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Abstract. We show a general scheme of Ramsey-type results for partitions of countable sets of
finite functions, where “one piece is big” is interpreted in the language originating in creature
forcing. The heart of our proofs follows Glazer’s proof of the Hindman Theorem, so we prove
the existence of idempotent ultrafilters with respect to suitable operation. Then we deduce
partition theorems related to creature forcings.
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1. Introduction

A typical partition theorem asserts that if a set with some structure is divided into
some number of “nice” pieces, then one of the pieces is large from the point of view
of the structure under considerations. Sometimes, the underlying structure is compli-
cated and it is not immediately visible that the arguments in hands involve a partition
theorem. Such is the case with many forcing arguments. For instance, the proofs of
propernes of some forcing notions built according to the scheme of norms on pos-
sibilities have in their hearts partition theorems stating that at some situations a ho-
mogeneous tree and/or a sequence of creatures determining a condition can be found
(see, e.g., Rostanowski and Shelah [10, 11], Rostanowski, Shelah, and Spinas [12],
Kellner and Shelah [7, 8]). A more explicit connection of partition theorems with
forcing arguments is given in Shelah and Zapletal [13].

* This research was supported by the United States-Israel Binational Science Foundation (Grant no.
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The present paper is a contribution to the Ramsey theory in the context of finitary
creature forcing. We are motivated by earlier papers and notions concerning norms
on possibilities, but we do not look at possible forcing consequences. The common
form of our results here is as follows. If a certain family of partial finite functions is
divided into finitely many pieces, then one of the pieces contains all partial functions
determined by an object (“a pure candidate”) that can be interpreted as a forcing
condition if we look at the setting from the point of view of the creature forcing. Sets
of partial functions determined by a pure candidate might be considered as “large”
sets.

Our main proofs follow the celebrated Glazer’s proof of the Hindman Theorem,
which reduced the problem to the existence of a relevant ultrafilter on @ in ZFC.
Those arguments were presented by Comfort in [3, Theorem 10.3, p. 451] with [3,
Lemma 10.1, p. 449] as a crucial step (stated here in Lemma 3.7). The arguments of
Section 3 of our paper really resemble Glazer’s proof. In that section we deal with the
easier case of omittory-like creatures (loose FFCC pairs of Definition 2.2(2)) and in
the proof of the main result Conclusion 3.10 we use an ultrafilter idempotent with re-
spect to operation @ (defined in Definition 3.4). The third section deals with the case
of tight FFCC pairs of Definition 2.2(4). Here, we consider partitions of some sets
of partial functions all of which have domains being essentially intervals of integers
starting with some fixed n < w. While the general scheme of the arguments follows
the pattern of Section 3, they are slightly more complicated as they involve sequences
of ultrafilters and operations on them. As an application of this method, in Theorem
4.9 we give a new proof of the partition theorem by Carlson and Simpson [2, Theorem
6.3]. The next section presents a variation of Section 4: Under weaker assumptions
on the involved FFCC pairs we get a weaker, yet still interesting partition theorem.
Possible applications of this weaker version include a special case of the partition
theorem by Goldstern and Shelah [4] (see Corollary 5.9). These results motivate Sec-
tion 5, where we develop the parallel of the very weak bigness for candidates with
“limsup” demand on the norms.

Our paper is self-contained and all “creature terminology” needed is introduced in
Section 2. We also give there several examples of creating pairs to which our results
may be applied.

Notation: We use standard set-theoretic notation.

e Aninteger n is the set {0, 1,...,n— 1} of all integers smaller than n, and the set
of all integers is called . For integers n < m, the interval [, m) denotes the set
of all integers smaller than m and greater than or equal to n.

e All sequences will be indexed by natural numbers and a sequence of objects is
typically denoted by a bar above a letter with the convention that ¥ = (x;: i < y),
y< o.

e For a set X, the family of all subsets of X is denoted by P(X). The domain of a
function f is called dom(f).

e Anideal J on o is a family of subsets of @ such that

(i) all finite subsets of @ belong to J but ® ¢ J, and
(i) ifACBeJ,thenAeJandif A,B€ JthenAUBE J.
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For an ideal J, the family of all subsets of @ that do not belong to J is denoted by
JT, and the filter dual to J is called J¢. Thus J¢ consists of all sets A C @ for which
w\Ael.

2. Partial Creatures

We use the context and notation of Rostanowski and Shelah [10], but below we recall
all the required definitions and concepts.

Since we are interested in Ramsey-type theorems and ultrafilters on a countable
set of partial functions, we will use pure candidates rather than forcing notions gen-
erated by creating pairs. Also, our considerations will be restricted to creating pairs
which are forgetful, smooth ([10, 1.2.5]), monotonic ([10, 5.2.3]), strongly finitary
([10, 1.1.3, 3.3.4]), and in some cases omittory-like ([10, 2.1.1]). Therefore, we will
reformulate our definitions for this restricted context (in particular, val[¢] is a set of
partial functions), thus we slightly depart from the setting of [10].

Context 2.1. In this paper H is a fixed function defined on @ such that H(i) is a finite
non-empty set for each i < @. The set of all finite non-empty functions f such that
dom(f) C o and f(i) € H(i) (for all i € dom(f)) will be denoted by Fy.

Definition 2.2. (1) An FP creature’ for His a tuple

t = (nor, val, dis, man, myp) = (nort], vallt], dis[r], mly,, m,,)

such that
e nor is a non-negative real number, dis is an arbitrary object and mly, <
my, < @, and

e val is a non-empty finite subset of Fy such that dom(f) C [mf, m{]p) for
all f € val

(2) An FFCC pair* for His a pair (K, ) such that

(a) K is a countable family of FP creatures for H,
(b) for each m < ® the set K<, := {t cK: m{lp < m} is finite and the set

Ko = {t € K: my, > m & nor[t] > m} is infinite,
(c) X is a function with the domain dom(X) included in the set

{(to,....tn): n< ®, 1y €K and e, <m”1f0r€<n}

and the range included in P(K) \ {@}

(d) ifr € X(tg,...,ty) then (t € K and) mdn =mly, < mup = mup,
(e) t € X(¢) (for eacht € K) and
(f) ift € L(to,...,1,) and f € val[t], then

dom(f) C | J{[mlf,, mly) : £ <n}

and f1 [m}y . mp) € vallt,]U{0} for ¢ < n, and

T FP stands for Forgetful Partial creature.
¥ FFCC stands for smooth Forgetful monotonic strongly Finitary Creature Creating pair.
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(2) iffy,..., I €edom(X) andi =1 "1, € dom(X), then

U{Z 5055 S/EZ(I/)f0r€<n}CZ
(3) An FFCC pair (K, X) is loose if
(c'°%%®) the domain of ¥ is
dom(Z) = {(to, ..., ta): n < @, t; € K and m; <md“f0r€<n}
(4) An FFCC pair (K, X) is tight if
(c'"Yy the domain of ¥ is

dom(Z) = {(t0,...,ta): n < @, t; € K and my, =mt! for 0 <n},

(€1 ift € X(tg, ..., t,) and f € vallt], then f|[ml},, miy) € vallt,] for all € <n,
and

(hUeMy if 5o, 51 € K, my =mi}, fo € val[so], fi € val[si] and f = foU f1, then there
is s € X(s0, s1) such that f € val[s].

Definition 2.3. (Cf. [10, Definition 1.2.4]) Let (K, X) be an FFCC pair for H. (Be-
low, if § ¢ dom(X) then we stipulate ¥.(5) = 0.)

(1) A pure candidate for (K, X) is a sequence f = (t,: n < ®) such that t, € K, m, <
mit (for n < @) and lim nor(r,] = ce.

A pure candidate t is tlght lfmup =my ”“ (for n < w).
The set of all pure candidates for (K, E) is denoted by PC (K, X) and the family
of all tight pure candidates is called PCEE (K, X).

