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ON U N C O U N T A B L E  ABELIAN GROUPS 

BY 

SAHARON SHELAH' 

A B S T R A C T  

We continue the investigation from [10], [11], [12] on uncountable abelian 
groups. This paper tends more to group theory and was motivated by Nunke's 
statement (in [9]) that Whitehead problem, rephrased properly, is not solved 
yet. 

w Introduction 

This work  cont inues [10], [12], [13] but here  we deal here  with more  

group- theore t ic  problems,  mainly der ived f rom Nunke  [9]. 

In w we charac ter ize  the Whi t ehead  groups  of power  < 2",,, assuming Mart in  

Axiom:  they are the Ni-free groups  satisfying possibility II or I I I  f rom [10]; and, 

equivalent ly,  they are N~-coseparable or  equivalent ly E x t ( - , Z , o ) =  0. 

In w we construct  an N~-free g roup  satisfying possibility II which is not 

strongly Nr f ree .  Hence  M A  + 2",, > 1,li implies there  is a Whi tehead  g roup  which 

is not s trongly l, l l-free. 

We also prove  (assuming V = L or even 2 "o < 2",) that there  is a strongly 

~z-free, separable ,  not N~-separable g roup  of cardinali ty 1~. At last we construct  

an l~2-free (hence strongly ~ , - f ree)  non-separab le ,  non-Whi t ehead  g roup  of 

cardinali ty 2",. 

In w we deal  with hereditar i ly separab le  groups.  If V = L they are just the 

free groups.  (This s t rengthens  the theorem:  if V = 2, every Whi t ehead  g roup  is 

free.)  But  M A  + 2",, > l,l~ implies there  are non-Whi tehead ,  hereditar i ly separa-  

ble groups  of cardinali ty NI. We also prove,  assuming 2", ,<2", ,  that  any 

hereditar i ly separable  g roup  is s trongly l~-f ree  (a little more ,  in fact). 

For  notat ion see Nunke  [9] or  [13]. Z~o is the direct sum of N,, copies of Z. 
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A d d e d  in proof. Meanwhile we solve another problem from [9]: ZFC is 

consistent with the existence of G, EXT(G, Z )=  Q. 

I thank P. Eklof for many stimulating discussions, which are the main cause 

for the work presented here. 

w 

THEOREM 1.1. ( M A  + 2"~ > Nl) Suppose G is a group of  cardinality 1~1. G is a 

Whitehead group iff it satisfies possibility II or III iff G is l~-coseparable iff 

Ext (G, Z~) = 0. 

Notice 

CONCLUSION 1.2. (MA + 2 '% > N1) (1) There are Whitehead groups of cardi- 

nality NI which are not strongly ~ll-free. 

(2) For G a group of cardinality <N1, G is Whitehead iff G is ~ -  

coseparable. 

(3) There are non-free Nl-coseparable groups of cardinality 1,ll, which are not 

even ~l-separable. 

REMARKS. (1) In 1.1, 1.2 we can replace "cardinality N1" by "cardinality 

< 2'%". 

(2) Nunke [9] stated the negation of 1.2(3), but it seemed he was inaccurate. 

(3) The proof of 1.1 is similar to [13], w 

PROOF OF 1.2. (1) Immediate, by 2.1. 

(2) Immediate from 1.1. 

(3) Immediate by 1.2(1), 1.2(2). 

PROOf oF 1.1. Looking at [10], it is clear the only part missing is: 

(*) If G is ~t]-free, [G I = N1, G satisfies possibility I then Ext (G, Z~) / 0. 

Remember (see [5]) that being Whitehead is a hereditary property, G is 

Nz-coseparable iff Ext(G,Z,o) = 0 which implies E x t ( G , Z ) =  0, i.e. G is 

Whitehead and the proof in [10], w works for Z,~ as well as for Z. 

As G satisfies possibility I, there is a countable free Gs, al (1 < n( i ) ,  i < (ol) in 

G, such that: 

(i) {al: l <= n ( i ) , i  < w~} is independent over G~; 

(ii) PC6(G~, a~ .. ., aT('))/G8 is not free, w.l.o.g, n( i )  = n(*) for every i; 

(iii) PC~(G~, a(l, .. ., aT('))/G~ has no subgroup of smaller rank which is not 
free. 

Let G~ = I..J,,.:~G", G "  freely generated by {b~ .. -, b"-~}. 
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Let  G 7  be P C ( G ' ,  a], ' '  ", a?r By (ii) above for no i is GT = I,-J,,<o, G 7  = 

PC(Gs, a~ "" ", a "~') equal to (G7, G,) hence 

(iv) For  each i for  infinitely many m < to, G ? + ~ J ( G T ,  G"+~). For  each 

m < to we define on to~ an equivalence relation E,, with countably many 

equivalence classes: 

iE~j iff the mapping f defined by f l G "  = id, f ( a l )  = al (l ~ n(*)), induces an 

isomorphism from P C ~ ( G " ,  a~ . .  ., a "~'~) onto  PCG(G m, a ~ ' '  ", a?r Notice it 

can induce at most one isomorphism. 

As G is ~t-free,  PC~(a ~  a~ -" ", a 7r a7 r is finitely generated,  hence for 

i ~  j for  some m, --1 iEmj. 

From similar reasons it is clear that Em has _-< ~o equivalence classes, and 

trivially m < k implies that E~ refines E,,. There  is i ( * ) <  to~ such that for every 

i _-> i(*) and m, i/E~, is uncountable  (this fails only for countably  many i's, so we 

can choose i(*) big enough).  

CLAIM 1.3. ( M A + 2 " o > N ~ ) .  There are an uncountable S C t o ~ - i ( * )  and 

k ( m ) < t o  (m < t o )  such that: 

(i) k (m)  is stricly increasing, 

(ii) for every a ~ S, and m, {j /Ekr j E S, jEkr } has exactly two members, 

(iii) for every i ~ S, and m, (G~ ~"~, G ~"+z~) is a proper subgroup of G~ ~"+z~. 

PROOF. Let  us define a partial o rde r  P:  

p E P consists of a strictly increasing sequence  of natural  numbers  

(kP(0), . . - ,  kP(np)), and a finite set V" of toz-  i(*) such that k"(0)  = 0, and for 

every i E V p and m < n p  (letting k ( l )  = k"( l ) )  

{j/Eke~ j ~ i/~k~.~,i ~ V p} 

has exactly two members ,  and i ~  j @ V p implies --1 iEkr 

Now p =< q if np <= nq, A ,~=. k P ( l ) = k " ( l), and V p C V q. Clearly, ((0), ~b) E P. 

FACT 1. P satisfies the N~-chain condit ion.  

