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THE JOURNAL oF SymsoLiC Logic
Volume 37, Number 2, June 1972

ON MODELS WITH POWER-LIKE ORDERINGS

SAHARON SHELAH

Abstract. We prove here theorems of the form: if T has a model M in which P,(M)
is x;-like ordered, Po(M) is xg-like ordered. .., and Q;(M) is of power Ay, - - -, then
T has a model N in which P,(M) is «i-like ordered . . ., Q;(N) is of power A7, ---. (In
this article « is a strong-limit singular cardinal, and «’ is a singular cardinal.)

We also sometimes add the condition that M, N omits some types. The results are
seemingly the best possible, i.e. according to our knowledge about n-cardinal prob-
lems (or, more precisely, a certain variant of them).

§0. Introduction.

DerFINITION 0.1.  In a model M, P(M) is «-like (ordered) if < (or more exactly
<M) orders P(M), P(M) is of power «, and every head of P(M) is of power <x,
ie. if e P(M) then [{acP(M):a < I}| < k. [P(M) = {a: a an element of M,
M E Plal}.]

DEFINITION 0.2. A model M is a {«;, kg, -« +| Ay, Ag, - - - >-model if Py(M) is «,-
ordered, P,(M)is kp-ordered, - - - ; |Q,(M)| = Ay, |Q2(M)| = Ay, - - - (this notation
includes also {x;, «3|)).

DErFINITION 0.3. (1) {x, O : {kpyroo | Ay o> =iy -- | A, -+ > if : ifLisa
first-order language of power <y, T'a theoryin L, I"aset of <{typesin L, and T
has a (ky, - | Ay, - - ->-model omitting every p e T', then Thas a (x{, -+ | A}, -+ ->-
model omitting every pe I'.

(2) If { = 0 we shall write x instead of {x, 0.

ReMARK. This generalizes a notation of Vaught in [17]. Here « will always be a
strong-limit singular cardinal (x is strong-limit if and only if A < « implies 2* < «)
and «’ will always be a singular cardinal.

Our purpose will be to prove relations of the form

<X9§>:<K1,"'lAI,"'>'_)'<K;.’"'IA;."">
and call them *‘transfer theorems”. By Fuhrken [7] these relations are equivalent
to corresponding transfer theorems for languages with generalized quantifiers
[(Q.x)d(x)—there exists at least X, x’s satisfying ].

Our paper continues the work of Keisler in [10] and [11]. Later I learned he had
proven some more unpublished results (covered by this paper). In [10], Keisler
proves that if y < «’ then x: (x| > = {«’ |>. His proof consists of two parts:
In the first part he builds a set of sentences Z, depending recursively in L, and shows
that if T is a theory in the language L, T U Z is consistent and |L| < «’, then T
has a {«’ | )-model. In the second part he proves that if T has a («|)-model, then
T U I is consistent (this is proved by a polar partition theorem). The point is
finding £, and proving the second part. The proof of the first part is easy.
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In this paper we shall use similar methods, with similar =’s, but we shall use a
refined partition theorem, which we prove by a well-known partition theorem which
appears in Erdos, Hajnal and Rado [4] (Theorem 1.1 in §1 of this paper). It is a
reformulation of [4, Theorem 3] but we include it for completeness.

ReMARK. Our method has one fault relative to that of Keisler: it does not apply
to « an inaccessible cardinal. But we can always use the following known theorem
which appears in Fuhrken [7].

If PM is «-like, x a strongly inaccessible cardinal, 4 = M, |4| < «, u a regular
cardinal <«, then M has an elementary submodel N, such that 4 < |N|, PV is
k;-like, «, is a strong limit singular cardinal of cofinality p.

Our method will enable us to reduce transfer problems to problems which do
not mention «-like orderings. In many cases we can translate problems of the form
x: {rgy e v o] Agy oo o> = ki, -+ - | AL, - - -) to problems of the form

X: <ICfK19"°s’\19'">—'><ICfK19"°9A:'l"">‘

In many cases we can deduce compactness and completeness theorems for lan-
guages with generalized quantifiers, and also for the theory of the class of
{Kyy -+ | Ay, - - - >-models, for certain {x,,---| A;,--->. But as it goes exactly like
Keisler [10] we do not mention it.

We do not investigate transfer theorems in which it seems there is no new point.

Now we shall mention our results. In §1, we define our notations. In §2, we prove
theorems about skeletons which are, in fact, partition theorems, using a theorem
from [4]. In §3, we investigate relations of the form y: {x | A) = (k" | A’>. Our
results are:

Ify < X < ¥, A <k, then x: {x | A) — <« | X’) when at least one of the follow-
ing conditions is satisfied.

(A) cfx’ < X,

(B) cfx = 3, s

©C) cfe>Acfx =2 XN =3, J(\)-

In §4, we investigate outer-cofinality problems following Keisler and Morley
[12]. We use this for proving the following result (in fact a more general result than
this):

If x < kg < K3, kg < &y and cf k; = cf ky = cfk} = cf k5 then x: {xy, K3|> —
AN

In §5, we investigate relations of the form (x, {>: (x | > = <{x’| ). We again reduce
those problems to problems with no «-like ordering (Theorem 5.7).

On the other hand, Theorem 5.7 is a generalization of the following theorem, of
M. and V. Morley, which was later and independently discovered by Kunen, and
later by J. Schmerl and myself, but was not as yet published. (See Morley [23] and
Barwise and Kunen [19].)

THEOREM 0.1. u, = 3, where

(1) pa is the first cardinal such that if T, |T| < A, is a theory which has a model
omitting p of power 2 u,, then T has a model omitting p in arbitrarily large cardinals.

(2) 8(A) is the first ordinal such that if T, |T| < A, is a theory which has a model
omitting p, of order type > 6, then T has a not-well-ordered model omitting p. (There
is a straightforward generalization for omitting a set of types of power <{.)
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Our results are

If «k = 3, cf «* = u, then {x, {>: (x| > = {«’ | > if at least one of the following
conditions is satisfied:

(A) f 8 = A; A = por A > pu, X > x;and 8 is divided by (2**#)*,

(B) a particular case of (A) is cf 8§ > (2**#)*,

(© ¢=1;andcfd = porcfd > x + p;and 8 = 3(x + cf 8) (by Theorem
5.7 and Lemma 5.5(1)),

(D) {=1,x = Ry, and cf § > Ry, p = R, (by Theorem 5.7 and Lemma 5.9),

(B) { =1, x = 8y, p = K, and § is divided by X, (by Theorems 5.7, 5.5 and
5.6.2).

There are also some negative results—see Lemmas 5.10, 5.11, 5.12. For example,

By (A) <Ry, 2>: (A[(2%)* x @] | > = <Ryiso | D,

By (D) <R,, 1): <™ |>— <x¢+sl | >

By (E) <Xy, 1>: <aR?) | > = Ny .y, | > (X¢-ordinal exponentiation).

One of the negative results is

not {x, 13: ¢35 | > => Ry, | Dy cfx > w,cf 8 = y* <8 < x**.

Many of the results of this paper appeared in the abstract [15].

ADDED JANUARY 1972,

(1) The value of 3(A). Kunen and Barwise [19] proved that the bounds of
() (A* < 8(X) < (2% when cf A > R;) cannot be improved. That is, it is con-
sistent with ZFC that (3A)[cfA > Ry A 8(A) < A** A 22 > A*] and also that
@V)[cfA > Ry A §(A) > 22 A 28 > A*]. They also compute 3 for admissible sub-
languages of L.

(2) Completeness and compactness. For a very nice and natural axiomatization
of the language with the generalized quantifier (3>¥ox) (and many other important
results) see Keisler [22].

The added axioms say that sets with two elements are countable, the union of
countably many countable sets is countable, and a subset of a countable set is
countable. On L,,, in general see Keisler [21]. For a compactness result see
Shelah [32], [33]. A class of models is x-compact, if whenever every finite subset of a
theory of power <y has a model, the theory has a model. The result is that if the
class of Ay, - -+ | pg, - - - >-models is Xo-compact then it is y-compact, for x < i,
x < A (provided that the number of A’s and w’s is countable).

