”: Let & be a dangerous poset; we want to
show that it does not satisfy the c.c.c. As R is dangerous we have a club C C o,
and a sequence (r, &) such that (a; : i € wy) satisfies (6.3) and if a; and a; are
conflicting, then r, and r; are incompatible in &. As 2 is non-dangerous T
satisfies (6.5) in V7. Hence by 6.12, 2((a@ : i < 1), C) = 2 is non-dangerous. By
Claim 6.14, for some «a, 2° satisfies the claim and hence, as Martin’s Axiom
holds for non-dangerous posets in V7, we have a filter on 2 which gives us N,
pairwise conflicting a, hence N, pairwise incompatible members of R.

In order to prove our theorem, that in V7 there are two Aronszajn trees not
isomorphic on a club, we need the following lemma. Pick a, b € T incompatible;
T, is defined to be the subtree of all points in T above a, similarly 7,.

6.16. LEMMA. If P is non-dangerous then, in V7, T, and T, are not isomorphic
on a club set.

ProoF. Suppose, on the contrary, that for some club C (which we assume to
be in V) there is an isomorphism f: T, |C— T, i C. Then in V one can find
P EPa. €T, |Cb. ET, , C; a., b, of level a, such that p, “f(a.)=b."”, for
a < w,. But then (p., (da, b)), @ < w,, clearly show that # is dangerous, because
if p., ps are compatible by p, then p forces f(a.)= b., f(as) = bs and p forces
that f is an isomorphism on C; hence (d., b.) and (ag, bs) must agree on C.

§7. Making the continuum above N,

7.1. THEOREM. Assume V satisfies ZFC+ GCH. x Z R, is a regular cardinal.
Then there is a generic extension of V in which

Martin’s Axiom +2"% =k +
Any two Aronszajn trees are isomorphic on a club set

holds.

Proor. The generic extension has two parts: we do first a preparatory
extension, and then iterate c.c.c. posets to get Martin’s Axiom and the
isomorphisms. The preparatory extension, like Jensen’s adding closed un-
bounded sets, gives us a universe where it is possible to construct c.c.c. posets
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forcing an isomorphism on a club set for two given Aronszajn trees. We describe
first the preparatory extension.

7.2. DerFINITION. 2 denotes the poset for adding N, many Cohen reals:
2 ={f:|f| <R & Dom(f)C w: & Range(f) C{0, 1}}.

€€ V? is the name of the countably closed poset for adding a closed
unbounded subset of wy, i.e. € is in V?, the family of closed countable subsets of
w, ordered by end extension. & is not the closed-set poset of §3, but it serves a
similar purpose.

Define ? = 9 = %, i.e. P is the set of all pairs (f, c) where fE 2 and ¢ F ¢ isa
closed countable subset of w,. The name ¢ can be chosen as a function defined
on a countable subset of w; such that, for @ € Dom(c), c(a) is a (countable) set
of pairwise incompatible members of 2 — a maximal incompatible subset of
those forcing « € c.

% is partially ordered as follows:

f.O=(*cH)iffifsf* and f*Ikc=c*NSup(c).
We define the projection of ? on 2 by m(f, c) = f. We also define 7,(f,c) = ¢

7.3. DEFINITION OF P, FOR y=«k. P, is the set of all countable partial
functions h :y— @ such that m(h(a))#J only for finitely many a’s. &, is
partially ordered component-wise, i.e. h = k' iff Dom(h) C Dom(h’) and h(a)=
h'(a) for « € Dom h. _

So @, is a mixed multiplication, with finite support on the left side and
countable support on the right side.

7.4. DEFINITIONS.

(i) Denote 2, =Il..,2, the multiplication with finite support of y many
copies of 2. &, is naturally embedded into %, and we can define a natural
projection m : @, > 2, (by m(h)(a)=m(h(a))).