Let p ( i ) E  P, as we can replace {p(i): i < to~} by any uncountable  subfamily, 

w.l.o.g, for every i, n,r = n, kP(l)  = k ( l )  (l < n), and V ~r = {j '( l):  l < l*}, and 

j'(1)/Ek~~ depend  on l only (not on i). Also w.l.o.g, for  some l* < l*, j ' ( l )  = j ( l )  

for  l < l +, and {j '( l):  l* -<_ I < l*, i < r are pairwise distinct (and distinct from 

j ( l )  (l < l+)). Now for l < l + choose j ' ( l )  @ to, - i(*) - V p~~ V p~ j'(l)Ek~,~j(l) 

(possible by an assumption).  Choose  k < to large enough so that -~j '(l)Ek(,~i(l)  

for l < l  +, - l f ' ( l)E~j~(1) for l+<=l<l  *, and k > k ( n ) .  Now let q E P  be 
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V q= VP(~176 n q = n + l ,  kq(O) = k ( O ) , . . . , k q ( n )  = k ( n ) ,  

k q ( n + l ) = k .  It is not hard to check pO<q, p l < q ,  q ~ p .  

FACT 2. D~ = {p ~ P: for some j > i, j ~ V p} is dense. We are given p E P, 

and have to find q => p, q E D,  The proof is like the latter part of Fact 1 (here 

V p = {j(l): l < l+}). 

FACT 3. D"  = (p E P: np > n} is dense. 

Let p ~ P;  it suffices to show there is q -> p, nq = np + 1 (by iteration). This is 

proved in Fact 1. 

So by Martin Axiom (MA) and 2 'o > ~1, there is a directed subset A of P, not 

disjoint to any D, (i < co~), D"  (n < o~). So S = 13p~AV p, k (n )  = k" (n )  (for 

every large enough p E A )  exemplify what we want in 1.3. 

I CLAIM 1.4. I f  G 8, a~, n(*), S are as in 1.3 (and before) then G is not a 

Whitehead group (regardless of  whether MA + 2'% > Nz holds). 

NOTE As being Whitehead is a hereditary property we can assume 

G = PC~(Gs  U{al:  l =< n(*) , i  < w~}). 

PROOF. We now define by induction on m <o9, a group H '~, and 

homomorphism h m such that: 

(a) h "  is a homomorphism from H m onto ( l .3~sG~ (')) with kernel Z (note 

that the range of h m is not a pure subgroup of G).  

(b) h % H '~ increase with m. 

Let h m ( * a l )  = al, and h m ( * a )  = a for a E G~, *Gm = (h" ) -~(G") ,  *G~ = 

13,,, (h " )-~(Gs), * G 7 = PCn. ( * G % * a o,.. " , .  a ~(*)) = (h " )-~(G 7 ). 

(c) If i,j ~ S, iEk(,,+~)j, there is an isomorphism g~'~: * G~(")---> * G~ ("), (onto) 

g ~s I * G h(,.) = identity, " t _ " g~s(* a ~) - * ej  (by the definition of * G 7  there is at most 

one such homomorphism). 

(d) If i,j E S ,m >1 ,  iE~o,,)j, but not iE~(,.+~)j, there is no such gm+X,.s �9 

More specifically, for some b E * G ~  (m), c u * G  k('~§ and prime p, 

h"+*[(b + c ) -  ( g T b )  + c))] is divisible by p (in G)  but (b + c) - (g~(b) + c) is 

not divisible by p (in H "+*, hence in every H ~, l > m ) .  

Now h * =  13h  m is a homomorphism from H =  I..JH m onto G, so we 

suppose there is a homomorphism g : Range h * ---> H, h *g = the identity. There 

is an uncountable S * C S  such that for all i ~ S*, and l 

�9 a l -  g ( a l ) = * a l -  gh*(*al) E Z 

is b ~. Choose i ~ j  in S*, choose m, iE~(m+,~], but not i E~(,~+,)j. 
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m b ,. Let b, c as in (d) above.  So b - g,.j( ) = (b + c) - (g,.~(b) + c) is not divisible by 

p in H. As b E * G ~  (m), for some nonzero  integers r, rt and a E * G  k<"), 
I m rb=a+E~.~,(.)rt*a~. Clearly b-g , . j ( rb)  is not divisible by kp in H. But 

,h i  " a n,, t t g,.j * G k<"~ = i d ,  h e n c e  g , . (  ) = a. h e n c e  rb - g . ( r b )  = ~:,~.~.~r,(* a ,  - * a~)  is 

also not divisible by rp. Similarly 

' - * a l ) )  h m+t(r(b + c ) -  r(g,.j(b) + c)) = h m+~(Er~(* a ,  

' Yr  (a'  ' hm§ , - a l )  is and it is divisible by rp. As h " + ~ ( * a l )  = a,, 

2 divisible by rp in G so there  is x E G, rpx = ,<=,~.)rt(a, - al). Hence  

rpg(x ) = g(rpx ) 

= ~ r , ( g ( a l ) - g ( a l ) )  
I~n(*) 

~ _ b  t = ~ r t ( ( * a l - b ' ) - ( * a ,  )) 
I~n(*)  

= Y~ r , ( * a l - * a ~ ) .  
I~n(*)  

So E~.~.)r~( * a l - * a l )  is divisible by rp (in H) .  But a little t ime ago we asserted 

the opposite.  Contradict ion.  

CONCLUSION 1.5. (1) Let  r/, E ~2 (i < oJ,) be distinct, Go is freely genera ted  

by {x~: 7 /E~>2  or r/ = r/i,i <tot}, G is genera ted  by Go and ( x , , -  
Et.~n 2~x~,,)/2" +t. 

Then G is an Nl-free non-Whi tehead  group which is No-separable. G satisfies 

possibility I (so is not strongly N: f ree ) .  

(2) If above  for every a < to, there  are k, < oJ such that 

{r/ , [ / :  k,<=l <oJ, i < a } ,  {rl, ll: k,<=l < oJ, i >=a} 

are disjoint, then G is N:separab le  (and we can easily find such r/,'s). 

PROOF. Left  to the reader.  

w Examples 

THEOREM 2.1. There is an N1-free group of power N .  which is of possibility II 

but not strongly N:free. 
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PROOF. Let S" (n < to) be infinite pairwise disjoint sets of primes, and for 

each n let S :  (a < to~) be infinite pairwise almost disjoint subsets of S". Let G o 

be the free group generated freely by X = { x : :  a <to~,n <to}, and G ~ its 

divisible hull (equivalently, the vector space over the rationals generated by X). 

Let 

Xo ={x~:/3 < ~},x:  =xo u{xT"m <n}. 

For a subgroup H of G~, x = y modun means x - y is nz for some z E H. 

Let U, be pairwise disjoint, infinite subsets of to, such that m E U~ implies 

m > n. For each a > 0, n < to we choose an to-sequence 772 such that: 

(a) 7/2 is with no repetitions, from X~ and moreover from (x~: fl < 

a, m E U , } .  
(b) If a is a successor 77: is included in X~,- X,,-1. 

(c) If a is limit, for each /3 < a only for finitely many l < to, r / : ( l )  E Xo. 

Now we define our example G. It is the subgroup of G ~ generated by x~ 

( a < t o ~ , n < t o )  and (x~-71"~(p))/p ( a< toz ,  n < t o  and pES~) .  Let G, ,=  

PCa(X,~), G: = PC~(X:). 
Clearly G has cardinality N~, so the following facts suffice: 

FACT 1. G :  is generated by 

A (a, n) = {x ~':x ~' �9 X:} U {(x ~'- "q ~(p))/p :x ~ �9 X: ,  p �9 S"A}. 