Also the results of Ehrenfeucht and Mostowski [35] on the existence of models
with a group of automorphisms, and of Ehrenfeucht [36] on the existence of a
model which realizes few types are generalized. By using ultraproducts, Fuhrken
[7] proved that if Afo = p,, cf A, > Ro, A < A = Ao < X, then the class of (A, - - -,
Xy oo |y e sty -+ - y-models is Xg-compact. See also Ebbinghaus [38].

However, there is no nice axiomatization for the language with the added
quantifier (3*3.x). Also, it is not known whether for every A, u the class of {|A, -
models is R,-compact.

(3) Inaccessible-like models. In Schmerl and Shelah [27], [28] the following
is proved: If A is strongly inaccessible, and is in M, in the Mahlo hierarchy (see
Levy [37]) and p > x then x: <{A|> — (u|)>. If Ais in My, in the Mahlo hierarchy
then (x, {>: {A|> — {u|) for u > x. By Schmerl [25], [26] those results cannot be
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improved. In the second case we can use the methods of §5 here. By MacDowell and
Specker [24], Ry: (R, |> — <A|) for every A

(4) Singular nonstrong-limit cardinals. 1t is known (see Fuhrken [7]) that there
is a sentence which has a {x’|)-model iff «’ is singular nonstrong-limit cardinal. It
is easy to see that there is a sentence which has a {x’|)-model iff «’ is singular and
@) < ')’ < Ded M[(3X < «')(«" < Ded* )], where

DEeFINITION 0.4. Ded A [Ded* A] is the first cardinal x such that there is no tree
with A nodes and p branches [each branch of height x for some x].

This suggests

Conjecture 0.A. 1If «’, «" are limit cardinals, and (3A < «") (Ded* A > «”),
x < k" then x: k' | > = <k"|).

Other related natural conjectures arise (e.g. the parallel of the theorems of Re-
mark 3 or «” which is neither strong-limit nor satisfies the condition in the con-
jecture). However even the related two-cardinals conjecture has not been proved.

Conjecture 0.B. If p < A < Ded* g, x < p, then x: {|Ryyu Ro> = (| A, p).

Again we do not bother to formulate related conjectures. This Conjecture 0.B is
implied by the following conjecture:

Conjecture 0.C. If T has an {|R,,,, &,>-model, then TUZX is consistent
where
Z={zy = 7(Xny 5 Xne) A 22 = 7(yy, -+, X,) > [Qa(2) = 21 = 23]

Tttt M Vs * * +, ¥y Are sequences of ones and zeros of length w;
and for some m, 5, |m =y, |m, i #j=>n|m# 9| m}
U {Qu(x,) | every u}.

For this it suffices to prove the following:

Conjecture 0.D. Suppose fis an n-place function from X, ., to subsets of X, ,
of cardinality X,. Then there is 4 = R,, |4| = X, such that a;,---,a,€ 4 >
[f(al""’an)nA] < {ah"'9an}'

(5) n-cardinal theorems from finite cardinals.

DEFINITION 0.5, x: {(A, -+« | ph, -+ > | i€} = A}, -+ | pi,- - ) if any theory
T, |T| < x, which for every iel has a (M,..-|pui,--->-model has also a
A3, -+ | p1, - - - )-model.

Question. When does Ry: {|n, mD|i < w}—|A, pd?

It is easy to see that the Vaught and Chang theorems for gap one (see [2]) and
Vaught theorem for cardinals for a part [18] can be generalized easily to this case
(e.g. if (Vh < w)@i)(m = m}) then Ry: {(m, m):i < w}—>|u*,p)> when p =
2x<ul®)-

Conjecture 0.E. If (Vh < w)@i)(m = m}) and p < X < Ded*p then u:
{Klm,md:i < w}— A, p).

Or even

Conjecture 0.F. For every set {(m, m)) | i < w}, n; > m,, there is n* such that
Ro:{n,mD:iel}— A p)if p < X < 2y, n*); n* < wor n* = .

(6) From n-cardinal transfers to power-like transfers.

THEOREM 0.2. (A) If «', «" are limit cardinals «" singular, cf «" = A, «" =
Si<ass the cardinal «' is weakly inaccessible, and (*) for every function f: ¥’ — «’;
A {{|- -, A - Dpeat KA i < A) is an increasing sequence of cardinals < x', X*1 >

SO =L, Ny oo o) then A: K| — x|
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(B) If the class of |- -+, Ay + * - Dy <a-models is A-compact, we can replace (*) by
Ro: {JA -, A 1A <evo < A <k} = (A, oo, ADXYE > f(X) for  every
i1 < <ihb<An<ow

©) If (V) (& < &' — p* < «’) we can choose the X’s so that the class of {|-- -,
Ay, - - Dy <a-models is A-compact (i.e. such that \} = X;; the compactness is proved
by ultraproducts, by Fuhrken [7}).

This is proved by interpreting each Q, as an elementary submodel for L(T") which
is an end extension of Q, for j < i. We can find such Q,’s for a {x’|>-model of T
by [32]. I think this was first proved by Silver. He proved that (G.C.H.) X,: (x'|> —
<x"|>, k" singular, «’ inaccessible.

ADDED IN PROOF MAY 18, 1972. Seemingly Conjecture 0.E is proved.

(7) Why limit cardinals? By Fuhrken [7] there is no point in dealing with trans-
fer theorems for <{A* | >-models. Because for limit g, x: <A*|> » <{u|> and

< D<A, Az:"'ll-‘l"">"><)‘I;:A;""|F;.9"'>
is equivalent to
<X9 {>: <A2:"'I’\f.’ ’\191‘19"'>_><’\;,""’\;.+’ ’\1’/"1:' ">-

(8) Stable theories. On stable theories see [29]. There are very strong transfers
for stable theories and they will appear. For example, let L(Q%,---, Q") be a
language with # added quantifiers, T a complete stable theory in it, and suppose T
has a model if Q! is interpreted by (3>'x) where A < - - - < A" are regular. Then for
every us, |T| < u! <---< u" Thas a model when (Q') is interpreted by (3%#'x).

For categoricity see Shelah [30], [31] and Viner [34].

(9) Ehrenfeucht games. H. Friedman [20] and S. Viner [34] and L. D. Lipner
[39] independently generalized Ehrenfeucht games.

(10) Craig and Beth theorems. Friedman [20] proved that the language L(3>%*ox)

fails to satisfy the Beth theorem, improving a previous result of Keisler and Silver
for the Craig theorem.

§1. Notations. Natural numbers will be denoted by m, n, ¢, p.

Ordinals will be denoted by i, j, k, /, «, B, y; and limit ordinals by 5. We assume
i = {j:j < i}, and that a cardinal is the first ordinal of its power. Cardinals will be
denoted by A, g, x, «, {. Let cf 8 be the first cardinal u such that there exists an
increasing sequence i;; j < g, Uj<,i; = 8. Let X, be the ith infinite cardinal. Let us
define by induction: 3(A,0) = A, 3(A, i + 1) = 23D a(A, §) = U, <3(Q, i);
3, = 2() = 3Ry, i). If 4 is a set, | 4| will be its cardinality. A* is the first cardinal
>A