(2) For pure candidatest, § € PCw(K, X) we write f < § whenever there is a sequence
(uy: n < @) of non-empty finite subsets of @ satisfying

max(u,) < min(u,+1) and §, € X(tlu,), foralln < o.
(3) For a pure candidate t = (t;: i < @) € PCw(K, X) we define

(@ S)=A{(tiy,...,ti,): io <+ <in < @ for some n < @}, and
b) T(7)=ULE(): s S()) and =55 (F) = U{Z(to, .., 1z): n < @},

(c) pos(7) =U{valls]: s € X'(7)} and pos** () = U{val[s]: s € £**(7)},
@) t1n=(tyi: k< 0).

Remark 2.4. Loose FFCC and tight FFCC are the two cases of FFCC pairs treated
in this article. The corresponding partition theorems will be slightly different in the
two cases, though there is a parallel. In the loose case we will deal with X' (7 (_) pos(f)
and ultrafilters on the latter set. In the tight case we will use X**(7), pos®® () and
sequences of ultrafilters on pos®™® (7 | n) (for n < ).

We will require two additional properties from (K, X): Weak bigness and weak
additivity (see Definitions 2.5, 2.6). Because of the differences in the treatment of
the two cases, there are slight differences in the formulation of these properties, so
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we have two variants for each: 1-variant and t-variant (where “1” stands for “loose”
and “t” stands for “tight”, of course).

Plainly, PCZ* (K, X) C PCo(K, X), Z**(7) C ¥/(7) and pos®®(7) C pos(7). Also, if

TePCY(K,X), theni|nePCZ(K,X) forall n < o.

Definition 2.5. Let (K, X) be an FFCC pair forHand = (t;: i < @) € PCo(K, X).

ey

@)

3

We say that the pair (K, ¥) has weak 1-additivity for the candidate 7 if for some
increasing £: @ — o, for every m < ® we have:

if s0, s1 € X'(7), nor[so] > £(m), my) > f(m), nor[s;] > £(my)) and m} > £(m),
then we can find s € ¥/ () such that

my, > m, nor[s| > m, and val[s| C {fUg: f € val[s], g € val[s;]}.

The pair (K, L) has weak t-additivity for the candidate 7 if for some increasing
f: ® — o, for every n,m < ® we have:
if 50 € X(ty,..., ), k > n, nor[sg] > f(n+m), s; € X(tgy1,..., 1), norfs;| >
f(k+m) and € > k, then we can find s € (ty, ..., t;) such that nor[s| > m and
valls] C {fUg: f € val[sg], g € val[s]}.
The pair (K, X) has 1-additivity if for all so, s1 € K with nor[so|, nor[s;] > 1 and
myy < m} there is s € £(so, s1) such that

nor(s| > min{norlso], nor[s;]} — 1 and val[s] C{fUg: f € val[so], g € val[s1]}.

The pair (K, ¥) has t-additivity if for all so, s1 € K with nor|[so|, nor[s;] > 1 and
myy = mjy\ there is s € X(so, s1) such that

nor(s|] > min{norisp], nor[s;|} — 1.

We say that (K, ) has t-multiadditivity if for all so, ..., s, € K with my, = m}:+!
(for € < n) there is s € £(so, ..., Sp) such that nor[s] > max{nor[s]: £ <n} — 1.

Definition 2.6. Let (K, X) be an FFCC pair forHand = (t;: i < @) € PCo(K, X).

ey

@)

We say that the pair (K, X) has weak 1-bigness for the candidate 7 whenever the
following property is satisfied:

(®), if n1, na, n3 < @ and pos(7) = U{Fy: £ < ny}, then for some s € ¥'() and
{ < ny we have

nors| > ny, my, > n3, and val[s] C Fy.

We say that the pair (K, X) has weak t-bigness for the candidate 7 whenever the
following property is satisfied:

(®), if n, n1, ny < @ and post®(7 | n) = U{Fs: £ < n1}, then for some s €
¥ (F 1 n) and £ < ny we have

nor(s| > ny and val[s| C Fy.
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(3) We say that the pair (K, X) has bigness if for every creature t € K with nor[t] >
1 and a partition val[t] = Fy U F,, there are { € {1,2} and s € £(t) such that
nor[s| > nor[t] — 1 and val[s] C F,.

Definition 2.7. Let (K, X) be an FFCC pair for H.

(1) (K,X) is simple except omitting if for every (to,...,t,) € dom(X) and t €
X(to,..., ty) for some £ < nwe have val[r] C val[t,].

(2) (K,X) is gluing on a candidate 7 = (t;: i < @) € PC(K, X) if for everyn,m < @
there are k > n and s € X(ty, ..., ty) such that nor[s| > m.

The following two observations summarize the basic dependencies between the
notions introduced in Definitions 2.5, 2.6 — separately for the two contexts (see
Remark 2.4).

Observation 2.8. Assume (K, X) is a loose FFCC pair, 7 € PCo (K, X).

(1) If (K,X) has bigness (1-additivity, respectively), then it has weak 1-bigness
(weak 1-additivity, respectively) for the candidate 7.
(2) If (K, X) has the weak 1-bigness for 7, k < w and pos(7) = |J Fy, then for some

<k
§€PCu(K,Z) and £ < k we have
<35 and (Vn < w)(valls,] C Fy).

(3) Assume that (K, X) has the weak 1-bigness property for 7 € PC (K, X) and it is
simple except omitting. Let k < @ and pos(7) = |J F;. Then for some § > 7 and
<k

¢ < k we have pos(5) C Fy.
Observation 2.9. Assume (K, ¥) is a tight FFCC pair, 7 € PCE (K, X).

(1) If (K, X) has bigness and is gluing on 7, then it has the weak t-bigness for the
candidate 7.

(2) If (K, X) has t-additivity, then it has the weak t-additivity for 7.

(3) If (K, X) has the t-multiadditivity, then it has the t-additivity and it is gluing on
t.

In the following two sections we will present partition theorems for the loose and
then for the tight case. First, let us offer some easy examples to which the theory
developed later can be applied. Example 2.13 will be used to give a new proof of
the Carlson-Simpson Theorem in 4.9. Examples 2.10 and 2.12 are much easier, but
they also can be used to deduce partition theorems from Conclusions 3.10 and 4.8
(we leave the details for the reader).

Example 2.10. Let Hy(n) =n+1 for n < @ and let K; consist of all FP creatures ¢
for H; such that

o disft] = (u,i,A) = (u',i', A") where u C [mly ,mly)), i €u,®#ACH, (),
e norl] = log,(A]),
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e valr] C [T H; (/) is such that {f(i): f € val[t]} = A.
JEU
For 1g,...,t, € K| with mifp < mggl, let Xy (t9,..., ;) consist of all creatures t € K
such that

1 . .
mly, = mig, myy =mi, u' = Ju, it =i, A"C A", forsome £* <n,
/<n

and vallt] C {foU---U fu: (fo,..., fn) € valltg] x - x val[t,] }.
Also, let £} be I restricted to the set of those tuples (%o, . .., #,) for which mf{p = ng !
(for ¢ < n). Then

e (Kj,X;) is aloose FECC pair for H; with bigness and 1-additivity,
e (K;,X})is atight FFCC pair for H; with bigness and t-multiadditivity, and it is
gluing on every 7 € PCZ' (Kj, Z}).

Example 2.11. Let Hy(n) =2 for n < @ and let K, consist of all FP creatures ¢ for
H, such that

o 0 =£dist] C [mfm, m{lp),

o 0 vallr] C disll2,

e nor(t] = log,(|vallr]|).
For tg, ..., t, € K> with m{fp < mglf
such that

', let Z5(fo,- .., t;) consist of all creatures ¢ € K

mly, = m3, miy, = mip, dis[t] = dis[t,-], and val[s] C val[t], for some £* < n.

Then (K>, X,) is a loose FFCC pair for H, which is simple except omitting and has
bigness.

Example 2.12. Let H be as in Context 2.1 and let K3 consist of all FP creatures ¢ for
H such that
o 0 #dis[t] C [mly, ml,),
e val[t] C {f € Fy: dis[r] C dom(f) C [m),,, m{lp)} satisfies

(Vg e [1 H(l')) (3f e vallt))(g € f),

iedis|t]

e nor[t] = log;(|dis[]|).