Just prove by induction on (7, k) that PC(A~,.~,~>(X:) is generated by the 

above-mentioned set (i.e., by induction on toy + k). 

FACt 2. If {r/:(p):p > d }  is disjoint from X~ then for no p > d  and 
m 0 n y � 9  -~) does X,~= y mode p. 

If p ~  S~ this is easy by Fact 1 (in fact, y ~  x modop for any y �9 G~). If 
n n I n p �9 S~, then r/~"(p) = x~ mod~p; letting x~ = rl .(p),  clearly n < l (see choice of 

the U.'s) hence p ~  S~ (see choice of the S's) hence, by what we said before, 

y ~  x'~ modop for y �9 G~ (as clearly flto + m < yto + 1). So the conclusion is 

easy for y �9 GT. 

Replacing G~ by G',  change nothing as $7 O S :  = O for m < n. 

FACT 3. G is Xrfree. 

Being a subgroup of G ~, G is torsion free, so it suffices to prove that for any 

finite A C_ G, PC6 (A)is finitely generated. However, any generator of G (in the 

way we define it) is in PC~(Y) for some YC_X, [ Y[=<2, hence w.l.o.g. A is a 

finite subset of X. We prove by induction on (a, n) that PCG:(A A X: )  is finitely 
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generated. In the limit case (i.e., n = 0) for some (/3, m) < (a, n), A n X~ c X~, 

so as G~ is a pure subgroup of G (hence of G~) by its definition PC~:(A n 
XT)  = PCo~ (A n x~ ) ,  and our conclusion follows by the induction hypothesis. 

If n = m  +1,  x T ~ A ,  the same proof applies. So suppose x7 E A ,  choose 

p(0)<to,  / 3 < a ,  k < t o  such that {717(l):l>-p(O)} is disjoint to X~, but 

�9 , x~ }. By the induction hypothesis it suffices to prove A n x 7  c x ~  u{x~ ..  m-, 

PCG(A NX~)/PCG(A n X T )  is finitely generated, and for this it suffices to 

prove that, letting Y = X~ U {x o,. .  ", x 7-1}, PC~ ( Y  U {x 7 })/PC~ (Y)  is finitely 

generated. This is obvious by Fact 2. 

FACt. 4. G is not strongly Nl-free. 

Suppose G1C H C_ G, G / H  is ~tl-free, and we shall show G = H ;  as G~ is 

countable this clearly suffices. So we prove by induction on (a, n) that x~ E H. 

For a = 0, n < to this is by assumption. Suppose we have proved it for each 

(/3, m) < (a, n), so X~ C H. So for each p E S~, x~ = y mod~p for some y E H, 

so x~/H E G / H  is divisible by every p E S2. As G / H  is ~- f ree  this implies 

x~/H = O/H, i.e., x2 E H. 

FAct 5. G does not satisfy possibility I. 

Otherwise there are a < to~, and ati E G (l <= n(i), i < to~) such that: 

(a) {a~: l <= n(i), i < to1} is independent over G~, and 

(b) PC~(G~, a~ .. ., aT~ is not finitely generated, or equivalently, 
~ . ( i )  d la t (b') for infinitely many natural numbers d, there are x = ,-,~o ~, 1 = 

(dO, . .  ., d"~ (their greatest common divisor), y ~ G~ such that x = y modod. 

We can assume w.l.o.g. 

(c) (al:  l<= n(i)) has no subgroup of smaller rank which satisfies (b'), 
(d) a t~E G O 

(Because we can replace a~ . . .  by da~ .. ., da?~ 
For each ate, there is a minimal YI C_X, a~ E(YI) .  By (a) for some i, 

Y ~  X~+I, and choose maximal (/3, m) for which x7 E Y = Urn,t,) YI. For some 

time we fix i. We can replace (a~: l <= n(i)) by any permutation of it, and by 

(a~ da~, a~, .. ., aT~ So in the usual diagonalization of matrices by elemen- 

'~ Y i -  Yi tary operations, we can assume x~ E o lU - . .  U y;,0), and a ~  

/ yo _ {x 7 }), d * ~ Z - {0}. 

By (c) there is a natural number do, such that for any d, a, b, a = EdWard, 

1 = (dO, . .  -, d"~ b ~ G~, a = b mod~d implies d divides do. 

By the construction there is a natural number d~ and a 3' </3, k < to such that 

V O X~ C_ X~, X~ C_ X~, and {r/~(l): ! _-> d~} is disjoint to X~. 
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By (b') there is d > d'do(d,!),  a = Y.t.~,t,)d'al E (al:  1 <_- n(i)), b ~ G,,, such 

that a = b modad,  and 1 = (dO, . .  ., d"~ As d > do, clearly d ~  

Let d2 be the greatest common divisor of d~ * and d, and let d3 be the greatest 

c o m m o n  divisor of d ~ d and d4 = ( d l ,  "" ", d"( ')) ,  so  ( d  ~ d4) -- 1 hence (d3, d4) = 1. 

d d x ~/G ~ is divisible by d, hence d/d2 Clearly a / G 7  is divisible by d, hence o . ,~ m 

is a product of distinct primes from $7. It is also clear that Eo<~,,o)d*a~ - b is 

divisible in G by d3 (as a - b, d~ ~ are), so as (d3, d4) = 1 d3 divides do. Now d2 

divides d3d* (by their definitions) which divides dod*. 

So some p E S~ divides d but not d2 (hence not d~ *) and is > dl. 
, y ,  k ,~ �9 ,x~ }, then clearly d ~  *) is Let rlT(p) = x~, = X~ U{x~,- .  "-~ 

divisible by p, hence so are xT/PC~(Y*) ,  x~/PC(Y*) ,  but this contradicts Fact 

2. (Note that toy + k _-< to~" + l.) 

THEOREM 2.2. (OM,) There is a strongly Nrjfree, No-separable group of cardi- 

nality Nz which is not Nl-separable. 

PROOF. We shall define by induction on a < to~, a group Go with universe 

to(1 + a) ,  and for 'each pure subgroup I of G,, of finite rank, a homomorphism 

h'; such that: 

(1) G~ is free, increasing with a, G~/G~+I is free (for fl + 1 < a) ,  as well as 

GdGo, 
(2) h ~' increases with a, h 7 I I is the identity, h 7 is a homomorphism from G,~ 

onto L 

The demands up to now ensure G = l..J . . . .  G~ will be strongly N1-free, 

No-separable of power NI. We shall construct it so that Go is not a direct 

summand. So by the definition of ~,,,, we can have for each limit ~5 < to1, a 

function ha: G~-->Go, such that for any h: G->Go, {8 :h  IG~=ha}  is sta- 

tionary. So it suffices to define G~+~ in a way that ha cannot be extended to a 

homomorphism from G into Go, which is the identity on Go. 

