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ITERATED FORCING AND
CHANGING COFINALITIES
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ABSTRACT

We weaken the notion of proper to semi-proper, so that the important
properties (e.g., being preserved by some iterations) are preserved, and it
includes some forcing which changes the cofinality of a regular cardinal >N, to
N,. So, using the right iterations, we can iterate such forcing without collapsing
N,. As a result, we solve the following problems of Friedman, Magidor and
Avraham, by proving (modulo large cardinals) the consistency of the following
with G.C.H.: (1) for every S CN,, S or N, — S contains a closed copy of w,, (2)
there is a normal precipitous filter D on N,, {6 <N,: cf 8 = R,} € D, (3) for every
ACN,, {8 <N,: cf8 =N,, & is regular in L(8 N A)} is stationary. The results
can be improved to equi-consistency; this will be discussed in a future paper.
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§0. Introduction and Notation

H(A), for regular A, is the set of sets hereditarily of cardinality <A. If @ is a
sequence, i.e., a function from an ordinal, then [(a) is its length.

On is the class of ordinals, Car the class of cardinals, ICar the class of infinite
cardinals, UCar = ICar — {¥o} and RCar the class of infinite regular cardinals,
SCar = RCar U {2}, RUCar = RCar N UCar, and we let

Sg={6<N,:cf8=N;}.
Notation on Forcing

(1) P, Q denote forcing notions (i.e., partial orders) and p,q,r elements of
forcing notions. Let p =g mean q gives more information. We make the
convention that each P has a minimal element J (which thus gives no
information). Two elements of P are compatible if they have an upper bound.
An antichain I C P is a set of pairwise incompatible elements.

(2) P C Q means P is a submodel of Q. P < Q means P C Q, and any maximal
antichain of P is a maximal antichain of Q (hence compatibility is preserved).

Remember that G C P is generic if it is directed, closed downward and not
disjoint to any maximal antichain (of course G is in a bigger universe, e.g.,
V[G]). Remember also that G has a canonical P-name: G or G,.

§1. Iterated forcing with RCS (revised countable support)

Iterated forcing with countable support is widely used. One of its definitions is
that at the limit stage with cofinality N, we take the inverse limit, and at the limit
stage with cofinality > N, we take the direct limit. Another formulation is given
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below (Definition 1.1). However, the applications, as far as I remember, are for
forcing notions which preserve the property “the cofinality of 8 is uncountable’.

However, in our case we are interested just in forcing which does change some
cofinality to N,. In such cases, we cannot break the iterated forcing into an initial
segment and the rest (i.e., break (P, Qi:i<ea) into (P, Q;:i<B) and
(P, /Ps, Qi : B =i<a), see Definition 1.1). The reason is that maybe the first
forcing changes the cofinality of some 8, 8 < 8 < a to N,; hence P;/P; is not the
inverse limit of (P,/P;, Q,:B=i<a).

Hence we suggest another iteration, RCS (revised countable support), which
seems the reasonable solution to this dilemma.

1.1 DeriNrTioN.  We call (P, Q; ;i < a) a CS iteration (CS means countable
support) if:

(a) Q: is a P,-name of a forcing notion,

(b) the set of elements of P, is {p : p is a function, whose domain is a countable
subset of a, such that for every i € Dom p, p(i) is a P;-name of a member of Q, },
(.e. Bhke“p(i)EQ},

(c) the partial ordering on P is defined by: p = q iff for every i in the domain
of p, qlilks “p(i)=q(i)”.

(3) If P< Q, G CP generic, we let Q/G={q € Q: for every pEG, q is
compatible with p (in Q)}.

So it is well known that forcing with Q is equivalent to forcing first with P and
then with Q/G. Also Q/G has a P-name which we should denote by Q/Gp, but
denote by Q/P.

(4) If Q is a P-name of a forcing notion, P * Q is their composition, so
P< P*Q, Q=(P*Q)/P. Remember P*Q ={(p,q):p €P, q a P-name of a
member of Q}; (1, q1) =(p2,q2) iff p1=p: and p:krqi = q..

Now if P, = Po* Qo, q: 2 P-name, G, C P, generic, then in V[Go], ¢ can be
naturally interpreted as a Qo-name, called q./Go, which has a Py-name ¢./Go or
q1/Po; but usually we do not care to make those fine distinctions.

(5) Using Q =(P,, Q::i <a), P. will mean RLim Q (see Definition 1.2).

6) If DisafiteronasetJ, DEV, VCV' (eg, V'= V[C;]) then in an
abuse of notation, D will denote also the filter it generates (on J) in V'.

(7) D is the closed unbounded filter on «.

1.2 DeFiNITION.  We define the following notions by simultaneous induction
ona:

(A) O =(p, Qi :i < a)is an RCS iteration (RCS stands for revised countable
support),
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(B) a Q-named ordinal (or [j, a)-ordinal),

(C) a Q-named condition (or [j, @)-condition),
and we define q | £ q[{¢} for a Q-named [}, @)-condition q and ordinal ¢,

(D) the RCS-limit of @, R Lim Q which satisfies P, < R Lim Q for every i < a.
(We should write R Lim,,, but omit the N, as we deal with countable support
only.)

(A) We define “Q is an RCS iteration”

a =0: no condition.

a is limit: Q =(P,, Q::i < ) is an RCS iteration iff for every 8 <a, QB is
one.

a = B +1: Q is an RCS iteration iff Q | B is one, P, = RLim(Q | 8) and Q; is
a P;-name of a forcing notion.

(B) We define “{ is a Q-named [j, a)-ordinal of depth y above r”.

The intended me~aning is a (RLim Q)-name of an ordinal of a special kind,
however RLim O is still not defined. So we use the part already known.

For y =0: “{ is a Q-named [j, «)-ordinal of depth y above r” means { is a
(plain) ordinal in [j, @), i.e., j S { <a: r € P,... B

Fory >0: “{ isa Q-named [j,::r)-ordinal of depth y above r”’ means that for
some B<a,r € Py, { is a Pg.y-name of a [max{j, B8}, «)-named ordinal above
r, i.e., for some maximal antichain above r, I={p;:i <ig}C Ps. (50 r=p),
{y::i <io} and {& :i < i}, we have: ¢ is a Q-named [max{j, 8}, «)-ordinal of
depth y; above p,-, ¥ <9y,and { is & if~p.~ (i.e., if p; will be in the generic set); (this
is informal but clear). T

Without y: We say { is a O-named [J, @)-ordinal above r, it if is such for some
depth. )

Without r: r = Q.

Similarly, we omit “[, ) when j =0.

(C) We define “q is a Q-named [}, a)-condition of depth y above r” and also
q1{¢}, q1 ¢ and the Q-named [j, a)-ordinal {(q) associated with gq.
" The definition is similar to (B). ) )

For y =0: We say “q is a Q-named [}, a)-condition of depth y above r”” if for
some ordinal ¢, j§§~< a and q is a P;-name of a member of Q;, r € Py,
ri{ s “if pEr then p [{{}§q~”. We let

q if £>¢,
qlé=
@ if ¢=¢
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q if £=4
q{¢}=
g if E#£¢L

Lastly we let {(q)= ¢

For y >0: We sgy q is a Q-named [}, a)-condition of depth y above r, if for
some Q-named [}, a):ordinal of depth y above r, ¢, defined by B, {p: :i <io}C
Pour, {yi i <io}, {& 1§ <io}, we have Q-named [ma;{B, J}, a)-condition of depth
v above r Upi,qiN(i <o) such that {(q:)= ¢, and q is q; if pi. Also if v, =0,
& = B then g §~p.» and if 5 >0, v, {p;; :j <ﬁ,}, v' define :1.~, v' = B then p; =p;
or they are Eontradictory. )

We then let {(q) = ¢, and q [ £ is defined similarly with q; | £ and lastly g [ {¢}
is defined similarly with g [ {£}. )

We omit y and/or “[j, @)-" if this holds for some y and/or j.

(D) We define RLim Q as follows:

if @ =0: RLim Q is trivial forcing with just one condition: &;

if @ >0: we call ¢ an atomic condition of RLim Q, if it is a Q-named
condition. B

The set of conditions in RLim Q is

{p:p a countable set of atomic conditions; and for every B<a,

plB="{riB:rEp}EP,, and p[Bts “pH{B}=""{rI{B}:r € p}
has an upper bound”}.

The order is inclusion.

Now we have to show P; < RLim Q (for 8 < a) which is obvious noting that
any O-named [j, B)-ordinal (or condition) is a Q-named [j, «)-ordinal (or
condition), and see 1.4(1).

REMARK. We can obviously define Q-named sets; but for conditions (and
ordinals for them) we want to avoid the vicious circle of using names which are
interpreted only after forcing with them.

Now we point out some properties of RCS iteration.

1.4 Cav. Let Q =(P., Qi:i <a) be an RCS iteration, P. = RLim Q.

(1) If B<a, then not only P;<<¢ P,, but if qE€E Ps, p EP,, then q,p are
compatible iff q,p | B are compatible.