For 1g,...,t, € K3 with mffp < m;‘ﬁ‘, let X5(z9, ..., ;) consist of all creatures ¢ € K3

such that
o mly, = my, ml, =mi, dis[r] C [L<J dis[z,], and
<n
e if f € valt], then dom(f) C U{[mgn,m{fb) 0 < n} and f| [mgn, m{fp) € val[r,|U
{0} for all £ < n.
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Also, for 1g,..., 1, € K3 with mup = md+1 let X5 (to, ..., 1,) consist of all creatures
t € K3 such that
o mly, =my, ml, =mly, dis[t] C [L<J dis(t(], and
n
o if f € val[t], then dom(f) C U{[m},, mip) : € <n} and f] [m, miy) € valt]
forall ¢ < n.

Then

e (K3, X3) is aloose FFCC pair for H with bigness and 1-additivity,
e (K3,X%) is a tight FFCC pair for H with bigness and t-multiadditivity and it is
gluing on every 7 € PCZ' (K3, X3).

Example 2.13. Let N > 0 and Hy(n) = N. Let Ky consist of all FP creatures ¢ for
Hp such that

o dis[t] = (X;, ), where X; C [mdn, ) and ¢,: X, — N,
e norft] = my,,
o vallf] = {f ¢ M) N . @, C f and f is constant on [y, m{lp) \ X .

For 1y,...,t, € Ky with mup = m”1 (for ¢ < n) we let Zy(to,...,1,) consist of all
creatures t € Ky such that

o mly, = mgon, m, = mﬁ)p, X,U---UX, C X,
e foreach / <n,
. f ty 1y 1,
either X, N [my} , mip) = X, and @, | [m . mip) = @y,

or [mlj ,mp) C X, and @] [mlf , mip) € vallt,)].

P

Then

(i) (Ky,Xn) is a tight FFCC pair for Hy,
(1) it has the t-multiadditivity and
(iii) it has the weak t-bigness and is gluing for every candidate 7 € PCE (K, ¥).

Proof. (i) All demands in Definition 2.2(2) and (4) are easy to verify. For instance, to
check Definition 2. 2(4)(h“gh‘) note that:
If 50, 51 € Ky, myp = m., fy € val[s] (for £ =0, 1) and s € Ky is such that

My :mf](:p mflp up’ X = X5 U [mdnv ) @51 X5y = @y, 5| [mdn7 ) S,
then s € Xy (s9, s1) and fo U f € val[s].

(i1) The s constructed as in (i) above for sq, s will witness the t-additivity as well. In
an analogous way we also show the multiadditivity.

(iii) Let 7 = (f;: i < ®) € PCZF(Ky,Xy). Suppose that n,ny,n, < @ and that
post(f 1 n) = U{Fs: £ < n;}. By the Hales-Jewett theorem (see [5]) there is k > n;
such that for any partition of N into n; parts there is a combinatorial line included
in one of the parts. Then we easily find s € Xy (79, ..., fx_1) such that val[s] C F, for
some ¢ < n;. Necessarily, nor[s] >k — 1 > n,. This proves the weak t-bigness for 7.
Similarly to (ii) we may argue that (Ky, Ly) is gluing on 7.
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3. Ultrafilters on Loose Possibilities

Here we introduce ultrafilters on the (countable) set Fg (see Context 2.1) which con-
tain sets large from the point of view of pure candidates for a loose FFCC pair. Then
we use them to derive a partition theorem for this case.

Definition 3.1. Let (K, X) be a loose FFCC pair for H.

(1) For a pure candidate F € PCw(K, ¥), we define (for ¥ | n, £’ and pos remember
Definition 2.3(3)):

o AY={pos(fin): n< o}

° .A} is the collection of all sets A C Fy such that for some N < ® we have
(Vs €Z/(7)) (nor[s] >N & my, >N = val[s|NA#0),

° .Alg is the collection of all sets A C Fy such that for some N < ® we have

(Vi >7) (I >0)(Vs €X'/ () (nor[s] >N = val[s]NA #0).

(2) For £ < 3 we let uff(K, Y) be the family of all ultrafilters D on Fy such that
AL C D. We also set (for £ < 3)

ufy(K, 2) €| J{utf(K, £): 7 € PCu(K, £) }.

Proposition 3.2. Let (K, X) be a loose FFCC pair for H, € PCo (K, X).

(D .A? C .A} - A% and hence also uftg(K, Y)C uftl (K,X) C uf?([(, %)

2) uf(K, %) #£0.

(3) If (K, X) has the weak 1-bigness for each t’ > f, then uf,g (K, X) is not empty.

(4) If (K, X) has the weak 1-bigness for f, then uf! (K, L) # 0.

(5) Assume the Continuum Hypothesis. Suppose that (K, X) is simple except omit-

ting (see Definition 2.7(1)) and has the weak 1-bigness on every candidate t €
PC..(K,X). Then there is D € uf?(K, ) such that

(VA € D) (37 € PCw(K, X)) (pos(7) € D & pos(7) C A).

Proof. (2) Note that A? has the finite intersection property (fip).

(3) It is enough to show that, assuming (K, X) has the weak 1-bigness for all 7’ > 7,

A2 has fip. So suppose that for £ < k we are given a set Ay € A% and let Ny < @ be
t 1

such that

(*)¢ (Vi >7)(3h > 1) (Vs € £/ (%)) (nor[s] > N, = val[s] NA, # 0).
Let N = max{N;: ¢ < k}. Then we may choose 7’ > 7 such that

(+) (Vs € X/(7))(norls] > N = (V€< k)(valls| A, #0)).
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(Why? Just use repeatedly (), for £ =0,1,..., k—1; remember 7’ < 7’ implies
Z/(t—//) g Z/(ZT/))
Forn € ko set

Fp={fepos(f’): (Vt<k)(n(t)=1« feA))}.

Then pos(7’) = U{Fy : 1 €2} and (K, £) has the weak 1-bigness for 7', so we may
use Observation 2.8(2) to pick 1o € ¥2 and § > 7’ such that val[s,| C Fy, foralln < @.
Consider n < o such that nor[s,] > N. It follows from () that val[s,] NA, # 0 for all
¢ < k. Hence, by the choice of §, no(¢) =1 for all £ < k and therefore @ # val(s,] C

N A
<k

(4) Similarly to (3) above one shows that A} has fip.
(5) Assuming CH and using Observation 2.8(3) we may construct a sequence
(fa: o0 < 1) C PCo (K, X) such that

o if 0 < B < @ then (In < ®) (7o < (i 1 1)),
o if A C Fy then for some o < @; we have that either pos(7y) C A or pos(fg ) NA =
0.

(Compare to the proof of [10, 5.3.4].) Then the family
{pos(fa 1n): x < &n< o}
generates the desired ultrafilter.

Observation 3.3. The sets uff(K , X) (for £ < 3) are closed subsets of the (Hausdorff
compact topological space) B (Fu) of non-principal ultrafilters on Fy. Hence each
uff (K, X) itself is a compact Hausdorff space.

Definition 3.4. (1) For f € Fg and A C Fy we define

foA &f {g € Fu: max(dom(f)) < min(dom(g)) and fUg € A}.

(2) For Dy, D, € ufy(K, L), we let

D@D, ¥ {AC Fu: {f€Fu: (f@A) €D} €Dy}
Proposition 3.5. (1) IfA|,A, C Fy and f € Fy, then

feAINA)=(fBA)N(fDA) and
{8 € Fn: max(dom(f)) < min(dom(g))}\ (f® A1) = f& (Fu\A1).

(2) If D1, Dy, D3 € ufy(K, ¥), then Dy ® D, is a non-principal ultrafilter on Fy and
Dy & (D2&D3) = (D16 D) ® Ds.

(3) The mapping @: ufy(K, X) x ufy(K, L) — B.(Fn) is right continuous (i.e., for
each Dy € ufy(K, X) the function ufy(K,X) > Dy — Dy ® D, € B.(Fu) is contin-
uous).
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Proof. Straightforward, compare with Proposition 4.3.

Proposition 3.6. Assume that a loose FFCC pair (K, X) has the weak 1-additivity
(see Definition 2.5(1)) for a candidate T € PCoo(K,X). If D1, D, € uf} (K,X), then
Dy @D, € uf! (K, X).

