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§ 1. Introduction

For a discussion of our result, we will restrict to any non zero domain R with
1, i.e. R is a commutative ring without zero-divisors #0. One interesting class
of such rings are Dedekind domains or more generally noetherian domains,
another one, which is quite attractive, are the valuation domains. There is an
increasing number of papers on modules over such rings, some of them export
results on abelian groups to these classes of modules. A special flavour of such
investigations on valuation domains is due to the fact that R does no longer
satisfy the maximum condition in general. This has the nice consequence, that
many new ideas have to be developed for the study of such modules; and it is
not surprising that such ideas are interesting mixtures of algebra and analysis;
— see L. Fuchs [9] and next year also L. Fuchs and L. Salce [10] for further
references.

One of the central problems in module categories is concerned with the
existence of indecomposable modules. We are most grateful to Laszlo Fuchs,
for drawing our attention to this question for valuation domains, when he was
a visiting professor at Essen University in 1982. Answering this problem, it
turns out that the methods are applicable to all domains which are not fields.
Since we want to derive counter examples to possible Krull-Schmidt-type-
theorems in these categories — or equivalently, examples for Kaplansky’s fa-
mous test-problems - we shall derive a realization of algebras as en-
domorphism algebras of suitable modules in this category.

Suppose S is a multiplicatively closed subset of R representing a linear set
of principal ideals. We will see that x=|S| may be chosen to be regular. If M is
an R-module, which is reduced (with respect to S, i.e. (| M s=0), then M has

N

the natural Hausdorff S-topology, taking {Ms: seS} as a system of neigh-
bourhoods of 0e M. Hence M can be completed to M. If the module M is also
torsion-free (with respect to S, i.e. ms=0, me M, seS implies m=0), then M is
torsion-free and reduced. The module G realizing some algebra 4 will be
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constructed between some basic submodule B depending on 4 and B. We
derive the following result: '

If A is an R-algebra with torsion-free and reduced R-module structure and /.
is a cardinal with 2*=12|A|, then we find R-modules G,(i€2*) such that End G,
=A®Ines G, and Hom(G,, G)=1Ines(G,,G)) for i+je2"

The ideal Ines G of End G is the set of all endomorphisms which map the
completion G of G into G. The definition of Ines(G;, G;) is similar. This result
leads already to counter examples to “Krull-Schmidt-theorems” even over a
complete ring R; such theorems may be derived by a method given in [5, 4, 7]
§7.

If we restrict the algebras (and hence the rings) a little further, we obtain a
strong realization theorem. The appropriate notion is cotorsion-freeness, cf.
[11, 12]. — A module M is cotorsion-free if and only if M is torsion-free and
reduced, and Hom(R, M)=0.

If A is an R-algebra with cotorsion-free R-module structure and A as above,
then we find R-modules G;, i€2*, such that End G;=A and Hom(G;,G;)=0 for
all i+je2*

If we now choose the algebra A properly, we get the desired results
mentioned at the beginning,

Suppose R is a valuation domain and S=R —0. If R is complete (or a field),
then the indecomposable R-modules have rank 1. Hence we assume that R is
neither a field nor a complete domain. From (5.8) we conclude that R is a
cotorsion-free R-module. For cotorsion-free domains, and 4= 1*® >|R| we may
apply the strong realization theorem for R = A4 to obtain the following result.

There exists a rigid system of 2* indecomposable, cotorsion-free R-modules of
cardinality A; and A is in a proper class of cardinals.

This answers Fuchs’ question above; for a history of this problem (in
particular for R=Z) see [5, 8]. Next we assume R not a field (otherwise the
folowing result fails by results on Linear Algebra). In [3, 4] we find an R-
algebra with free R-module structure which can be applied to the split-re-
alization theorem. Using arguments as in [7] if R is complete (or applying the
strong realization theorem if R is not complete), the given algebra gives rise to
the following.

For any abelian semi-group I' there exist R-modules G, (yel') which are
torsion-free and reduced such that for

o, p,yel, G,®Gy=G, ifandonlyif a+f=y.

For R=7Z and the special I'=7Z/nZ this may be found in [8], Vol. II, p. 145,
Theorem 91.6.

Another remarkable class of modules can be constructed as follows. As-
sume that R is an incomplete domain and not a field; and apply the strong
realization theorem to Corner’s algebra [2] extended naturally to arbitrary
domains; see also [8], Vol. I, p. 145. We conclude.