(i) For e €2, and p € P, we say e and p are compatible if e and m(p) are
compatible in 2,. In case e and p are compatible e U p € P, is defined naturally.
eUpzp If p*=p, p* and e are compatible, then e Up =e Up*.

7.5. LEMMA. P, satisfies the N,-c.c.

PrOOF. Using 2% = N, the cardinality of 2 is N,. Now the proof is standard
using a A-system.

For any & < vy, ?, = P5 X P°, where P; is the set of countable functions in 2,
defined on 8, and 2° is the set of those functions defined on y — 8.
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7.6. LEMMA.  P° satisfy the Ry-c.c. in v

PrRoOF. Although in V7 the continuum hypothesis does not necessarily
hold, we can form a A-system using the fact that the elements of ?° are
functions in V' and the Nx-c.c. of %s.

7.7. LEMMA. If pu = Pus1, P € Py, and m(p.) = m(po), for n < w, then p =
Un<¢u pn E @y.

PRrOOF. Actually we have to define U<, p.. Well, for « € U <. Dom(p,),
p.(@) is an increasing sequence in P. m(p.)(a@)= m(po)(a) is some fixed
condition in 2, which forces m,(p.(a)) to be an increasing sequence of closed
countable subsets of w,. Now pick a name for the closure of the union of that
sequence and thus define p(a). It is clear that p is the least upper bound of
(p. | n €E ).

7.8. LEMMA. Let g: @ —>On be a function in V’; then g € V*».

Proor. Using the projection mm, we know that forcing with 2, can be viewed
as a two stage extension: the first with 2, and then with the remainder. The
lemma says that in forcing with ?, no new w-sequences are added to the middle
world obtained with 2,. As 2, satisfies the c.c.c. the lemma shows that N; is not
collapsed in V%,

We give a density argument for %, ; given p € #, we have to find p* = p such
that p*Fg € V*. So let p € P,, pkg:w— On, be given. We will define an
increasing sequence p, € ?,, n < w, po= p, and a maximal set, E,, of pairwise
incompatible elements of 2, above m(p), for n =0, such that:

(@) m(p.)= m(p),

(b) for every e EE,, e and p, are compatible and e U p, F>g(n) = a(n, e),

for some a(n, e)€ On.
Later (in 7.10) we will show how to define p, and E,; first let us end the proof.
Define U, ..p. = p* (using Lemma 7.7). Now define a name G in V* of a
function on @ such that for every n and e €E,, e F G(n)=a(n,e).

Ciam. p*F’+G =g Hence p* g€ V.

ProoF OF THE CLAIM.  E, is a maximal set of pairwise incompatible elements
above m(p*) = m(p), hence p* IF G is a function. Suppose for some & € On and
p**=p* p**lg(n)=a Then m(p**) is compatible with some e € E,, so
eUp**Ikg(n)=a(n,e), hence a =a(ne) and eUp*™*FG(n)=a So
p* g C G. Hence p* g = G. It remains to show how to get p,., from p. and
how to define E,. For this we need the following.
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7.9. LEMMA. If pi, p: € P,, pi = D», then there is p% € P, such that p, = p3,
ln.l(p;) = Wl(pl) and 7TI(P2)Up§ =p2.

Proor. For every n € Domp, we define p3(n) as follows. We know that
pi(n) <= px(n). Let pun)=(fi.c), pAn)=(fs,c:). Then we define pi(n)=
(fi,c%), where c¢% is the name of the subset which is ¢, if f, holds and ¢,
otherwise.

Now we turn to the construction of p, and E, by induction on n < w. Assume
Pn-1 is constructed. We will define inductively p, € ?, and q. € 2, for a € w,
such that @ < f implies

pa=pt m(p)=mPL), q. and g are incompatible
or g =&; Pa=Pa-1 OI Po=p.

For limit 8 we let p5=,.;p%, by Lemma 7.7. Suppose p: is defined:

If there isr € P,, r Z p;, such that r I g(n) = 7, for some 7, and, for any 8 < «,
m(r) and ¢, are incompatible, then using Lemma 7.9 pick such r and find
pi =z pr with m(ps™") = m(py) and m(r)Upr™ =r. Set . = m(r).