Proof. Let f: @ — o witness the weak 1-additivity of (K, X) for 7, and let D =
D, ®D,, D1,D, € uf;1 (K,X). We already know that D is an ultrafilter on Fy (by
Proposition 3.5(2)), so we only need to show that it includes A}.

Suppose that A € A} and let N < w be such that

()1 (Vs€X/(7))(nor[s] >N & m, >N = val[s]NA#0).

Claim 3.6.1. For every s € X/(), if nor[s] > f(N) and m}, > f(N), then val[s] N
{feFu: fOAED,}#0.

Proof of Claim 3.6.1. Suppose so € X'(f), nor[so] > f(N), m} > f(N). Set

B=|J{foA: f € vallso]}.
We are going to argue that
(*)2 Be .Atl

So let M = f (my) 4+ myh + 1 and suppose s; € £(7) is such that nor[s;] > M and
myl > M. Apply the weak additivity and the choice of M to find s € /() such that

my, >N, nor[s] >N and val[s]C{fUg: f € val[sg] & g € val[s;]}.

Then, by ()1, val[s]NA # 0 so for some f € val[so] and g € val[s;| we have fUg € A
(and max(dom(f)) < myp <M < mj, <min(dom(g))). Thus g € (f®A)Nval[s;] C
BNval[s;] and (x), follows.

Since D; € uf,l (K, X) we conclude from (%), that B € D and hence (as val[so] is
finite) f ® A € D for some f € vallso], as desired.

It follows from Claim 3.6.1 that {f € Fy: f®A € D} € Al and hence (as
D, € uf} (K, X)) {f € Fu: f®A €D} € D;. Consequently, A € D; & D;.

The following lemma has been known at least since 1950s; see, e.g., [3, Lemma
10.1, p. 449 and p. 452].

Lemma 3.7. If X is a non-empty compact Hausdorff space, ® an associative binary
operation which is continuous from the right (i.e., for each p € X the function q —
p ® q is continuous), then there is a ©-idempotent point p € X (i.e., p® p = p).

Corollary 3.8. Assume that a loose FFCC pair (K, X) has weak 1-additivity and the
weak 1-bigness for a candidate T € PCo (K, X). Then,

(H uf,l (K, X) is a non-empty compact Hausdorff space and & is an associative right
continuous operation on it.
(2) Thereis D € uf! (K, ¥) such that D = D & D.
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Proof. (1) By Proposition 3.2(3), Observation 3.3, Proposition 3.5(2) and (3), and
Proposition 3.6.

(2) It follows from (1) above that all the assumptions of Lemma 3.7 are satisfied for
@ and uf! (K, ¥), hence its conclusion holds.

Theorem 3.9. Assume that (K,X) is a loose FFCC pair, f € PCw(K,X). Let an
ultrafilter D € uf! (K, ¥) be such that D@ D = D. Then,

(VA€ D)(35>17)(pos(s) CA).
Proof. The main ingredient of our argument is given by the following claim.

Claim 3.9.1. Let (K,X), f and D be as in the assumptions of Theorem 3.9. Assume
A €D andn < . Then there is s € X'(7) such that

(o)1 val[s] C A, nor[s| > n, m}, >n, and
(o) (Vf evals])(f@AeD).

Proof of Claim 3.9.1. Let A" :={f € Fu: f®A € D} and A” := ANA’. Since
A€D=D®D weknow that A’ € D and thus A” € D. Hence Fy\A” ¢ Al (remember
D € uf!(K, %)). Therefore, there is s € £'(7) such that

nors] >n, mj, >n, and val[s]N(Fg\A")=0.

Then val[s] C A and for each f € val[s] we have f @A € D, as desired.
Now suppose A € D. By induction on n we choose s,,, A, so that

(@) Ag=A,A,€D,and A, | CA,,

(b) s, € L' (F), nor(s,) > nand ml, < m}:",
(C) Val[sn] gAm

(d) if f € Ayy1, then myy, < min(dom(f)),
(e) if f € val[s,|, then A, C fDA,.

Suppose we have constructed s, . .., s,—1 and A, so that demands (a)—(e) are satisfied.
Set N = mf,’%fl +n+1 (@f n = 0 stipulate mﬁ'},’l = 0) and use Claim 3.9.1 to find
sp € /(7)) such that

(o)f valls,| C Ay, mor(s,| > N, m}, > N, and
(0)5 (Vf € valls,])(f ®A, € D).

Put
Api1 i =A,N{g € Fu: My, < min(dom(g))} N ﬂ fOA,.
feval[sy]

Since A2 C D we know that {g € Fy: my, < min(dom(g))} € D and since val(s,]
is finite (and by (o)g) also () f@A,€D. Thus A, € D. Plainly the other
feval(s,]
requirements hold too.
After the above construction is carried out we set § = (s,: n < @). Clearly § €

PC..(K, X) and § > 7 (remember clause (b)).
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Claim 3.9.2. If ng < --- <n <  and f; € val[s, | for £ <k, then | f; € A,,.
<k

Proof of Claim 3.9.2. Induction on k. If k = 0 then clause (c) of the choice of sy,
gives the conclusion. For the inductive step suppose the claim holds true for k and let
ng<ny <o <ng<nggi, fr € val[sy, | (for € <k+1). Letting g = fi U+~ U fiy1 we
may use the inductive hypothesis to conclude that g € A,,,. By (a) and (e) we know
that A,; C A1 C foDAny,s0 g € foDA,,. Hence foUg = foUfiU---Ufir1 €Ay

It follows from Claim 3.9.2 that pos(5) C A (remember (a) above and Definition
2.2(2)(f)).

Conclusion 3.10. Suppose that (K, X) is a loose FFCC pair with weak 1-bigness and
weak 1-additivity over 7 € PCw (K, X). Assume also that pos(7) is the finite union
FoU---UF,. Then for some i < n and § € PCwo(K, X) we have

pos(§)CF; and <3,

Proof. By 3.8, there is D € uf! (K, ) such that D = D@ D. Clearly for some i < n we
have F; € D. By 3.9 there is § € PCw (K, X) such that 7 < § and pos(§) C F;.

4. Ultrafilters on Tight Possibilities

In this section we carry out for tight FFCC pairs considerations parallel to that from
the case of loose FFCC pairs. The main difference now is that we use sequences of
ultrafilters, but many arguments do not change much.

Definition 4.1. Ler (K, X) be a tight FECC pair for H, i = (t,: n < o) € PCZ (K, X).

(1) For f € pos*™®(7 | n), let xy = x’f be the unique m > n such that f € val[s|] for some
S € X(ty,..., tm_1). (Note Definition 2.2(4)(figt),)

(2) If f € pos*®(f 1 n), n < o, A C Fy, then we set
f®A=f@;A={gepos™(1xs): fUgEA}.

(3) We let suff(K,X) be the set of all sequences D = (D, : n < @) such that each D,
is a non-principal ultrafilter on pos*® (7 | n).

(4) The space sufi(K,X) is equipped with the (Tichonov) product topology of
[T B (pos*™®(71n)). Fora sequence A= (Ao, ..., An) such that Ay C pos®®(7 1 £)
n<m

(for £ < n) we set
Nb; = {D € sufy(K,X): (V¢ <n)(As € Dy)}.
(5) ForD=(D,: n < o) € sufy(K,X), n <  and A C pos**( | n), we let

setf(A, D) = {f € pos*™*(T1n): f®A € Dy, }.
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(6) For D', D? € suf;(K,X), we define D' ® D? to be a sequence (Dy,: n < ®) such
that for each n

D, = {A Cpos**(71n): set? (A,D') € D2}.
Observation4.2. Let (K, X) be a tight FFCC pair for H and 7 € PCE (K, X). Suppose
fepost(r1n),g e pos*™(f]xys). Then,
(1) fUg € post®(7 | n) (note Definition 2.2(4)(h"€")) and
(2) (fUg)®A=g®(f®A) forall A C Fy.

(3) suff(K,X) is a compact Hausdorff topological space. The sets Nby for A =
(Ag,...,An), Ag Cpos™™(f14), £ <n < o, form a basis of the topology of
suff(K,X).

