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Abstract

A study of the elementary theory of quotients of symmetric groups is carried out in a similar
spirit to Shelah (1973). Apart from the trivial and alternating subgroups, the normal subgroups
of the full symmetric group S(u) on an infinite cardinal u are all of the form S.(u)= the
subgroup consisting of elements whose support has cardinality <, for some K<t . A many-
sorted structure .#,;, is defined which, it is shown, encapsulates the first order properties of the
group S, (u)/S.(u). Specifically, these two structures are (uniformly) bi-interpretable, where the
interpretation of .#,,, in S,(p)/S,(u) is in the usual sensc, but in the other direction is in a
weaker sense, which is nevertheless sufficient to transfer elementary equivalence. By considering
separately the cases cf (1)>2%0, ¢f (k) <2™ <k, Wy<w<2™, and x=¥,, we make a further
analysis of the first order theory of S;(u)/S.(g). introducing many-sorted second order structures
J,\'f[,. all of whose sorts have cardinality at most 2%, and in terms of which we can completely
characterize the elementary theory of the groups S, (1)/S.(1). © 1999 Elsevier Science B.V. All
rights reserved.
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1. Introduction

In [5, 6, 10, 11] a study was made of the elementary theory of infinite symmet-
ric groups, and a number of natural questions arising werc answered. In this paper
we examine the quotients of normal subgroups of infinite symmetric groups in the
light of similar questions. Now the normal subgroups of infinite symmetric groups
are easily describable in terms of the cardinalities of support sets. More exactly, the
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support of ge& Sym(Q) is the set of elements of £ moved by g. The non-trivial
normal subgroups of Sym(u) where yx is an infinite cardinal are then of the form
Se(1)={g € Sym(p) : |supp g| <x} for some cardinal «, and the alternating group A(u),
(see [9] for example), and the objects of study here are the factors S;(u)/S.(u) for
K<A.

The problem of which of these groups are isomorphic is mentioned in [9], but we
concentrate exclusively here on the situation with regard to elementary equivalence.
We shall find that many of the ideas from [10] carry through, though with more
complicated proofs.

Interpretability results about the groups S;(1)/S.(¢) also provide information about
their outer automorphisms, as was explored for instance for Sym(w)/S.,(w) in [1],
and in a related context in [3]. A survey of this aspect is given in [12]. The result
proved in [1] is that the outer automorphism group of Sym(w)/S,{(w) is infinite cyclic,
with a typical outer automorphism being induced by the map n+ n + 1. The method
used there incorporates a second order interpretation of the relevant ring of sets in the
quotient group. One of things we are able to show here is that this can actually be
done in a first order fashion. The existence of this interpretation is also applied in [12]
to show that the outer automorphism group of Sym(u)/S,, (1) is infinite cyclic for any
u, extending the result from [1]. What the outer automorphism group of S;(u)/S«(1)
is in general is still open — it seems conceivable that it is trivial whenever x> N,.

The first order interpretation of the ring of sets in the quotient group was carried
out originally by Rubin in [7] (see also [8]) by a different method. Two of his main
results are [7] Theorems 4.2 and 4.3 which state:

{(Si(/l)/sx(ﬂ)an).;t;--~):K</1<Au+} (1)

is interpretable in

{(Si(0/Sc(p) 0) i k<A< pT}

where if Z.(u), Z(u) are the rings of subsets of p of cardinality <A, <k respectively,
then B,;, is the boolean algebra generated by Z,(u)/Z.(p) and ... signifies the ‘natural
relations and functions’, and

{(S()/Sep): k< p ef (1) >2%)} (2)

is bi-interpretable (in a suitable sense) with

({2, [k 11, P (2% Ui, 1])%); <D} e < ppoef (1) > 2%,

where [x,u]={v:v is a cardinal and x<v<p}, and (a.b,R)€E<(a,b)ERE
Py (2% ULk, 0))?).

Our corresponding results are Theorems 2.6, 4.3, and Corollaries 3.9, 4.4. Combining
Rubin’s results (1) and (2) with [10, 11] gives a full classification of the elementary
types of the groups in the class {S(u)/S.(u):x <y, cf (x)>2"} in terms of the two
cardinals. The case cf(x)<2™ which Rubin gives as an open question is treated in
our final section.
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The notation used is fairly standard. We use k,4, i, and v to stand for cardinals
(usually infinite), and |X| for the cardinality of the set X. If Q is any set we write
Sym(Q) for the group of all permutations of 2 (1-1 maps from  onto itself), with
permutations acting on the right, and we write S(y¢) for Sym(u) for any cardinal u.
For g € Sym(Q) we let supp g be the support of g. If we are working in S;(u)/S,. (1)
(where S;(u),Si(¢) are as introduced above) then we refer to sets of cardinality less
than x as small. We use overlines such as X to stand for finite sequences (‘tuples’)
(x1,x2,...,%,). By a permutation representation or action of a group G we understand
a homomorphism @ from G into Sym(X) for some set X. The representation is faithful
if 0 is 1-1, it is transitive if for any x, y € X there is g € G such that x{(gf)= y. and
it is trivial if its image is the trivial group.

If X is a subset (or sequence of elements) of a group G, we let (X) denote the
subgroup generated by X. If g,k € G we write g" for the conjugate #~'gh of ¢ by A.
If g is a sequence of members of G and 4 € G, we write §" for the sequence whose
ith entry is g”, and if g, are sequences of members of G of the same length, we
let g * h be the sequence whose ith entry is g4 If gi =g, for some 4.g, and g,
are said to be conjugate. If N<G and f=(fi..... f,) € G" we let N.f=(Nfi....
Nfy).

We write (X ) for the power set of the set X, and #.(X) for the set of subsets of
X of cardinality less than x. Then (X ) is a boolean algebra, and each #2.(X) for »
infinite is a ring of sets. Moreover, if Ry <k <A<|X|™, Z(X) is an ideal of 2(X),
so we may study the quotient ring Z(X )/#.(X), which is a boolean algebra just in
the case where A= |X|" (that is, where Z,(X)=2(X)).

In the remainder of this introductory section we give an outline of the main argu-
ments of the paper.

Our analysis of the quotient groups S;(u)/S.(u) is carried out using certain many
sorted structures .#,;, and Aﬁ“. (There is also a simpler version .47, of .4,
applicable just in the case ¢f(x)>2%.) These structures are devised with the object
of describing the permutation action of tuples of elements of S;(¢), modulo small
sets. The essential properties of such an n-tuple §=(g,.9g3,....4,) are described by its
action on the orbits of the subgroup (g). In fact, if §, and g, are n-tuples of elements
of §;(u) then g, and g, are conjugate if and only if the orbits of (g,) and (g.) can
be put into 1-1 correspondence in such a way that the action of g, on each orbit of
(g, is isomorphic to that of g, on the corresponding orbit of (g,). Similar remarks
apply in the quotient group, except that we have to allow fewer than x ‘mistakes’ (by
passing to equivalence classes of a suitable equivalence relation).

These considerations lead us to observe that what should represent § in .#,,, is a
list of how many (g)-orbits there are of the various possible isomorphism types, where
by ‘isomorphic’ here we mean ‘under the action of g’. Included among the sorts of
My;, are therefore, for each positive integer n, the family IS, of isomorphism types of
pairs (4.f), where f is an n-tuple of permutations of 4 acting transitively on 4. We
keep track of the ‘list” of how many orbits there are of the various types by means of
a function # from IS, to cardinals, and the family of all these forms a further collection
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of sorts F,. In F, we have to identify two functions under an equivalence relation &,
if they arise from members of S;(x) lying in the same coset of S.(u).

Already it is clear that .#,;, will have second order features (not surprisingly, since
elements of S;(u) are subsets of u?), but it is still officially construed at this stage as
a first order structure. The main reason for this is that at present we cannot identify the
elements of F, as functions from IS, to Card (= the set of cardinals < 1), as we would
like, because, as just remarked, the members of £, are &,-classes, and &, is not in gen-
eral compatible with application. This point is responsible for many of the complications
in the paper. In the special case ¢f(x)>2", we can so identify them, and the analysis
is considerably simplified. If we do not assume c¢f (i) >2%0, then the best we can do to
point the connection between IS, and F, is to consider an ‘application’ function App,
which acts on F, x IS, and gives values in Card” ={v& Card :v=0Vx<v<Ai}. This
then will be compatible with &,, which is why all values <k are replaced by 0. The
final sort in .#,;, is therefore Card™, and various relations and functions are included
in its signature to express which of its properties mirror the first order properties of
S;(u)/S. (). The most important of these is 4App,, but we also need relations Eg and
Prod corresponding to ‘equality’ and ‘product in the group’, and ‘projections’ Proj,
to handle existential quantification. Here Eq C F», Prod C F3, and Proj, is a function
from F, .| to F,. Corresponding relations Eq', Prod l, and Proj,’, are defined on the IS,
which in ‘nice’ cases are sufficient to express Eq, Prod, and Proj,.

The minimum goal in defining the structures .#, is that S (u1)/Sk (1)
and S;, (u2)/S.,(u2) should be elementarily equivalent if and only if .#,;,,, and 4,,;,,,
are (Corollary 4.4), and in a sense this ‘solves the problem’ of which of the quotient
groups are elementarily equivalent. More precise information is however available. In
particular, .#,,, is ‘explicitly interpretable’ in G =S;(u)/S.(u); this is ‘interpretabil-
ity’ in the usual sense, meaning that each sort and relation and function of .#,;, can
be represented by a definable (without parameters, in fact) relation on some power
of G. In the other direction we cannot hope for explicit interpretability, as one sees
just by looking at the cardinalities of the structures; a weaker property which we call
‘semi-interpretability” (Definition 2.5) is established here, which is still strong enough
to transfer elementary equivalence. The fact that S;(u)/S.(u¢) is semi-interpretable in
My, is shown in Theorem 2.6, and essentially involves making precise the discus-
sion in the previous paragraph. It goes by induction on formulae of the language of
group theory. For the basis cases we use Eq and Prod, and for the key induction step
(existential quantification), Proj,.

The method for interpreting #,;, in G=2S,(u)/S.(u) is described in Sections 3 and 4.
In Section 3 we show how the quotient ring of sets #(u)/Z% (1) can be interpreted.
The ideas behind McKenzie’s corresponding calculations for the symmetric group [5]
are followed, but with considerably greater complications. The key point is to express
disjointness of supports (‘almost disjointness’ actually, meaning that they intersect in
a small set). Now clearly, if two permutations have almost disjoint supports, then they
commute in G. The converse is very far from true, but we follow this as a first idea, and
study the configurations of certain commuting elements in sufficient detail to express
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disjointness. Specifically we consider sequences g of length 60 which satisfy the dia-
gram (which we write alts) of A(5), the alternating group on 5 symbols, in some fixed
enumeration. This group is chosen because it is simple, and its outer automorphisms
and transitive permutation representations are easy to describe. Now apart from a small
set, any 60-tuple satisfying alts is determined up to conjugacy by how many orbits it
has of the (finitely many) possible transitive permutation representations. Indeed this
is precisely the information given by the element of Fgo corresponding to such a tuple.
By means of a (rather technical) analysis of how these interact we can derive a formula
which holds for two elements satisfying al#s if and only if (they have a special form
and) their supports are almost disjoint. Using this we find another formula which says
that two involutions have almost disjoint supports, and elements of 2. (u)/Z{p) are
then represented by (cosets of) involutions of G. This gives the interpretation of the
quotient ring of sets in G, and that of the action of G on Z,(u)/#.(u) follows easily.
Moreover, all the other items of the signature of .#,,, can be interpreted without much
further difficulty, though there are some slight complications in special cases, such as
A=ut or k=N,. It is important that we can distinguish each special case by a first
order formula. For instance, the structures in which /= u* may be singled out by a
formula saying that there is a group element such that the only element disjoint from
it is the identity (an element which moves every element of u for example).

Although we generally expect .#,,, to have much smaller cardinality than S;(p)/
S.(u), and it expresses the structure of the group in a more compact form, the .#,;,
still form a proper class, in view of the presence of the sort Card . In Sections 5
and 6 we introduce the structures V/t”;_%.#, all of whose sorts have cardinality <2, in
order to be able to reduce the problem about elementary equivalence of the groups
to questions about ordinals of cardinality <2%. In addition, the fact that .#%,; 4 is a
‘second order structure in disguise’ is brought more out into the open, since .~
genuinely is second order (hence the superscript 2). The language used to describe
t,fu has first order variables ranging over each of its sorts, and for each n-tuple of
sorts, n-ary relations whose ith place lies in the ith sort in the list. See Definitions 5.4
and 6.1. In some cases we have to restrict the cardinality of the relations over which
the second order variables range.