() If B, y are O-named [j, (Q))-ordinals, then Max{B, v} (defined naturally)
is a Q-named U, 1(Q))-ordinal. T

(3) If a = Bo+1, in Definition 1.2, part (D), in defining the set of elements of P.
we can restrict ourselves to B = B,. Also in such a case, P, = Py * Qg (essen-
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tially). More exactly, {p U{q}:p € Py, q a Py-name of a member of Qg} is a
dense subset of P., pyU{q:}=p.U{q.} iff p=p:, 2+ q =q..

(4) The following set is dense in P, : {pEP,: for ever; B <a, ifr,,r; € p, then
e, “if ri1{B}# D, r.[{B}#0 then they are equal”}.

5) | P | = (Zica 2%, for limit a.

6) If k5, “|Q:|=«™, k a cardinal, then |P,.,|=2"+ k.

ProOF. Easy.

1.5 THE ITERATION LEMMA

(1) Suppose F is a function, then for every ordinal a there is a unique
RCS-iteration Q = (P, Q::i<a'), such that:

(a) for every i, Q, = F(Q i),

(b) a’'=q,

(c) either a’' = a or F(Q) is not a (RLim Q)-name of a forcing notion.

(2) Suppose B < a, G5 C Py is generic, then in V[G,), Q/Gs =(P:/Gs, Qi : B =
i < a) is an RCS-iteration and R Lim Q = P, * (RLim Q/G;) (essentially).

(3) The Associative Law

If a; (¢ = £(0)) is increasing and continuous, ao =0, Q =(P,, Q;:i <ayc) isa
RCS-iteration Pyo,=RLimQ, then so are (P.q, Pasn/Puiey: & < E(0)) and
(P[P, Qi :a(é)=i < a(£& +1)); and vice versa.

ProoF. Easy.

1.6 CLaM. If « is regular, and | P,| < for every i <x, and Q =(P,, Q.:i <
k) is an RCS-iteration, then

(1) every Q-named ordinal is in fact a (Q | i}-named ordinal for some i < a,

(2) like (1) for Q-named conditions,

3) P. = U...P.

Proor. Easy.

1.7 CLaM.  Suppose Q =(P,, Q::i <8) is an RCS-iteration, & limit and
PEPs, and [is Q-named ordinal. Then there arei <8, andp' € Py, pli+1=
p' suchthatp'ly, “{ = i”. The same holds for Q-named condition (if Q. C V).

Proor. Easy, by induction on the depth of {.

§2. Proper forcing revisited

Properness is a property of forcing notions which implies that N, is not
collapsed by forcing with P, and is preserved by countable-support iteration (and
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also Ni-free iteration, see [18]). In [16], [17] it was introduced, and many
examples of forcing not collapsing 8; were shown to be proper (R;-complete,
C.C.C., Sacks forcing, Laver forcing and more). It was argued that proper
forcing is essentially the most general property implying N, is not collapsed and
preserved under iteration. So the forcing of shooting a closed unbounded set
through a stationary subset S of N, (see Baumgartner, Harrington and Kleinberg
{4]), though not collapsing N, , is excluded as if N, = U<, S., S, pairwise disjoint
stationary subsets of N,, and we shoot a closed unbounded subset through each
w, — S,, in the limit N, is collapsed. Of course we can “kill’” stationary sets in a
fixed normal ideal of X, (see e.g. [10]) and properness really demands somewhat
more than not destroying stationary subsets of N, (also stationary subsets of
Sx,(A)={A CA:|A|=N} should not be destroyed); but those seemed techni-
cal points.

However, in [16], [17], [18] we were mainly interested in forcing of power N,
so another restriction of properness was ignored; if P is proper, any countable
set of ordinals in V” is included in a countable set of V. So forcing changing the
cofinality of some A, cfA >N, to No, are not included. In fact, there are such
forcings which do not collapse N, and moreover, do not add reals: Prikry forcing
[15] (which changes the cofinality of a measurable cardinal to N,) and Namba [14]
which change the cofinality of N, to R,.

We suggest here a property of forcing, called semi-properness, such that the
theorems proved for proper forcing hold (when we use RCS-iteration) and it
includes Prikry forcing. We do not know whether there is a forcing changing the
cofinality of N, to N, which is semi-proper (i.e., provably from ZFC), but we shall
have an approximation to this. (See [19] for an answer.)

So in this section we introduce the notion, and prove the preservation under
RCS-iteration. In this we weaken a little the assumptions: for limit §, Q; is not
necessarily semi-proper, only Ps../P,.; (i < 8) is semi-proper. This change does
not influence the proof, but is very useful, as we can exploit the fact that § was a
large cardinal in V. Note that the useful result is Corollary 2.8.

2.1 DeriNITION. A forcing notion P is proper if for any large enough regular
x, and well ordering < of H(x), and countable N <(H(x), €, <) such that
PEN and for every pE PN N there is ¢ € P, g =p such that: for every
maximal antichain I of P which belongs to N, IN N is predense above q.
Equivalently, for every P-name B of an ordinal which belongs to N,
g “BEN".

We call q under such circumstances (N, P)-generic.
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2.2 DeFiNtTiON. A forcing notion P is S-semi-proper (S a P-name of a class
of cardinals) if for any large enough regular A, and well-ordering < of H(A),
and countable N <(H(A), €, <), such that PE N, and for every pEPNN
there is q € P such that: for every cardinal k € N and P-name B € N of an
element of «, N

g s “if k € S thenthereis A EN,|A|<k, BEA”

(equivalently, if S consists of regular cardinals of V, qir»“if k€S then
SupN Nk =SupN(G)Nk™).

(Note we write A and not A, i.e., A is in V; also when « is regular in V,
w.lo.g. A =1y for some y <«; this is the main case.)

We call g, under such circumstances, S-semi (N, P)-generic. If § ={x :in V",
is a cardinal of cofinality >N} then we omit it.

2.3 CLamm. (1) If P is UCar-semi-proper, or even RUCar-semi-proper then P
is proper, and vice versa. Moreover q in Definition 2.2 is (N, P)-generic, which
means: if B € N is a P-name of an ordinal then q > “B EN”.

(2) Pis S-semi-proper iff the condition of Definition 2.2 holds for some A >2'"',
and well-ordering <.

(3) P is S-semi-proper iff (B —{0}, =) is, where B” is the complete Boolean
algebra corresponding to P.

(4) In Definition 2.2, for k > Ro, and x >| P/, the condition is trivially satisfied
by any q, so only S N{k:Ny<k =|P|} is relevant.

(5) P is semi-proper iff P is (RUCar"" )-semi-proper.

PrOOF. Easy.

2.4 DeEFINITION. (1) A property is preserved by RCS-iteration, if for any
RCS-iteration Q =(P,, Q: :i < a), if Q; has the property (in V") for each i, then
RLim Q has the property.

(2) A property is strongly preserved by RCS-iteration if Q = (P, Q. :i < a) is
an RCS-iteration and for every y = 8 < a, v not a limit ordinal, Ps.,/P, has the
property then RLim O has the property.

(3) We can replace RCS-iteration by any other kind of iteration in this
definition.

ReMARK. In [16] many properties were shown to be preserved by CS
iteration. In fact the proofs show they are strongly preserved.

2.5 CLamM. (1) In Definition 2.4(1), (2) it suffices to consider « =2 or a a
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regular cardinal and y < B < a implies P /P, has the property (where for 2.4(2) v
is zero or successor ordinal).

(2) If a property is strongly preserved by RCS-iteration then the property is
preserved by RCS-iteration.

ProoF. Easy; for (1) use 1.5(3).

2.6 THE SEMI-PROPERNESS ITERATION LEMMA

(1) Semi-properness is strongly preserved by RCS iteration.

(2) Suppose Q =(P,, Q.:i <a) isan RCS iteration, for any j = a for arbitrarily
large non-limit i <j, P,/P; is S,;-semi-proper (S.; is a P;-name). Let S ={A : A an
uncountable regular cardinal, and I, “A € S;;” for any i <j = a, as above}.

Then P, =RLim Q is S-semi-proper provided that:

for every limit 8 = a there is { < 8, such that
C1
€1 s, “cf8 =Noor forevery { =i <j <8, §;defined = cf € §,;”.
(3) In (2) we can weaken (C1) by replacing { by a (Q | 8)-named ordinal, and
replace S by S ={A : for some i <j = a, A is an uncountable regular cardinal in
V(G.,.] and belongs to S,;{G,, ].

ReMARk. For i < a non-limit clearly S;., is defined, so Q; is S,:.:;-semi-
proper.

PROOE. (2) We prove the theorem by induction on a, for all Q’s, and even for
forcing extensions of V.

Let T ={(i,): S;; is defined}.

Note that for any 8 =y =, 8 non-limit, Q [ [B, y)=(P./Ps, Q::B =i <1)
satisfies the hypothesis on Q. Let A be big enough, < a well-ordering of H(A),
Q€ H(\), N<(H(A), €, <) N countable, P, €EN hence w.l.o.g. QEN
[because (H(X), €, <)k “there is Q, an RCS-iteration as in 2.4(2) such that
P.=RLimQ”, so as P, EN<(H(A), €, <) there should be such O in NI}.
Furthermore, let p € P, N N.