A sequence § will be a function from an ordinal /(5), and its ith element will be
8; = 5(i). The domain and range of a sequence will be denoted respectively by
Dom §, Rang 5. A pseudosequence § is a function from an ordered set, the nth
element of which is #. A head H of an ordered set 4 is a subset of 4 such thata € 4,
be H, a < b implies ae H. B< A is cofinal with ac A4, if (VbeAd) [b < a=>
(AceB)b < c < a),and B< {ce d:c < a}.§is cofinal with A4 if Rang §is. L will
denote a (first-order) language, and without loss of generality we shall assume
|L] = R,. F, G will denote function symbols, R a predicate, and P, Q one place
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predicates. Formulas will be denoted by ¢, ¢, 6. Variables will be x, y, z, and finite
sequences of variables X, 7, Z. We shall not differentiate strictly between individual
constants and the corresponding elements in an L-model. M, N will denote models,
| M | will be the set of elements of M, and hence | M |—its cardinality. If M is an L-
model, R a predicate in L, then R™ will be the corresponding relation; and if Fis a
function symbol in L, F™ will be the corresponding function. (Sometimes we write
F, R instead of FM, R™, If Ris one-place, we write R(M) instead of R™.) Sometimes
we write a € M instead of a € |M|. If M is an L-model then L(M) = L. T'shall denote
a theory, i.e. set of sentences. L(T) = L if T is a set of sentences in L, and L is the
minimal such language. Th(M)—the theory of M is the set of sentences in L(M)
which M satisfies. T'is a theory in L if L(T) < L. By a, b, ¢ we shall denote elements
of models, by a, b, ¢ finite sequences of such elements. We write {aq, -, @pp =
a € A instead of a, - - - € A. We say that p is a A-type (on 4, A = |M]) if p consists
of formulas ¢(xg,** -, Xp-1, @), ¢ €4, @ € A. Usually we assume n = 1. p is a type
in L, if p is a A-type, where A is the set of formulas of L. The A-type a € | M | realizes
over Ais {p(X,¢): € A, p € A, M F ¢[a, &]} where M F [b] means ¢[b] is satisfied
in M. If A is not mentioned it is the set of all suitable formulas in the language.
M realizes p if there exists @ € | M | such that ¢(x, ¢) € p implies M E ¢[a, ¢]. M omits
p if it does not realize it. Types will be denoted by p, and sets of types by I'. (Itis
clear when p is type and when it is a natural number.) A sequence <{a;: i < k),
a, € M, is n-A-indiscernible (in M) over A(<|M]) if for every ce 4,p€el,
h <ipg<-<ip <k, ji<ja<: - <ju<k MFEolay, ---,a,, c]if and only if
M E¢la;, - - -, ay, ¢]. (Similarly for a pseudosequence.)

A theorem from Erdos, Hajnal and Rado [4] implies that

THEOREM 1.1. If 4, B <|M|, |B| = 3(|4| + |A|,n + 1), then there is a
sequence of elements of B, which is n-A-indiscernible over A, and of length >|A| +
|A]. ’

For simplicity only we shall assume that < (a two place predicate) belongs to every
language, and for every model < (or more precisely <™) orders the model.

If ¢ is a formula, Q(x) a one place predicate, then ¢° — ¢, relativized to Q, is
defined by induction: If ¢ is atomic ¢2 = ¢, (p; A P2)° = ¢f A ¢2, (—e)° =
—¢?, [@x)¢]° = @x)(Q(x) A ¢°) (the other connectives and quantifiers are
defined by those).

§2. Skeletons.

DerINITION 2.1, (1) The (pseudo-) sequence U = <U;:i < p) is a (pseudo-)
skeleton of P(M) if

(A) Foreveryi < p, U,isanincreasing infinite (pseudo-) sequence of elements of
P(M). (As U; is an increasing sequence, it is completely determined by its set of ele-
ments, hence we shall not differentiate between U, and Rang U,.)

(B) If i < j then every element in U, is smaller than every element in U,.

(C) For every a € P(M), there exists i < u such that a < U(0).

For skeletons only we demand also

(D) P(M) is «-like ordered, cf x = p.

(B) 2i<ulUy| =«
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(2) Every U, will be called a column of the skeleton.

ReMARK. In the following definition only skeletons are mentioned but we shall
use them freely also for pseudoskeletons.

DEeFINITION 2.2.  Let (U;: i) be a skeleton of P(M), and ¢ an element of P(M)
(and H a head of P(M)). Let H be the minimal head (of P(M)) c € H (H < H) such
that if ae H, b ¢ H, then there exists i, such that a < U(t) < b, for every te
Dom U, which is big enough.

The sequences {a,: m < n) and <{b,:m < n) (of elements of the skeleton) are
similar over ¢ (over H) if and only if

(1) a, € U, if and only if b, € U, (for every i);

(2) ax < anif and only if b, < b, (and so a, = a,, if and only if b, = b,);

(3) if a, € H or b, € H then a, = b,.

REMARK. If ¢(H) are not mentioned, we mean that the similarity is over the
empty head.

DErFINITION 2.3. (1) A skeleton (of P(M)) is A-n-good over A if and only if
every two sequences, of length », from the skeleton, which are similar over any
head H (of P(M)) realize the same A-type over A U H. (Hence if [F(%, Z) = y] €A,
a, @ are similar sequences over H from the skeleton, 5 € A U H, then F(a@, b) e H
implies F(a@’, b) = F(a, b).)

(2) The skeleton is A-n-excellent over A if it is A-n-good over 4, and for every
function F(X, y) such that [P(F(%, 7)) — (z > F(X, 7))] € A (we shall say in short
that F appears in A) and for every € 4 and @€ | J{Rang U;: i < iy < p},

Mk PF(, &]] = U, (0) > F(G, 2).

(3) A skeleton is A-good if it is A-n-good for every natural number ». Similarly
we define A-excellence and we omit A if it is the set of all formulas in L(M).

DEFINITION 2.4. The skeleton <{¥V;:i < p) is a subskeleton of the skeleton
{Uy: i < pyif and only if there exists an increasing sequence {j;: i < ) such that ¥;is
a subsequence of Uj, for every i < p.

PROPOSITION 2.1. (1) Two sequences in a (pseudo-) subskeleton are similar over ¢
in the skeleton if they are similar over c in the subskeleton. (If we replace ¢ by H
a parallel proposition holds.)

(2) A subskeleton of a A-n-good (A-n-excellent) (pseudo-) skeleton is a A-n-good
(A-n-excellent) (pseudo-) skeleton.

(3) A subskeleton of a subskeleton of U is a subskeleton of U.

Proor. The proof is immediate. We shall use this proposition without mention
also of pseudoskeletons.

THEOREM 2.2. If |A| + |Q(M)| < «, then every skeleton of P(M) has a sub-
skeleton which is A-n-good over Q.

ProoF. We shall prove by induction on m the following statement:

(*) If <U,: i < cf «) is a skeleton, then for every m it has a subskeleton (UP:
i < cf«)suchthatifa = <ao, - -, a,-,> is a sequence in which appear elements of
at most m columns, 5 is similar to @ over H, then they realize the same A-type over
Q(M) v H (clearly a and b are sequences from the skeleton).

If we succeed in proving (*) for m = n, clearly Theorem 2.2 will be proven.

Form = 0, (*) is trivial (the skeleton itself can serve as the required subskeleton).
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Suppose we have proven (*) for m by finding <U": i < cf ), we shall prove it for
m + 1. Let ¥ = > ccretis Where u; < k, and p, is an increasing sequence.

Now we shall define, by induction on i, UP*?* and j; such that U ** will be a sub-
sequence of U7T. Suppose we have defined U*?, j; for every i < k < cf«x. As
{ji:i < k < cf«}is a set of <cf x ordinals smaller than cf «, and cf « is a regular
cardinal, there existsj < cf x such thatj; < jforeveryi < k.Let H, = {c: ce P(M),
i < k,teDom Uj}, ¢ < Uji(t)}, and clearly H, is a head of P(M). As P(M) is «-
like ordered |H| < x. As Ji<cx|UP| = «, and |U"| < «, there exists ji, < cf «,
i < k—j < ji, such that [UJ| = 3(Hl + |QUM)| + e + cf x + |Al,n + 1).
By Lemma 1.1, U has a subsequence Up*?, |Ur*!| = puy, which is A-n-indis-
cernible over H, U QM) U {Ur(l):l < w,i < cf«}. It is clear that <Upr*!:
k < cf &) is a subskeleton of (Uj;: i < cf «). So it remains to prove that it satisfies
*) form + 1.

Letd@ = <@g, * 5 @n-19, b = <{bo, -+ -, bp_1) be two similar sequences in (U *1:
k < cf k> over a head H; and suppose that in & appear elements from m + 1
column, the first of which is U *1, and without loss of generality the elements from
Ur+t will be ao, - -+, ap. Let H* = {c€ P(M): ¢ < UZ*Y(t)} and it is not hard to
see that without loss of generality we can assume H < H.

It is not hard to find a sequence @ = <a},---,ai_,> in <UP:i < cf k) such
that

(1) &, @* are similar over H,

(2) a%) = a09""a; = ay,

(3) if p < k < nthen ai; = UJ(]) for some I < w, B < cf«.

Similarly we can define 5* such that in addition &* = <bg,+ -, by, @341, - -
ay_1).

