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INDEPENDENCE OF STRONG PARTITION RELATION FOR 
SMALL CARDINALS, AND THE FREE-SUBSET PROBLEM 

SAHARON SHELAH1 

Abstract. We prove the independence of a strong partition relation on «„,, answering 
a question of Erdos and Hajnal. We then give an almost complete answer to! the free 
subset problem. 

We were interested in 
1. Problem. Is the following consistent e.g. with G.C.H.? 
For any function / from SKO(NJ ( = the finite subsets of N j to {0, 1}, there are 

disjoint S„ £ Kffl, \S„\ = N„, such that if U, V are finite subsets of «ffl and (V«) 
QU n 5,1 = \V 0 5 . | < rn) then/(H) = / (v) where 

Version 1. r„ = n, 
or 

Version 2. r„ = r* for some finite r*. 
Considering the well-known results on measurable and real valued measurable, 

this seems essentially the best we can hope for «„. Note that if we require also \U\, 
\V\ < r** for some fixed r**, this was answered positively by Erdos, Hajnal and 
Rado (see e.g. [EHMR]). 

Erdos and Hajnal [EH 1] asked this question for r* = 1 (corrected version see 
[EH 2, p. 27, problem 29]). Our main result is a consistency result for this case, 
(Theorem 3) and a generalization to all cardinals (Theorem 4).2 

Let us turn to the free subset problem. 
2. DEFINITION. Fr^/sr, X) means that for every algebra M, with JJ, (finitary) oper­

ations, and K elements, there is a set A of X elements which is free, i.e., no a e A 
belong to the closure of A — {a} by the operations of M. We omit y. if pi = N0. 

On this problem see Erdos and Hajnal [EH 1], Devlin [D], and Devlin and Paris 
[DP]. 

Baumgartner (essentially) proved: if V = L then Fr(/c, N0) iff n -* {a>)f0' (see 
[DP, p. 334] for this and more). Hence if V = L then F r ^ , N0) fails, but if Problem 
1 has a positive answer even for r* = 1, then F r ^ , N0) holds. So if V = L, then 
Problem 1 has a negative answer. So together we get an essentially complete 
answer to [EH 1, Problem 24]. 

Received November 21, 1977; revised January 2, 1979. 
'The author would like to thank the United States-Israel Binational Science Foundation for 

partially supporting this research by grant 1110. 
2Meanwhile the author has proved the consistency of a positive answer to Version 1 (assuming 

the existence of infinitely many compact cardinals). 
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506 SAHARON SHELAH 

Now [EH 3] states and [D, p. 315] proves that Fr(Na, ri) iff a > n, and not 
Frfa,,,, Ki). Let Ha (the ath Hajnal cardinal) be the least K such that FT(K, Ka). 
Devlin [D, p. 318, Theorem 14] proves Ha is increasing. 

We prove in this paper that not Fr(«a,|or|+) (so Ha > x„J but that it is consistent 
with ZFC + G.C.H. that F r ^ , K) when N, > K. In fact FrKo(Ka+„ K) when «a+(t > 
K (our consistency results are assuming the consistency of "ZFC + enough 
measurable cardinals exist"). In particular we answer Problem 2 of Devlin [D, 
p. 319]. 

Notice that a positive answer to 1 for r* = 2, implies every Banach space of 
cardinality > «ffl has an infinite sequence which is a commutative base. 

We now finish the introduction and start the mathematical development. 
3. THEOREM. Suppose the consistency of "ZFC + there are infinitely many measur-

ables." 
Then it is consistent that: ZFC + G.C.H. + "iffor each n,f„: S^(HJ -> N2«+i 

then there are S„ c N2«+2> l^»l = ^2«+2 (n < <*>) sucn tnat for any k < co, ah 

b, e SnU) (I < k), n < n(0) < «(1) < ••• < n(k - 1), fn({a0, ..., ak_x}) = 
/„({*>„, . . . ,V i} )" -

REMARK. It might help the reader to know that the basic ideas of the proof are 
(3a) If K„ is measurable for n < co, K0 = N0> *» < £„+i> D„ a /r„-complete normal 

ultrafilter on/c„ for n > 0, K = S »<«*»»tnen t n e sequence </c„: n<co} satisfies a 
combinatorial property ((3c) defined below) parallel to the one we want the se­
quence <N„: n < oi) to satisfy. 

(3b) This property is preserved when we collapse each K„ to N„. The (known) 
property is 

(3c) If / „ : SKO(K„+I) -> K+, then there are A„ e Dn+l such that for v e SKo(/c+i), 
v c (J„^„,« < co,f„(v) depends only on <|v f] A„\: n < co}. 