There are R-modules G of cardinality 1. (4 as above) which do not have any
indecomposable direct summands 0.
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The techniques of the proof of our main theorem are similar to methodes
of [4, 6] and [17], and we shall follow the exposition given in [4]. However we
shall need some substantial changes in order to deal with non-metrizable
topologies.

§ 2. Preliminaries

We shall prove our results in an even more general category of rings than that
of domains. Throughout this paper R will be a non-zero commutative ring
with 1 and § a subset of non-zero divisors subject to the following conditions

(1) {Rs: seS} is a descending chain with (| Rs=0,
S
(2) 1eS and |S] is a regular cardinal k.

Condition (2) is no restriction for domains, but it will be convenient; in fact (2)
follows from

(2*) S satisfies the intersection property, i.e.

If Xe8, |X|<cfl|S], then S~ [)Rx=+0. Suppose k=cf|[S|, then we find a
X
filtration S=()S, such that |S|<|S|. By (2*) we have s,eSn()Rs and

aeix Sa
therefore {1, s,&8; aex} will satisfy (1) and (2). Recall that (2%) replaces the
standard assumption that S is multiplicatively closed. If R is a valuation
domain, then (1) is automatic; more generally (1) and (2) can be arranged for
any domain which is not a field, without loss of generality we shall assume that
S is multiplicatively closed.

A module M over R is called S-reduced, if ﬂ Ms=0. The set S induces the
S

natural S-topology on M, taking {Ms: seS} as a basis of neighbourhoods of
0eM. Since () Ms=0, the S-topology is Hausdorff and we may consider the
S

completion M of M in its S-topology. Furthermore, M is called S-torsion-free if
ms=0 for meM, se§ implies m=0. A module M is S-cotorsion-free, if and only
if M is S-reduced, S-torsion-free and Hom{R, M)=0; cf. [11, 12] and {2.4)(c).

Let A be a fixed R-algebra such that the R-module 4 is S-reduced and S-
torsion-free for such an S. Then we will fix some cardinal /. with A*=12]4|
and choose a sequence {4;€S, icx} representing a strictly descending chain of
ideals Aa; of A with (7} Aa;=0. It follows from K&nig’s Theorem (cf. [13], pp.
45, 46) that ex

(2.0) c¢f(l)>«k.

Hence, every subset of 1 of cardinality <x has an upper bound in A. Since S is
fixed, we will now omit the prefixed S.

We are interested in torsion-free, reduced R-modules M: therefore we first
recall some of their basic properties from [14, 157:
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(2.1) We can identify M with a submodule of [ M/Ms, in fact
S

=Y x,+MseM if and only if x,—x,eMs for s, teS.
sesS

We shall identify M with a submodule of M, in the sense McM that
x—Y x+Ms.
seS
(22) (a) M is torsion-free and reduced
(b) M/M is torsion-free and divisible (S-divisible in the obvious sense).

Remark. Use (2.1) to prove (2.2).
(2.3) Definition. U= M is S-pure if and only if Us=U n Ms for all seS.

If UcM, then U,=({XcsM:UcX, XS-pure in M}={yeM:seU for
some seS} =minimal S-pure submodule of M containing U.

(2.4) Suppose R is a domain and the S-topology is the same as the R-
topology (induced by R —0). Then

(a) M is divisible if and only if M is injective.

(b) If A= C such that C/A4 is torsion-free and divisible, then any h: A—-D
has a unique extension A: C—D provided D is complete.

(c) M is complete if M is cotorsion, i.e. Ext!(Q, M)=0 for the quotient field
Q of R.

(2.5) If R is a valuation domain, then “all” notions of purity are equivalent.
However, we stick to Warfield’s RD-purity as in (2.3).

Finally we want to supply some rings for the module categories under
discussion. If I' is an arbitrary totally ordered abelian group and F a field, then
we can find a valuation domain R with quotient field Q and a valuation map
v: Q—-T'vu{x} such that R={aeQ:v(a)=0}, P={aeQ, v(a)>0} the maximal
ideal of R such that R/P=F. All valuation domains arise this way; see [1, 16].
The ideals of R correspond to the sections H of I', which are subsets of I' with
(heH, h<ge=-geH). So the chain of the ideals +0 of valuation domains may
be very long; hence x above can be large.

