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INDEPENDENCE OF STRONG PARTITION RELATION FOR
SMALL CARDINALS, AND THE FREE-SUBSET PROBLEM

SAHARON SHELAH!

Abstract. We prove the independence of a strong partition relation on 8, answering
a question of Erdds and Hajnal. We then give an almost complete answer to, the free
subset problem.

We were interested in

1. Problem. Is the following consistent e.g. with G.C.H.?

For any function f from S, (8,) (= the finite subsets of 8,) to {0, 1}, there are
disjoint S, < 8,, |S,| = R8,, such that if U, V are finite subsets of 8, and (Vn)
(U N S =1V NS, <r,) then fw) = f(v) where

Version 1. r, = n,
or

Version 2. r, = r* for some finite r*.

Considering the well-known results on measurable and real valued measurable,
this seems essentially the best we can hope for 8,. Note that if we require also |U],
V| < r** for some fixed r**, this was answered positively by Erdos, Hajnal and
Rado (see e.g. [EHMRY]).

Erdss and Hajnal [EH 1] asked this question for r* = 1 (corrected version see
[EH 2, p. 27, problem 29]). Our main result is a consistency result for this case,
(Theorem 3) and a generalization to all cardinals (Theorem 4).2

Let us turn to the free subset problem.

2. DerFINtTION. Fr (£, A) means that for every algebra M, with 4 (finitary) oper-
ations, and x elements, there is a set A of A elements which is free, i.e., no ae 4
belong to the closure of A — {a} by the operations of M. We omit 4 if yz = R,.

On this problem see Erdods and Hajnal [EH 1], Devlin [D], and Devlin and Paris
[DP].

Baumgartner (essentially) proved: if V' = L then Fr(k, 8) iff £ — (w)5® (see
[DP, p. 334] for this and more). Hence if V' = L then Fr(&,, &) fails, but if Problem
1 has a positive answer even for r* = 1, then Fr(8,, 8;) holds. So if V' = L, then
Problem 1 has a negative answer. So together we get an essentially complete
answer to [EH 1, Problem 24].

Received November 21, 1977; revised January 2, 1979.

'The author would like to thank the United States-Israel Binational Science Foundation for
partially supporting this research by grant 1110.

*Meanwhile the author has proved the consistency of a positive answer to Version 1 (assuming
the existence of infinitely many compact cardinals).
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Now [EH 3] states and [D, p. 315] proves that Fr(%,, n) iff ¢ > n, and not
Fr(8,, 81). Let H, (the ath Hajnal cardinal) be the least 5 such that Fr(x, 8,).
Devlin [D, p. 318, Theorem 14] proves H,, is increasing.

We prove in this paper that not Fr(8,,l«|*) (so H, = &, ) but that it is consistent
with ZFC + G.C.H. that Fr(8,, x) when 8, > &. In fact Fry (8,4, £) when 8,4, >
£ (our consistency results are assuming the consistency of “ZFC + enough
measurable cardinals exist”). In particular we answer Problem 2 of Devlin [D,
p. 319].

Notice that a positive answer to 1 for r* = 2, implies every Banach space of
cardinality > 8, has an infinite sequence which is a commutative base.

We now finish the introduction and start the mathematical development.

3. THEOREM. Suppose the consistency of “ZFC + there are infinitely many measur-
ables.”

Then it is consistent that: ZFC + G.C.H. + “if for each n, f,: Su(8,) = 8zup1
then there are S, S Ro,i2, |S,] = Bonya (0 < w) such that for any k < w, a,
beS,py (<k),n<n0 <nl) <-- <nk -1, f{ag, ..., BGy}) =
Sul{bos s b })”.

REMARK. It might help the reader to know that the basic ideas of the proof are

(3a) If «,, is measurable for n < w, £y = Ry, £, < £,41, D, @ k,-complete normal
ultrafilter on g, for n > 0, £ = X, £, then the sequence {x,: n<w) satisfies a
combinatorial property ((3c) defined below) parallel to the one we want the se-
quence {§8,: n < w) to satisfy. :

(3b) This property is preserved when we collapse each £, to 8,. The (known)
property is

(30) If f,,: Sy (£4+1) — &5, then there are A4, € D,; such that for ve Sy (£.4+1),
v S Undy n < o, f,(v) depends only on {|v ] 4,|: n < w).