If there is no such r, let p"' = p: and q. =J. As 2, satisfies the c.c.c., for
some a < @, pa=pa’, q. =J; then we define p, = prand E, ={q; : £ < a}. E,
is a maximal anti-chain above m(p). This ends the proof of Lemma 7.8

7.10. LEMMA. Let M < H,+ be a countable elementary submodel of H.+ (the
familly of all sets of cardinality hereditarily less than k™) such that P, € M for
some y = k. Let p € M N P, be given, then there is p* = p such that, for every
D € M predense in ,, D N M is predense in P, above p* (i.e., P, is proper).

Proofr. Let (D, :n € w) be an enumeration of all predense subsets of 2,
which are elements of M. We will construct an increasing sequence p, € #, 1 M
with m(p) = m(p.), po= p, and define E, € M, a maximal above m(p) pairwise
incompatible subset of 2,, such that, for e €E, eUp,=d for some
d € D, N M. This suffices, for we can define p* = U <, p.. p* is as required: let
p'=p* and D €M predense in P, then D = D, for some n, and m(p') is
compatible with some e € E,; but then

eUp'zeUp*zZeUp,=d forsomede€ D, NM.

The construction of p,, E, is as follows. Suppose p,_ is constructed. Define —
in M — an increasing sequence, p: € ?,, @ < w1', pa= pa1, m(pz)= m(p) and
define also h, € 2, such that & < 8 = h, and h, are incompatible or hy = .
The definition is done as follows: pl= U .<;p? for limit 8. If p; is constructed
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and {h, : B < a}is not maximal above m(p), then using Lemma 7.9 find h, € 2,
incompatible with any ks, B < a, and p:"' = ps such that m(ps™') = m(p:) and
h, Up:"' = d for some d € D, N M. As 2 satisfies the c.c.c. we stop at u < ,
(in M) and get p, = U.c.prin M. We set E, ={h; : B Eu}.

This ends the proof of Lemma 7.10, and the first part of our generic extension
is V7 In V% 2" =2% = k and cardinals are not collapsed. The second part is an
iteration of length «, with finite support, of c.c.c. posets of cardinality < k, which
finally gives a model of Martin’s Axiom +2"% = k + Every two Aronszajn trees
are isomorphic on a club set.

So we place ourselves in V[, ], where ?, is a V-generic filter over ?, and
assume & € V[2,] is a c.c.c. poset of cardinality < k. Moreover, in V[2,][#]
(R is a V[P.] generic filter over R), we are faced with two Aronszajn trees A,
and A, and we want to find a c.c.c. poset which forces the two trees to be
isomorphic on a club set.

Since P, satisfies the N,-c.c., there is y < k such that (1) & € V[, ], where
P,=P.NP, () A, A, are Aronszajn trees in V[2,][R].

If we let P”={h€P,:yZDomh}, and PO =P, NPY, then P =
{h(y): h € P, and y EDom(h)} is V[P] generic over P, and V[PV][?]=
V[#2,]. Since ® and R are in V[P], a well-known lemma about product of
forcing says that V[2,J[R] = V[?|[#][#] and P is V[P?][%]-generic over
P. Let W = V[27)[R], then what we need is just

7.11. THEOREM. Suppose V C W are transitive models of ZFC. V satisfies CH
(but W might not). Let A, A, be Aronszajn trees in W which stay Aronszajn trees
in W[P] (where P is a W-generic filter over ). Then there is in W[?] a c.c.c.
poset & which forces A, and A, to be isomorphic on a club set.

Proor. To describe our poset we need a few definitions.

7.12. DerINITIONS. (i) Let T be a tree; we write @ = (a1,..., a) € T to mean
that Vi (a; € T.,), for some a. This « is called the level of @ and we write @ € T,
(the a; are not necessarily distinct).