Case A: a non-limit.

The cases @ =0, a =1 are too trivial to consider. For @ > 1 by the induction
hypothesis on @ we can assume a = 2.

So w.lo.g. P.=Qy*Q, and let p =(po,p:) E PN N. As clearly, Qo€ N,
there is o€ Qu, po=qo, which is §0_,-ser;1i(N, P)-generic. To help us in
understanding let G, C Q, be generic, qo € G;. As < is a well-ordering of H(A),
(H(A)[Go), €, <) has defined Skolem functions, and a definable well-ordering
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(H(A)[Go) is H(A) of the universe V[Gy], we are assuming that any member of
H(A)[Gy] has a name in H(A)).

Now let N[G,] be the Skolem Hull of N in (H(A)[G}, €, <). So as
Q: = P\/G is Si>-semi-proper, and Q, € N[Go] < (H(A)[Go), €, <), there is
¢: € O, Si-semi (N[Gy), Qi)-proper. Let G, C Q be generic, q, € Gi.

So if kEN, and k €S, then as qo is Soi-semi (N, Qo)-generic, g€ Qo
clearly Sup(NNk)=Sup(N[Go]Nk); and similarly Sup(N[Go]Nk)=
Sup(N[Go, Gi] N k).

As Gy, G, were arbitrary except that qo € G,, q: € G, clearly (qo, q:) is S-semi
(N, P,)-generic. )

Case B: a a limit ordinal and there are B <a and p',p[B=p’, p'ls,
“cfa =N,".

As N<(H(A), €, <), Q€EN, p € N, we can assume p’' € N hence w.l.o.g.
p | B = p'. Moreover by Case A it suffices to prove that P,/P; is S-semi-proper.
By the induction hypothesis, w.l.o.g. cfa =No, and as Q €N, a € N, so there
are a, < a, 0, < On+1, @ = U< «,, and w.l.o.g. each a, is a successor ordinal.

Now let {(B., k.): n < w} be a list of the pairs (B, ), where k € N, « a cardinal
in S and B a P,-name of an ordinal < K, B € N. We define by induction on
n < @ conditions Dns @ such that:

(1) pn ENN P, po=Pp; pn = Prs1, Prnil @ = pal @,

(2) g. €EP., gur1] & =g, qn is S, -semi (N, P, )-generic,

3) p.=q.,

(4) praak“cfx, =N, or B, <7y.” where y, is a P, -name of an ordinal <k,
v €N.

This is easy and U, .. q. is as required.

Case C: a a limit ordinal and for no B<a, p'€EPs, plB=p’ does
Py, cfa =N

Let a, EN, @, < aps1, Ua, =SupNNa (as @ EN, a €N), a, successor;
and repeat the previous proof. Notice only that we can force any Q-named
ordinal < a tobe < U<, a, by 1.7 (like (4) above) and this insures p, = U ... q,
for every n, and also that we are using condition (C1) from the lemma.

(3) A similar proof.
(1) Follows.
In fact we have proved also the following

2.7 Lemma. If Q = (P, Q.:i <a) is an RCS-iteration (of semi-proper forc-



Sh:119

Vol. 40, 1981 ITERATED FORCING 11

ing), & a limit ordinal, and Op “cf8 >N,”, for every i <a, a limit then
B, “cf 6 > No.”. Moreover \U,., P, is a dense subset of P;.

Also note that the most useful case of 2.6 is

2.8 CoroLLARY. If (P, Qi:i <a) isan RCS iteration, and for every j < a for
arbitrarily large non-limit i <j+1, P,../P; is {N:}-semi-proper, and for every
successor i <a, bz, ‘“the power of P, is N for some n<w then P, is
{N:}-semi-proper. If in addition |P.|=|a| and P, satisfies the |P,|-chain
condition or |P,|<|a|, a inaccessible then P, is semi-proper.

ReMaRrk. For iteration of proper forcings, there is really no difference
between CS and RCS iterations.

§3. Pseudo-completeness

A widely used notion on forcing is N;-completeness, i.¢., if p, = p..1 € P, then
there is p € P, p, = p for every n. This is the simplest forcing which does not add
reals, nor new w-sequences of ordinals. In our perspective we want a condition
parallel to this, including, e.g., Prikry forcing.

3.1 DerniTioN.  For a forcing P, a P-name § of a set of cardinals of V, an
ordinal a and condition p we define a game G § (p, P) (or G*(p, P, §)): in the
ith move, player I chooses a A; and a P-name B; of an ordinal < A;, and player I
has to find a condition pi, and a set A, C A, |Ai]<A;, (A € V) such that:

(A) pF“B EA or & S”; and

®B) p=p, p=p forj<i.

The play continues for @ moves.

In a specific play, player II wins iff {p} U {p: :i < a} has an upper bound (and
loses otherwise).

A player wins the game if he has a winning strategy.

NOTATION. Writing RCar, SCar, etc. for S, we mean: as interpreted in V7.

3.2 CLamm. (1) At most one player can win the game G 3.

(2) If for every A; € S and p €SCar, u = A > p € S, then in the definition of
the game, it does not matter if we demand | A;| =1 (i.e., if one side has a winning
strategy iff he has a winning strategy in the revised game).

(3) If for every cardinal p, p = p = o => i € S then in the definition of the
game, it does not matter if we demand, when A; = o, that |A;| < p,.

(4) Also we can replace A by any set B € N, |B| = A. If A, is regular (even if
only in V) we can demand A; € A; (i.e., is an initial segment).
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(5) If forevery regular u = A, u € Sand thereisn € S, 1 < n <N, and for every
p, player II does not lose in the game G 5 (p, P), then forcing by P does not
introduce new a-sequences from A. (Usually n =2; for n >2 we have to work
somewhat more in the proof.) If @ is > w we can omit the n.

6) If n €S, n < w, adding {m:n <m <Ko} to S does not change anything;
also if cf A € S adding A does not change anything.

3.3 DeriNioN.  The forcing P is (S, a)-complete if player II wins in the
game G 5 (p, P) for every p.

We define (S, < 8)-complete similarly.
P is pseudo «-complete if it is (Car, 1 )-complete for every (cardinal) u < k.

3.4 LemMma. (1) If P is |a|"-complete then it is (Car, a)-complete.

(2) If Pis (A N SCar, a)-complete, « = A, and forcing by P does not change the
cofinality of any u, 8o < = A, then forcing by P does not add new a-sequences
from A (remember A ={B:B <A}).

(3) In particular if P is ({2}, )-complete (or even ({n}, w)-complete) then
forcing by P does not add reals.

@) If P is (S, w)-complete then P is S-semi-proper. In fact (RUCar, w)-
completeness suffices for semi-properness.

(5) If p is (S:, a;)-complete, then it is (S:, az)-complete provided that (Vy €
S;)@3B € S))ciy =cf B, and a» = a, (for y natural number, y = B).

(6) Pis (S, a)-complete implies (B —{0}, =) is (S, a)-complete, B the complete
Boolean algebra corresponding to P.

Proofr. Easy.

3.5 THEOREM. RCS iteration strongly preserves (SCar, w)-completeness,
(RCar, w)-completeness and (RUCar, w)-completeness.

ReMARK. We can also imitate 2.6, 2.8, and vice versa.

PrOOE. We use Claim 2.5(1), so have to deal only with iteration Q =
(P, Qi:i <a) where a =2 or @ = A a regular cardinal.

Let S be any one of those three classes of cardinals, and S,, S; be the
corresponding Q,, P;/P; name (remember, the meaning of our S depends on
which forcing it applies to).

Case A: a =2
Let p = (po, p1) € Qo * @1, and let F,, F; be the winning strategies of player 11
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in G5(po, Qo), G5(p1, Q1) resp. By 3.2(4), we can assume F; gives us an ordinal
or €{0,1} if the corresponding A is regular or 2 resp.

Let in the ith move player I choose A; and a P,-name B; of an ordinal < A,,
and player II choose (po, p1 ) € P2, a Pr-name A, and a set Aq; C A.. Player II
preserves the following p;operty:

@)

(a) po; Fq, “the following is an initial segment of the play of G5(p:, Q)) in
which player II uses the strategy Fi: (-, (A, B ), {Pri» Ari) " =i

() po,ilrq,“Ai; is an ordinal a; < A; if A =N, and a singleton {a} C A if
A =2 and 41,:‘ C Ao’

(c) Ao is an ordinal < A; if A; =N, and a singleton C2 if A, =2.

(d) The following is an initial segment of a play of the game G$ ,(po, Qo) in
which player II uses his winning strategy Fo: in the jth move playerNI chooses A;,
«; and player II chooses po;, Ao;.

It is easy to see that player II can do this and that it is a winning strategy.

Case B: a = A a regular cardinal and p € P, and there are B8 <A, p’' € P,
pIB=p, p'lp, “cfd =N,

By the previous case, it suffices to prove that P./P;., is (S, o)-complete, so
w.lo.g. cf A =8, and in fact A = N,, and there are no problems. We leave the
details as an exercise to the reader.