Looking first at the more straightforward case, to indicate the main ideas, suppose
that ¢f(x)>2". We show that now 4pp, can genuinely be construed as ‘application’,
so that we may fully describe F, in terms of IS, and Card . What therefore controls
the structure .#,;, is Card™, and more specifically its order-type a«=ua(x./, p). The
crucial ordinals needed to describe the elementary theory of .#,;, are found by writing
o in ‘base ©Q Cantor normal form’ where Q = (2%¢)", and the countable list of ordinals
%, (the Cantor coefficients) and certain cofinalities ol”! are what replace Card ™ in
¥, Theorem 5.5 asserts that J";‘ju is (explicitly) interpretable in a reduct .47 of
M;, (and hence in .#,;,). Non-empty subsets of Card  of cardinality <¢2 may be
encoded by members of F, (we have to use F> rather than F| since [/S)|=1R; but
|1S5] =2%0), and it is not hard to express all the individual terms of the base Q Cantor
normal form for a. To express facts about cofinalities we have to quantify over binary
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relations on Card ™~ of cardinality <, which may be encoded using members of F?.
To express the full second order logic described above we use longer tuples from
possibly higher £s.

The transfer of properties from .42 u W0 My (M, actually suffices in this case)
is not even by a semi-interpretation. Theorem 5.9 shows directly how to express an
arbitrary formula of the first order language of .#; by a second order formula of
the language of A{j .- Parameters are transferred using ‘k-representations’, where this
means that a tuple of elements of .#;; (of possibly varying sorts) is represented by
a (longer) tuple of elements of A72 . including partial maps from IS, to IS, encoding
o[0]s - « > Ak —1] and Ot[o], ceey otk =11,

If cf(x)<2™, we can additionally interpret in My, the base £ Cantor normal
form coefficients and cofinalities of the least ordinal «* such that (Iy)( =7y + o*)
where k= Ng, so this information needs to be added to JVK%H, which now includes
ofps- >0y and @10 o*¥ 1 (and also ¢f(x)) as additional sorts. As remarked
above, since we do not now automatically know that A>2%, we have to restrict the
second order variables of Aﬁu to range over relations of cardinality <A. There are
some additional complications in the cases x <2™ and x = Ny, though in all cases the
outline described in the previous two paragraphs provides the basis of our analysis.
Since the precise definition of JV,;%—_H depends on which of these cases applies, it is
important that they can all be distinguished by elementary formulae.

In summary the main conclusions are as follows. There are first order formulae of the
language of group theory distinguishing those S;(u)/S.(¢) for which A<y or A=p",
and also the cases ¢f (k)>2%, cf (k) <2% <k, Ro<x<2™, and k=2N,. In the case
A<u and cf (x)>2%0 the following holds:

for any given ordinals «;,«’ <Q there is a first order theory 7T in the language of
group theory such that

if k=Rp, A=, B+a=y, and o = o, all =a" for cach n,
then the first order theory of the group S;(u)/S.(1) is equal to 7,

with similar statements in the other cases (including reference to the o, «*" and so
on corresponding to the exact definition of 472 ).

KA

2. The basic machinery

Since we are aiming at a two-way interpretation, where the technically most involved
step is the representation of many notions inside the quotient group S;(u)/Sc(¢), we
describe in this section the structure whose bi-interpretability with this group is to
be shown. In one direction this is interpretability in the usual sense (called ‘explicit
interpretability’ in [10]), but in the other only what we may term ‘semi-interpretability’,
— which is still sufficient for the transfer of elementary properties. We suppose that
No <k <A<pu'. The interpretation is most straightforward when cf (x)>2%, but we
can handle the general case at the expense of some additional work. In the main
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presentation we assume x >, indicate how the argument simplifies when ¢f () > 2%,
and what extra is required when k =N;. We remark that in [7] Rubin showed how to
interpret the quotient ring #.(u)/Z%(p) in the group, which is also one of our main
goals, though his methods were very different from those we use.

Definition 2.1. (i) For a finite sequence f =(f1, f2s-- s /) of members of S;(u) we
let suppf =\, supp /.

(11) For a positive integer n let IS, be the family of isomorphism classes of pairs
(4,9) where g€ (Sym(4))" and (g) acts transitively on A (and if 7 <y, then not every
g; is equal to the identity).

(i) Card = {v:v a cardinal such that v</.}.

(iv) Card™ ={0} U{ve Card : k <v}.

(V) If f €(S;(n))" let x= Ch; be the function from S, to Card given by Chq((4,
g)~) = the number of orbits B of (f) such that (B.f)=(4.7).

(vi) Ch, ={Ch;:f €(S:(m)"}.

(vi1) For cardinals k; <x, we define x» — k| to be the least cardinal ky such that
Ky + K3 =K1, and we let |k — k2| = |2 — k1| =K1 — K.
(viii) We define an equivalence relation &, on Ch, by letting &y, if > {|x:1(5) —
Dt eIS, ) <k
(ix) For each n =1 let F, be the set of functions A :IS, — Card such that

Y Ant):tels,<i, and if A=t {h(t):t€lS,} =,

modulo &,.

Remark 2.2. In ‘nice’ cases ¢f(x)>2% we may replace Card by Card ™, and then the
definition of Ch; is modified by replacing all values less than x by 0. Corresponding to
this, for y € Ch, we let x~(t)=x(¢) if y(t)=xr and y (¢) =0 otherwise. We consider
this case further in Section 5. If x =Ny, the definition of &, is modified; here we let
016 i S UAN () — ()]t €1S,} <V where t=(4,,§)~ (and this says that
71{t) = y2(t) whenever 4, is infinite, and {z: y1(¢) # y2(¢)} 1s finite).

Lemma 2.3. (i) For any f € (Si(u))". 3 {Chi(t):t€1S,} <2

(i1) For any function h from IS, to Card such that 5 {h(¢):t€IS,} </, and if
A=w, ST Ah(t) t €IS, } = u, there is f € (S;(n))" with Chy=h.

(iii) For f,ge(Si(p))", Ch;&,Chg if and only if Su).f and SAu).g are
conjugate.
Proof. (i) For each € IS,, Chy(t) is the number of orbits of ( ) on u of that isomor-
phism type. Hence if A<y, 3, Chf-(t) is equal to the number of non-trivial orbits of
(f) on u, which has cardinality at most |supp ). But supp f has cardinality less than 4.
If A=pu", 5", Chy(t) equals the number of orbits of (f) on u, which is <u<i. (If
K =Ry, instead we have >~ {|4,|.Chx(¢): 1 €IS,} <i.)
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(ii) First suppose A<u. For each ¢ €IS, choose a representative (4,,g,) of that
isomorphism type. Identify | J {4, x A7) :t € IS, } with a subset 4 of u, and let f act on
A, x h(t) as g, does and fix all points outside 4. Then for each ¢, (f) has precisely A(¢)
orbits of type ¢. If A=yt and ) {A(¢):t € 1S,} = p, where now the trivial isomorphism
type is allowed, we may identify | J {4, x A(¢) :t €IS, } with the whole of u. (If k=R,
h(¢t) is replaced by |4,].k(?).)

(iii) Altering a member of (S;(u))” on a set of cardinality <x does not change its
Ch,-value (modulo &,), so if S.(u).f =S8 (,u) g it follows that Ch &, Chy.
But % furnishes an isomorphism of (4,f) to (4h, f ) for each orbit 4 of {f ) and so
Chy = Ch;+é, Chy.

Conversely, if Chy&,Chg, by altering f on a set of cardinality less than x we may
suppose that Ch; Ch There is therefore a 1-1 correspondence between the orbits of
(f) and (g) which preserves the isomorphism type in IS,, and which maps singleton
orbits to singleton orbits. Moreover this may be chosen having support of size <A/
(since |suppf|, |suppg| <7). This gives rise to the desired conjugacy . []

Definition 2.4. Given the cardinals k, A, u we form a many-sorted structure .# = 4,
with sorts grouped as follows:
sorts 1: a sort IS, for each n>1 (having cardinality 2™ for n>2, IS, of cardinality Ny),
sort 2: Card ™, (in which 0 and «, as the first two elements, are definable, so do not
need to be explicitly named),
sorts 3: a sort F, for each n>1.

The signature taken is as follows:
unary relations Eq' on IS, and Prod' on IS; given by

Eq' ={t€lS::1=((4,91.92))~ — g1 = 92},
Prod' ={t €IS;:1=((4,91.92.93))~ — g192 = g3 },
for each n a binary relation Proj,‘, C IS,y x IS, given by
Projl = {(t1,t,) €1S,+1 x IS, :34,34:3913¢g> ... 3gn1 (4 D 4>
At =((A1,91- s gn D= N2 =((42, 91|42, ..., gn|42))= )}

< on sort 2, the usual ordering of cardinals,

for each n a function App, from F, x IS, to Card™ given by App,(x, y)=v provided
that for some % with (k)s, =x, h(y)=v (noting that the value of 4(y) is well-defined
for vk, and for v<«, all values are replaced by 0, — see the definition of y~ above),
unary predicates Eq on sort F, and Prod on sort F3 given by Eq(h), Prod(h) hold if

ST{h() €IS A= ((4,91.92))= — g1 #92)} =0,

D (1)t €IS A (= (4,91, 95, 93))= — 9192 # 93)} =0,

respectively, (where as the sorts 3 consist of functions modulo &,, saying that these
sums are zero means in effect that they are <x),
and functions Proj, from sort F,.| to sort F, such that if 4:IS,,; — Card then
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Proj, (h):1S,— Card is given by Proj (h)(t)=>_ {|Bu|.h(t'):t' €1S,.,} where for
each ¥ =((4.9))~€1S,.1, and g of length n+1, By, is the set of all orbits of
(g1.g2.---.gx) on 4 on which (g.g2,...,¢,) has isomorphism type ¢. (Note that |B,/,]
is independent of the particular choice of (4.g) corresponding to . Note also that
strictly speaking here and in the definition of Eg, Prod, we should work with the
&,-classes determined by h, Proj,(h).)

We include Proj, in order to handle existential quantification in the forthcoming
induction (Theorem 2.6). The definitions of Eg and Prod apply just in the case
Kk >Ny, and are intended to express equality and products in S;(x) up to fewer than
k mistakes. For k =¥, instead of summing the relevant A(¢) we sum |4]].A(1) where
t=((An fi, [2))> ot (A, f1, f2. f3))= and Aj={a € 4, :afi #Fafa} or {acd af fr#
af3} respectively.

In the general case the inclusion of the sorts IS, and Card™ is unnecessary, at any
rate as far as the proof of Theorem 2.6 is concerned. On the other hand in all cases they
can be naturally represented within S;(1)/S,(u), and in the special case ¢f(x)>2" the
‘application’ functions App, genuinely identify the members of F, as functions from
IS, to Card ™ (since here the equivalence relation &, can be dispensed with), meaning
that App, : F, — (Card ™)™+ given by App,(h)(t)= App,(h.t) is 1-1. In Section 5 we
shall also see that Proj, is definable from Proj) and App, in this case, and similarly
for Eq and Prod, easing the analysis of the .#,,,.

The sense in which we can show that S, (u)/S,(1) is interpretable in .4, is weaker
than the usual one and is given in the following definition.

Definition 2.5. For structures .# and .4" we say that ./# is semi-interpretable in .1
if there is a recursive function F from formulae of the language of .4 to formulae
of the language of .4" and there are functions f,:.#" — .47 such that for all g .#"
and @(x) with »n free variables, .# = ¢[a] < .V &= F(@)[ f,(a)]. If the same F serves
over a class of pairs of structures then we say that the first of each pair is uniformly
semi-interpretable in the second.

Theorem 2.6. For every first order formula @o(xq,...,x,-1) of the theory of groups
there is an effectively determined first order formula yi(y) of the language of .4 such
that for all x, 7, u, and for every f € (S;(u))".

Si)/Selu) b @lSu(w).f1e My = WI(Chy)e, 1

Proof. We construct y by induction. First suppose that ¢ is atomic. It suffices to
consider formulae of the form xy =x; and xox, =x; for variables xg,x;,x2. If @(x¢.x))
is xg =x; we take for () the formula Eq(y). Then

S)V(N)//SK(/J) ': Sk(.u)-fl :Sh'(.“)'fz
s |{aafi #Fafr} <k
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< the union of the orbits of (f}, f2) on which the actions of f; and f;

are distinct has cardinality <k (since x>Ng)

& Y A{l4]-Chp(t): 1 €1, A (1= ((41,91,92))= — g1 # 2)} <K
& M | Eq((Chy)s,) (using k>N, again)
&l = YI(Ch)s,],

and similarly for the formula xox; =x; (using Prod).
The propositional induction steps are straightforward.
Finally suppose that ¢(%) is yp (X, y).
It is easily checked that for any £ =(fi, f5,..., f,) and f) in Si(u),

Projn(Chf’fn+1 )= Chj-».

From this it follows that if A€ F,,,, then Proj,(h)= Ch; if and only if A= Ch/-»’ fon
for some f,,;. Continuing the proof we deduce that

SHw)/Se(r) = Fxp1(Su(p) £ %)
& for some g€ S;(u), Su(u)/S(i) = o1[Se(p).f>Si(1). 9]
< for some g €Si(p), A = ¥il(Chy ,)s,..]
& M F= Ix(Y (x) A Proj,(x) = (Chy)s, ),

where i, is a formula corresponding to ¢, as given by the induction hypothesis, and
so we take for Y(¥) the formula Ay (y) A Proj,(y)=Xx). O

3. Interpreting Z,(u)/2\(p) im S;(u)/Si(1)

In this section we show how it is possible to interpret many ‘set-theoretical’ prop-
erties inside S;(u)/Sx(1), by representing subsets of u via supports of suitably chosen
elements (always up to fewer than ‘x mistakes’), and consequently to interpret the ring
P(u)/P.(u). The key idea is to use sequences whose entries are transitive representa-
tions of a specific finite non-abelian group to represent the subsets, which enables us
to capture disjointness of their supports via a commutativity condition. We introduce
the necessary formulae one by one, and outline why they represent what is required.