(i) If @ € T, is a k-tuple and 8 = «, then mz(a@) — the projection of @ in T,
— is the k-tuple b € T, such that b, <a, for all 1=i=k.

(i) If @ € T then

T*={x €T:forsomei x=a}.
Thus, T is a subtree of T, an initial segment in fact. Similarly, for C C w,,

(T f CY={&xeT [ C :for some i, x = a;}; we do not require that the level of a is
in C.
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(iv) We write (a,b) € A, X A, if for some vy (the level of (d,b)) a € A, and
b € A, are of level y and both are k-tuples for some k. For B <y, ms(a, b) is
(7a(@), 7 (). )

(v) Let E C w; be a club set. Let (@, b) € A, X A,. If there is an epimorphism
f:(A| E) = (A,|E)’ such that for any x € A,| E and any i,

X=a Qf(X)éb,

then there is a unique such isomorphism. We denote this fact by f = (4, b) and
we call f “the isomorphism determined by {a,b) on E”.

7.13. DerNITION of the forcing poset #(E, A, Az). Let E be a club subset of
w, and A,, A, Aronszajn trees.

¥ =%F(E A, A,) )
={(a, b)E A, X A,:(a, b) determines an isomorphism f(4, b) on E}.

& is partially ordered by (a,b)=(a’,b") iff f=(a,b)Cf = (a',b).

Thus the conditions are really those isomorphisms determined by tuples, but
we found it more convenient — from a notational point of view — to use this
definition.

Note that if (3, b) € &, then ms(d, b) € ¥. Observe also that if & and o* are in
& of level v and y* (with y = y*, say), then o and o* are compatible iff o and
m,(o*) are.

It is easy to see that in any generic extension via ¥, A, and A, are isomorphic
on E (we can assume that any point in our trees has infinitely many successors).

Which club set should we choose to define ¥? Recall that # =2 % &
(Definition 7.2) and so W[®] = W[2][€] where 9 is a W-generic filter over 2,
and € is a W[4 ]-generic filter over & (= countable closed subsets of w; which
are in V[2]). Let C = U&. We define ¥ = #(C, A,, A,). The proof of Theorem
7.1 now depends only on the following.

7.14. MAIN LemMA.  In W[2][&], & satisfies the c.c.c.

Proor. Let D € W[9, €] be a maximal antichain of &. Assume, by way of
contradiction, that D is uncountable. Let D € W[2] be a name in € forcing of
D.

In W[2], for each countable N < H,-, let u(N) be a countable transitive
model of ZF~ (i.e., minus the power-set axiom) such that N € u(N) (where
mn:N—>N, N is transitive).
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7.15. SuLEMMA. There is, in W[2), a countable N < H,+ such that A,, A,
D, etc. are in N, and:

(1) € NN is a u(N)-generic filter over mn(&).

(2) The elementary embedding, =~ :N— HX®) can be extended to an
elementary embedding

7' N[€ N N]— HX1#),

PROOF. (2) is a standard consequence of (1): Given any x € N[ N N] let
x € N be a name of x. mx'(x) is a name in &-forcing. Let ' be defined as the
interpretation of ' (x)in W[4 ][#]. 7 is well-defined and the range of ' is
an elementary substructure of HX?[€]= H*% which we call N[€].

To prove (1) we use a density argument in W[2] for & forcing. Let ¢ € € be
any condition. Pick some countable N < H,- such that A,, A, D, c, etc. are in N.
As u(N)E W[9] is a countable transitive set, for some u < w::

u(N)e w[2 ],u], where 9 |[.L ={f € 9 :Dom(f}=p}.

Let ¢' = U{f [, n + @):f € 3}. Then ¢’ is defined on the interval [u, u +
w). Let g(n)=q' (w+n), then g:0 > w is a W[2 ];L] Cohen generic real.