Now it is easily seen that @ and &* are similar sequences on H*in <U: i < cf ).
Also {@p41,° "5 An-1s <@p+1,* * *» @n-1) are similar sequences over H*! in <UM:
i < cf k), and so they satisfy the same A-type over Q(M) U H*. As H < H*, and
Gy, +,a,€ HY, ay =ag, -+, a, = a;, clearly @ = {@o,***,Gp, Gps1,°* 5 Ap-1)
and @ = <a}, -, ak, Gr41,° -+, ar -1y satisfy the same A-type over Q(M) U H.

Similarly b and b* satisfy the same A-type over Q(M) U H. So it remains to
prove only that @* and b satisfy the same A-type over Q(M) U H. As a},, =
by, ry @iy =bi_y,anda}pyy, -, a1 €{UP(): i < cfk, I < w}, it suffices to
prove that <{a}, - - -, a}>, <b, - - -, b}) satisfy the same A-type over Q(M) U HU
{UP():i < cfk,] < w}. As H < H,, and U7*! is A-n-indiscernible over Q(M) U
H,u{Ur():i < cfk, ] < w},and p + 1 < n this is clearly true.

So we have proven statement (*) by induction. Taking m = n, we prove Theorem
2.2.

THEOREM 2.3. If |A| + |Q(M)| < cf k then every skeleton of P(M) has a sub-
skeleton which is A-n-excellent over Q.

Proor. Let U = (U;:i < cf«) be the skeleton. By Theorem 2.2, it has a
A-2n-good subskeleton W = (W;:i < cf k). Let k = 3, conep, f k < p; < , and
without loss of generality assume |W;| > p. Let V, = {W(k X w + n + 1):
kxw+n+1<pttand V=< Vi< cfk).

Let, for i < cfk, A, = {V{t):j <i,teDom V}, and let B, = {F[a,c]: F

b
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appears in A (ie. [P(F(X, ) —z > F(X,7)]€d), € Q(M), ac A, l@@ < n}n
P(M).

It is sufficient to prove that every B, is a bound set in P(M). For suppose it is true,
and we shall define an increasing sequence j;, j; < cf « for i < cf «, such that (V},:
i < cf «) is the required subskeleton.

Suppose j; has been defined for i < k < cf«, and let j° < cf « be an upper
bound for {j;:i < k}. As Ji<erx| Vil = &, |Vi| < «, there exists ji, > j°,ji. < cf «, such
that |V}, | = p, and for every be Bp, b < V,(0). Clearly <V},:i < cf«) is the
required subskeleton.

So it suffices to prove that each B, is a bounded set in P(M). Suppose B, is not
bound. Now we shall define an equivalence relation on B;: F1(@,, ¢,) ~ Fy(@y, ¢5) if
F, = F,, ¢, = T, and @,, a, are similar sequences. As the number of function
symbols appearing in A is <|A| < cf « (or they both are finite and so <cf ); and
the number of ¢ Q(M)is also <|Q(M)|* + R, < cf «; and the number of similar-
ity types of sequences from B, is < |i|* + N, < cf «; it is clear that the number of
equivalence classes is < cf «. We can conclude from this that there exists an equiva-
lence class B® which is unbounded in P(M). It is easy to find a subset B! of B°
which is unbound in P(M), B* < P(M), and B* = {F(a,, ¢): i < cf «}, such that
i < j < cf k implies F(a, ¢) < F(a;, ¢). <a(0): i < cf «) has no infinite decreasing
subsequence (by the definition of skeleton). From this it is easily seen that either it
has an increasing subsequence of length cf «, or for some a, |{i: 3,(0) = a}| = cf «.
So B! has a subset Bj, such that Bj = {F(a,, ¢):i < cf«} and is unbound in
P(M) and i < k implies a,,(0) < a,(0), or i < k implies d,(0) = a,(0). Doing the
same for 1,---,n — 1, we get A* = B} _, which satisfies

(1) A* = B, |4 = cf«, and so A* is unbound in P(M),

Q) A* ={F@,0):i < cf«},

(3) i < jimplies F(a', ¢) < F(@, ¢),

(4) for p < n, either i < j implies @'(p) = a'(p) or i < j implies @(p) < a@(p).

Now it is not hard to find in the skeleton # (not ¥) a sequence @ such that

(1) ais similar to a°.

(2) If p < n, and i < j implies @'(p) = a@(p) then a(p) = a®(p).

(3) If p < nand i < jimplies @(p) < @(p) then for each i, @'(p) < a(p); and if
be|J{Rang V;:i < cf «} and for each i, a'(p) < b, then a@(p) < b.

This is possible as V; = {Wi(k x o + n + 1):k X o +n + 1 < pi}.

It is not hard to see that for every i there exists j > i such that @a’ and a'a are
similar sequences in . As W is A-2n-good we can conclude that these sequences
realize the same A-type over Q(M). So from P[F(a’, ¢)] we can conclude P[F(a, ¢)],
and from F(@, ¢) < F(a@, ¢) we can conclude F(@, ¢) < F(a, ¢). So F(a, &) € P(M),
and for every i (<cf «), F(@, ¢) < F(a, é). This contradicts the unboundedness of
A?, and hence we finish the proof.

§3. Applications of skeletons for transfer theorems. In this section we
shall use the theorems about the existence of good and excellent skeletons for
proving relations of the form x: <{x | A> — (x| A"D.

DEFINITION 3.1. A theory T (in L) is closed if (1) for any formula ¢(y, ¥), there
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exists a function symbol F(x) such that (VX)[3Ey)e(y, X) = ¢(F(%), X)1 € T, (2) for
every function symbol F, F, F,, - - -, there exists a function symbol G such that
(Y51, a5 - - ')[F(Fl(J-)l)a Fy(32),-+*) = G(Jy, Fos + JleT.

THEOREM 3.1. For every language L there exists a language Ly and a theory
Tsx (in Lgg) such that

(1) every L-model is the reduct of a model of Tsy;
(2) every theory T in Lgg, T © Ty, is closed;
(3) if M is amodel of Tsg, |N| < |M|, and |N| is closed under the functions of M,

then N is an elementary submodel of M.

Proor. This is a well-known theorem. We shall use it without mentioning it
explicitly.

THEOREM 3.2. (1) We can define ¢ = ysu(e, R, Ry, n) as a sentence depending
only on the formula ¢ and the predicates R, R, such that

(A) If M is a model of i, then RY is an equivalence relation between the elements
of RM, and R¥ < P¥, and for every a € R, there is b€ R™, M £ —R;[a, b],a < b.

Let us define for ae R™, U, as a pseudosequence whose set of elements is
{b: M E Ry[b, al}.

(B) If M k4, then <U,: ae R(M)) is a {p}-n-good pseudoskeleton of P(M) over
o(M).

(©) Let Ty = T Y {{su(p, R, Ry, n): p € L(T)}. (We assume R, R, ¢ L(T).) Then
if M is a {x | A)-model of T, A + |T| < «; then M is a reduct of a model of Tgy.

We write Ts; = Un<oT24.

(2) The same as (1) except that we replace SH by ST, goodness by excellence, and
in (C) we replace |T| + A < k by |T| + X < cf«.

Proor. The proof follows immediately from Theorem 2.2, 2.3; and in fact,
T3y, TS are a formalization of what was said there, i.e. Ysp(@, R, R;, n) will be the
conjunction of the following sentences:

) (Vx)(R(x) = P(x)),

(2 (Yx)(R(x) > Ry(x, x)),

(3) (Yxp)(Ry(x, ¥) = Ri(y, X)),

@ (Vxy2)[Ri(x, ) A Ri(y, 2) = Ru(x, 2)],

(5) a sentence telling that: if %,, X, are ‘“similar”’ sequences (of length ») over z,
R(z) and Apnz > y(m) then (X, )< ¢(%z, 7),

6) (VX)E)R(x) = R(») A x <y A —Ry(x,)),

(7 (Vxpz2)(R(x) A R(P) A R@) A Xx<yAy<zA—Rx,y)——Rix,2)).