The following example illustrates the limitation of our construction; this
arises from the fact that the R-topology might be far away from being “linearly
ordered” at 0,

Let X denote a set of commuting variables of size k> X,. Then we consider
the ring R=Z[X] of polynomials with coefficients in Z. Take any enumeration
of R\0={b;: i<a} and consider a set of commuting variables Y= {x, ,: V<a,
[V|<x, w a finite subset of V}. Let R act on Y by b;xy, ., =Xy, for iews V.
Finally, construct the R-algebra A=R[Y] which is generated on Y.

Let S€R\0O be any multiplicatively closed subset of R with |S|<wx. If V
={i<a, 3s€8, s=b;}, then |V|<x and b, x; ,=2x, 4. Therefore x, € QAS:#:O.

Since R has obviously no descending chains of principal ideals of length ¥,
the algebra A is not S-reduced for a suitable S, satisfying condition (1). On the
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other hand, let S be the multiplicative closure of {x;, i<k} in R. If 0%aecd, we

may write a= Z Y Xy, wi With 01,6 R\0, w(@) < V(i) <o such that |V (i) <x.
i=1
Using the relations in 4, we may assume that the presentation of a is reduced,
Le. if i<r and jew(i), then b;Yr;. The element 7,xy, ., is only divisible by all
b, with ieV(i) and b; with b,/r,. The cardinality of these elements is <«.
Therefore a is divisible by <k elements and ()As=0 by |S|=x, ie. A4 is S-
s

reduced for some “bad” S<R. Nevertheless, for a fixed domain R, not a field,
there are many algebras including R itself which are S-reduced for some S —
even in this case.

Added in Proof {(Nov. 1984): Using different techniques, we will derive a Realization Theorem

which also covers any “bad” S<R; see a forthcomming partII of this paper (submitted to
Fundamenta Mathematicae).

§3. Construction of the R-modules

(3.1) The Tree T=%>)

We will consider the tree T=">1 consisting of all functions 7: v—Ai(v<k)
ordered by set theoretical containment, i.e.

o=t ifandonlyif o<t ifandonlyif (domo<dom<t and o=r domua).

Clearly [T|=4, for zeT define the length /(t)=dom zex, which has cardinality
<x. Maximal linearly ordered subsets of T are called branches; Br(T) shall
denote the set of all branches of T We also fix a continuous, strictly increasing

function pref(A+1-4+1

such that p(0)=0 and p(cf(4))=A4. This will be used to define norms of the
basic module B.

(3.2) The “Basic Module” B

We start with the observation that direct sums of cyclic modules might be
complete in the S-topology. Hence we shall substitute the “standard basic
subgroups” by a more suitable module.

Let 7eT be a generator of a cyclic A-module 74 with Ann(r)=0. If C

=[] 74 denotes the cartesian product, then its subset {feC, |[f]I<x} is the
teT

k-direct sum B= @14, which is a pure submodule of C; [ f]={teT: f(t)*0}

teT
denotes the support of f. Since A is a reduced R-module, also B is reduced and
we can construct its completion B. According to §2 we have that Bc B are
reduced and torsion-free and B/B is torsion-free and divisible. We call B the
basic submodule and the modules G we want to construct will satisfy B< G < B.
First we want to know how the elements in B look: If geB, then g e I T4
teT
and we may write g= ) g, with g.€A4 and [g] the support of g as above.

zeig]
Then we have from the definition of B
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A (i) g.ed for all ze[g]
(32)a) g= ) tg.eB< 1 (i) If ses, then there exists a set X =[g] with |X|<x
welg] and g.esA4 for all Te[g]\ X.

This can be seen as follows:

If g=g MreT, g.¢s A}, then |[g]| <« and g,e@ 4. Then (g—g) 0 and ¢
=lim g.eB. T
h

If XcB, welet [X]=|J{[g]:geX}={rcT:3geX with g, +0}.

We define the norm |gl=min{v=cf(4), [g]l€*>p(v)} and similarly [ X|
=sup {|lgl:geX}. Since |[gllSk from (3.2)(a), we have |X|ecf(4) for all
|1 X| £k from (2.6).

The following convention will be used quite often.

B2)b) HXST v<cf(h), let ,X={reX:|t|>v}.