Case C: a = A is regular and for every B<a, p[B g, “cfA >N,".

We describe the winning strategy of player II. By a hypothesis, for every
non-limit B8 < ¥, player II has a winning strategy Fs, [r] (a Ps-name) for winning
the game G3(r, P,/Pg ). In stage n, he has defined not only p,, but 0 = ap < a; <

c<a,<A, no one of them a limit ordinal and for each |
{Prial[ar, @is1); Preat [au, is), + -+, pa | [0, a14y)) is an initial segment of a play of
the game Gs,_, (pual[o, &), P, /Po) in which player II uses the strategy
E&‘y [Pl+1 f[al, az+1)]

So this is similar to Case A, using n instead of 2, and even more similar to
Case B. The difference is that here in the end, maybe for some Q-named
condition g € p;, { (9> U, ... So from time to time player II “let player I
wait” and looked at a suitably chosen g € p,, and define p,.. so that {(q) is equal
to a P, -name (using 1.7) and (pn+:] a,.)ll-p g = ann”

3.6 Dermuations. (1) For a forcing P, a P-name $ of a set of cardinals, an
ordinal @ and a condition p we define the games EG § (p, P), RG 5 (p, P) (or
EG“(p, P, S), RG*(p, P, S)). (E stands for essentially, R for really.)
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(2) In a play of the game EG § (p, P) in the ith move, player I chooses a
cardinal A; and a P-name B; of an ordinal < A; and player II has to find a set
ACA, |A<A, (A E V).

The play continues for « moves. In the end player II wins if he can find a
condition p’' € P, p = p’ such that for every i <a, p'F“B E A or A, € S”.

(3) In a play of the game RG 5 (p, P) in the ith mo;e, player I choose a
condition gq;, q; = p, q: = p; for every j <i, and a cardinal A; and a P-name S; of
an ordinal < A; and player II has to find a condition p; and a set A; (i)t;,
| Ai| < A, (Ai € V) such that

(A) pF“BEA or LES”,

(B) p= q.~~ (hence p; = p, p Z p; for j <i).

The play continues for @ moves, and player II wins if {p} U {p; : i < a} has an
upper bound.

3.7 DerNiTION.  The forcing P is essentially (S, a)-complete [really (S, a)
complete] if player II wins in the game EG 5 (p, P) [RG 5 (p, P)] for every p € P.

3.8 LemMA. (1) The parallels of 3.2, 3.4 hold.
(2) Let P be a forcing, B the corresponding Boolean algebra. Then P is
essentially (S, a)-complete iff (B —{0}, =) is (S, a)-complete.

Proor. Easy.

3.9 TueoreMm. (1) RCS iteration strongly preserves ‘“‘essential (S, w)-
completeness”™ for S € {SCar, RCar, RUCar}.

(2) For example, N,-RS iteration preserves, e.g., (S, N:;)-completeness and real
(S, No)-completeness” for S as above (k-RS means in 2.2 we replace ‘“countable”
by “of power = k).

PrOOF. Similar to previous ones.

§4. Specific forcings

We prove here on various forcings that they are semi-proper and even
(S, a)-complete; of course, otherwise our previous framework will be empty.

Prikry forcing (adding an unbounded w-sequence to a measurable cardinal
without adding bounded subsets) satisfies all we can expect. But for our
purposes, more important are forcings which change the cofinality of 8. to R,
without adding reals (or at least not collapsing ;). Namba [14] has found such
forcing, when CH holds.

However we do not know the answer to:
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ProBLEM. Is Namba forcing {N,}-semi proper? (Not necessarily, see [19].)

However, it is not necessarily ({2}, w)-complete; this is equivalent to Dy, is
Galvin” (see below).

We deal with a generalization of Namba forcing, Nm(D) (D a system of filters
on sets of power N;), and prove the relevant assertion (4.7). Then we prove that if
each filter in D has the ({N:,N.,2}, w)-Galvin property, then Nm(D) is
{N.,N,, 2}-semi-proper. The point is that when a large cardinal is collapsed to 8.,
if D was originally a normal ultrafilter, then after the collapse it may well have
some largeness property like the one of Galvin.

4.1 DernimioN.  If D is a complete normal ultrafilter on «, then the D-Prikry
forcing, PF(D), is:

{(f, A):f a function, with domain n < w, f is increasing,
(Vi <n)f(i)<«, and A belongs to D},

(f|,A1)§(fz,A2) lﬂf) gfz, A| ___-_) Az, andfori € Domfz_Domfl,fz(i)EA1.

Prikry defined this notion and proved [15] in fact that:

4.2 THEOREM. For any normal ultrafilter D over k, PF(D) is (Car” —{x}, A)-
complete for every A <k, and changes the cofinality of only one cardinal, «
(to ”0).

4.3 DerFINTION. (1) A filter-tagged tree is a pair (7, D) such that:

(a) T is a non-empty set of finite sequences of ordinals, closed under taking
initial segments, and for some M €T, vE T, I(v)=1(no) = v = nol I(v); we
call no the trunk of T.

(b) D is a function such that for every n € T, D, = D(n) is a filter and if
No< nE€TthenSucr(n)={vET:I(v)=I(n)+1,v]I(n)=n}#DmodD,.

(2) We call (T, D) normal if for every m, D, is a filter over Sucr(n). For
NET (T,D)m=(Tin,D)=({vET:v=n or n = v}, D).

4.4 DerFINITION. For filter-tagged trees (T:, D):

(1) We define: (T, D)) =(T,, D») iff

(a) I.C T,

(b) for some M€ T», (T2, D;) =(T,, D2).y and for every n,me=n € T,
Sucr,(n)#D mod Di(n) and Di(n)lSucr,(n)= D:(n)lSucr,(n) where for
filter D over I, and JC I, J# & mod D,

D|J={ANJ:A €D}
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(2) We define: (T:, D)) =*(T>, D;) if in addition {nol I:1}=T.N{v:I(v)=
I('flo)}-
(3) We define: (T, D:) =, (T, D) if in addition (to (1)) for n of length = n,

nET1<=>'q€T2.

4.5 CLamM. For every (T, D) for a unique normal (T, D), (T, D)=(T,D") =
(T, D).

4.6 Lemma. If (T, D) is a filter-tagged tree, which is A *-complete (i.e., each
D, is a A*-complete filter) and H: T — A, A™ = A, then there is (T', D")=*(T, D)
such that H(n) depend only on I(n), forn € T'.

Proor. For any sequence & = (&, :n < w), a, <A, we define a game G;:

Let no be the trunk of T.

In the first ( = zeroth) move player I chooses A, C Suc,(T), A, = mod D,
and player II chooses 7, € Suc,, (T)— A,.

In the nth move, player I chooses A,.; CSuc, (T), A..i = mod D, and
player II chooses nn.1 € Suc,, (T)— Ansi-

In the end, player II wins the play if H(n.)= a.. Now we prove

Forsome @ = {a, : h < w), a, < A, player Il wins the game
*
) (i.e., has a winning strategy).

Clearly the game is closed, hence it suffices to prove that for some &, player I
does not have a winning strategy. So assume for every & player I has a winning
strategy F;, and we shall get a contradiction. A winning strategy is a function
which, given the previous moves of the opponent (1, - - -, . in our case), give a
move to the player, so that in any play in which he uses the strategy he wins the
play.

Now define by induction on n, 1, € T such that I(n,)=n, N.uln="7.:

T'O=< >’

N1 € Suc,, (T)— U Fa({m, - ma)).

Why does 7..; exist? For every & F;((mi, -, )= modD,,, D, is
A "-complete and the number of @’sis A™ =1 <A".So U, F; (i, M) =D
mod D, , and so 7., exists as Suc,, (T)# < mod D,, .

But let a¥=H(n,.), a*={(a%:n<w), so

F‘i'( )71’17.'.,F&‘(<1]ly“.7nn>)17’n+l,”‘
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is a play of G;- in which player I uses his strategy F;., but he lost: contradiction,
hence (*) holds.

PrOOF OF THE LEMMA FROM (*). Let {(a, :n < ) be as in (*), and W be the
winning strategy of player II and no=( ) for notational simplicity.

Let To={n €T:l(n)=n, and for some A, -, A., for every 0<!=n,
nll=W(A,- -, A}

It is clear that T, is closed under initial segments. Now if n € T,, then
Sucy, (1) # & mod D, for otherwise if n = I(n), and A4, -, A, are “witnesses
for n € T,”, then player I could have chosen A..:;=Sucz(7n), and then by
definition, W(A,, -, A,..)E T, and also W(A,, "+, Anr1) & Anr1 = Sucg,(n)
but W(A,, -+, A..1) € Sucr (1) and Sucy,(n) = ToN Sucr (n), contradiction.

So (To, D)=*(T, D) is as required.

4.7 THEOREM. Suppose 2™ =N,, T*=N5*, (T*, D*) an N,-complete filter-
tagged tree, and D*D D3 ={A CSucr-(n): [Sucr-(n)—A|<N;} (eg
D* = D%), (cb is for co-bounded).