THEOREM 3.3. If M is a model of T U Tsy where T is a closed theory and there
exists a sequence {a;:i < X), a;€ R(M), such that i< j < A implies ME
— Ry[ay, a;}, the sequence is unbounded in P(M), and x > | M|, x > cfx = A, then
there exists models N, M, of T such that M, is an elementary L(T)-submodel of M and
of N, QM) = Q(M,) = Q(N) and P(N) is «x-like ordered. If M is a model of
T U Tsr, the unboundedness of the sequence is not necessary.

PROOF. Suppose « = S{u:i < cf«}, py < x, M is a model of Tsy U T and
{a;:i < Xy is unbound in R(M). Let L, be Lgy with the new constants {c:ce
OMV{bl:i< cfk,j< p} Let
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T = TU (i}, big, -, biz, ¢,y o) > @B, -+, By ey, 6,

€105 6 € Q(M), and 4, = iy implies j; > jy > ko > Ky}
U{q&(bﬁ-’o.-’b{"ﬂ:,cl,...’cp);jl’...’jm < w,

’ M ‘= (P[Uagl(jl)’ MY Ud‘m(jm)’ cl’ .o .]}.

Clearly every finite subset of T* has a model, and so by the compactness theorem,
T* has a model ,. Let N be the elementary submodel of N* whose set of elements
is the closure by the functionsin N* of 4 = {c: ce QM) U {b:j < py, i < cf«}.

It is not hard to see that all the conditions are satisfied. The only nontotally
trivial one is that P(XN) is «-like ordered. We shall prove it.

Firstly, we shall prove that {b?:i < cf«} is unbound in P(N). For suppose
P[F(d,, ds,---)] and F(d, d,,---) > b for every i, where d;,--- € 4. We an
easily define d}, d2, - - - such that

(0) d%! dé’ o 'GA,

(1) d,e{bl:j < p}iff die{bl:j < p} for any m and i,

Q) if d, € QM) or d} e Q(M) then d,, = 43,

(3) dn < dp (dn = dy) iff diy < di (d3 = dy),

4) ifd, = b? or dX = b? then d,, = d3,

(5) if d, ¢ Q(M), then for some i < cfxand 0 < j < w, d} = b].

From the definition of T; it is easily seen that for any i < cf«, F(d}, d3,---) >
b?, and P[F[d}, d}, - - -]] (all this holds in N). Now define dZ, d2, - - - : if d} € Q(M)
then d2 = d}; and if d} = b] then dZ = U,(j). From the definition of T; it is clear
that (in M) P[F(dZ, d3,---)] and for each i < cf «, F(d?,d2,---) > a. So
{a,: i < cf «}is a bound set in P(M), a contradiction.

We have proven that {§{: i < cf «} is unbound in P(N). In order to prove that
P(N) is «-like ordered it is sufficient to prove that for every i < cf «, |{c € P(N):
¢ < b} < « Letiy < cf « be fixed, and let B = Q(M) U {bj:i < iy orj < wand
i < cf «}, and let B, be the closure of B under the function of N. Clearly |B,| < «.
Now as in the previous paragraph, it is easy to see that if dy, d,,---€ 4,
P[F(dy,---)] holds, and F(d,,---) < b}, then F(d,,---) = F(di,---) where
d},---eB, and so F(dy,--) € B,. Hence |[{ce P(N): ¢ < bY}| < |B;| < « and so
P(N) is «-like ordered.

Now there remains the case where M is a model of T U T, and {a;: i < 2D is
bound in P(M). Then the closure of Q(M) U {U,(n): ac{a;:i < A},n < w}bythe
functions of L(T) is an elementary L(T)-submodel of M, M°, and a model of T U
Tsr. As (U,: ae R(M)) is an excellent pseudoskeleton, {a;: i < A} is unbound in
P(M?). Hence the remainder of the proof is as in the previous case.

Now we shall deduce from Theorems 3.2, 3.3 some conclusions, which are the
aim of this section.

CoNcLUSION 3.4. Ifk > A, ' > X' > cf k', x < AN then x: (x| A> — (k' | AD.

Proor. Let T, |T| < x have a (x| A>-model. By Theorem 3.2, T}, = (TV
Tsg) U (T U Tsg)sy is consistent. By Theorem 3.3, it is sufficient to find a model M
of T, in which there exists in P(M) an unbound increasing sequence <{a;: i < cf «"),
a; € R(M), i # j = —R;[a;, a;}, and such that |Q(M)| = X'.

It is not hard to find a model M, of T; such that |M,] = |Q(M,)] = X'. Let us
define by transfinite induction M, for i < cf «': M, has been defined. M, will be
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an elementary extension such that ||M;,,| = |M;|] = X’ and there exists a; &
|M,4,|, a € R(M;.1), and b€ R(My) = b < a, —R,[b, a;]. Clearly M, (u = cf «')
is the required model.

CoNCLUSION 3.5. If cf ' = X'*, X = F{(X)*:p < X}, x < X, and cfx > A
then x: {x | A> = (' | A,

ProoF. Suppose |T| < x and T has a <« | A)-model. We should prove it
has a {«’ | A")-model. By Theorem 3.2, every finite subset of T} = (T'U Tgr) U
(T V Tsg)sr has a model M, in which R(M) is (cf «)-like ordered, and | Q(M)| < cf«.
This implies by Chang [2] that T; has a model N, |N| = X’*, such that R(M) is
(X' *)-like ordered, and |Q(N)| = X’. As R(M) is X' *-like ordered, we can find in it
an increasing sequence of non-R;-equivalent elements of length A’*, and hence
Theorem 3.3 implies our conclusion.

CoNCLUSION 3.6. If cfk 2= 3(A, w), x < A" < &/, then y: {r | > — (' | A,

Proor. The proof is as in the previous conclusions, using the two-cardinal
theorem appearing in Vaught [18] and also in Morley [13]. (In fact, we should take
care for the existence of the increasing sequence we want.)

LemMa 3.7. (1) For every theory T there exists a theory T, |Ty| < |T| + R,,
such that

Thasa{|Ay, -, Amy f iy, - o, cf wpd>-model iff Ty hasa iy, - - -, kg | Agy v+ Agd-
model.

(2) For every theory T there exists a theory T, |Ty| < |T| + R, such that

T, has a {x | A)-model, iff T has a model M, |Q(M)| = A, and in P(M) there
exists an increasing unbounded sequence of length cf «.

Proor. The proof is immediate.

COROLLARY 3.8. There exists a sentence @ which has a {x' | X')-model iff cf ¥’ <
XN(cfx' < X*) (cfx’ < Ry, , where X = R)) (cf <’ < a(X, n)).

Proor. The proof is an immediate consequence of Vaught [18].

§4. Outer cofinality and transfer theorems. Such problems were discussed in
Keisler and Morley [12] for models of ZF. We shall generalize their results, and use
them for transfer theorems. We used our results about outer cofinality to prove
that if «, > g, k1 > k5 > cf k], x < k3, and cf k; # cf x, or cf k] = cf x5 then
x: {Kky, kg |> = {x1, «3|) (in fact, a more general theorem, Theorem 4.5).

DerInNITION 4.1, If a, b € P(M), then cf @ < b in P, i.e. the cofinality of a is not
greater than b in P if for some function symbol F(x, Z) in L(M), and sequence ¢ in
M,

ME(Vx < a)[P(x) — @y < DY(P(y) A x < F(,0) A F(3,0) < a)],

otherwise the cofinality of a is greater than b. If cf @ > b forevery b < a, b € P(M),
then a is called regular (in P). If P(M) = M, we omit the words *““in P”".
DErINITION 4.2.  In the notations of Definition 4.1, ocf P,(M) = Aif there exists
an increasing sequence {a;: i < A}, a; € P,(M), and there is no a* € P,(M), a, < a,
for every i; and there does not exist such a sequence for k£ < A. Such a sequence
(not necessarily of length A) will be called a sequence cofinal to P,(M). ocf P,(M) is
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called the outer cofinality of P;(M). We define ocfa = ocf({be M: b < a}).
ocfpa = ocf {bs P(M): b < a}).

THEOREM 4.1. (1) There is a type, i.e. a set of formulas, such that a is regular iff it
realizes that type (i.e. satisfies each of the formulas (we can replace in (1), (3) regular
by regular in P)).

) If ais regular in M, and M, an elementary extension of M, then a is regular in

1-

(3) IfTis a complete theory, and a an individual constant, and in one model of T,
a is regular, then it is regular in every model of T.