So if c~ is a successor, or h,~ I G0 is not the identity or h,~ is not a 

homomorphism into Go, we can just let G,+~ be freely generated by (3,,, x, (there 

is no problem for h 7+1). In the other case let a = [..J,<,oc~,, a ,  < a,+l, let p. be 

distinct primes, and {/, : n < to} be a list of all pure subgroups of Go of finite 

rank (in fact L = I~), and let {c,: n < to} be a list of the members of Go each 

appearing N~ times. We shall define by induction on n < to, /3,, a ,  _-< 13, < or, 

/3, < fl,+~, elements y2 E G,~ - Go.; we let G~" be the group (freely) generated 

by G., x,, ( x . -  yt)/p~ (l < n). We also define in the induction homomorphism 

hT,'": G~ --> I~ (l < n), h~'" increasing with n, and extending hT,. 
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rn  c~ ,n  Suppose we have defined y ,~ , f l~ (m < n )  and h,, ( / < n ) .  Choose f t , < a ,  

/3, > Ux<,/3,, a ,  such that yO,.. ",Y]-~E G~., and I 0 , ' " , I ,  _C G~. 

Clearly G " / G o  is torsion free, of rank 1, and finitely generated, so there is 

x 2 E G ~, G T, = ( G ~, x ] ), d ,x  2 - x,~ = b ] E G,~. For each m < to there is at most 

one homomorphism h : G~" ~ Go extending h,,, h ( x~ )  = c,, ; call it h7 if it exists. 

Let k ( n )  be the first k => n, such that h l  is defined, and there is z~" E G~, 

h,~(z~) = h] (x , , )  A At<,,ht](z~) = h,~'"(z~). Choose if possible t~"~ G~ n Kerh~ O 

n~<.Kerh~', and y . ( a )<c~ ,  y , ( a ) > / 3 , ,  z,",E G~.(,,~ such that t",,/G~.~.~ is not 

divisible by p,. At last choose s~" E Go n n , < ,  Ker h~, not divisible by p, (this is a 

pure subgroup of Go, and G o / ( G o n  At<.  Kerh~,) has finite rank, so such s~" 

exists). 

If k ( n ) ,  z"~ and t" are defined, we let y~" = z~" + t~" +s~", and continue; 

otherwise we stop. If we continue it is easy to check h~]'" (l < n) has one (and 

only one) extension . . . .  ~. m.+~___~ h~, . ,_,~ ,~, and h~ has no extension h: G~+~---~Go, 

h(x~,) = ck~,.~, and we can define h . . . .  

If our induction stops at some n, we behave as for a successor a, and if we 

finish it, G~§ is generated by G~,,x~,, ( x ,~ -yT , ) /p . ,  and then we let h~'] § 

U , ~ h  ~'". In the other cases (I _C G~+1, I ~  Go, or the induction stops) there is no 

problem to define h ~+~ I �9 

If our induction is finished it is not hard to check that h~ has no extension 

h:  G,,+~---~ Go. 

The only point we have to show is that if h : G ~ Go is a homomorphism, and 

h I Go = the identity, then for some 8, h~ = h I G~, and the induction is finished. 

However,  C~ = {6 < to~: for every pure I o , "  ", I ,  C_ Gs, of finite rank there is 

y < 8 such that h(x~)  = h(x~) ,  h~o(xs) = hzo(X~) , " . ,  h,. (xs)  = h,. (x~)} is closed 
and unbounded. 

Similarly, C2 = {8 < tot: for every /3 < 6, pure Io," �9 ", I, _C G6 of finite rank 

there are successors y (1) < y (2) < 8, 13 < y (1), h (x~a) - x~c2~) = h~o(x~t,) - x~a~) = 

. . . .  h ~ . ( x ~ -  x~(~) = 0} and S = {8 < to,: h I G~ = h~} is stationary. 

So there is 6 ~ S OCt  O C~, and for it the induction is finished, i.e., for every 

n, z~,t~,  y , ( 6 ) , s ~  exist. 

We can improve this to: 

THEOREM 2.3. The  last theorem holds  even as suming  only  2 "o < 2 "1. 

PROOF. This time we use the fact that to1 is not small (see Devlin and Shelah 

[3]). We this time define by induction on a < tol for r /U "2, a free group G,  with 

universe t o ( l + a ) ,  and for each pure subgroup I of G,  of finite rank, a 
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projection hT: G . - o I  onto /, both increasing by <:], such that G./G.Ita+,~, 
G./G~ ~ are free (where /3 < l(rl)), G< > has rank No and: 

(*) for limit t5 < to~, -q E t52 there are no projections ht: G.^~-o Go onto Go 

( / =  0,1), h,,IG . =h,IG,,, h, I G 0 =  id. 

Now by O (see [3], {}6) for some r/ E ~,~2, G,  does not have a projection onto 

G,,, then this is the group we are trying to construct. 

For the construction, let /3, </3,+, < 8, I,.J/3. = a, y. E G,I~, . . . .  y , /G, Io ,  not 

divisible by p,, G~,~=(G,,x,,<,~, (x~,<t>-y.-xod'.)/p.), where (xo)= 

p Ca< ,(x,,)C_ G< >. We have to choose the dr., so that (y, + xod'.)/G,le, is not 

divisible by p., and to destroy all possible pairs (ho(x,,<o~), h,(x,,<,>)) (from G< >.) 

THEOREM 2.4. There is a strongly N~-free group which is not No-separable of 
power 2",. Moreover, there is a N2-free, strongly N~-ffee not Whitehead group of 
cardinality 2",. 

REMARK. This theorem answers negatively a question of Eklof [4] as to 

whether  the class of N~-separable No groups is definable in L = ~  (see [4] p. 106, 

paragraph before theorem 2.11). 

PROOF. Let A = 2",,. 

Let Ho, H,  be free groups of cardinality N~, such that H,, C_ H~, H,/Ho is N~-free 

but not a Whitehead group, exists by 1.5. Let {zl: i < to~} freely generate  Ht 
(l = 0, 1). 

Let Go be freely generated by x, (r I Er and G be generated by 

G,, U {y.~: i < to~, r I E o'a} freely except that: 

(*) there are embeddings h,  : H,  --+ G, h,  (z'l) = x,r,, h,  (z '~) = y .~, for r I E r 

Let for r/ E (~'->~a, G,  = (x~l.: a < l(rl)), H ,  = ( y ~ :  a < o~,). 

FACT 1. G is N2-free. 

Any subgroup G* of G of power < N~ is contained in (H,  : r / •  S) for some 

s _C ~o0a, IS I =< N~, and let S = {r/~: i < o~,}. We can define by induction on i, 

o4 < ~o~, such that B, = {rt, I/3 : o4 - / 3  < oJ~} are pairwise disjoint. Let us define 

Io=({x~: v=rl, la forsome i, a<og,, u~ I,_J B,}), 
i < o ~  I 

Clearly L (i < ~Ol) is an increasing continuous sequence of subgroups of G 

whose union is (H~,: i <~o~). So it suffices to prove L,, I,+JL are free. 

Io is free as a subgroup of Go. 
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I~+I/L is isomorphic to H.9,/G,,I,,, which is easily verified to be free. 