Let G be a fixed finite group of order », and let G =(ai,as,...,a,) be a fixed
enumeration of G for which a; = id, the identity. In what follows we shall in fact just
use G =A(5), the alternating group on {0,1,2,3,4}. This is for three reasons: it is the
smallest non-abelian simple group; its transitive permutation representations are easy
to describe; and (a small point needed in the proof) its outer automorphism group is
also well known (and is just S(5)).

Let diag(G,x) be the conjunction over all i, j,k between 1 and » for which a;a; = a;
of the formulae x;x; =x;. This is intended to say that (xi,x3,...,x,) is a ‘copy’ of G
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(in the specified enumeration), but actually just says that it is a homomorphic image.
We write diag(A(5),X) as alts(X).

Lemma 3.1. Suppose f € (S;(n))" is such that S;(1)/S(y) &= diag(G,S(p).f ). Then
there is a small union X of (f)-orbirs such that if x€u— X, and a,a;, = ay, then

ofifi=aof.

Proof. Let Xy ={acu:afif;#afi} and let X = {J{Xiu 1:a;a;=a;}. By definition
of diag, and of S;(u)/S.(p),|X|<x. So it suffices to observe that p — X is closed
under the action of (f). Let ¢ X and 1<r<n. Suppose that ij k are arbitrary
subject to a;a; = a;. Then there are s,¢ such that a,a; = a, and a,a; =a,. We find that
asa;=a,a;a,=a.a;=a, Since a¢X. af. fifi=af fi=afi=of.fi. Thus af, & X,
and so af. ¢ X as required. O

Lemma 3.2. For any f,S;(0)/S«(1t) = alts(Sc(p).f ) if and only if there is a small
union X of orbits of (f ) on p such that for every orbit Y of (f) on u—X, the action of
(f) on Y is isomorphic to some action of A(5) (so that |Y|=1.5.6,10,12,15.20.30.
or 60, and then we say that f acts as A(5) with this degree).

Proof. This is immediate from Lemma 3.1 on remarking that for orbits ¥ outside X,
the action of (f) on Y precisely corresponds to some transitive action of 4(5). The
fact that the possible values of |Y| are as stated follows from the fact that any transitive
action of A(5) is isomorphic to its action on a coset space [A(5):H] for some sub-
group H of 4A(5), and the possible orders of subgroups of A(5) are 1,2,3,4,5.6,10, 12,

and 60. O

With this lemma in mind we may define for any / € S;(1) of length 60 the cardinals
vi(f) for m€{1,5,6,10,12,15,20,30,60} by v,(f )=the number of (f )-orbits on
on which f acts as A(5) with degree m. The significant values (that is, those which
are preserved under passing to the coset S,(1).f ) are those v,,(f ) which are >«, and
these provide a ‘profile’ of f characterizing it up to conjugacy.

To make further progress we need to analyse with some care some properties of the
possible faithful transitive actions of A(5), which we do in the next three lemmas.

Lemma 3.3. Suppose that H and K are proper subgroups of A(5). Then for some
ac A(5), |\HNa 'Ka|<3. Moreover, if there is a such that |HVa~'Kal=3 but no
b such that |H Nb~'Kb| <3, then |H|=|K|=12.

Proof. As A(5) is simple, |H|,|K|<12. If H or K has order <3 we just let a=id.
Assuming without loss of generality that |H|>|K| we are left with the following
possibilities for (|H|, |K|):

(12,12),(12,10),(12,6),(12,5),(12,4), (10, 10), (10,6),(10.5),(10,4),
(6,6),(6,5).(6,4),(5,5).(5,4),(4,4).
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The subgroups of A(5) of orders 12,10,6,5,4 are determined uniquely up to conju-
gacy in S(5) (as is easy to check) and so by replacing by a conjugate by a member
of A(5) may be taken to lie in the following list:

12:4(4) (regarded as the stabilizer of 4 in A(5)),

10:{(01234),(14)(23)), ((01243),(13)(24)),

6:((012),(01)(34)),

5:{(01234)),((01243)),

4:((01)(23),(02)(13)).

The following cases can be at once ruled out as |H NK|<3 is already true: (12,10),
(12,6),(12,5),(10,6),(10,4),(6,5),(6,4),(5,4). In all the remaining cases, which are
(12,12),(12,4),(10,10),(10,5),(6,6),(5,5) and (4,4), the conjugator (234) will serve
as a, as is easy to check.

Now for the final part, suppose that [H Na~'Ka| =3 for some « and that [H Nb~'Kb|
=3 for all b. Then |H| and |K| are multiples of 3. If H or K has order 12 or 6, we
take it as above, and if 3 we take it as {(012)). In all cases except for |H|=|K|=12
we find that for b= (243),|H Nb~'Kb|=1 or 2, and we conclude that H# and K must
both have order 12. [J

Lemma 3.4. Let D be the diagonal subgroup {(a;,a;):1<i<60} of A(5) x A(5).
Then for any subgroup H of A(5) x A(5) of order 12 or 36, there is a such that
la~'HanD|#3.

Proof. Suppose otherwise. Thus |H|= 12 or 36, and for every a € A(5) x A(5), |a”'Ha
ND|=3. In particular [HND|=3 so we suppose that H ND={(((012),(012))). Let
a=((13)(24),id). Since |a~'HaND|=3 there arc i<j<k such that ((ijk),(ijk))€
a~'Ha. Also ((034),(012)) € a~'Ha. If |{i, j,k} N {0,3,4}| =1 then ((ijk),(034)) con-
tains an element of order 5, contrary to |a~!Ha| =12 or 36. Hence |{i,j,k} N{0,3,4}|
=2 or 3. Similarly |{7,7,k}N{0,1,2}|=2 or 3. Therefore i=0 and j=1 or 2, k=3
or 4.

Case 1. (ijk)=(013). Then ((012),(012)),((031),(013)) € H. But these two ele-
ments generate a group of order 144 (A4(4) x A(4) in fact).

Case 2: (ijk)=(014). Therefore ((012),(012)),((032),(014))€ H. Since H has no
clement of order 5, H<A(4) x A({0,1,2,4}). Let b=((014),id). Then b 'Hb<
A({1,4,2,3}) x 4({0,1,2,4}). If ((7/j'k'),(i'j'k")) lies in b~'Hb with i’ <j’ <k’ then
{7, j,k'} €{1,4,2,3}n{0,1,2,4}, so (i/j'k’)=(124). Then ((021),(124)) € H, so that
(id,(02)(14)) € H, from which it follows that [H|# 12, 36.

Case 3: (ijk)=(023). Then ((012),(012)),((041),(023)) € H, and we argue as in
Case 2, with 5= ((013),id). This time we find that ((021),(123)) € H, so that (id, (02)
(13))€ H, and |H|+# 12,36.

Case 4: (ijk)=(024). Then ((012),(012)),((042),(024)) e H so ((01)(24),(014))
€H, and |H| =144 as in Case 1. [
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Lemma 3.5. Suppose that f g are subgroups of Sym(X) isomorphic to A(5) (in the
specified listings) which centralize each other, and such that (f .G) is transitive on
X. Then f «G has an orbit of length at least 20. Moreover, if f x G has an orbit of
length 20 then it also has an orbit of some other length greater than 1.

Proof. Let # ={X;:i<m} and % ={Y;:j<n} be the families of orbits of f and 7.
respectively. Then as / and § commute, / and g each preserve 2 and % (setwise),
and hence also % = {X;NY,:i<m, j<n}. Moreover by transitivity of {f,7) on X the
actions of f_ on its orbits are all isomorphic, as are the actions of g on its orbits. Since

.G are isomorphic to A(5), these orbits are all non-trivial, and since A(5) is simple,

they all have at least 5 members.

Case 1: m=n=1. Thus / and g are both transitive.

In this situation it is standard that / and g both act regularly (see [13, Theorem
3.2.9]). For suppose that x f; =x. Then for each j, (xg,)f; = xfig, = xy; and as § is tran-
sitive, f; =id. Similarly g is regular. By suitably labelling the elements of X we may
suppose that X = A(5) and f is the right regular action, in other words (a,)f, = a;a,
for each / and j.

Now we appeal essentially to the fact that the centralizer of the right regular ac-
tion is the left regular action (see [13, Theorem 3.2.10]). Let a1¢9; =a,. Then a;g; =
ai figi=a1gi f; =a, f;=a.a,. Hence g; is multiplication on the left by a,. Let us write
a, as a,0. Thus 0 is 1-1 since if a;0 = q;0, a,g; = a,g; and i = j {(by regularity). So also
# is onto. Moreover it is an anti-homomorphism, since (a;a; )0 = a,(g:9: ) = ((a;)a, Yy,
= (ay0)(a,0)a; =(ar0)(a;0). Thus ¢ given by a;¢p=(a; )0 is an automorphism of
A(5). So for some s€S(5), a;p=s'as for all i, so that a;(fig;)=5""a; 'saa;.
Now the length of the orbit of f;g; containing ai is equal to the index of its stabilizer
in A(5). But s~ i a; 'sa; aj=a;<da; lsa; = sa; a; @a, € Cys)(sa;) =A(5) N Cysy(sa;).
Now sa; either ranges over A(5) or over S(5)— A(S) If A(5) let sa; =(012) or (01234).
Then |Cysy(sa;)] =3 or 5 and so there are orbits of lengths 20 and 12. If S(5) — A(5)
let sa; =(0123). Then |Cysy(sa;)| =2 and so there is an orbit of length 30.

Case 2: m=1An>1 (or similarly m>1An=1).

Then f is transitive, so by the same proof as above, g acts semiregularly (that is,
only the identity has any fixed point). Hence § acts regularly on each orbit, and so
each orbit has size 60. But then |X|>60, contrary to f transitive on X.

Case 3: m.n>1.

Since (f- .g) is transitive, the actions of / on % and § on & are both transitive, and
hence faithful. Moreover (f,g) acts transitively on 2 = {X;NY;:i<m. j<n} (which
in particular means that all X; N Y; are non-empty of equal size).

We show that some orbit of / =7 in its action on # has length =20, and it will
follow that the same applies to its action on X. Now the length of the orbit con-
taining X; " Y; is equal to the index of its stabilizer, and as (X; N Y;) figi =Xigi N Y, f.
XN figr =XiNY, ©Xigr =X;\Y; fy =Y. Hence {a;:(XiNY)figi=XiNY}=
{ap Xigr =X} {a; : Y, fi =7Y;} and all we have to do is to show that for some i.}.
the right hand side has order <3. Let H = {a; : Xogx = Xo} and K = {a; : Yo fi = Yo}
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Then the stabilizers of the other X; and ¥; are just the conjugates of these. For instance
{ar : Xo9i9x =Xog:} = {a :a,-akafl EH}= aleai and {a: Yofifi=1of;} = q;lKa,-.

For our choice we take i =0 and select j by using Lemma 3.3.

Finally we have to show (still in Case 3) that not all orbits of / g can have length
20 or 1. Suppose otherwise. Since m=5 and f * g acts transitively on {X;:i<m},
none of the orbits can have length 1. Applying the last clause of Lemma 3.3 we find
that |H|=|K|=12, and so m=n=25. Therefore |X|=25|X,N Y| and since this is a
multiple of 20, and | X;| = 5|Xp N ¥, is a factor of 60, |Xo N Yy| =4 or 12, so |[X| =100
or 300.

Pick x€XoNYp and let L={(a;,a;) €A(5) x A(5):xfig; =x}. Since A(5) x A(5)
acts transitively on X via (f,§),|L| =60%/|X|=12 or 36. By Lemma 3.4 (and with
D as there), there are i,j such that |(a;,a;)"'L(a;,a;)ND|#3. Let y=xf;g;. Then
Vg =y < xfi frdi9k :xfig_fﬁxfifkff_lgjgkgfl =X & (afaka,-_l,a/akafl) €Lls
(ar,ar) € (a;,a;)"'L(a;,a;). Hence |{a; :yfkgk_:y}! =|(ai,a;)""'L(a;,a;)ND| #3, and
so the orbit of y under the action of f % g does not have length 20 after
all. O

We now move towards the construction of a formula which is intended to say that
X acts as A(5) on all but a small set of its orbits, and that each such orbit has length 1
or 5. Actually we stop short of doing this (even though it can be done) and just find
a formula restricting the range of representations possible — as this provides a quicker
route to our goal. We require the following auxiliary formulae:

commu n(%,3): N1 <i<mi<j<n¥iYi = ¥j¥is
where m and n are the lengths of ¥ and ¥. This asserts that
each entry of ¥ commutes with each entry of 3.
conj(X,y): ()X =¥)
In practice we omit the subscripts from comm,, , and conj, (and other similar
formulae).

indec(x): alts(x) A\(VYYWVZ)(comm(y,Z) Aalts(¥) A

alts(ZYAX =T % Z — (conj(X, V)V conj(%,2)).

