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ABSTRACT. A combinatorial principle CECA is formulated and its equivalence
with GCH + certain weakenings of Oy for singular \ is proved. CECA is used
to show that certain “almost point-< 7”7 families can be refined to point-< 7
families by removing a small set from each member of the family. This theorem
in turn is used to show the consistency of “every first countable T} -space with
a weakly uniform base has a point-countable base.”

This research was originally inspired by the following question of Heath and
Lindgren [4]: Does every first countable Hausdorff space X with a weakly uniform
base have a point-countable base? The answer to this question is negative if MA +
(2% > Ry) is assumed (see [2]). On the other hand, if CH holds and the space has
at most N, isolated points, then the answer is positive (see [1]). The starting point
of this paper was the observation that if in addition to GCH also the combinatorial
principle Oy holds for every singular cardinal A, then no bound on the number
of isolated points is needed. An analysis of the proof led to the formulation of a
combinatorial principle CECA. It turns out that CECA is equivalent to GCH +
some previously known weakenings of Oy, but CECA has a different flavor than
O,-principles and may be easier to work with. The equivalence will be shown in
Section 1.

In [3] it is shown that under certain conditions almost disjoint families {A4,, :
a < Kk} can be refined to disjoint families by removing small sets A/, from each
Aqy. Let us say that a family {A, : a < k} is point-< 7 if for every I € [k]” the
intersection (1, ; Ao is empty. In particular, a family is disjoint iff it is point-< 2.
In Section 2 the main theorem of this paper (Theorem [)) is derived from CECA.
Roughly speaking, Theorem [2] asserts that certain families {A, : « < k} that are
“almost point-< 77 can be refined to point-< 7 families by removing small sets A/,
from each A,.

In Section 3, some related results for almost disjoint families are proved, and we
explore how much of Theorem [Z] can be derived from GCH alone rather than from
CECA.
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In Section 4 we show that the positive answer to the question of [2], and more,
follows already from Theorem 21

1. THE CLOSED CONTINUOUS €-CHAIN AXIOM

Definition 1. Let 7 be a regular cardinal. A set M is 7-closed if [M]<"™ C M.
We say that a set M is weakly 7-closed if for every I € [M]™ there exists J € [I]”
such that [J]<™ € M. We say that M is weakly closed if M is weakly 7-closed
for all regular 7 (equivalently: for all regular 7 < |M]). An €-chain is a sequence
(M¢ : € < a) such that Mg C M, and (Mg : £ < 1) € My forall € <n < a.
The Closed Continuous €-Chain Aziom for A and 7 (abbreviated CECA,()\)) is
the following statement:

For every cardinal © > X\, and for every pair of sets A, B with |A| = A, |B| <
A, there exists a continuous €-chain (M¢)e<cp(n) of weakly T-closed elementary
submodels of H(©) such that

— |Me| < X for every € < cf(N);

- B € My; and

- AC U§<cf()\) Mg.

The Closed Continuous €-Chain Aziom for A (abbreviated CECA())) is ob-
tained by requiring that the models M, in the definition of CECA,(\) are weakly
closed. The Closed Continuous €-Chain Aziom (abbreviated CECA) asserts that
CECA()) holds for all uncountable cardinals A.

Lemma 1. Let A be a reqular uncountable cardinal. The following are equivalent:

(a) A< =\,
(b) For every set A with |A| < X there exists a weakly closed M such that A C M
and | M| = A

(c) There exists a weakly A-closed M such that |M| = X.

Proof. (a) = (b). Suppose A<* = A, and |A| = \. Build recursively an increasing
sequence (Mg : € < A) such that A C My, [M¢]<* C Megy1, and | Mg| = X for all
§ <A Let M = ey Me. If 7 < Nisregular, I € [M]” and K € [I]<7, then
K € [M]<7 C [M¢]<* for some & < A, and hence K € Mgy C M, as required.
The implications (b) = (c¢) and (c) = (a) are obvious. O

Corollary 1. CECA = GCH.

Lemma 2. Assume GCH. If X is an uncountable limit cardinal or if A\ = kt for
some regular infinite cardinal x, then CECA()N) holds.

Proof. Let X be as above, let © > A, and let A, B be such that |A] = A, |B] < A\. In
both of these cases we can construct a continuous €-chain (M) f(x) of elementary
submodels of H(O) such that

— | M| < A for every € < cf(N);

— |Mgy1| is regular and [Megyq]<IMer1l € Mg,y for every € < cf (\);

— B € My; and

- AcC U§<cf()\) Mg.

It remains to show that if 6 < cf(A) is limit, then My is weakly closed. So
assume 0 < cf(\) is limit, let 7 be a regular cardinal, and let I € [Ms]".

If ¢f(0) < 7, then there is £ < 7 with [Me N I] = 7. Fix such &, and let
J=TNMeyq. Then [J]<7 C [Meyq]<7 C [Mepq]<Mentl € Mgy € M.
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If cf(6) > 7, then [I]<7 C g5 Me = Ms, and we can take J = I. O

Thus GCH implies that CECA(x) holds for all s, except perhaps if K = AT
for a singular strong limit cardinal A. Fortunately, it turns out that in this case
CECA(k) is equivalent to a weakening of O, that has been extensively studied by
the fourth author. To prove the equivalence, let us introduce some notation.

We say that Pr(\,7) holds if there exists an increasing continuous chain N =
(N; : i < AT) such that |N;| = A for each i < AT, each N; is weakly 7-closed, and
AT C Ui<)\+ N;.

We say that Pr’(\,7) holds if there exists an increasing continuous chain N =
(N : i < AT) such that |N;| = X for each i < AT, each N; is weakly 7-closed with
respect to sets of ordinals, and AT C Uicas Ni.

Note that if 2* = A*, then in Pr()\,7) and Pr/(\,7) we can demand that
Uions Ni = HOV).

In Definition 1.4 of [3], the following principle Sp(o, \) was introducedfl There
exists a sequence (Pe : & < A1) such that for all £ < AT we have Pe C [£]7 and
|Pe| < A; moreover, if £ < AT with ot = ¢f(§) and x is a cofinal subset of & of
cardinality o™, then x can be written in the form x = \J{z, : v € o}, where for
each v € o we have [x,]” C U, ¢ Py.

The ideal I[k] was defined in [A] and [6]. We use here two equivalent definitions
of I[k] given in [7].

Definition 2. For a regular uncountable cardinal &, let I[«] be the family of all
sets A C & such that the set {6 € A: 6 = cf(d)} is not stationary in x and for some
(Pq : & < k) we have:
(a) P, is a family of < k subsets of «a; and
(b) for every limit @ € A such that ¢f(a) < « there is  C « such that otp(z) <
a=supzrand VB < a(znpf e, ., Py

The following characterization of I[k] appears as Claim 1.2 in [7]. The abbrevi-
ation nace(C) stands for “nonaccumulation points of C” (in the order topology).