We now find a group G0, Z _C Go, and a homomorphism go from GO onto Go, 

K e r g o = Z .  Then by induction on a <to1, for each "O E~"*~A we assign 

f.9: G.91,~ ~ G~I,. (where G*~ = gol(G~)) such that v < r I ~ f~ C_f., f,g.91,~ = lo,  i~ 

(where g~l~ = gol G~*I,,) and for every f: G, ~ G*,, fg.9 = lc ,  extending f,, for 

some a < A ( = 2"o), f = f.9^~>. 
Now for r / E  ~'~ we define H~ and a homomorphism g" from H~ onto H,, 

G~ C H~, g.9 _ g , Kerg.9 Z such that f~ U,~<,~f.gl~,,.~) cannot be extended 

to a homomorphism from H,  into H*~, f~g, = lo~ (this is possible as H.9/G~ is not 

a Whitehead group). 

Now we define G*, g such that H~ C_ H for r /E  t'~ g extend every g.9 

(77 E t~'1~2) and g is a homomorphism from G § onto G, Ker g = Z (no problem as 

there was no "connection" between the H , ' s  except through Go). Now G § g 

exemplify G is not a Whitehead group. For suppose f: G ~ G § fg = 1~, then 

define by induction on a < to~, "y(a)< A such that 

let r /=  (~/(a): a < w~), so f_D U~<~f,l~+,),  so f lH ,  contradict the choice of 
g" 

So G is N2-free and not Whitehead, G + is N2-free and not separable (Z is not a 

direct summand). We finish noting that by [11], N2-free implies strongly Nrfree. 

THEOREM 2.5. (1) In the example from Theorem 2.4 the G we construct is 

N~-separable, provided that each H,/G.9 is Nl-separable. 
(2) We can make G not hereditarily separable. 

PROOF. (1) Left to the reader. 

(2) Wechoose G~ >C_ G< ~, G /GI  ~isomorphic to Z~| apr ime) ,x0~  G< >- 

GI >, pxoE G~ >, and then G~_C G, (r/~'~1~A) increasing with r/ (by <~), 

Xo~ G~, G.9/G" isomorphic to Z~ "), and for each r /E  '~IA we have a projection h, 

of G~, onto pZ where we identify Z with (Xo). 

We now have to define H;C_H.9, H'.9AG.9 = G'~, H,/H'.9~-Z~ "), so that h.9 

cannot be extended to a projection of H~, onto pZ. This is done as in 1.5-1.4. 

w 

DEFINITION 3.1. (1) An abelian group G is hereditarily separable if it is 

N0-free and for every subgroup G', and finitely generated pure subgroup H of 
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G', H is a direct summand of G'.  We can replace "finitely generated" by 

"isomorphic to Z"  (see [5] or [9]). 

REMARK. (2) The hypothesis "for every regular A and stationary S _C A the 

weak diamond holds" (see [3]) is sufficient for Theorem 3.1 (see the proof of 3.5 

and then change the proof of 3.1 accordingly). 

THEOREM 3.1. Suppose V = L, or even that for every regular A and stationary 

S C_ A ~s  holds. 

Then every hereditarily separable torsion free group is free. 

Before proving this theorem we first establish two facts. 

FACT 1. The following are equivalent where H1_C H2 and I are abelian 

groups: 

(a) every h: H,--~I has at most one extension to h': H2--*I, 

(b) if h: Hz--*I, h IH,=Ou, then h ]H2= 0H2, 

(c) if h : H 2 / H , ~  I, then h = 0. 

PROOF OF FACT1. If (a) fails, hl, h2 :H2--~Iex tendh  andh l#h2 ,  t h e n h l - h 2  

shows that (b) fails. If (b) fails, h exemplifies this, the mapping x/H~--~h(x) 

(well defined as H~ C Ker h) shows (c) fails. If (c) fails and h exemplifies it, let 

hi(x) = 0 (x E H2), hdx)  = h(x/Hl),  so h, J h2: H:---~ I extend OH, thus showing 
that (a) fails. 

FACT 2. If I = Z, or even No-free, H is not free, of finite rank and every 

subgroup of smaller rank is free, and is torsion free, then every h : H ~ I is zero. 

PROOF OF FACT 2. Let h / 0. The range of h is a subgroup of I of finite rank, 

so w.l.o.g. I has finite rank, hence is free; let ho: I ~ Z be such that hoh ~ 0 

(easy). So H~ = Ker (hoh) is a subgroup of H of rank < rank H, hence H~ is free, 

and h *: H/H~--~ Z defined by h *(x/H~)= hoh(x) is a well defined homomor- 

phism, and ~ 0, Ker h *= 0. So h * is an embedding, but H/H~ is not finitely 

generated, as H is not free, contradiction. 

PROOF OF THEOREM 3.1. Let Go be any torsion-free, hereditarily separable 

group and H0 be a pure free subgroup of rank 1%. 

Let p be any prime, {x,: n < to} generate freely H0, and let H ;  be the 

subgroup of H0 generated by {p n+~x, : n < to} t.J {x, - px,.,: n < to}. (So Ho/H' is 

isomorphic to Z~p| We prove by induction on A: 

(*)~ Suppose G is torsion free, H a pure subgroup of G, G / H  has rank =< A, 

H' C H, H / H '  ~ Zip | and more specifically H = (H ' , .  �9 x~, �9 �9 .) . . . .  pxo ~ H', 
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x , - p x , §  Xo~_H', and G / H  is not free. We identify Z with (Xo)C_H, so 

pZ  is a pure subgroup of H ' .  

Then: 
(a) If h is a projection of H '  onto pZ,  we can find G'C_G, G = 

(G' ,  �9 �9 x., .  �9 .) . . . .  H '  = G '  O H, such that h cannot be extended to a projection 

of G '  onto pZ. 

(b) If in addition G is I Hl*-free we can in (a) find G '  suitable for all h. 

Clearly (b) gives our conclusion (with Go, Ho, H '  for G, H, H ' )  for uncountable 

G. We can in fact weaken the hypothesis of (b) to: There is no G*_C G, 

IG*I_-<IHI, G/a* free. 

We prove it by induction on )t. 

Choose G1, H C G~ _C G, such that G1/H is not free, and the rank of G~/H is 

minimal. It suffices to prove (*), for G~, because if G~ is as required (for G~), let 

G '  be a maximal subgroup of G such that G ' O  G1 = G'I (equivalently, G'~ C G' ,  

Xo ~ G'). Notice the rank of G1/H is -< X, and G1 is I H I+-free if G is I H I+-free. 

By [11], the rank K of G~/H is finite, or a regular uncountable cardinal. 

Case 1. K finite. 

Let Z l / H , ' " , z , / H  be a maximal independent set in GJH, and w.l.o.g. 

{z~/H, . . . , z ,_ , /H)  generate a pure subgroup of G~/H. Let I be a maximal 

subgroup of G,, such that I n H = H', z~, . . . ,  zK-~ E I, pz~ E I but z, + lxo~ I 
for every 1 , 0 - < l < p - 1 .  

Subcase 1A. I /H '  is not free. 

Clearly I /H'  has rank K, and every subgroup of smaller rank is free, hence h 

has a unique extension h* to a projection of I onto pZ. 