Proof. Note that by simple coding, we can restrict ourselves in the conclusion of
the theorem to the case n(/) = n + 1. Let 8y = £y < £; < k3 < --+ < g, be mea-
surable and assume G.C.H. Let D, be a complete normal ultrafilter over ¢, for
n>0.

Let P, = (P,, <) be the Levi forcing condittons for collapsing all cardinals g,
Ky < u < Kuqq to £ (so P, is closed under ascending chains of length < ), and
¢, its empty condition. The proof that P, satisfies the &,;-chain condition shows
in fact:

(=) If p, e P, for & < £,41 then for some A€ D,,, and p, a€ 4 =p < p,,
and « # Be A implies Dom p, () Dom p, = Dom p. Hence {p,: a€ 4}
are pairwise compatible; moreover the union of any < g, of them is a condi-
tion in P,, and any p* > p is compatible with every p, (a € A) except < g, of
them.

Let P = [],.P, be ordered by (p,:n < w) < {g,:n < o) iff A\,<p, < 4,];
we assume the P,’s are pairwise disjoint, elements of P are denoted by p. Clearly if
G is generic for P, RYIC! = ,, 8V¢] = &}. Suppose 7 = (f,: n < w) is a term,
PEP,pl-,“{fs:n < w) as in the theorem”.

We define by induction onn < @ conditions pre P, (I < w), sets A7e Dy,
and conditions ¢%€ P, (I < w, £; < @ < £;41) such that

() Ifp7 < pe P, then {&@ < £,41: p, q7 compatible (in P)} € D;y;.



Sh:76

INDEPENDENCE OF STRONG PARTITION RELATION 507

Qpr <pr,pr < qf,when g < @ < K141, @ € A7HL

(3 gz < gzt

@At < A7, A7 e Dy, 5N AY = @, and for a # Be A7, Dom gq7 )
Dom g3 = Dom p}. '

(5) For each k,r<w, n <r +1, and any a(k + rye 4¢,,, ..., a(k) e

2', let ﬁ* = <¢01 ceey ¢h+r—m qt'zl(k+r—-n+l)’ sy qg(H—r)’ pg+r+1’ > 5 lf ﬁ* < 13, =
<p(’)’ Pi, >9 p' “'_Pfk({a(k)v RS a(k + r)}) = cthen <P6, HS) p;H—r—-n’ qg(k+r—n+1))s tey
Grptrys s Phrrirs - Epfil{ak), .., alk + 1)}) = c.

(6) Foreachk, r < w,n=r +2and Bk + i), alk + i)e A%, fori<r, ¢
and py€ Py, ..., pr_1 € P,_y, the following are equivalent:

@) <Pos -+ Pie1s Ghiays -+ > G2 ktrys Phrits Disrias -0 p filla(k), ..., alk +r)}) =c,

(1) <Po» -+ Pb—ts Qs > Dokt r)s Phrtts Phries - I-p il{B(K), ..., Bk + r)})
= ¢.

Case 1. n = 0. We define by induction on j < w conditions ¢, ;€ P, for [/ = j,
increasing with j. Forj =0, ¢, ; = p,. For j + 1, wedefinet;,y ;11 ¢;12, j415 ... Such
that the parallel of (5) holds, i.e.

@) Ifk, r<aw k+r<j c<Buu, alk +1) < kgintty - (k) < K411,
p* = <¢0, vany ¢j, tii1, j+1s tj+2,j+1, > and[)* < pl € Pand p’ Il—pf},({a’(ﬁ*/k), ceey
atk +r)}) = cthen{py, ..., pjs i1, j+1s tinz, 41 -0 I-pfil{alk), ..., alk + 1)}
= c.

This is possible as the number of possible <k, r, ¢, p, ..., pj, a(k), ..., alk + r)>
is < k41, and [[;5;41 P is £}, -complete.

Casell.n = m + 1 and we have defined for m. First define the ¢7’s so that (5) be-
comes true and then choose p?, A7 such that (6) and (1)—(4) become true (using
the fact () mentioned in the beginning of the proof, and property (3¢c) mentioned
in the remark to the theorem).