Lemma 3.6. For any sequence f of elements of S;(u) of length 60, S;(1)/Sc(1) =
indec(Sc(n).f ) if and only if |u — suppf | =u, (f) acts as A(5) on all orbits out-
side a small subset of u, vs0(f ), veo(f )<k, and there is at most one m € {5,6,10,12,
15,20} for which v,(f )= k.

Proof. We remark that we need to stipulate | — suppf|=u in view of the pos-
sibility that A=pu*. Let us say that f ¢S,(u) is indecomposable if S;(1)/Sc(y) =
indec(S,.(1).f ). ) ) )

First observe that if v, (f ), vm,(f )=k where 1<m; <m; then we may write f
as g * h where 7 is the restriction of / to the union of its orbits of length m; (that
is it agrees with f there and fixes all other points), and /4 is the restriction of 12



Sh:605

S. Shelah, J.K. Truss! Annals of Pure and Applied Logic 97 11999) 47-83 61

to the complement of the union of these orbits. Clearly /. commute, S,(u).g and
S (u).h satisfy alts(%), and / =g *h. But neither S.(1).g nor S,(x).h is conjugate to
Se(w).f . ) )

Next suppose that vyo(f )=k, and let X be the union of all orbits of /' of length 30
on which f acts as A(5). We let § and / agree on u—X and % fix p—X pointwise. Let
Y be a typical orbit of / contained in X, (and hence of length 30). Now if H# and K
are subgroups of A(S) of orders 12 and 10, then A(5) has a transitive action of degrec
30 on [A(5): H] x [A(5):K], (since |[H N K|=2), which is therefore isomorphic to the
action of (f) on Y. So we may let Y ={0(Hu, ke, Ha; €[A(S)  H],Ka,; € [A(5): K1}

in such a way that for each &, %4, ka,) ft = %(ta,0,.ka,4,)- The point is that this expresses
the action of f on Y as a commuting ‘product’ of actions having orbits of sizes 5
and 6. We let &y, ka,)Jk = % Ha,a Kar) A0 Ara, Ka ik = OHa, Kaja,)- This therefore de-

fines the actions of § and / on the orbits of f having length 30. It is clear that neither
S,(1t).g nor Si().h can be conjugate to S,\.(,u).f_, since v30(g), violh) < k. But S.(¢).g
and S,(u).h fulfil the other requirements on ¥ and Z in indec, and so we conclude
that S,.(¢).f cannot satisfy indec.

If veo(f )=, a similar argument applies, but this time taking |H| =12 and |K! =5.

Now suppose that |u — suppf | <u. Let X be a union of orbits of (/) such that
IX|=|u—X|=p, and let § and % be the restrictions of / to X and y—X respectively.
Then S,(1).g and S,(u).h provide witnesses for v and z violating indec(S.(1).f ).

Conversely, suppose that | —supp f | = u and for some m € {5,6.10,12,15, 20}, the
union X of the orbits of (f ) of length m on which f* acts as A(5) has cardmallty =K,
and that f fixes all but a small subset ¥ of u—X. We verify indec(S.(it).f ). Sup-
pose Su(1).g and S.(u).h are witnesses for ¥ and Z in indec. If |supp g supp h| <k
then g and A are restrictions of (meaning that apart from a small set, their sup-
ports are contained in suppf, and on their supports they agree with f ), and so. as
\supp g| + |supp h| = |suppf |, either lsupp gl =|suppf | or |supph|=|suppf |, so that
one of S.(11).7.S«(p).k is conjugate to S.(u).f .

So we suppose that |supp g N supp h| >« and aim for a contradiction. Since g and /
commute mod S,.(u), by increasing Y if necessary we may assume they commute out-
side Y. Let Z be a typical orbit of (g,h) on (supp g Nsupph)—Y. Then the restrictions
of g and % to Z fulfil the hypotheses of Lemma 3.5, and so g * & either has an orbit
on Z of length greater than 20, or orbits there of length 20 and some other length
greater than 1. Since this applies to all possible choices of Z. cither therc are =x Zs
for which there is an orbit of length greater than 20, or there are >« Zs containing
an orbit of length 20, and of some other length greater than 1. But each of these is
contrary to the hypothesis on /. [

We are now able to express disjointness of certain sequences, which is the key to
recovering the appropriate ring of sets inside S, (t)/S,(u). From this we shall be able to
express disjointness of involutions (meaning disjointness of their supports), which are
actually the elements we shall use to represent sets, and of more general sequences. But
the first approximation uses elements satisfying indec and acting in the same way. Let
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us say that two such elements S.(x)./ and S.(x).g have the same action if vu(f )=k
and v,,(g) =k for the same m>1.

disj (X, ¥) : indec(X) A indec(¥) A comm(X, V) A indec(X * 7).

Lemma 3.7. For any sequences f and § of elements of Sy(u) — Si(y) of length 60,
Si(p)/S(p) = disji(Se(w).f,S(1).g) if and only if f and g are indecomposable
with the same action, |p—(suppf Usupp g)| = p, and |suppf Nsuppg| <x.

Proof. It is clear that if two indecomposable sequences in S;(u)/S.(¢) have the same
action, and almost disjoint supports (meaning that the intersection of their supports
has cardinality less than k), then they commute, and their pointwise product also is
indecomposable (provided that the union of their supports does not have small com-
plement). Conversely suppose that the given conditions apply. Then as in the previ-
ous proof, if the supports of f and g are not almost disjoint, then indecomposability
of 7 % g is violated. It also follows that 7,3, and f * g must all have the same
action. [J

It is now possible to find formulae expressing the following concepts inside S;(u)/
Si(p):

membership in Z(u)/%. (1),

the boolean operations on #;(u)/%. (1),

the action of S;(u)/Si(1t) on Z,(1)/ ().

First we represent members of #(u)/#.(u) by involutions, and let sef(x) be the
formula x?=1 (where for present purposes it is easier to count the identity as an
‘involution’). The idea is that each involution will encode its support (so for example
the identity represents the empty set). Of course this only makes any sense if we can
tell when two involutions encode the same set.

Now let 7 be such that a; has order 2 in A(5). Then for g € S;() with |u—supp g| = u,
S,.(1).g has order 2 if and only if there is some indecomposable g with vs(g) >« such

that S.(u).g9 = Se(1).g:.

disj'(x, y):set(x) Aset( ) ANIZ3Hz; =x AN t; = y Adisj (Z,1)).
disj(x, ) 313303343y 3y Iys Iya(x =x10003% Ay = 12034 A
Ni<ij<adisi' (i y7)).

Here the idea is that disj’ should express disjointness of (sets encoded by) involu-
tions, and disj should express disjointness of (the supports of ) arbitrary permutations.
Because of the possibility that A= pu™ we use products of four elements rather than
just two, since we need to be able to express an arbitrary group element in terms of
involutions the complements of whose supports have cardinality p.

subset(x, y) :set(x) Aset(y) A\Vz(disj(y,z) — disj(x,z)),
sameset(x, y) : set(x) A set(y) A\Vz(disj(y,z) — disj(x,z)),
union(x, y,z) : set(x) Aset(y) Aset(z) ANVit(subset(x,t) N subset(y,t) « subset(z,t)),
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intersect(x, y,z) : set(x) A set(y) A set(z) AVt(subset(t.x) N subset(t, y) — subset(t.2)),
union, (X, v): (Vz)Xdisj(z, v) = N_, disj(z.x;)),
map(x., y.z): set(x) Aset(y) A sameset(z "'xz, y),

The following result sums up what these formulae express.

Lemma 3.8. (i) For any f.g€S:(u). S;(p)/S:(u) | disj'(Sc(pe). £.S:(1).g) if and
only if S.(p).f and S.(u).g are involutions such that |supp fOsuppg|<w and
L — (supp f Usupp g)| = .
(1) For any f.g€8;()S:()/S(1) B disj(Su(p). £.S:(p).g) if and only if
|supp.f M supp g| <x.
(i) For any f,g€ S;(u),S,(p)/SAp) = subset(Sc(p). £.S.(p).9) if and only if
S (). [ and S.(u).g are involutions such that |supp [ — supp g| <k.
(iv) For any f,g€S:(u),S:(1)/Sk(p) = sameset(S,.(p). f.S(1).g) if and only if
S, (). £ and S (1).g are involutions such that |supp f —supp gl. |supp g — supp f<n.
(V) For any f.g,h € 8;(1),S;(0)/S.(1) = union(S,.(1t). £.S,:(10).g.Sc(p). 1) if and
only if S.(w). f.S(1).g, and S.(u).h are involutions such that supp [ Usuppg und
supp h differ by a set of cardinality <k.
(v1) Similarly for intersections.
(vii) For any f.9€S;(1).S;(0)/Se(p) = union, (Se(p).f.S().q) if and only if
U/~ supp(f;) and supp g differ by a set of cardinality <.
(viii) For any f.g,h € S;(1).S:(w)/Sc(1) = map(Sc(p). £ S(p).g. Si(p).hy if and
only if S.(1). f and S,(p).g are involutions and (supp [ and supp g differ by « ser
of curdinality <k

Proof. (ii) follows from the fact that any permutation may be written as a product of
two involutions, and any involution may be written as a product of two involutions
the complement of whose support has cardinality u. The rest of the proof is straight-
forward. [

Corollary 3.9. The ring of sets Pi(p)/ 2. (1) and the natural action of S,(p):S, (1)
on this ring are interpretable inside the group S,(p)/S.(10).

This result is due to Rubin [7] Theorem 4.3, but using different methods. An alterna-
tive route to the same conclusion, avoiding so much detail on permutation representa-
tions, starts by interpreting 2;(u)/?(1) in S;(1)/S.(1) using parameters /-, /**. The
first of these acts as A(S) with orbits of degree 5 and 1 only, and with the aid of the
second, disjointness can be expressed more rapidly. The parameters are then climinated
at a later stage.

4. Interpreting .#;, in .S;(1)/S. (1)

This is carried out as follows:
members of IS, are represented by “pure’ n-tuples, being those for which almost all
orbits are isomorphic, modulo isomorphism of this action.
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members of Card~ are represented by group elements which encode sets, (that is,
involutions), modulo the relation of having equal cardinality,

members of F, are represented by n-tuples of group elements, modulo conjugacy.

In addition we have to show definability of the relations and functions in the
signature.

First we show how to distinguish the case A= u™ (which has already required special
treatment in the previous section). We use the formula

max : (3x)(Vy)disi(x, ) — y=1)

(expressing that A has its maximum value).
Remark 4.1. A=t if and only S;(u)/Sc(u) = max.

To carry out the interpretation more formally we require the following formulae:

disin(%.¥): Ny <ijen disiCxi, ¥5),
restr,(X,¥): AZ(disj,(X,Z)ANX *Z=T7),
I=1: \Lin=1,
compat,(X,7): 32 3z # | Arestro(Z,X) Arestr,(Z', 7)),
pure, (X) VYVZ(F#1ANZ#1 Arestr,(7,X) Arestry(Z,X)
~ compat (Y, Z)) AN (—~max —X#1),
is0,(X,7): pure,(X) A pure,(¥) A(compat, (X, y)Vx=y=1).

Lemma 4.2. (i) For any finite sequence [ of members of Si(u),S;(1)/S(p) &=
pure,(Sc(p).f) if and only if the non-trivial actions of f on all but a small union
of the orbits of (f) are isomorphic or, if .= u*, almost all orbits have size 1.

(i) For any sequences f.,§ in Si(1),Si(1)/S(1) &= ison(Sc(w).f > Si(1).9) if and
only if the actions of [ and § on all but a small union of orbits of {f),(g) have the
same isomorphism type in IS,

Note that it is not enough to talk of the actions of (f) on its orbits; we need to
distinguish the generating tuple / in order to capture IS,. Observe that the final parts
of the formulae pure, and iso, cover the case A=p", and correspond to the remark
in parentheses in Definition 2.1(ii). Similar remarks apply to the treatment of F,.

As mentioned above, for sort 2 we just use involutions, this time modulo the equiv-
alence relation given by

samecard(x, y) : set(x) Aset(y) A Ix13x;y 1 Iya(disj(x1,x2) Adisj(y1, y2) A
x=x1X Ay =y y2 A conj(xy, y1) A conj(xz, y3)).

This is slightly more complicated than the expected ‘set(x) A set(y) A conj(x,y) in
view of the case A= u". And the sorts 3 have already been remarked on.

It remains to show that the relations and functions of .#,;, are definable.

First the ordering < (and hence <) on Card is definable by
lesseq(x, y) : set(x) A set(y) A(Jz)(subset(z, y) A samecard(x,z)).
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To define Eq',Eq,Prod' and Prod we use
eq'(x1,x2): pures(x1,x2) A x| =x2,eq(x,x2): x| =X2,
prod‘(xl,xz,xg) : pures(X1,Xx2,X3) AX1X2 = X3

and
prod(xy,x2,X3):1X1X2 = X3
respectively. Note that there is a slight difference between Eq' and Eq (and between
Prod' and Prod), since in the former case (x;,x;) is meant to represent a member of
1S>, but in the latter, of F>.