Let P=Nm(T*, D*)={(T, D*):(T, D*) = (T*, D*)} (we write n €(T, D*) if
n €T, pp=(T,, D*), etc.) with the order =.

Then P does not add reals and change the cofinality of N, to N,.

ReMark. If we wave CH, P may add reals but it does not collapse N;;
sometimes it satisfies the N,-c.c.

NotaTion. If Dom(D*)=T let Nm(D*)=Nm(T,D*), and if T =N5*,
D*(n)={{n"(a):a € A}: A € D}, we let Nm(D) = Nm(D*).

PROOE. If G C P is generic, then U {n : 7 €(T, D) for every (T, D) € G} is
a member of ws* (in V[G]) and as D, D DY, it is unbounded.

Now suppose 7 is a name of an w-sequence from w,, and let (T, D) € P. We
define by induction (7., D) such that:

(@) (To, D)=(T, D),

(b) (1., D)=, (Tu+, D) (hence (T., D)=*(T..., D)),

(c) for every n € Ty, I(n)=n+1, for some &, and I =n

(Tos1, D)pmybe “7 11 = @,”, and | is maximal.

Clearly (N, T.,D)EP, (T,,D)=(N,.T., D).

Now use Lemma 4.6 on ({ .. T,, D), and H, H(n) = &, and get (T, D"),
(T,D)=*(T",D'), H(n)=a" for n €T, I(n) = n + 1. Now for each [, there is
(T",D"), (T',D")=(T",D") and & such that (T",D") “7|l=a”, and let
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10 € T" be the trunk of T"; w.l.o.g. I +1 < I(70). By the construction ! = l(&,,),
hence @ = @* 'l for k = I(no), hence we can take k = [ +1 (use (T", D’) itself),
so (T',D)F“1 =(a@a™™(n):n < w)”, for m(n) large enough.

4.8 ProBLEM. Is the forcing semi-proper? (See [19].)

4.9 DerINITION. A filter D on a set I, S a set of cardinals, we call D an
(S, a)-Galvin filter (and the dual ideal a Galvin ideal) if player II has a winning
strategy in the following game, for every J C I, J# & mod D: (we call the game
the (S, a)-Galvin game for D, J).

In the ith move player I defines a function F; from I to some A € S and player
II chooses A; CJ N (N;_; A; such that | F.(A,)| < A. Player II wins if (), A, # &
mod D. For simplicity we can say J was chosen by player I in his first move.

Galvin suggests this game for DS, = the co-bounded subset of A for a cardinal
A a=w and S ={2}. So for & = w, S ={2} we omit (S, @). Note that only
SN (|I|+1) has any importance.

Galvin, Jech and Magidor [6] and Laver [11] independently proved the
following (really in [6] a slightly weaker version is proved but the difference is
immaterial for us).

4.10 THEOREM. If we start with a universe V, V= “G.C.H.+ k is measur-
able” and use Levi collapsing of « to N, (i.e., every A, R, =< A < k now will have
cardinality N,) then in the new universe V]G], D%, is a Galvin filter, in fact
(Car — {N,}, @ + 1)-Galvin filter. Moreover if D € V was a normal ultrafilter on «,
then in V[G] there is a family W of subsets of k, AE W > A# P modD, Wis
dense [(ie. VACk) A# modD => (ABE€ W)(BC A)] and W is closed
under intersection of countable descending chains. [ We identify here D with the
filter it generates in V[G] which is normal.] We call this the N.-Laver property
(omitting N, usually).

The relevance of this is:

4.11 THEOREM. Let S C SCar.

(1) Let D be an (S, a)-Galvin filter on I, which is R,-complete and P =
PP(D)={A CI:A# @ mod D}, order by inverse inclusion. Then P is (S, a)-
complete.

(2) We can replace the hypothesis in (1) above by “D is |a|*-Laver” and get
even ‘“‘real (S, a)-complete”.

(3) If P is Nm(T*, D*) (see 4.9), each D3 is an (S, w)-Galvin, 8-complete
filter then P is (S, w)-complete; and if S D {N:}, then P is semi-proper (as we can
add all A, ctA >N, to S). (Note we are not assuming CH.)
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Proor. (1), (2) obvious.

(3) Also easy, but we shall do it. For simplicity let S = SCar — {N.}. By 3.4(4) it
suffices to prove (S, w)-completeness. For every n € T*, let H, be a winning
strategy for player II in the (S, w)-Galvin game for D . Now let us describe the
winning strategy of player II in G5 (p, P). For notational simplicity 2 & S.

Let p =(T,, D*); w.lo.g. the trunk of Ty is { ).

In the first move player I chooses A, € S and a P-name B, of an ordinal <A.

Player II chooses po€ P, p =*p,, poltr “Bo= Bo” (possible by the proof
of 4.7). )

However if player II continues to play like this, he will lose as maybe 1, T,
(p. = (T, D*)) will be {{ )}.

So he is thinking how to make Sucnr, ({ ))# < mod DY ,. If he, on the other
hand, will demand po =, p..1, he will have Sucnr, (( )) # < mod D*, but it will
be hard (and in fact impossible) to do what is required when, e.g., A; = N;. So
what he will do is to decrease Sucr. ({ )), but do it using his winning strategy
H, , for the (S, w)-Galvin game for D,. So in the second move player I
chooses a cardinal A, € S and P-name B, of an ordinal < A,. Player II, first for
each n € po, I(n) =1, chooses p7, (po)[;]é*p}', polke “Bi= B, This defines a
function from Sucz({ )) to A,, so player II consults the winning strategy H, ,,
gets A? ,CAy, |A?,|<A, and lets T, =U{T2:8, €AY ,}.

In the third move, player II tries also to insure that also {n € (), T, : I(n) =2}
will be as required. Now player I chooses A, €S and P-name f,. Player II
chooses for every n € Ty, I(n) =2 a condition p7, (p:), =* p7, p;’ﬂ:p “B,=B,".
So for every n € Ty, l(n)=1, we have a function from Suc, (T)) to Az, SO
consulting the strategy H,, player II chooses A, C A, | A}] < A. We can assume
Al is an initial segment, and for A <N, the number of possible A}, is finite. So
now the function n — A} (n €Sucy,(( ))) is a function whose domain is in
{n € T\:1(n) = 1} (remember, by 3.2(6), if n €S, n < then w.lo.g. {m:n=
m < N} € S). So player II can consult again the strategy H, ,, and find A{ ,, and
let T,=U{T3: I(n)=2, n€T, B.EAL, ALLE A% =A?,}.

The rest is very clear.

§5. Chain conditions and Avraham’s problem

Chain conditions are very essential for iterated forcing. In Solovay and
Tenenbaum [20] this is the point, but even when other conditions are involved,
we have to finish the iteration and exhaust all possibilities, so some chain
condition is necessary to ‘“‘catch our tail.”” In our main line we want to collapse
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some large cardinal x to N, in an iterated forcing of length (and power) x, each
P; of power < k. So we want that « is not collapsed, and the obvious way to do
this is by the k-chain condition. We prove it by the traditional method of the
A-system. For general RCS iteration, we have to assume « is Mahlo (i.e., {A < k
strongly inaccessible} is stationary) and for iteration of semi-proper forcings we
ask for less.

Now we are able to answer the following problem of U. Abraham:

ProBLEM. Suppose G.C.H. holds in V. Is there a set A CN, so that every
w-sequence from N, belongs to L[A]? (See [1] for partial positive results.)

For this we collapse some inaccessible k which is the limit of measurable

cardinals, to N., changing the cofinalities of arbitrarily large measurables < «
to Ro.

5.1 DerinimioN. (1) For any iteration Q =(P,Q;:i<a). We call p=
(p;:i €ES)aA-systemif, fori <jin S, p[i =p;|j and p, € P,. We call p; | i the
heart of the A-system, hr(p).

(2) For a forcing P, we call p =(p,:i € S) a u-weak A-system if p, € P, U,csi
is a regular cardinal k, and there is a condition g = hr(p) (the heart of p) such
that for every r, g =r € P there is a < « satisfying:ifa <a, ESfori<pu, < p
then {r} U{p,, :i < p.} has an upper bound in P.

52 CLaM. Any A-system in an RCS iteration as in Definition 5.1, is a
N;-weak A-system.

5.3 THE CHAIN ConDITIONs LEMMA. (1) Suppose Q =(P., Q,:i <k) is an
RCS iteration, k regular, |P,|<x for i <x and let A ={A <k :A strongly
inaccessible}. Then for every sequence p ={(p;:j € B C A), we can find a closed
unbounded C C x and a pressing down function h on C N B (i.e., h(j)<j) such
that for any a, {p; :j€BNC, h(j)=a) is a A-system.

(2) If every Q: is semi-proper we can replace A by A'={i: Dy, cfi >N},
provided that « is regular.

Before we prove the lemma note

5.4 CoroLLARY. (1) Ifin 5.3, A is stationary, then P, = RLim Q satisfies the
«-chain condition.

(2) If D is a normal ultrafilter on x, B € D, B G A then (in 5.3) for some
B'€D, (p;:j EB’) is a A-system.