(3.3) Canonical Submodules

This concept is used to find modules of sufficiently small cardinality. For
finding pretty large modules we could also adopt the construction in [5] and
then we could omit canonical submodules. If 7€ 7, the submodules of 74 purely
generated by at most x elements are called canonical submodules P,. If Y= T
and |Y|=x and P, (1eY) are canonical submodules, then

P=@*P.cB is a canonical submodules as well.
ey
We have the following immediate consequences:
(a) If P is a canonical submodule, X =B, | X|<x, then there exists a canoni-
cal submodule P’ such that POX S P'.
(b) If P is a canonical submodule, then |[P]|Z«.
(c) The set of canonical submodules is closed under unions of chaiuns.

(3.4) Divisibility Chains
In order to determine pure submodules explicitly, we use the

Definition. g*c B (se8) is a divisibility chain of g=g' if and only if
(@) g¢—tg"eB for all s, teS
(b) If seS, there exists v< | g°|| such that [g*]<=[g].
We have the following Lemma to ensure the existence of divisibility chains.

Lemma. (a) If P is a canonical submodule of B and geP, then there exists a
divisibility chain g*c P (seS) of g=g".

(b) If veBr(T)and v'= ) ay,s, " for seS, then v*(s€8) is a divisibility
chain of vt. oev. aymeRs

Proof. (a) The canonical submodule P is designed to ensure g'eP if gAeP. It s
enough to construct gcB. Let g=3 1g, seS and X={reT: g.¢sA}. Then
{X|<x from (3.2)(a), and since A is dense in A [(2.2)(b)] we find gicA, gleAd

such that g.=sgi+g. for all teX. If g'=) tg., then g'eB from |X| <« and the
X
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Definition (3.2) of B. If teY=T\X, then g ,=sg® for some gicA. Then g°
=Y 7g%is an element of B and

g—sg'=)1g ) Tsgi=) t5gi+y 1sgi+y 1g,— ) 1sgi=g' €B.
Y X X

If s,teS and also g—stg¥eB by definition of g%, then s(g°—tg")eB and also g°
—~1g"eB by purity; the relation [g*] =[g] is immediate.
(b) Is straight forward.

Remark. 1f g¢ B, then {g*+ B: seS>~S 'R,

Lemma (a) can also be derived from (2.2); however the proof given allows
natural generalizations.

(3.5) The Combinatorial Black Box
This is also needed to decrease the size of our final modules.

Definition. (f, P, ¢) is called a trap if f: *>x—">1 is a tree embedding, P a
canonical submodule with peEnd, P and the following properties,

{a) ImfcP,

(b) [PI<P and @*[P]<P,

(¢) [P]is subtree of T,

(d) cflIP|=x,

{e) vl =Pl for all veBr{Im f}.

The following Lemma can be derived from [4], Appendix, with a few minor
changes. It is based on [17].

Black Box. There are an ordinal A* and traps (f,, P,, ,) for all a<A* with the
following properties:
(1)) If B a<i* then |[F]| SE,.
(i) If B, «<A* are different, then Br(Im f, » Im f3)=0.
(iti) If B+2"=a<A*, then Br(Im f, n[F;])=9.
(iv) If X< B, |X|<k and @€eEnd B, there exists an «<A* which catches X,
¢ ie. XSPB, |X|<|P| and ¢ }P,=g,.

§ 4. Construction of the Module G

(4.1) Construction. We want G to be the union of a continuous ascending
chain of submodules G, (x<1*) with A* from the Black Box (3.5). In addition,
we define elements b,eB U {co} such that

(i) bp¢G, for all f<a<A*
subject to various conditions, depending on the transfinite construction of the
submodules G,.

We let Go=B and assume that G, for a<pu and b, for a+1<py are
constructed for some p<A* If u is a limit cardinal, then G,= U G, and (i)
bolds. If y=o-1, then we consider three cases: a=
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(A) Suppose we find v,eBr(Im f,) and g,eP, such that
lg:—vall <l (=lv, ) (s€S)

and b,=g, @, with by¢G,., —I—Z g5A for all f<a+1, then we choose these
5

elements and call a a strong ordinal.

(B) Suppose (A) is not possible, but we find v,eBr(Im f,) and g,eP, such
that |igy—vill <l|lv.ll (s€8), then we choose these elements and G,.,=G,
+ZgaA b,= o0 and call o weak.