We may define Projl and Proj, by
PrOj (X1 - X1 )Py ¥n))E DU, 1 (X1, Xt ) A pUTER( Ve V)

NISOu(X1s s Xny V1seevs V), and
Proja((x1, - o X 1 (Pl e os Yn)) iconfu((x1y oo X0 ) (Vs oo ¥ ),
and App, by
app (X.7.2) : pure,(3) AN[((31)( pure,(t) A compat, (F,1) A restr,(1,X)

ANV u)(restr,(t,u) A restr,(,X) A pure,(w) — 1 =u) A (v )union,(t,v)

A samecard(v,z))) V (Yt)(compat (7,1) — —restr,(1,X)) Az =1)],
which we may paraphrase as ‘either there is a maximal pure restriction 7 of X compatible
with 7 and of cardinality (coded by) z, or X has no restriction compatible with ¥ and
z=1 (that is, codes 0). If A=yu", app, is modified to cover the case =1, and if
k =Ny we have to count orbits rather than their union, and the statement about v is
modified to express ‘there is a set having the same cardinality as z which intersects
each orbit of 7 and is minimal subject to this’. To justify this we further note that the
case K =Ny can be distinguished by the sentence

(Fx)YyXrestr|(y,x)— (y=1V y=x)).

We have proved the following:
Theorem 4.3. .#,;, is interpretable in the group S;(1)/S.(p).

We remark that ‘interpretability’ here is taken in the usual sense (called ‘explicit in-
terpretability’ in [10]). This means for instance that, rather than just transferring the first
order properties, we are able to deduce that whenever S;, (141)/S\, (1) = S, (12)/S,, (i2)
then .4, ;. = My, and hence to try to distinguish the groups S;(u)/S.(u) up to
isomorphism as well as up to elementary equivalence. But for us here the following is
the point.

Corollary 4.4, 4, ., = M, if and only if S; (101)/S., (1) =S5, (12)/S,. ().
Proof. This follows from Theorems 2.6 and 4.3. [

In the next sections we give more details about the circumstances under which
-/%M}qm EJ%IQZ;;LQ-
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5. Refinements and the case c f(x)>2%

We now make some remarks about distinguishing the elementary theories of S;(u)/
S.(u) for different values of x, 4, u, which by Corollary 4.4 is equivalent to distin-
guishing the .#,;,. In the first place, according to Remark 4.1, the case A=u™ can
be singled out in S;(¢)/S,(u) by means of the sentence max of the language of group
theory, and hence also by a suitable sentence in .#,;,. So we may treat the cases
A<y, A=p" separately. Now when A< u the cardinal p actually plays no part at all
in the structure .#,;,, so we at once sce that for fixed x </, all the .#,;, with u>1
are elementarily equivalent. More is even true at this stage, since many of the .#,;, are
in fact isomorphic. For instance if ¢f(x), ¢f (x2)=(2%)" then My ey = My, (for
pi =k, o =k3 ) since in this case Card~ ={0,x,},{0,x,} respectively, and similarly
/%’\'IMHHI g'ﬂh‘:h‘;ﬂlz etc.

We know of course that Th(.#,;,) can only take at most 2% values, and so there
will be many pairs of distinct triples giving elementarily equivalent models. In [11] this
was however illustrated more explicitly, and we carry out a similar analysis here. There
a characterization of elementary equivalence was provided based on the second order
theory of certain many-sorted ordinal structures, whose sorts all had cardinality <2%,
and we give a parallel treatment. While doing so we give a few more details about the
material from [11] (which in its turn is related to [4]). First we show how a suitable
second order logic can be represented in the structures .#,;,. Small modifications are
made in the case k= Ny (distinguishable in the language of group theory), which we
do not spell out explicitly.

To represent subsets of IS, in .#,;, is rather straightforward, but subsets of 1S, x IS,
are harder to deal with. We use ‘products’ (similar to the method of Section 3) to help
us to do this. We say that ¢ € IS, is a product of t| € IS,, and t, € IS, if ¢ has the form
((4,f))~ where 4={o,:x€X,y€ Y}, the (fi,..., fn)-orbits of 4 are {ay,:y€e Y}
for x€ X, all of type t,, the {fui1,-.., fnra)-orbits of 4 are {a,, :x€X} for ye¥,
all of type £, and the actions of f; and f; on 4 for | <i<m<j<m+ n commute.
We say that & € F,,,, is a product if whenever h=(#")s, ., > {h'(t):t €ISy, At Dot
a product} <«.

The idea here is that if / acts as a product on almost all of its orbits, then we can
uniquely recover its actions on the first m and last # co-ordinates, so that products
provide a way of encoding sets of ordered pairs. As illustrated in Section 3 however,
the actions of tuples may commute without their being a product, and so the natural
condition to try to capture expressibility as a product, namely commutativity, does not
work. This time however this does not matter; the point being that when two actions
commute, and together generate a transitive action, the projections onto the two sets of
co-ordinates are uniquely determined. Let us therefore say that A€ 7., is a product
if whenever k= (/"),

mtn?

D (B (@) 1 €1Spin At =((A(f1.f2)))= — = commp o(f1.]3)} <K
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We now represent subsets of IS, of cardinality <A by 4 € F, such that (V¢ € IS, )h(t)
<k, and subsets of IS,, x IS, of cardinality <A by k€ F,, ., which are products and
such that (V¢ € IS, )k(¢t)<xk. The subset of IS, encoded by % is then {r: k()= n}
and the subset of IS, x IS, encoded by k is {(¢t|,2) €IS, X IS, : (Tt €ISy, W k() =1
and ¢, are the members of IS, IS, determined on co-ordinates 1 to m and m + 1
to m + n, respectively)}. (The definition of ‘product’ ensures that these are uniquely
determined from ¢, since if the actions of f , and f2 on the f-orbit 4 commute then
they each preserve the set of orbits of the other, and all actions of f| , on its orbits are
isomorphic, and similary for f-2 )

Lemma 5.1. There are formulae of the language of .#,;, expressing the following:

(i) h encodes a subset of IS,

(ii) k encodes a subset of IS, x IS,

(1i1) mem,(t.h):t lies in the set encoded by h, mem,, ,(t|.t2,k):(t),t2) lies in the set
encoded by k,

(iv) equal,(h.h'Y:h, k' encode the same subset of IS,. equal,, ,(k.k'):k k' encode the
same subset of IS, x IS,,

(v) fun, (k):k encodes a function (from a subset of IS, into IS,).

(vi) one-onefun, (k):k encodes a 1-1 function.

m.n

Proof. (i) i encodes a subset of IS, if and only if (Vt €1S,)App,(h.t)< k.

(i1) By appeal to Theorem 2.6 we may express projections of & € F,,_, to co-ordinates
1 tomand m+ 1 to m+ n, and then use the formula comm,, ,.

(111) mem,(t,h) is taken as App,(h,t)=x.

Fot mem,, ,(t1,t2.k) we take (3t € IS, )(App,,.,(h.1) =K At).t> are the projections
of ¢ onto co-ordinates 1 to m and m + 1 to m + n respectively). (The fact that we can
express these more generalized projections here follows by appeal to Theorem 2.6,
though they could also have been included in the signature of the .4, if desired.)

(iv), (v), and (vi) follow from (iii). =1

For the remainder of this section we specialize to the case ¢f(k)>2%, to avoid
complications. We return to the general case in Section 6. One of the benefits of
assuming ¢f (x)>2% is that we can dispense altogether with the equivalence relations
&,. This is because any function from F, to Card is &,-equivalent to a unique function
from F, into Card~ (obtained by replacing all values below x by 0). Various other
simplifications and interdefinabilities in this case are described in the following theorem.

Theorem 5.2. Suppose that k <i<ut and cf (k) >2%. Then

(i) for each h€F, there is a unique &,-representative which is a function from
IS, to Card™ (so that from now on in this section we dispense with &, and regard F,
as a subset of (Card ™)),

(i) for each n,Sum, : F, — Card ™~ given by Sum,(h)= > _{h(t):t€IS,} is definable
in My,
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(iii) Eq, Prod, and Proj, are all definable in
M, =(US)n=1.Card ™, (F)p=1;:Eq' Prod' ,(Proj) Yy, <,(4pp,)ns1),

KAL

and conversely Eq',Prod', and Proj} are all definable in

(US)nz1,Card™ ,(F)az; <,(App,,),,>1,Eq,Prod,(Proj,z),,;l).

Proof. (ii) This is because Sum,(h) may also be written as sup{4(¢):¢€1IS,} (since
x>2%) 5o that

Sumu(h)y=o < (V1) App,(h,t)<a A (VB<a)( ) B<App,(h.t)).
(iii) Eq = {h € Fy: (Vt € IS;)(Appy(h.t) # 0 — Eq' (1))},

Prod = {h € F5: (¥t €1S3)(App;s(h.t) # 0 — Prod'(1))}.
For Proj, we remark that By, #0 < Projl(¢,t), and so

Proj,(h)(t)="> {h(t'): Proj(¢'.t)} = sup{h(t'): Proj,(¢',t)}.
As in (ii) we see that

Proj,(h)(t)=a & (V') Proji(t',t) — App,. (ht')<a)
AN(VB<a)(3t €1S,.11)(Proju(t',t) AB<App,. (b))

Conversely we have

Eq' ={t€1S,:(Fh € Fy(Eq(h) A App,(h,t) #0)},
Prod' = {t € ISy : (3h € F3)(Prod(h) A App;(h,1) # 0)},

and

Proj,(t,t2) & (Vh € B N App,.1(h 1) #0 — Proj,(h)(5)#0). U

This theorem tells us that when cf(x)>2" it suffices to consider the structures
e///h_*/-_#, and here, since the members of F, are now viewed as functions from IS, to
Card~, this amounts to a version of second order logic on the sorts 1 and 2, together
with Eq', Prod', Proj!, and <. The sorts IS, are independent of «,4,u, and so the
main point is to analyse Card~. We give an analysis of this situation similar to that in
[11] which involves defining suitable ‘small’ ordinals (meaning of cardinality <2¢),
sufficient to capture the elementary theory.

In what follows we extend the definition of ‘cofinality’ to zero or successor ordinals
by letting ¢/(0)=0 and ¢f (« + 1)=1. Let 2=(2%)*. Then any ordinal « may be
written uniquely in the form

a=8Qa,+ -+ Q”.a[n] + -+ Q.OC[]] + %07,

where Q% is the ordinal power, ap,; <82 for n € w, and {n:ap,)#0} is finite. We write
a[n]=02%.a,+ -+ .Q"+1.O([,,_..|] and let

A { L+ ¢f(afn]) if ¢f (afn]) <2,

0 otherwise.
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For ordinals «, 8, and k € w, let a~y § if oy =By and all =B for all /<k, and
o~ fif a~y B for all k. For a set of ordinals {a} UA let y(x,4) be the order-type
of {f<a:(Vyed)y<a—y<f)}. Note that this set is the final segment of «U {a}
consisting of all (strict) upper bounds of 4 Na.

The following lemma is stated in [10] and a proof outlined. The result is also related
o [4]. We give fuller details here for the reader’s benefit.

Lemma 5.3. (i) ~; is an equivalence relation. For each o there is f<Qf* with
o~ By and if o ~; B then o< Q¥+ if and only if B<QF', and each of these implies
a=24p.

(i) If = Q%1 then for any B, ~ B+ x.

(iii) If o, ~ B, for each y <0, then )  _ o0~k 3 . ;P

Ov) If o~y B, and 4 C o with |A]<Q, there is an order-preserving map F:4—f
such that for each a€ AU {a}.y(a,4) ~; WF(a).F(A)) (where F(a) is taken to
equal f3).

Proof. (i) Let B=Q% 1 By + QX oquy + -+ - + Q.oq1y + o) where Bz o) is given as
follows:

O[] if o, #0 for some least n>k,
_Jo if o,y =0 for all #>k and «,, is a successor,
Prcrn= ¢f (a,) if oy =0 for all n>k,«, a limit ordinal and ¢f (x,,) <.
0 otherwise.

Then oy = By for 1<k is immediate. If a<Q**! the final clause applies. so f=a<
Q1 Also if B< Q! then a < Q%! so the last part also follows.
Now suppose the first clause applies. Then if [ <k,

A 1]= Q% oty + -+ QMo + QMo 4+ QT gy,
BLT= Q% oy + Q oy + - + Q"
which have equal cofinalities as oy, # 0. If the second or third clause applies, then
A l]=Q" o + Qb oy + -+ Q" ),
Bl =@ By + Qo+ + Q7

If ol =+ [fm then app= - =04 =0 so «[/[]=0".«, and p[l]= Qk+l.ﬁ[k+| |- But
if clause 2 applies, ¢f (a[/]) = w =c¢f (B[!]), and if clause 3 applies, ¢f (a[I]) = ¢f (%.,) =
Bty =c¢f (BU]) after all.