Proposition 4.3. Let (K, X) be a tight FFCC pair for H and t € PCL (K, X).

(1) IfD', D?* € suf;(K,X), then D' ® D* € suf;(K,¥).
(2) The mapping ®: suf;(K,X) x suff(K,X) — suf;(K,X) is right continuous.
(3) The operation ® is associative.

Proof. (1) Let D', D? € suf;(K,X), n < ®, and
D, = {A Cpos**(71n): set! (A,D') € D2}.
LetA, B C pos*® (7 | n).

(a) If f € pos*®(7 1 n) and A is finite, then f ® A is finite as well, so it does not belong
to D! . Consequently, if A is finite then set/ (A,D') =0and A ¢ D,.

(b) set? (.postt (f1n),D') = pos*™ (7 | n) € D (note Observation 4.2(1)). Thus,
pos*® (f 1 n) € D,

(c) If A C B then set? (A, D') C set? (B, D'), and hence
ACB&AED, = BeD,.
(d) set? (ANB,D") =set? (A, D') Nset? (B, D') and hence
A,BeD, = ANBeD,.
(e) set? (pos*® (71 n)\A,D') =post® (71 n) \set? (A, D'), and hence
A¢ D, = pos*™(i|n)\AED,.

It follows from (a)—(e) that D, is a non-principal ultrafilter on pos®**(7 | n) and
hence clearly D' ® D? € suf;(K,X).

(2) Fix D' € suf;(K,X) and let A = (A;: £ < n), Ay C pos** (7| £). For ¢ < n put
By = set (Ay, D') and let B = (B,: £ < n). Then, for each D* € suf;(K,X), we have

D'®D?> € Nb; ifand only if D* € Nbg.

(3) Let D', D?, D? € suf;(K,X). Suppose n < @, A C pos (7 | n). Then
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(i) Ac ((D'®D*)®D?) iff set? (A, D'®D?) € D} iff
{fepos*™(fin): feAec (D' ®D2)Xf } €D, and
(i) Ae (D'® (D*®D?)), iff set’(A,D') € (D*®D?), iff
set? (set? (A, D'),D?) € D} iff {f €pos*™* (71 n): f®set? (A,D') € D? } €
D;.
Let us fix f € pos*®(7 | n) for a moment. Then

f®Ae (D'®D?) iff set (f®A, Dl)eD2 iff

).
{g € pos™™ (71 xs) fg@ (f®A)eD! }6 iff
{g€pos™(i1xs): (fUg)®AED; } €Dy iff
{g € post (71 xp): (ng)€set"(AD)}6 iff f®setf (A,D') €D},
Consequently,

{f € pos* (Fln): f®AE (Dl ®D2)xf}
= {fepos“(ﬂn): f®set (A,D") efo}

and (by (i) and (ii)) A € (D' ® (D*® D?))  if and only if A € (D' ® D*)® D?) .
Definition 4.4. Let (K, X) be a tight FFCC pair for Hand f € PCE (K, X).

(1) Forn < o, B! is the family of all sets B C pos**(f | n) such that for some M we
have: if s € £**(f | n) and nor[s| > M, then val[s| N B # 0.

(2) suff(K,X) is the family of all D = (Dy,: n < ) € sufi(K,X) such that B} C D,
foralln < o.

Proposition 4.5. Let (K, X) be a tight FFCC pair for H and t € PCZ (K, X).

(1) suff (K,X) is a closed subset of suf;(K,X).
(2) If (K, £) has the weak t-bigness for t, then suf; (K,X) # 0.
(3) If (K, £) has the weak t-additivity for f, then suf; (K,X) is closed under ®.

Proof. (1) Suppose D € sufy(K,X) \ suff (K,X). Let n < ® and B € BB be such
that B ¢ D,. Set A, = pos**(f 1 n)\ B andAg pos®t(7 | £) for £ < n, and let A =
(Ao,...,Au). Then D € Nb; C suf,(K Z)\ suff (K,X).

(2) It is enough to show that, assuming the weak t-bigness, each family B7 has fip.
To this end suppose that By, ..., B, € Bf. Pick My such that
() (Vs €X*(71n)) (VL <m)(nor[s] > My = ByNvalls| #0).

For n € "2 set Cyy = {f € pos**(f 1 n): (V¢ <m)(f €B; < n(¢)=1)}. By the
weak t-bigness we may choose 1 and s € X**(7 1 n) such that nor[s] > M, and
val[s] C Cy. Then (by (x)) we also have (¢) = 1 and val[s] C B for all £ < m.
Hence 0 # val[s] C ) By.

{<m
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(3) Let an increasing function f: @ — @ witness the weat t-additivity of (K, X) for
7. Suppose that D!, D? € suff(K,X), D = D' ® D>. We have to show that for each
n < w, B} C D, (remember Proposition 4.3(1)). To this end assume that B € B} and
let M be such that

(Vs €Z*(f 1 n)) (nor[s] > M = val[s]NB #0).

Claim4.5.1. 1f s € £**(7 | n) is such that nor(s] > f(n + M), then val[s] Nset? (B, D")
£0.

Proof of Claim 4.5.1. Fix so € L(ty,..., ty—1) such that nor[sg] > f(n+ M). Let
A=U{f®B: f € val[so]}. We claim that

() Ae By

(Why? Set N = f(m+ M). Suppose s; € X**(7 | m) has norm nor[s;| > N. By the
weak t-additivity and the choice of N we can find s € Z**(7 | n) such that nor[s] > M
and val[s] C{fUg: f € val[so], g € val[s|]}. By the choice of M we have BNval[s] #
0, so for some f € val[sg] and g € val[s;] we have g € f ® B. Thus val[s;]NA # 0
and we easily conclude that A € B7".)

But D! € suf} (K,X), so B C D}, and hence, for some f € vallso], we get f® B €
D}Cf. Then f € val[so] Nset? (B, D').

It follows from Claim 4.5.1 that set;' (B, Dl) S Btf' - D,%, so B € D,, as required.

Corollary 4.6. Assume that (K, X) is a tight FFCC pair with the weak t-additivity
and the weak t-bigness for i € PCL¥ (K, X). Then there is D € suff (K,X) such that
D®D=D.

Proof. By Lemma 3.7, Observation 4.2(3), Proposition 4.3, and Proposition 4.5.

Theorem 4.7. Assume that (K, X) is a tight FEFCC pair, T = (t,: n < 0) € PC* (K, X).
Suppose also that

(a) D= (Dy: n< ) € suff(K,X) is such that D® D = D, and
(b) A= (A,: n< @) is such that A, € D, for all n < @.

Then there is §= (s;: i < ) € PCE¥ (K, X) such that § >, m =mY and if i < o,
5i € S¥(F1 k), then post (5| i) C Ay

Proof. Let (K, X),f,D and A be as in the assumptions. Then, in particular, B;-‘ C Dy
for all k < .

Claim4.7.1. If M, k < @ and B € Dy, then there is s € X**(7 | k) such that val[s] C B,
nor(s] > M and (Vf € val[s])(f ® B € Dy,).

Proof of Claim 4.7.1. Since D = D® D and B € Dy, we know that set‘ (B, D) € Dy and
thus BNset* (B, D) € Dy. Hence pos*® (7 | k) \ (BNsett(B, D)) ¢ B and we may find
s € £*(F 1 k) such that nor[s] > M and val[s] C BNset‘(B, D). This s is as required
in the assertion of the claim.
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Now we choose inductively s;, B;, k; (for i < @) such that

(i) Bo=Ao, k=0,
(ii) B; € Dy, Bi C Ay, ki < kip1 <o, € Z(tk,.,... , tkHl,]),
(iii) wvalls;] C B;, nor[s;] > i+1,
(iv) if f € val[s;], then B;1; C f®B; € Dy,

i+l

Clause (i) determines By and ko. Suppose we have already chosen k; and B; € Dy,. By
Claim 4.7.1 we may find ki1 > k; and s; € £ (tg,. ..., fx,,,—1) such that

norfs;] >i+1, valls]CB;, and (Vfevalls])(f®BicDy,,).