(C) If (A) and (B) are not possible, we let g,=0, b,=c0 and G,,, =G, and
call o useless. [

Remark. We shall show in (4.4) that there are no useless ordinals!
If geG, then
g=b+x+) Lo (beB, x| <|IPl, gyl =PI

i<n

if « is the least ordinal with geG,.,\G,. If beB, then |[b]|<x; and since
cf|Pll=x by (3.5), there is no element in B with norm ||P,||. Hence, the
representation of g is plausible. We summarize its properties in the

(4.2) Recognition Lemma. Let ge G\ B, then

(a) there is a unigue o <1* with geG,+1\G,;

(b) there exist a(n)<...<a(0)=o with |Pyyll=|PFll, v<IP.l such that ,[g]
"FUU WLVaw] @ disjoint union with F< T, |F|<k and each element of F has

norm > |1P Its
(c) if p<i* and |P;||=|Pl, there exist acA, seS such that for x many
oev,; gho=0ay, s a.

(4.3) Lemma. Let a<A* v<|P,| such that for each veBr(Im f,) there is a
divisibility chain gveB with |g5i—v"1=0 for all seS. Then there exists
veBr(Im f,) such that by¢ G, (v) (B<a) where G, ,(0)=G,+Y g A.

5

The Lemma has the immediate
(4.4) Corollary. There are no useless ordinals.

The proof of (4.3) is very similar to [4] (Lemma 3.9). Since it is also crucial in
the proof of our main theorem, we sketch it: If (4.3) does not hold, then for
each veBr(lm f) there is f=p(v)<a such that bseG, ,(v). Consequently b,
=gy ¢z€F; and we find a=a(v)ed, s=s(v)eS w1th b;—g,aeG,. Since by¢G,,
also a+0 and ,[g} a] Sv are sets of cardinality k. By the Black Box (3.5)(ii) and
the Recognition Lemma (4.2) we find a subset of size x of v to be contained in
[bs] =[Fs]. By the Trap Definition (3.5){c) we conclude v [ F;]; and (iii) of the
Black Box implies f<a<pf+2*. If B, is the least of the B=p(v), then
Po=B<Po+2° and |Br(Im f)]=2" implies that there are two distinct branches
v, weBr(Im f,) with B=p(v)=p(w). Subtracting by, ~gi" a(v)eG, and by,
—g% a(w)eG,, we have g a(v)—g™ a(w)eG,, which is impossible by the sup-
ports of the summands. []
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§ 5. Proof of the Theorem

We will distinguish some subsets of the tree T="> 4.

(5.1) Definition. For nel, let w(n) be the constant branch of n which is the set
of all functions *>{5}. A set {o,eT, v<xk} is an antibranch if and only if l(s¢,)
=v, |o,|| <|le,| but {o,,0,} are not comparable in T for all v<pu<x.

The following two algebraic definitions are relevant in this section.
(5.2) Convention. 4={(a,s)eA xS:Rs=R or a¢sA}. Compare [6].

(5.3) Definition. Let M, M’ be reduced R-modules; then Ines(M,M’)
={oceHom(M, M’), 6(M)< M'}, where M is the completion of M and ¢ is the
unique extension of . We shall identify ¢ and 6. In particular Ines M
=Ines(M, M) is a two-sided ideal of End M; compare [5].

We have the following crucial

(54) Lemma. Let peEnd B\A®InesG.

(a) There exists a canonical submodule P < B such that
Pisp—a)£G  for all (a, s)eA.

(b) There are a canonical submodule P*<B and a divisibility chain
g°e P* (se8) such that
ge¢G+) g'A.

Proof. (a) We consider first the case (@, s)ed with Rs=R.

Let P’ be a canonical submodule of B which contains an element wleP’ for
some constant branch w=w(y). Suppose P=P' does not satisfy (a) under the
restriction Rs=R. Then we find a’ed such that P(s@—a)<G. If sr=1, a
=ra’eA, this implies P'(¢p —a)<G. Since @ —a¢Ines G, there exists xeB such
that x(¢ —a)¢G. Take any canonical submodule P= P’ with xe P’ — cf. (3.3)(a).

Suppose also P(s¢ —b)=G with Rs=R. Then as above P(¢p —b)=G for
some be A. Subtracting leads to P'(a —b)<=G. Since w'e P, also wl(a—b)eG and
a=b by the Recognition Lemma (4.2). We derive x(@ —b)=x(¢ —a)eG, a
contradiction. Next we consider any seS and let a,e 4 be so that

(a;,5)e4 and P(s p—a)cG

where P’ is chosen as before. We shall fix s and construct a converging
sequence in P such that its image under Y =s@—a, contains an antibranch.
The sequence will converge rapidly compared with s and the S-topology. First
we define a sequence ¢,€S (vek) by transfinite induction. Let c,=1 and assume
c,€S to be defined for all a<v.