(i) As a=Q " a, #0, or ) #0 for some n>k. Write o= Q. apy; + - + 2
where N>k, ay) #0 (and where N = o, oy =, is allowed). Writing B in a similar
way, if n<N, Q"B+ Q.on =2V . aqn, and so B+ 2=Q" B, + - + QY (B, +
any) + QY oy 1) + -+ + ao). For l<k we have

O([I]ZQN.OC[NI +o 40 A1)
and (ﬂ + OC)[I] = Qw-ﬁm C .Q (ﬁ[)\] -+ (X[/\]) Ql+l Aigr)-
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The only way in which ¢f(2[/]) can be unequal to ¢/ ((f+ «)[/]) is for a[/]= Q" oy
# Q0 B+ +QN (Bny+oyny) = (B+a)[1]. But if oy is a limit ordinal, ¢f (V. apxy) =
of (apny) = cf (Y (Pvy + oqvy)), and if it is a successor, both cofinalities are equal to
cf(2Y), so we deduce that «l'l = 81 and hence that o ~; f.

(iii) If =0 or 1 the result is immediate. Next suppose J=2. If a; >Q**! then
by (i) also f; = Q%! (and vice versa), so by (ii) ag + &y ~x a1 ~x Bi ~x o + B
Otherwise if m is greatest such that o[, 70 then m<k and also m is the greatest
such that S, #0, and

o + 0 = Q% %00, + -+ 2 agin) 4o 4 Q7 (opm) + Lip))
+ Q" oty + - o)

o+ 1= Q% Bow, + -+ 2 Bopsy
+ o Q" (Bopmy + Bipmy) + Q" Bigm—1y + - + By

From o' =", for i =0,1,/<k it follows that (o + a1 ) = (Bo + B!

We now prove the general case by transfinite induction. The successor case follows
casily from the case J = 2. Suppose therefore that J is a limit ordinal. Since a, ~; f, for
y<d,a, =04 f,=0, so we ignore any zero terms. Thus ¢f (3 ;%) =¢/ (3. 55;)
(=¢f(9)). Also by (i), o, > Q"' & B, > Q! and so {y<d:a, >Q**'} is unbounded
& {y<d:p,>0Q"} is unbounded. If each of these is unbounded, 3, _;a, = Q'.a*,
> <5 By =01 p* for some a*, §*. Otherwise for some yo <3, (Vy =70 )%, f; <Q )
and as «, ~ B, by (i) (V7 =y}, = ;). In each case it follows that - ;o ~
Zy<(5 ﬁ}"

(iv) Given o ~4; B and 4 C a, |4| <Q we write =o' + &, =+ ¢ where o,
are divisible by Q**2, and c¢f (a') =cf (') or cf ('), cf (B') = Q. First suppose &=0.

If cf(a),cf(B)=Q2 we define F:AU{a} —BU{B} by F(x)=p and otherwise
inductively so that for each a € 4,9(a,A4) ~ y(F(a),F(4)) and y(F(a),F(4))< Q2.
Suppose that F(a') has been defined for ¢’ <a having these properties. Then y(a,4)
is known and F(a) has to be chosen. This is possible by (i), and as |[4|<Q and € is
regular, F(a)< Q% < B. Moreover y(a, 4) ~; y(B,F(A)) is clear (since each of these
order-types is cofinal with a positive multiple of Q*+2).

Next if ¢f («) = ¢f (f) <2 we may write a = > _, &, f= Z_’,d f, where cach a,, f.
has cofinality > and is divisible by Qf*2. By’ the first case we define F:4N{¢:
D @ SE< s w — {8 D50, Bs<E< F5¢, Bot for each y<i and put the
pieces together.

Finally for the case & # 0 we define F:ANo’ — B’ as above and let F (o' +y)=f'+7
for y<éand o +7€4. O

Now we can prove the required bi-interpretability result. First we define the relevant
structures.

Definition 5.4. If a=a(x, A, 1) is the order-type of Card™ in M, we let

‘/V‘h?).;t = ((ISn)nBI’ (a[ﬂ])n209 (a[n])nzo;qu’PFOdla (Proj,ll )HZ ) (<n)n>0’ (<”)n20)
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be the structure whose sorts are viewed as being pairwise disjoint (and all but finitely
many o, are empty), and <,, <" are the usual (well-) orderings on oy,.a"l. The
superscript 2 indicates that U,{/"\_Zw is viewed as a second order structure in a very
strong sense. This means that the language used to describe it, as well as including
first order variables corresponding to each sort, also contains, for each tuple of sorts,
variables ranging over relations whose ith entry lies in the ith sort of the tuple for
each . (Alternatively we can introduce sorts corresponding to each such tuple, adjoin
all the natural relations, and work in first order logic.)

In one direction the interpretability is ‘explicit’.

Theorem 5.5. If ¢f(x)>2% then .42

R

is interpretable in M, .

Proof. The main point is to show how each a,.ol"l may be represented in ./#7 .
Then we sketch how second order variables as described above are ‘simulated” within
the first order language of ./ .
First we represent non-empty subsets of Card ™ of cardinality < using members of
F, the idea being that 4 € F, represents its range. Since 2™ <c¢f (k) <k <A, all such
subsets of Card~ can be represented. The following can then be expressed:
the set encoded by /4 is a subset of that encoded by #-:
incl(hy b)) (Vi )(30)(hi(0) = (),
(where as App, is just ‘application’ we write /4,(#)) instead of App,(hy,t)) etec).
hy and h; encode the same set: incl(h, ha) ANincl(ha. hy),
h encodes a final segment of o
final(h) - (Vi )(VBY 0 ) A0 ) < B — M) = B),
o is divisible by Q (=ape =0),
div(a, Q) : (Yh)- final(h).
B € is divisible by €, Q%!
div(f, Q) - (VR)(Vy < BUIONy <O < BA(VE)(h(1) # 5)),
div(B. Q1) 1 div(B, QY)Y A (YRY(Vy < BYBSNy <O < B Adiv(S, Q) A
(Vi)(h(1) # 0)).
% is divisible by Q+:
div(o, Q8 Yy s div(a, Q) A (YEUYB <) NP <y <a Adiv(y, Q¥ A
(Ve)(h(1) # 7).

o) is now represented by A such that
final(hy A (VA" Y(incI(h, ') A final(Ry — h=h"),

if such exists (and otherwise is 0). Similarly o) is represented by 4 such that
(Ve)(div(h(t), Q%)) A (YR OY((VEXiv(H (2). QX)) Aincl(h,h') — h = k') if such exists (and
otherwise is 0).

To encode facts about cofinalities we quantify over non-empty binary relations on
Card™ of cardinality < using pairs (/),4;) in Fa. Observe that if 0 # R C (Card ™ )>.
|R| <@, then for some hi,hy € Fo, R={(h(£),ha()): 1 €1S;}. We can describe when
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R is an order-isomorphism thus

iso(hy, hy) : (Ve YV )(hi (1) S hi(82) < ha(t) S<ha(t2)).

The set coded by 4 is then cofinal in « if

cofinal(h): (VB)(3t)(B <h(t)),
and 4 codes the cofinality of o, which is < if

cofinal(h) A (VR X cofinal(h') — (Fhy )(3ha Y(iso(hy, hy) Aincl(h, hy)
Aincl(hy, h) Nincl(hy, 7).

We may express ¢f (x) = by (Vh)—co final(h), and in a similar way for each f €«
we may express ‘4 codes a cofinal subset of ” and ‘A codes ¢f(f)’. From this it should
be clear that each o), o can be represented (though presumably not uniformly).

Finally we show how to represent non-empty n-ary relations of cardinality < on
the sorts of the original structure according to sort provisos of the kind described above.
Since the sorts of .4 KZ,# all have cardinality <£, this translates into fu// second order
logic in this structure.

Without loss of generality consider a tuple of sorts in .47, of the form (IS;,...,
1S; ,Card—,...,Card™) (where Card~ occurs n times). We represent corresponding
non-empty relations of cardinality < £ by m+n-tuples of the form (h1,..., Ay, A,..., A,)
where h; € F ., satisfies funz‘i/,(hj) and #} € F>. Such an m + n-tuple represents

B=B(h)={(H\(t),...,Hn(),K(t),..., K.(t)): L €IS, },

where H; is the function from IS, to IS;, determined by 4;.

Clearly B(h) is a non-empty relation of the required kind of cardinality <€, and
conversely every such relation can be written as B(k) for some m + n-tuple 4.

As in the proof of Lemma 5.1, 7 € B(h) can be expressed in My

If R is a non-empty n-ary relation on A" hf")’u with specified sorts, then as each indi-
vidual sort is definable as indicated above, R may be represented by a corresponding
n-ary relation of the kind just discussed, in .4, [

In the other direction we have a weaker notion than ‘semi-interpretability’, which is
nevertheless sufficient to transfer elementary equivalence. The weakening just consists
in having a whole family of representatives of a tuple rather than a single one. Let
us say that for k€N a k-representation of a tuple (7,f,/4) in My, where each 1
lies in some IS}, B; € Card ", and each 4; lies in some F;, is any tuple of the form
(4, <*,g,t,b,H) where

<* is a well-ordering of IS,,

ACIS,, b;c A,

if h; € F; then H;:IS; — A,

g=(go>---»gx—1,9"%-...4*"") where g;,g' : AU {o0} — IS,
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for some order-preserving 1-1 map 6:4 — Card™,0(b;)= i, (Vt €IS;)0(H(t)) =
hi(t), and for every ae AU {oo} the order-type of {r €IS, :t <*g (a)} equals y({N(a).
0(4));; and the order-type of {t€1S;:t<*g/(a)} equals y(0(a),0(4))/! (where we
take #(oc)=4 (>f for all fe Card™)).

We remark that all entries in this tuple except for the g;, ¢ lie in .4

)

lc_)\u:
<*CIS3, ACIS:, t€IS;, b€lS,, H;CIS; x IS-.

Moreover g,]4,¢'|4 C1S7 lie in A%, so by making an easy modification to their
‘official’ definition, so do g;,g'. But 6 does not (which is why it does not form part

of the representation).
Lemma 5.6. Any (7, B.h) has a k-representation.

Proof. Let 4’ be the union of the set of entries of § and the ranges of the ;. 4’ C
Card™. Then 4’| <2™. Also y(a,4");),7(a,4")V/) each has order-type at most that of
A’. We choose A C IS, of cardinality |4'], a bijection §: 4 — A’, and a well-ordering <*
of IS, extending 6~ '( < ). For ac 4 let g;(a) equal the y(6(a), 8(4)); yth element of IS-
under <*, g;(oc)=4, and similarly for g’/(a). Let b;=67'(;) and Hi(t)=0""hi(1)
for each 1. 7J

Lemma 5.7. In the language of N},
A2 Eoeild, <*.g,b) if and only if
A‘Q 1S5, <* is a well-ordering of 1S;,b €18,
G=(gor---gi-1.9%-...g5"") where the g;,g' are functions from AU {>c} into IS,
and if A and 1S, are enumerated in <*-increasing order as {ag: f<fo}. {b.:7<70}.
and b=1b.,, and for each B<pfo,ay is an ordinal for which b, =giag), b, =

g'(ap) for 1<k, then Zﬁ<ﬁ0 oy ~p Y1

for each k there is a formula @ such that

Proof. The proof of this is obtained by formalizing a transfinite induction similar to
that used in the proof of Lemma 5.3(ii1). OJ

Lemma 5.8. For each tuple of sorts and each k,

(1) there is a formula rep, of the language of Ar’fm which holds in A"KZ/-# for a
tuple having the right sequence of sorts if and only if it is a k-representation (of
some tuple),

(ii) there is a formula isorep, of the language of A7, which holds in .47, for
a pair of tuples each having the right sequence of sorts if and only if there is some
tuple of M, of which they are both k-representations.

Proof. (i) To tell whether a tuple is a k-representation we first verify lines 1 to 4
of the definition, which can all be expressed in the language of ,4”",\_2/1“ (where we
have second order logic). If they hold then the main point is to check whether 6 can

be defined to give the correct y-values. For this we appeal to the previous lemma,
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and we also need to refer to the sorts o, ol/! for j<k to ensure that the right
2(0(00), 8(A4)); 1, 7(8(00), 0(4))1/! values can be achieved. Then we may define B,%
by Bi=0(b:), hi(t) = 0(Hi(2)).

(ii) Similar remarks apply except that we should now work with ‘minimal’ 4, that
is, those which are equal to the union of the {b;} and range(H;). O

Theorem 5.9. For every (first order) formula ¢(xo,...,x,_1) of the language of M5y
there is an effectively determined integer k and (second order) formula Y(yy,...,
Vokans1) Of the language of N>, such that for all x,i.u with cf(x)>2%, for

KAN
every ag,...,d,—| in zﬂ&“ (having the correct sorts) and every k-representation cy, . . .,
Coinet Of @ in N2

KA
My, b= olal & AL, b ylE).

Proof. We construct v by induction. The & is just the ‘quantifier depth’ of ¢ (for
quantifications over F;), as emerges from what follows.