Lemma 3. Let x be a regular uncountable cardinal. Then D € I[x] iff there exists
a sequence (Cpg : B < k) such that:

(a) Cp is a closed subset of 3;

(b) if o € nacc(Cp) then Co = Ca N a;

(c) for some club E C k, for every § € DN E we have cf(§) < & and § = sup Cy
and otp(Cs) = cf(d); and

(d) nacc(Cs) is a set of successor ordinals.

It is clear from the above lemma that Jensen’s principle Oy implies that AT €
IAT].
For 7 < A, let $2° = {a < AT : ¢f(a) = 7).

Theorem 1. Let 7 < X be infinite cardinals with T reqular and A\ singular strong
limit. The following are equivalent:
+
(a) 2 € IA*];
(b) Pr(X,7);
I Actually, the principle introduced in [3] is more general and contains an extra parameter 7,

but the case 7 = o1 is most relevant for the results in [3] and fits most neatly into the framework
of the present paper.
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(c) Pr'(A,7);
(d) CECA,(A\*).

Moreover, if T = o, then each of the above is also equivalent to:

(e) Sp(o, A).

Proof. The implications from (b) to (¢) and from (d) to (b) are obvious

(c) = (d). Let & > AT, and let N = (N; : i < A") exemplify Pr’'(\, 7). Let
M = (M : £ < A1) be an increasing continuous sequence such that N € My, and
for all £ < AT we have:

(1) Me < (H(©),<*) (where <* is some wellorder relation on H(O));

(2) [M¢| = A; and

(3) M|(§+1) € Mgy

Let M = U§<)\+ Me. Note that (3) implies in particular that £ € M¢44, and

hence AT C M. Fix a bijection h : M — AT such that h|Me € Mgy for all &.
Such h can be found by conditions (1) and (3): Recursively, let h|M¢41 be the <*-
smallest bijection from Mg onto an ordinal that extends h|M. For every & < AT,
let 7(€) be the smallest ordinal n > ¢ such that h[M,] =n = M, N AT = N, N A+,
By (2), n(&§) < AT for all £. Define

E={0c LIMNX" : V¢ <d(n&) <)

Then E is a closed unbounded subset of AT that consists of fixed points of the
function 1. Let {d. : € < AT} be the increasing continuous enumeration of E.

We show that (Ms. : ¢ < A1) witnesses CECA,(AT). Let ¢ < A and let
I € [Ms_]™. Note that we have h[I] € [6:]” and Ms. N AT = Ns_ N AT, So there is
J C h[I] with |J| = 7 and [J]<7 € N5, N ON. We distinguish two cases:

Case 1: There exists J' € [J]™ with sup J' < 0.

Let a = n(supJ’). Then o < 8., M, N A = a = h[M,], and M, N A\t =
N, N AT. Thus, by shrinking J’ if necessary, we may assume that [J/|<7 C N,.
Let I' = h=1J'. Then I' € [I]7. Moreover, if K € [I']<", then K = h~'L
for some L € [J']<". Since L,h|M, € Myi1 and L C My41, it follows that
K € My41 C Ms_, as desired.

Case 2: There is no J' as in Case 1.

Then let I’ = h~1J. Note that we must have otp(J) = 7 and sup J = .. Thus, if
K € [I']<7, then K = h™1L, where L € N, for some a < . with N, = M,NH(\").
Thus, arguing as in the previous case, one can show that K € M, and hence
[I/]<T C M(;E.

(c) = (a). Let N = (N, : a < A1) be a sequence that witnesses Pr’(\, 7). By
thinning out the chain if necessary, we may assume that o C N, for each oo < AT.
For each «, let P, = N, N P(a). We claim that the sequence (P, : a < A1)
witnesses that S** € I[AT]. Condition (a) of Definition Blis obvious. To verify that
(b) also holds, let a € S2" \ {r}. Pick a subset I of a of order type 7 such that
supl = a. Then I € [N, N ON]", and there exists J € [I]” such that [J]<" C N,.
Since « is a limit ordinal and the sequence N is continuous, the latter implies that
[J]=7 € Up<q Ps- On the other hand, regularity of 7 implies that otp(J) =7 < @
and for every 8 < « the set J N S has cardinality < 7. Thus condition (b) holds,
and we have shown that S} € I[AT].

(a) = (d). We will actually prove something slightly more general which will
allow us to show that the M sequence works for several 7’s simultaneously. Assume

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



Sh:674

STRONGLY ALMOST DISJOINT SETS AND WEAKLY UNIFORM BASES 4975

SM c D e IMT]. Let (Co : « < ) and E be witnesses that D € I[AT] as in
LemmaB. Let u = cf(\), and let (k;)i<, be a sequence of cardinals with supremum
A and such that max{y, 7} < ko and 2% < k;41 for all i < u. Let A, B be as in
the assumptions of CECA,(AT), and let © > AT. Recursively construct a double
sequence (M¢ : o < A\T,i < p) such that conditions 1-8 below are satisfied. For
a <At let My = U, M.

M, < H(©);

B C My;

AcC Ua<)\+ Ma;

the sequence (M, : o < A\T) is continuous and increasing;
(Mg : <o) € May1;

| M| = ki and M{, C M, for i < j;

P(Mi 1) C M4Y; |

if [Ca| <A, then P(Ugee, Mj) C Mag.

O NSO WD

The construction is straightforward. Note that condition 8 can be satisfied since
|Usec, Mé| = |Cq| - ki, and |Cy| < A for the relevant o’s.

Now let (ag : £ < AT) be the continuous increasing enumeration of E. We show
that the sequence (M, : §& < AT) witnesses CECA,(AT). For this it suffices to
verify that each M, is weakly 7-closed; the remaining requirements of CECA, (A1)
are already covered by conditions 1-6. If ag = 3+1 for some 3, then M, is weakly
T-closed by condition 7. So consider the case when oy is a limit ordinal, and let
I € [M,,]". We distinguish three cases:
Case 1: cf (o) =7 # p.

Then there exist J € [I]” and i < p such that J C Uzeq,, Mj. We will show

e

that [J]<7 C Mq,. Let K € [J]<7. Then K C U/Bec%m M}, for some v € Cq,.
Without loss of generality, we may assume that v € naccCs,. Then C, = Cy, N7.
Since |Co.| = 7 < A, also |C,| < A. By condition 8, K € M,1, and hence
K € M,,, as required.
Case 2: cf(ae) =7 = p.