@) Ifae P(M)and{de P(M): d < a}is N-like ordered, and X is regular, then, a is
regular in P.

(5) If{a;: i I} are individual constants, and for every finite subset J of I and T, of
T, there is a model of T, in which {a,: i € J} are regular, then T has a model in which
{a,: i€ I} are regular.

PrROOF. The proof is immediate.

THEOREM 4.2. If a is a limit element of M, Th(M) is closed, then M has an
elementary extension M, such that

(1) There is a; € My, a; < a, such that be M, b < a implies b < a.

Q) If be M and cf£b > a then there is no by e M,, by < b such that b, € M,
b, < b implies b, < b;.

PROOF. Suppose ocfa = A, and let D be a nonprincipal ultrafilter on A, such
that j < Aimplies {i:j < i < A} e D.

Let {a,: i < A) be a sequence in M cofinal to a. Let a® = <{a;: i < A)/D, and for
c € M, we identify ¢ and <{c:i < A)/D. (On ultrapowers, see [5].) Let M, be an
elementary submodel of M*/D whose set of elements is the closure of |M| U {a°}.
Clearly a° < a, and @' € M, a* < aimplies a* < a°. Suppose be M, cf b > a, and
there is b, < b, b, € M,, such that b, e M, b, < b implies b, < b;. We should
show that this leads to a contradiction. So let b, = F(a° ¢), where C is a sequence
from |M|. If bye M, by < b, then M'/D kb, < F(a% ¢) A F(a% C) < b. By the
fundamental theorem about ultraproducts (see [5]) this implies, if ¢ = {cq, - - -, ¢,
that {i < A: M Eb, < F(a;, co,* -+, ) A F(ay, Co,---,¢y) < b}e D, and hence,
for some i< A, MEb, < F(a,,¢) A F(a, ¢) < b. As a; < a, this contradicts
cf b > a, which we assumed. So M, is the required extension.

TueoreM 4.3. If T = Th(M) is closed, and a, > a, > ---> a, are limit ele-
ments of P(M), and for eachk < | < n,cfa, > a;, and 8, - - -, 8, are limit ordinals,
then M has an elementary extension N, in which, fork = 0, - - -, n, there is a sequence
in N, of length &, which is cofinal to ay.. Hence ocf a;, = cf 5.

ProOF. We define by induction M[* for i < 8,, m < n: M{ = M. If M is
defined, then M, will be an elementary extension of M, in which there is
al < a,, such thatae M, a < a, impliesa < a*;and if cf b > a,, b€ M, then
there is no b,, b, < b, such that b, € M, b, < b implies b, < b,. (Such an exten-
sion exists by Theorem 4.2.) For limit ordinals 6, M} = U;..M", and M3+ =

m

bm*

Let N = M}. Clearly for each m < n, {af*: i < 8, is a cofinal sequence.
ReMARK. This theorem is true also for an infinite number of a,’s.

THEOREM 4.4. Suppose each finite subset of T has a model M in which P, (M) is
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An-like ordered for m < n and A, is regular. Suppose pn,, m < n, are regular cardinals
such that A, = A, implies p, = pp.

Then T has a model N in which, for m = 0,---,n, ocf Pp(N) = pn. Moreover
IN| < |T| + Ro + po + -+ + pime

REMARK. This theorem is true also for an infinite number of P’s.

Proor. We can easily find Ty, T < Ty, |Ty| < |T| + R,, such that

(1) T, is closed.

(2) If M, is a model of Ty, then ocf P,(M,) = ocf a,, for m = 0,---,n, and
a,, € P(M,).

(3) Every finite subset of T; has a model M, in which, for m =0,---,n,
{a: a e P(M,), a < a,} is A,-like ordered.

(4) If A, = A, then a, = a,,.

We adjoin to T sentences saying that {x: P,(x)} and {x: P(x) A x < a,} have
equal cofinality, and one of them is A-like ordered iff the second is A-like ordered
(this is done by saying for each head of the one there is a one-one mapping into a
head of the other). Then we used Theorem 3.1.

By Theorem 4.1 (4) and (5), 7; has a model in which each a, is regular. By
Theorem 4.3, T; has a model N, in which cf a,, = u,,. It is easy to find an elemen-
tary submodel N of Ny, |[N| < |Ty| + Sncattm = |T| + Ko + po + -+ - + pm, and
for each m, N, contains a,, and a sequence <al*: i < p,» Which is cofinal to a, in
N,. Clearly also in N, ocf a,, = pn, and so N is the required model.

THEOREM 4.5. Suppose that, for each m, p < n,

(1) Kn > Ky iff K > K,

(2) cf kp < Kp,

(3) «m > x

(@) of ky = cf k, implies cf «;, = cf «,,.

Then X: <K0: ttt Kn-1|>'_><"6’ Tt K;—1l>'

Proor. Without loss of generality x; > k, > -+ > x,_;. Then the proof is by
iterating Theorem 3.2, and then using Theorems 4.4 and 3.3.

THEOREM 4.6. If M is a model of ZF, a, be |M|, a # b are regular cardinals,
then M has an elementary extension in which ocfyq @ = A, ocforg b = p (i.e. the outer
cofinality of {c € M: c is an ordinal <a} is A, and similarly for b).

ReMARK. This improves Theorem 3.2 from Keisler and Morley [12], and solves
a question they asked on p. 58.

ProOF. By [12], M has an elementary extension N, |N| = x* (x a regular
cardinal > |M|), and ocf,.qa = x, ocfora b = x*. We add to N two one-place
relations—RY, RY—such that RY is x-like ordered and RY is an unbound subset of
{c € N: c an ordinal <a}. Similarly for R, and b. Then the proof follows easily by
Theorem 4.4.

Alternatively, this can be proved directly by Theorem 4.3.

§5. On transfer theorems with omitting types.

DEerFINITION 5.1.  If Tis a theory, I' a set of types, then Ec(7, I') will be the class
of models of T which omits every type p e I'.

DEFINITION 5.2. (x, {:<kyy -+ | Ayye o) —> <k, -+ | Ay, - - ) if for every lan-
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guage L, |[L| < y and theory T (in L) and set I" of <{ types in L if in Ec(T, T') there
is a {ry, -+ | Ay, - - -)-model, then in Ec(T, T') there is a {xi,---| A}, - -->-model.
(We always assume { is a cardinal greater than zero, although most of the results
remain true for { = 0.)

DEerFINITION 5.3. (1) Tp(M) is the type of order by which < (more exactly
< ™) orders M.

(2) Tp(P(M)) is the type of order by which < orders P(M).

(3 Tp(T, T) = {Tp(M): M € Ec(T, I')}.

DEFINITION 5.4.  {x, {>: [8] = [u]if: if L is a language of power <y, T a theory
inL, Tasetof typesin L, |T'| < ¢, and & € Tp(T, I'), then there exists M € Ec(T, ')
of outer cofinality x which is not well-ordered.

DEFINITION 5.5. 6(x, {) is the first ordinal such that: if T and T are in the lan-
guage L, |L| < x, |L] < ¢, and 8(x, {) < ke Tp(T, I), then in Ec(T, I') there is a
non-well-ordered model.

THEOREM 5.1. (1) If {x, O>: [81 > [ul,and Tand T are in L, |L| < x, |T| < ¢,
M € E«(T, T"), and Tp(P(M)) = 8, then there is M € Ec(T, T') such that P(M) is not
well-ordered and its outer cofinality is .

QIfT,TareinL, |[L| < x, || < ¢ and M e Ec«(T, T), Tp(P(M)) = 8(x, O),
then in Ec(T, T') there is an M for which P(M) is not well-ordered.

Proor. The proof is immediate.