7n : N— N is the collapsing function. It is easy to see that mx (%)= %€ N N. So
mn(&) is a countable set in V. (To see this, let n:w,— &, n € V, be onto. We
can assume 1 € N, and then 7y(n) =71 [ an (e~ = 7n(@1)). SO (%)= n"an.)
Let {x, :n Ew} =€ NN be an enumeration in V.

We define inductively, in V[q], an increasing sequence, (¢ :i € w), in &
¢o= ¢ is the given condition. Suppose ¢, is defined by

Xq(n) if Xq(n) = Cpy
Cnt+1 =

o otherwise.

Let ¢* be the closure of U, ¢, (i.e. U.c.c. together with its supremum). As
the sequence is defined in V[2], ¢* is in &€

7.16. CLaM. The set {x € wn(8): x = ¢, for some n} is a u(N) generic filter
over mn(€).

PrOOF. Let F € u(N)be a dense open subset of my(&). We want n such that
¢.€EF As q is a W[2 I;L]-generic real, it is enough to find a dense set of
conditions in e which force the above. Well, given any condition f: k — o,
there is b € mn(%) such that f I ¢, = b. Now pick d € F which extends b and
find i € w such that d = x;. Define f* =f U {(k, i)}, then f*rd = cc.1.
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Claim 7.16 implies that
c*FENN={x€n(€):x=c, forsome n}.

Indeed it is easy to see that ¢ * forces the 2 inclusion, and since the right side is a
maximal filter and the left side is a filter, we get equality.

Returning to the proof of Lemma 7.14, let N < H,+ be as in Sublemma 7.15.
Denote by N[€]<H¥ the image of N[¢ N N] under 7w '. As DEN,.
DEN[€]. Letting oxv=w(w), #(A)=A|aw, i=12 ()=
,?(CﬂaN,AllaN,Az'aN) is the subset of conditions in & of level <an.
(D)= D N #(¥) is a maximal antichain in 7 (¥).

Since D is uncountable, there is (do, b)) €D of level = an. Let (@, by) =
oy (@0, bo). Note that (ay, b,) € u(N).

7.17. DerINITION. Let ¢(X, y) have the meaning:

(X, y)E L and V¢ < level (%, y),if (&, 0) € D is of level & then (X, ¥) and (&, ©)
are incompatible in &. (When appropriate, ¥ and D are replaced by 7(¥) and
7(D).)

Not only does ¢(ay, b:) hold, but, for any u < aw, ¢(m.(as, b,)). This truth
about u(N) is forced by some ¢ € € N N. Hence for every u < aw, in u(N),
letting (a, b) = . (@, by),

(7.18) ¢ " o(a, b).

An analysis of the forcing relation and absoluteness arguments show that (7.18)
holds also in N, Define, in N, the following subset of &:

Fo={a,b)EF :cke(a b))

By (7.18) %, is uncountable in N. ¥, is an initial segment of &. Let &, be the set
of all (@, b) € %, such that uncountably many members of %, are projected to
(@, b). Again, ¥, is an uncountable initial segment of & and every (@, b) € ¥, has
uncountably many members of &, projected to (d, b). This holds in N of course.
Lemma 3.10 and a density argument (£ N N is an N-generic filter) give two
ordinals Bo, 81 € C N ay such that B1 is the successor of B, in C and for some
(@,b) € &, of level B, there is an infinite well-distributed set of (a’, b') € %, of
level B, which are projected to (a, b).

As 7(D) is a maximal antichain of 7(¥)in N[€ N N], there is d € D which is
compatible with (&, b); so let d' € w(¥) extend both d and (d,b). Let d* =
7g,(d"), then we can find (@', b',) € &, of level B, which is disjoint from d* and is
projected to (@, b). It follows that d* and (a’, b') are compatible in ¥. Hence any
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(a*,b*)€¥ which is projected to (a',b') (by ) is compatible with d* and
hence with d’ and with d. This is a contradiction to ¢(a*, b*) when the level of
(@*,b*) is above that of d.
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