We will show that [I]<7 C Ma,. If K € [I]<7, then K C M}, for some (3 < a.
By conditions 6 and 7, K € Méfl C M,,.

Case 3: cf(oe) # 1.

Then there exists 8 < ag such that |I N Mgy1| = 7. Since Mgt is weakly 7-
closed and contained in M,,, there exists J € [I N Mpy1]™ such that [J]<7 C M,,.

(a) = (e). Assume that 7 = oT, let (M) : a < AT,i < p) be as in the
previous part of the proof, i.e., such that conditions 1-8 hold, and let the sequence
(g : € < AT) be defined as above. For each & < AT, let Pe = [£]7 N Me4.

Now suppose that cf(§) = 7, and let  C £ be cofinal of cardinality 7. We
distinguish two cases:

Case 1: o < p.

Then we can let x, = z for all v < 0. Each y € [z]

some ¢ < p and 1 < & Thus [z]7 C |J, . Py, as required.
Case 2: o > p.
Then let z, = z N U,Becag My for v < pand z, = 0 for v > p. Ify e [z,]°

o . . 7’
is contained in M, |, for

then y C yvN Uync% for some v € naccCl,, and hence y € P, for some 7 < § with
v < ay.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



Sh:674

4976 Z. T. BALOGH, S. W. DAVIS, W. JUST, S. SHELAH, AND P. J. SZEPTYCKI

(e) = (a). Assume 7 = o™, and let (Pe : £ < A1) witness that Sp(o, A) holds.
For each ¢ let R¢ be the union of P¢ and the set of initial segments of elements of
Pe. Let € € S27\ {r}. Now if z C £ is any cofinal subset of £ of order type 7, then
=, ¢, Tv, where the family of all initial segments of z,, is contained in Un<£ Ry
for each v < 0. At least one of these x,,’s must be cofinal in £ and of order type 7,
and this x, is exactly as required in Definition [2 O

Note that V7 € Reg CECA, (k) does not always imply CECA (k). For example,
if 2% = N,, ;5 for all n € w, then there are no weakly closed models of cardinality
R,, for n € (0,w), and thus CECA(R,,) fails. But if 7 = X,,, then for each m > n+1
there are plenty of N,-closed models of cardinality X,,, and thus CECAy, (R,)
holds. This anomaly cannot happen if k is a successor cardinal: If k = AT for
a regular A, then CECA (k) implies the existence of weakly A-closed models of
cardinality A, which in turn implies that A<*. Now the proof of Lemma [2] can be
adapted to derive CECA (k). If k is the successor of a singular limit cardinal A and
7 < A, then CECA+ (k) implies that 27 < A. Since for cofinally many 7 we also
will have 7 > ¢f()\), Konig’s Theorem implies that 27 is strictly less than . In
other words, if CECA,(A") holds and X is singular, then A must be a strong limit
cardinal. For such A we have the following corollary to the proof of Theorem [l

Corollary 2. Let \ be a singular strong limit cardinal. Then the following are
equivalent:

(a) AT e I[NT];

(b) SA" € T[] for all regular T < \;

(c) CECA(\Y);

(d) CECA,(AT) holds for all reqular T € A.

Proof. The equivalence between (a) and (b) follows from Shelah’s observation that
I[A*] is a normal, and hence AT -complete, ideal (see [B], [6], or [7]). The equivalence
between (b) and (d) was established in Theorem I The implication (¢) = (d) is
obvious. To see that (a) implies (c), note that the last part of the proof of Theorem[2
shows that if A* € I[AT], then the sequence (My, : £ < A") constructed from
D = \T witnesses CECA (A1) simultaneously for all 7 € A N Reg. O

2. THE MAIN THEOREM

Let 7 be a cardinal. Recall that a sequence of sets (A, )a<s is said to be point-
< 7 at a point a if [{a : a € As}| < 7. We will say that a sequence of sets is
point-< 7 if it is point-< 7 at every point. Notice that (Ay)a<x is point < 7 if for
every I € [k]” the intersection [, ; Aq is empty.

Theorem 2. Assume CECA. Suppose that o, 7 are reqular infinite cardinals, and
let (Aa)a<r be a sequence of (not necessarily distinct) sets such that one of the
following conditions is satisfied:

(1.1) For every I € [s]™ there is J € [I]<7 such that |[\,c; Aal < 0.
(1.2) For every I € [s] there is a J € [I|<7 such that |(\,c; Aol < o and for each
S € [Uper Aal” we have {a: S C Ag}| < 0.
Then there exist (Al)a<w such that |AL| < o for each o < k and the sequence
(Aa \ AL)a<r is point-< T.
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Proof. Suppose the theorem is false, let x be the smallest cardinal for which the
theorem fails, and fix a counterexample A = (A,)a<, and o, 7 that witness this
fact. Throughout the proof, let © denote a “sufficiently large” cardinal, and let
A =Uy<r Aa- In the proof we will consider all possible ways in which #, 0,7 can
be related to each other, and we will derive a contradiction in each case. To begin
with, note that we may without loss of generality assume that 7 < x; otherwise
the conclusion of the theorem is vacuously true. Now let us eliminate the case
o> K. |

Lemma 4. Suppose that M < H(O) is weakly T-closed with respect to sets of or-
dinals, i.e., for every I € [MNK|T there exists J € [I|” with [J]<T C M. Moreover,
suppose A € M and o C M. Then the sequence (Ay \ M)aecrnm 8 point-< .

Corollary 3. o < k.

Proof. Let M < H(©) be weakly closed and such that ¢ C M, |[M| = o, and
M contains everything relevant. For each o < &, let A, = M. If 0 > &, then
kN M = k, and Lemma [ implies the conclusion of Theorem [21 O

Proof of Lemmal[j. Suppose towards a contradiction that there are ¢ and I €
[k N M]™ such that a € (,c; Ao \ M. Since M is weakly 7-closed with respect
to sets of ordinals by passing to a subset of I if necessary, we may assume that
[I]<" € M. Since (1.1) or (1.2) holds, we can find J € [I]<" such that

(2) B=[()4d <o

acJ
Since A,J € M, it follows that B € M. Since 0 C M and |B| C o, we conclude
that B C M, which contradicts the assumption that a € B\ M. |

Now let us reveal how CECA will be used in the remainder of this proof.

Lemma 5. Suppose that there is a continuous increasing chain (Mg)eccr(n) of
weakly closed elementary submodels of H(O) such that |M¢| < k for each & < cf(k),
that My contains everything relevant, that o C My, that [k]<¢/(®) Ue<erm Me
and that for every £ < k:

(i) the sequence (Aq \ Me)aenmenn is point-< T;

(i) o € K\ Mg implies | Mg N Ao| < 0; and

(iil) if @ € M¢ and |Aa| < |Me|, then Aq C M.