First consider the case of atomic formulae, where we take k = 0. If ¢(xo) is Eq'(x0)
we let (o) also be Eq'(y,), (since sort IS, is the same in the two structures).
Similarly for Prod'(x,),Proji(xo,x1), and xo =x; where xo,x; lie in the same S;. If
@(xg,x1) is x9 =x; or xg<x; where xp,x; € Card™ we let Yy(yo, yi,y2,y3) be y2=y3
or (y2,y3)€ y; respectively. Consider < for instance, and let (4, <*,by, b)), a
k-representation of (fy, 1), and 0, be given by the definition of what this means. Then
8(bi)=Pi, s0 bo<*bi & fo<pi and A, = olBo, file fo<pi & bo< by & N7,
= (bo,b1) € <* & A}, W[4, <*,bo,bi]. For the remainder it suffices to consider
@(x0,%1,%2) =x; = App,(x2,x0) (since the other atomic formulae may be written in
terms of this and the ones above). Here we let Y(yg, ¥1, V2, 3, ¥4) be (¥2, v3) € ya.

For the induction step the case of negation is immediate (we take the same £
and the negation of the corresponding formula). For conjunction suppose that ¢ is
@P1(X0s -+ s X1V XLy e s X1 YA @2(X0s -+, X1 1, Xms - -, Xy—1 ), Where the x; are distinct

variables, and that &y, Y1 (¥g,-.., Y3, 412%0s-- 2%, ) corresponding to ¢; and ko,
W2(VGs- s Vo 1sX0 s+ - > X[ s X5 X, ) corresponding to ¢, have been chosen. Let
k=max(ky, k2) and Y( Yo, ..y Y2kt 1205+ sZ1— 15205 -+ sZm—15Zm» - - - » Zn—1 ) be the formula

WI(V0se ooy Yoy +10205 - - -3 Zme1 )AW2(V0s s Y2at 15205 -+ s 20— 15 Zms o+ > Zne 1 )-

k—1
2

If ap,...,a,—; In //:/:“ have the correct sorts, and (4, <*,go,...,gk~1,g°,...,g

bo,...,b,_1) is a k-representation in ,4”,\_2;#, then (4, <*.go,---+ Gk —1,9%...,g" 7",
boy.. . bm—1),(4, <*,go,...,gkz,1,g0,...,gkz_l,bo,...,b/‘I,b,,,,...,b,,_l) are  ki-, k-
representations of (ag,...,am—1),(Ags---,@1—1,4m,-..,a,—1) tespectively, and so the re-
sult goes through with this &.

Now consider the existential quantifier. Suppose @(xp,...,x,—1) is (Ix, ) (xo,-.-,
X._1,%), and that k’,y/’ corresponding to ¢’ have been chosen.

Case 1: x, € ISj. Let k=k" and W(}’O, cevs Vaktna1) b€ (3yakinan )l//(yo, ooy Vhtna2)
(where yr.ni2 els; too).
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Suppose ag,....a,_ 16ﬂw have the correct sorts, and (4, <*.g,c) 1s a k-
representation of @. Then for any a, €1S;,(4, <*.g.c.a,) is a k-representation of

(ap....,a,). Hence

;\/;4 ':: (P[a(), S aanfl]
< for some a, €IS;, 45, = ¢'[ag.....a,]

KA

& for some ¢, €1S;, ./ ,\,“ EY'[4. <", g.con. ... ¢l
@ ‘ I\h/ll }: w[A’ <*’g9E]'

Case 2: x, € Card~. Any existential quantifiers over Card™ may be eliminated in
favour of quantifiers over IS, and F», since (Ix, € Card )¢ (xp,....x,) & (Fhc F>)
(It €1S:)¢ (x0, .. .. X4 1, B(E)).

Case 3: x, € F;. Let k=k"+ 1 and ¥(yo,..., Y2k 1n-1) be the formula

(320) e (322k+n =1 ) (32)("‘?/\»(20» v a23k+n+132) A
isorep;(vo. ..., Voktni 1200 2ok ) ) AW (20000 22k i1, 2)),s

where rep, , isorep, are the appropriate instances of the formulae provided by Lemma 5.8
(that is for the correct sequence of sorts), and ¥'"(zo,....2Z2%4n1,2) IS Y'(z(.....
Zh4n1-2) Where (zg,...,25,,, ,z) is obtained from (zo.....z2:41,2) by deleting the
two variables corresponding to g; and g*. For ease assume the variables in | J IS, come
first, then those in Card ™, then those in | F..

Let (4, <*.3.1.b,H) be a k-representation of (7, 5.%). Then

/[r\*/u % @[;* B_* E]
¢ for some he€ F;, 7, , = @'[1,B,hh]

KN

« for some 4',<’,¢’,1, 0/, H,H’, where H':IS; — A4/,

2 erep A, <’ g LB H H'| A

f\/u
i‘90r€pk[A/,<,,?jj?7sH/ A, <*.g,t 7,b, ﬁ]/\l////[A’,</,?»f,F,ﬁ.H/]
= t:\:u Eyl4,<".9,t,b,H].

The first and last steps are immediate. It is the intermediate equivalence which we
have to justify.

Suppose then that /7, = ¢'[7,p.h.h], and let (4'.<'.¢. LB .H'.H') be a
k-representation of (7. f3, h,h) (which exists by Lemma 5.6). We get a corresponding k'
representation by omitting g}, (g%, so by the induction hypothesis, .12 s =2
g.t.b H H']. Also /V,\j“ E=rep (A, <'.g 1,0/, H.H'| Nisorep,[A', <'.¢'.1.b' .H .4

<*.g..b.H]

Conversely if . twl =y[4,<*,§,1,b, H) there are A’, <',¢',1,b’,H',H' which form a
k-representation of 7,B.hh for some h, and such that 42 l=rep[d'. <7
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7,0/, H',H'] Nisorep,[A', <',g',;,b/ . H',A, <*,§,1,b,H]. By Lemma 5.3(iv) there is
some H :1S;— A such that (4, <*,g,7,b,H,H) is a k'-representation of (7, f,%,h).
By the induction hypothesis again, .#'; = ¢'[%, B, h,h] as required. [

Corollary 5.10. If ¢f (1), cf (k2)>2%0 then the following are equivalent:
(1) '%K];L1u1 E%Kz/ig/,tgﬁ
(11) ‘/VK%MM = "/Vh‘z/:z#:’

(i) S;,(p1)/Sk, (1) = 85, (12)/Sk, (p2)-
Proof. This follows from Theorems 5.2, 5.5, and 5.9. [

So in a certain sense, for cofinalities above 2%, only a rather modest amount of
information about the cardinals x, 4, and y is needed to distinguish the quotient groups,
and in particular, whenever a(ky, A, i) ) ~ a(xa, 42, 1) they are elementarily equivalent.

6. The case ¢f(x)<2™ and conclusions

In this section we begin by treating the rather more complicated case in which
cf(x)<2™, and then summarize the conclusions in all cases. The first remark is that
there is a first order sentence of the language of .#,,, which distinguishes this case,
namely

(3h1,hy € Fy)(hy # hy A (Yt € 1S;)(App, (hy 1) = Appy (B2, 1))

So from now on we assume that ¢f(x)<2™.

We now describe the modification of .2 . appropriate in this case, which varies
slightly according as x<2% or not, and k =¥y or not (cases which we shall see
below can be distinguished by formulae of the language of group theory). Let a* be
the least ordinal >0 such that (Iy)(f =7y + «*) where x =Ry. The definition of Aﬁ p
is modified to include as additional sorts ¢f(x), and oc[*n],oc*[”] for n=0. Since o* is
by definition additively indecomposable, only at most one «j,, can be non-zero, so the
representation is somewhat redundant, and we have just w + 1 possible cases. We also
include (distinct) individual constants ¢, ¢, € IS in the structure. These may be chosen
arbitrarily or, better, as definable elements (to ensure that the interpretation is without

parameters).

Definition 6.1. If «=o(x, A, u) is the order-type of Card™ in .#,;, and a* is the least
ordinal >0 such that (Iy)(f =7y + «*) where x =Ng, we let

N = Sz 15 (0 n0, (™ Vns 0, (o Inz 0, (@05 Eq', Prod,

(Projyuz 15 (< iz 00 (< D00 (< w05 (<™ 05 o, O kap, fin)

be the structure whose sorts are viewed as being pairwise disjoint (and all but finitely
many o, and all but at most one o, are empty), and <,, <”, <, <*" are the usual
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(well-) orderings on oc[nj,a["],a[*n],oc*["]. As in Definition 5.4 the superscript 2 indicates
that .42 . 1s a second order structure, and the same restrictions are made as before on
the second order variables which are allowed (where the new sorts are now allowed as
entries in the tuples of sorts), except that since we no longer know for sure that A>2%,
we have to restrict to quantification over relations of cardinality < /. The constants ¢,
and ¢, are distinct elements of IS>, and kap and fin are unary relations on IS, kap
picking out a subset of IS, of cardinality x and fin the set of isomorphism types of
finite sets, which are only included if K <2®, k= N; respectively.

The case x <2™ has to be treated separately because it is precisely here that Sum,
(summation of % € F,,) cannot be identified with supremum. As we saw above, subsets
of 1S, can be represented in .#,;,, and by various tricks (which we do not go into,
but which are similar to ones described below for other purposes) one can express
the property of having cardinality k. In general there will be no definable such set
however, so the interpretation of .4 > , in Ay, in this case requires a parameter. If
also k =N, we include a predicate fin picking out the members of IS, corresponding
to isomorphism types of finite sets. (This predicate is definable in .#,,,.)

The fact that kap is not definable does not affect our main results however. We shall
show that (in the relevant case), kap can be interpreted, and that we can express when
the representations of members of our structure using two possible interpretations of
kap represent the same object.

One main difference in this section is that we can no longer work with .4, . Instead
we refine the methods of Section 5 to show how the second order logic just mentioned
can be represented in .#,;,. We recall that in Lemma 5.1(ii) we saw how to say that
two members of F, or F, ., encode the same subsets of IS, or IS, x IS,. In fact if
¢f (x)>2" they encode the same set if and only if they are equal. But this is not true
if ¢f (k) <2™ (as was essentially exploited above in devising a sentence to characterize
this case). Life is easier if we use # which ‘minimally encode’ sets or relations. All
this means is that the cumulative effect of values below « is negligible, in other words
ST{A()  h(t) <x} <x, but we have to see how this can be formally expressed.

For hi h, € F, we write restr,(hy.hy) for > {h(¢) — ha(e): ¢ €IS, } <n. In S;(p),
S.(1) this corresponds to a tuple representing 4, being conjugate to a restriction of a
tuple representing k, (expressed in Section 4 by a corresponding formula restr, ), and
so by Theorem 2.6 is first order expressible in the language of .#,;,. Saying that A
minimally encodes a set (or relation) then is expressed by min(h):

(VA € F)((Vt € 1S,)(App,(h,t) =Kk < App,(h'.1) = K ) — restr,(h,h")).

Now we show how to capture the behaviour of cardinals below » in .#,;,. Let us
write Card..,. for {ve& Card :v<x}. We can only hope to capture the ‘tail’ of Card..,.
We encode (the tail of} a subset X of Card., by any k € F5> having X as range. (Of
course subsets of Card., of cardinality < min(£2,/) can be so encoded.) We can
express ‘k encodes some set’ by (Vt €I15:)(App,(k.t)=0), and we say that such a &
is almost zero. In the sense of the previous paragraph k encodes the empty subset
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of 15;. As we wish to exclude O (that is, any & such that > {k(z):7€15:} <k) we
identify 0 as any k € F, which minimally encodes the empty set.

In order to express when two almost zero members of /5, encode the same subset
of Card_., it is easier to pass to those which are ‘almost 1-1’, meaning that

(3V<K)(Vl1,l‘2 EISz)(k(ll):k(tz)ZV-—)tl =b).

This requires a further technical trick.
Now if A€ F> minimally encodes a subset X of IS,, and 4,k are almost zero, we
can express ‘k; encodes the restriction of 4, to X’ by the formula

restro(ki, k) Arestrs(ky, WY A(VE € By )Y(restry (k' ky) Arestro(K' B — restra(k k).

If f€F, and one-onefun, ,(f) we can express ‘the function F coded by f carries
ki to k;’ (meaning that F carries {7:4,(t)>0} to {¢:k2(z)>0}, and for each ¢ with
ki(t)>0, k(F(t)) =k (1)), via S;(¢)/S.(r) and Theorem 2.6 as follows:

‘a tuple representing f has a restriction which projects to a conjugate of a tuple
representing k; on co-ordinates 1,2, and to a conjugate of a tuple representing k; on
co-ordinates 5,6°.

Using this we can now express ‘k is almost 1-1’ thus:

one-one(k) : k is almost zero and Vk,Vk,V f(ky, k; non-zero restrictions of & to disjoint
subsets of IS; A one-onefun( f) — —(f carries k to k).

For if k is not almost 1-1 there are cofinally many v<x such that |~ !(v)|>2 and
we can find non-zero restrictions of £ to disjoint subsets of IS and a permutation
taking one to the other.

The point of doing this is that we can now express ‘almost zero k; and 4> code the
same (tail of a) subset of Card.,’, and compare order-types of such subsets. For %
and &, code the same subset of Card., if and only if one can be carried to the other
by a 1-1 function from a subset of IS, to IS;.

We can now express ¢f (k) <2™ Ak is a successor by

cf (k) <2™ (already expressed) A (Vk)(one-one(k) — k =0),

if desired (though it corresponds to the special case o* =1).