We let Bi 11 = Ay, NN{f®B;: f €valls;]} € Dy, . One easily verifies the relevant
demands in (ii)-(iv) for s;, Bit1, ki+1-

After the above construction is carried out, we set § = (s;: i < ). Plainly, § €
PCY (K, X), 5> 7 and m}), = ml)..

Claim 4.7.2. Foreachi,k < @ and s € X(s;,..., si1;) we have val[s] C B,.

Proof of Claim 4.7.2. Induction on k < @. If kK = 0 then the assertion of the claim
follows from clause (iii) of the choice of s;. Assume we have shown the claim
for k. Suppose that s € X(s;,..., Sitk, Sivkr1), i < ©, and f € val[s]. Let fy =
FHmi, mi) € vals;] and fi = fI[m}, miz“") € post®(51 (i+1)) (remember
Definition 2.2(4)(f€") and Observation 4.2(1)). By the inductive hypothesis we
know that f; € B;.1, so by clause (iv) of the choice of s; we get f] € fy ® B; and
thus f = fo U f1 € B;.

It follows from Claim 4.7.2 that for each i < @ we have pos**(§1 i) C B; C Ay,
as required.

Conclusion 4.8. Suppose that (K, X) is a tight FFCC pair with weak t-bigness and
weak t-additivity for 7 € PCE (K, X).

(a) Assume that, for each n < ®, k, < ® and d,,: pos**(7 | n) — k,. Then there is
§=(si: i < @) € PCY(K, X) such that § > 7, m}}, = m) and for eachn < @, if n
is such that s; € £**(7 | n), then d,, [pos®*(5 1 i) is constant.

(b) Suppose also that (K, X) has t-multiadditivity. Let d,,: pos*®(7 | n) — k (for
n < ®), k < ®. Then there are § = (s;: i < @) € PCZ*(K,X) and ¢ < k such that
§> 7 and for each i < @, if n is such that s; € X**(7 | n) and f € pos*®(51 i), then

dn(f) = L.

Now we will use Conclusion 4.8 to give a new proof of Carlson-Simpson Theo-
rem. This theorem was used as a crucial lemma in the (inductive) proof of the Dual
Ramsey Theorem [2, Theorem 2.2]. Also, as they noted in [2, p. 273], this theorem
provides an immediate proof of the Halpern-Léuchli-Laver-Pincus Theorem [6, 9].

Theorem 4.9. (Carlson and Simpson [2, Theorem 6.3]) Suppose that 0 < N < ,
X= U "Nand X =CyU---UCy, k < . Then there exist a partition {Y } U{Y;: i <

n<o
o} of ® and a function f: Y — N such that
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(a) eachY; is a finite non-empty set,

(b) ifi < j < @ then max(Y;) < min(Y;),

(c) for some L <k, ifi <, g: min(¥;) — N, fImin(Y;) C g and g|Y; is constant
for j <, then g € Cy.

Proof. For f € X let do(f) = min{f <k: f € Cy}. Consider the tight FFCC pair
(K, Zy) defined in Example 2.13. It satisfies the assumptions of Conclusion 4.8.
Fix any 7 € PCL' (K, Ly) with mgn = 0 and use Conclusion 4.8(a) to choose § €
PCY*(Ky, Iy) such that § > 7, m}) = m) = 0 and dy[pos®*(3) is constant. Set ¥ =
UXs.f=U@,andY; = [mdn, mup) \X;, fori < .

i< i<

5. Very Weak Bigness

The assumptions of Conclusion 4.8 (weak t-bigness and weak t-additivity) are some-
what strong. We will weaken them substantially here, getting weaker but still inter-
esting conclusion.

Definition 5.1. Let (K, X) be a tight FFCC pair for H, € PCEF (K, X).

(1) Forn <m < o, we define

pos(f U{val DS EX(tny ey tm1)}
and we also keep the convention that pos(f|[n, n)) = {0}.
[Note that pos(l[n,m)) = {f, U---U fiu—1: fo € valt,] for { < m} (remember

2.2(4)(F#Y and 4.2(1)).]
(2) We say that (K, ¥) has the very weak t-bigness for 7 if

()™ for everyn, L, M < @ and a partition FoU---UFy = pos**( | n), there are
ip =n<iy <ip<i3 £ <Land g € pos(tllio,i1)), g2 € pos([[ir, i3)) and
s €X(ty,..., ti,—1) such that

nor(s| >M and (Vg € valls])(goUgi1Ug2 € Fy).

Observation 5.2. 1f a tight FFCC pair (K, X) has the weak t-bigness for 7, then it has
the very weak t-bigness for 7.

Definition 5.3. Let (K, X) be a tight FFCC pair for Hand t € PCL (K, ).

(1) For n < @, C' is the family of all sets B C pos**(f | n) such that for some M
we have if ip =n < i) < iy <i3, go € pos(f|[io, 1)), g2 € pos(][iz, i3)) and s €
2(tiy,- .-, tiy—1), nor[s] > M, then BN {goUg 1 Uga: g1 € val[s]} # 0.

(2) suff(K,X) is the family of all D = (D,,: n < o) € suf;(K,X) such that C! C D,
foralln < w.

Proposition 5.4. Ler (K, X) be a tight FFCC pair for H and f € PCZ (K, ).
(1) suff(K,X) is a closed subset of suf;(K,X), suf; (K,X) C suff (K,X).
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(2) If (K, X) has the very weak t-bigness for 1, then suf; (K,X) # 0.
(3) If D € suf?(K,X), n < ® and B € C7, then set?(B, D) = pos**( | n).
(4) suff(K,X) is closed under the operation ® (defined in 4.1(6)).

Proof. (1) Since in Definition 5.3(1) we allow i; = ip and i3 = i; (so gg = g2 = 0), we
easily see that C!' C B}'. Hence suff (K,X) C suf? (K,X). The proof that suf? (K,X) is
closed is the same as for Proposition 4.5(1).

(2) Like Proposition 4.5(2).

(3) Let M be such that BN{goUg1Ugz: g1 € val[s|} # @ whenever gy € pos(f[[n, i1)),
g2 € pos(flliz, i3)), s € X(t][i1, i2)), mor[s] > M, n < i; < iy <i3. We will show that
this M witnesses f ® B € C;f for all f € pos® (¢ 1 n).

So suppose that f € pos*®(7 1 n) and xy < iy < ip < i3, go € pos(f[[xy,i1)),
s € X(][i1, i2)), nor[s] > M and gy € pos(f|[iz, i3)). Then fUgo € pos(7[[n,i1))
(remember Observation 4.2(1)) and consequently (by the choice of M) BN {( fu
go)Ugi1Ugr: g1 € val[s]} # 0. Let g7 € val]s] be such that fUgoUgj Uga € B. Then
goUgiUgs € f® B witnessing that (f®B)N {gOUg] Ugr: g1 € Val[s]} £ 0.

Since Cicf C Dy, we conclude now that f ® B € Dy, so f € setf(B, D).

(4) Suppose D1, D, € squ(K Y),D=D;®D;. LetB€ Cl',n < . By (3) we know
that set? (B, D1) = pos**(7 | n) € D2 and thus B € D,,. Consequently, C? C D, for all
n< o, soD € suff (K,X).

Corollary 5.5. Assume that (K, X) is a tight FECC pair with the very weak t-bigness
fort € PCZ(K, X). Then there is D € sufy (K,X) such that D® D = D.

Theorem 5.6. Assume that (K,X) is a tight FFCC pair for H, f = (t,: n < ®) €
PCY (K, X). Let D € sufy (K,X) be such that D® D = D and suppose that A, € D, for
n < @. Then there are sequences (n;: i < @), (3i, &3i+2: 1 < @) and (s3;+1: i < O)
such that for every i < m:

(@) 0=no<nz <nzip1 <nzip2 <nzips < O,
(B) if j=3iorj=3i+2 theng; Gpos( [[nj,...,nH])),
)

(y) if j=3i+1, thensjeZ(tn/, tn/+l,])andn0r[sj]>j

(8) ifgser1 € vallssp] for L€ [i, k), i <k, then U 8j € Any.
j=3i

Proof. Parallel to Theorem 4.7, just instead of val[s;] use {g;—1 UgUg;+1: g € val[s;]}.