THEOREM 5.2. If <{x, {>: [8] — [r], and for every ordinal i, j < 8, i + j < §,
then for every singular cardinal «, 'y € = 3,4 cf & = p, {x, $1 (e |D> = 6D

Proor. Let L be a language, |L| < x, T a theory in L, T" a set of types in L,
IT| < & Let, also, M € Ec(T, T') be a {x|)-model, i.e. P is «-like ordered. We
should prove that in Ec(T, I') there is a {x’|)-model. Without loss of generality
assume T is closed (see Theorem 3.1). We shall also assume, without loss of gene-
rality that Tp(P;(M)) = «. (See Fuhrken [6]. He proved that if <’ is an ordering of
P,(M) of type x, M,, M are elementarily equivalent then P,(M,) is A-like ordered
by < iff P,(M,) is A-like ordered by <’.) So let P,(M) = {¢;: i < «},such thati < j
iff ¢; < ¢;. Let also {r;: i < cf k) be an increasing sequence of ordinals < 8, U;r; =
8, and 7 + 7 < 74y. (It is easy to construct such a sequence as i, j < & =i +
Jj < 8. Clearly cf 8 = cf«.)

For every ordinal o, (Uj<i,7 S @ < 0 =7, < §, let §§ = {{X,,11lp < i<
cf k): a € A3} be the set of #-good skeletons of Py(M), such that | X, ;| = 3piz40a
and Ui<;X,,1 < {ce: e < 344} Clearly 3 # 0.

By the proof of Theorem 2.2, it is easily seen that

™ IfB+n+22<a and ac A}, Uj<i;mi < « < 7, then there exists
b e A%*?! such that for every i, iy < i < 8, Xy,1 < Xg, 1t

Now we shall define a model N. The sct of elements of N will be
IM|U{iti<fulU{dr:n < w,a < 8}
(Without loss of generality we assume those sets are disjoint.)
The set of relations and functions of N will consist of the following:
(1) 9%, Q2 03, Q* which will be (resp.) |M|,{i:i < 8} =8, {ds: n < w,« < 8},
and {r;: i < &}.
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(2) The relations of M and functions of M (if {ay, - -+, a,} ¢ |M| we can define
FMlag, -, a,] = 0 (€ 9)).

(3) Ordinal addition among the ordinals <8; and <™ is extended to a total
ordering of |N|, such that on & it will be the order between ordinals. Also 0, 1, 2,
3, - - - will be individual constants in N.

(4) Functions F,, F,, F; such that

Fi(a) = niff a € 43 for some «,

Fy(a) = «iff ae A% for some n,

Fa(a) = Ty iffae Ag, Ui<iofi fa< Tige

(5) A relation R such that Nk R[a, i, b] iff be X, ;.

(6) A relation SUB such that N F SUBIb, a] iff a € A}, U;<;;m < @ < 74, and
foreveryi,ip < i< 8, X,; © X,

(7) More function symbols, such that Th(N) will be closed, and of power <y.
(It is clear by Theorem 3.1 that we can do it.)

(We assume implicitly that all the new symbols do not belong to L.)

By Theorem 5.1, it follows that there exists a model N,, elementarily equivalent
to N; such that (Q?)": is not well-ordered and has outer cofinality p; and N, omits
every type p®’, for p € I', where p®* = {p°': ¢ € p} (¢° is o relativized to Q). It is
clear that also the outer cofinality of (Q%)": is pu.

As (Q%)"1is not well-ordered, let {«,: n < w} be a decreasing sequence in (Q?)":.
Clearly N, Fayypm + m < o, for every n, m. Hence we can find a subsequence
{Bn:in < w} of {e,: n < w} such that B,.; + (n + 2)® < B,. By what was said in
(*) (which appears just before the definition of N in this proof) we can find a,,
n < w, in (Q3": such that Fy(a,) = n, Fx(a,) = Bn, Fs(a,) < Fs(a,) = 7,.and for
every n, N, F SUB|a, .1, a,].

Let {y,: I < u} be an increasing cofinal sequence in (@41, 7 < ¥,.

Let Xy, = {ce (@YY Ny F Rlay, v, c]}.

By the elementary equivalence of N and N, clearly (X, ;:i < p) is an n-good
pseudoskeleton of PY1. As N; k SUB[ay, +,, a,], clearly n < m implies X, ; < X, ;.

The rest of the proof is obvious and similar to that of the proof of Theorem 3.3.

Letx’ = 2y, A < k', let{d;, ;: j < A, i < p} be a set of new individual constants.
Let ' =Tu{d ; <d,nii<ipori=i, j<j3V{d(dy, iy, sy i)t
there exists ¢y, s, - * * » Ci,, 4, Such that

M d,,;, <dy, s iffe,; <cyy (forleen + 1),

2 ¢, 5,€ Xns1,y, (forevery len + 1),

(3) Nl F ¢[cio. jos """ ct,..j,.]’

(4) ¢ is a formula in L(T)}.

Clearly T is consistent, and hence has a L(T)-model N,. N, has an elementary
submodel N; which is the closure of {d;, ;:j < A;, i < p}. Clearly Nj is the required
model, and hence this finishes the proof.

THEOREM 5.3. For every T, I in L there exists Ty, I'; in L, such that

1) |L1| + R, = 'LI + R,, |P1| = IPI

(2) There exists a {«'|Y-model in Ec(Ty, T',) iff one of the following conditions is
satisfied:

(A) There exists M € Ec(T, T') which is not well-ordered and whose outer cofinality
is cf «’.
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(B) «’ = R, .4, and there exists 8, € Tp(T, T') such that there is an increasing
sequence of ordinals cofinal in 8, of length 8 (hence 8 < 8, cf ' = cf 8§ = cf §,).

ReMARK. (1) By small changes in 7, we can change condition (B) a little. For
example we can replace «" = X, ,; by &’ = ;<5\ (Where A, < A,; < (2*%)*; for
every limit ordinal 8; < 8, (Ui<s,Ai = Asy).

We can replace (2*)* by any cardinal function F such that there is a sentence
which has a (| A%, A%)-model iff A! < A% < F(AY).

(2) By this theorem, from any example proving <y, {>: [8] » [w], we can con-
struct an example proving <x, {>: {x|> # (k| ).

Proor. T, will consist of

(A) a sentence saying < is an order (of the whole model);

(B) the sentences of T relativized to R;

(C) a sentence “saying” R is cofinal in the model, i.e., (Yx)(3y)(x < y A R(»)).
If M is a model of Ty, a€ R(M), let |a| = [{be M:b < a}|;

(D) a sentence telling that if x is the predecessor of y in R then |y| < |x|*, i.e.

Vx)[[R(x) A =@AD)RE) AXx<z<P AXx<Y]
= [(V212525)(z1 < 22 < z3 < y
— F(21, 23) < X A F(z4, 23) # F(23, 23))]];

(E) a sentence telling that if a € R(M) has no predecessor then

la] < U{|b|:b < a,be R(M)},
ie.,
(YX)[R(x) A (W)@ [y <x A R(Y)—>R(E) Ay <z<x]
= M)E)[y < x—=R@ Ay <z<x]]

I'; will be T relativized to R, i.e.,, I'; = {p°: pe T} where p® = {p°: pep}.
Clearly T, T, satisfy the theorem.

LeMMA 5.4. (1) If there is an increasing sequence of ordinals < 8 which is cofinal
with 8, and has length 8, and {x, {>: [8,] = [u], then {x, {>: [8] = [u].

(@ Ifx < x1, £ < Ly then 8(x, ) < 8(xy, §1).

3 Ifx < x1, £ < &y, and {xa, 802 [8] — [w] then (x, O [8] — [u].

(@ If T < x then 8(x, §) = 8(x, 1).

(5) If ¢ < x, then {x, £ [8] = [w] iff <x, 1>: [8] — [u].

(6) If &y = 2% then 8(x, L) = 8(x, 2%). (Similarly for {x, {>: [8] — [1])

(7) If £ 8 > k, then {x, Ot [e] =[] = {x, D1 [8] = [u].

Proor. For (1), (2) and (3) the proof is immediate.

(4) This is a particular case of 4, = n,, in fact, which appears in Chang [3,
pp. 47-48] [n, is the Hanf number for omitting a type in a language <yx; &, is the
Hanf number of sentences of L, ,]. As 1 < ¢, by (1) 8(x, 1) < 8(x, £). Suppose
T, I' are in the language L, |L| < x, |T| <l Let T ={pti<iy <}, p, =
{p:, (x):j < x} (this is possible as |p;| < x, and we allow many appearances of one
formula).