Choose a number l E {0, 1} _C Z such tha t  h *(pz,) + pl (in Z) is not divisible by 

pZ (in Z), and let G " =  (LzK + lxo), G' be a maximal subgroup of G~, G"C_ G' ,  

G ' A  H = H' .  G '  is as required, because if h '  is a projection from G '  onto pZ as 

required, necessarily h'_D h*. So (remembering 1 = x0) 

ph '(zK + l)= h '(pz. + pl)= h '(pzK )+ h '(pl)= h *(pz. )+ h '(pl) 

= h *(.pz,) + pl. 

All numbers are in Z, but moreover h'(zK + l )E pZ, so h *(pz,)+ pl is divisible 

by p2 (in Z), contradiction. 

The other conditions on G '  are easy to check. 

Subcase lB. I /H '  is free. 

It is clear that if q is a prime / p ,  z E G ~ ,  q z E I ,  then z E I  (by the 
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maximality of I). Also G,/ I  is torsion (as (H',  z , . . . ,  z._l, pz.)C_ I), so it is a 

p-group. Hence also G1/(I + H )  is a p-group. As I n H = H '  clearly I / H ' ~  

( I + H ) / H ,  so as they are free, ( I + H ) / ( H + ( z l , . . . , z ~ _ ~ , p z ~ ) )  is finite. So if 

G1/(I + H )  is finite then G d ( H  + (z,, . . ., z._~, pz )) is finite. Hence GI/(I  + H )  is 

finitely generated, hence free, contradiction. So G1/(H + I)  is not finite. Now 

G J ( H  + I)  has rank 1 (it cannot have rank 0, as it is not finite; if it has rank > 1, 

then there is y E G , -  ( H  + I), z J ( H  + I)  not in the subgroup that y / (H '+  I)  

generate). As G, / (H  + I)  is a p-group, we can assume py E H + I = (I, x 0 "  "). 

So py = l x m + y '  for some m >0 ,  I E Z ,  y ' E H .  Now we can replace y by 

y - l x m ,  so now p y E I .  Let I ' = ( I , y ) .  Now z . + l x o ~ I '  (as otherwise 

z~/(H + I)  E (I' + H) / ( I  + H),  contradicting the choice of y). Also Xo ~ I (as 

otherwise x o - l y  E l ,  so (as X o ~ I )  ( l , p ) =  1, and then ly E ( H + I ) ,  which 

together with (p, l) = 1 implies y E (H  + I), contradiction). Hence I '  n H = H ' .  

So I is not maximal, contradiction. Hence the rank of G J ( H  + I)  is 1. 

The only (up to isomorphism) infinite p-group of rank 1 is Z~, which is 

p-divisible. We show that G d I  (which is a p-group) is p-divisible. Let y / I  E 

G,/I. As G d ( H  + I)  is p-divisible, there is y, E G,, y - pyl E H + I, so as H '  _C I, 

y - p y , = l x k + y 2  for some y~EI ,  1 and k. Now y - p ( y ~ + I x k + ~ ) =  

(y - py~) - Ipx~+, = lxk + y2 - Ixk + l(xk -- pxk+,) = y2 + l(xk - pxk+,) E I + H '  = 

L So y / !  is divisible by p. Now h has only No extensions to a homomorphism 

from G1 into Q (the only freedom we have is the images of Zl , . . . , p z~;  

remember  Z _C Q, and we identify 1 E Z and xo). 

Let us enumerate them h k (k < to). Now we define tk E G~ such that toe  G,, 

to ~ I, pto E I, p& +~ - & E I, Xo ~ (I, t o , "  ", &). 

Let to = z, (check Xo ~ (/, z)  by I ' s  definition). 

If tk is defined, choose t~ E G,, pt~ - & E I (by the p-divisibility of G,/I) .  

Choose I E{0,1} such that hk(t~ is not in p Z = ( p x o )  (possible as 

Xo~-pZ), and let tk+, = t~ lxo. 

Now let G ' =  (I, to ,"  ", tk ,"  "). 

Case 2. K regular uncountable cardinal. 

So let G, be PCo,(HU{a, :  i < x } ) ,  {a,: i < K }  independent over G. Let 

a ( i ) <  x (i < K) be increasing and continuous. Let G j be PC~,(H U{a~: i < 

a (/')}). Clearly S = {a < K: for some/3 > a, G ~  is not free} is stationary, so 

w.l.o.g, a E S implies G~+I/G ~ is not free. Trivially the rank of G~*'/G ~ is < K. 

Clearly any homomorphism from G ~ into Q extending h is determined by the 

images of the a~'s (and vice versa - -  every function from {a~ : i < K} to Q can be 

extended to such homomorphism). As by a hypothesis, Os holds, there are 

homomorphisms h~ : G ~ ~ Q (a E S) such that: 
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(i) for  any homomorph i sm  h' :  G1-~,Q, h _Ch', {a ~ S: h '  I G ~ = h,~} is sta- 

t ionary.  

(ii) If I H  I < K (which occurs in (b)) we can omit the demand  h _C h' .  

Now we can define by induction on a < A, groups H a _C G ~, H '~ increasing 

with ct, Xo ~ I I  ~, G ~ = ( H  a, Xo, x l , .  �9 .), and if a E S, h,~ a project ion f rom H "  

onto  pZ,  then ha cannot  be ex tended  to a project ion from H ~§ onto  pZ .  

For  a = 0 ,  H ~ = H ' ;  for  a limit H '~ = U ~ < o H ' ;  for  a successor, if h,, is a 

project ion f rom G ~ on to  p Z  use the induction hypothesis,  otherwise it is trivial. 

Now we define G '  as U ~ H  ~'. 

So we finish Case 2, hence the theorem.  

DEFINmON 3.2. For  a natural  number  m ( > 1 )  a g roup  G is called m-  

hereditari ly separable if G is l,l~-free and for  any homomorph i sm h : G ---> Qm/Z 

(where Q,, is the addit ive subgroup of Q genera ted  by 1/m, 1/m 2,. .  ", 1/m k , . . . )  

and pure subgroup I* of G isomorphic  to Z, there  is a homomorph i sm 

g: K e r h  ---> I* n K e r h ,  g I ( I*  n K e r h )  = the identity. 

CLAIM 3.2. The following conditions on a group G are equivalent: 

(a) G is hereditarily separable. 

(b) G is m -hereditarily separable for every natural number m ( > 1). 

(c) G is p-hereditarily separable for every prime p. 

PROOF. See later. 

THEOREM 3.3. (MA + 2"~ > 1'I~) Let G be an N~-[ree group ofcardinality < 2 "o. 

Then the following conditions are equivalent (we can erase the " /o r  every p"):  

(i) G is hereditarily separable, i.e., p-hereditarily separable for every prime p. 