If v is a limit <k, we take any c,€S with ¢,e () R¢, " Ra, and if

a<y

a+l=v, let c,=c,a,-s.
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Next we define inductively an antibranch consisting of elements o,eT and
sums
(1) W= Z c,0,EB
a<y

subject to the following conditions

@) 1Y) <lo,

(i) No two of the o, (2 <v) are comparable in T.

In order to satisfy (iii), we let ¢,(0)=a. Choose g,=(0) and assume that h*
o, (0<v) are constructed. If v is a limit, A” is defined by (i). Since c¢f(4)>«k (cf.
(2.0)), |R* Y| =pecf (1) and we let o,(1)=p~*(u+1); cf. (3.1). The other values
of ¢, can be taken arbitrarily. Therefore ||h* /|| <p+1=o,| and (ii) holds. If v
=a+1, we can choose ¢, similarly such that #’, 0, satisfy (ii) and (iii). Finally
let h=limh*=) c¢,0,. Since ¢, (x€x) is a nullsequence and h'eB, by (3.2)(a)

V=K AEK
the element h is in B. If w=h—h""', then r'esc,B and h=h"+c, o, +7"
Therefore h=h"+c, 0, modsc, B, and modsc, B:

hy ="y +c,oy=h"y+c,o,50—c,o,a,=h"Y—c,0 a,.
The contribution of hy to ¢, becomes by (ii)
hyto,=—c,a,6, modsc, B.

Suppose hyte, =0 modsc, B ; then ¢, a,esc,4 and we find ceA such that ¢, a,
=sc,c and equivalently ¢,(a;,—s¢)=0. Since c,€S and A is torsion-free by (2.2),
also a,—sc=0, which implies a,es4 N A=sA by purity. Therefore (a,, s)¢4, a
contradiction. Hence o ,€[hy] and [hy] contains an antibranch of norm |hy|.
The Recognition Lemma (4.2) implies hy¢G.

Such an h="h, can be contructed for any seS; i.c.

(iv) hyeB, hisp —a)¢G.

Since |S|=k, we find a canonical submodule P of B with P'<P and h,eP
for all seS; see (3.3)(a). Suppose P(s¢p—b)=G for some beA. Since P(s¢
—a)<G, also P(b—a)<G and in particular w(b—a,)eG. The Recognition
Lemma (4.2) implies b=a, and therefore P(sp —a,)=P(s ¢ —b)=G. Since h,eP,
also hy(s@ —a,)eG, which contradicts (iv); we conclude (a). [J

(b) Let P be as in (a) and pick any # <A such that |P| <#n, |[Pe| <#; which
is possible by (2.0). Let w=w(n) be the constant branch of #. Any divisibility
chain is contained in the completion of some canonical submodule. So we have
to concentrate on the second condition of (b) only. If g=w! does not satisfy
(b), we find some a4, seS§ with

(%) who —w*aeG.

If (a,5)¢ 4, then aesA and we may write a=sa’. Then BSG and (x) imply w'e
—w!a'eG and cegtainly (d',1)ed. Hence we may assume (a,s)ed. From (5.4)(a)
we find some heP with

(%) h(s @ —a)¢G.
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We claim that g=w' + 4 satisfies (b). If this is not the case, then
wiot+ho—wa —Wad=gp—gadeG for some d€A, tes.

We obtain from (x) that (ho —kF @)+ (w*a —w' a')eG.

Assume without restriction t=sxr for some reR. Then (ho—ha)+w'(a
—ra)eG. Comparing supports, we derive «'=ra and ho —Hra=hop—~h'deG.
Multiplication by s leads to

hso—hsra=hso—(h't)aeG and h(sep—a)eG, -contradicting (**).

(5.5) Theorem. If A is an S-reduced and S-torsion-free R-algebra and the R-
module as in (4.1), ther EndG=A4A @Ines G.

Proof. Since A@InesG<EndG holds trivially, we consider any
@cEnd G\ A@Ines G and want to derive a contradiction.

From (5.4)(b) we find some geB with
(+) 2o¢G+)Y g4
S
and from the Black Box (3.5) we have some o < A* such that g, g peP,,

sgp{llgsll, lg°pl:seS}<||P) and o¢|P=¢,.