Now let pf = (Juco P 4% = Uncw 9% A? = (scw A7 € Dyyy; by the definition
of P, the parallel of (1), (2) holds.

Let p* = (p§, p?, ...» and let G = P, pe G be generic, Gj its projection on
P, then for each / < w, by (1) S;y; = {@ €AY :q¢cG}} is unbounded in x4y,
so clearly V[G] = “ |S)] = 83,12, By (5) and (6) above we get that the S;’s are as
required.

REMARK. I thank M. Magidor for telling me that .S is unbounded, thus in The-
orem 3 we get |S,| = Ry, (before I used a condition and got |S,| = Ra,-2)-

Similarly

4. THEOREM. Assuming e.g. Consists(ZFC + I supercompact) we get the con-
sistency of ZFC + G.C.H + the following:

Let a(i) (i < i*) be strictly increasing, i* < Ry, a(i) + 1 < a(i + 1), a(x) =
SUp a(f), a(i) even, f; = Sy (Ram) = Bawr41, then there are S; = By, |S:| =
Raoy+2, Such that fori < i(0) < i(1) < --- < i(m— 1) < i*,a;, b,€ S;(», fil{ag, ...,
am—-l}) = f;({bo, ses bm—~l})'

Now we can answer a question of Devlin [D].

5. Conclusion. If y > 85, > &, a < §then Fry (y, £), in the model of set theory
constructed in 4.

PrROOF. Let M be an algebra with 8, operations, we can assume 8., = M|,
85, as a set of ordinals in 4, i* = , a(i) = § + 2i and define
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0 U is included in the closure of
fU) = U— {118 <7 <Rpps2}in M,
1 otherwise.

Now apply 4.

6. THEOREM. Fr(8,, |a|t) does not hold.

REMARK. This matched almost exactly with Conclusion 5.

Theorem 6 follows by 7, by induction on « ([D, p. 315, Theorem 6] contains a
theorem of Erdés and Hajnal, which is 7(1) for & < w).

7. LemMa. (1) If Fr(4, p) fail then Fr{i+, p) fail

(2 If (VA* < A)—FrA*, ) then

@) FrA, 4*) fail

(b) Fry4, @) fail if (@) A < B, or (B)cf A < y, cf A # of p.

ProOF. (1) We define an algebra M on A*: we first have < y operations on 4
exemplifying —Fr,(4, y), functions f, g such that

) A<a<i AB<a=fla,p) <2Aghfap) =3

Suppose A = {a;: i < y} is free in M w.lo.g. a; is increasing; if u a;’s are< A
we get contradiction trivially. So suppose 4 < a;.

Case (i). For some i < j < pu, flapy, @) = flasj41, a2;) then ap; =
8(az;11, f(az:11, a2;)) contradicting the freeness of 4.

Case (ii). Not (i). Then b; = f(ay;41, a2,) < A. Now by the definition of M | 4,
{b;:i < p} cannot be free, so for some ¢ {iy, ..., i,}, and term 7, b; = z(b;, ..., b;)
then

ay; = 8@z, A1, @ipi1)s - f@2ipi1s @2)D)
Contradiction again.

(2) For every o < A there is an algebra M, (with no free subset of power
£) with universe « and functions f¢ (¢ < %), and wlo.g. f% is an n(§)-
place function. Define M: its universe in A. It has function f, g, such that
(V8 < o) fle, B) < lal A gla, fla, B)) = B} and it has functions f; (§ < y), where
Jeis an (n(§) + 1)-place function, and fi(a, B, --.» Bue) = S B1s ..y Buep) if
defined and zero otherwise. In (b) case (8) put an unbounded set of cardinals
< 2 as individual constants. Now part (a) is trivially exemplified by M. Let us
prove (b), so suppose 4 = 11is free, |4| = y, and choose 4 with minimal sup 4.
By hypothesis, cf 2 # cf yu, hence for some o < 4, |4 ) a| = g, hence a* =
sup A < A. If some 8 > a* is in the closure of the empty set in M, we geta
contradiction by My, so case (8) is proved.

Now {|a|: @ € A} has cardinality > cf u, otherwise for some x|{a € 4: |a| = &|}
= 4 s0 £ < a* < «*, and as in 7(1) we get a contradiction to a*’s minimality;
but this contradicts («), thus we are finished.
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