Prooror5.3. (1) If B is not stationary, the conclusion is trival, so suppose B
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is stationary. So necessarily « is strongly inaccessible (as every member of A is
and B CA), hence by 1.6, P. ="RLimQ = U, P.. As |P,|<«k for every
i <k, there is a one to one function H from P, onto x. Again as | P,| < k for
i <k, clearly

C ={i: Hmaps |J P; ontoi andfor j <i, j € B implies p; € P;}

j<i

is a closed unbounded subset of x. We now define the function & with domain B:
h(i)=H(p li).

We first prove that h is pressing down. Clearly p;l[i€P, andif i€EBNC
then i is strongly inaccessible and (Vj <i)|P;|<i, hence by 1.6, P, = U,.p,
hence p;li€ U, P. Soif iEBNC, p.li €U, P, hence H(p: li)<i.

Now clearly i<j€BNC, h(i)=h(j) implies p;[j=p:[i, and by C’s
definition p; € P;, so we finish.

(2) The proof is similar, using 2.7.

5.5 THEOREM. Suppose CON(ZFC+ “‘there is an inaccessible cardinal «
which is the limit of measurable cardinals”).

Then the following theory is consistent: ZFC+G.C.H. + (VA CN;)(3a)(a an
w-sequence of ordinals <8,, a € L[A]).

Prook. We start with a model V of ZFC+ “k is inaccessible, and limit of
measurables.” W.Lo.g. V satisfies G.C.H. (see [8]), and we define an iterated
forcing (P;, Qi : i < k), such that | P,| < x. We do it by induction on i, and clearly
(see 1.4(5) for i limit) the induction hypothesis |P,| < k continues to hold. If
Q =(P,, Q;:j <i) is defined, let x;, be the first measurable cardinal >|P,|,
where P, = RLim Q.. It is known (see e.g. [8]) that «; is measurable in V%, and
any normal ultrafilter on it from V is an ultrafilter (and normal) in V" too. By a
hypothesis «; < k. So let Q;o be PF(D;), D: € V any normal ultrafilter on «;, and
Q.. be the Levi collapse of k; to N; (i.e. Q,; = {f : Dom(f) is an ordinal <N, , and
Range(f) C k1 }, with inclusion as order). We let Q, = Qio* Qi;.

Now by 4.2, Q,,=PF(D,) is (Car” —{«}, w)-complete, Q,, is (Card", w)-
complete trivially (by 3.4(1)) hence by 3.5 Q; is (Card” —{k}, w)-complete.

Hence by 3.5, 2.7, P. = RLim(P,, Q; : i € «) does not change the cofinality of
N, and is ({2, No, N1}, w)-complete, hence it does not add reals. By 3.4(1) each Q,
is semi-proper, so by 3.5 P, is semi-proper. By 5.3(2) P. have the k-chain
condition, so clearly if G, C P. is generic, R} 1% = N, N1 = «, V, V[G.] have
the same reals, and V[G.] satisfies G.C.H.

Now if A C @,, then as P, satisfies the k-chain condition, A is determined by
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G =*' G, NP, for some i < k. By 1.2, G, is generic for P, so L[A]C V[G],
butin V[G:] an w-sequence from 8} is missing: the Prikry sequence we shoot

through k.., which was measurable in V[G].

§6. Reflection properties of S: refining Avraham’s problem and precipitous
ideals

In the previous section we have collapsed a large cardinal k to N, such that to
“many” measurable cardinals < xk we add an unbounded w-sequence. How-
ever, “‘many” was interpreted as ‘“‘unbounded set”. This is very weak, and, it
seemed, will not usually suffice.

Notice that it is known that if we collapse a large cardinal by N;-complete
forcing then S ="'{8 < N,:cf 8 = N,} has reflection and bigness properties, e.g.,
those from Theorem 4.10. However, for S3, we get nothing as it is equal to
{8 < N,: in the universe before the collapse, cf § = 8} and it is known, e.g., that
on such a set there was no normal ultrafilter.

So we can ask whether S5 can have some ‘“large cardinal properties”. The
natural property to consider is precipitous filters D on N, such that S5 € D. Such
ultrafilters were introduced in Jech and Prikry [9].

Their important property is that if we force by PP(D) (see 4.11), G is generic,
the domain of E is I, and in V[G], E D D is the ultrafilter G generates (on old
sets), then V'/E (taking only old f:I— V) is well-founded. Jech, Magidor,
Mitchell and Prikry [10] proved that the existence of a precipitous filter on N, is
equiconsistent with the existence of a measurable cardinal, and also proved the
consistency of “D,, (= the filter of closed unbounded sets) is precipitous”.
(Notice that the Laver property is stronger.) Magidor asked whether “ZFC +
G.C.H. + there is a normal precipitous filter D on N., S;€ D’ is consistent.

We answer positively, by collapsing suitably some x to N, letting D =
D.,+ A, A ={A <k :in the old universe A is measurable}. This works if A is
stationary. This was proved previously and independently, using much larger
cardinals, by Gitik.

We can also consider the following strengthening of Avraham’s problem:

ProeLEM. If V satisfies G.C.H., does there exist A C N, such that, for every
8 <N,, every w-sequence from & belongs to L(A N §)?

Again we have to change the cofinality on a stationary set, and to iterate
forcing such that stationarily often we change the cofinality of N,.

The first time, the collapse of some A to N is Levi’s collapse so by 4.11, 4.10
we have a (Card", w)-complete forcing Q. doing this; but later the collapse is not
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even N,-complete. However, looking again at 2.7 and Theorem 3.5 on iterated
(Car, w)-complete forcing, we see that less is needed. If Q =(P,,Qi:i<A)
collapses A to N, it suffices that (RLim Q/P..,)* Q, is (Card*"*', w)-complete.
So this is what we shall do. But for clarity of exposition, we first prove a weaker
lemma.

6.1 LEMMA. Suppose D is a normal ultrafilter on A, Q =(P,,Q;:i <A) an
RCS iteration, | P,| < . Suppose further P, = RLim Q is ({2, o, N,}, @)-complete
and collapse A to N,. Consider the following game G(po, Ao), for p € Py, Ao a
P,-name of a subset of A, polrs, “Ao# < mod D”.

Player I chooses P,-names B, (of an ordinal <8,) and F, (a function from A
to N)). )

Player II has to choose p, € P,, po=p, and v, < w, (and B, < w:) such that
pilke, “Ai= AN FT'({y}) #2 mod D, and B, = B,

In the n-th move, player I chooses P.-names B, F., and player II chooses p.,
Pn-1 = p. and v, < w, and B, < o, such that p,.ThaA “A, = A NF (v ) #AD
mod D, and B, = 3,”.

In the end:player 1I wins if Upcop. €P and U, copo e, “MNcu Au# D
mod D”.

Our conclusion is that player II wins the game.

Proor. So let po € Py, Ao a Pi-name, polre, “Aoc# < mod D’ and we shall
describe the winning strategy of player II in the game G(po, Ao). Let the winning
strategy of player Il in G§u.x(p, P ) be H[p]. By 3.2(2), we can assume that
player II really determined the value of the ordinals given to him. We can also
assume player Il is given by player I a pair of names of ordinals (instead of one).

Let Bo={i <A: there is p=p,, pls “i € As”}. Now B,E€ D because
otherwise, as D is an ultrafilter in V, B, = mod D, since pol-p, “AoC Bo” (by
B’s definition) we have poltp, “Ao = mod D”, contradiction.

Now for every i € B, there is po; € P., po= po. such that po; s, “i € B,”.

So let player I first move in G(po, Ao) by choosing $3; a P,-name of an ordinal
<N, and F;:A - N,, F, a P,-name. Now for each i € B,, player 1I simulates a
play of the game G; = G uon,{Po., P, ). He plays (B, F(i)) (i.e., a pair of names
of ordinals < N,) for player I;, and by the strategy H [p..i] gets a move for player
I : pri € P\, poi <Puis and a1, <Ny, £1; <N; such that pi; Fp, “Bi = ai,; and
Fi(i)=&,,”. Now for some B C By, B;€ D, and (p,; : i EBy)isa Ajsystem with
heart p; (see 5.1), and we can also make (., €1, :i € B;) constant (a;, £:) (for
= Bl)
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Now player II can make his move in G: he chooses p;, a; and ¢,. It is easy to
check this is a legitimate move.

So player II continues to play such that after the nth move:

(*). there are B,CB,.,C - CB:CBy all in D, p, €EP, for 0=I=n,
IEB, Poi=p1i= "' =Pui, (pi:i €EB;) is a A-system with heart p, (for I,
0<Il=n), pp=p,= -+ = p., and at the Ith move player I chooses B, F;, and
player II chooses pi,a;,& and (for /=1,n and i €EB) p, I+ “o = B and
E(i)=¢&". Also for each I = n, i € B, the following is an initial segme;lt of a
play of the game G, {Po.is Pi), in which player II uses the winning strategy
H{po.]:

<§1 ’ El(i»’ <Pl,i’ a, 51>, <§2a Ez(i)), (Pz,.', as, 82), T <Pl.i, a, & )

It is easy to check that player II can use this strategy; moreover, by the choice
of H[po,], for every such play, p,=U,..p.; EP,, for every i€, B,; as
B.€D, N,.,B. €D and clearly (p;:i € ,..B,) is a A-system with heart
p=U,p, andso by 5.2 p I, “the set of i € [, B, such that p: is in the generic
set, is#0 mod D”. Also p s, “for every i €, B,, F(i)=¢". So clearly
player II has won the play, hence the game.