Then there are A!, € [A,]S7 for a < Kk such that the sequence (Ay \ AL)a.x 45

point-< T.

Proof. Let the M¢’s and A,’s be as in the assumption. By the choice of « and (ii)
we can pick, for every £ < k and o € KN Mgy1 \ Mg, an Al € [A4]=9 in such a way
that A, N M C Aj, and the sequence (An \ A},)acrn (M, \M) IS Point-< 7.

We claim that the sequence (A, \ AL )a<x is point-< 7. To see this, let a € A,
and let M™ = Uy () Me.-
Case 1: a € M*.

Then there exists a unique £ < c¢f(x) such that a € Mgy \ M. For this &, the
following hold:

2If M has only the property that for every subset I € [M N f-c]"+ there exists J € [I]7 with
[J]<™ C M, then the argument presented here shows that the sequence (A \ M)necrnas is point-
<7t
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e By (i), {a e kN Ms:ac A} <.

e By construction, [{a € KN (Mep1 \ Mg) : a € Ag \ AL} <.

o If @ € K\ M¢qq, then Ay N Mey1 C AL, and hence no a €  \ Mgy satisfies

ac A\ AL.

It follows that the sequence (A, \ A))a<y is point-< 7 at a.

Case 2: a ¢ M*.

We show that M* is weakly 7-closed with respect to sets of ordinals. Let I €
[M*N k™. If 7 = cf(k), then [x]<" C M* and hence [I|<T C M*. If 7 # cf(k),
then there exists § < cf (k) with |[MeNI| =7, and J = Mg N1 is as required. Now
Lemma[4l implies that the sequence (A, \ A )a<x is point-< 7 at a. O

Since we may assume o < k, CECA clearly implies the existence of a sequence
(Me¢)e<cp(x) that satisfies all unnumbered assumptions of Lemma[5. By Lemma H]
this sequence will also satisfy condition (i). How can we make sure that condition
(ii) also holds? This depends on 7.

Lemma 6. Suppose that M < H(©) is weakly closed, A € M, and max{o,7} C
M. Then o € kK \ M implies |[Aa N M| < o.

Proof. Assume towards a contradiction that « € £\ M is such that |[A, N M| > o™,
Since M is weakly ClosedE there exists Z € [A, N M]7 N M. We are going to prove
that the set I = {8 € k: Z C Ag} has cardinality > max{o, 7}, in contradiction
with conditions (1.1) and (1.2) of Theorem 2l Suppose that |I| < max{o,7}. Note
that since k, A, Z € M, it follows that I € M, and there is a one-to-one function
f € M that maps I into max{o,7} C M. It follows that I C M. On the other
hand, @ € I\ M, which gives a contradiction. O

It follows from Lemma Bl that if 7 < , then we can find a sequence (Mg)e<cy(x)
that satisfies the assumption of Lemma Bl So it remains to prove Theorem E] for
the case ¢ < 7 = k. If 7 happens to be equal to o, then any chain we get from
CECA will satisfy |M¢| < o, and we get condition (ii) for free. If o™ < 7 = &, then
we need to take advantage of GCH. The following lemma shows how to handle this
last remaining case.

Lemma 7. Suppose k = 7 > ot and let (M¢)e<, be a continuous increasing
sequence of elementary submodels of H(O) such that each Mg has cardinality less
than k and [k]<" C Ue.,, Me. Then there exists a continuous subsequence (M, )v<x
such that

(3) v<kand a € K\ Mg, imply |[Aq N M, | <o.

Proof. Let A = |J,., Aa. Note that since £ > 7, conditions (1) in Theorem [2
imply that for every S € [A]7 the set h(S) = {a < kK : S C Ay} has cardinality
< k. Since k > o7 and k (= 7) is regular, GCH implies that there is a continuous
subsequence (Mg, )<« of (M¢)e<, such that

(4) for every v < k and every S € [A]7 N Mg, ., we have h(S) C Mg, ,.

We claim that (Mg, )o<v<s is as required. Let N, denote M, . Suppose towards a
contradiction that 0 < o < k and a € k\ N, are such that |4, N N,| > oT. We
distinguish two cases.

3Note that in this argument, as well as in the proof of the next lemma, only the following
consequence of weak closedness is used: If I € [M ]"+, then there is J € [I]? such that J € M.
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Case 1: p= v+ 1 for some v.

Since N, 41 is weakly closed, there exists S € [A,]°NN,41. By (4), h(S) C Ny41.
Since « in h(S), we have a € N, 41 = N,,, contradicting the choice of a.
Case 2: p is a limit ordinal.

We will show that

(5) there are v < p and S € [A,]° such that S € N,11.

Indeed, since N, is weakly closed and |A, NN, | > o, we can pick S € [A,]7 N N,.
Since N, = UV<M N, there is v < p such that S € N,;11. Now we can derive a
contradiction as in the previous case. O

3. RELATED THEOREMS AND EXAMPLES

We first present a modification of Theorem Bl exhibiting when we can obtain
point-< 7 families where 7 is finite. Note that a family of sets is point-< 2 if and
only if it is pairwise disjoint.

Theorem 3. Assume CECA, and let n > 1. Suppose that o is a reqular cardinal,
and let (Ay)a<r be a sequence of (not necessarily distinct) sets such that |Ay| < o™
and one of the following conditions is satisfied:

(1.3) |JAa NAg| <o forall a<f<k;

(14) [Aa N Ag| < o forall o < B < &, and for each S € [J,., Aal”
Ha: SC Au}| <o

Then there exist (Al)a<r such that |AL| < o for each o < k and the sequence
(Aa \ AL ) a<r is point-<n + 1.

Proof. First apply Theorem B for 7 = Ry to get sets A” € [A,]? such that
(Ao \ A”)a<s is point-finite. The step from point-finite to point-< n + 1 can
be made in ZFC:

Lemma 8. Let n > 1. Suppose that o is a regular infinite cardinal, and also that
{A, 1 a < K} is a point-finite family of sets satisfying |Ae| < o™ for each o and
|Ap N Ag| < o for each pair of distinct o, 8 € k. Then there are Al € [A,]° for
each o such that {Ay \ AL, : o < K} is point-<n + 1.