Now suppose that ¢f(x)<2™ Ak is a limit. We wish to represent cf(x) and each
of, and o*") in 4, ;,. We represent cf(x) by any k such that

one-one(k) ANk £ 0 A (VK" Y one-one(k’ YNk #0— (3g)(g a 1-1 map from a subset
of IS, into IS> A (Vt)(k(t) <K' (gt))).

For this we need to express (V¢)(k(t)<k'(gt)) in M\,,, and we use the same idea
as above, going via S;(u)/S,(1), and say that the projection to co-ordinates 1,2 of a
tuple representing g has as a restriction a conjugate of 4.

Now moving towards representing the «, and o*"), we find a formula subset* (ki k2)
which expresses ‘k;,k; are almost 1-1, and the set encoded by k; is a subset of the
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set encoded by k>’ thus

(3/)(Fh)(one-onefunction( f) A h codes a subset of IS» A
ki is the restriction of k»g to the set encoded by 7).

To represent in .#,,,, the main point is to find inductively a formula die*(7.Q")
analogous to the div formulae considered earlier, expressing ‘4 encodes a function
from IS, to Card., such that for every ¢, h(¢) i1s divisible by Q"°. For the basis casc
div*(h, Q") just says that 4 encodes a function from IS» to Cuard.,., in other words,
h is ‘almost zero’. We also need similar almost zero functions from IS5 to Card. .

Assuming inductively that div™(h, ") has been found. we take for div*(h. Q" ') the
formula

div*(h.Q"y A (VA)[(K codes a function from IS7 to Card.,)A
Vet €1S:) (I (6,1Y < h(t)) — (3" YK codes a function from 15> to
Card.. N(Vt,t' € 1S:)YH (.Y <h' () <h(1))].

We illustrated how to handle inequalities in this context above, so such a formula
exists, and is clearly as required.

We can therefore represent each . in .#,;,. Moreover, if ocl*”l#O for some n,
a" =", and all cofinalities are at once represented (equal to cither 0 or
¢f (Q".%),)), and if o, =0 for all n, o*=Q". 07, so the cofinalities are all equal

to ¢f(x). Thus all the sorts of .1"> are represented. The method for representing the

A
second order logic on 1,3/ u described above is as in the proof of Theorem 5.5.
Next we show how to handle the case k<2™. Let us say that s € F, takes at most
two values if for some A’ :1S; — Card.., (h'),,=h and |range h’|<2. This notion is

captured in .#,;, by the formula
(VX CIS: WY CX)(all permutations of X fixing ¥ setwise also fix h).

Observe that we need the V3 quantification because we can only quantify over subscts
of IS; of cardinality </, and we have not insisted that /> 2%,
We can now characterize x <2™ by means of the formula

(3ny(h#0Ah is almost zero A h takes at most two values),

which justifies defining 473 by the cases x>2" or x<2%. All the ingredients of
this structure have been represented in .#,;, in the case ¢f (K)<2™ <x, and when
k<2 we interpret kap as a subset of IS, of cardinality x. We remark that in this
case, |Card.,|<2™, and so this is an instance where the a7, and ol really arc
mostly redundant, since %o =2, and all other %[, are Zero. If k =N, we also have
to represent fin, as mentioned earlier, and this is done as follows. Amplifying the
remarks just before Theorem 4.3, let us say that an n-tuple ¥ €S;(p)/S. (1) 1s irre-
ducible if X#1 and VIVE(disj (F.Z)AX=F *Z—(F=1VI=1)). Then one easily
checks that S;(u)/S,.(u) = (3x)(x irreducible) < x =Ny, and so, by Theorem 2.6, this
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can also be expressed in .#,;,. Moreover, the same argument shows that irreducibil-
ity too can be expressed in .#,,,, and we note that ¢ € fin < (Vi € F>)(h irreducible
— App,(H,t)=0). For if S,().g is irreducible and App,(Chy,t)#0, where ¢ € fin,
then (g) must have infinitely many orbits of type ¢, so can be written as a non-trivial
product of disjoint elements. On the other hand, if ¢ ¢ fin, then there is S.(u).g#1
such that (g) has a single non-trivial orbit of type z.

This describes the essential steps in the proof of the following theorem.

Theorem 6.2. For all k, ./VKZA L IS interpretable in M, ;,. If Kk>2%0 the interpretation
is without parameters, and if k <28 a parameter for kap is used.

Proof. The case cf(x)>2"0 follows from Theorems 5.2 and 5.5, and the case
cf (k) <2™ is covered by the above discussion. As remarked above, although the pa-
rameter kap is needed in the case x <2™, since ‘having cardinality x’ is expressible,
we can define when a subset of IS, is a possible choice for its interpretation. (]

To complete our analysis of the case ¢f (x)<2™ we show how .#,;, is (weakly)
interpretable in /Vé_# in this case in the sense of Theorem 5.9. This will suffice to
show that the structures ijju completely capture the first order theory of the groups
S;(1)/S.(1), which is our goal. Here we use a modification of the definition of
a k-representation of a tuple (7,5,%) in .4,; 4 Recall that without the assumption
c¢f(k)>2% we only know that % is a tuple of &,-classes of functions, which is one
reason for the altered definition. Another point is that we need to capture the eventual
behaviour of two well-order-types, namely Card above and below k. If k =Nz and
y is least such that =y + o*, we let Card” ={v€ Card :v=0V X, <v<Ai}. Then a
k-representation of (7,5,%) is defined to be any tuple of the form (4,<*,§,7,b,H)
such that

<* well-orders IS,,

ACIS;, b; €A, cyp,c €A,

if h; € Fj then H;:1S; — A4,

g is a tuple of the form (go,...,gk—1,9% ..., 98,-- .97 _1,g"%...,g"* ") where
gig i A'U{oc} = 1IS,, gf,g* " : A" — 1S, where A’ ={acAd:a<*c,} and 4" ={a€4:
e <aj,

and for some 1-1 order-preserving map 0:4 — Card”,

6 takes ¢ to 0, ¢, to Kk, and b; to f; for each i,

if #; € F; then for some A} :IS; — Card”, (h)s, = h; and (Vt € 1S;)0(Hi(t)) = hi(?),

the order-types of {t€1IS;:t<*g;(a)} and {t€1S,:t<*g/(a)} are equal to p(6(a),
6(4")); ) and y(6(a), 8(4"))/ respectively, for each a € 4’,

and the order-types of {t€1S;:t<*gi(a)} and {t€lS;:t<*g*/(a)} are equal to
W O(a), 0(4")); ;) and p(6(a), ¢ (A" )Y respectively, for each a€ A”.

Theorem 6.3. For every ( first order) formula ¢(xo,...,x,—1) of the language of M,
there is an effectively determined integer k and (second order) formula Wy(yy,...,
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Vaksnt1) of the language of N2, such that for all x, i, u with cf (k) <2™, for

KA
every ag,..., dyy Iin %:xﬂ (having the correct sorts) and every k-representation
€O -2 Clfpn Of @ i0

472
A KAW

MY olal e A, = ylE)

Proof. We have to indicate the appropriate modifications in the proof of Theorem 5.9.
We first remark on the analogues of Lemmas 5.7 and 5.8, which are required here
too. Finding a formula to express the existence of a k-representation is much as be-
fore. Some modification is needed in Lemma 5.8, since we have to allow for the
possibility that the H; may be &;-equivalent, so that the lack of an order-isomorphism
between the corresponding A4s need not determine whether or not the k-representations
are isomorphic. This is handled using an additional existential quantifier.

Proceeding to the main proof, since we now have to work with .#,;, rather than
M, there are some extra atomic cases in the induction to consider. We concentrate
on the formula Eg(x), as this serves to illustrate the idea.

Since the structure Afxzm, and the notion of ‘k-representation’, are different in the
cases k>2™ and xk<2%, we treat the two separately, starting with the former, in
which ¢f (k) <2™ <k. Let (4, <*,H) be a O-representation of /. Then

M= Eqlhl e Y (1)1 €15 At =((B.g1,92))= — 01 #92)} <K,

where (h')s, =h is as in the definition of k-representation, corresponding to H, and
this is equivalent to

(v <) (V1 €IS:)(t=((B.g1.92))= — K (1) <V).

For if (V1 € I2)(t = (B, 1, g2))~ — H'(£)<v) then S {k'(1) ¢ € IS, A (t=((B. g1.92))~
— g1 #£g)}<2Myv<k as 2N v<k. And if {W(t):t€IS; A(t=((B.g1.g2))~ —
g1 #g2)} is unbounded in Card..,, then Y {A'(¢):t €IS A(t=((B.¢1.92))~ —g1 £ g2)}
Zsup{l'(t): 1 €SN (= ((B,g1,92))> = g1 £ g2)} =K.
Therefore
My; = Eqlh] & 3y <k )Vt € IH)(Eq' (1) — K (£)<v)
S N5 EGY eIV eI yeANy<c, AEq'(z)
—H({)<" ),

and this provides the desired formula ¥(yg, yi, v2).
Now turning to the case where x <2™ we find that

My = Eqlh]l & (v <x) (V1 €1$)(1 = ((B,g1.92))= — K (1) <)
A{telSy: W (1) #0} <k
(A(VtEIS, — fin)(K'(£)=0) when kK =R;).
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The second clause can be expressed by using kap; one says that there is a 1-1 function
from {¢: H(¢) # co} into kap, and that no such function is onto. Similarly, when x = Ry,
the final clause is expressed by (Vi € IS, — fin)(H(t) # cyp).

In conclusion we note that although kap is used here, for any two possible choices
for it, we can define when the representation of some object (for instance an ordinal)
under the two values really represents the same object, and so the apparent arbitrariness
is inessential.

Further Remarks. We first remark here that if x is a successor cardinal, then the
analysis at once becomes much easier. For if ¢f(x)>2% then we may apply the re-
sults of Section 5, and if ¢f(x)<2™ then a* =1 and the extra sorts of the struc-
ture A’:—%; . blay no essential part. Note however that although we can distinguish
these two cases (cf(x)>2", cf(k)<2™), we cannot distinguish when x is a suc-
cessor. For as remarked at the beginning of Section 5, if cf (i), cf (k2)=(2%)* then
My, oy =M, but ¢f(x)>2 is compatible both with x a successor and x
singular.

Arising out of this, we further note that in the general case, (if A>«"), .#,;, and
the disjoint sum of #,.;, and .#,,+, are bi-interpretable, and so we can separate our
problem into two parts, the first as in the previous paragraph, and the second of which
is the true content of Section 6.

2K {22

Conclusions. In studying the elementary theory of the groups G =S;(u)/S.(1t) where
No<k<Agpu" we distinguish the following eight cases (by first order sentences of
the language of group theory):

First we distinguish the cases A<pu and A=pu". In each of these, the elementary
theory of G is determined just by the values of ¥ and 4. Then we consider the cases

cf(k)>2%, of (k)< <k, Vo<x<2™, and k=1N.

In each case we form a many-sorted second order structure 42 whose sorts all have
KAq

cardinality <2, which captures the first order theory of G, meaning that
S).| (ﬂl )/SM (,ul ) = S/.z (,uz )/SKZ (#2) A “4/1‘?),1;11 = ‘/1/:\%/11111 ‘

For ¢f(x)>2"" we just require information about Card~; in the other cases, informa-
tion about the (large enough) cardinals below x is also represented, and when x < 2%
we also require extra unary predicate(s) on IS;. We summarize this by the general
form of Corollary 5.10:

Corollary 6.4. If k) <i <p and xa<ly<pi then the following are equivalent:
(1) ‘%{]}.]ﬂ\ E°/%K2/:3‘ugs
- 2 _ 2
(i) A K1 — AN KaAajta?

(1ii) Sy, (p1)/S, (1) = S5, (12)/ S, (12).
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For the case where A< u and ¢f (k) >2" the following holds: For any given ordinals
o, %! < there is a first order theory T in the language of group theory such that

if 2% <of (R)<p A<p, k=Np, A=W, f+oa=7, and o, =2, o ="
for each n, then the first order theory of the group S,(1)/S.(1) i1s equal to 7,

with similar statements in the other cases (including reference to the “f}zr“*[”] and
kap,fin as appropriate).

Finally we remark on quotients by alternating and trivial groups. The class {S;(u)/
A(u):Ro<A<u™} of quotients by alternating groups is definable in the class of all
quotients of symmetric groups, being precisely those with non-trivial centre. Moreover
since the centre of S;(u)/A(u) is just S.,(u)/A(p), which has order 2.8, (p)/S.(u)
can be easily interpreted in S;(u)/4(p). It follows that if S, (1 )/A(p Y =S, (10 )/ A1)
then S;, (11 )/Su (1) =S5, (12)/Sw (1), but whether the converse is true is not at present
clear, (though, as we have seen, the class {S;(u)/S.(1t): A u} is definable in {S,(p);
Si(1) k.4, u}). The quotients by trivial groups are just the normal subgroups of S;(u).
which were studied in [10] and [11]. These may be distinguished from the other
‘genuine’ quotient groups we have studied (as in [12]) by means of the sentence

Ie(x A 1A = LATYNx") = 1V (") = 1))

(which says that there is a transposition).
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