Conclusion 5.7. Assume that (K, X) is a tight FFCC pair with the very weak t-
bigness for 7 € PCL (K, X). Suppose that for each n < @ we are given k,, < ® and a
mapping d,,: pos*® (7 | n) — k,. Then there are sequences (n;: i < ©), (g3, &3i+2"
i <), (s3i41: i < ), and (¢;: i < @) such that for each i < ®:

() 0=n¢ <n3; <nzip1 <nzipr < N33 < @, ¢ € kyy,

(B) if j=3ior j=3i+2,then g; € pos([[nj,...,nji1)),
() if j=3i+1,thens; EE(tnj,...,t,,H],l) and nor[s;] > j,
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(8) ifi<kand f € pos(f[[ngi, n3k)) are such that
g30Uga2 C f and  f] [mP"! miy*") € valls3oy], forall £ € i, k),
then d,,,, (f) = ci.

Example 5.8. Let (G, o) be a finite group. For a function f: S — G and a € G we
defineaof: S — Gby (aof)(x) =ao f(x) forx € S. Let Hg(m) = G (for m < @)
and let K consist of all FP creatures ¢ for Hg such that

e norlt] = m,, dis[t] = 0,

e val[t] C ["an") G is such that (V£ € val[t])(Va € G)(ao f € val[t]).

For 1y,...,t, € Kg with m;"ﬁl = mffp (for £ < n) we let X(fo,..., ;) consist of all
creatures t € Kg such that

i miin = mg)n’ m{lp = m{;lp’
o vallr] C {f €M) G : (v < n)(f1[mly,, mily) € vallt])}.
Then

(1) (Kg,Xg) is a tight FECC pair for Hg.
(2) If |G| = 2, then (Kg, X¢) has the very weak t-bigness for every candidate 7 €
PCY(Kg, X¢)-

Proof. (1) Straightforward.

(2) Let G = ({—1,1},-). Suppose that 7 € PCL' (K¢, L) and pos®™(f | n) = Fo U
---UF, n, L, M < @. For future use we will show slightly more than needed for the
very weak bigness.

We say that N > n+ M is ¢-good (for ¢ < L) if

(@), there are j» > j; > N, go € pos(f[[n,N)), g» € pos(f[[j1,j2)) and s €
YG(fI[N, j1)) such that {goUg1Ugz: g1 € val[s]} C Fy.

(Note that if s is as in (), then also nor|[s] = m;’r‘l > j1 > N > M.) We are going
to argue that

(®) almost every N > n+ M is ¢{~good for some ¢ < L.

So suppose that (®) fails and we have an increasing sequence n+ M < N(0) <
N(1) < N(2) < --- such that N(k) is not ¢-good for any ¢ < L (for all k < o). Let
m = L+ 2 and for each i € [n, N(m)] fix f; € val[t;] (note that then — f; € vallz;] as
well). Next, for j < m define

N(j)-1 N(m)
hi= U v U -4
i=n )

i=N(j
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and note that /; € pos*®(f | n). For some ¢ < L and j < k < m we have hj, hy € Fy.
Set

N(j)—1 , o)
N N(j
U f’ - mdn<J = hk rmdnj )

U =il g ™) = el gy ™),
i=N(k)

and let s € X5(7[[N(j), N(k))) be such that
j) o ING) ING)  IN(K)
val(s {h [mdn » Mgy ), M f[’"d mgy )}

Then {goUgi1Ugs: g1 € val[s|} = {h;, hx} C Fy, so go, g2 and s witness ([), for
N(j), a contradiction.

The following conclusion is a special case of the partition theorem used in Gold-
stern and Shelah [4] to show that a certain forcing notion preserves a Ramsey ultra-
filter (see [4, 3.9, 4.1 and Section 5]).

Corollary 5.9. Let Y = |J "{—1, 1}. Suppose thatY = CyU---UCL, L < @. Then

n<w
there are a sequence (n;: i < @), a function f: @ — {—1, 1}, and ¢ < L such that

(@) 0=np <nz; <nzip <nzipn <nziz < O,

(b) ifg: n3; — {—1, 1} for each j < i satisfies
gl [n3j,n3j41) Vgl [n3j12,n3j43) C f  and
gl [n3j41, n3je2) € {f1 [m3j51,n3j42) s —f1 [m3j41, m3j42) } »
then g € Cy.

Proof. By Conclusion 5.7 and Example 5.8.

6. Limsup Candidates

Definition 6.1. Let (K, X) be a tight FFCC pair for H and J be an ideal on o.

(H A limsupj -candidate for (K, X) is a sequence f = (t,: n < ®) such that t, € K,
mup = mé’“ (for all n) and for each M

{mh :n<o&norlt,] >M} €J".

The family of all limsup-candidates for (K, X) is denoted by PCY, (K, X).

(2) A finite candidate for (K, ¥) is a finite sequence § = (s,: n < N), N < @, such
that s, € K and mijly = m}'"" (for n < N). The family of all finite candidates is
called FC(K,X).
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(3) For§=(s,: n<N) € FC(K,X) and M < ® we set
basey (5) = {m,: n <N & nor[s,] > M} .

(4) Letf,i' € PCL..(K,X), § € FC(K,¥). Then we define f | n, £¥*(f), post®(7), 7 <
i, pos(tl|n, m)), and pos(5) as in the case of tight pure candidates (cf. Definitions
2.3and 5.1).

(5) Leti € PCL_(K,X). The family of all finite candidates § = (s,: n < N) € FC(K,X)
satisfying

(Vn < N)(3k, ) (s2 € Z(71[k, £))) and m =mD
is denoted by X5°9(F ).

Definition 6.2. Let (K, X) be a tight FFCC pair, and let J be an ideal on ® and t €
PCl.(K,Z).

(1) We say that (K, ¥) has the J-bigness for 7 if

(®)t{ Sor every n, L, M < ®, and a partition FoU---U Fp = pos* (7 | n), there
are { < L and a set Z € J* such that

(Vz€Z)(I5€ X471 n)) (z € basey (5) & pos(5) C Fy).
(2) The pair (K, X) captures singletons (cf. [10, 2.1.10]) if
(Vt € K)(Vf € val[t])(3s € (¢))(val[s] = {f}).

(3) We define suf;(K,X) as in Definition 4.1(3), set?(A, D) (forA C pos® (7 1 n) and
De suf,—(K,Z)) as in Definition 4.1(5) and the operation ® on suf;(K,X) as in
Definition 4.1(6).

4) Forn< o, D;"J is the family of all sets B C pos*®(f | n) such that for some M < @
andY € J¢ we have if § € £°°4(7 | n) and basey (5) NY # 0, then BN pos(5) # 0.

(5) suf! (K,X) is the family of all D = (D,: n < ) € sufi(K,X) such that D;-Z’J cD,
foralln < w.

Remark 6.3. Note that no norms were used in the proofs of Observation 4.2, Propo-
sition 4.3, so those statements are valid for the case of 7 € PCL_(K,X) too.

Observation 6.4. (1) Assume that (K, X) is a tight FFCC pair with bigness (see Def-
inition 2.6(3)). If (K, X) captures singletons or it has the t-multiadditivity (see
Definition 2.5(3)), then (K, ) has the J-bigness for any 7 € PCJ,,(K,¥).

(2) The tight FFCC pairs (K, £7), (K3, X3), and (Ky, Zy) defined in Examples 2.10,
2.12, and 2.13, respectively, have J-bigness on every f € PC\JNOQ(K 2.

Every tight FFCC pair can be extended to a pair capturing singletons while pre-
serving pos®® (7).
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Definition 6.5. Let (K, X) be a tight FFCC pair for H. Define K" as the family of
all FP creatures t for H such that

dis[f] =K, mnor[t]=0, and |vallt]]=1.