Proof of Lemmal[d. First let us prove the lemma for the case n = 1. Let s be the
minimal cardinal such that there is a family of size x that forms a counterexample
to the theorem. Clearly x > o. First assume that x > oT. Fix an €-chain of
elementary submodels {M; : £ < ¢f(k)} such that

1. 0" C My, and |M¢| < & for each £ < &,

2. {4, : a < K} € My, and

3. {An ra <k} CU{Me: €< cf(r)}.
Using the minimality of , for each £ € ¢f(k) fix a sequence

{AL ra € mN (Meyr \ M)}

of sets of size o such that {4, \ A}, : @ € kN Mgy} is pairwise disjoint. Note

that, by point-finiteness, if v ¢ M then A, N Me = 0. Also o™ C M, implies that
Ay C M for each a € M. Therefore {A, \ A, : a € k} is pairwise disjoint. O

The case for K = o7 is similar. Fix an €-chain as above of elementary submodels
{M¢ : € < cf(k)} of size 0 so that ¢ C My, and let A, = A, N Mgyq, where
a € Mgy \ M. To see that {A, \ A, : @ € K} is pairwise disjoint it suffices to
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observe that, as above, if a & M, then A, N Mg # () and, in addition, if a, 5 € M
then A, N Ag C M.

Now suppose m > 1 and the lemma is true for all n < m. Let (Ay)a<x be a
sequence of sets such that [A,| < o™ for each o and |A, N Ag| < o for each
pair of distinct o, 8 € k. Let v = ¢t (™D Then ¢t™ = v*, and hence the
lemma for n = 1 implies that there are Al € [A,]” for each a such that the family
{Au\ 4., : o < Kk} is pairwise disjoint. Since the lemma is true for n = m—1, there
are Al, € [AZ]? such that the family { A\ A}, : « < k} is point-< m. Now we claim
that the family {4, \ AL : @ < k} is point-< m + 1. For any a, there are at most
m — 1 indices « such that a € A” \ AL. Moreover, the family {4, \ A7 : a« < K} is
disjoint, so there is at most one index o with a € A, \ Al,. So we are done. O

The following example shows that Lemma [ is in a sense the best possible.

Example 1. For each n € w there is a point-< n + 1 family A,, of sets of size X,
such that

(a) AN B is finite for each pair of distinct A, B € A,, and
(b) A, has no point-< n refinement of the form {A\ A’ : A € A,} where each
A’ is countable.

Proof. For each n € w, each i € n fix s : n\ {i} — w, let A; = {t € "w, :
t extends s}. Let A, = U;c, {As : s € "\Hw,}. We will show that A, is the
required family for each n € w.

(n = 2): Ag is the family of rows and columns in wy X wy. Clearly this family
is point-< 3. To see that (b) holds, suppose that A’ € [A]“ for each A € A. Let
Apa ={(a,8) : B € wa} and A1 o = {(0,a) : B € wa}. Fix an uncountable o < wo
so that A{J,ﬁ C o? for each 5 € o. Consider Ajo. As a is uncountable, we can fix
B < a so that (8,a) ¢ A} ,. But then also (3,a) € Aj 5, so the refined family is
not point-< 2.

Assume by induction that n > 2 and A, is as required for each k < n. Clearly
A, is point-< n+1 and almost disjoint. So suppose that A" € [A]“ for each A € A,,.
Fix a < wy, such that |a| = w,—1 and so that A, C a™ for each ¢ € n and each
s:n\{i} — a. Let

S={te ™, t(n—1)=aand t(i) € a for each i <n — 1}.

For eachi < n—1, fix s : n\{i} — a+1 such that s is the restriction of some element
of S ton\ {i}. Thus s(n —1) = a and B; = {t € S : ¢ extends s} C A;. By the
induction hypothesis, { B, \ AL : s = t|(n\ {i}) for some t € S and i < n— 1} is not
point-< n—1. Therefore, there is t € S such that for each i < n—1, if s = ¢|(n\ {i})
then t € A, \ AL. Finally, since t|(n — 1) € "~ 'a we have A2|n—1 C ™. Therefore
t € Agjn-1) \A2|(n—1)’ so {A\ A": A€ A,} is not point-< n. O

By taking A = A, we obtain a family satisfying the following:

new

Corollary 4. There is a point-finite, almost disjoint family A such that for each
sequence {A' : A € A} of countable sets, the family {A\ A’ : A € A} is not
point-<n for any n € w. O

We now present the main applications of Theorem B] and Theorem [3. Letting
oc=7=2Vypin (1.1), we get:
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Corollary 5. Assume CECA. Suppose that (Ay)a<x 1S a sequence of sets such that
every I € [k]™ has a finite subset J C I such that |(,c; Aal < Ro. Then there
are AL, € [Ay]SR0 for a < K such that the sequence (Ay \ AL )a<k is point-finite.

Letting 0 = RXg and 7 = Xy in (1.1), we get:

Corollary 6. Assume CECA. Suppose that (As)a<k @S a sequence of sets such
that for every countably infinite set S, the set {a < k : S C Ay} is countable.
Then there are AL, € [Ay]SN° for a < Kk such that the sequence (Ay \ AL)a<r 18
point-countable.

Let us restate the first part of Theorem Blin a more conventional way:

Corollary 7. Assume CECA. Let o be a regular infinite cardinal. Suppose that
(Aa)a<k is a sequence of sets of cardinality o, each such that A, N Ag has cardi-
nality less than o for all < 3 < k. Then there are A!, € [A4]=7 for a < Kk such
that the sequence (Ay \ AL)a<r consists of pairwise disjoint sets.

The consistency of Corollary [1 was already derived from a statement similar to
CECA as Theorem 2.6 in [3].

Condition (1.4) allows us in certain circumstances to relax the assumption that
the intersection of each pair of sets A,, Ag has cardinality strictly less than 0. In
particular, if o = Ny, then we get

Corollary 8. Assume CECA. Suppose that (As)a<k s a sequence of sets of car-
dinality Ry such that for every countably infinite set S, the set {a < k: S C Ay}
is countable and |Ay N Ag| < Rg for a < 3 < k. Then there are A, € [A,])<0 for
a < Kk such that the sequence (A, \ AL )a<r consists of pairwise disjoint sets.

If the existence of certain large cardinals is consistent, none of the above corollar-
ies is a consequence of GCH alone. To see this, suppose that (A, )< is & sequence
of sets for which there are A/, € [A,]®° such that the sequence (A, \ A )a<y is
point-countable. Then one can recursively construct for each £ < k pairwise dis-
joint sets Be € [k]™ and pairwise disjoint sets C¢ C UaeBg Ay \ AL such that
Ce N Ay \ Al is infinite for each o € Be. Now it is easy to construct a function
¢t [Uper Aa)? — {0,1} such that |¢([A44]?)] = 2 for all a < k. But, if the existence
of a supercompact cardinal is consistent, one can construct a model of ZFC where
GCH holds and where there exists a sequence (Ay)a<x, ., of sets of size N; each
such that every two of these sets have finite intersection, and for every function
¢ Ugerwt1 Ao — {0,1} there exists a with |c[A4]| = 1 (see Theorem 4.6 of [3]).