Proof. Note that by simple coding, we can restrict ourselves in the conclusion of 
the theorem to the case «(/) = n + I. Let «0 = K0 < K\ < K2 < • • • < K„ be mea­
surable and assume G.C.H. Let D„ be a complete normal ultrafilter over K„ for 
«>0 . 

Let P„ = (P„, < ) be the Levi forcing conditions for collapsing all cardinals ft, 
K$ < pi < K„+I to *+ (so P„ is closed under ascending chains of length < *+), and 
<j>„ its empty condition. The proof that P„ satisfies the /t„+1-chain condition shows 
in fact: 

(*) If pa s P„ for a < K„+I then for some As D„+l and p, a e A => p £ pa, 
and a^fieA implies Dom pa f] Dom pa = Dom p. Hence {pa: a £ A} 
are pairwise compatible; moreover the union of any < K„ of them is a condi­
tion in P„, and any/>* > p is compatible with every pa (cce A) except < K„ of 
them. 

Let P = n„<«Abe ordered by < / v « < co> <<?„ :« < co} iff A„<J.P» ^ <?»]; 
we assume the / y s are pairwise disjoint, elements of P are denoted by p. Clearly if 
G is generic for P, K£™ = K„, K^+1 = *» • Suppose r = </„: w < co} is a term, 
ps P,p \\-p "</„: « < co> as in the theorem". 

We define by induction on n < co conditions pf e P , (/ < co), sets A? e Z) m , 
and conditions q%e P,(l < co, nt < a < K!+I) such that 

(1) If pi < peP,, then {a < « m : />, 92 compatible (in P,)} 6 Dl+1. 

J 
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{2) Pi < p1+1, pi < qn
a, when K, < a < K1+X, a e Al+\ 

(3) q"a < q2+1. 
(4) A1+1 c At, Af e Dl+1, K, (1 A = 0 , and for or # / 3 e ^ , Dom ^ fl 

Dom #Jj = Dom />?. 
(5) For each k, r < co, n < r + 1, and any a(k + r)eA%+r, ..., a{k) e 

^ let />* = <0O, ..., ^ + r _ „ , 92w+r_„+1), ..., q%(k+r), pl+r+iy> ; if P* <P' = 
</>o> Pi, •••>, P' l-pfk({a(k),..., a(k + r)}) = cthen <p'0,..., 
?"(*+r). •••> Pk+r+i> •••> lhf/*({a(fc), ..., a(Jc + r)}) = c. 

(6) For each k, r < w, n = r + 2 and /3(/c + i), a(k + i) e A"k+i, for i < r, c 
andp'0e P0, ..., p'k_^ e / V J , the following are equivalent: 

(i) ip0, . . . . / V - ! , ?"(*)» •••,^(*+r),/>*+r+l,.P*+r+2> •••> IHp/*({a(^) , • • -, a(k + /")}) = C, 

(ii) </4 ...,p'k-i, qn
m, ..., q$(k+r), Pt+r+i, Pt+r+2, •••> \\-Pfk({P(k), ..., f}(k + r)}) 

= c. 
Case I. n = 0. We define by induction on y < a) conditions f;_ j e />, for / > j , 

increasing withy. Fory = 0, t,j = p,. Fory + 1, we define f/+i,/+i tj+2j+i, ••• such 
that the parallel of (5) holds, i.e. 

(8) If k, r < a, k + r < j , c < N 2 m , a(k + r) < K(k+r)+i, ..., a(k) < Kk+U 

p* = <0O, ..., (f>j, Xj+u+i, t / + 2 , / + i , •••> and/3* < p' e Pand p' \\-Pfk({a(p*/k), ..., 
a(k + /•)}) = c then (p'0, ..., p), t/+1,y+1, t/+2,/+1, ...> \\-Pfk{{a{k), ..., a(k + /•)}) 
= c. 

This is possible as the number of possible (k, r, c,p'0, ...,p), a(k), ..., a(k + r)> 
is < Kj+i, and il;>y+i Pi is /t++i-complete. 

Case II. n = m + 1 and we have defined for m. First define the ^J's so that (5) be­
comes true and then choose pi, Al such that (6) and (1)—(4) become true (using 
the fact (*) mentioned in the beginning of the proof, and property (3c) mentioned 
in the remark to the theorem). 

Now let/>? = {J„<aipl q« = [)„<0>q"a, Af = 0 , < J ? ^ W ; by the definition 
of Pn the parallel of (1), (2) holds. 