(ii) For every p, and finite subsets A~ C_ G (i < to~), there are So C_ tol, n < to, 

a l E G ( i E So, l = 1 , . . . ,  n }, So uncountable, A,  C ( a ~, . . ., a ~ ) (for i ~ So) such 

that for every uncountable $1 C So there are i ~ j E So such that: 

P C ( a I , . . . ,  a'., a ~ , . . . ,  aJ, ) = 

i �9 i j (a) (PC(a~,...,a,),PC(a~,...,a~),PC(a~-al,...,a, a,)), 

(~)  ~7=1 klal  = E~'=1 m~a~ implies kl  = m~ for l = j , . . . ,  n, 

(3') no element of P C ( a l  - a ~ , . . . ,  a ', - aJ,)/(a~ - a { , . . . ,  a i. - a~) has order 

p. 

(iii) For no countable pure subgroup Go C_ G are there a ~t (l < hi, i < to1) such 

that: 

(a ) in G/Go, the set {a ~/Go: l <- n,, i < oJ1} is independent, 

Sh:105



326 s. SHELAH Israel J. Math. 

(fl) in PC(Go U {a~: l <= n,})/PC(Go U {a~t: l < n, D mere are elements t,, ~ 0, 
pt,,+l =tm (for m < to). 

PROOF OF CLAIM 3.2. (a) ::> (b). Let h: G ---> Q,,/Z, I* _c G be as in (b), and 

let H = Ker h. Clearly I* n H is a pure subgroup of H isomorphic to Z, so by (a) 

there is g: H--->I* n H, g I(I* n H)  = the identity. 

(b) =), (a). Let H be a subgroup of G (not necessarily pure), I* a pure 

subgroup of H of rank 1 (equivalently, isomorphic to Z). It suffices to find 

g : H ---* I*, g I I* = the identity. Clearly we can replace H by any H', H C_ H' C 

G, H n PCo(I*) = I*, so w.l.o.g. H is maximal with respect to those properties. 

Clearly PCo(I*) is of rank 1, hence isomorphic to Z, and let Xo generate it; 

m = min{n : nxo E I*}. By the maximality of H, G / H  has no subgroup disjoint to 

the subgroup xo/H generated. So it has rank 1. So we can embed it into Q/Z, 

h ': G / H  ~ Q/Z, h '(xo) = 1/m, and let h : G --* Q/Z be such that h (x) = h '(x/H). 
Since xo/H has order m, G = (H, Xo), and we see Range h _C Q,,/Z and clearly 
H _C Ker h. 

(b) f f  (c). Trivial. 

(c) :=), (a). Let m = II~<,p~ c'~, k(i)>= 1. It is easy to check that Qp, C_C_ Q,,, so 

Qp,/Z is a subgroup of Q,,/Z, and that Q,,/Z is the direct sum of Qp,/Z (i < n), 
so let ~ be the projection from Q,,/Z onto Qp,/Z. 

Let h: G ~ Q m / Z ,  h~ = f~h: G ~ Qp,/Z, I* a pure subgroup of G isomorphic 

to Z. So by (c) there are homomorphisms g ~ : K e r h ~ I * n K e r h , ,  
g , i ( I *OKerh , )= the  identity. We want to define an appropriate g. For 

x E Ker h, obviously x E Ker h~ (for i < n). Let Xo E I* generate it; so for each i, 

for some minimal l(i)>-O, pl~ Ker h~. By elementary number theory there 
are natural numbers m, such that 

m,]-" I pl (~ 1. 
/<:~a i ' < n  

Let us define g: Kerh  ---> I* by 

g(y)  = ~ m,I-I p~(',g,(y). 
i < n  j<n 

j ,~ i  

) is well defined. Note Ker h _C Ker h~ so g(y 

Note 

so g(y)  is well defined. 

Also, g l ( I * n K e r h )  is the 

the identity. 

I-I p I(~ E Ker h~, 
j < n  

identity as gi l(I*nKerh)C_g~ l(I* N Kerh , ) i s  
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The last point we have to prove is that the range of g is _ c I * n K e r h .  

Obviously it is included in I*, so we have to prove only h (g (y ) )  = 0. For  this it 

suffices to prove 

Now g i ( y ) =  lpl~ for some l, so it suffices to prove IIj<,pl~')h(x.)=O or 

h(IIj<,pl(i)xo) = 0. But IIj<,pl")xo is clearly in Kerh ,  for each i, hence is in Kerh ,  

as required�9 

PROOF OF THEo~M 3.3. (ii) ~ (i). We shall prove (b) of Claim 3.2�9 So let I*, 

h, m be as there�9 Let P = {(J, I):  I a pure subgroup of G of finite rank, I* _C I, 

D o m f = I n H ,  [ : I A H ~ I * A H  a homomorphism,  . f l ( I * n H ) = t h e  

identity}, where H = Ker  h. P is ordered by: (f, I )  _-< (f', I ' )  if [ C_ f ' ,  I _C I ' .  

As G is X~-free, also H is, so it is easy to check for x ~ H that Dx = 

{(f, I )  E P:  x ~ Dom f} is dense in P. So, as I H I - I G I < 2~~ by MA it suffices to 

prove that P satisfies the N~ chain condition�9 So let ~ , L ) E P  (i <oJ~) be N~ 

conditions�9 

As we can replace them by any uncountable subfamily and increase, we can 

assume: L is freely generated by a~,-- ' ,a~, ,  f~(al) = sl and h(a~t) = t~ ~ Q, , /Z 

(I = 1, �9 �9 n). Now by (ii) for m we can find i < j < w~ satisfying (a) ,  (/3), (3'). So 

h(a l )  = h(a~) = tl hence air - a] E H. By (/3), there is a homomorphism f:  (I~ n 

H , / j  n n ) - - * I * ,  f l I * n H = i d ,  f~, ~ _Cf. Clearly (L O H ,  Ij A H ) c _ H ,  and as 

h ( a l - a ] ) =  0, f ( a ~ - a ~ ) =  0 we can extend f to 

f ':  I ' =  (t, N H , ~  n n ,  P C , , ( a ~  - a{ ,  . . ., a ' .  - a~. ) ) - - ,  I *, 

.f 1 1" = the identity. Let I = PC~(L, Ij). It suffices to prove I n H = I ' ;  trivially 

I ' C I A H .  Now if x ~ I O H ,  then by (a )  X = X l + X ~ + X ~ ,  X l ~ L ,  x:~I~,  

x3~  PCa(a l  - a { , . . . ,  a~. - a~,). Let x: = Ek~b~, and let x~' = Ek~b~, so x~'~ I~, and 

X 2 - -  X ~ " ~ P C ~ ( a ~ - a ~ , . . . , a . - a ~ , ) .  Let 

x = ( x , + x ~ ) ) + ( x 3 + ( x : - x ~ ) ) ,  s o x ~ + x ~ I , ,  

x3 + (x2 - x ~) E PCa (a ~ - a ~,. 

H = K e r h ,  i , j  satisfy (3') of 

x3E H, but as x ~ H, also xl 

X 

x3E PC~(a~ - a~, . . ., a 

_ i �9 -, a~, a . ) .  So hence w.l.o.g, x2 = 0. However  as 

(ii), clearly PC~ (a ~ - a { , . . . ,  a ~, - a J,) C H, so 

E H .  So 

Xl+ x3, x l E L A H ,  

'. - aJ.) n H = P C , ( a ~  - a { , . . . ,  a '. - a~.). 