However, assuming only GCH, we can get weaker versions of Theorem [2] that are
also of interest. For example:

Theorem 4. Suppose that o is a reqular infinite cardinal and assume that \° = \
for each cardinal \ of cofinality greater than o. Suppose that A = (Ay)a<x i5 @
sequence of (not necessarily distinct) sets such that

() For every I € [K]° there is a finite J C I such that |(,c; Aal < 0.

Then there exists (AL)a<r such that |AL| < ot for each a < k and the sequence
(Ao \ AL) o<k 1s point-finite.

Proof. Assume by induction that « is minimal such that there is a counterexample
to the theorem.

Case 1: o7 > k. Fix an elementary submodel M of size 0 > k such that
AU{A}Uoct U{ot} C M. For each a € k let A, = A, N M. To see that
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(Ao \ A< is point-finite, fix € M such that I = {« : z € A,} is infinite.
By (%), fix a finite J C I such that | ,c; Aa| < 0. Clearly (), ; Ao € M. But
ot C M implies that Nacs Aa © M, contradicting x & M.
Case 2: ot < k. If kK = AT for X a cardinal of cofinality < o, we fix a continuous
€-chain {M¢ : £ < k} of elementary submodels of some H(©) such that
(a) |M¢| =X and A C M, for each £ € &,
(b) A€ Myand A C Uger Me, and
(c) for € a successor ordinal we have Mg = UKCf()\) Mg, where, for each 7,
(i) o <[M{] <X and
(i) [M{]7 C MM
Clearly by our assumption such a sequence exists.

In the case that x is not a successor of a singular cardinal of cofinality < o we
may fix a sequence as above with the stronger property that [M¢]” C M, for each
successor £.

Notice that by (*) we have that, for any model M as above and for any « ¢ M,
{a € M : x € A,} is finite. Indeed, if not, we can fix a finite subset J for which
|Nacs Aal < 0. But then S =, ; Aq is an element of M, but it is not a subset.
This implies that |[S| > A > o, a contradiction.

The main lemma we need is the following.

acJ

Lemma 9. |4, N M| <ot for each £ < k and each o & M.

Proof. Suppose not. First consider the case that £ is a successor. Then there is an
i < cf(A) such that |AaﬁMg| > ot. Therefore there is an S € [AaﬂMEi]" such that
S e Mé“ C M. But then {8: S C Ag} € Me, but it is not a subset. Therefore
it is infinite, contradicting (*). In the case that ¢ is a limit, consider two subcases:
If ¢f(§) = o™, then there is a successor < & such that |4, N M,| > ot. If
cf(€) # ot T, then there is a successor n < € such that |[A,NM,| > o**. Reasoning
as above, we get a contradiction to () in both cases. O

Now, to complete the proof of the theorem, using the lemma and our inductive
assumption. Fix A/ € [A(y]ﬁ"+ for each € € k and @ € M¢41 \ M¢ such that
(d) {Aa \ AL : o € Meyq \ M} is point-finite, and
(e) A, ﬂMg - A/a
The proof that {4, \ A, : a € K} is point-finite is now straightforward: Fix any
reJA Ifzx ¢ Ug Me, then consider I = {a: x € A }. If I is infinite, fix a finite
J C I such that |(,c; Aa| < 0. Then there is a § such that J C M¢. But then
S =Nacs Aa € Mg and S C M, since |S| < o, contradicting z € S\ M.
If ¢ is such that © € Mgyq \ M, then by our construction {a: z € Ay} C M
must be finite as above. O
A slightly more general version of Theorem [ with a slightly weaker conclusion
also follows from GCH alone. We don’t know whether the following theorem follows
from the weaker assumptions given in Theorem €l

Theorem 5. Assume GCH, and let o, 7 be reqular infinite cardinals. Suppose that
A= (A))a<r is a sequence of (not necessarily distinct) sets such that

(%) For every I € [s]" there is J € [I|<7 such that | ,c; Aal < 0.

Then there exist (AL)a<r such that |AL| < ot for each a < k and the sequence
(Ag \ AL)a<r is point-< 7.
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Proof. We modify the proof of Theorem Hl First note that we may assume that
oT,7 < Kk and that k is the successor of a limit cardinal A of cofinality < o. Fix
Mg satistying (a), (b) and (c) of the previous proof. In addition, assume

(c)) [Mg]fT C Mg“, for each successor £ < k and each i < cf(\).
Define A/, as before, also such that (A, \ AL, : a € Mgy \ Me) is point-< 7F. To
see that the whole sequence (Aq \ A,)a<x is point-< 7%, fix a € |J,,.,, Ao and fix
¢ maximal so that a ¢ Mg (where M, = U, M¢). It suffices to prove

Lemma 10. [ = {a € M¢ : a € A} has cardinality < 7.

Proof. Suppose not.

Case 1: ¢f(A) # 7. Then there are a successor n < & and an ¢ < ¢f(\) such that
I N M| > 7. Fix J € [INM]]<7 such that |(,c; Aa| < 0. By (f), J € M,
Therefore (,c; Aa € M;. Therefore (,c; Aa € M,, since it is of size < . This
contradicts a & Me.

Case 2: cf(\) = 7. In the case that c¢f(£) # 7 we can find a successor 7 < £ such
that |1 ﬂMf]| > 7F. This gives a contradiction as in Case 1. Otherwise assume that
cf(€) = 7. First fix a successor n such that [INM,| > 7. Then fix J € [INM,]<"
such that |(,c; Aa| < 0. Now find i < ¢f(A) = 7 such that J C M;. So J € M,
giving a contradiction as before. O O

Taking o = Ng in Theorem Ml gives the following.

Corollary 9. Assume A = X for each cardinal \ of uncountable cofinality. Sup-
pose that (Ay)a<k is a sequence of sets such that |Aq N Ag| < R for each pair of
distinct o, 3 € k. Then there are Al € [A4]S®1 for a < k such that the sequence
(Aa \ AL )a<s is point-finite.

Finally, we remark that Theorem 2l cannot be improved by demanding that the
sets A/, be of cardinality < o. Indeed, if o is regular, then let {A, : a < o} be
a family of subsets of o such that |A, N Ag| < o while |A,| = o for each @ < 0.
No such family can be point-< o¥. So no point-< ¢* family can be obtained by
deleting sets of size less than o from each A,.

4. TOPOLOGICAL APPLICATIONS

In this section, we present some topological applications of the results just
proved. We are particularly interested in the question, raised in [4], of whether
a first countable space with a weakly uniform base must have a point-countable
base.