Let p* = (p$, pf, ...> and let G c p , peG be generic, G, its projection on 
P, then for each / < w, by (1) SM = {aeAf :q%eGt} is unbounded in /c/+1, 
so clearly V[G] N " |5 ; | = K2;+2"- By (5) and (6) above we get that the 5/s are as 
required. 

REMARK. I thank M. Magidor for telling me that S is unbounded, thus in The­
orem 3 we get \S„\ = N2« (before I used a condition and got \S„\ = X2„_2). 

Similarly 
4. THEOREM. Assuming e.g. Consists{ZFC + 3 supercompact) we get the con­

sistency of ZFC + G.C.H + the following: 
Let a(i) (i < i*) be strictly increasing, i* < Ka(0), a(i) + 1 < a(i + 1), a(*) = 

sup,<(. a(i), a(i) even, f = SKo(Ko(.)) -> «a(,-)+i, then there are St c NB ( 0 ) , |5. | = 
««(,->+2. such that fori < z'(0) < i(l) < ••• < i(m - 1) < i*,fl,,4(6 5l-(„,/-({fl0, ..., 
«m-l}) =7i({*0. •••, *m-l})-

Now we can answer a question of Devlin [D]. 
5. Conclusion. If % > ttp+K > K, a < /3 then Fr„a(j;, /c), in the model of set theory 

constructed in 4. 
PROOF. Let M be an algebra with Na operations, we can assume K^+„ C |Af|, 

M^+J as a set of ordinals in 4, /* = K, a(i) = j3 + 2/ and define 

Sh:76



508 SAHARON SHELAH 

!

0 U is included in the closure of 
U - {r- K««) < T < Ka«)+2} i n M, 

1 otherwise. 

Now apply 4. 
6. THEOREM. Fr(Ka, |a|+) rfo&y no? AoW. 
REMARK. This matched almost exactly with Conclusion 5. 
Theorem 6 follows by 7, by induction on a ([D, p. 315, Theorem 6] contains a 

theorem of Erdos and Hajnal, which is 7(1) for a < <o). 
7. LEMMA. (1) If Frx(X, ft) fail then FTX{X+, ft) fail 
(2) If(VX* < X)-^Frx(X*, ft) then 
(a)Fr,(A, ft+) fail, 
(b) Fr^x, n) fail if (a) x < Ncf „ or (0) cf X < *, cf X # cf//. 
PROOF. (1) We define an algebra M on A+: we first have < i operations on X 

exemplifying —>Frz(>l, ft), functions/, g such that 

(*) X < a < X+ A /3 < a =>/(a, /3) < J A £(a, / (a , $ ) = j9. 

Suppose A = {a,-: i < ft} is free in M w.l.o.g. a, is increasing; if ft a/s are< A 
we get contradiction trivially. So suppose X < a{. 

Case (i). For some i < j < ft, f(a2i+u a2i) = f(a2j+u a2l) then a2j = 
s(a2j+h f(a2i+h fyi)) contradicting the freeness of A. 

Case (ii). Not (i). Then b, = f(a2i+i, a2t) < X. Now by the definition of M \ X, 
{b,•: i < fi) cannot be free, so for some/£ {/j, ..., /„}, and term z, bj = r(6„,.. . , />,„) 
then 

o2i = g(a2i+i, z[f(a2il+1, a2,„+i)» •••»/(«2,„+i, a2«„)])-

Contradiction again. 
(2) For every a < X there is an algebra Ma (with no free subset of power 

ft) with universe a and functions / £ (£ < #), and w.l.o.g. / f is an n o ­
place function. Define M: its universe in X. It has function / , g, such that 
(V/3 < «)[/(«, /S) < \a\ A s f o / f a , /3)) = ft and it has functions/f (£ < *), where 
f( is an (/<£) + l)-place function, and f((a, ft, ..., /3„c{)) = /f(ft , ..., /3„(f)) if 
defined and zero otherwise. In (b) case (ft put an unbounded set of cardinals 
< X as individual constants. Now part (a) is trivially exemplified by M. Let us 
prove (b), so suppose A £ X is free, \A\ = ft, and choose .4 with minimal sup A. 
By hypothesis, cf X # cf ft, hence for some a < X, \A f] a\ = ft, hence ar* = 
sup A < X. If some /3 > a* is in the closure of the empty set in M, we get a 
contradiction by Mp, so case (ft is proved. 

Now {\a\ :ae A} has cardinality > cf ft, otherwise for some ic\{a e A: \a\ = K\} 
= ft SO K < a* < K+, and as in 7(1) we get a contradiction to a*'s minimality; 
but this contradicts (a), thus we are finished. 
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