If « is a strong ordinal, then g, ¢ =g, ¢, =b,¢G by construction (4.1) of G.
Since g,€G, we conclude ¢¢End G.
Therefore it is enough to show that « is strong:
Let veBr(Im f,) and £€{0, 1}. Suppose there exist

a,cA, seS with (v'+eg9)o—("+eg%a.eG,,

then (g @ —g%a;)+v(ap —a,)eG,. This is only possible if ag=a, and therefore
g o —g*ay,eq, contradicting ().
Therefore we found e=¢, and g,=v'+¢, g such that g,¢,¢G + Z 254 which

allow us to apply (4.3). So one of the branches v implies b;¢G, +ngA and o
is strong.

Recall the definition of “cotorsion-free” from §2; a module M has this
property if and only if M is torsion-free, reduced and Hom(R, M)=0. Then we
have the

(5.6) Proposition. 4 is cotorsion-free if and only if G is cotorsion-free.

Proof (this is the same as in [4] (Lemma 6.2). We shall only sketch it here).
The relevant part is to consider any non-zero homorphism ¢: R—G. We let g
=1¢. If geB, then also Rp <B. Since B is obviously cotorsion-free, we have ¢
=0. Therefore g¢B and we find «<A* such that geG,,;\G,. We may assume
g8 —g, acG, for some acA. Now it is easy to see that rg—g, a'cG, for reR,
which induces a non-zero homomorphism R— A (r—a’). O
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From (5.5) and (5.6) we have the immediate Corollary 5.7.

(5.7) Corollary. Let A be a cotorsion-free R-algebra and A cardinal 2|A| with
PBR=]. Then we can find R-modules G,(ie2*) of cardinality A such that
Hom(G;, G)=0 and End G;=A for all i=%je2”.

Proof. If oelnes G,, then 6: l§—>Gi, and this extends to an homorphism y of a
free R — resolution of B into G;. Since G; is cotorsion-free by (5.6), we have y
=0. Therefore End G;=4 follows from (5.5). The existence of a rigid system
follows similarly, using arguments from [4].

We shall close with a few applications of our results. In order to apply (5.7)
the following observation will be guite useful. We consider R as an R-module.

(5.8) Proposition. Let R be a domain and S=R\{0}. Then the following con-
ditions on R are equivalent :

(1) R is neither a field nor a complete ring,
(2) R is cotorsion-free.

Proof. If R is a field, then R is certainly not reduced, hence not cotorsion-free.
If R is complete, then 0+ideHom(R, R) and R is not cotorsion-free. Therefore
suppose that R is not cotorsion-free. If R is not reduced, we find a (maximal)
divisible submodule 0%=D<R, which has a complement C<R by (2.4)(a).
Choose O%deD and any ceC; then dce C n D=0 and c¢ is a zero-divisor, which
implies C=0 and D=R is a field. We now assume that R is reduced and we
can build the completion R. By assumption Hom(R,R)+0; and let 0£B
=R o <R some image of R in R. From (2.4)(a) we have B cotorsion. If 04+beB,
then A=R/B is bounded by b, hence strongly cotorsion (in the sense of E.
Matlis [1, p.4]) and therefore cotorsion. Extensions of cotorsion modules by
cotorsion modules are cotorsion; cf. [15], p. 5, Theorem 1.5(1). Since
0—-B—>R—A—-0, also R is cotorsion. Therefore R is complete by (2.4)(c). [

If R is a complete domain or a field, then indecomposable modules (vector
spaces) have rank 1. Therefore, we naturally assume that R is neither a field
nor a complete domain. For valuation domains with S=R\0, this is equivalent
to saying that R is cotorsion-free; cf. (5.8). Realizing A=R we obtain a rigid
system of R-modules G; with End G;=R from (5.7).

Since R is a domain, R has only trivial idempotents. Consequently G; is an
indecomposable R-module. If we want a rigid system over an arbitrary incom-
plete ring R0, we simply localize R at some prime P so that R, is still
incomplete, not a field and apply the last result.

For the second application mentioned in §1 we only recall that the R-
algebras A constructed in [3], [4] have a free R-module structure. Hence A4 is
cortorsion-free iff R is cotorsion-free. If R is complete, we argue similarly to
[7], since 4 can be chosen Ny-cotorsion-free in the sense of [7], see also [4].
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