Definition 3. If n € w and B is a base for a topological space X, then we say
B is an n-weakly uniform base for X provided that if A C X with |A| = n, then
{B € B: AC B} is finite. We say a base B for X is a < w-weakly uniform base
provided that if A C X with |A| > R, then there is a finite subset FF C A with
{B € B: F C B} finite.

The notion of weakly uniform base, introduced in [4], is just what we have called
a 2-weakly uniform base. We shall see later in this section that the properties
defined above are all distinct. To avoid trivialities we will be interested only in the
case n > 2. Clearly, for n < m, n-weakly uniform, base implies m-weakly uniform
base which implies < w-weakly uniform base.
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It was shown in [4] that if X is a space with a 2-weakly uniform base B and
x € X is in the closure of a countable subset of X \ {z}, then B is point-countable
at x. In particular, if X is a first countable space with a weakly uniform base B,
then B is point-countable at all nonisolated points of X. Using that result, it was
shown in [4] that a first countable space in which the boundary of the set of isolated
points is separable has a point-countable base.

In [2], it is shown that a first countable space with a weakly uniform base and
no more than Ry isolated points has a point-countable base. In [1] this is improved
(consistently) to the result that, assuming CH, every first countable space with a
weakly uniform base and no more than R, isolated points has a point-countable
base.

An example is constructed in [2], assuming MA and Ry < 2%, of a normal Moore
space with a weakly uniform base which has no point-countable base. Such a space
also could not be meta-Lindelof.

Our next result establishes the independence of the existence of first countable
spaces with weakly uniform bases but without point-countable bases, and it removes
the cardinality restriction on the set of isolated points.

Theorem 6. Assume CECA. If X is a Ti-space in which each non-isolated point
is a cluster point of a countable set and X has a < w-weakly uniform base, then X
has a point-countable base.

Proof. Suppose B is a < w-weakly uniform base for X. Suppose z is a non-isolated
point of X. We will show that B is point-countable at z. Choose a countable set
C C X\ {x} with z € C. For each B € B with x € B, the set C'N B is infinite, and
hence there exists F € [C N B]<" such that {A € B : Fg C A} is finite. Since
[C]<R0 is countable and for each F' € [C]<®0 there are only finitely many B € B
with Fg = F, we conclude that {B € B : z € B} is countable.

Let (zo : o < k) list the isolated points of X, and let A, = {B € B : z, € B}.
Notice that since B is a < w-weakly uniform base, we have that if I is an infinite
subset of k, then there exists a finite J C I such that

HBeB :{xq :a€ J} C B} <R,

ie. |NaesAal < No. By Corollary [, for each a there is A], € [Aq]<™ such that
(Ao \ AL, : a < k) is point-finite, i.e. for each B € B we have B € A, \ A, for only
finitely many «’s. Hence for each B € B there is a finite set I(B) of isolated points
such that, for every a <k, {B€ B 2, € B\ I(B)} C A,, and |A| < Ny. Hence
By ={B\I(B) : B € B} is a point-countable open family of subsets of X which
forms a base at every non-isolated point of X. Thus B* = By U {{z,} : a <k} is
a point-countable base for X. O

Corollary 10. It is consistent with ZFC that every first countable T} -space with a
weakly uniform base has a point-countable base.

Combining that corollary with the example of [2] completes the independence
result.

Assuming only A“ = X for each cardinal A of uncountable cofinality, we can
obtain a weaker version of Theorem[6. The proof is identical, using Corollary @lin
place of Corollary[5]
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Theorem 7. Assume A = X\ for each cardinal \ of uncountable cofinality. If X
is a T1-space in which each non-isolated point is a cluster point of a countable set
and X has a < w-weakly uniform base, then X has a point-< Na base.

Corollary 11. Assume X\ = X for each cardinal \ of uncountable cofinality. Every
first countable T1-space with a weakly uniform base has a point-< Ny base.

Note that if we weaken the conclusion of < w weakly uniform base to “{B €
B : F C B} is countable”, then we obtain a notion that implies point-countable
at nonisolated points and gives both Theorem [1 and its corollary. It would be
interesting to know when this weaker notion sufficed to conclude that the space has
a point-countable base.

Definition 4. If n € w, then we say that a topological space X is n-metacompact
provided that for every open cover U of X there is an open refinement V < U
such that if A C X with |A| = n, then {V € V : A C V} is finite. We say X
is < w-metacompact provided that, for every open cover U of X there is an open
refinement V < U such that if A C X with |A| > Ny, then there is a finite subset
FCAwith{V eV : FCV} finite.

It is clear that 1-metacompact is just metacompact and that, for n < m, n-
metacompact implies m-metacompact, which implies < w-metacompact. We will
call a refinement V as in the definition above an n-weakly uniform refinement, or
< w-weakly uniform refinement, respectively.

Theorem 8. Assume CECA. If X is a < w-metacompact Ty-space, then X is
meta-Lindeldf.

Proof. Suppose X is < w-metacompact and U is an open cover of X. Let V be an
open, < w-weakly uniform refinement of ¢. List the points of X as (z, : «a < k).
For each o < Kk, let A, ={V €V : 1z, € V}. By Corollary B for each o < x there
is A/ € [A,]=N0 such that (A, \ A, :a € k) is point-finite on the set V. For each
VeV, welet I[(V)={z, €V Ve Ay \ AL }. Note that |I(V)| < Ng. Further,
for each @ < k we have {V €V 12, € V\I(V)} C A, and |A | < Ny. For each
a < K, choose V,, € V such that z, € V,. For V €V, let

Vi =(V\IV)U{aq € I(V) : V =V, }.
Note that V* C V and V \ V* is finite. Let V* = {V* :V € V}. Then V*

is an open refinement of U, and if z, € V*, then V € A/ U {V,}. Thus V* is
point-countable. [l

Corollary 12. It is consistent with Z FC' that every T1-space with a weakly uniform
base is meta-Lindeldf.

Again, combining this corollary with the example in [2] completes the indepen-
dence result.

Example 2. For each natural numbern > 1, there is a Moore space X,, of scattered
height 2 which has an (n+1)-weakly uniform base, but X,, does not have an n-weakly
uniform base.

Proof. Let L be a subset of R x {0} with |L| = ¥y, and let D = {p, :n € w}
be a countable subset of R x (0,00) which is dense in the Euclidean topology. It
is shown in [2] that there is a collection H of countably infinite subsets of L and a
partition {H,, : n € w} of H such that
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(1) if Hq, Hy € H and H; # Hs, then |Hy N Ha| < Yy, and
(2) if Y C L and |Y| = Ny, then for each n € w, there exists H € H,, such that
Y N H| =N,.