Let
T, =TU{¥X)QF(x):i < JYU{VX)[F(x) = ¢; > =@ ,(x)]:i < {,j < x}
(Clearly we assume Q ¢ L, F; £ L.)
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Let T, = {p}, p = {O(x)} U {—x = ¢;:i < x}. Clearly Ty, I'; are in a language
L,, |L,| < x,and |T;| = 1. Also clearly Tp(T3, I'y) = Tp(7, I'). If 8(x, 1) < 8(x, {),
we shall get easily a contradiction by this construction.

(5) The same proof as of (4).

(6) There are no more 2% types in a language of power <y.

(7) is proven by 5.4 (1) and the downward Lowenheim-Skolem-Tarski theorem.

LEMMA 5.5. (1) Ifcefd = p, & = 8(x + u, &) then {x, {>: [8] = [u].

Q) If > x, 1 = pay By iy regular and {x, £: [8] — [1] then {x, 5: [8] — [u1].

Proor. (1) Suppose 7, ' are in L, |L| <y, |I'| <¢{, and Me Ec(T,T),
8 = Tp(M). As cf 8 = u, we can find in M a cofinal sequence {c;:i < u}. Let
T)=Tu{php={x>cii<phand T, = TU{q < ¢;:i < j < p}. Clearly T},
T'; are in a language L, of power <y + p, and || = |T'| + 1. Using Lemma
5.4 (4), it is clear that & = 8(x + u, { + 1) = 8(x + u, {). Hence there is a
model M € Ec(T,, T';), which is not well-ordered. As it omits p, its outer cofinality
is clearly u. Hence, by the definition <{x, {>: [6] — [u].

(2) is immediate.

THEOREM 5.6. (1) x* < 8(x, 0) < @) *, and if f x > w, then x* < 8(x, 1).

Q) If x = 35, cf 8 = w, then 8(x, 1) = x* (in particular, 3(R,, 1) = R,). More-
over, if f x = w, then 8(x, 1) < Cr<2M*.

(3 3(x, 2 = @9*.

ReMARK. Clearly, these results with Lemma 5.5 give as immediate corollaries
relations of the form <y, {>: [8] — [1], which by Theorem 5.2 proves relations of
the form (y, {: {k|) = <&'| ).

PrOOF. By Theorem 0.1 quoted in the Introduction (g, = 24)), We can prove
these results by previous results on p,. (1) follows by Morley [13], M. and V. Morley
[14] and Chang [1] and [3]. (2) follows by Morley [13] (for y = R,), and Helling
[8]; and (3) is proved in Shelah [16]. (The results in (1) and (2) appear in Chang
[3, pp. 47-48].)

In fact we use only the easy direction in Theorem 0.1: 3, < p,; for in the cases
we use the other direction, the proofs we depend upon prove our result.

THEOREM 5.7. For every infinite cardinal x, {, n, and ordinal 8, j, i < & =i +
J < 8 (or equivalently i < 8 = i + i < 8) the following conditions are equivalent.

(A) <x O:[8]— [p];

(B) for every , ', k = 3y 45, cf " = p; {yy D> — (k|-

ProoF. In Theorem 5.2 we prove that (A) implies (B). Suppose not (A), and
we shall prove not (B). By definition there are T, I'in L, |L| < y, || < ¢, such that
8 € Tp(T, T), but there is no M € Ec(T, I') with outer cofinality p, which is not well-
ordered.

Let T3, T'; be those constructed from 7, I' in Theorem 5.3, i.e. [T < y, |Ty| <
|T| and there is a {x’|)-model in Ec(T;, I';) iff

() there is M € Ec(T, T') with outer cofinality cf «’ which is not well-ordered; or

(B) « = 3,44, and there is 8, e Tp(T, ') such that there is an increasing
sequence of ordinals cofinal in 8, of length 8.

Now let 8° = 2***)* x u. Clearly cf 8° = u, and (by Lemma 5.5) {x, {:
[8°] = [n). Letx = 3,, &’ = X,0. We know that not {x, {>: [8]— [u], and will prove
not {y, {>: {x|>— (x| >, hence not (B). We know that 7, T" are in L, |[L| < y,
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IT| < ¢, and (by (B)), that there is a {«|)-model in Ec(T, I';). If there is a {«’|)-
model in Ec(T,, I';) then () or (B) is satisfied. By the choice of T, I" there is no
M € Ec¢(T, T') with outer cofinality p = cf 8’ = cf «’ which is not well-ordered,
hence () is not satisfied. Suppose (8) is satisfied, then, as clearly k¥ < 8° implies
k + k < &, there is 8, € Tp(T, I') such that there is an increasing sequence of
ordinals cofinal in 8, of length 8° But by Lemma 5.4, {x, {>: [8°] — [r] implies
{x £ [8,] = [u], this implies that in Ec(T, T') there is a not well-ordered model of
outer cofinality u, a contradiction. Hence condition (8) is not satisfied, so (x, {>:
(k|> # {«’|>, and by this we end the proof.

ReEMARK. (1) Because of this theorem, we shall deal only with relations of the
form {x, £>: [8] — [1], and shall not mention the obvious conclusions of the form
Gt O 4| ) = (e’ | ). (See, for example, 5.5, 5.6 and 5.4, which have such

obvious conclusions.)

(2) We cannot expect to prove more transfer theorems, before we prove weaker
two-cardinals transfer theorems with omitting types (i.e. relations of the form
< O A, A = (] AL, D).

LemMA 5.8. Ifcf 8 = 3[(2%)*] (or even if cf & = 2y, p) then {x, {>: [6] — [u] for
every p.

Proor. This is done by a slight change in the proofs of Morley [13] and Chang
1}

LEMMA 5.9. Ifcf8 > w then {x, 1>: [8] = [R,].

Proor. By Lemma 5.4 (7), it is sufficient to prove {x, 1)>: [X;] — [X,]. Hence
let T, T" be in a countable language L, I’ = {p}, and R, e Tp(T, I'), or R, = Tp(M),
M € Ec(T, T). From Keisler [9, Theorem 2.1], it follows that we can find a model N
of a countable language such that M is a reduct of N; and if N; = N, |N,|| = X,
and N, omits p, then N, has an elementary extension N; of outer cofinality X,
which omits p. By Lemma 5.5 and Theorem 5.6(2), there is N;, N; = N, |Ny| =
Ry, N, omits p and N, is not well-ordered. By the definition of N we get our con-
clusion.

We shall try to get a few negative results.

LEMMA 5.10. If there are T, T' in L, |L| < x, |T'| < , such that there is M €
Ec«(T,T), |M| = cf 3, but there is no M € Ec(T,T), |M| = u, then {x, {>: [8] »
(k]

ProoF. The proof is immediate.

LEMMA 5.11. Ifcf 8 < x, then {3, {>: [8] = [n] iff 8(x, {) < 8 and cf & = cf p.

Proor. By Lemma 5.5, it is immediate.

LeMMA 5.12. (1) Ifcf R, > w, 1 < w, then (X, 1>: [K, ] » [K,..]

Q) Ifthere is T, T in L, |L| < R, |T| = 1, such that in Ec(T,T) there is a
(| Rgsns2r Rasns1p-model, but not a {| Ry q+1, Ry 4 ny-model, and cf R, > w, then
<xa, 1>: [xar+n+2] lad [xa+n+1]°

() Ifefx > w, thenthereare T, T in L, |[L| = x, |T'| = 1, such that

(A) Every 8, x* < 8 < x**,cf 8 = x*, belongs to Tp(T, I).

(B) Every model in Ec(T, T") which is not well-ordered has outer cofinality w.

PROOF. All the parts of this theorem are easily proved by the following theorem
of Chang from [3]:
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For every predicate P, Q there is a sentence ¢ such that if in a model M, i =
Tp(P(M)), cf i > w, then O(M) is well-ordered, and Tp(Q(M)) < |i|*. Moreover
for every A is a model in which Tp(P(M)) = A, Tp(Q(M)) = A*.

T = {(Vx)0(x)} U {the axioms of order} U {¢; < ¢;:i < j < y} Y {¢},
P={p}, p={PRV{x+#cii<y}
clearly proves (1) for n = 1 (this was Chang’s theorem). By iterating the con-

struction we can prove (1), and from it (2), (3) follow easily.
(4) can be proved by adding to the above defined T a sentence saying P, Q are

with equicofinalities.
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