Then we let K® = KUK®™ and for ty, ..., t, € K® with m{fp = mg‘g‘ (for ¢ < n) we set

o TU(ty,...,1,) consists of all creatures t € K™ such that mly, = m3, My, = m
and: If vallt] = {f} then | [ml},, miy) € valt] for all £ < n;
o ifty,....ta €K, then X (tg, ..., ty) = X(to, ..., ta) UM (t0, ..., 1y);

e ifty € K*" for some £ < n, then X*(tg, ..., t,) = 2" (tg, ..., t).
Observation 6.6. Let (K, L) be a tight FFCC pair for H.

(1) (K*,X%) is a tight FECC pair for H and it captures singletons.

(2) If (K, X) has bigness then so does (K*,X*) and consequently (K*, X*) has the
J-bigness on any 7 € PCL_ (K*, £¥).

(3) If 7 € PCL..(K,X), then 7 € PCL.. (K*, X*) and pos®®(7) with respect to (K, X) is
the same as pos®®(7) with respect to (K*, X¥).

Observation 6.7. Let G = ({—1, 1}, ) and (Kg, L) be the tight FFCC pair defined
in Example 5.8. Suppose that 7 € PCJ,..(Kg, ). Then (K, X;) (sic!) has the
J-bigness for 7.

Proof. Note that PCZ_ (K, £g) € PCE(Kg, L) and remember (©) from the proof
of Example 5.8(2).

Proposition 6.8. Assume that (K, X) is a tight FFCC pair for H, J is an ideal on ®
and f € PC,(K,%).

(H suft—/ (K,X) is a closed subset of the compact Hausdorff topological space
suff(K,X).

(2) If (K, X) has the J-bigness for t, then sufl!(K,Z) £0.

(3) IfD € suf!(K,%), n < @ and B € D"’ then set(B, D) € D}’

(4) suf!(K,X) is closed under the operation ®.

Proof. (1) Same as Proposition 4.5(1).
(2) Similar to Proposition 4.5(2).

(3)LetB e D;"J be witnessed by M < w and Z € J¢. We are going to show that then
for each § € £5¢(7 | n) with basey (5) N Z # @ we have pos(5) Nset? (B, D) # 0. So let
§=(50,..., Sk) € Z4(7 | n), basey (3) N Z # 0 and let x be such that my, = m’5, . Set
A=U{f®B: f €pos(5)}. Suppose that 7 € X%4(7 | x). Then §~F € X°4(7 | n) and
basey (§77) 2 basep(5), so pos(§"F)NB # 0. Let g € pos(§~F)NBand fy =g [mflkp,
fi = gl[md, ®). Necessarily, fo € pos(3), fi € pos(7) and (as g = foU fi €B) fi €
fo ® B. Consequently, A Npos(7) # 0. Now we easily conclude that A € D?’J C D;.
Hence for some f € pos(5) we have f & B € Dy, so f € set?(B, D).

(4) Follows from (3).
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Corollary 6.9. Assume that (K,X) is a tight FFCC pair, J is an ideal on ® and
7 € PCL.(K,X). If (K, X) has the J-bigness for i, then there is D € suf! (K,X) such
that D& D = D.

Definition 6.10. Let J be an ideal on o.

(1) A game Oj between two players, One and Two, is defined as follows. A play of
Oy lasts @ steps in which the players construct a sequence (Z;, k;: i < ®). Ata
stage i of the play, first One chooses a set Z; € J* and then Two answers with k; €
Z;. At the end, Two wins the play (Z;, k;: i < @) if and only if {k;: i < ®} € JT.

(2) We say that J is an R-ideal if player One has no winning strategy in o .

Remark 6.11. The game Oj is attributed to Fred Galvin. He also showed that if J is a
maximal ideal on , then it is an R-ideal if and only if the dual filter J¢ is a Ramsey
ultrafilter (cf. [1, Theorem 4.5.3]). Also, the ideal [w]<® of all finite subsets of ® is
an R-ideal.

Theorem 6.12. Assume that (K, X) is a tight FFCC pair, J is an R-ideal on ® and
7 € PCL(K,X). Suppose that D € suf!(K,X) satisfies D® D = D and let A, € D,
for n < ®. Then there are § € PCJ_(K,X) and 0 = k(0) < k(1) < k(2) < k(3) <
o < @ such that T < 5, my) =mS and if i < j, { < @, Sk(i) € XX 1 L), then

pOS(Sk(i), Sk(i) 15+ sk(j)—l) C Ay

Proof. The proof follows the pattern of Theorem 4.7 with the only addition that we
need to make sure that at the end § € PCJ,_(K,X), so we play a round of 0. First,

Claim 6.12.1. Assume M, ! < ® and B € D,. Then for some set Z € J*, for every
x € Z, there is § € X%4(7 | £) such that

x € basey(5), pos(s) CB, and (Vf €pos(s))(f®BeDy,).

Proof of Claim 6.12.1. Similar to Claim 4.7.1. Since D®D = D and B € D;, we
know that pos**(7 1 £) \ (BNset!(B, D)) ¢ Df’l. Therefore, for each Y € J€ there are
x €Y and § € T4(7 | £) such that x € basey(5) and pos(5) C BNset(B, D). So the
set Z of x as above belongs to J*.

Consider the following strategy for player One in the game 0. During the course
of a play, in addition to his innings Z;, One chooses aside ¢; < w, B; € Dy, and §e
FC(K,X). So suppose that the players have arrived to a stage i of the play and a
sequence <Zj, kj, 5, lj,Bj: j< i> has been constructed. Stipulating ¢/_; = 0 and
B_| = Ay, One uses Claim 6.12.1 to pick a set Z; C @\ mﬁ" such that Z; € J* and
for all x € Z; there exists § € 29 (F 1 ¢;_;) with

x € base;;1(5) & pos(5) CBi1 & (Vf €pos(5))(f @ Bi1 €Dy, ).

The set Z; is One’s inning in 0y after which Two picks k; € Z;. Now, One chooses
§ € X%°9(7 1 ¢;_1) such that

((X),’ ki € base;| (fi),
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(B): pos(5') C Bi—y, and
()i (VfEPOS(S_’))(f@B,-,l EDXJ‘.).

He also sets

(8)i ¢; =xy for all (equivalently: some) f € pos(5'), and
(8),' B;=A;N N {f@Bl‘f]  fe pOS(?)} € Dy,.

The strategy described above cannot be winning for One, so there is a play
(Zi, ki i < @) in which One follows the strategy, but {k;: i < @} € J*. In the
course of this play One constructed aside a sequence (¢;, B;, §': i < ®) such that §' €
¥%4(f 1 ¢;_1) and conditions (ct);—(€); hold (where we stipulate ¢_; =0, B_; = Ap).
Note that 5751 7... 7§k € £5¢4(7 | ¢;_,) for each i, k < ®. Also

_def 0] ~2~ > 7
§E507517527...ePCL(K,Z) and §>7.

Claim 6.12.2. For each i, k < @, pos (551 7... 755 ) C B;,_| C Ay, .

Proof of Claim 6.12.2. Induction on k; fully parallel to Claim 4.7.2.

Now the theorem readily follows.

Conclusion 6.13. Assume that (K, ¥) is a tight FFCC pair, J is an R-ideal on @ and
7 € PCJ.(K,X). Suppose also that (K, X) has J-bigness for 7. Forn < o letk, < ®
and let d,, : pos*®(7 | n) — ky,. Then there are § € PCY,_(K,X) and 0 = k(0) < k(1) <
k(2) < - < wand {(c;: i < @) such that

e 1<y, m:& = mg)n, and
e foreachi,n<a,if sy €L (7 1n),i<j<wand f € pos(sk(,»),sk(l-)ﬂ,...,sk(j),l),
then d,(f) = c;.

Corollary 6.14. Ler H*: 0 — o\ {0} be increasing, Z* = \J ] H*(i) and let J

n<wi<n
be an R-ideal on ®. Suppose that 7 = CoU- - -UCr, L < ®. Then there are sequences

(kiyni: i < @) and (E;: i < ®) and £ < L such that

@ O0=ny<ky<nm<---<n<ki<nyy <--- <o, {kii i<(0}6]+, and
(b) foreachi< w, 0 #E; CH* (i), |[E,| =i+ 1, and

H E; CG.

Jj<n;
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