RemMARrk. We could have used any S, S C {2, N8, N,} instead of {2, 8y, N.} and
get a parallel result.

6.2 LEMMA. Suppose A is measurable, D a normal ultrafilter over A, Q =
(P, Q:i:i < A) an RCS iteration, P, is ({2,80, N}, w)-complete and |P, ] <A for
i <A

Then P, *x Nm(D) is ({2, 8., N}, w)-complete.

ProOOF. Just combine the proofs of 6.1 and 4.11(3).

6.3 DerFINITION. A filter D on a set I (in a universe V) is called precipitous if
the following holds:
IFep(py “there are no f, : I — ordinals, f, € V,

such that f,., <ef, for each n”
where

(i) PP(D)={A CI:A#J modD} ordered by reverse inclusion,
(ii) E is the filter generated by the generic set of PP(D),
(iif) f<eg means {a €EI:f(a)< g(a)}EE.

Remark. The following is an equivalent definition A: filter D over I is
precipitous if player I does not have a winning strategy in the following game
PrGm(D).
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First move player I chooses A, C I, A, # mod D,
player II chooses BiC A, Bi#J mod D;

nth move  player 1 chooses A, C B..., A,# < mod D,
player 1I chooses B, C A,, B.# < mod D.

Player II wins if M ,<o An (whichis = M,..B,)is non-empty (not necessarily
#@ mod D).
See Jech and Prikry [9], and Jech, Magidor, Mitchell and Prikry [10].

6.4 THEOREM. Suppose “ZFC+ G.C.H. + « is strongly inaccessible and A =
{A <k :\ measurable} is stationary” is consistent. Then:

(1) The following statement is consistent with ZFC+ G.C.H.:

for every B C R, for some 8 (in fact 8 € A), cfd =N, butin L[BN 8], disa
regular cardinal > N,.

(2) If in the hypothesis A € D, D is a normal ultrafilter on «, then there is a
normal precipitous ideal on N, to which S belongs.

ProoF. So let V be a model of ZFC+ G.C.H., and let « be a strongly
inaccessible cardinal, such that A ={A <k :A measurable} is stationary.

We now define by induction on i < x forcing notions P, € V, Q; € V% such
that | P, | < k, (P, Q; :j <i) is an RCS iteration. So by 1.5(1) it suffices to define
Q. for a given (P, Q;:j <i).

Case 1. i = A is a measurable cardinal, such that for every j <A, [ P,| < A.
In this case let D, be a normal ultrafilter over A, and Q, = Nm(D,).

Case 2. Not case 1.

In this case let Q; be the Levi collapse of (2%)" to N,, i.e., {fE V" :f a
countable function from o, to 2"},

Now by 3.5 and 6.2 it is easy to see that P, = RLim(P, Q;:i <k) is
({2, 80,8}, w)-complete, and by 5.4 it satisfies the x-chain condition.

So clearly in V" G.C.H. holds, every real is from V, and N, = N/, N, = «. Also
if A € A, then (Vi <A)|P.{< A (prove by induction on i for each A). Let G C P,
be generic, and we shall prove that V[G] satisfies the requirements:

Part 1. So let BCN,, and let BE V be a P,-name for it. Then C, = {8 <
k : G N Ps determine B N 8} contains C, = {8 :(Vi < 8), B N{i} has a P,-name
for some j < 8} which is closed unbounded in «, and C, € V, because P. satisfies
the «-chain condition.

Now if A € C,N A, then we know | P;| < A for i <A, so Q, = Nm(D,), hence
in V[G], cf A = &,. On the other hand, clearly G N P, is a generic subset of P,,
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by 5.4 P, satisfies the A -chain condition, so IFp, “‘cfA = A””. Hence in V[G N P, ],
A N A is present, but A is a regular cardinal >N,. So also in L[A NA], A isa
regular cardinal > N,.

Part 2. The following is essentially the same proof as [10] who do it for the
Levi collapse; and it suffices for (2) of the theorem. It follows from Magidor [12]
theorem 2.1, and is included for completeness only.

6.4 LEMMA. Suppose «k is measurable, D a normal ultrafilter over x, Q =
(P,, Q.:i <«) an RCS iteration, |P,| <« for i <x, P=P,=RLim Q.
Then in V*, D is a precipitous filter.

Proor. If not, in V© there is AcEPP(D), Aglheew) “{(fa:n<w) is an
w-sequence of functions from « to ordinals which belong to V" which is
decreasing mod E, f, € VF”.

So there is p € P a P-name Ao, and P *PP(D)-names f, of the f, such that
p e Ao, fn are as above”. B )

Let B, =~{A < k: A is strongly inaccessible and for some p'= p, p' € P, and
P’"’PA “AE éo”}.

Because D is normal, k measurable, {A <k :A strongly inaccessible} € D,
hence B, € D. For each A € B choose pao, p =Ep\wEP, polF“A E A,”. By 5.3
there is BoC By, B{ € D such that {p,o:A € B;) is a A-system with heart pq.

Now we define by induction on n < @, Pan, Pn, Prs Bn, Br, A, 8n, s such
that

(1) (p.n:A € B;) is a A-system of members of P with heart p,,

(2) B...CB,CB,, B..€D,

(3) p.v1Zp-Zp. allin P,

(4) pPrn+1 = pan both in P, g, a P-name of a function from « to On,

5) paFr “AE A, and g, z)\) =y, tn < an- for n >0,

©6) A,={AEB/:p\. is in the generic set of P},

(7) psilkp “Asi EPP(D) and A...C A, and [A,. "’PP(D)“.fn = gn”] and
Ann Cli <k (i) < gua (I},

(8) B...={\ €EB,: there is p’'Zpin, p'Zpasi, such that for some a,
p'F“A € A,y and g.(A) = a”}.

The definition is easy.

Now as B, € D, MN...B.#J, and if A belongs to the intersection, (.. :n <

w) is a strictly decreasing sequence of ordinals, contradiction.

REMARK. Really precipitousness of ideals on « is preserved by «-c.c. forcing.
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§7. Strong preservation and properness

In this section we list various properties which are preserved under RCS
iteration. The most important one is the weakest strengthening of “‘not adding a
real” which is preserved by RCS iteration. As the proofs are as in [18], we do not
repeat them.

7.1 DeFiNiTION. (1) For @ = w,, forcing notion P, and a P-name set S of
cardinals we say that P is S-semi a-proper if for any large enough regular A and
well ordering < of H(A), and increasing continuous sequence N; (i < a) of
elementary countable submodels of (H(A), €, <) such that (N;:j=i)&E N,
for i <a and for any pE NoN P there is q €P, q=p, which is S-semi
(N, P)-generic for each i < a.

(2) Wecall P S-semi ( < w,)-proper if it is S-semi a-proper for every a < w;.

7.2 DeFiNiTioN. (1) The forcing notion P has the «“-bounding property, if
for every generic G C P and function f: w — o from V[G], for some g:w 2>
from V (Vn) f(n)=g(n).

(2) The forcing notion P has the Sacks property, if for every generic G C P
and function f:w — o from V{G], and function h:w — w which diverges to
infinity [i.e. (Vn)(3m)(Vk)(k 2 m — h(k) = n)] there is g € V a function from
o to finite subsets of w, s.t. (Yn)|g(n)|=h(n), and (Vn)f(n) € g(n).

(3) The forcing notion P has the Laver property if for every generic G C P
and f:w — o from V[G] and h : w — o from V which diverge to infinity, and
function f': @ — w from V such that (Vn) f(n) = f'(n), there is a functiong € V
from o to finite subsets of w such that (Vn) |g(n)|=h(n), and (Vn)

f(n)e g(n).

ReMARK. The classical example of a P with the w“-bounding property is
adding a random real. Of course a forcing which is N;-complete, or even just
does not add reals, has all those properties.

The Sacks property is satisfied by Sacks forcing and also by Silver’s forcing.

The Laver property is satisfied by Laver forcing, and has a role in his proof of
the consistency of the Borel Conjecture: Every set of strong measure zero is
countable.

7.3 THEOREM. In 2.6 we can replace S-semi proper by each of the following
properties (retaining the original S in all substitutions):

(1) S-semi a-proper (a < w)),

(2) S-semi w-proper and w*-boundedness,
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(3) S-semi w-proper and Sacks property,
(4) S-semi w-proper and Laver property,
(5) S-semi w-proper and P-property.

Proor. Like [16], [19].

ReMARK. We can define suitable games; the property will be the existence of
a winning strategy of the favorite player. But the preservation theorem is
weaker. For example, the Sacks game for p, f, P (p € P, f € “w) is as follows; in
the nth move player I choose a P-name {» of a natural number and player II a
set W, C w. In the end player II wins if TW,. | =f(n) and there is g,p =q € P,
gle“1. EW,".