For each n € w, let Y, = {(pn,H) : H € H,}, and let Y = {J, o, Yn. Let
X =LUY. For each n € wand each x € L, let By(z) = {(p:;, H) : (ps, H) € Y},
x € H, and p; is an element of the Euclidean open ball in R x (0, c0) of radius 27"
which is tangent to the axis R x {0} at the point z}. If z € L and n € w, then we
define Gy, (z) = {z} U By, (x) and let {G,(x) : n € w} be a neighborhood base at z.
If y € Y, then {y} is open. It is shown in [2] that with this topology X is a Moore
space with a weakly uniform base, and if U/ is any open cover of X which refines
the open cover {Go(z) :x € L}U{{y} :y € Y}, then there exists y € Y such that
{U el :y e U} is infinite.

Suppose k is a natural number and k > 1. We shall use the space X to construct
a Moore space X}, of scattered height 2 with a (k 4 1)-weakly uniform base but no
k-weakly uniform base. Let X} = LU (Y x k). Points of Y x k will be isolated. If
r € Land n € w, let GE(z) = {x} U (B, (x) x k). Notice that (Gk(z) :n € w) is a
decreasing sequence, and thus this is a valid assignment of neighborhoods. Letting
Gn = {GE(x) 2 e LyU{{y} : y € Y x k}, we see that (G, :n € w)is a
development for Xj, and since each G¥ (z) is clopen, X} is a 0-dimensional space
of scattered height 2.

We now show that B = (J,c, Gn is a (k + 1)-weakly uniform base for Xj.
Suppose A C Xj, with [A| =k+ 1. If |[ANL| > 2, then {Be B: AC B}| =0.
If [ANL| =1, then let {z} = AN L. Choose n € w such that GE(z) N A = {z}.
Then |[{B € B: A C B}| < n, since for each m € w there is only one element of G,,
which contains z. Finally, if |A N L| =0, then let A = {(y1,n1),- .., (Yk+1, "k+1)},
where y; € Y and n; € k for 1 <¢ < k4 1. Choose ¢, j < k4 1 such that n; = n;.
Then {B€ B : AC B} C{B¢€ B :{(yi,n:), (y;,n;)} C B}. Now for B = GE(z),
we have that (yj,n;) € GF(x) implies y; € G,,(z). So

{B e B : {(yini), (yj,n;)} € Bt = {Gn(x) :{yi,y;} € Gn(2)}| <No,

since {Gy,(z) :n € w,x € L} is shown in [2] to be a weakly uniform collection.

We now show that X has no k-weakly uniform base. Suppose V is any open
cover of X which refines G;. For each z € L, choose V,, € V and n(z) € w with
Gﬁ(x)(x) C Vz. Now in the space X, U = {Gp)(z) 2z € L} U{{y} :y €Y}
refines {G1(z) 2 € L} U{{y} :y € Y}. Hence there is a point y € Y so that
{U U :y e U} is infinite, and so {x € L :y € Gyy)(x)} is infinite. Let
A ={y} x k. Then |A| = k, and for each i € k we have (y, i) € Gfl(x)(x) C V. So
{r € L : A CV,}is infinite, and thus V is not a k-weakly uniform base for X;,. O
Example 3. There is a space Y which has < w-weakly uniform base, but does not
have an n-weakly uniform base for any n € w.

Proof. For each natural number n > 1, let X,, be as constructed in Example[2l Let
Y be the disjoint union of the spaces X,. The natural base is easily seen to be
< w-weakly uniform, since if A CY and |A| = Ny, then either A C X, for some n,
in which case any subset of A of size n+ 1 would be contained in only finitely many
elements of the base, or A contains two points from distinct X,,’s, in which case
no element of the base contains that two-point subset. To see that Y cannot have
an n-weakly uniform base, it is enough to observe that X, is an open subspace of
Y. O
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Thus we have shown that these properties are all distinct.

REFERENCES

A. V. Arhangel’skii, W. Just, E. A. Reznichenko, and P. J. Szeptycki; Sharp bases and weakly
uniform bases versus point-countable bases, to appear in Topology and its Applications.

S. W. Davis, G. M. Reed, and M. L. Wage; Further results on weakly uniform bases, Houston
Journal of Mathematics, 2 (1976) 57-63. MR, 52:15365

A. Hajnal, I. Juhdsz, and S. Shelah [HJSh249]; Splitting strongly almost disjoint families,
TAMS 295 (1986) 369-387. IMR._87i:03098

R. W. Heath and W. F. Lindgren; Weakly uniform bases, Houston J. Math. 2 (1976) 85-90.
MR, 52:15364

S. Shelah [Sh108]; On Successors of Singular Cardinals, in: Logic Colloquium 78 (M. Boffa,
D. van Dalen, K. McAloon, eds.), 357-380, North-Holland 1979. IMR. 82d:03079

S. Shelah [Sh88a]; Appendix: On stationary sets (to “Classification of nonelementary classes
II. Abstract elementary classes”), in: Classification Theory, Proceedings of the USA-Israel
Conference on Classification Theory, Chicago, December 1985, J. T. Baldwin, ed., LNM 1292,
483-495, Springer 1987. MR 91h:03046

S. Shelah [Sh420]; Advances in Cardinal Arithmetic, Finite and Infinite Combinatorics in Sets
and Logic (N. W. Sauer et al. eds.), NATO Adv. Sci. Inst. Ser. C: Math. Phys. Sci., vol. 411,
Kluwer 1993, 355-383. MR 95h:03112

DEPARTMENT OF MATHEMATICS, M1AMI UNIVERSITY, OXFORD, OHIO 45056
E-mail address: ztbalogh@miavxl.acs.muohio.edu

DEPARTMENT OF MATHEMATICS, M1AMI UNIVERSITY, OXFORD, OHIO 45056
E-mail address: swdavis@miavxl.muohio.edu

DEPARTMENT OF MATHEMATICS, OHIO UNIVERSITY, ATHENS, OHIO 45701
E-mail address: just@math.ohiou.edu

INSTITUTE OF MATHEMATICS, THE HEBREW UNIVERSITY, GIVAT RAM, 91904 JERUSALEM,

ISRAEL

E-mail address: shelah@math.huji.ac.il

DEPARTMENT OF MATHEMATICS, OHIO UNIVERSITY, ATHENS, OHIO 45701
E-mail address: szeptyck@math.ohiou.edu

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=52:15365
http://www.ams.org/mathscinet-getitem?mr=87i:03098
http://www.ams.org/mathscinet-getitem?mr=52:15364
http://www.ams.org/mathscinet-getitem?mr=82d:03079
http://www.ams.org/mathscinet-getitem?mr=91h:03046
http://www.ams.org/mathscinet-getitem?mr=95h:03112

	1. The closed continuous -chain axiom
	2. The main theorem
	3. Related theorems and examples
	4. Topological applications
	References