So I '  = I O H, so we finish (ii) ~ (i). 
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(iii) ~ (ii). This proved as in the proof of "if  G satisfies possibility III or II 

then it is Whi tehead" .  

Not (iii) ~ not (ii). This is proved as in the proof of Theorem 1.1. 

CLAIM 3.4. There is an ~,-free group G, I G [ = 1~,, satisfying (ii) of 3.2 which 

is not a Whitehead group. (So assuming MA + 2",, > N~, there is a hereditarily 

separable non-Whitehead group of cardinality N~.) 

PROOF. Let U_C~2, [UI=I~t~; let G"  be the free group generated by 

{x,~ : r I E U}, G* its divisible hull, {p, : n < w} indistinct primes, and G _C G * be 

generated by 
{x,: n ~ U } U { ( x , - x , . ) / p , :  n ln  = vrn}. 

Its being non-Whitehead follows by 1.5. Now use 3.2 (you can use only (ii), (i), 

which was proved in detail). 

THEOREM 3.5. (2"' < 2"') I f  G is hereditarily separable, then G is strongly 

Nl-free. Moreover, if [..J ,<~, GI C_ G, G, increasing continuous and countable, then 

{6 < to,: (I..J,<~,G,)/G~ is N~-free} is stationary. 

PROOF. Let S = {8 < to,: (.J,<~, G,/G~ is not free}. We suppose S includes a 

closed unbounded set, and prove G is not hereditarily separable. This clearly 

suffices. We can assume w.l.o.g. G = l,..J~<~, G,, G~ a pure subgroup of G, and for 

i E S, G,§ is not free, has finite rank and has no subgroup of smaller rank 

which is not free, and G0 has rank N~. 

Denote  H = Go, choose x, E H, H'_C H such that H = (H, xo , "  ", x . , . . . ) ,  

xoE H - H' ,  pxoE H',  x, - px,+, E H'. Now we define by induction on i < to,, 

for every r / E  ~2, a subgroup H,, of G, such that: 

(1) u <~ rt implies H,  C_ H.,, 

(2) H, VI H = H', G,/H,, = Z~ ~,, 

(3) if 8 ~ S, r / E  ~2, and h,^<,> a projection from H,~t ( _C Gs+~) onto (pxo) for 

l = O, 1, then h..<c,> [ U ~  h .̂ <,> I H . .  

This suffices: for every r /E(~')2 let H,=I._J,<~,IH,  I,C_G ; so if G is 

hereditarily separable for every such rt there is a projection h,, from H,, onto 

(px,,). As S includes a closed unbounded  set (and 2 '̀ o < 2",) by O of [3], w for 

some 6 E S, r t ~ ~2, and vo, ~,~ E t~')2, T/^(l) <~ v,. So h~lH,,~,> contradicts 

condition (3) above. 

In the definition of H ,  ( r / E ~ ) 2 )  the cases i = 0, i limit and i = j + 1, j ~  S 

cause no problem. For i = j + 1, j E S we have to take care of condition (3). This 

is similar to the proof of case (1) in the proof of Theorem 3.1. Let r/ ~ '2, and we 

define H,,^<~>. 
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Let {z , /Gj , . . . ,  zk/Gj} be a maximal independent subset of G,/G~, and let I be 

a maximal subgroup of G, such that H , U { z , , . . . , z k _ I ,  pzk}C_I, z k + l x o ~ I  

(l = 0, 1,." ",p = 1). If I/H~ is not free we let H,^<,> = (I, zk + Ix,,) (I = 0, 1): and 

as in subcase 1A of the proof of 3.1, (3) is satisfied. If 1/H is free then as in 

subcase 1B of the proof of 3.1 we can find t~, E G~ (u E k2, k < w) such that 
^ ,(0) to=zk ,  p t [ + , - t ~ E l ,  t~,~<~ > - t L ,  =x,,. For each v E ~ 2  let H.,,~= 

(H,,, to I'', tiP', .. .). Then we choose u,,, u, E ~2; let H,~,~ = H,,~,. So we have to 

prove that there are u,,, u~ so that condition (3) holds. In fact for every uo all but 

countably many u~ ~ ~2 are suitable. 

THEOREM 3.6. Suppose G is torsion free, and for some finite set P* of prime 

numbers and free G *~ G, G /G * is a torsion group such that for no prime p ~: P* is 

there an element of order p in G / G  *. 

Then G is hereditarily separable iff G is Whitehead. 

P~oov. The "if"  part appears in Nunke [9]. So suppose G is hereditarily 

separable, so we can assume G = G '  + Z. Clearly G is a Whitehead group if G '  

is a Whitehead group, and we shall prove the latter. 

So let h be a homomorphism from H onto G '  with kernel Z_C H. We can 

assume G * =  ( G ' N  G * ) + Z ;  let {a~: i < c~} freely generate G ' D  G* 

We shall embed H into G, thus proving Z is a direct summand of H, hence h 

splits and we shall finish the proof. 

Choose b~ E H, h (b~) = a~, so clearly {b~ : i < a } generate freely a subgroup of 

H. Let n* be the product of the primes in P*. 

Look at the family of embedding g, Doing a subgroup of H including 

Z U {b~ : i < a }, g(b~)= a~, g ( x ) =  n*x (x ~ Z). Clearly this family is non-empty 

and closed under unions of increasing chains, hence it contains a maximal 

member g*. It suffices to prove Dom g* = H. 

Note that for m E Z, m E Range g * implies m is divisible by n* (otherwise in 

H, lz is divisible by some n > I). 

Suppose D o m g * ~ / 4 .  Clearly H / D o i n g *  is torsion (as ZU{b, : i<c~}C_ 

Doing*) .  So for some prime p and x E H ,  x ~ D o m g * ,  p x E D o m g * ,  and 

clearly it suffices to prove g * ( p x ) E  G is divisible by p (in G). 

For some natural numbers n, m and y E Z, and i(1) < ~, k~ integers (l < m), 

we have 
m I 

(1) npx = ny + ~ k~b~) 
1 - 0  

(this is possible as px E Dom g *, and Z is a chrect summand of Dom g * since G 

is hereditarily separable, g * an embedding into (3 ; so if npx = y, + EF-~ ~ k~bm), y~ 

is divisible by n as npx is (in Dom g*)), 
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(2) 

and clearly 

(3) 

hence 

(4) 

g*(npx) = nn*y + ~ k,a,,t, 
/=0 

m I r a - I  

h(npx) = h ( n y ) +  ~ kih(b,, ,)=O+ ~ kia.i,E G', 
I =0 I =0 

h (npx) = nph (x) ~ G'. 

As all groups here are torsion free, it suffices to prove g *(npx) is divisible by 
np (in G). 

By equations (3), (4) it follows that E~"=,, kla,l~ is divisible by np in G. So by 

equation (2) it suffices to prove n *y is divisible by p in G. For this it suffices that 

p divides n * or equivalently (by n*'s definition) that p ~ P*. But this follows by 
the choice of G*. 
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