REMARK. Also the theorems from [16] on iterated forcing not adding reals,
holds, provided that the sequence of completeness filters is in the ground model
and each filter is generated by =2" sets.

§8. Friedman’s problem

Friedman [5] asked the following

PrOBLEM. Is there for every S C S5 a closed set of order type w;, included in
S or §5—S? We call this statement Fr(N,).

Van Liere proved that Fr(N;) implies N, is a Mahlo strongly inaccessible
cardinal in L; and Fr(N.)+ not Fr(N,) (N. regular > N,) implies 0* exists. We
prove the consistency of Fr(N,) + G.C.H. with ZFC, modulo the consistency of
some measurable cardinal (of order 1).

8.1 DEerINITION.  We define by induction on n what are a measurable cardinal
of order n and a normal ultrafilter of order n. For n =0 those are the usual
notions. For n + 1, D is a normal ultrafilter of order n +1 on « if {A <«k:A is
measurable of order n} € D and it is a normal ultrafilter. We call « measurable
of order n +1 if there is an ultrafilter of order n +1 on it.

8.2 LeMMA. Suppose D is a normal ultrafilter on x, Q =(P,, Q.:i <«) an
RCS iteration and [P,| <k for every i <k, and A ={\ <k : IFp “cfA =R}
belongs to D.

Suppose further that G C P, is generic, S Ck, S € V[G], S# D mod D, and (in
VI(G)) let

Q. ={f : the domain of f is some successor ordinal a <N,
fisinto S and it is increasing and continuous}.
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So let S, Q. be P.-names for them and w.l.o.g. IFp, “S#J mod D”. We then
conclude:

(1) if P. is {N.}-semi-proper, then so is P, * Q.,

(2) if P, is essentially ({2,No,N:}, w)-complete, then so is P, * Q..

Proor. (1) The problem is that Q. destroys a stationary set, so it is not
proper, though it obviously does not add w-sequences. So let S, Q. be P.-names
for S, Q..

Let A be regular, big enough, 0, Q., S € H(A), let < be a well ordering of
H(A) and let N<(H(A), €, <) be countable, p,q, O, S, Q., EN, (p,q)E
P. * Q., and we shall prove the existence of an {N,}-semi (N, P, * Q. )-generic
condition =(p,q). In V (hence in H(A)), we let

So={A € A:thereisp'€EP.,p=p’,p'+“AES"}.

As in previous cases So € D, and for each A € §g let p,o € P, piolF“A ES”
and for some S; C So, S: € D, and (p.o: A € Sy) is a A-system (see 5.3). As N was
an elementary submodel we can assume So, Si, {(Pro:A € S1) and its heart p,
belongs to N (but of course not all included in N). Let S, = (1{$':S’€ D and
S’ € N}, soclearly S, = {a; :i < x} C S: is an indiscernible sequence over N U w;
and it belongs to D. Clearly, p = po.

Let NNP,CP., S$:=8.—(n +1) (u <k, of course).

Let x € S5, and let N* be the Skolem Hull (in (H(A), €, <)) of |[N|U{x}, as
{a;:i €8,} is indiscernible over |[N|U ;. Clearly

N*Nw, =NNw.

Clearly P, € N* (as (P, Q::i <k)E N* x € N*) and P, is {N,}-semi proper
(as P, < P,), and p, € N*. Hence there is p, € P,, p1 = po, which is {N,}-semi
(N*, P,)-generic. As |[N*|Nw, =|N|Nw,, p, is also {8,}-semi (N, P,)-generic,
hence {N:}-semi (N, P.)-generic.

As po X =Ppo=p1, Pox Yp € P.; and for simplifying the thinking, let
G C P. be generic, po, Up: € G. Clearly Q.[G] € N*[G]<(H(A\)[G], €, <),
we can choose f, € Q.[G] (n < w) increasing, fo = q[G], so that for every dense
D C Q.[G] N N*[G] some f, belongs to it. Now f = U, .. f. U{(8, x)} € Q.[G]
(8 =|N*|N|N,|) as po, € G. So clearly

(Por UPI)I)EPK*Qx

is as required.
(2) By 3.8(2) w.l.o.g. P is (S, w)-complete, where S will be {2,R8,,N;}; let
P=P, Q=Q..
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Let (p,q) € P * Q and we shall describe the winning strategy of player Il in
EGs(p, P*Q).

Suppose in the nth move, player I chooses the P * Q-name $. of an ordinal
< N, and player II will choose B.. Player 11 will do the following: after the nth
move he will have (p,,q,) € P * Q for every increasing sequence 7 of ordinals
<k of length =n such that:

(1) (p< ys ¢ >) = (P, ‘!)1

(2) (pn“’ qn”) = (pm qs )7

(3) (pn, gn )"_ “gl(n) = Py ”’

(4) for some A, € D, for every increasing n C A, B, = B»,

(5) p, F» “SupRangq, >Max;n(l)”,

(6) let B(n,m) be the P-name of the first B <N;suchthatsomeq:q,=q€Q
force (in b) B =B,
then B(O,( ), Panns BN T1), pare, -+, BU=1,m (1 =1), pou, is a beginning
of a ;;lay of G¢(p, f) in which player II uses his winning strategy.

Clearly player II can do the above and it gives him a strategy. We have to
prove that he wins by it. Solet A = M. A.,, and for n € “A increasing, we know
that {p...:] < @} has an upper bound (by 6) so let it be p,.

Let P be (B —{0}, ), B a complete Boolean algebra.

Let K ={T:T a tree of increasing sequences from A, closed under initial
segments, ( YET and for every n €T, {iEA:n"(i)E T}E D} (we can
replace D by D.+A or D¥+ A in this context). Let LimT ={n:/(n)= o,
nlk €T for every k <w}. So K is closed under intersection of < « elements.
For each TEK, n €T, let a, be Sup{p.: vELImT, n=vll(n)} (in the
Boolean sense). Clearly a, decreases with T, so as B satisfies the x-chain
condition, for some T, a ,is minimal (i.e., T'C T, T' € K implies a{ ,=a{ ),
and similarly for every n € T.

Obviously,

(1) al=Sup,-weran (hold for any tree),

(2) 0<b < a] implies {i:bNaj;,#0}# mod D (by T’s minimality).
Let T* ={n :a. belong to the generic set of P}. Hence

(3) al ,ip“for any n € T* for «,i, n"(i)E T*”.

Now if G CP is generic, a! € G, S[G] is a stationary subset of S;, and
C={6:if n €78, then Rangeq,[G]C 8} is closed unbounded. Hence for
some n, 8, the following holds: & € S[GINC, (vk)n Tk € T* and U, n(l) =
5, andlet g* = U,<..q.n U{(Sup Dom g, §)} € Q. Let ¢* be the P-name of ¢ *. It
is easy to check (a! ) q*) is as required. B
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8.3 THEOREM. If “ZFC+ G.C.H.+ there is a measurable of order 1" is
consistent, then so is “ZFC+ G.C.H. + every stationary subset of N, or its
complement, contains a closed copy of w,”.

Remark. We do not try to get the weakest (it is enough that {A <«: A
measurable of order 0} is weakly compact). It will be interesting to find an
equi-consistency result.

ProoF. So let V satisfy G.C.H., B C « the set of measurables of order 0, not
1, and for every u € B, let D, be a normal ultrafilter on p and ¢y holds, and
(S, :S. C H(r), n € B) exemplifies it. Moreover, if S C H(x), ¢ a | sentence,
(H(x), €,S)F¢ then {u EB: SNHu)=S,, (H(u), €,S.)kEo}#J.

We define an RCS iterated forcing (P;, Qi : i < k) by induction on i, such that
| Pi| < k, and for every measurable u <k, i<u > |P|<p.

If we have defined Q; for j <i then P, (j =i)isdefined. IfiEx ~ B, Q; is {f:
f a countable function from N, to | P, |" +8,}.

Ifi€B, S =(pS), pEP, S a Pi-name, p Iy, “S is a subset of S5, and S is
stationary”. Then we let Q: be as in 8.2 if p is in the generic set, and trivial
otherwise.

We leave the checking, that the forcing works, to the reader. In fact we get
every stationary S C S contains a closed copy of w;.

8.4 THEOREM. Suppose “ZFC + there are two supercompact cardinals™ is
consistent. Then so is ZFC+ G.C.H. + “F1(N..) for every regular R.” (a >1).

Proor. Let VEG.CH.+x <A +k, A are supercompact.
By a theorem of Laver [11] we can assume no k-complete forcing will destroy
the supercompactness of «. The following is known:

Fact. If 8, = A is regular, S C S¢ is stationary, then for some u, k < p <A,
8 <N, cfd=p and S N§ is stationary.

Let P be the Levi collapse of A to «*. By Baumgartner [2], in V7, for every
stationary S C A N S, for some 8 <A, c¢fd =« (in V7), SN § is stationary.
Even more easily, if in V, k <Ng = A, Ng regular, S C S§ stationary, it remains
stationary in V. Let Q be the forcing from 6.3, V**? is as required.
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